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Abstract. Investigations of two different types of nonlinear,

solitary electron density waves in a magnetized, plasma-loaded
waveguide are presented. One of the wavetypes is a localized,
compressional pulse identified as a Trivelpiece-Gould soliton,
The modification of this soliton by the resonant electrons is
studied theoretically, by direct numerical solution of the model
equation, experimentally, and by numerical simulation of the ex-
periment. The other wave is a localized, rarefactive pulse called
an electron hole. It is a positive pulse consisting of a large
number of trapped electrons and is a purely kinetic phenomenon. A
simple waterbag model for the electron hole is derived and com-
pared with the results from the experiment and the numerical simu~-
lation. Finally, intéréctions bet -een the solitary waves are in-
vestigated. |
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PREFACE

This report is written in order to meet part of the requirements
for obtaining the Danish Ph.D. degree of "teknisk licentiat” (in
Latin: licentiatus technices). My post-graduate studies were
connected to the Institute of Electrophysics at the Technical
University of Denmark and the work was performed during the
period from autumn 1977 to summer 1980, while I was attached to
the Group of Plasma Physics in the Department »f Physics at Rise
National Laboratory. During this period, the group consisted of
P. Michelsen, H.L. Pécseli, J. Juul Rasmussen and myself. My
supervising professor has Leen P.L. Olgaard from the Technical
University, and as co—supervisors I have had V.0. Jensen and P.
Michelsen, both from Rise National Laboratory. My work was finan-
cially supported by the Association EURATOM-Risoe National Lab-
oratory.

As seen from the references used in the following sections,

much of the work presented in this report has been published
previously. In some cases, where a previous publication has

been very detailed, for example in connection with long theor-
etical calculations, I will outline only the procedure used and
write down the main results. On the other hand, 1 will give sup~
plementary information on points where the previous papers have
been somewhat summary, and I will present some new resul%s ob-
tained after the publication of the papers. In any case, the
present report is intended to serve as a self-contained descrip-
tion of the investigations.






1. INTRODUCTION

Although the linear properties of a plasma by no means can be
said to be absolutely well understood at present, there has

been an increasing interest over the last few decades to begin
to investigate fundamental nonlinear plasma behaviour. This
growing interest has, partially, been stimulated by fusion-
orientated plasma physics, since many basic phenomena in this
field, such as anomalous diffusion, anomalous resistivity, and
high power plasma heating cannat be described in terms of linear
plasma properties. However, the major impetus to study nonlinear
phenomena in plasmas may be sought in the development and refine-
ment of theoretical methods and experimental techniques in many
different branches of physics, in addition to the appearance of
fundamentally new results in pure and applied mathematics and
numerical analysis. A famous example (which may serve as a
brief, historical background for the present report) of such an
impulse from the field of mathematics and numerical analysis to
investigations of nonlinear phenomena in plasmas, as well as
other physical systems, is the discovery of the so-called "soli-
ton” solutions to the Korteweg-de Vries (KdV) equation by Zabu-
sky and Kruskal (1965).

Late in the nineteenth century, Korteweg and de Vries (1895)
derived an equation to describe the evolution of surface waves
on shallow water. This KdV equation is the simplest model equa-
tion for wave propagation which includes both nonlinear and dis-
persive effects but ignores dissipation. Korteweg and de Vries
showed that their equation possessed localized wave solutions
which propagate without any change in shape and velocity. These
special solutions were called solitary waves and their remark-
able ability to maintain their original form is due to the
exact balance of nonlinearity and dispersion. Por many years
these solitary waves were not considered »f great importance,
and it was generally believed that if two solitary waves were



to collide, the nonlinear interaction during the collision
would completely destroy the identity of the individual wvave.
Since there excisted no analyt-cal method by which the exact
evolution of a nonlinear wave equation could be described ia
detail, it was not until the appearance of the digital computer
that this assumption could be tested by direct calculation.

In 1965 such a numerical computation of the evolution of the

KdV equation was performed by Zabusky and Kruskal, and they sur-
prisingly found that two colliding solitary waves, although in-
teracting stronglv during the collision, indeed did preserve
their identity and emerged from the region of collision regain-
ing their original form. Zabusky and Kruskal gave the name soli-
ton to such a solitary wave which preserves its shape and vel-
ocity upon collision with other sclitary waves.

These astonishing results immediately triggered a large number
of intense investigations of systems which could demonstrate
soliton-like behaviour, and gave impulse to a widespread search
for other nonlinear equations possessing soliton solutions. An
excellent review paper on the birth and the early, rapid devel-
opment of "soliton physics® was written by Scott, Chu and
McLaughlin (1973).

In the field of plasma physics, Ikezi et al. (1970) and Ikezi
(1973) observed soliton effects in ion-acoustic wave experi-
ments which can be described by the KdVv equation (Washimi and
Taniuti, 1966). Later, Ikezi et al. (1971) found that nonlinear,
compressional electron pulses in a strongly magnetized, plasma-
filled waveguide also are well described as KdV solitons.

The present paper describes the investigations performed at Rise
of two different types of solitary electron waves. One of these
is the compressional soliton just mentioned, while the other is
a positive pulse, indicating a deficit of electrons, which is
called an "electron hole”.

Since the system under consideration cannot be considered loss-
less (indeed, a major part of this paper is devoted to a de-



tailed description of the effect of dissipation) it is necessary
to relax the definitions of a solitary wave and a soliton given

by Scott et al. (1973). In this paper a solitary wave is a local-
ized wave that propagates with an almost fixed velocity and with

a shape that is almost unchanged. The nonlinear effects are es-
sential for the wave evolution and the effect of dissipation is

to produce only minor, but detectable, changes in the shape and
velocity of the wave. A soliton is then a solitary wave which
preserves its identity upon collision with other solitary waves.
Some authors call such "imperfect®” solitons "quasi-solitons®. In
order to distinguish the physical electron soliton from the ideal-
ized KdV soliton it is denoted a Trivelpiece-Gould soliton, refer-
ring to the dispersion relation derived by Trivelpiece and Gould
(1959) for linear electron waves in a magnetized, plasma-filled
waveguide.

This paper is organized in the following way: in Section 2 the
experimental set-up is described and the basic experimental ob-
servations are presented. 3ection 3 contains a description of a
numerical simulation code, which was constructed in order to ob-
tain better information on the experimental results, and general
results from this code, for parameters similar to those in the
experiment, are shown. A more detailed investigation of the Tri-
velpiece-Gould soliton is presented in Section 4, with special
attention given to the interaction between the soliton and the
resonant electrons, moving in the background plasma with veloci-
ties near the soliton velocity. Section 5 is devoted to the
electron hole, while Section 6 describes interactions between
the solitary structures, i.e. hole-hole and soliton-hole colli-
sions. Pinally, a conclusion is presented in Section 7.
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2. EXPERIMPNTAL OBSERVATIONS

Thc experimental part of this work was initiated whilst Dr. K.
Saeki froa Tohoku University, Sendai, Japan was a summer guest
at Rise in 1977, Sseki proposed an experimental set-up, descridbed
in Section 2.1, similar to one he had previously used for inves—
tigating electron plasma wave shocks. In a paper on these shocks,
Saeki (1973) anticipated the formation of socalled "electron
holes”, which should appear as nonlinear pulses of positive po-
tential, containing a large number of trapped electrons. The
main purpose of our experiment was to excite such electron holes
and to investigate their characteristic behaviour. However,

since our experimental set-up also excited Trivelpiece-Gould
solitons, a large part of the experimental work was concerned
with investigations of the propagation of these solitons and, in
particular, the modifying effect on the solitons of dissipation,
due to the resonant electrons.

2.1. Experimental set-up

The experiment was conducted in Rise's large O—machine (Ander-
sen, 1970; Motley, 1975) which was operated in the single-ended
mode, i.e. only a plasma source in one end of the machine was
used. The experimental set-up is shown schematically in Pig. 1.
A cesjium plasma was produced by surface ionization on a hot 3-cm
diameter tantalum cathode (~ 2000 K). A homogeneous magnetic .
field of approximately 0.4 T confinéd the plasma radially. The
length of the entire plasma column was 120 cm. Electron temper-
atures were approximately 0.2 eV determined by the hot plate,
and the ratio of electron-to~ion temperature was ~lose to unity.
Plasma densitiss were in the ranc~ 106-107 cm~3 and the neutral
background pressure was 10-6 mm #Hig. Since the Aifforent (elec-
tron-neutral, electron-ion, etc.) collisional mean free paths
are all longer than the length of the machine, collisions are
entirely unimportant for the wave propagation. It should be
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Pig. 1. Experimental set-up.

noted that uwp << we (wp and ue are the electron plasma and
electron cyclotron frequencies, respectively). This means that
the magnetic field may be considered infinitely strong, so that
vave propagation can be described as a one-dimensional problem.

In order to ensure well-defined radial doundary conditions for
the electric field in the plasma vaves, the plasma was surround-
ed I a 4-cm i.d. grounded cylindrical brass tube acting as a
wvaveguide. Pulses or waves were excited by means of a 30-cm

long terminating brass tube. The potential of this tube could

be varied, and thereby an electric field was applied across the
gap separating the exciter tube from the main waveguide. For
negative applied potentials, this electric field injected elec-
trons into the main plasma. The exciter tube thus acts as an
electron reservoir and is, at large applied amplitudes, a much
more effective exciter than a simple probe. Potential variations
in the plasma were detected by a Langmuir probe connected direct-
ly to a high~impedance capacitive amplifier (1 ma, 2 pr) lo-
cated outside the plasma. A slot in the waveguide surrounding
the plasma allowed an 85-cm axial movement of the detecting
probe.
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2.2. Basic observations

By applying small amplitude potentiai oscillations to the ex-
citer, we were able to measure the linear dispersion relation
for the high-frequency electron oscillations in our system, as
shown in Fig. 2. The positive wave-numbers, k, correspond to
waves prcpagating in the "upstream”™ direction from the exciter
tube towards the hot plate. The "downstream measurements were
performed by exciting the waves by means of an extra probe in-
serted in the plasma close to the end of tne waveguide near the
hot plate.

f [MHz) ﬁ 40

— , , ' v k")
-200 0 200 400

-400
Fig, 2. Experimental and calculated small-amplitude
dispersion relation.

The solid line in Pig. 2 represents the theoretical dispersion
relation named after Trivelpiece and Gould (1959). This Trivel-
piece-Gould dispersion relation assumes a constant radial plasma
density from r = 0 to the waveguide boundary at r = ry. Wien
considering only the lowest-order radial mode for the perturba-
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tions introduced by a wave and including the effect of finite

electron temperature, the dispersion relation takes the form

2
wl = mg._(.&_ + 3Vt23k2 (1)
1 + (ka)?

where a = r,/2.404 originates from the radial boundary condi-
tion, Ve = (Tem)g, and T, and m are the electron temperature
and mass, respectively. In order to calculate the relation cor-
responding to the solid line in Fig. 2, we determined ve from

the hot plate temperature and fitted the values of a anc Wps

The result for a was 0.65 cm, which is smaller than the value a
= 0.83 cm obtained by using the actual r, = 2 cm, but this is

to be expected, since the hot plate is only 1.5 cm in radius so
the experimental plasma density does not have a constant radial
profile. ftrom (1) it is seen that the phase velocities nf the
waves are always greater than ve, and since the ratio of elec-
tron-to-ion thermal velocity, ve/vj, was of the order of 500,
the ions in the following may be considered as an immobile back-
ground of positive charge.

Applying a short negative pulse with a time duration of the or-
der of 1, = Zn/mp (the plasma period}) to the excicer, plasma
responses were obtained as those shown in Fig. 3. In this figure,
oscilloscope traces at a fixed probe position are shown for dif-
ferent amplitudes of the applied pulse, ¢,. When P, was small
(e¢a/m(mpa)2 < 0.,05) the plasma response was linear (trace a),
which was checked by changing the polarity of the applied pulse
and obtaining the same, but inverted, plasma response. It should
be noted that here and in the following the wave potential, ¢,

is drawn with negative values on the positive y-axis, £o that the
first pulse (to the left) corresponds to a compressional electron
wave. The second pulse is due to a rarefaction wave, which initi-
ally was moving in the negative x-direction, but was reflected

by the end plate of the exciter tube (see also Fig. 7:.

When increasing ¢, the plasma response became nonlinear (an
example is shown on trace b in Fig. 3) and as a resilt the vel-
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Fig. 3. Oscilloscope traces showing the plasma response
at a fixed position (x = 0.8 m) for different amplitudes
of the applied pulse. ¢,. The letters denote: C) the
linear compressional wave, P) the linear rarefaction
wave, S) the soliton, B) the burst, and H) the hole.

The values of e¢a/§m(wpa)2 are 0,08, 0.4, and 1.8 in
traces a), b) and c), respectively. The potentials are
shown in arbitrary units.

ocity of the compressional pulse became dependent on the ampli-
tude of the potential of the plasma pulse, ¢,5. This is shown in
FPig. 4, where the Mach number, M, is defined as the ratio of the
pulse velocity to the linear velocity, C,. The straight solid

line shows that M increases linearly with ¢,, indicating that the
compressional pulse was a Trivelpiece-Gould soliton previously in~-
vestigated by Ikezi et al, (1971).



- 15 -

SOLITON AMPLITUDE (ARB. UNITS)

Fig. 4. Experimental results for the Mach-number
(M = v/Cqy) versus the soliton amplitude.

If ¢5 exceeded a critical value, ¢o, which in our experiment was
found to be ¢, = 1 v (corresponding to approximately Q(m/e)(mpa)z),
a new pulse was created after the soliton (see trace c in Fig.
3). This new pulse had a positive potential indicating a deficit
of electrons and was, actually, the object of primary interest
of our first experiments, called the "electron hole”. We also
noted that an additional negative pulse appeared in front of the
soliton. This pulse was due to a burst of free-streaming elec-
trons which was generated by the excitation mechanism (Ikezi et
al. 1971). The velocity of the leading edge of the burst versus
the amplitude of the applied pulse is plotted in Fig. 5. We may
imagine that the burst was generated in the region of the ex-
ternal electrical field, which had a width approximately equal
to a, by the local acceleration of the initially almost resting
electrons. The resulting velocity of electrons then was due
partly to the acceleration through the applied potential and



partly to the initial movement of the potential generated inside
the plasma. In crder to test this hypothesis we fitted the ex-

pression
bmvd = cptd mvd) v crleny) (2)

where v, = the burst velocity and vpp = the initial velocity of
the plasma wave, the value of which is taken from the linear
measurements. The resul:t is shown by the solid line in Fig. 5,

where the valu.s of the fitted parameters C) and C2 are C1 =
1.2 and C3 = 0.95. It should be noted that Ikezi et al. (1971)
predict an expression for the burst velocity that differs

4 BursT
VELOCITY [1G% w/el

40 1

0 - v ' —>
0 10 20 30 40

APPLIED POTENTIAL (V]

Fig. 5. Velocity of the electron burst vp versus the
applied potential ¢,. The solid line is fitted according

to Eq. (2).
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slightly from (2), since they use v, = (ZTe/m)§ instead of Vph*
However, the excitation method that they employ is not the same

as we have used.

