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Abstract  An outdoorcalibrationfacility for cupanemometerayherethe signalsfrom
10 anemometersf which at leastoneis a referencecan be can be recordedsimulta-
neously hasbeenestablishedThe resultsare discussedvith specialemphasison the
statisticalsignificanceof the calibrationexpressionsilt is concludedhatthe methodhas
the advantagethat mary anemometersanbe calibratedaccuratelywith a minimum of
work andcost. The obvious disadantages thatthe calibrationof a setof anemometers
maytake morethanonemonthin orderto have wind speedsoveringa suficiently large
magnitudeangein awind directionsectorwherewe canbe surethattheinstrumentsare
exposedto identical,simultaneousvind flows. Anothermain conclusionis that statisti-
cal uncertaintymust be carefully evaluatedsincethe individual 10 minute wind-speed
averagesrenot statisticallyindependent.
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1 Intr oduction

Themostaccuraténstrumenfor measuringhemean-windspeechasso-farbeenthecup
anemometelt wasinventedin 1846by thelrish astronomeil.R. Robinson(Middleton
1969, Wyngaard1981)andthe original instrumentshad four cups.Until the endof the
1920smuch researchwent into experimentingwith the numberof cupsand the arm
lengths.Brazier(1914) and Patterson(1926) found that shorterarmsimprovedthe lin-
earity of the calibrationand that a three-armcup rotor is optimal with respectto sen-
sitivity and suppressiorf the unevennessn the rotation (“wobbling”). A moderncup
anemometeis shavn in Fig. 1.

Figure 1. TheRisganemometeihediameterof the conical cupsin the three-cupplast

rotor is 7 cm. The body is madeof anodizedaluminum.The height of the instrument
fromthe bottomto the centerof therotor is 24.7 cm. The outputsignal, geneiatedby a

magneticallyactivatedswitd, is a train of electric pulsestwo for ead rotor revolution.

By countingpulsesover a certain period one obtainsa numbercorrespondingto the

mean-windspeedor this period.

Thecupanemometenow appearso bethe preferrednstrumenfor measuringhemean-
wind speedn thewind-enegy community mainly becausef thelinearity, theaccuray
andthestability of thecalibration But alsothefactthatthisinstrumenis omnidirectional
andeasyto mountmakesit attractve for routine measurementsherehasbeensome
discussioraboutthe importanceof the so-called‘overspeedingiwhich is causedy the
asymmetricresponseo instantaneousncreasesand decrease@ the wind speedand
which,incidentally is anecessarpropertyfor thecupanemometeto startrotatingwhen
exposedto awind, i.e. to functionat all (Kristensen1998). Someof thosewho believe
thatoverspeedings a problemhave preferredto usea propellervaneinstrumentwhich
is considerecsymmetricin its responséo oppositewind directions.The problemis here
thatthe propellersignaldependn the instantaneouanglebetweernthe wind direction
andthe propelleraxis. The vaneof theinstrumentwhich tries to align the axis with the
wind direction,will alwayslagbehind.Theresultis thattherewill alwaysbea systematic
errorof themeasuredneanwind. This erroris in generalexacerbatedy thefactthatthe
propellerwill performits own motionsinceit is seldommounteddirectly overthevertical
axis of the vane(Kristensenl1994). Also, on basisof the studiesby Kristensen(1998),
Kristensen(1999),andKristensen2000)the adwerseeffectsof theasymmetriaesponse
of the cup anemometeseemexaggeratedThusthe choiceto usecup anemometerfor
routinemeasurementis a soundone.

In thefollowing we discussan outdoorcalibrationsetupfor a numberof cupanemome-
terswhich are simultaneouslyexposedto the samewind. In principle we canlet one of
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the anemometerbe “the standard"andthenintercalibrateby comparingthe outputsig-
nals.This standardanemometeis assumedo have beencalibratedin a “certified” way
accordingto an approsed,well-describednethodby meansof a goodwind tunnelwith
little turbulenceandaflat profile.It couldbearguedthatananemometemountecoutdoor
is exposedo wind flows which changesnstantaneouslin bothwind speedandwind di-
rectionwhereagheflow in awind tunnelis alwaysin the samedirection.However, since
the cup anemometeallegedly measureshe instantaneousomponerit we really com-
paremeansignalsfrom theseoutdooranemometerghroughwhich the same"“length of
air” haspassedjust aswe would have donewhenusinga wind tunnel. The only reser
vation one canhave is thatthe non-idealangularresponseo verticalwind components
may producea biasdueto the fluctuatingverticalwind componentbut, asdemonstrated
by Kristensen(1994),this canrelatively easilybe quantifiedif necessaryHereit is not
considered seriousproblem.

First we describethe calibrationsite. Thenwe discussthe statisticaldataanalysisand,
finally, we illustratethe methodby analyzingreal datafrom the calibrationinstallation.

2 Calibration Setup

The calibrationsetupis locatedbehindthe beachat the southwesterrpart of the Risg
peninsulajust north of the pier, asFig. 2 shavs. The distanceto the waterline is ap-
proximatelyl2 m andthe orientationof the calibrationboomwherethetenanemometers
aremountedabout10 m over the surroundingerrainis 19°—199. This meanghatwind
from the direction 289 will have travelled over a water fetch of about7 km beforeit
simultaneouslyeachesll theanemometeAcceptinga directionsectorof +£45° around
28, thewaterfetchwill beatleast3 km. In otherwords,the sitehasbeenchoserto be
well-exposedor windsfrom the predominantvind directionin Denmark.

The calibrationboomis mountedon the top of two steellattice mastswith triangular
crosssectionswith the sidelength0.25m. Fig. 3 shawvs a sketchanda photograptof the
measuringsetup.

The datarecordingis carriedout with an Aanderaadataloggemith 12 ten-bitchannels.
Numberingthesefrom 1 to 12, channell is the temperaturehannelandchannell2 the

directionchannelChanneldrom 2 to 11 areusedfor theanemometeoutputs.To prevent
the signalfrom the Risg anemometewith two countsper revolution from causingthe

10-bit channelsto overflow during the countingperiod of 10 minutes,the numbersin

the registersare scaleddown by the factor2°> = 32. Usually we have two positionsfor

referenceanemometersThe rest of the positionsare test positions.Table 1 givesthe
“names”of thetenpositions.

This calibrationconfigurationwhereuninterruptedgonsecutie 10-minuteaverageiave
beenmeasuredhasbeenoperatingsince1996.

3 Statistical Considerations

The calibrationprocedurémpliesthatwe comparegwo almostidenticalresponseso the
samesignal. For symmetryreasonswve adopta methodwherethe meansquareof the

*Actually, averagedover onefull rotor rotation.
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Figure 2. Map of theRisgpeninsulaThecalibration siteis shownin alittle more detailin
thecircular blow-up.Thedirectionperpendicularto thecalibration boom which parallel
tothecoastlingis 289°. Whenthewind is fromthis directionthe mutualflowdisturbance
betweertheanemometexis at minimum.

O.|75 m.
-

I I I R I A |
I
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7
/10 m

AVA

Figure 3. Calibration setupat Risg,in the left framedrawnto the scale1:190. The ori-
entationof the boomwith the ten cup anemometexris 19°-199°. The lower boomis a
serviceboomusedfor mountingthe instrumentsThewind directionis measued at the
endof a 1.8 mlong boom,pointingin the direction319°. Thethermometeis mounted
onaboomat 2 movertheground.Thetwo supportingmastsare triangular lattice masts
with the sidelength25 cm.
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Table 1. Positionnamesandchannelnumbes. Thenorthernmostaind southernmogbosi-
tionsare“ TestAl” and“ TestA2", respectively

Position Channel

TestAl 11
TestB1

[N
o

Ref.1

TestC1
TestD1
TestD2
TestC2
Ref.2

TestB2

N W b 01O N OO ©

TestA2

perpendiculadistanceof the pointsto theregressiorine is minimized.Subsequentlye
discusghestatisticalimplicationsof the adoptedmethod.

