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Abstract. Interval analysis was introduced by Ramon Moore in 1959

as a tool for automatic control of the errors in a computed result, that

arise from input error, rounding errors during computation, and trunca-

tion errors from using a numerical approximation to the mathematical

problem. An important application is the enclosure of ranges of func-

tions, which enables us e.g. to solve equations with interval coeÆcients,

to prove existence of certain solutions, and to solve global optimization

problems. We discuss the basic concepts of interval analysis and present

methods for interval solution of some numerical problems.
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(2
.3
)
a
n
d
(2
.4
)
it
h
o
ld
s
th
a
t

kY
k
�
kM
k�
kV
k
:

W
e
sh
a
ll
u
se
th
is
a
p
p
ra
is
a
l
in
ch
a
p
te
rs
9
a
n
d
1
0
.

2
.3
.
R
ea
l
In
te
rv
a
l
A
ri
th
m
e
ti
c

8

N
o
te
th
e
eq
u
iv
a
le
n
ce
w
it
h
th
e
in
�
n
it
y
n
o
rm

o
f
re
a
l
v
ec
to
rs
a
n
d
m
a
tr
ic
es
.

F
o
r
V
2
R
n

a
n
d
M

2
R
m
�

n

th
e
n
o
rm
s
kV
k 1
a
n
d
kM
k 1
a
re
d
e�
n
ed
a
s
in

(2
.3
)
a
n
d
(2
.4
),
re
sp
ec
ti
v
el
y,
a
n
d
kM
V
k 1
�
kM
k 1
�k
V
k 1
.

N
ow
w
e
a
re
re
a
d
y
to
sp
ec
if
y
w
h
a
t
w
e
m
ea
n
b
y
\
ca
lc
u
la
ti
n
g
w
it
h
in
-

te
rv
a
ls
"
.
T
h
e
n
ex
t
se
ct
io
n
d
is
cu
ss
es
a
ri
th
m
et
ic
o
p
er
a
ti
o
n
s
w
it
h
si
m
p
le

in
te
rv
a
ls
.

2
.3
.

R
e
a
l
In
te
r
v
a
l
A
r
it
h
m
e
ti
c

L
et

�
d
en
o
te
o
n
e
o
f
th
e
fo
u
r
a
ri
th
m
et
ic
o
p
er
a
to
rs
,
+
,
�,
�
o
r
=
.
F
o
r

A
;B
2
I(
R
)
w
e
d
e�
n
e

A
�B
=

fa
�b
ja
2
A

^
b
2
B
g
;

(2
.5
)

w
it
h
A
=
B

u
n
d
e�
n
ed
if
0
2
B
.
T
h
e
fo
u
r
a
ri
th
m
et
ic
o
p
er
a
ti
o
n
s
a
re
co
n
-

ti
n
u
o
u
s
m
a
p
p
in
g
s
o
f
R

2
o
n
to
R
a
n
d
A
a
n
d
B
a
re
b
o
u
n
d
ed
a
n
d
cl
o
se
d
.

T
h
er
ef
o
re
,
a
ls
o
A
�B
is
a
n
in
te
rv
a
l;
A
�B
2
I(
R
).
T
h
u
s,
E
q
u
a
ti
o
n
(2
.5
)

d
e�
n
es
fo
u
r
o
p
er
a
to
rs
o
n
I(
R
).
T
h
e
d
e�
n
it
io
n
en
su
re
s
th
a
t
th
e
re
su
lt
-

in
g
in
te
rv
a
l
A
�B
co
n
ta
in
s
a
ll
p
o
ss
ib
le
o
u
tc
o
m
es
fr
o
m
a
p
p
ly
in
g
�
w
it
h

o
p
er
a
n
d
s
fr
o
m
A
a
n
d
B
.
T
h
e
d
e�
n
it
io
n
is
n
o
t
o
p
er
a
ti
o
n
a
l,
h
ow
ev
er
;
it

d
o
es
n
o
t
sh
ow
h
ow
to
�
n
d
th
e
en
d
p
o
in
ts
o
f
th
e
in
te
rv
a
l
A
�B
,
b
u
t
it
is

ea
sy
to
�
n
d
m
a
x
im
u
m
a
n
d
m
in
im
u
m
fo
r
th
e
fo
u
r
a
ri
th
m
et
ic
o
p
er
a
ti
o
n
s,

a
n
d
th
is
le
a
d
s
to

A
+
B

=

[a
+
b
;
a
+
b
]

A
�
B

=

[a
�b
;
a
�b
]

A
�B
=

[m
in
(a
b;
a
b;
a
b;
a
b)
;
m
a
x
(a
b;
a
b;
a
b;
a
b)
)
]

A
=
B

=

A
�[
1
=
b
;
1
=
b
]
:

(2
.6
)

E
x
a
m
p
le
2
.4
.