In Fig. 6, oscilloscope traces at different probe positions are
shown, and the evolution of the burst, soliton and hole, can be
seen. We note that th. soliton was damped, while the electron
hole, when fully developed, propagated virtuallv without a

-.fj\/ x=04m
05m

06m

7m

i

08m

09

3

0.2 ps

Fig., 6. Time pictures of soliton, burst, and hole at
different positions. The applied potential ¢, and the
measured potential ¢ are in arbitrary units.,

change of shape. This shows that the electron hole is, indeed,
a solitary wave. In Fig. 7, the trajectories of the soliton,
the electron hole, and the rarefaction wave are shown in an (x-
t)-diagram. The characteristic velocities of the soliton and
the rarefaction wave is wpa, which should be expected from (1)
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TIME ()
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o - ——r -
v o > g

0 0.5 1
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Pig. 7. (x-t)-diagram with soliton, electron hole, and
rarefaction wave.

since these waves have ¥a << 1 and since wpa > ve. On the other
hand, the characteristic velocity of the elactron hole is small-
er, namely, on the order of vg. In our experiment upa/ve is 2-6.

The more detailed properties of the Trivelpiece-Gould soliton
and the electron hole will be given in Sections 4-6, but first,
the next section will give a description of the computer simula-~
tion scheme and ths basic results of simulating the experiment.
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3. NUMERICAL SIMULATION

In order to obtain a better insight into the features of the ex-
perimental observations, numerical simulations of the experiment
were performed. The computer code was written by Dr. V.A. Turi-
kov from the Patrice Lumumba University, Moscow, U.S.S.R.,

while he visited Riseo for ten months in 1977-78,

3.1. Numerical scheme

The cloud-in-cell method was employed in the simulations. Actu-
ally, the method in our previous publications was called a "par-
ticle-in-cell”™ method. However, the scheme, in order to reduce
the "shot noise” inherent in the usual particle-in-cell method,
calculates the self-consistent electrical field by making use
of a reverse linear interpolation to distribute the charge of
each simulation particle between the two nearest grid points.
This feature is typical of the cloud-in-cell method (Birdsall
et al. 1969) when each simulation particle is described by a
"cloud® with a uniform density inside the cloud boundaries,
which have a separation equal to the grid distance.

Each simulation particle was moved according to Newton's 2nd
law, wnere the force term is proportional to the sum of the ex-
ternal and the self-consistent electrical fields. For the cal-
culation of the temporal evolution of the equations of motion a
leap-frog scheme was applied, apart from the first step that
was reclized by Euler's method. The self-consistent electrical
potential was calculated from Poisson's equation in the form

I - = e -
—— —— n-n 3

appropriate for a strongly magnetized plasma with immobile ions
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in a waveguide where only the lowest radial mode is considered
(Saeki et al., 1979b, Lynov et al., 1979%a).

In all the simulations shown in this paper the space step, or

grid distance, was set equal to the Debye length, Ap, while a
-1
P
lation particles in a Debye cell was 50, corresponding to a max-

time step was taken to be 0.315 w_'. The initial number of simu-
imum number of particles of 50,000 with a total plasma length
of 1000 Ap. In the experiment the system length was 1 m corre-
o =107 cn™3 and T, = 0.2 eV. The ini-
tial electron velocity distribution was generated randomiy with

sponding to 1000 i for n

Gaussian statistics in velocity space and uniformly in real
space. Reflecting boundary conditions for the simulation par-
ticles were assumed at both ends of the plasma, these being the
most appropriate for simulating the experimental situation.
Correspondingly, 3¢/3x = 0 was used as boundary conditions for
the potential. The accuracy of the code was checked by calculat-
ing the total energy at each time step. Energy conservation was
found to be better than 3% within the maximum 25 plasma periods
(tp = 21 /wp) that the plasma was simulated. The excitation was
represented by applying an external (negative) potential at one
end of the system, giving rise to a perturbing electric field
around x = 400 Ap with the shape of one-half period of sin (x/rg)
where ry is the plasma radius. The time dependence of the e:r-
ternal field was taken to be a full period of 1-cos (nt/AT),
where the width AT usually was chosen to be 1p. For a more
detailed description of the simulation code see Turikov (1978a,b).

3.2. General results

An example of the results from a run of the simulation code is
shown in Fig. 8. The values of the parameters used in this ex-
ample correspond to those in the experiment and are n, = 107

cm 3, To = 0.2 eV, r, = 2 cm, and ¢, = m(wpa)z/e. Figure 8a

o
shows the evolution of the potential, and we clearly recognize
the soliton, the electron hole, and the rarefaction wave. In

Fig. 8b, the evolution of the particle distribution function in
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Fig. 8. Numerical simulation results for wpa/vy = 5.59
and ¢, = m(upa)z/e. (a) The potential for increasing
time and (b) the corresponding phase space pictures. The
plotted potential ¢ is normalized with }m(mpa)z/e and

t is in units of Tpe

the phase space is shown at instants corresponding to the poten-
tial plots in Fig. 8a. In the phase space pictures the instan-
taneous x- and v-coordinates of each simulation particle are
indicated by a small black dot.

In the phase space plots we observe that the rarefaction wave
as well as the soliton must be well-described as fluid phenom-
ena. However, the distinct vortex in the distribution function,
which has given the name to the electron hole, indicates that
this structure is a purely kinetic phenomenon, consisting of a

large number of trapped electrons.
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After this short presentation of the basic experimental and
numerical simulation results, we shall, separately, turn to the
more detailed investigations of the Trivelpiece-Gould soliton

and the electron hole.

4, THE TRIVELPIECE-GOULD SOLITON

As mentioned in Sec. 2, the primary interest of our first ex-
periments (Saeki et al., 1979b; Lynov et al., 1979a) was to
investigate the electron hole. However, at the Chalmers Sympo-
sium on Solitons in Physics, 1978 in Gothenburg, Sweden, we be-
came aquainted with the theory by Karpman and Maslov (1977,
1978) on the evolution of solitons in the presence of a pertur-
bation. By comparing the general results of this theory, pres-
ented by Karpman (1979a), with our results from the initial ex-—
periments and simulations (Lynov et al., 1979a), we Zound some
interesting characteristic behaviour, e.g. the formation of a
tail after the soliton that gave an impulse to a collaboration
on the modification of Trivelpiece~Gould solitons by the reso-
nant electrons (Karpman et al. 1979, 1980)., In this way the in-
vestigations of the soliton, though originally a "by-product”
of the electron hole experirents, became the subject of the
most attention, due to the availability of Karpman's very de-
tailed theory.

4.1. Theory

In the following, a description will be given of the basic
equations and the derivation from them, in the fluid approxi-
mation, of the Korteweg-de Vries (KdV) equation. Furthermore,
the inclusion of the kinetic effects due to the resonant elec-
trons will be outlined and the modification of the Kdv soliton
by these resonant particles will be stated. For this theoreti-
cal section, a general reference, containing a more detailed de-
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scription of Karpman's calculations, is Karpman, Lynov, Richel-
sen, Pécseli, Rasmussen and Turikov (1980).

4.%.1. Basic fluid Etehaviour

The fundamental equations describing the experimental system,
namely a plasma that is contained in a cylindrical wavequide
(with radius rp) placed in a strong magnetic field (wc >> wp)
directed along the axis of the cylinder, is the Vlasov equation,
in the form (Lynov et al. 1979a)

If of . e3¢ If L e 3¢ £ .
RTVH U AT TR B =0 4

and the Poisson equation, in the form (Saeki et al., 1979)

2 - -
3-8 -2 [ f(x,v,t) dv . (5)
Ix a2 €0 =

In these equations E(x,v,t) + £,(v) is the total velocity
distribution function, folv) being the unperturbed part; the
constant a = 0.72 (Rasmussen, 1977) originates from the consider-
ation of only the lowest-order rad.al mode. The coupling to
higher-order radial modes can safely be ignored (Laval et al.,
1969; Pranklin et al., 1975) in the long wavelength limit ap-
propriate for our investigations.

By introducing the "effective distribution function®”
£(x,v,t) = as(£(x,v,t) + £,(v)/a), (6a)
and the variable

vz -228, (6b)

we can write Egs. (4) and (5) as
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af » vy 3f _ U I, g, (7)
I X Ix v

and
22y _ 1 “:
L -—u=-—L [ [fix,v,t) - fo(v)] dv , (8)
3!2 32 no -

where the unperturbed electron density

ng = [ folv) dv . (9)

In principle, Egs. (7) and (8) form a complete system from
whick all results can be derived. However, it is convenient to
use (7) only for the investigation of the resonant wave-particle
interaction. As for the fluid effects, it is more co.venient to
use the fluid equations which can be derived from (7) as the
moment equations. Introducing the linear, long wavelength (ka

<< 1) phase velocity, C,, which, from the dispersion relation
(1), is

1/2

2
Co = upa (1 +-§-ﬁv ) ’ (10)

(‘pa

and by assuming that the thermal velocity vy << C,, one may,
with sufficient accuracy, separate the motion of resonant and
non~-resonant particles. The resonant particles are those that
have velocities in a region (to be defined later) near the
phase velocity of the wave and therefore interact strongly with
the wave's potential.

By neglecting *he contrivution from the resonant electrons, we
may write Poisson's equation (8) in the fluid approximation as
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2 (11)
»
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where the relative density variation of the non-resonant elec-
trons

n-n -
N t-jcfl. nix,t) = § fix,v,t} dv . (12)

Here, f-_ denotes integration over the non-resomant region in
velocity snace (in the linear approximation it corresponds to
the principal value integral).

From the first two moment equations of (7), a complete system
of Boussinesq equations can be derived by assuming that U/Cg
<< 1. Then, following a general method by Karpman (1975), we
can derive the nonlinear fluid equation for wave propagation in

the positive x-direction:

3
U, v 3 U ,5323U .90 13
where
2 3
a“C C
g -2 -—9; . (14)
ZUP

Equation (13) is readily identified as the KdV equation. A gen-
eral solution to the localized initial value problem of the K4V
equation can be found by use of the inverse scattering scheme
(Gardner, Green, Kruskal, and Miura, 1967), but in this paper
we shall be concerned only with the one-soliton solution to
(13):

ulx,t) = U, sech?[(x-x,(t))/8] , (15)
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where ‘he soliton velocity

dxo _ e + o , (16)
dat ° 2c,

and the soliton width
2C,

§ = T - (17)

4.1.2. Modifying effects by the resonant electrons

In order to include the effect of wave-particle interaction, we
consider, instead of (11), the more accurate equation

2 .
3 U + 1 U = - m2(n+N ) (18)
3x! a P r’ '

where N, is the relative density of resonant particles

N, =.%; i-[f(x,v,t) - f,(v)] av , (19)

and fr indicates the integration over the resonant rz2gion of
velocity space (we point out that this region is not included
in the definition of N in (12)).

By assuming that N, is smaller than the second-order terms
(i.e., the dispersive and nonlinear terms) we find the follow-
ing change in the KdV equation (13):

U 3 U a3y c3 N (20)
—*t (C +=—=—10U) == +38 3z -8 L,

An equation similar to (20) was obtained by Van Dam and Taniuti
(1973) (see also Taniuti, 1974) for the case of nonlinear ion
acoustic waves, by means of the reductive perturbation method.
However, the method which has just been outlined (Karpman et
al,, 1980) is simpler, based on physical arguments, and it could
easily be used for the ion acoustic waves (Karpman, 1979b) as
well as in other cases.
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Considering the term on the right hand side of (20) as a small
perturbation, it is possible to apply the general perturbation
scheme by Karpman and Maslov (1977, 1978) based on the inverse
s~attering method (a similar perturbation scheme was independ-
ently developed by Kaup and Newell (1978)). As a result, the
soliton solution (15) to the unperturbed KdV equation (13) is
modified into the form

Ulx,t) = Ug(t)sech?[ (x-x5(t))/8(t)] + U (tIwix,t) . (21)

In Eq. (21) the first term on the right-hand side is the time-
dependent “"soliton part®™ of the solution. Introducing the di-

mensionless variable
vit) = (u (ervdhrt (22)

the result of the perturbation analysis concerning the soliton
growth rate can be expressed as

2
av . _ 9 Co Iw 3N [sech”z]
it

2
sech“z dz . (23)

It should be mentioned that the growth rate can be obtained
directly from Eq. (20) in a simple way, considering the change
rate of snliton "energy”. The growth rate can also be explained
in simple physical terms, without derivation of the detailed
model equatior, {20), by use of energy arguments concerning the
soliton and the reflected electrons (Lynov et al., 1979b). With
either of these two methods it can be seen that the energy loss
from the soliton due to the generation of the "tail", to be de~
scribed soon, is not included in the perturbation scheme based
on the inverse scattering method; this also has been pointed
out by Ko and Kuehl (1980). Both of these methods are described
further in Appendix A.