3.1 Gain and Offset by Orthogonal Fitting

We wantto fit astraightline ¢ to anumberof points(x;,y;), i=1...N.
Theequatiorfor theline is

y=ax+b 1)
or, in vectorform,

r=ry+0t, —0<f<ow )

wherer , is apointontheline andt aunit vectorin thedirectionof theline.

The two signals(x;,y;) are both representingvind velocities from the sametype of
anemometeNow we minimize the meansquaredsum ¢ of the perpendiculardistances
d, from the pointsto theline, viz.

1N

® d?. 3)

We mustthereforefirst determinethe distanced; from a point(x;,y;) to theline £.

In termsof the unit vectorsi and j describingthe Cartesiarcoordinatesystemwe have
ro =%l +Yoi- 4
Theunit vectort along? andthe orthogonalunit vectorn aregivenby
t=  cosai+sinaj (5)
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amd
n= —sinai+cosa j, (6)

wherea is theanglefrom the x-axisto £.

Thesigneddistanced, from a givenpoint

r=Xi+Vyj (7)
totheline £ is

d, = (rj—rg) -n= — (X — %) sina + (y; — y,) cosa. (8)

Thedefinitionsof the quantitieswe useareillustratedin Fig. 4.

Yy

Figure 4. lllustration of the calculationof the distanced; of onepoint to the regression
line with offsetb andslopea = tana.

Equation(3) now becomes

N
0= 3. {05~ x)sina + (y,~yo) cosar}” ©)

We want to determinethe valuesof ry and a that minimize ¢. In fact, thereare only

two independenparametersf which theanglea mustbe one.Sincewe expecta to be

differentfrom nx 11/2, we canfix eitherof x, ory, andusetheotherasafitting parameter
Let usfix x,. In principle,thereis no boundsonits value,but it seemspracticalto choose
X = X wherethe averagesymbolstandsfor the operation

1 N
z= Ni;zi. (10)
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To find y, we demand

O—% = 1NZ{—( —Xg) Sina + (y; —Y,) cosa }(—cosa)
“ay, - NATti% Yi—Yo

= 2cosa{+(X—Xy)sina —(y—y,)cosa}
= —2(y-y, cofa (11)

whichimpliesthaty, =y.

For practicalreasonsve introducenew coordinate$y moving theorigin to (X,y) andjust
make thefollowing replacements:

LU

sothat
1N . 2
(PZN_Z\{—XI'S'HG"'MCOSO’} . (13)
i=

To determinea we demanahatdg/da = 0:

P4

{—xsina +y,cosa} { —x cosa —y;sina}

[l
EMZ ]

ZIn ZIN

{(x2—y?) cosasina —xy; (cofa —sirfa)}

XZ—P) cosa sina — Xy (cosa —sinza)}. (14)

I
N

{

Thesolutionto (14)is

N

tan2a = = Y (15)
or
1 [= = — —=\2 2
— —J2_3 2_32
tana_ZW{y X i\/(y x) +4xy } (16)

We seethat thereare two solutionsand that their productis —1. This correspondgo
slopeswhich minimize (+ solution)andmaximize(— solution) ¢ andwhich pertainto
lineswhich areperpendiculato oneanotherWe mustusethe + solution.

Introducing

5=%m<§) (17)
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amd

1. [ x2y2
e=3in| =% | =-In(p)), (18)
Xy
where
XY
p=—" s (19)
(¢¥)

is the samplecorrelationcoeficient, thenthe solution(16) canbewritten
a= tana = sign(xy) ( 1+(efsinh5)2—e£sinh6>. (20)
and

b=y,—ax;=y—ax (22)

In appendixA we generalizehe approacttio allow for a slight curvature.

3.2 Statistical Uncertainties

In the following we will make repeatediseof the so-callederrorpropagatiorformula
and, to setthe stageanddefinethe notation,we will reiterateits meaningand content.
Thenwe will determinethe statisticaluncertaintiesof a and b and functionsof these
two quantities Finally, we will determinef all the N realizationscanbe consideredsta-
tistically independenin the presentcontect or whetherwe mustreducethe degreesof

freedom.

Err or Propagation

Let

z2=(2,2,-.-,2y) (22)
be onerealizationof a setof M ordered,randomvariableswhich may or may not be
inter-correlated’

Theensembleveragesindvariancef theM variablesof zare((z,),(z,), ..., (zy)) and
{((zu = (@))?) ,{(zz—(2))?) ,-. -, (24 — (21))?)) , respectiely.

We may now considera smoothfunction f(z) and considerits ensembleaverageand
variance Expandingf (z) to secondorder, we obtain

(f@) =~ 1((2) +§ﬁ i (@) (@ @) (z-@))) (23)
I=1]=

Tit is importantto notethatthe subscriptsheredenoteM differentstochastigprocesseand not asin other
contets the numberof oneof theN realizationsor trials.

Risg—R-1218(EN) 11



amd
(@ —(t@)*) = i (@) éff«z)) (@—@)(5-@)). (24)

whereprimesindicatepartialdifferentiationwith respecto thevariablewith thenumbers
in thelowerindices.

Thelastequatiorshavsthe mechanisnof errorpropagationthestatisticaluncertaintyof

asinglerandomvariablezis oftenrepresentedly a variancetheso-callederrorvariance
(seee.g.Lenschav etal. (1994)).The errorvarianceof a function f(z) of zwill thenbe
determinedby

2
(1@ = (F@)?) = P2(@)((z- (D)), (25)
Whenthereare morethanonerandomvariablethe uncertaintyof eachvariablez, may
againbe determinedy its error variancewhereaghe uncertaintyof a function of these

variableswill includeall the possiblecovariancesof pairsof z and z;. For example,in
the caseof two randomvariableswe have

<(f(21,22)—<f(21,22)>)2>

~ 112((2)), (@) (7 — (2)?) + B2 (7). ()2 — ()P
+211((2), () 2({2), () ((Z = (2)){(z = (2)))- (26)

A straightforvard generalizatiorof (24) to covariancesetweerntwo functions f (z) and
9(2) will alsobeneededn thefollowing.

(1@ = (@) (92) - (D))
M M

=3 (@) ¥ i@ (@- @) (3-@)))- (27)
1= =

Basic Statisticsfor Pairs
We assumethat the pairs (x,Y;), i = 1,2,...,N are independentand identically dis-

tributed. Without loss of generalitywe may alsoassumehat they have zeroensemble
means.

Theensembleariancesarethen

() = (<) (28)
and

o) = (- (29)
We thereforehave thefollowing relations

(xix;) = <X2)5|ja (30)
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yiyj) = (yz)éua (31)
and
(x¥;) = V@)Y Py s (32)

wherep, is the correlationcoeficient.

Theensembleneanscanof courseonly be estimatedy the samplemeansWe have

X
I
z

X; (33)

2~

and
1 N
V=5 Vi (34)
N

andwe assumehatN is solargethatwe mayconsideix ~ y ~ 0 goodapproximationgo
theensembleneans.

Thestatisticaluncertaintiesneasuredn termsof the varianceof the samplesneansare

(&= oy7) = & (35)

and

2
<(37— <y))2> = WW> (36)

Theensemblevariancesntering(35) and(36) areestimatedyy the samplevariances

rzé_ﬁ (37)
and
Y=§iﬁ (38)
=
Similarly, the covarianceof x, andy; andthe correlationcoeficientareapproximatedy
1 N
Xy= N .2 i (39)

and

po = /S A o
0 <X2)1/2<y2)1/2 - ?1/2371/2

(40)

In orderto determinethe variancesof x2, )7 andtheir covariancewe assumehat the
probabilitydensityof (x;,y;) is joint Gaussian.

Risg—R-1218(EN) 13



We thenobtain

<(F— <x2>)2> - 2<XT2)2’ (41)

((7-02)")

(y?)?

and
(- 02)) (- ) ) =222 g (43)

Statistical Uncertaintiesof aand b

Now we have the tools for determiningthe statisticaluncertaintiesof a andb given by
(20)and(21).