After determining Uy(t) from (23), the soliton width may be
expressed as
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2
2¢
§(t) =——;’—— , (24)
uon(t)

and the soliton velocity as

3
dx U.(t) C N
[o} (o] o) Y 2
—_—= C + - h + h +
at o Y Tics TaLD) L. 3z (2sechz + tanhz

tanh?z) dz . (25)

In most cases, the last term on the right-hand side of (25)
gives only a small contribution, so, in the following equations
we can use the soliton (or “phase®) velocity, vph, determined
by

(26)

Ug(t)
vPh=C°(1+ )o

2c2

The second term on the right-hand side of Eq. (21) is the "non-
soliton part" of the solution, and theory predicts that this
part has the form of a tail that develops after the soliton.
The tail consists of a part called the plateau, wiﬁh almost
constant amplitude, U_, which is nearest the soliton, followed
by an oscillatory part. The plateau corresponds to what some
authors call a "shelf” (e.q., Kaup and Newell, 1978; Fernandez,
Reinisch, Bondeson, Weiland, 1978) or a "residue” (e.g., Maxon
and Viecelli, 1974a,b), and the theoretical expression for the
asymptotic value of its relative height in our case is

u_(t) (CQ)‘l [ I- aNr[sechzz]
Uo(t) v

(1 - sech2z)dz]. (27)
— 3z

Ve
Of course, ntilization of Egs. (23)-(27) requires a knowledge
of Ny in a more explicit form, and this will be given in the
next section.
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4.1.3. Explicit expressions for the number of resonant particles

The expression for N, in Eg. (19) has two unknown quantities,
namely the distribution function, f(x,v,t), and the resonant
region of velocity space, indicated by "r". In order to find
explicit expressions for f(»>,v,t) and “r", it is first necess-
ary to determine the characteristic times of the problem. One
of these is the "time of resonant interaction®, 1., defined as
the soliton width divided by the velocity, relative to phase
velocity, of the fastest electrons that can be reflected by the
soliton, in other words, '

e = 8/1200 8 = /T c2 w7t (28)

It is important to note that this time is much shorter than the
"soliton time®", tg, which is defined (Karpman and Maslov, 1977)
as the time of soliton transition through a distance equal to
the soliton width (in the reference system moving with velocity
Co)»

8C, 16c3
o i)

= . (29)
3/2
U won/

It is possible to write explicit expressions for N, in two dif-
ferent time limits. Por small times (t << 1,) we may assume

that the resonant particles have moved only a short distance
compared to 8, It is then appropriate to use unperturbed or-
bits for the motion of the particles, and by making use, also,
of the integral of motion,

(v-v p)2

E = +4u, (30)
2

we can appls Liouville's theorem in order to find f(x,v,t). The
major contribution to N, comes from particles with E >> U, (U,
is the soliton maximum), so we can use Iv-vphl > (200)9 as the
resonant region "r". If we finally make the first-order Taylor
expansion
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folvph + V) = folvpp) + v £8(vpp) (31)

we find that

£5(vpn) }' ulx',e)

Np(x) =
I'Io - X"X

x' , (t << 1) (32)

This form of N, was also obtained by Ott and Sudan (1969) for
the case of Landau damping of nonlinear ion acoustic waves due
to electrons. Since these authors did not restrict their ex-
pression for Ny to t << 1, they had to assume some mechanism
to scatter the resonant electrons (e.g., a small amount of
noise) in order to avoid nonlinear orbits of the resonant par-
ticles, in their case due to trapping of the electrons.

Since we do not wish to rely on any scattering mechanism, we
must take into account the nonlinear resonant electron orbits
due to reflection from the soliton. This can be done for large
t (t > 1,). In this case it is convenient to divide the un-
perturbed distribution function into the odd and even parts
with respect to vph,

£1(v) = ¥ folvph + v) = folvpn = 2]

£2(v) = §[folvpn + v) + folvph - V)] & (33)
Accordingly, we define

Nr = N1 + Nz ’

N1 = Nr[f1] ’ N2 = Nr[ f2] » (34)
Again, we can make use of the integral of motion, E, and Liou-
ville's theorem, in which we may assume, for the case of t
>> 1y, that the reflected electrons (E < Ug) for x < x5 (xg
is, as usual, the position of the soliton maximum) all originate

from x = -», while the transient electrons (E > U,) originate
from x = +e; and vice versa for x > xo. Due to the oddness of
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£y, the contributions from the transient electrons moving in
the opposite directions are cancelled, so the only contribution

to N1 is from the reflected electrons

U

£.[(2)1/2)
N1(X) =‘—'r-z-'I 1[

dE sgn(x-x.)
no U(x) [E - U(x)]1/2 o” ’

(t << Tr) - (35)

The result for N7 based on the even part of the distribution
function is

E

/2 (¢ 9 1/2 1/2

No(x) =22 f 1 [e,[(2E) -£,[/T(E~U) daE,
2 o u(x) [E-u]1/2 { 2[ ) 2[ ]}

(t << 1) . (36)

For most physical relevant distribution functions (such as
Maxwellians) the contribution to N3 from the interval Ug < E <K =
is negligible compared to the contribution .rom U < E < Uy, so
in the following we put the energy limit of the resonant par-
ticles, Er = U, for convenience.

If we introduce a dimensionless distribution function, P (o),

as
No V+Vgsh
fo(V+Vph) = F( P )' (37)
Ve Ve
and the dimensionless quantities
1Y h CO v2 V% ’
m s-—L -—(1 +4—'—2'), and X '-u-mu ’ (38)
V¢ Ve cs o

we have
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(1-x)1/2

Ny(v,x) = - vf {r[u + viuZe) /2]
o
Flu - v(u2+x)1/2}} dw sgn(x-x,) , (39
and
(1-311/2
wenr = ot fes s
[ o]
N y+v(1-x)1/2
F!u - v(,2+x)1/2}] de - | F[u]du .
p=v(1-x)1/2 (40)

Expressions for Ny and N; corresponding to Eqs. (39) and (40),
when F(3) is a single- or a double-humped Maxwellian, are given
in Appendix B. Figures 9-10 show some examples of N; and N for
the two cases listed in Table 1. Nj(v,x) and Na(v,x), corre-
sponding to Egs. (39) and (40), are shown in Fig. %, and in
Fig. 10 the form of Ny, N2, N and 3N,/3x when U(x) is an un-
perturbed soliton are shown.

Fig. 9. The uneven and even part, Ni(v,x) and N2(v,x),

of the number of resonant eléctrons for (a) Case I and
(b) Case I1 in Table 1. Ny is shown for x > xq.
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Table 1. Parameters of the unperturbed plasma used in the

exanples, The unperturbed distribution consists of a main,

non-drifting Maxwellian with a relative density (1-an)

and a drifting Maxwellian with a relative density An, a

drift velocity vgp, and the same temperature as the main

Maxwellian (Avy = 1, see App. B).

Case wpa/ve fo (1-an) An vVap/Ve
4 single-humped 1 - -
II 4 double-humped 0.995 0.005 7
(.}
(a) s 4 )
-,'-; /L v L
=0 v v < -
F3 g 0 + } —+ + +
[ £ \\//_______
P N
& .
? ° ‘ g ' . m
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Pig. 10. The § dependence of Nj, Nz, Ny, and 3IN,/3E
when U(E) is an unperturbed soliton, for (a) Case I and
(b) Case II in Table 1,
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It should be pointed out that the expression for N, given by
(34), (39) and (40) is strictly valid only for single-humped,
negative potentials (positive U), since multiple-humped poten-~
tials will give rise to trapping of sore of the electrons,
contrary to the assumption that all the reflected electrons
originate from x = +® or x = -,

From (28) and (29) we have
t /1. = (usc2) e/ (41)
r’'s o’%o ’

and since Uo/Cg <1 (Uo/Cg is the basic small parameter
guaranteeing the validity of the unperturbed KdV equation (13)),
we see, as already mentioned, that 1, << 1g. In order to ob-
serve any change of the soliton, we are interested in t > tg,

so that the only expression for N, of any practical relevance

is given by (34), (39) and (40) for t >> t,. Insertion of

these expressions into Egs. (22) and (27) gives

-V

0
[+]

ptv ¥
gy - 1 [; (6-u)2F(a)da + |
dt u

(a-u)zF(a)do],
t v2 | U

42)

S
<

4
u_ C +v =V
— =4 (‘2) {[f Flo)de + | F(a)dc]-
UO V4 Vt u "

utv -V

1]
2 i (0-u)2 F(o)do + |
o

(o-u)2 F(a)da]} . (43)
Y4 " :

In the case of small v, it can be shown (Karpman et al., 1980)
that (42) takes the form previously obtained by Krivoruchko et
al., (1974). Expressions for the soliton growth rate and the re-
lative platea: height corresponaing to Egs. (42) and (43) when
F(o) is a single- or double-humped Maxwellian are given in
Appendix B.
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It should be noted that due to the oddness of Nj(x) and the
evenness of Na(x), only Ny gives a contribution to (42) and
(43). Np gives a contribution to the modification of the soli-
ton velocity (25), which for t >> v, may be transformed to

Mo o e S S :
oo = Co * P s | n,(z) <eshz - sinhz 4, ,
2Co  4Co 2o -= cosh3z (44)

However, for most cases the last two terms in (44) give only a
very small contribution, so it is seen that the odd function Nj
is far more important for the soliton modification than the
even function N3, even though Ny and Nj may have comparable mag-
nitudes.

As an important consequence of this fact, the direct numerical
solutions to be preseﬁted in Sec. 4.2 of the model equation

(20) also may be considered as solutions of the problem of modi-
fication of ion-acoustic solitons by resonant particles. In the
case of ion-acoustic solitons, Karpman (1979b) has shown that
the effect of resonant particles can be modelled by an equation
identical to Eq. (20) (as mentioned previously, Van Dam and Ta-
niuti (1973) arrived at the same result). Karpman also presented
explicit expressions for the number of resonant particles, which
consist of both ions reflected by the soliton and electrons
trapped inside the soliton. As a result, the expression for N,
for t >> 1, can be written as a sum of Ny, which is exactly
equal to Eq. (35), and Ny, which is different from Eq. (36) due
to the trapped electrons. But, since Ny is more dominant than
N2, the effect of trapped electrons on the evolution of ion-
acoustic solitons in most cases is negligible (for further de-
tails see Karpman, 1979b),

In order that the perturbation theory be applicable, the "per-
turbation time”, Tpr Must fulfil the requirement (Karpman and

Maslov, 1977, 1978)

Tp > Tg s (45)
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since the ratio ¢ = 1g/t, is the basic small parameter of the
perturbation theory. It then turns out that the domain of ap-
plicability of the perturbation theory is limited in time by
the condition (Karpman and Maslov, 1978)

R NN R LIEI S (46)

An appropriate value for Tp can be found (Karpman, 1979b) from
the expression for the soliton growth rate (23) so that

= N [sech?z]

'r;' =-%i)—-c-2 sech?z dz . (47)
4/2 vVt -e 3z

In Pig. 11 we show rs/rp for f,o(v) being a single Maxwellian

and for different values of wpa/ve. We see that tg/tp < 1

requires mpa/vt > 3 and, furthermore, the value of v must be

larger than 0.1 and smaller than 0.5-1 times the value of wpa/v¢.

In order to make nuse of the unperturbed soliton solution to the

Kdv equation (13) based on the fluid approximations, Uo/Cg must,

as mentioned previously, be smaller than 1, so that v in any

case must be smaller than /2 Co/vy ~ /2 wpa/ve.

4.1.4. Direct potential contribution from the resonant electrons

At the end of this theoretical section, it should be pointed out
that the model eduation (20) for the soliton evolution correctly
takes into account the modifying effects on the fluid potential
due to the resonant electrons, but it does not include the direct
contribution to the potential from the resonant electrons them-
selves. For example, N, is a non-zero constant in front of the
soliton where J(x) ~ 0 (see Fig. 10a), but due to the differen-
tiation on the left-hand side of (20) there is no perturbation
of the potential. This means that a "precursor® (Kato et al.,
1972), which has a potential corresponding to the reflected
electrons in front of the soliton, is not included in our de-
scription., However, it is possible to calculate the size of the
potential of the precursor from Poisson's eguation (18), where
we may neglect N (since the potential due to the fluid effects
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u)pcl/vt =30
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Fig. 11. The ratio of soliton time to perturbation time
1g/1p versus v for different values of wpa/vi.

is approximately 0) and aZU/ax2 (since N .(x) ~ constant), so
that the precursor potential,

up = (upg)z No(x = 0, x > xg) « (48)
By using (39) for the calculation of Ny (N2(x = 0) = 0) for a
single Maxwellian distribution, we obtain the results shown in
FPig. 12 for U-/Up. Here we have used three different values for
wpa/Ve, and have stopped the calculations when 15/1, became
larger than 1 (see FPig. 11). It is clearly seen that the ampli-
tude of the precursor 1s always smaller than the plateau ampli-
tude, although for large soliton amplitudes, Up becomes compar-
able to l-. If one relaxes the requirements that rs/rp <1,
then for small values of ”pa/Vc the precursor becomes very pro-
nounced, but in this case the soliton itself suffers a strong
distortion (see Fig., 16) and may no longer appear as merely a
"perturbed” KdV soliton. In this way, it should be stressed



_38 -

mzc T LB E
B ]
o - -
>
S0k
> F
]00 1 1 L
0 1 2 3 [

\Y

Fig. 12. The ratio of plateau height to precursor
amplitude U./Up versus v for different values of “pa/Vt-

that it is the plateau behind the soliton, and not the precursor
in front of the soliton that is the most characteristic modify-
ing effect of the soliton due to the resonant electrons.

Finally, it may be appropriate to point out that the precursor
can clearly be distinguished from the electron burst that was
seen in the experiment and described in Sec. 2.2. Although both
the precursor and the burst appear as negative potentials in-
front of the soliton, the former hés a velocity approximately
twice that of the soliton, while the latter has a velocity that
depends upon the applied potential, as predicted by Eg. (2) and
confirmed in Fig. 5. In any case, if one has either a precursor
or a burst in an experiment, one should be careful in determin-
ing the relative height of this fast signal to the soliton,
since the measuring probe may not only detect the instantaneous
potential but also, to some extent, the instantaneous current
or electron flux. This will, naturally, give rise to a measured
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value of the relative height of the fast signal to the soliton
that is too high.

4.2. Direct numerical solution of the mode]l equation

In order to investiqate the detailed behaviour of the model
equation (20) directly and to compar: the evolution of a soli-
ton with the results of the perturbation analysis described in
Sec. 4.1, Eq. (20) was put in a finite difference form suitable
for numerical solution (Lynov, 1980). The number of resonant par-
ticles, N, was calculated for all t » 0 from the expressions
(34), (39) and (40, which are strictly valid only for t >> 1,
but, as we have seen in Sec. 4.1.3, 1t << 1g, s0 the solutions
may be considered valid for all t > 0. In the numerical solu-
tion of (20) we chose to work in the reference system moving
with the initial soliton velocity, so that the coordinate, %,
is defined as

Ug(t=0)
)t . (49)

2c2

In this way we can see immediately if the soliton is acceler-
ated, since an unperturbed soliton will be stationary in the
£ reference system.

The left-hand side of (20) was put on the finite difference
form of the KdV equation first used by Zabusky and Kruskal
(1965). The value of IN/3{ is detcrmined at the same { pos-
itions where U is found and at the intermediate time steps of
the three-level scheme of the left-hand side. In an attempt to
minimize the effects of he boundaries of the finite system
from £ = 0 to L on the solutinn we chose to put

22y a3u

. (50)
3c2e=0,L 2t3 g=0,L

Further details on the applied numerical method are giver in
Appendix C.
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As an initial value we, naturally, used the soliton solution to
thée unperturbed KdV equation (13),

8
U(t=0) = U,(0) sechzi(i-ig)m [UO(O)]t/ZCg} . (51)

p
In order to check the accuracy of the program, the two quanti-

ties
L L
0(t) = f ude and o0,(t) =f Fu? a , (52)
0 o

were calculated at each time step and compared with their theor-
etical values obtained directly by integration of Eq. (20) (see

Appendix A).