In thepresentpplicationthetwo variables< andy arehighly correlatedvith acorrelation
coeficientcloseto unity. They arealsovery closeto beingidenticalwhich meanghatthe
absolutevalueof 4 is muchsmallerthanone.Thisimpliesthat(20)in erroranalysesan
safelybeapproximatedy

a~1-9. (44)
Using (26) with
1.(4a
fz,)=1-5n <g) (45)

with therandomvariables

Has

we have
) 1
f1(z1,2) = ~% (47)
and
, 1
f2(2,2) = 2, (48)

sothatthevarianceof a becomes

o’{a} = <(f(21,22)—<f(21,22)>)2>

= 3{3— 2i‘irg}—l_pg:zl_po. (49)

41N "N NJf N N
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This equationhasbeenconfirmedby a Monte Carlo simulationasdiscussedn the ap-
pendixB.

Thevalueof ais in our casevery closeto one.We canthereforesimplify the expression
for b whencalculatingthe errorvarianceof b asfollows

b=y—ax~y—X (50)
In this case
f(z1,2) =2-27 (51)
with
2 y
sothat
o2ipy = PO =200) Ry 2%y -

N N

Finally, to be ableto evaluatethe statisticaluncertaintyof functionsof a andb we need
to determinghe covariance

p{a,b} =
<(f(217227237z4) - (f(zl,zz,z3,z4))) (g(zlazzazgaz4) - <g(21722723az4))) >7 (54)
where
( Zl 3\ ( F 3
v2
< %2 r =< Y ’ (55)
z X
\ 24 Vs \ y v
andwhere
£ z)=a=1—Tin(4 (56)
2),25,23,2 > 2,
and
heo _ —,_, 184
92,2:%,%) =b=2-1(2,2,2,2)5=2, -+ In 2) (57)

Again, applying(27) we find thata andb areuncorrelatedthatis

pu{a,b}=0. (58)
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Effective Number of Degreesof Freedom

Until now we have assumedhat all the trials (x;,y;) are statisticallyindependentAs
a consequencéhe numberof degreesof freedomhasbeensetequalto the numberN
of trials. In generalthis assumptioris not true and in particularin our casewe must
take into accountthat a pair of ten-minuteaveragesof wind speedis not independent
of the precedingpairs of ten-minuteaverages.The recordswe usehave a “memory”
which is convenientlydescribeduy the integral time scale 7, definedby theintegral of
theautocorelationfunctionp(t) of thetime series;jn our casea stationarycontinuous
recordof running10-minuteaverageof awind speedWe usethe definition

T = [ p(1)dr, (59)
/
where
p(1) = ([X(t) — Q]X(t+ 1) — (¥]) / (). (60)

We seefrom thesetwo equationghatthe shorterthe memory the fasterp(t) decreases
with the separatioriime 1, andthe smallertheintegral scale.

We considerthe stationaryand continuoustime seriesx(t) with the time average(33)
with the summationindex i representinghe orderof the obsenationtime. As justified
later, we dealwith a separatiomt betweenobsenationsso smallthat summationscan
bereplacedy integrations.For completenesshe moregenerakcasewhereAt cannotbe
consideregmallis discussedn appendixC. Thuswe have

1N 1N
X = —Yx=—" x@iat) A
Nan Nae
1N Ai 17
= N 208 0/ x(t) ct, (61)

whereT = NAt is the obsenationtime.

With this simplificationthe ensemblevarianceof X—the errorvariance—becomes

T T
ot = (x-02)=2 [l [arpw—v)
0 0

.
= = /{1—f}p(r)dr. (62)
0

A comparisorbetween62) and(35) leadsusto definean effectivenumberof degreesof
freedonmby

.
_ o _ %0/{1_1}p(r)dr. (63)
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To determinethis numberwe mustknow the autocorrelatiorfunction p(t). This is ob-
tainedby themodel

p(t) =1t/ 7, (64)
The power spectrunthenbecomes

27

1+ (2nT )% (63)

s(f) = [ p(re®irdr =

We have analyzedanalmost17-yearong time seriesof 10-minuteaveragedwvind speed
signalmeasuredt the top of a 40 m mastin Tystoftein southernZealand(Denmark).
Detailsaboutthesedatacanbefoundin Kristenseretal. (1999).

Using a standard=FT routine (FastFourier Transform),we calculatedS(f). This spec-
trumis shavn in Fig. 5 in anarea-conservindpg-linearplot. We fitted (65) to this spec-
trum andfound.7 ~ 20.2 h.

1 year 1 month 1 week 1 day
| | | |
T=0.84d
=
N
g
R T b e o T I R
0.0001 0.001 0.01 0.1 1 10
-1
fod)

Figure 5. Power spectrumof the horizontalwind speedat Tystoftein southernZealand.
Thedataconsistedf almost17 years of ten-minuteaveragesandwere obtainedby a cup
anemometeat the heightof 40 m overrural terrain. Theannualanddiurnal periodsare
quite pronouncedalthoughthe correspondingpeakscompriseonly about5% of the total
variance Thesolidline is afit of theform (65) to the spectrumwithoutthesetwo peaks.

Sincethetotalnumberof obsenationsN is givenby T /At, whereAt = 10minis thetime
betweerpbsenations the expressiorfor the effective numberof degreesof freedom(63)
cannow beevaluatedasa functionof N with g = .7 /At asparameter:

Neg _ 1
)

In our casewherewe areconcernedvith 10-minuteaveragef wind speedhevalueof
theparameteq is fixedandequalto about20.2 h/(1/6 h) ~ 121. Therearetwo limiting
cases:

(66)

1 N
Ny [ R{teE) L N

N~ (67)
11+ » N>a

Risg—R-1218(EN) 17
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Figure 6. Theratio N.; /N asa functionof N for g = .7 /At = 121

Theratio Nz /N asafunctionof N with g = 121is shavn in Fig. 6.

Theresultfor N > g in (67) is actuallymore generalascanbe seenby inspecting(62)
for T — oo, In view of the definition (59) we get

0%{x} ~ 2<x2)§, (68)
from whichthe secondine of (67) followsdirectly. This generalexpressioris equivalent

to

o?x} = (&) 22, (69)

which caneasilybe shovn by mean=f (59) andthefirst partof (65).

Since.7 represents time interval within which the correlationof the valuesof thetime
seriesat two timescannotbe neglected,we would expectthat N ; would be equalto N
if justAt > 7. Thisis in factthe casebut in orderto dealwith this situationthe more
generabpproachin appendixC mustbeapplied.

Sofarwe have discussedhe effective degreesof freedompertainingthe ensemblevari-
anceof the samplemeanx. Whenit comesto the ensemblesarianceof the samplevari-
ancethe equationfor N4 is no longer valid. However, as shovn by Lenschaov et al.
(1994), the error variancein this casecan be determinedf the skewnessand the kur-
tosisof the time seriesx(t) areknown. The samedatafrom which the power spectrum
Fig. 5 wascalculatedshaved that skewnessandkurtosisare 0.6 and3.6. The theoryby
Lenschav et al. (1994)thenpredictsthat the effective numberof degreesof freedomis
reducedo about0.75 x N4 for thevarianceof thesamplevariance.

We may testin anotherway that thereis a reductionin degreesof freedomwhenthe
samplesarecorrelatednamelyby calculatingdirectly whatin the turbulencecommunity
couldbecalledthe “one-stepstructurefunction”

=z

P =T Y Oy xp) (70)
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The ensembleneanof this quantitybecomes

(@) = g2 (-5

_ ﬁ i@é) + ﬁ io@_o - Ni_l i(& Xi_1)

= 203 {1-p,}, (71)

wherep; is the correlationcoeficient betweertwo successie obsenations.

We seethatif the obsenationsareindependensuchthatthe correlationcoeficient be-
tween neighboringobsenationsis zero then the one-stepstructurefunction is exactly
twice thevariance(x?).

Thus,if we “dilute” the datausedfor calculatingthe spectrumin Fig. 5 sothatwe only
useNys < N equidistantlyspacedobsenrations,thenwe would expectthat d?/2 would
be almostequalto x2. Pretendinghatwe have no prior knowledgeof the integral scale
T, we compute? andd? directly from the obsenationswith a numberof assumptions
abouttheratio N/N.¢. Theresultis givenin Table2.

Table2. Thesamplevarianceandtheone-stestructuie functionfor anincreasingdegree
N/N; of dilution of thetime seriesx(t) of velocitiesmeasuedat Tystofte

N/Ng X2 d?/2
(m/sf  (m/sy
1 9.48 0.18

5 9.48 0.56
10 949 091
50 9.47 3.29

100 955 511

500 9.45 8.10

We seethat whenwe setthe “dilution factor” N/N,; equal500, the one-stepstructure
functiondivided by two becomeslmostequalto the variance This meanghat.7 deter
minedfrom the spectralfiit providesan estimateof N, which, within a factorof two, is
consistentvith thatobtainedby studyingthe ratio F/d2 asa function of the dilution of
thedata.

Beforewe discussthe analysisof an actualdatarecordwe mustconsiderthe problem
thatthetime serieswve analyzewill beintermittentbecausave imposeconditionsonboth
the lowestwind speedand the direction sectorfor the inclusion of the measuredvind
speedvalues.Figure 10 shows a typical example. Therearetwo opposingeffectsof the
intermitteny on the effective numberof degreesof freedomN,;. The mostobviousis
thatthe numberof obsenationsusedis reducedcomparedhe the total number This in
itself will reduceN,;. The othereffect is that someof the obsenationswill be spaced
morein time, thusenhancing\,; becauseheir mutualstatisticaldependences reduced.
This, rathercomplicated problemis discussedn appendixD. The resultis that when
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the total obsenationtime T is muchlargerthanthe integral time scale.7 thenthe error
variancej.e. theensemblevarianceof theintermittentlysampledmneanof x(t), becomes

i orn T g/ (X)?
a{x}_Z(x)T 1-+——1+ no7 )

a7(1-20%)

(72)

where(x) and 0§ arethe ensemblemeanandvarianceof the time seriesy (t) which is
onewhenthesignalx(t) is fulfilling theinclusioncriteriaandzerootherwise andwhere
n istheaveragerateof changefrom x(t) = 1to x(t) = 0.

By comparing(72) with (68) we seethat a?{x} is the usualerror variancefor the en-
tire time serienswith a correctionfactor Insteadof the lower equationin (67) which
essentiallystatedN,; /N = At/(2.7) we have

-1

N 27 n7

14—
o7(1-207)

(73)

4 Data Analysis

Thedata-analysiprocesss hereillustratedin acasewhereall theanemometerareRisg
anemometersf thetypeshowvnin Fig. 1.

It is agenerakxperiencewith cupanemometerthatbelow acertainanemometedependent
wind speedhecalibrationceaseso belinear In fact,the minimumwind speedat which
ananemometestartsrotationneednotbethesameatwhichit stopswhenthewind speed

is decreasingFor mostcup anemometerthe wind speedbelon which thesecomplica-
tionsareimportantis aboutl m/s. Herewe choosea minimum 3 m/swind speed.This
decisionis alsoinfluencedby the factthatin the wind tunnelswherereferencecalibra-
tionsarecarriedout, the lowestwind speeds setto about4 m/s. We have alsochosera
maximumwind speedof 16 m/s, equalto thatusedin wind-tunnelcalibration.This last
choiceis of little consequenckecausesuchhighwind speedsrequiteuncommoratthe
Risgcalibrationsite (Figs.2 and3).

In the periodfrom the morningof Junel3throughthe morningof July 11, 2000we had
aratherlong periodwith wind comingfrom west,overwatet The 10 wind-speedecords
areshownin Fig. 7.

TheanemometeP300in positionRefl wasusedasreferenceThisanemometenasbeen
wind-tunnelcalibratedby WINDTEST KWK GmbH (KWK in the following) in Ham-
burg. Thefollowing linearrelationbetweerthewind speedJ andthepulsefrequeng f,
in Hz wasobtained:

U=A,x fy+By, (74)

whereA, = 0.61602m andB, = 0.255m/s.

The cup anemometer$470..P477in the test positionswere also first calibratedby
KWK andthis gave usthe opportunityto comparethesecalibrationswith thoseobtained
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Figure 7. Recods of 10-minuteaverages of the raw anemometesignalsfrom the cali-
bration period from June 13, 2000,10:45 until July 11, 2000,10:05. Signalvaluescor-
respondingo 3 m/sor lessare excluded.Thiscorrespondso 74%of thedata. Therange
in eadh of the 10 recodsis 0—1024.To the left are shownthe positionnamesandto the
right theanemometecodenames.

from theboommeasuremeni$-ig. 7) by comparingheir signalswith thesignalfrom the
referenceanemometeP300.

Thetechniquewasto fit the raw dataloggeisignalsof the eighttestanemometerto the
raw referencesignalaccordingto the methoddescribedn section3. Cornvertingthe raw
signalsto meanfrequenciedy multiplying by 32 anddividing by 600 s (seesection2),
we determinea andb in theequation

fo=axf+b, (75)

wherethefrequeng f pertaingo thereferenceanemometer

The calibrationexpressiorfor thetestanemometeis
U=Axf+B (76)

and,sincethe testanemometeandthe referenceanemometesupposedhhave beenex-
posedo the samewind history, we have

Ax f+B=A;x fy+By=Ay(ax f+b)+ B, (77)
whichimplies

A= aA, (78)
and

B=B,+ bA,. (79)

First we selecteddatain 30° sectorsaround-60°, -30°, 0°, 30°, and60°. The resultis
shawvnin Fig. 8.

By inspectingFig. 8, we seethattheboomcalibrationsarein reasonablagreementvith
the wind-tunnelcalibrationswhen the wind comesfrom westin a broad150° sector
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Figure 8. Comparisonbetweerwind-tunnelcalibrations and boomcalibrations. These
wind-speediata are divided into five different 30° direction sectos. The anemometer
P300in positionRef1 is usedasrefeencefor P470..P477 Theris oneframefor eath
of theseanemometerwhele the upper subflamepertainsto the slopeA and the lower
to the offsetB. Theeightanemometes, P470... P477 havebeenwind-tunnelcalibrated
onthesameday, Junel4,2000,andtheresultis shownasthreehorizontallinesindicat-
ing the meanin the middlewhile the other two are the mean+ onestandad deviation
(68% confidencdimits). Theresultsfromthe boomcalibrationswith P300as refeience
are shownas pointswith standad deviations for each direction sector This refeence
anemometehasbeencalibratedin the samewind tunnel,but on March 1, 2000.

However, the valuesof A in particularseemto fall below the wind-tunnelvalues.This
tendeny could be causedby the fact that the eight testanemometersire wind-tunnel
calibratedon anotherdatethanthe referenceanemometeiVe have testedif this should
bethecaseby usingtheanemometeP475in positionC1lasreferenceTheresultis shavn
in Fig. 9. Thetendeng for A to beallittle too smallseemso have disappearedexcept
for P300now considereda testanemometer)but otherwisethe degreeof consisteng
betweenboom calibrationand wind-tunnelcalibrationappeargo be the sameaswhen
P300is thereference.

Beingslightly cautiouswe will usedatafrom thesector0° + 45° in thefollowing. Figure
10 showvs how muchof the datais usedin the intercalibrationin one particularcase.lt
alsogivesanindicationof thedistribution anddurationof periodswherex (t) is one.The
total time is 51% so that (x) = 0.51 and 0)% = 0.25. The averagerate of changefrom
Xx(t)=1to x(t) =0is n = 2.4d~L. As shavn in the previous section thesedataare
importantfor determiningthe statisticaluncertaintyof the calibrationparameters.