In Fig. 13a we show the results for UO(O)/(wpa)2 = 0.2; f,(v)

is a single Maxwellian, and wpa/vy = 4. The values of tg/1p,
“ptmaxs the space and time step, the system length, and the
maximum relative difference between the calculated and tnhe theor-
etical values of 0Qq(t) and Q,(t) are given in Table 2, where the

values for the other examples in this section are also listed.

We immediately see that the solution develops in full qualita-
tive agreement with the results of Sec. 4.1 since the soliton
damps while generating a plateau region and a damped oscillatory
tail behind it. It was found that the oscillatory part of the
tail propagates in agreement with the linear dispersion relation
corresponding to the unperturbed KdV equation (13).

The theoretical position of the soliton maximum, §,(t), is cal-
culated by integration of Eq. (25) (see Appendix C for details)
and by transformation according to (49). The result for E5(t)
is shown by a solid vertical line on each curve of U(E,t),
where the dotted vertical line shows {,(t) when calculated from
(25) by use of only the two first terms on the right-hand side
corresponding to the usual soliton fluid velocity (16). The
difference hetween these two values of £o(t) is due partly to
the plateau and partly to M, as seen by inspection of (25).
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Fig. 13. Direct numerical solution of the model
equation for wpa/ve = 4 and Uy(t=0) = 0.2. N, consists
of (a) Ny and N3, (b) only Ny. The vertical, dotted and
solid lines at each time level indicate the predicted
position-of the soliton maximum corresponding to the
fluid velocity and the complete merturbed velocity (25),
respectively. The slanted, dashed line corresponds to
the linear phase velocity C,.

The dashed line indicates the position of a point moving with
the velocity C, relative to the laboratory frame, so we see
that the transition point from the oscillatory to the plateau-

shaped tail propagates with the linear phase velocity as pre-
dicted by Karpman and Maslov (1978).
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Table 2. Values of various quantities in the examples in
Sec. 4.2. The basic small perturbation parameter tg/tp is
determined by use of Egs. (47) and (29), and uptmax by use
of Eq. (46). h and k denote the space and time step, respec-
tively (see App. C), L is the total system length, and AQq
and AQ7 are the maximum values, during the numerical solu-
tion, of the relative differences between the theoretical

and the actual values of Q1 and Q;, respectively (see App. A)

Figure tg/tp  wptpax h k L/a AQ,q AQ»
13a 0.4 321 0.5 0.05 600 5.10-4 2.10-4
13b 0.4 321 0.5 0.05 600 4-10-% 5.10°3
15 0.03 9536 1 0.4 400 10-4  6.10°3
16 1.4 96 0.5 0.05 400 9-10-3 3.10°3
17 0.3 ~1000 1 0.4 800 2-10"3 2.10-2

In Fig. 13b we show the evolution of a soliton for the same par-
ameters as in Pig. 13a, but in this case only the effect of Nj
is included. By comparing Figs. 13a and 13b, it is clearly seen
that the effect of N> is vanishing, as predicted in Sec. 4.1.3,
since the soliton damping and the soliton tail are almost exact-
1y the same in the two cases, while the only difference is a
slightly different soliton velocity. The influence of N, on the
velocity is seen to be of the same order as the influence of the
plateau, where the latter effect can be directly observed as the
difference between the dotted and solid vertical lines in Fig.
13b. The plateau in this case serves to increase the soliton
velocity , and the effect may be described as either a recoil
effect on the soliton due to the ejection of the tail, or a re-
pulsion effect between the plateau and soliton which have the
same sign of charge. In the following examples both N1 and N3
are included, since the éurpose of this section is to investi-
gate the complete model equation for the Trivelpiece-Gould
solitons,
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The time dependence of v for the case shown in Fig. 13a (which
has the same results as the case shown in Fig. 13b) is presented
by a solid line in Fig. 14a, where the dashed line corresponds
to the theoretical expression (42). The ratio of the plateau
height to the soliton maximum, U./U,, is shown in Fiqg. 14b where
the shaded area corresponds to the estimated value of U./Ug,
found from the case shown in Fig. 13a (again almost the same re-
sults are found for the case in Fig. 13b). The solid line rep-
resents the value of U./U, calculated from the theoretical ex-
pression (43), and it is seen that the theory predicts a some-
what lower value of U./U, than is found by the numerical solu-
tion. However, the value of the upper limit for the perturba-
tion theory (46) in this case is wptmax = 320, so that we cannot
expect the theoretical prediction to be valid for U-/Ug, which
we first can begin to measure at wpt = 250. The horizontal

dashed line in Fig. 14b designates the value of U./U, for U, =

T Y T T T T T T 0.10 T v
{a) i (b)

2+
1+ .
] 0.00 L :
B 250 300 350 400
Up'
0 It i i 1 | L 1 1 .
0 200 400

wpt

Pig. 14. (a) The solid line shows v(t) found from the
direct numerical solution shown in Pig. 13a while the
dashed line corresponds to the theoretical expression in
Eq. (42). (b) The shaded area shows the estimated value
of the ratio of plateau height to soliton maximum, U./Ug,,
found from the numerical solution in Fig. 13a. The solid
line is calculated from the theoretical expression (43)
and the dashed line shows U./Ug for Ug = Ug(t:0).
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Uo(t=0), so we see that the observed values of U./U, at least

lie between the theoretical predictions obtained from the actual
Uo(t) and from the initial Ug(t=0).

In order to investigate the soliton modification for a case where
the requirements for application of the perturbation theory are

more accurately fulfilled, a numerical calculation was performed

for a case similar to that shown in Fig. 13a, but with UO(O)/(mpa)2
0.05, so that rs/rp = 0.03 and wptpax = 9000. The results are
shown in Fig. 15 for 0 < wpt <€ 5000. We see that it is not pos-
sible to distinguish between the value of v(t) obtained by the
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Fig. 15. Direct numerical solution for wpa/vy = 4 and
Uo(t=0) = 0.05. (a) similar to Fig. 13,

(b) similar to
Fig. 14a, and (c) similar to Fig. 14b.
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direct numerical soliton of (20) and by the perturbation theory.
Furthermore, the theoretical curve for U./Ug, falls inside the
measured region (even though close to the bottom), but now the
value of U-/U, is so small that the plateau cannot bhe distin-
guished in Fig. 15a.

Figqure 16 shows a case where the basic assumption for using the
perturbation theory is violated, since UO(O)/(upa)2 = 0.3 and
wpa/vy = 3.6, so that tg/1p = 1.4. In this case the soliton

is so distorted that it is difficult to distinguish between the
soliton body and the plateau. Nevertheless, the result from the
perturbation theory concerning the soliton damping is in fairly
good agreement with the observed v(t), and also the theoreti-
cal prediction of U./U, is at least within a factor of 2 of the

estimated value.

0.15
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Fig. 16. Direct numerical solution for mpa/vt = 3,6
and Uy(t=0) = 0.3 shown as in Fig. 15.
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Pig. 17. Direct numerical solution for the double-~humped
velocity distribution function Case II in Table 1, with
Uo(t=0) = 0.05. The results are shown in Fig. 15.

An example of soliton growth due to a double-humped f,(v) dis-
tribution is shown in Fig. 17 for parameters equal to Case II
in Table 1 and with U,(0)/(wpa)? = 0.05. It is seen that the
soliton starts to grow with a growth rate that is a little
smaller than the theoretical, but reaches a maximum amplitude
very close to the theoretical saturation level. The physical
mechanism of the saturation is very simple, since it occurs
when the soliton has reached a height and velocity, so that the
electrons that are reflected in front of the soliton receive a
total power equal to the total power given up by the electrons

reflected from the back of the soliton (see also the theoreti-
cal expression (42)),
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The soliton velocity also increases and reaches a saturation
level, but the observed saturation velocity is approximately
20% larger than the theoretical value, when the velocities are
measured relative to the £ reference system, which corresponds
to approximately a 6% larger value if the velocities are meas-
ured relative to a frame of reference moving with C,. For

mpt < 2000 the plateau has the opposite sign of the soliton,

in agreement with the perturbation theory, and, a little later
tnan predicted by theory, the plateau turns to the same sign as
the soliton. However, part of the plateau remains negative, and
while the transition point from this negative plateau area to
the oscillatory tail propagates, as usual, with the linear vel-
ocity C, relative to the laboratory frame, the transition re-
gion between the positive and negative plateau is more or less
stationary in the & reference system and becoming more and more
wide. The saturation level of the positive plateau is a little
higher than the theoretical value.

Experiments on soliton amplification in plasmas with double-
humped velocity distribution have been performed by Krivoruchko
et al. (1974), for the case of electron soliton amplification
by an electron beam. It has been pointed out (<ainberg, 1959)
that the interaction of an electron density solitary wave with
an electron beam makes it possible to accelerate ions trapped
in the potential well produced by the wave. The amplification
of ion-acoustic solitons by a beam of charged particles has
been investigated theoretically by Ostroskii et al. (1975) and
experimentally by Okutsu et al. (1978).

It can be concluded from the numerical investigations of the
model equation (20) that the modification of a soliton evolves
in full gqualitative agreement with the predictions of the per-
turbation theory, and, furthermore, if the requirements by the
theory are strictly fulfilled, the quantitative agreement be-
tween the numerical solution and the theoretical results for
the soliton growth rate, velocity, and the plateau amplitude,
is very high. However, the requirements for application of the
perturbation theory are rather restrictive, so that in order to
be allowed to use the theoretical value of U./Uy in the case of
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a single Maxwellian f,(v) distribution, the plateau must be so
small that it scarcely can be detected. On the other hand, the
theoretical values may be used as good estimates of the soliton
modification also in cases where the perturbation is not ex-
tremely small, since these estimates are seldom more than a
factor of 2 from the results obtained by the direct solution of

the model equation.

4.3. Experiment

The experimental set-up and the general experimental results
have already been presented in Sec. 2. In Fig. 4 we saw that
tne velocity of the compressional electron pulse was propor-
tional to the amplitude of the pulse, confirming the basic
fluic .ehaviour of a KdV solitun. It is seen that quite high
Mach numbers can be obtained; however, M > 1.2 was accompanied
by a pronounced distortion of the soliton, similar to the case
of a high soliton amplitude in the model equation (Fig. 16).
Using the theoretical expression for the unmodified soliton
velocity (26) and the values of a and wp determined from the
experimental dispersion relation (see Sec. 2.2) it is possible
to make an absolute calibration of the measured potential with
good accuracy by determining the amplitude of a scliton from
its experimental Mach number.

Fig. 18 shows the plasma response for an applied amplitude, bar
smaller than the critical potential, ¢., so that the electron
hole was not excited (see Sec. 2.2). We note the overall simi-
larity of the experimental results to the direct numerical sol-
utions of Eq. (20). We thus observe that the pulse damps as a
trailing plateau develops with a length proportional to t, fol-
lowed by an oscillatory, rapidly damped tail, in full agreement
with the theoretical results in Sec. 4.1 and the numerical sol-

utions in Sec. 4.2.

The spatial damping of the soliton is shown in Fig. 19 for
three different initial soliton amplitudes. The ordinate is
given in units of v2, where the absolute value of the poten-
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Fig. 18. Oscilloscope traces showing the soliton damping
and the development of the plateau and the oscillatory
tail. The applied potential, ¢,, and the measured po-

tential, ¢, are in arbitrary units.

tial was determined by the procedure mentioned above. Since
Co/ve ~ 2.7 corresponding to wpa/vy ~ 2.4 the condition tg/1p
<< 1 for application of the perturbation theory is not fulfilled
(see Fig., 11). Nevertheless, an illustrative theoretical damp-
ing is calculated and plotted assuming f,(v) to be a single
Maxwellian with T = 0.2 eV corresponding to the hot plate tem-
parature. It should, however, be noted that the soliton is
travelling "upstream”, and although the "downstream" part of
the electron distribution is well-approximated by this assump-
tion, we have to rely on specular reflection at the exciter to
form a full Maxwellian distribution, (Obviously, it is not pos-
sible to measure the actual form of the upstream part of the
electron velocity distribution). Contrary to all these imper-
fections we see that the agreement between theory and experi-
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FPig. 19. Experimental results showing the soliton damp-
ing for different initial amplitudes. The solid line
corresponds to the theoretical damping assuming a Max-
wellian distribution.

ment is rather good, which is even more convincing considering
that the theoretical line is based on absolute calculations.
For the lowest radial mode considered here, deviations from a
flat density profile (assumed in the theoretical analysis) do
not seem to be important.

4.4, Simulation

1n order to avoid some of the imperfections of the experiment

for the application of the results obtained by the perturbation
analysis, numerical simulations based on the scheme described
+in Sec. 3 were very useful, since the initial velocity distri-
bution function, f,(v), was known to be a full Maxwellian and
since the simulations could be performed in a parameter range
where the theoretical assumptions were more accurately fulfilled.
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The result of a simulation for the case of Co/vy = 4.14 (wpa/ve
= 3.96) is shown in Fig. 20. The spatial potential variation
shown in Fig. 20b is plotted in the frame of reference moving
with the linear phase velocity, C,. The soliton, when it is
fully developed after the excitation at approximately twp/Zn =
has an amplitude Uo/(upa)2 = 0.25 so that the parameters in
this case are only slightly larger (tg/tp ~ 0.7) than those

in Fig. 13. Again we see a fine qualitative agreement between
the perturbation analysis of the model equation and the actual
development of the potential in a “"physical®” system, since the
soliton is damped, while producing a tail consisting of a pla-
teau, with length proportional to t, followed by an oscillatory
part. In the phase space plot in Fig. 20a, corresponding to the
potential at tup/Zu = 12, we clearly see the electrons re-
flected by the soliton producing a precursor with velocity ap-
proximately twice the soliton velocity. Note, however, that
the potential of the precursor in Fig. 20b scarcely can be
distinguished from the background noise (inherent in a particle
simulation with random initial distribution) while the plateau
easily can be identified. This agrees with the discussion in
Sec. 4.1.4. It should be mentioned that the electron hole
also excited in this simulation, but, for the sake of clar ' -
we have omitted the hcle, which falls outside the area desig-
nated by the thick potential curves in Fig. 20b.