At this pointit seemsaturalto testwhethertheflow arounda particularcupanemometer
is influencedby the neighborinstrumenton the boomfrom whichit is separatedby the
distanced.75m. If theflow mustbe consideredlisturbedwe would of courseexpectthe
disturbanceo be mostpronouncedvhenthewind directionis far from beingperpendic-
ularto theboom.To investigatehis problemwe compareda specialsetof data,recorded
in the period from August8, 2000 until August28, 2000.In this period the positions
A2, B2, C2,andD2 wereunoccupiedvhereaRisganemometersgereoccupying for all
the otherwere6 positions.Justasin the first measuringperiodin June-July2000,P458
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Figure 9. SameasFig. 8, but with P475in positionC1 asrefeence
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Figure 10. Recodsof 10-minuteaveragesof theraw anemometesignalsin thedirection
sector0°® + 45° fromthe calibration periodfromJune13,2000,10:45until July 11,2000,
10:05. Signalvaluescorrespondingo 3 m/sor lessare excluded.Now 51% of the data
fulfill the speedanddirectionselectiorcriteria.

and P300occupiedpositionsRef 2 and Ref 1, respectiely, but now the distancefrom
P458to the nearestanemometemn positionD1 was2.25m (seeFig. 3). The resultof
the comparisorbetweenP458andthe referenceanemometeP300is shovn in Fig. 11,
whereboththefirst datasetwith all positionsoccupiedandthe lastsetof datafrom Au-
gustareused.If therewereno influenceon the flow from the disturbancdrom neighbor
anemometerdyoth constantdA andB shouldbe the samein the two instrumentsThese
constantareshovn with their 68% confidencdimits and,apparentlythevaluesof A are
morein agreementhanthevaluesof B. We see however, thatthe dependencef thedis-
agreemenbn wind directionis not pronouncedUsing datafrom a 90° directionsector
centeredaround0°, we find A = 0.6196+ 0.0026 m and B = 0.2442+ 0.0104 m/s for
the JunedataandA = 0.6175+ 0.0040m andB = 0.2703+ 0.0106m/sfor thoseof Au-
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gust.Applying the so-calledZ-testfor two samplemeando bethe same(Kanji 1999)at
o =5%,wefindthatZ = —0.45for AandZ = 2.5 for B. Thea = 0.05limit for rejection
is Z = 1.96 sowe concludethatthe calibrationoffsetB is influencedby flow distortion
from neighborinstrumentsvhereasve shouldnot rejectthatgain A is the samewhether
it hasa closeneighborinstrumentbr not. Whenthewind speeds morethanafew meters
per secondthe accurag of the gainis muchmoreimportantthanthe offsetfor reliable
wind-speedneasurementsn otherwords,the systematierroron B, which mayamount
to about0.02m/s,canin mostsituationshe neglected.
Position Ref 2, P458.
0630 +———

0.625 8

0.620 |

0.615

0.610

0.300
0.280 - 1
0.260 - 1
B (m/s)
0.240 1

0.220 - 1

0.200 455 66p —30° 0° 130° +60° 90°

Figure 11. Comparisorbetweercalibrationsof cup anemometeP458in positionRef2

whenall boompositionsare occupied(period June 2000) and whenpositionsA2, B2,

C2,andD2 are emptyi.e. whenP458hasno closeneighbos (August2000).In theupper
framethevaluesof A fromthe Juneperiodare larger thanthosepertainingto the August
period,exceptwhenthecenterdirectionis +60°. For thevaluesof B it is justtheopposite
The68% confidencdimits are shownat ead point.

5 Conclusion

It hasnow beendemonstratedhow it is possibleto simultaneouslycalibrateseveral cup
anemometeris openair with asingleanemometeasthereferencelt requireghatall the
anemometersncludingthe referenceareexposedto the samewind flow. To guarantee
this, caremustbe taken thatthe anemometerdo not interferewith eachotherandthat,
in generalthe upstreanconditionsshouldlook the samefor all the anemometersThe
Risgcalibrationfacility is, asdescribedn section2, aboomwith 10anemometemounts,
erectecparallelto the westcoastof RoskildeFjord andwith a several-kilometerfetch of
watersurfacein a broaddirectionsectortowardswest.

Comparedo wind-tunnelcalibration thereareadvantagesanddisadwantages.

Oblviously it is advantageouso be ableto calibratemary anemometersimultaneously
at low labor cost.In particularwhenthe anemometerare laterto be usedfor accurate
comparisorof wind fields at differentlocations,.e. alonga verticalmastin casesvhere
reliablewind profilesarerequired Anotherbonuss thatnew cupanemometersanbeop-
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eratedn thefield beforethey aredeployedfor realfield measurementsicupanemometer
needsometime, typically onemonth,to be“brokenin” if anew rotorwith new bearings
hasbeeninstalled.

Onedisadwantages thatthe methodobviously doesnot provide an absolutecalibration
with referenceto a certified wind tunnel. Sucha calibrationis often requiredby wind
turbinemanuficturesandownersfor themto beableto settleif a particularwind turbine
hasproducedhe expectedelectricenegy. Anotherdisadwantages thatit maytake very
longtime to obtaina calibrationbecauséherearelimits to bothdirectionandmagnitude
of thefreewind.

In the analysisof datafrom the testfacility we foundit naturalto useorthogonalmean
squarefitting insteadof the usuallinear fitting with one independentind one depen-
dentvariable.Thisis sobecausé¢hesignalsfrom all theinstrumentsincludingreference
anemometergrealmostequal.Section3 andtheappendice8, C,andD containarather
detaileddiscussiorof thefitting procedureandthe statisticalsignificanceof the results.
Oneitem of particularimportancels that, in contrastto measurements wind tunnels,
consecutre setsof datacannotbe consideredstatisticallyindependentln fact,thetime
scale(or memory)of ten-minutewind speedaverageds shavn to be about20 hours.In
principlethis meanghatdatasetsmustbe separatedh time morethanabout40 hoursto
be consideredstatisticallyindependent.

We have testedwhetherthe flow arounda particularanemometeis disturbedby the
presencef the neighboranemometerandwe foundthatthe calibrationgain A appears
unafectedwhereagheoffsetB seemsnfluencedn asystematiavay. However, whenthe
wind speeds morethana few metersperseconadhe offset,beingitself about0.2 m/s,is
of little importance.

The questionis if the field calibrationis really preferableto wind tunnelcalibration.To
calibratea cupanemometewill in the lastcasetypically take abouthalf anhour. There
might be a slight overheadfor settingup a calibrationstand,but altogethera setof 10
anemometersan be calibratedin the courseof one day It canalso be arguedthat a
generallyapprosed calibrationcan be obtainedonly by useof a certified wind tunnel.
The problemwith this is of coursethatthereare several certifiedwind tunnelsandthat
they do notalwaysgive the samecalibrationfor the sameanemometer

This is probablyso becausehe referencevind speedn atunnelis determinedy mea-
suringthevery smallpressuraifferencegabout0.1 HPa or less)from a Pitot tube.The
pressuraletectoris temperatureensitve andoutmostcaremustbe taken by monitoring
the temperaturef the air in the wind tunnel. Eventhenthereseemsdo be problemsand
to illustratethis point we have hadthe eightcup anemometersalibratednot only in the
KWK wind tunnel,but alsoin thewind tunnelof SvendOle Hansermps (SOH). Thefirst
calibrationtook placeon Junel4, 2000,the secondon August23, 2000.The calibration
resultsaresummarizedn Table 3. We seethat for all eightanemometerthe measured
gainsA arelargerin the SOH tunnelwhereashe oppositeis the casefor the offsetsB.
In fact, the differencesof the lastare all between0.1 m/s and 0.2 m/s. Judgingby the
confidencdimits, thedifferenceglo not seento bewithin the statisticalvariability.

To illustrate how muchthe differencein the two calibrationsinfluencethe actualmea-
suredwind speedsyve have plottedthe velocity differencewith 68% confidencdimits
overarangeof aboutO to 20 m/sfor oneof thecupanemometerf475.Thisis shovnin
Fig. 12. We seethatthe calibrationsagreewithin +£0.05m/sin awind speedangefrom
about7 m/sto about12 m/s. This relatively pooragreemenin calibrationsseemssome-
whatdisappointingn view of the high quality of theanemometers termsof long-term
stability of the calibration.

Perhapdhe bestsolutionto obtainreliablecalibrationsof cupanemometeris to modify
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Table 3. Comparisorbetweenwind tunnelcalibrationsat KWK and SOH ThegainsA
andthe offsetsB are givenwith 68% confidencdimits.