From several simulation runs we have measured the soliton vel-
ocity as a function of its amplitucde, and since the absolute
values of the potential naturally are known, it is possible to
compare these measured velocities with the theoretical fluid
velocity of a K4V soliton (16) without any form for fitting.
The results for the Mach number, M = Vph/cor versus soliton
amplitude are shown in Fig. 21. We see that the agreement is
very good, considering that the kinetic corrections from the
resonant electrons cause an increase of the soliton velocity
at high amplitudes due to the plateau and the even part of the
number of resonant electrons, N, (see Eq. 44 and the figures
of the directly calculated potentials from the model equation
in Sec. 4.2). The ideal behaviour with soliton velocity pro-
portional to soliton amplitude is, obviously, correct only for

3,
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Fig. 20. Numerical simulation results showing the
evolution of the perturbed soliton shown in a frame
of reference moving with C,, where Co/vy = 4.14;
(a) phase space and (b) potential.

one fully developed soliton (Berezin and Karpman, 1966). Both
experiment and simulation exhibit the dynamics of soliton for-
mation, and as a general trend the high amplitude electrcn
pulses reach the soliton form faster than the low amplitude
ones. In the potential plots of the pulse evolution, corre-
sponding to the lowest M value in Fig. 21, it can be seen that
the transition to a fully developed soliton is not yet com-
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Pig. 21. Numerical simulation results for the soliton
Mach number (M = v/C,) versus the soliton amplitude,
Agpls Which is normalized by !n(upa)zlc. The solid
line shows the theoretical relation (16).

pleted during the time of the simulation, giving rise to a poor
agreement between the theoretical and measured Mach number
(note that the pulse velocity is even smaller than C,).

The temporal damping of the soliton was also mseasured for dif-
ferent amplitudes and linear phase velocities, and the results
are shown in Fiq. 22. The agreement between the simulation re-
sults for v(t) and the theoretical damping, shown by the solid
lines, is very high, especially for the lower values of the ini-
tial amplitudes. The discrepancy between the measured and the
theoretical damping at the highest amplitudes shown in Pig. 22



- 54 -

1 Colvt=lo.1lo n
1 1 I i 1 1 1 i i 1 i i
00 5 10
twy /2n

Fig. <2. Numerical simulation results of the soliton
damping for different initial amplitudes with (a) Co/vy =
4.73 (wpa/ve = 4.57) and (b) Co/ve = 4.14 (wpa/ve =
3.96). The solid lines indicate the theoretical depend-
ence.

is not surprising, since Ts/Tp, which as mentioned previously
(Sec. 4.1.3) should be the basic small parameter in the pertur-
bation analysis, takes the value 0.8 and 0.9 for the highest am-
plitude shown in Figs. 22a and 22b, respectively (see Pig. 11).

The measured ratio of plateau height to soliton amplitude is
compared with perturbation theory in Fig. 23, and we observe
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Fig. 23. Numerical simulation results of the relative

plateau amplitude U./U, as a function of v. The solid

line indicates the theoretical dependence.

the same behaviour as in the case of the direct numerical sol-
utions of the model equation in Sec. 4.2, namely, that a close
agreement between the measured values of U./U, and the theor-
etical predictions is achieved for only very low soliton ampli-
tudes. As in Sec., 4.2, this discrepancy is not primarily caused
by a high value of Tp/Ts, but rather due to the inability of
the plateau amplitude to be measured until a time that is close
to or even larger than the upper time limit, tg .y, for applic-
ability of the perturbation analysis (see Eq. 46). It should be
mentioned that in the calculations of the theoretical curve,
shown in the figures in this section, the value of the parameter
a (see Sec. 4.1.1) was put equal to 1 in agreement with the
"physics” of the simulation code (Turikov, 1978a,b).
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S. THE ELECTRON HOLE

In the brief presentation of the general results from the numeri-
cal simulations (Sec. 3.2), we noted that the appearance of the
electron hole in the phase space plots is a distinct vortex.

This indicates that the electron hcle is a purely kinetic
phenomenon, containing a large number of trapped electrons, in
clear contrast to the Trivelpiece-Gould soliton which is basi-

cally a fluid phenomenon.

Bernstein, Green and Kruskal (1957) bave shown that stationary
electrostatic waves or pulses of arbitrary shape can exist in a
plasma, as long as the distributions of the trapped particles
are taken into account. Such, more or less complete, Bernstein-
Green-Kruskal (BGK) equilibria have been observed in computer
simulations of the electron two-stream instability (Roberts and
Berk, 1967; Morse and Nielsen, 1969a,b), where vortex structures
in the phase space were also clearly seen. However, our investi-
gations are to our knowledge the first experimental demonstra-
tion of the formation of single-pulse, or solitary, BGK equilib-

ria.

5.1. Theory

The BGK approach to a close investigation of the electron hole
is not very fruitful, since it provides a method for calculat-
ing the distribution of the trapped electrons, once the distri-
bution of the untrapped electrons and shape of the potential is
known, but it imposes no restrictions upon this potential,
which can take any form whatsoever. A different approach can be
used, by making assumptions concerning the dependence of the
distribution functions of the trapped and untrapped electrons
on the potential. Then, the shape of the potential can be cal-
culated using the assumed relations. Such an approach has been
made by Schamel (1979), who used special types of modified Max-



- 57 -

well distributions for the trapped and untrapped particles. (A
different analysis has very recently been performed by Krapchev
and Ram (1980)). Schamel's theory may provide a good descrip-
tion of the electron hole, but the results of the complete cal-
culations are so complicated that a comparison with the results
from the experiment and the simulation can be performed only by
calculating the theoretical expressions on a large digital com-
puter. To simplify his equations, Schamel made a small ampli-
tude expansion of the complete solution and found, for instance,
that the hole width decreases with increasing hole amplitude in
contradiction with our results. However, the amplitudes of the

electron hole in the experiment and the simulation were not at

all small in Schamel's sense, since the values of e¢y/Te were
larger than 1; ¢, being the amplitude of the hole.

Instead of performing the rather involved numerical computation
of Schamel's complete solution, we will present some electron
hole calculations based on a simple, single "waterbag"” theory.
Our analysis is similiar to the calculations by Berk, Nielsen,
and Roberts (1970a) of the equilibrium of a one-dimensional
electron hole in an unbounded plasma. We, naturally, take into
account the finite radial geometry in our experiment, and we
also derive some restrictions on the hole equilibrium as con-
sequences of the single waterbag zpproach.

In the singlg waterbag model, the plasma is assumed to have an
unperturbed distribution function, f(v), which is a constant,
b, within the limits -v, ¢ v ¢ v, and zero outside. The value
of b is easily determined since [Z.f(v)dv = n,, so b = n_/2v_.
Defining the thermal velocity, vy, in the same way as for a
Maxwellian distribution, we find

v% =2 f v3f(vidv/ [ f(v)av =-§-vg . (53)

Since the collisionless Vlasov equation, which we use to de-
scribe the plasma, expresses that f(v) acts like an incompres-
sible fluid in the phase space, the only possible values of
f(x,t,v) are 0 and ny/2v,. Furthermore, since regions in phase
space that initially are close to one another will continue to
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be close, the distribution function is fully described by the
position of boundary curves of the initial distribution. It is,
naturally, this behaviour which gave name to the "waterbag"
model (de Packh, 1962; Berk and Roberts, 1970b).

For the determination of the hole equilibrium, we choose to
work in a reference system where the hole is at rest and where
x = 0 corresponds to the hole maximum (see Fig. 24, where we
note that the potential as usual is drawn with positive values
in the downwards direction). In order to model a hole, the
boundary velocities vj, i = 1-4, are introduced, as shown in
Fig. 24a. Here vq{ and v4 correspond to the outer boundaries of
the untrapped particles (vy > v4), while vy and v3 correspond
to the inner boundaries of the trapped particles (v » v3j). In
the chosen reference system, the velocity distribution must

satisfy the time-independent Vlasov equation

v 3fix,v) - 3U 3f{x,v) = o , (54)
ax ax v

where £ as usual is the "effective distribution function”
£ix,v) = alf(x,v) + £,(v)/a), and U} = -ae¢/m (see Eqs. (4)-
(7)). The general solution to Eg. (54) is

f(x,v) = £(E) , (55)
where the total energy,

E=4vZ+u. (56)
The solution (55) may be checked by direct insertion into Egq.

(54). Since Eq. (56) must be fulfilled for all v, it must also
hold for the v-boundaries, so that

Fvivu=e, i=1,2,3,4, (57)
where Ej is a constant depending on i. With the choice of U = 0

at |x| = = and U < 0 at x = 0, the values of E; are negative
for the trapped boundaries and positive for the untrapped. Since
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Fig. 24. waterbag hole-equilibrium. (a) The phase space
boundaries and (b) the corrsponding potential, for
wpa/ve = 4, ¥g = 4, and M = 0.5, where ¥ is the
normalized potential, see (64), and My the hole's Mach
number, see (72). '

the trapped boundaries must connect at v = 0, E3 is equal to Ej,
so v3 = -v3. Poisson's equation (8) takes the form

(58)
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where Af; = Af3 = +1, Afp = Afq4 = -1, and k; = 1/a is the per-

pehdicular wavenumber of the electric field in the waveguide.

Following Berk et al. (1970), we can estimate the behaviour of
U outside the region of vy 3, in which the space charge is posi-
tive. Assuming that

2
V1,4

3= > lux) |,

then

= 2(2€ )‘/2(1-.U_(L)_) (59)
V1,4 1,4 2€), 4 ’

where the upper sign corresponds to vq and the lower to vg4.
Substitution of (59) into (53) and cancellation of the first
term in (59) by the neutralizing background, yields

2
€U 2
- = 0 ]

) keff u ’ (60)

where
Uz
2 . .2 P(1 1 )
eft L 2vg \ Vi | val

Bquation'(GO) expresses the form of an exponentially shielded
potential. We can estimate the last term in (61) by putting vj
= vq4 = V5. Then (61) becomes

2 2 1 2
k = k¢ + ks, (62)
eff L 1222 D

where k% = (2!)2/(V%/2ug) is the squared Debye wavenumber. We
expect two electron holes to be effectively shielded from each
other as long as their mutual distance, Ax, satisfies Ax >>
1/keff (see Sec. 6.2).
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By inserting (57) into (58), we obtain

22 13 /Uy w2
29, __(__ll) = --—P—{(zerzu)* + (284—20)4 -

2(252-20)§-o(232-20)-2v0} + kfu » (63)

where 0(x) = 1 €for x > 0 and B8(x) = 0 for x < 0. We now intro-

duce the dimensionless variables

20 2 2e¢ wpX
(),
Vo th (o}
2,2 2 L
2 _YoKi( 3/Ve 2E,
K=o \"2\3a/) )" "7\ ’
wg P Vo
2e,.} 26,4}
ag = -( ) ’ a2 ﬂ( ) . (64)
v3 v3

Substitution of these variables into (63) and integration over
¥, yields

(&7 - o

(65)
where
viy) = -4 {(a%w)3/2-(a12+¢°)3/2+(af+w)3/2-
(a3495)37/2-2(y-a2)3/20(y-a3)+
2(vo-a§)3/2-3(w—¢o)+—§-1<2(02-w§)} . (66)

Here, %o is the hole amplitude which lies in y = 0. The func~
tion V(y) is often called the Sagdeev potential due to the re-
semblance of (65) to the equation of motion for a particle,
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where y is equivalent to the position, y to the time and V(y)
to the potential in which the particle is moving (Sagdeev, 1963).

Equation (66) insures that V(y) = 0 for ¢ = y5, but it is also

necessary that V(y) = 0 for ¢ = 0. This requirement gives us an

equation for aj
a% = Yo -~ (%)2/3 [(a%+w°)3/2-|a1[3+(af+w°)3/z—|04[3-
2,212/3
Iuo+ k221273 | (67)
Furthermore, since we wish to investigate only a single hole and
not an infinite wave train, we must require dv(y)/dy = 0 for ¥y =
0. This implies that

|oag|+ [ng]= 2 . (68)

Now, for y >> 1 the potential y << Y5, so from (57) we find
that

vy = et v, = -2gp?} for |y| > 1 . (69)

In the unperturbed plasma, for |y| >> 1, we know that vy - v4q =
2vo, so (69) gives (see Fig. 24a)

o+ a4 = 2, (70)
Substitution of a4 from (70) into (68) yields the restriction
0 < 01 <2, (71)

Introducing the hole Mach number, My, as the hole velocity, Vhe
relative to the plasma divided by v,

My = vp/v, = (1=aq)e (3/2)%, (72)
Eq. (71) imposes upon My the restriction

-3/t amy < st (73)
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The Sagdeev potential can now be calculated by choosing three
free parameters, which can be ¢,, M, and upa/vt. k2 can then be
found from (64), ay from (72), a, from (70) and ap from (67). In
Fig. 25, V(¥) is shown for ¥o = 4, M = 0.5, and upa/vt = 4, Once
V(y) is found, we can find y(¢y) from (65) as

y(y) = 2 .f [-V(z)]-’ dz . (74)
Yo

The boundaries of the waterbag in phase space can then be deter-
mined from Eq. (57), and Fig. 24 actually shows the results for
the same parameters as in Fig. 25. The calculations were easily
carried out on a desk computer (HP-9825) and the integration of
(74) was performed by using the trapezoidal method on the 200
v-positions in which V(y) was calculated. The first y position
closest to y = 0 was determined by analytical expansion of the
right-hand side of (74) for (¢o-v) << 1.

0 1 2 3 b
L

Fig. 25. The Sagdeev potential V(y) for mpa/vt = 4,
Vo * 4, and Mp = 0.5,
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The three free parameters cannot be chosen completely arbitrari-
ly. We have already seen that (73) imposes a restriction on My,
but, furthermore, the parameters, naturally, must ensure that
av(y)/dy > 0 for » = p,. This yields the requirement that

(a2+y ) e tadrv ) t-2(v-ad) -24k2y, < 0. (75)

For given values of x2 and My, Eq. (75) can be shown to imply

0 < ¢, < omax(Kz,Hh). The function *max(xz'"h) is shown in Fig.
26 for My = 0 and v37/2Z, and we see that the Mp-dependence is
rather weak, whereas the Kz-dependence is significant, giving no
restriction on yg5,, in the infinite plasma (x2 = 0), but allow-
ing only a continuously decreasing value of v, . as K2 increases

20 Y v L
E10} i
>
0 i 1 1 1 1 1 1 1 1
0 05 10

Fig. 26. The hole-equilibrium criterion *max(xz'"h)'

The two vertical bars indicate the observed values of y,
in the numerical simulations, Sec. 5.3. The bar at the
lowest value of K2 corresponds to Ty, = 0.4 eV while the
other corresponds to Te = 0.2 eV.



{ry/Ap decreases). There is no lower bound, however, for the
value of ro/Ap as long as the hole amplitude is small enough. On
this point the waterbag equilibrium theory also contrasts Scha-
mel'’s (1979) small amplitude limit of the "modified Maxwellian"
hole theory, since Schamel arrives at rp/Ap ~ 5 as a lower

bound of the wavegquide radius in order to sustain electron holes.

So far, we have only considered the equilibrium of a fully devel-
oped electron hcle. The gquestion of stability of this equili-
brium is, naturally, more complicated. Kako, Taniuti, and Wata-
nabe (1971) have performed a stability analysis of the evolution
of two cold, counterstreaming electrons beams into a train of
holes, but their stability analysis is not well suited for dis-
cussing the stability of fully developed holes. A stability ana-
lysis of a periodic BGK wave consisting of complete electron
holes has been performed by Schwarzmeier, lewis, Abraham-Schrau-
ner, and Symon (1979), and as a result they found that the BGK
wave is stable against perturbations with wavelengths shorter
than the wavelength of the BGK wave, thus indicating that the
solitary electron hole is a stable structure. Naturally, the
stability analysis was based on the collisionless Vlasov equa-
tion, and one should expect the hole to be extremely sensitive to
collisions, which can scatter the trapped electrons out of their
closed orbits in phase space, thereby disintegrating the struc-
ture of the hole. Schwarzmeier et al. (1979) also showed that
perturbations of the BGK wave with wavelengths longer than the
width cf a sinqle hole could cause neighbouring holes to co-
alesce, an effect to which we shall return in Sec. 6.

Morse and Nielsen (1969b) and Berk et al. (1970a) have shown that
a one-dimensional system, which we virtually have in our case due
to the strong magnetic field, is necessary for the stability of
electron holes that hardly can exist in higher dimensions.

The properties of a fully developed electron hole observed in

the experiment or the simulation shall, of course, be within any
physical bounds that are imposed by the requirements for a non-
linear equilibrium. Approximations to such bounds have just been
derived by use of the simple waterbag method. However, the range
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of observed hole quantities can also be limited by the excitation
rechanism. The determination of these limits is no simple task
due to thé complex nature of the hole excitatioa. In Fig. 27 re-
sults are shown from a waterbag simulation of our experiment
(Saeki et al., 1979). The phase space plot marked I in Fig. 27b
is shown at a time (t/tp = 0.8; p being the plasma period)
while the exciting potential (which lasted 1tp) was still ap-
pPlied. We note the complicated structure of the waterbag. The
"arm® moving in the negative x-direction consists of electrons
that are accelerated through the external potential and reflect-
ed from the "newborn soliton®. As mentioned in Sec. 2.2, it was

T
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Pig. 27. wWaterbag simulation (a) Potential versus position
for increasing time (t/rp = 0,8, 1.6, 2.4, 3.2 and 4).

(b) Waterbag distribution in phase space for times corre-
sponding to the potentials marked I and II in (a).



observed experimentally and confirsed by the waterbaq and cloud-
in-cell simulations that no hole was created unless the applied
potential exceeded a critical potential, 3., of the order of

| P !-(-Palzle. Since the equilibrium equations impose no lower
bound on the hole amplitude the critical pntential sust be an
excitation effect. A hanlwvaving argumsent for the existence of

¢ is found by presuming that the hole is formed by electron
trapping in the rarefaction wvave. Since this vave has a negative
velocity, approximately equal to the linear phase velocity wpa,
one must require of its amplitude, ¢, in order to trap a sig-
nificant amount of electrons that

2e9, !

In our experiment we have approximately upd >> v, and equating

¢y to the applied potential in (76) yields a value of ¢, equal

to !-(upa)zlc. The generation of the electron hole may, on the
other hand, be caused by other effects, e.9., a kind of two-stream
instability between the main plassa and the "arm™ with negative
velocity. At least, the formation of the electron hole resembles
the evolution in phase space of the electron two-stream instabil-
ity found in numerical simulations (Roberts et al., 1967; Morse

et al., 1969%9a,b). A thornough investigation of the dynamics of the
hole formation is, however, outside the scope of this report.

5.2. Experiment

As already mentioned in the presentation of the basic experimen-
tal observations (Sec. 2.2), the electron hole was excited when
the applied potential, ¢,, exceeded a critical potential, ¢,
(see Fig. 3). The value of ¢, vas close to 1 V corresponding to
approximately 9-(-pa)2/e with the experimental data inserted.
The electron hole, once fully developed, propagated virtually
without change of shape (see Pig. 6). It was found that an in-
crease of ¢, above ¢c first increased the amplitude and width

of the hole up to:a certain value of ¢, and then additional
holes with varyinp amplitudes were excited. This behaviour re-
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sembles the evolution of nonlinear, collisionless, electrostatic
shocks. Strong electron shocks can be excited by maintaining the
applied potential after it has been switched on and as a result,
the trailing part of the shock breaks up into large-amplitude
oscillations (Saeki, 1973). From computer simulations of ion-
acoustic shocks (Sakanaka et al., 1971) such large amnlitude os-
cillations are known to be associated with vortex—-like structures
1) phase space. In our experiment, where the exciting poteatial
is applied during one plasma period, the generation of more than
one ho.2 is enhanced by holding the exciting potential at a small
negative level after the pulse. We found that almost any shape of
the excitation potential developed one or more electron holes pro-

vided that ¢, exceeded ¢..

No clear relation was observed between the hole amplitude and
velocity. Neither in the simple waterbag theory is there a con-
nection between these two quantities, which are free parameters.,
However, the hole velocity in general increased with the applied
potential, but this is most likely an excitation effect. The ob-
served hole velocities in the case of single hole excitation were
in the range of vy and were always smaller than the linear phase
velocity, which in our experiments was wpa ~ 5 ve. This indicates
that there, indeed, may be an upper limit of the hole velocities
as found by the waterbag theory in Eq. (73).

In Fig. 28 the observed relation between hole width and hole am-
plitude is shown. We see that the width increases with the ampli-
tude in qualitative agreement with the simple waterbag theory. In
the next section we will give a quantitative comparison between
the amplitude-width relation found by the waterbag theory and the
relation observed in the computer simulation for parameters sim-
ilar to those in the experiment (see Fig. 33a).

The sensitivity of the hole equilibrium to electron-neutral col-
lisions is demonstrated in Fig. 29. By slowly increasing the
neutral pressure with helium, we could entirely destroy the hole
structure at even moderate neutral pressures. The damping length
for ordinary collisional damping (Franklin et al., 1974) of a
Trivelpiece-Gould wave propagating at the hole velocity is ap-
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Fig. 28. Experimental hole width versus hole amplitude.

proximately 1.5 m at 5.10"4 mm Hg, thus ruling out that the ob-
served destruction of the hole can be explained by simple colli-
sional damping. Note also that the front of the soliton is only

weakly affected by the collisions, as expected.

As mentioned in Sec. 5.1, the high sensitivity of the hole upon
electron-neutral collisions is not surprising, due to the import-
ance of a delicate balance between trapped and untrapped par-

ticles for the existence of a BGK-equilibrium.

5.3. Simulation

The examples of the cloud-in-cell simulations shown in this sec-
tion are performed for two different sets of parameters. Both of

these have a plasma density, n, = 107 cm'3, and - wavegquide ra-
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Fig. 29. Destruction of an electron hcle by electron-
neutral collisions. P, is the pressure of neutral helium.
The position is x = 0.7 m.

dius, rgo = 2 cm. Furthermore, one of the parameter sets has an
electron temperature Te = 0.2 eV, so that the simulations per-
formed under these conditions closely corresponds to experiment,
while the other parameter set has Teg = 0.4 eV. The values of
wpa/vy are 5.593 and 3.956 for the parameter set with Ty =

0.2 and 0.4, respectively. Fiqures 30-32 show some effects by
varying the amplitude of the applied potential ¢5. In Fig. 30
we show the hole amplitude versus ¢,. The normalized amplitude
of the electron hole, ¥o, is defined in agreement with Eg. (64)
as y, = (2/3) e oh/(}mv%), vhere ¢, is tle maximum hole poten-
tial; the value of a is put equal to 1 (as in Sec. 4.4) accord-
ing to the "physics” of the simulation code (Turikov, 1978a,b).
We observe the same behaviour as in the experiment, since no
holes are excited as long as ¢, is lower than ¢, = Qm(wpa)z/e
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Fig. 30. Numerical simulation results for hole amplitude
Vo versus the applied potential ¢5. The normalization

potential, bor is im(w a)Z/e.

P

and since a single hole is produced with an increasing y, as a
function of ¢, upto a limit of ¢5 = 3 ¢.. Above this limit
more than one hole is excited, starting with two holes at ¢5 =
3 ¢o, which is shown in Fig. 31. The apparent difference be-
tween the maximum hole potentials for different values of T¢ at
a fixed value of ¢, is due to the normalization applied in the
definition of y,. The total ranges of the observed values of

Vo for the two different cases are indicated in Fig. 26, and we
see that these regions are well within the limits of the area
that is "allowed" by the restrictions imposed by the single wa-
terbag equilibrium.

The hole velocity, vy, is shown against ¢, in Pig. 32 and we
see that as long as only one hole is excited, the observed vel-
ocities are almost limited to the r2gion allowed by Eq. (73)
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Fig. 31. Same as Fig. 8 for ¢5 = 3dc, where
= 2
¢c = *M(wpa) /e.

and indiceted by the dashed lines in the figure. When more than
one hole exists, Eg. (73) is no longer vaiid (see the require-
ment leading to Egq. (68)). By combining Figs. 30 and 32, we sece
that vy increases with increasing y,, at least when only one
hole is excited, but this behaviour is most likely inherent in
the excitation mechanism.

The observed relations betwazen the hole width, Axy, and yo are
shown in Figs. 33a and b for the two different values of Tg. In
this context, the hole width is defined as the total width of

the hole potential at ¥ = ¢5/2. The results from performances

of the integration in Eg. (74) are also shown for the maximum
hole velocity My = /73755 and My = 0. The other hole velocities
fall within the rathqr narrow region between these two curves. As
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Fig. 32. Numerical simulation results for hole velocity
vh versus applied potential ¢,. The horizontal dashed
lines indicate the limits on v, from waterbag theory for
a single hole.

a curious detail, we note that fast holes are broader than slow
ones for large values of §,, and vice versa for small values of
V¥o. The absolute agreement between the theoretical and the ob-
served values of Axy for a given ¢, is not exceedingly high, but
this can, naturally be attributed to the simple theoretical model.
However, the general trend is the same for the observed values of
Axp and the theoretical estimates; thus, we see that the slope of
the theoretical area fits nicely to the slope of the best straight
line through the measured points.,

The results presented in the last two sections indicate that the
simple waterbag equilibrium model derived in Sec. 5.1 actually
describes some of the fundamental features of the electron hole.
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Pig. 33. Numerical simulation results for hole width
Axp versus hole amplitude 9, for (a) Te = 0.2 eV
and (b) Te = 0.4 eV.
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6. INTERACTIONS BETWEEN THE SOLITARY WAVES

Up to this point, we have seen that the two different types of
electron density pulses excited in the experiment and the nu-
merical simulation are solitary waves. At least, they are soli-
tary waves in the sense described in the introduction that they
both are localized waves in which nonlinear effects are essen-
tial, and which propagate with an almost fixed velocity and with

a shape that is almost unchanged.

Unfortunately, the mutual interaction between Trivelpiece-Gould
solitons moving in the same direction was impossible to investi-
gate in the experiment and the simulation. This was due to the
approximately 0.2 C, maximum soliton velocity difference (other-
wise the solitons were strongly distorted, as mentioned in Sec.
4.3) and since the solitons had to have an initial separation
larger than the sum of the soliton widths they cculd not pass
each other within the limited length of the plasma column. Fur-
thermore, the theoretical expressions for N, in Sec. 4.1.3 ex-
plicitly require only one soliton, so that the direct numerical
solution of the model equation (20) could not Le used to inves-

tigacte soliton collisions either.

We did, however, briefly investigate the head-on ccllision of
Trivelpiece-Gould solitons moving in opposite directions in the
laboratory system in the experiment and the numerical simula-
tion (Lynov et al., 1979a), and we found that the solitons emerged
from the collision without any noticeable change of shape. We
note that this situation of solitons moving in opposite direc-
tions in the laboratory frame cannot be described by the KdVv
equation, which is inherently unidirectional, but, instead, the
complete system of Boussinesqg equations (Karpman et al., 1980)
must be employed. It should be mentioned that collisions of K4V
solitons in dispersive media with much simpler model equations
than Eq. (20) have been investigated by Watanabe (1978). Watan-
abe found that a little dissipation did not destroy the ability
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of the solitons to preserve their identity upon mutual colli-
sions, even though the dissipation, naturally, perturbed the

solitons.

A different effect of soliton-soliton interactions is the re-
currence phenomenon of initially sinusoidal waves. This phenom-
enon, which also is known as the Fermi-Pasta-Ulam problem (Fer-
mi, Pasta, Ulam, and Tsingou, 1955), was acutally the object of
the initial soliton work by Zabusky and Kruskal (1965). We have
also, investigated the recurrence of long wavelength Trivelpiece-
Gould waves (Lynov, Rasmussen, and Thomsen, 1980b), partly by
means of a plasma simulation code (Thomsen, 1980) based on the
hybrid simulation model (Denavit, 1972), and partly by means of
the direct numerical soliton method (Appendix C) applied to the
unperturbed KdV equation. Our main result is that a state of
perfect recurrence, i.e., the 100% return of the total wave
energy to the initial, single Fourier-mode, hardly exists. How-
ever, since these recurrence investigations had nothing to do
with the experiments that were actually performed in the labora-
tory, they are outside the scope of this report, and will not be

further described here.

Instead we will turn our attention to the cases of interaction
between a Trivelpiece-Gould soliton and a hole, and between two
electron holes (Saeki et al., 1979; Lynov et al., 197%a,c, and
1980a). Since no detailed theory is available for these investi-
gations, only a qualitative description will be given of the ob-
servations in the experiment and the simulation.

6.1. Experiment

By applying two pulses, ¢1 and ¢, of appropriate size to the
exciter, we were able to produce two pairs of pulses, each con-~
sisting of a soliton and a hole. If the time interval between ¢4
and ¢, is not too large, the soliton, S;, from the second puls2
could catch up with the hole, Hy, from the first pulse within the
length of the experiment. An example is shown in Fig. 34, and we



Fig. 34. Experimental results of soliton-hole collision.

see that Sy passes rignt through H{ causing only a phase jump,
i.e., a time-limited, spatial displacement, of Hjp.