KWK SOH
A(m) B (m/s) A(m) B (m/s)

P470| 0.6213+ 0.0007 0.247+ 0.012| 0.6299+ 0.0007 0.118+ 0.011
P471| 0.6213+ 0.0008 0.253+ 0.013| 0.6299+ 0.0007 0.109+ 0.010
P472| 0.6214+ 0.0005 0.244+ 0.008 | 0.6289+ 0.0007 0.152+ 0.011
P473| 0.6230+ 0.0007 0.231+ 0.010| 0.6303+ 0.0011 0.121+ 0.016
P474| 0.6223+ 0.0005 0.248+ 0.008 | 0.6284+ 0.0009 0.144+ 0.014
P475| 0.6203+ 0.0005 0.263+ 0.008 | 0.6282+ 0.0011 0.138+ 0.016
P476| 0.6218+ 0.0005 0.265+ 0.010| 0.6298+ 0.0012 0.148+ 0.017
P477| 0.6218+ 0.0005 0.262+ 0.008 | 0.6288+ 0.0011 0.157+ 0.016

thewind-tunnelcalibrationproceduréoy usinga“standard’cupanemometeratherthan
aPitot-tube asreferenceanemometer

U (m/s)

+0.15

+0.10
+0.05

0.00

—0.05

AU (m/s)

—0.10

—0.15

f (Hz)

Figure 12. Comparisorbetweercalibrationsof cupanemometeP475in the KWK wind
tunneland the SOHwind tunnel. Thesolid, thick line is the wind speedcalculatedwith
theKWK calibration parametes minusthewind speedtalculatedwith the SOH calibra-
tion asfunctionof frequencyf. Thecorrespondingvind speedusingthe average of the
two calibrationsis shownalong the upperabscissaThe dashedinesindicatethe 68%
confidencdines.
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A Regressionwith Curvature

We wantto investigatehe orthogonakegressiorto a curve whichis “almost” straight.
We use(2) in thegeneralizedorm
r=rqy+06t(0). (A1)

The paramete® is the lengthof the chordfrom a referencepointr, = x,i +Y,j onthe
curveto thecurvepointr(6) = xi+vyj.

Theexpression5) for theunit vectort maystill beusedif we considera afunctionof 6.

From
X _ X, +6coga(6)) (A2)
y Yo+ 6sin(a(8))
we obtain
6% = (X—X9)* + (Y= Yo)*- (A3)

We consideronly smallcurvaturesandassumehe approximation

coga(0)) ~ cosa, — agb sinay (Ad)
sin(a(6)) ~ sina, + ayB cosay,

wherea, = a(0) is thedirectionof thetangentin thereferencepointr, andag = a’(0)
its derivative.

Thisimpliesthat(A2) canbewritten

X— X, = 0cosa, — a62sinay

(A5)
y—Y, = Osinay+ ay6?cosay,
or, by using(A3) to eliminated?,
(x= %) + 0t [(x= )2 + (y = y0)?] sindiy = B cosay ’6)

(Y= Yo) — af [(X—Xg)2 + (Y — Yo)?] cosay = Bsinay,.

Multiplying thefirst equationby sina,, andthe secondy cosa,, andsubtractinge get
thefollowing equatiorfor the curve

. 2 2 2
. sinag . cosap\?_ (1
(o ) + (%o~ G®) = () a7)

which is the equationfor a circle with radiusequalto 1/|2aj| and centerin the point
(%o — sina/[2ag], Yo + cosag/[2a)).
It is now very simpleto determinethe perpendiculasigned)distanced; from a point

with the coordinates(x;,y;) to the curve. It is simply the distanceto the centerof the
circle minustheradius.
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I

3 +sinaO 2+ _cosag 2_ 1
i XI XO 206 yi yO 206 2|aél
1 .
2|y {1+ 240 [(x, ~xo) sind — (¥ — Yo) cOSay

1

+2a7 [(% — %)+ (% — o) ]
- 2062 [(x% — Xo) sinag — (Y; — Y) cOsa) 2_ 1}

= % [(xi — Xo) Sinay — (Y; — Yp) COsa
+ ag { (% — %) cosag + (¥; — Yo) sinao}z] - (A8)

For N points(x;,y;),i=1,2,...,N wecalculatehedistances], to thecircleandminimize

1N

=N

d? (A9)

to obtainthe bestfit to the circle (A7) in termsof the parameters,, y,, a,, andag of
which only threeareindependent.

At this pointwe assumehatwe candeterminex), with sufficientaccurag by first finding
Xo» Yo @anda, underthe assumptiorthatthe line is straightandthen calculatinga; by
solving d¢/day = 0 with respectto ay, with x,, y,, and a, assumedknown. Herewe
have thefreedomto set(x,,y,) = (0,0) andconsequentlpbtainthe solution

(xsinag — ycosay) (xcosag + ysinag) 2

ah=— . (A10)
(xcosay + ysinay)
We cannow studyhow theslopea = a(6) = tan(a) varies.We have
a= tan(a,+ ag0) ~ tana, + (1+tarfay) agb. (A11)

To comparehe change of a with 6 with a itself we mustselectarangeA6 of 8. We have
choserthesquareoot of samplevarianceof 8 asthisrange:

20 =V02= /@ +y2 (A12)

Thecorrespondinghangen a is then

Na=a—tana, = (1+tarfa,) agA0 ~ (1+a?)aghe. (A13)

B Monte Carlo Simulations

We have madeMonte Carlo simulationsin orderto establisha numericalverificationof
(49),andalsoto studythe quality of theapproximatiorbehindthis formula,for aselected
sequencef p,-values.
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To carryoutthistaskwe neededh procedurdor producingstandardizediormalvariates,
assuminghata supplyof independentuniformly distributed (pseudoyandomnumbers
& € U(0,1) areavailablefrom the computer Sucha methodwas designedby Box &
Muller (1958)who proposedo generatgairsof independentaluesby therecipe

x = (=2In&)Y2cog2mé,) (B1)
and

y=(=2In&)Y2sin(2m&,). (B2)

It is easyto verify that

x € N(0,1), (B3)
y€N(0,1), (B4)
andthat
Cov[x,y] =0. (B5)

First we notethat(B1) producegositive andnegative numberswith equalprobabilities.
We maythereforeconsiderpositive valuesonly andthusreplace(B1) by

x = (—2In&)Y2coginE,) = uv (B6)

Let f, g, h bedensityfunctionsfor x, u, v, respectiely, andF, G correspondinglistribu-
tion functions.Thenwe have

F(x) = /O lh(v)G(\—);) dv (B7)
or

£(x) =/Olh(v)g(\—);) dv". (B8)
Now

g(u) = ‘% = ue ¥ (B9)
and

h(V)—‘% =7—ZT 11_V2 (B10)
Thus

F(x) = %/()1\/2\/% exp(—%\)j—z) ov. (B11)

Thisintegral canbe evaluatedby substitutingv = x/v/x2 + u2. Theresultis
f(X) = 2———e" 2¥ (B12)
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whichis thedoubleof thenormaldensity asit shouldbe.Now (B4) followsimmediately
from (B3), and(B5) follows by symmetryreasong3.

Whatwe neednext is a methodfor generatingcorrelatedpairsof normaldeviates,sam-
pledfor a given correlationcoeficient p,. We first generate(x,y) asin (B1) and(B2).
Thenwe take

(5) B (\/ﬁ @) (;(/) (B13)

wherec is a parametein theinterval [—1,1]. From(B13) we find the covariancematrix

D:( c \/1——02)2:( 1 20\/1——c2)' (B14)
Vi-¢? c 2cy/1-¢? 1
We mustrequire

2cV/1-c2=p, (B15)
or

= ﬂ. (B16)
Now we arein a positionto simulatepairs (x,,y;), i = 1,...,N suchthatx, € N(0,1),

y; € N(0,1), andCov[x, Y] = py. OurchoiceV[x] = V[y;] = 1is naturalin view of our
knowledgethatV[x] ~ V[y]. Next we compute

=X,  §=Y, sy=%% (B17)

and,accordingto (17) and(18),

5=1in <§> (B18)

£= }In<ﬁ> , (B19)

andfinally a by (20). We repeatthe simulationfor j = 1,...,M, eachtime recording
a=a;.In this way we cancomputethe samplevariances?(a) of a. Finally we compare
theresultwith (49).