The method of application of two pulses to the exciter cannot

be used for investigations of hole-hole conllisions, since the
time interval between ¢1 and ¢ must be large enough to allow
the complete development of Hi. This implies that even with the
largest possible velocity difference betwen Hq and Hj, the two
holes will never reach each other within the experimental region.
Two holes with different velocities can, however, be excited by
keeping the applied potenmtial at a small negative level after
the pulse, as shown in Fig. 35. The two holes produced in this
way have only a small velocity difference, but since they ini-
tially are located close tc each other, they may collide after
propagating a short distance. In the case shown in Fig. 35, col-
lision takes place at x = 0.6 m (we recall that the exciter gap
is located at x = 0.3 m, as shown in Fig, 1). Following the tra-
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Fig. 35. Experimental results of hole-hole collision.

jectories of the holes, we observed an attraction and subsequent-
ly a coalescence of the holes that lasted throughou% the transi-
tion of the entire plasma column (see Fig. 35). Since the twn
holes in this case do not emerge from the regisn of collision,
they cannot be "solitons® in the sense of Scott, Chu and McLaugh-
lin (1973), as described in Sec. 1. The coalescence of electron
holes has already been observed in the previously mentioned, nu-
merical simulations of the two-stream instability (e.g., Roberts
et al., 1967; Morse et al., 196%9a,b) and in the stability analy-
sis of a train of BGK equilibrium by Schwarzmeier et al. (1979).
More detailed investigations of the mutual interaction of the
clectron holes are presented in the following section.
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6.2. Simulation

The necessity of a relatively large time delay between the two
excitation pulses required to produce two completely independent
electron holes, which was a problem in the cxperiment, was ef-
fectively avoided in the nuserical simulation. This was accoma-
plished by introducing two regions of excitation in the cxterral
potential, which could be operated at different ponsitions and
times with different potential jumps. In this way, it was pos-
sible to start the generation of a second set of solitary waves
simultaneously, or shortly after, the application of the cxternal
field across the first exciter gap (located at a higher x-value
than the second). This method was reliable as long as the dis-
tance between the regions of excitation was large enocugh to pre-
vent the generation of the last solitary waves to be disturbed by
the generation of the first. Once fully developed, the solitary
waves from the second exciter propagated without any perceptible
interaction through the carefaction wave from the first exciter.
By careful adjustment of the excitation mechanism, the electron
holes from the second exciter could interact with the holes from
the first within the length of the plasma column. However, since
the solitons propagate with velocities that are, at least, four
times larger than the hole velocities, we were not able to study

the soliton-soliton interactions.

The values of the input parameters to the simulation in the ex-
amples in this section are comparable to their values in the ex-

periment, i.e., T, = 0.2 eV, n, = 107 em~3, and r, = 2 cm.

o
The interaction between a Trivelpiece-Gould soliton and an elec-
tron hole is shown in Pig. 36, in which the trajectories of the
soliton and the hole are plotted in an (x-t) diagram. Pigure 36a
illustrates a case where the scliton amplitude is comparable to
that of the hole. In this case only a small change in the tra-
jectories nof the two solitary waves is observed. If, however,
the soliton amplitude is comparatively larger (as in FPig. 36b)
we can observe a slight acceleration of the hole, while the sol-
iton velocity is practically unchanged. Since the changes are
relatively small even in this case, we may conclude that the in-



o
v 0 Y
v | | S v |
5 - Y . 5- g s A
s RS e Tk
30'10; ?a.ﬂr- -
S H 5 |- -
|
0 i T W U U T S S . 0 L1 & % & 0 p ) 3
0 x/\g 1000 O xI\, 1000

Fig. 36. (x-t}-diagram showing hole-soliton interac-
tions for (a) comparable amplitudes and (b) large sol-
iton. Inser*s show typical potential variations (nega-
tive potentials are drawn upward, as usual' in the
region 300 < x/Ap < 800. The marked ¢-division is
(1/8)m(s52)2/e.

teraction between the electron hole and the Trivelpiece-~Gould
soliton is very weak. This result is probatly caused by the much
larger soliton velocity than hole velocity.

Some typical examples of hole-hnle interactions are given in
Pigs. 37-39, which show the evolution in the phase space, the
trajectory of the individual hole, and a few typical spatial
potential variations associated with the holes. Since our ex-
citation mechanism resulted in hole velocities (and hole ampli-
tudes) that increased with increasing exciting potentials (see
Pigs. 30 and 32), we were able to choose the velocity difference
between the two holes before running the simulation. Pigure 137
shows the case of a relatively small velocity difference and, as
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Fig. 37. Hole-hole coalescence, (a) phase space and
(b) (x-t)-diagram, where inserts show typical spatial
potential variations in the reqgion 300 < x/Ap < 600.
The j-division is the same as in Fig. 36.

in the experiment (Fig. 35), the two hol2s coalesce. We note the
violent rotational motion of the former individual holes in the
phase space at the beginning of the coalescence, indicating a
highly nonlinear process, and strongly resembling the evolution
of a hole coalescence in the electron two-stream instability
(see, e.3., Roberts et al., 1967).

If, on the other hand, the two holes have a large velocity dif-
ference, we obtain the result shown in Pig. 38, where the two
holes pass throuqh each other undergoing phase jumps only. Pi-
nally, if the hole velocity difference has a value somewhere be-
tween those shown in Pigs. 37 and 38, we may obtain the case of
'nargiﬁal' coalescence. This is shown in Fig. 39, and ve see
that the holes pass through each other at first, but then seem
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Fig. 38. Two holes passing through each other;
(a) and (b) as in Fig. 37.

to "regret” that they did not coalesce, which they subsequently
do.

In all three cases of hole-hole interaction (Figs. 37-39) we see
that the two holes propagate completely independent of each other
until their separation is relatively snall, i.e., 20-50 Ap. This
observation clearly supports the concept of electrostatic shield-
ing of the positive charge associated with the hole, which was
derived in Sec. 5.1 based on the analysis of Berk et al. (1970).
We can estimate the distance, 8xj, at which the hole-hole inter-
action begins. First, we note that the expression for kef¢ in Eg.
(62) can be even further simplified in the usual case of Ap
smaller than the waveguide radius:

(kogg)™! = /T Ay, for (Op/a)? <1, (77)
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Fig. 39. "Marginal” coalescence of two holes;
(a) and (b) as in Fig. 37.

This value of (keff)-1 is in fine agreement with the e-folding
lergth of the hole potential found in Fig. 24 outside the re-
gion of v and v3. In Fig. 24 we also see that the hole pocten-
tial falls from maximum to essentially zero (due to the expo-
nential shielding) within a distance comparable to the total
halfvalue width Axp of the hole. This means that the maximum
distance of interaction

Axj = AXp1 + 8Xp2 (78)

where Axh1,2 are the values of Axh for the two holes, respect-
ively. Using typical values for 8xny ,2 from Fig. 33a, we find
8xj ~ 40Ap in good agreement with the interaction distances
seen in Pigs. 37-39,
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In order to estimate when two colliding electron holes coalesce
or pass through each other, we can make the following rough pic-
ture: coalescence takes place if the time, tj, during which the
holes interact, is larger than the time, t., that is necessary
for the two holes to complete the "mechanism of coalescence". It
is fairly easy to estimate tj, which we may eguate with the time
two holes of a total width Axp and with velocities vq and v, take
to pass each other, i.e., tj = Ax¢/(vy-vy), where vy is chosen as
the largest velocity. Let us now imagine that coalescence occurs
when all the electrons trapped in the total potential of the two
holes perform approximately a full closed orbit in phase space in
order to “"synchronize” their motion. Then t. can be estimated as
the reciprocal of the bounce frequency in this total hole, which
appears dvring the interaction. Now, if we crudely assume that
the potential of this resulting hcle is proportional to the sum
of the potentials of the individual hole, ¢1,2, and that the
width is proportional to Ax,, we find that t. <« 8x,/(¢q + 02)*.
The simp. e condition tj > t. then yields

(¢2 + ¢1)§ > const-(vz-v1) , for coalescence. (79)

In order to test this hypothesis we show, in Fig. 40, a diagram
where the symbol e denotes coalescing holes and o holes passing
through each other. The abscissa is (¢2+¢1)9 and tne ordinate

(vo-vq). We see that the regions of coalescence/no coalescence,
indeed are well separated by a straight line through the origin,
thus confirming the criterion (79) and demonstrating that the

important parameters are the hole amplitude and velocity. Actu-
ally, the cases of "marginal” coalescence (Fig. 39) are located

very close to the dashed borderline.

In this section, we have seen that colliding electron holes
either melt entirely together or preserve their original iden-
tity. Since we have also seen that a single electron hole is a
stable structvre (in a ccllisionless plasma) propagating with a
fixed velocity and shape, it is natural to consjder the solitary
electron hole as a quasi-particle just like the soliton has been
(see, e.g., Kaup and Newell, 1978). Doing this in a consistent
way involves assigning to the soiitary hole a positive charge and
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Fig. 40. Diagram for coalescence/no-coalescence of two
holes. The symbol ® denotes coalescing holes and o holes
passing through each other. The point corresponding to

Fig. 39 is marked with an arrow. ¢, = Qm(upa)z/e.

a negative effective mass (see also the "Duality Principle” by
Berk et al. (1970a). This in turn implies that the Coulomb inter-
action between two holes gives rise to an attraction, a feature
that clearly has been seen in this section. To stay in the par-
ticle picture, these attractive forces, which are effective only
in the nearest vicinity of the hole, may be characterized as

"strong interactions”.
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7. CONCLUSION

In this work we have investigated the generation and propagation
of two different types of electron density waves in an essential-
ly one-dimensional system, i.e., a strongly magnetized, plasma-
loaded waveguide. Both of the wavetypes demonstrated clear non-
linear behaviour, acting as almost conplete solitary waves. How-
ever, they are basically of a completely different nature. In
this way, the compressional wave, identified as a Trivelpiece-
Gould soliton, is fundamentally a fluid phenomenon, while the
electron hole is a purely kinetic phenomenon having no fluid
counterpart.

After a short description of the experiment and the simulation
code, and a brief introduction to the basic observations, in Sec.
4 we turned to a detailed investigation of kinetic effects of
the resonant parti:les on the propagation of the Trivelpiece-
Gould soliton. In 3ec. 4.1, we showed how a perturbed KdV equa-
tion can be derived in order to model the soliton-particle in-
teraction, and by use of the perturbation theory by Karpman and
Maslov (1977, 1978) an analytical description of the soliton
evolution was presented. As a result of the perturbation, the
soliton was shown to either damp or grow, depending on the ze-
roth-order electron velocity distribution function, while gen-
erating a tail which consists of a plateau, nearest to the sol-
iton, plus an oscillatory part, Explicit expressions for the
soliton damping or growth, the height of the plateau, and the
perturbed soliton velocity were given. It was also mentioned
that the model equation could be used, in an almost unaltered
form, for the description of the interaction between ion-acous-
tic solitons and resonant particles (Karpman, 1979b).

In Sec. 4.2, an investigation of the validity of the results
from the perturbation analysis was performed by direct numeri-
cal integration of the model equation. The investigation showed
that the analytical expressions from the perturbation analysis
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are in close agreement with the actual development of the com-
plete model equation, as long as the perturbing term is small
enough to ensure that the theoretical reqgion of validity was un-
‘exceeded. This validity region was, however, shown to be rather
restrictive, so that most of the interesting situations from an
experimental point of view would fall outside its limits. Al-
though the agreement between the perturbation expressions and the
actual behaviour of the model equation was somewhat smaller in
the "experimentally interesting®™ cases, the analytical expressions
for the soliton damping/growth and, to some extent, also the pla-
teau height and soliton velocity were shown to be vood estimates
of their actual values found from the equation.

In the experiment (Sec. 4.3) and the simulation (Sec. 4.4) the
"physical” soliton was demonstrated to develop in complete quali-
tative agreement with the perturbation results of Sec. 4.1. Fur-
thermore, the guantitative soliton evolution in the simulation,
which had better controlled "plasma”™ parameters than the experi-
ment, was in very good agreement with the perturbation theory,
the deviations going to the same side as the results, in Sec.
4.2, from the direct suiution of the full model equation, e.qg.,
the analytical underestimation of the actual plateau height. This
fine description of the actual physical system by the perturbed
KdV equation is far from being trivial, since we must bear in
mind that the linear dispersion relation derived from a KdVv equa-
tion gives only a poor approximation to the full dispersion rela-
tion (1) for short wavelengths. Even if the scale length of the
initial perturbation was chosen large enough to allow an overall
description by a KdV equation, one could, in principle, expect
that the fine details of the soliton evolution could be influ-
enced by this discrepancy at small wavelengths.

As for the electron nhole, we have found (Sec. S) that it can be
described as a fully developed BGK equilibrium. By means of a
simple waterbag model (Sec. 5.1) we showed that a single hole had
a maximum velocity of the order of the electron thermal velocity
and that, for a given wavequide radius, there existed a maximum
permissible hole amplitude which, however, is not found in the
infinite plasma. An expression was also found for the shape of
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the hole as a function of hole amplitude, hole velocity, and the
ratio ro/Ap; for typical parameters it was shown that the hole

width increased with increasing hole ampiitude.

The investigations of the electron hole in the experiment (Sec.
5.2) and the simnulation (Sec. 5.3) shcwed that, due to the exci-
tation mechanism, there existed a critical potential of the order
of lm(upa)z/e which the applied, negative potential numerically
had tc exceed in order to produce a hole. Almost any shape of the
applied potential was found ton produce one or more electron holes
as long as the critical potential was passed. The observations in
the experiment and simulation of the single hole behaviour dem-
onstrated that the simple waterbag model is useful as an approx-

imate description of the solitary electron hole.

In Sec. 6 we investigated the interaction between a Trivelpiece-
Gould soliton and an electron hole, and between two electron
holes. The soliton-hole interaction was demonstrated to be weak.
It should be mentioned that Saeki et al. (1979) showed that the
interaction between an electron hole and an ion-acoustic soliton
may be rather strong. In the case of a hole-hole collision, the
electron hole demonstrated a guasi-particle behaviour, since the
two holes either preserved their identity upon collision or co-
alesced completely. It was found empirically, and explained by
simple arguments, that collisions between large amplitude holes
with a small veliocity difference favours the case of coalescence.
It should be pointed out that the electron hole may play an im-
portant role in the description of strong, one-dimensional Lang-
muir turbulence (Dupree, 1978).

In conclusion, it may be emphasized that the results reported in
the preceding pages have demonstrated that detailed experiments
of even highly nonlinear plasma phenomena, which from the fusion-
technology point of view are the most interesting, can be per-
formed in a controlled manner in a relatively simple plasma de-
vice, such as the Q-machine, and by use of a simulation scheme
based on fundamental plasma theory.
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APPENDIX A

Temporal change of area, energy and soliton amplitude

By integrating the model equation (20) from x = -= to x = +e and
assuming that U = 32U/3x2 = 0 for x = %e, we find

909 3
6 " - €3 Ny (x=te)

or
t'

Q1(t') = Qq(t=0) - C3 | N;(x=+=,t) dt , (A1)
(o]

where the area, 04 = [ Udx. In a similar way, by multiplying
both sides of (20) by U and integrating from x = -= to X = 4=
and assuming that U = 3U/3x = 0 for x = *», we obtain

3
30 S -~ U
3_t2 =7 ) Np(x) 3y ax,

-
or

c v -
0,(t") = 0y(t=0) +=2[
2 o

N (x,t) :—U dx dt , (A2)
X

where the "energy” is defined by 0, = 1} i v2dx.