We usedafixednumberof M = 100repetitionsandwith thiswe ransimulationsfor N =
10, 100,1000,and10000.For eachN we took p, = 0.9,0.99,and0.999.Theresultsare
shavn in thefollowing tables:

Py | 20-p)/N| ()

0.9 2.00.10°2 | 2.7410°2

0.99 2.00.10°3% | 3.2310°3

0.999| 200104 | 2.30.10°%
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po | 21-p)/N | (a)

0.9 2.00.10°3 | 2.94.10°3
N = 100

0.99 2.00.107% | 1.75.10°%

0.999| 2.00.10° | 1.96.10°°

Po 2(1—-py)/N s(a)

0.9 2.00.10~% | 2.80.10°%
N = 1000

0.99 2.00.10°% | 2.05.10°°

0.999| 2.0010°% | 2.17.10°°

by |20-p)/N| (a)

0.9 2.00.107° | 2.44.10°°
N = 10000

0.99 2.00.10°% | 2.21.10°¢

0.999| 2.00.10~7 | 2.09.10°7

Not surprisingly the agreemenis bestfor p, closeto 1.

C Discrete Sampling

We arehereconsideringheerrorvariancan thecasewvhereweincludethelimit At > 7.

Wereplace(61) and(62) by

o 1N
X:N‘;) X(£At) (C1)

and

o = ((x-())

% Z ((x(€'nt) — (x)) (x(€"nt) — (x)))
_ %Ni % i ((¢" - 0)t) (C2)

wherewe have used(60) for thelaststep.

By comparing(C2)and(62), we seethatthelastis apoorapproximatiorto thefirst when
At > 7 sincethe smallestnon-zeroincrementin the summation(C2) is thenso large
thatthe correspondinghangen p (1) cannotbe consideredgmall.

Applying the Fouriertransform

[

p(n = [ s(f)em'af (C3)

—00
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to (C2), we get

[

1 N—1 1 N—-1
= OGNS /S(f)exp(szm(z”—e'))df
=™ =0

2

[

1 N-1

— 2 \df | = emeAtl
(x >_é SULDY
= 08) [ Hu(n s, (4
where
sir?(rrf NAt)
Hy(f) = m (C5)

We areconcernedvith situationswhereN = T /At >> 1 in which limit Hy(f) becomes
proportionalto a so-calleddelta-combwhichis a sumof equidistantlyspacedleltafunc-
tions:

Hy (F)~ lim Hy % i 6(f——) (C6)

N—oo -

We thusobtainthe generakexpression

2{X}_<?m§mZS(f (f-%) _%ré s(x); (c7)

valid whenN > 1.

In thelimit At — O thereis only onetermin thesum(C7) andwe get

oy = 022, (8)
whichis identicalto (69).
In theotherlimit, At — o, thesumbecomesnintegral:
o%{x} = ) is(m) 3m
T ko A/~
_ s (MM
= 0T 2 S(a) ()
AT @)
~ 2y =/
e /S(f)df L (C9)
——

We seethatnow N ; becomesqualto N asexpected.

Risg—R—1218(EN) 33



D Intermittent Sampling

In orderto analyzeintermittenttime serieswe first consideranuninterruptedime series
Xo(t) from which we canobtainanintermittenttime seriesby

X(t) = X (O)%(1), (D1)
wherethetwo-valuedindex function (t) canattainthe valuesoneandzero.

Let usconsidera moregenerakystemwhich canonly exist in two statesanupperstate
andalower. Theprobabilitythatthe systemflips from onestateto the otherat leastonce
in a given,smalltime interval is proportionalto the durationAt of this interval. Let this
probability be kAt, wherek is a constantConsequentlythe probability that the system
hasnot changedecomed — kAt. The probability thatthe systemhasnot changedstate
in thefixed,finite time T = NAt becomes

p(T) = Mm{(l_ kAt)N} - ’\Ili_rpw{ (1_ k%)N} — T, (D2)

The systemwe wantto discusshasin generaltwo differentdecayconstantk, andk_,
characterizinglips from the upperto the lower and from the lower to the upperstate,
respectiely.

We considera systemat starttime t = 0 and seekthe probability that the systemis in
the samestateasthe original oneattimet > 0,in otherwordsthatit hasflippedaneven
numberof times.Let usstartwith the systemin the upperstate.Thenthe probability for
noflipsis

Py (t) = e (D3)

The probability for the systento bein thelower stateattimet afteroneflip is
t
P (t) = / e kil o e - (D4)
0

Continuingthis processthe probability for beingbackin the upperstateafter just two
flips becomes

t t
P (t) = / e klik, o, / e kGt ko, P (t—t,). (D5)
0 t

We thusobtainthefollowing recursiorrelationfor n > 1

Pon' (1)

t
/ ek, o / e k_dt, P, (t — 1)
0

t t
= k.k_ / e (ke =) g, / e LPrt (t—t,)dt,
0

t
k. k
o kke /{e—k_tl B e—k+tl} Pt (t—t))dty, (D6)
0
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wherewe have appliedintegrationby partsto obtainthelastexpression.

We may now sumup all theseprobabilities:
P++( ) P++( ) —k t+ P++ (D7)
2 3
Inserting(D6) we getthefollowing integral equationfor P (t):
t

K,k
PHH(t) = e 4 / {e-kftl - e-k+t1} P (t —t,) . (D8)
+

Thisis aVolterraintegralequatiorof thesecondind andit caneasilybesolvedby means
of LaplacetransformsWriting 227 (s) = £ {P**(t)} we obtain

1 k. k 1 1
gpt++ — _t = gptt = D
=gt ? (S){s+k_ st k+} (D9)
with the solution
1 k k
gptt(g) = iR S O D1
77 k++k_{ s+s+k++k_} (b10)

Transformingoackto time domainyields

k_ +k+e_(k++k—)t
K, + K

P () = (D11)

This resultcould have beenobtainedin a simplerway, as pointedout by Jalob Mann
(2000, privatecommunication)namelyasthe solutionto thefirst-orderdifferentialequa-
tion

dp++

5 = KPTTO+k (1-PTH(D). (D12)

However, we have adoptedthe methoddescribecherebecauset hasprovided a useful

insightin the ‘mechanisnmof flips’.

The probability thatthe systemis in the lower statewhenit is atthe upperatt = O is of
course

k+ _ k+e—(k++k—)t
Ky +K_

PT=(t)=1-P™H(t) = (D13)

Similarly, we canstartin the lower stateandthe correspondingprobabilitiesP~—(t) and
P~*(t) areobtainedby interchanginds, andk_ in (D11)and(D13).

We may now proceedo determinethe expectednumberof doubleflips in thetimet. A
priori we would expectthis numberto be proportionalto t, but we needa rigorousproof
thatthisis indeedthe case L et usagainconsideithe systemin theupperpositionattime
t = 0. Thenthe numberN™ (t) of doubleflips canbe expressedn termsof P**(t) as
follows:

N (t nPEF(t) = P H(t) + S n R (t) D14
(1) = n; b nzz (D14)
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Inserting(D6) we get

t
k ko —k_(t—8) _ ok, (t—6) - +
ey /{e _eke }den;np;n_z(e). (D15)
J Z

Thesumin theintegral canberearrangeésfollows

8

00

nRr,(0) = Zz( 1P;E,(6) +ZZPan

N*(6) +P**(6) —PF*(6) (D16)

n=

and,applyingthis expression(D15) becomes

t
N+ (t=6) =0 LIN*(8) + P(6) ) d6, D17
e Oﬁe N (0)+ P (6)) (D17)

wherewe have used(D6) for n= 1. Again we take the Laplacetransformuse(D10),and
solvefor A *(s) = Z {N*(t)}. Thus

(k, —k 1
e = {5_s+k Tk }
S
+<'< O {? m} (D18)

with theinversetransform

ko k_(k, —k_)
vy Kko(ky—ko) (ky+H)t
N = e (e
+&{k t_k te—(k++k,)t} (D19)
(ky+k)2 U

Similarly, the averagenumberof doubleflips if the systemstartsin the lower statebe-
comes

K k_(k_—k
N = S {reeterr)
K, k
m{kt—kte (k+k>}. (D20)

The total expectednumberN(t) of doubleflips, irrespectve of the initial statecanbe
determinedrom (D19) and(D20) by addingthem,afterweightingthemwith thea priori
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probabilitiesl* and M+ for beingin the upperstateandthe lower state,respectiely.
Sincel*k+ = N~k— they become

nt= k+k_|jk_ o)
and
o k+k:k_ (D22)
Theresultis
NG = k+"+—k_N+(t)+k+":k_N-(t)
- ﬁ { (K +K2)t— 2k+k_te—(k++k,)t}
- %k__;(;)z {1— e—(k++k,)t} ' 023)

We seethatonly for largevaluesof t cantheaveragenumberof doubleflips beconsidered
proportionatto t:

_keko (4Kt

N(t) ~ TS (ky +k)t>1. (D24)
+ —
Whent is smallwe get
1 2
N(t) ~ > Kk, k_t4, (ky +kt < 1. (D25)

We now assignthe value 1 to the upperstateand 0 to the lower. In orderto relatethe
decayconstantk, andk_ to obsenablequantitieswe calculatethe ensembleneanand
ensemblevarianceof the correspondingstationarytime seriesy (t). We have

(X(t)):rl+xl+ M x0= k_._k—}jk_ (D26)
and
0 = ((X(0) = (KON == 7 1= ({0 = gy (027)

We may useobsenationof x(t) overalongtime to determinek, andk_ in termsof a)%
andthelong-termrateof doubleflips

ko k_ (K2 +K2)

TR (D28)

n:

Solving the two equationg(D27) and (D28) with respectto k, andk_, we get, if we
assumehatk_>k, :

@zm{lx,/l—wﬂ. (D29)
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Theauto-cwvariancefunctionfor x(t) is

Re(t,—t) = ((x(t)—00) (x(t) —(x)))

(X)X (1)) — (X)> =P (L, —t,) — (x)?
= 7(k+k1k|z_)2 e (ke HROI=t | (D30)

Il
=

We now definethetotal time © duringwhich x (t) is equalto oneduringthe obsenation
timeT by

oM = [x®. (031)

(O = (032)

a8 (T)

i
_
Qo
3
|
Q
2
NS
~———

e (kKT
1— . (D33)

Since

oo(T) _ 2k, /k_
M)~ (ke +k)T

(D34)

when(k, +k_)T > 1, wefind that®(T), givenby (D31),in thislimit is agoodapprox-
imationto theensemblaverage(O(T)).

Thesamplemeanof x(t) = x (t)x,(t) asgivenin (D1 now becomes

G)IH

T T
= 5 [x0d =3 [xOx 0. (D35)
0 0
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Althoughthis is certainlynot truein generalwe assume—irorderto capturein asimple
way the essenc®f the consequencesf conditionalsampling—x (t) andx,(t) uncorre-
lated.

Consequentlyjthe ensemblaneanof X becomes

0
<%> Yot = (x) = . (D36)

o?{x}

I
Py
>

|
=3
s
~

I

T
ol
—

>
<
&
5

S

fily

—

=

N

&

M
S

N

~——

Q
Ol
o
o3
s
Ol
o—_

Q
N
&
S
%
NI—P

|
o
<
=
=
S

2 T T
= %9 [, L [taplty ) {007+ Ryt 1), (©37)
0 0

wherep(t) is theautocorrelatioriunctionfor x(t).

Combiningthis equatiorwith (D26), (D27), (D30),and(D32), we seethat

T T
2 1 K
0?3 =2 [a,7 [ttt {1 Eertrrma ], (038)
0 0
Assuming
po(t) =€ 7, (D39)

theerrorvariancebecomesn thelimit where(k, +k_)T > 1aswell asT/.7 > 1

o = 2<X3)?{1+ 1+(Ei{||-(_k_)§}

7 oy /{X)?
T no ’
o7(1-207)

Il

N
—~
S
~

(D40)

wherethe parameterin the last expressiondefinedby (D26), (D27) and(D28), canbe
deriveddirectly from themeasuredecordy (t).

Risg—R-1218(EN) 39



Acknowledgements

We would lik e to expressour gratitudeto our colleaguesanNielsenfor helpingwith the
illustrationof thecalibrationfacility, Jakob Mannfor discussingandproviding assistance
in theevaluationof theinfluenceonthe statisticsof dataintermittencel arsLandbeg for
his encouragement.

40 Risg—R—1218(EN)



References

Box, G. E.P. & Muller, M. E. (1958),'A noteonthe generatiorof randomnormaldevi-
ates’,Ann.Math. Statist.29, 610-611.

Brazier C. E. (1914),Recherchesxpérimentalesur les moulenetsanémometriquein
‘Ann. Bur. Centt Météorol.France’,pp. 157-300.

Kanji, G. K. (1999),100 Statistical Tests SagePublicationsLondon, ThousandOaks,
andNew Delhi.

Kristensen. (1994), Cups,propsandvanes,TechnicalReportR—766(EN),Risg Na-
tional Laboratory

KristensenL. (1998),'Cup anemometebehaior in turbulenternvironments’,J. Atmos.
Ocean.Technol. 15, 5-17.

Kristensenl. (1999), The perenniakupanemometerind Enemgy 2, 59-75.

KristensenL. (2000),'‘Measuringhigherordermomentswith acupanemometer’). At-
mos.Ocean.Technol. 17, 1139-1148.

Kristensenl., RathmannQ. & HansenS. 0. (1999),Extremewindsin Denmark,Tech-
nical ReportR—1068(EN) RisgNationalLaboratory

Lenschav, D. H., Mann, J. & Kristensen,. (1994),'How long is long enoughwhen
measurindluxesandotherturbulencestatistics’ J. Atmos Ocean.Technol.11, 661—
673.

Middleton,W. E. K. (1969),Inventionof Meteoblogical InstrumentsTheJohnsHopkins
PressBaltimore,MD.

Patterson,). (1926), The cupanemometer’Trans.Roy Soc.CanadaSer Il 20, 1-54.

WyngaardJ. C. (1981),‘Cup, propeller vane,andsonicanemometerm turbulencere-
search’ Ann.Rev. Fluid Mech. 13, 399-423.

Risg—R-1218(EN) 41






Bibliographic Data Sheet Risg—R-1218(EN)

Title andauthor(s)

Field Calibrationof CupAnemometers

Leif KristensenGunnarJensenArent HansenandPeterKirk egaard

ISBN ISSN
87-550-2772-8B7-550-2773—-8nternet) 0106-2840
Dept.or group Date
Departmentf Wind Enegy January23,2001
Groupsown reg. number(s) Project/contracho.

1105016-00 1105-16-00

Sponsorship

Pages Tables lllustrations References
42 3 12 12

Abstract(Max. 2000char)

An outdoorcalibrationfacility for cupanemometersyherethesignalsfrom 10anemome-
tersof which atleastoneis a referencecanbe canbe recordedsimultaneouslyhasbeen
establishedTheresultsarediscusseavith specialemphasi®n thestatisticalsignificance
of thecalibrationexpressionslt is concludedhatthemethochastheadwantagehatmary
anemometersanbe calibratedaccuratelywith a minimum of work andcost. The obvi-
ousdisadwantagés thatthe calibrationof a setof anemometermaytake morethanone
monthin orderto have wind speedsovering a sufficiently large magnituderangein a
wind directionsectorwherewe canbe surethattheinstrumentsareexposedo identical,
simultaneousvind flows. Anothermain conclusionis that statisticaluncertaintymustbe
carefully evaluatedsincethe individual 10 minute wind-speedaveragesare not statisti-
cally independent.

DescriptordNIS/EDB
WIND; VELOCITY; ANEMOMETER; CALIBRATION; FIELD TESTS;DATA ANALYSIS

Availableonrequesfrom InformationServiceDepartmentRisgNationalLaboratory
(Afdelingenfor InformationsserviceiorskningscenteRisg),P.O. Box 49, DK—4000Roskilde,Denmark.
Phonet+4546 77 4004, Fax +4546 77 40 13, E-mailinfserv@risoe.dk