It should be stressed that the expressions (A1) and (A2) do not
make any assumption on the form of U(x,t), besides the very un-
restrictable boundary conditions for x = te», This means that
these expressions may serve as good checks of the accuracy of
the program used for “he direct numerical solution of (20) (see
Sec. 4.2 and App. C). In the case of the numerical solution,
the x-integration must run from x = 0 to L, and the boundary
values U = 30/3x = 0 for x = 0,L must be assumed, since the
program does not automatically assure this (see App. C). How-
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ever, fof the parameters used in the examples in Sec. 4.2, the
values of U and 3U/3x at x = 0,L are negligible. The x-integra-
tion of (A2) in the program is performed by Simpson's method,
while the time integration is performed by the trapezoidal

method.

Assuming the time-dependent soliton solution
U(x,t) = Ug(t)sect?[ (x-x,)/8(t)] ,
§(t) = zcg/up[uo(t)]* '

direct insertion in the energy evolution expression (A2) re-
sults in exactly the same equation for the soliton growth rate
as obtained by the inverse scattering method in Eq. (23) (where
the evolution of v(t) = [2U°(t)/vg]§ is expressed). This means
that the energy loss from the soliton originating from the gen-
eration of the tail is not included in the perturbation scheme
based on the inverse scattering method.

The soliton growth rate can also be derived from a simple physi-
cal model as described by Lynov, Michelsen, P&cseli, and Rasmus-
sen (1979b). As a summary of this work, the total (kinetic plus
potential) energy of a soliton, Wg, can be expressed by

wy = &e  c, 03/2 (m/ae)l/a , (A3)

where ¢, is the maximum amplitude of the negative potential

of the soliton. Regarding the electrons, those with velocities,
v, in the range v4 < v < v, (where v, = Vph ~ (2e¢o/m)§ and

V2 * Vph + (2e70/m)§) are reflected by the soliton moving

with velocity Vph and will thus receive, or give up, energy.
The net energy gain by such eiectrons is 2mvpp* (vph-v) and
their flux towards the soliton is [v-vph|nofo(v)dv. This means
that the electrons receive an amount of energy per unit time,
dWa/dt, given by
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dWe v2
dt = 2 m Vg, ng £1 v-vph (vpn-v) folvidv . (a4)

Energy conservation is maintained by equating -dWg/dt from (A3)
to dWe/dt from (A4), and it is readily verified that we obtain
an expression for the soliton growth rate, d¢,(t)/dt, which

is essentially the same as Eqg. (23). Again it is seen that the
assumption that the generation of the tail is negligible for
the soliton damping is inherent in the perturbation analysis.
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APPENDIX B

Single~ and double-humped Maxwellian distribution functions

The case of the unperturbed velocity distribution function,
fo(v), consisting of a main, non-drifting Maxwellian and a

small, drifting Maxw .an called the beam, is expressed by
£ (v) = — 1 {(1A) [-tv/v,)2] +
V) =— " -An)exp| -(v/v
(o] /'—vt t
V=Vdb\2 2
AnAvtexp[-( vt ) Avt]} ’ (B1)

where An = np/ng and Avy = Vi /Vip: np, Vep and vy, are the
density, thermal velocity and drift velocity of the beam, re-
spectively. In order to make use of the theoretical results in
Sec. 4.1, the requirement An << 1 must be fulfilled, so that
the basic fluid behaviour is described in terms of the param-
eters of the main Maxwellian. Of course, the case of f,; consist-
ing only of the main Maxwellian is described by putting an = 0.
We mention that for the double-humped Maxwellian case used in
this paper and listed in Table 1, the scaled beam thermal
spread, s = th/de‘Z“o/“b)1/3' is 1.03, so that the second
Maxwellian 1s rather a "beam™ than a gentle "bump®” (see O'Niel
and Malmberg, 1968).

Inserting (B1) in Bq. (39) we obtain

2 (1-x)9
N1(\’1X) =2 2 ni! (

/e is °"'°{’[“i"’i‘“2*"’*]2} -
. =

A
exp{'[ﬂi*"i“"z”‘”lz})d"""""“"o’ ' (82)

where r; = (1-aAn), ny = 8N*AVy, By = ¥ = [2u°/v€]’, My ®
(u-vgp)Avy, vy = v, and v2 = vedvy, Por 1 << y << vyp/ve and
v >> 0, we can neglect the first term under the integration
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sign for i = 1 and the second term for i = 2. This has been
done in all the numerical examples shown in this paper, <here
the relative total ervor by doing this in all cases was smaller
than 1073,

Similarly, by inserting (B1) in Eq. (40), we obtain

2 (1}
Np(vex) =2 [ n; | exp{'[u—-v-(u2+x)‘}2 +
2 /v ois1 ! ( i

exp{-[ui+vi(m2+x)*]2}) du +
2 ; ,
.i-jél nj{etf[uj-vj(1-x) ]-ert[uj+vj(1-x) ]},(33)

where all quantities ¢4 = c¢j, except nj.2 = An. The consider-
ations on the magnitudes of the terms under the integration sign
are, of course, the same for (B3) as for (B2).

By use of(B2) we can express the soliton growth rate (42) as

d w, Co 2 ]
a: = 'rF-) 7 L niT {G(ui+vi)+G(ui-\'i)-2G(ui)} ’ (34)
» t 1= 1

where the quantities o; are the same as in (B2) and the func-

tion

Gly) = expl-y2)e(u - Fy) + Brert(y)ech+u?) . (85)

It can be seen from (B4) that dv/dt is an explicit function of
v and not t, so instead of calculating v(t) one can calculate
*"t(v)”" straightforwardly. In doing so, one should remember that
u = pu(v) (see (38)).

Insertion of (B2) in (43) yields
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4

S (S
o = 4(v ) [ nj {ett(uj+vj)+erf(uj-Vj)-Zerf(uj) -
o t j=1
A}
4 1 L4V cmy )= .
75 :i LG(uJ+v])+G(n] vJ) ZG(UJ)]} ’ (B6)
]

where all oj have the same meaning as in (B3). In the numeri-
cal solution of (B3)-(B6) it is beneficial to calculate the
value of the error function, erf(y), as l'-erfc(y), since y usu-
ally is larger than 2 in our calculations and the numerical al-
aorithm for calculating the complementary error function,
erfcly), is far more accurate than the algerithm for erf(y) for

these large y-values.
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APPENDIX C

Numerical methods for solution of the model equation

In this appendix a description will be given of the numerical
methods employed by the program SOLITAIL in order to solve the
model equation (20) for the modification of Trivelpiece-Gould
solitons by resonant particles, and in order to compare these
direct solutions with those of the perturbation analysis in
Sec. 4.1. No detailed description of the entire proqram will be
civen, but the notation throughout this appendix will bhe the
same as in SOLITAIL, so it should be fairly easy to read and
understiand the program, which is written in ALGOL.

The first step in order to put the model equation on the com-
puter is to write the equation in dimensionless variables,

which are

X = g/a2 , T = ot , U= U/(upa)2 ,
(c1

B = wa/vy , A= Co/usa = (1+3/(282)3% .

Then, equation (20) in the {-reference system (see (49)) becomes

U, 3 fy-Uetau , a3 a3u_ _ ad ar
tLE T I ol £ el S o ol (c2)

where U0 = UO(O)/(upa)2 is the soliton amplitude and NR = N .

The next step for the numerical solution of (20) is to intro-
duce finite boundaries on X and T and to discretize the vari-
ables inside these boundaries. In this way, we put

0 ¢ X < XMAX (= L/a) , O € T < TMAX ,
(C3)
h = XMAX/M , k = TMAX/N ,
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vhere M and N are integers. We then choose to approximate (C2)
by the explicit, time-centered, finite-difference equation

m*V = 07V v o u)y 2 U) U ) s E2eqU),, - U] 4

Pe(u),, - 20, + 0], -ul p +

G-(NR),; - NR}_) , 0 c<icm 1 <jcN (c4)

where U) = ULih,jk) = U(X,T), D = -k/2A, E = kUO/2hA, F =
-xa3/2n3, anda G = -xa3/2n. u} is found by performing an un-
centered Euler step from Ug to U! followed by a step equiv-
alent to (C4) centered in Uz and vith a time step equal to k/2.

The difference scheme (C4) has a truncation error of the order
0(x3) + O(k°h2), and is equivalent to t*~ .cheme used by Zabusky
and Kruskal (1965) for investigations of the unperturbed KdVv
equation. Vliegenhart (1971) has performed a linear stability
analysis of the Zabusky-Kruskal schemz, and translating his re-
sults, so that they apply to the unperturbed KdV equation cor-
responding to (C2), we find the stability condition

L(.Lue+zn.]..)<1 . (cs)
h \A h?
Test runs with SOLITAIL have shown that (CS) is very close to

the stability condition for the total equation (C4) as long as
U2 < 0.3 and B *= wpa/ve > 3.6.

We have tried another differencing scheme which in principle
should be better than (C4), namely, the "Partially Corrected
Second-order Adams-Bashford Scheme” (PCABS) described by Gazdag
(1976). However, the most difficult part of performing a numeri-
cal soiution of (C2) is to find NR(X,T) (corresponding to NR{

in the finite difference scheme) so most of the CPU~-time (i.e.,
the Central Processor Unit time which is almost proportional to
the price of the computer job) is used to calculate NR?. Since
it is necessary to calculate the "fully corrected” value of NR{
in order to perform the accuracy checks of Q1 and Q2 (see App.
A), the PCABS took about twice the CPU-time of (C4) for the same
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n and k. Gazdaq (1976) showed that a smaller differencing error
is obtained by using half the time step k in the usual time-
centered {or leap-frog) scheme than by using the PCABS, and since
the first alternative is not more time consuming in our case than
the second, we chcse to continue with the scheme (C4). It should,
hov.ever, be stressed that for problems that are "less nonlinear”
than (C2) the PCABS .mproves the differencing accuracy appreci-
ably while only slightly increasing the CPU-time as compared to
the leap-frog method.

In order to calculate Nl; it is first necessary to find the
soliton maximum, UMAX), and the position of this maximum, MAXPOS].
It turned cut that the numerical solution was very sensitive to
the accuracy of the determination of umAx) and maxposJ which is
not surprising since N; and N, depend strongly on v = 5(2UHAXj)’
(see Fig. 9) and since K, changes sign at X = HAXPOSj-h. By in-
troducing the equivalent of the initial scliton width, XPIT =
ZAZ/(UO)lh. MAXPosJ) is found as the area-weighted centre of U;
from i = MAXPOSJI-1 - XFIT to mAXPOS)~! + XPIT. UMAX] is deter-
mined from the best-fitted parabola for i = MAXPOS] - XFIT/3 to
MAXPOS] + XFIT/3. The maximum of U determined in this way is
within 0.1% of the real UD if U(X) = U® sech?((x-x,)/§). The
difference between the best-fitted parabola and ttra pure sech2-
form increases if the interval of the fitted point is increased,
while the uncertainty of the determination increases for the case
of a "noisy” sech? if the interval of points is decreased. In the
examples in Sec. 4.2 XPIT was close to 10.

Even though this pruceduree for finding MAXPOSJ) anc UMAX) is very
accurate, test runs of SOLITAIL in some cases were numerically
unstable, due to a sudain growth of oscillations in UMAX(T) with
a frequency corregponding to a half-period equal to k. This in-
stability was effectively quenched by assigning to umMax) and
MAXPOSJ the mean value of their estimated size described at-ve
and their size at the previous time step. This smoothing has a
negligible effect on the "true” solution since the value of k is
always very much smaller than the characteristic time scale t4.
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Once UMAX) and MAXPOS) are determined, it is a straightforward
task to calculate llg from equation (B1) and (B2). However,

these calculations are rather time consuming and since we must
determine bcth Ny and N3 in all the M-N grid pmints (typical
nuabers are of the order of 1 Willion) we make use of tables of
Ni(v,x) and N2(v,x) calculated at the >eginning of the prograa
instead of solving (B1) and (B2) at each grid point. These tables
typically consist of 200 x-points from 0 to 1, and 80 v-points
from vain to vauy- The values of vgin and vy, have to be
estimated before running SOLITAIL, and for this purpose a prograa
for the calculation of the theoretical v(T) by intecration of Eq.
(84) is written for ocur H® 9825A desk calculator. The tables of

Ny and N2 are used by linearly interpolating the values at the
four nearest table points to the actual point (vj,xg). These

table interpolations g.ve good results for 0 < x < .9 since Ny(v,x)
and Na(v,.x) do rot change rapidly in this region (see Fig. %),

but for x » 0.9, the table procedure is not sufficiently accurate,
so for the relatively few grid points (i,j) vith x; » 0.9 direct
solution of (B1) and (B2) is performed. Since the finite differ-
ence scheme (C4) involves the points from 1-2 to i+2 for the de-
termination of Ui" in the range i = 0 to M, it is necessary

to prescribe boundary conditions at i = 0 and M that can be used
to determine Ui at i ¢ =2,-1,M+1, and N+2. ¥We have tested the
following conditions at i = 0 and M: 1) U = 3U/3A = 0, 2) U/3X =
32u/3x2 = 0, 3) au/ax = 33u/ax3 = 0, and &) 22u/32x = 3u/ax3 = 0.
Of these conditions Number 4 proved the best since the other al-
ternatives caused generation of noise originating at the bound-
aries and propagating inwards.

Now, the procedure for advancing the solution one time step is
to apply (C4) for the determination of uz" for i = 0 to W, then
to apply the boundary conditions and, finally, to determine
NR;" for i = -2 to N+2. Before a nevw time step is taken, we
make use of the new values of NRI" to caiculate the theoreti-
cal ares and "energy” of u{" by use of Eqs. (A1) and (A2),

and to calculate the theoretical soliton velocity by use of the
actual UMAXI*! and wr}*' in Bq. (25). Also, the upper and lower
values of U./Ug are found by searching the predicted rlateau re-
gion, which has a lower limit corresponding to a point moving



- 107 -

with the linear phase velocity (see the dashed line in the figures
of U(X,T) in Sec. 4.2) and originating at the middle of U(X,T =
0), and an upper limit corresponding to the pos.tion where a sol-
iton, located at MAXPOSJ*!, would have the value of tumaxi+! on
the trailing edge. U_ is then found as the difference between

this imaginary soliton and the actual value of U2+1.

After performing the N time steps SOLITAIL calculates the theoret-
ical values of v(T) and U./U4(T) by use of the equations in App.
B. An empirical formula for the approximate CPU-time on the Rise
B6700 computer of SOLITAIL is NeM+2:10-3 + NNY*NCHI-5:10-2 sec,
where NNY is the number of v-values and NCHI is the number of
x-values in the tables of Ni1 and N2. In this way, a typical CPU-
time is of the order of 5 hours.
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