[0
;
1
]
+
[
1
;
2
]
=

[1
;
3
]
,

[1
;
2
]
�
[1
;
2
]
=

[�
1
;
1
]
,

[�
3
;
2
]
�[
1
;
2
]
=

[
�6
;
4
]
,

[1
;
2
]=
[
3
;
4
]
=

[1
=
4
;
2
=
3
]
.

Id
en
ti
fy
in
g
si
n
g
le
to
n
s
w
it
h
re
a
l
n
u
m
b
er
s
w
e
se
e
th
a
t
th
e
o
p
er
a
ti
o
n
s
a
re

ex
te
n
si
o
n
s
o
f
th
e
u
su
a
l
o
p
er
a
ti
o
n
s
in
R
.
T
h
er
ef
o
re
w
e
p
er
m
it
o
u
rs
el
v
es

to
w
ri
te
e.
g
.
3
+
[1
;
2
]
a
s
sh
o
rt
fo
r
[3
;
3
]
+
[1
;
2
].



9

2
.
In
t
e
r
v
a
l
A
r
it
h
m
e
t
ic

F
ro
m
th
e
d
e�
n
it
io
n
(2
.5
)
it
fo
ll
ow
s
im
m
ed
ia
te
ly
th
a
t

A
1
�
A
2

a
n
d

B
1
�
B
2

)

A
1
�B
1
�
A
2
�B
2

(2
.7
)

T
h
is
p
ro
p
er
ty
o
f
th
e
fo
u
r
in
te
rv
a
l
o
p
er
a
ti
o
n
s
is
im
p
o
rt
a
n
t.
W
e
sa
y
th
a
t

th
e
o
p
er
a
ti
o
n
s
a
re
in
c
lu
si
o
n
m
o
n
o
to
n
ic
.

2
.4
.

F
lo
a
ti
n
g
P
o
in
t
In
te
r
v
a
l
A
r
it
h
m
e
ti
c

W
h
en
p
er
fo
rm
in
g
in
te
rv
a
l
a
ri
th
m
et
ic
o
n
a
co
m
p
u
te
r
w
e
h
av
e
to
re
p
re
se
n
t

in
te
rv
a
ls
,
a
n
d
w
e
ch
o
o
se
to
u
se


o
a
ti
n
g
p
o
in
t
n
u
m
b
er
s
fo
r
th
e
en
d
p
o
in
ts
.

L
et
F
d
en
o
te
th
e
se
t
o
f


o
a
ti
n
g
p
o
in
t
n
u
m
b
er
s
a
n
d
d
e�
n
e
th
e


o
a
ti
n
g

p
o
in
t
in
te
rv
a
l
o
p
er
a
ti
o
n
s
b
y



(A
�B
)
=

sm
a
ll
es
t
in
te
rv
a
l
w
it
h
en
d
p
o
in
ts
in
F,

w
h
ic
h
co
n
ta
in
s
A
�B
:

(2
.8
)

A
g
a
in
,
th
is
d
e�
n
it
io
n
is
n
o
t
o
p
er
a
ti
o
n
a
l.
It
d
ep
en
d
s
e.
g
.
o
n
th
e


o
a
ti
n
g

p
o
in
t
p
ro
ce
ss
o
r
w
h
et
h
er
it
is
p
o
ss
ib
le
to
�
n
d
th
e
tw
o
en
d
p
o
in
ts
,
b
u
t
th
is

p
ro
b
le
m
is
o
u
ts
id
e
th
e
sc
o
p
e
o
f
th
is
in
tr
o
d
u
ct
io
n
.

T
h
e
d
e�
n
it
io
n
(2
.8
)
en
su
re
s
th
a
t
a
ls
o


o
a
ti
n
g
p
o
in
t
in
te
rv
a
l
o
p
er
a
ti
o
n
s

a
re
in
cl
u
si
o
n
m
o
n
o
to
n
ic
.

In
th
e
fo
ll
ow
in
g
w
e
d
es
cr
ib
e
a
n
u
m
b
er
o
f
m
et
h
o
d
s
u
si
n
g
re
a
l
in
te
rv
a
ls

a
n
d
re
a
l
in
te
rv
a
l
a
ri
th
m
et
ic
.
S
u
ch
in
te
rv
a
l
co
m
p
u
ta
ti
o
n
s
a
re
d
o
n
e
w
it
h

th
e
h
el
p
o
f


o
a
ti
n
g
p
o
in
t
in
te
rv
a
l
a
ri
th
m
et
ic
.
T
h
e
re
su
lt
in
g
in
te
rv
a
ls
a
re

g
u
a
ra
n
te
ed
b
y
(2
.8
)
to
co
n
ta
in
th
e
in
te
rv
a
ls
w
e
w
o
u
ld
h
av
e
fo
u
n
d
b
y
th
e

eq
u
iv
a
le
n
t
re
a
l
o
p
er
a
ti
o
n
s.
In
th
e
fo
rm
u
la
ti
o
n
o
f
th
e
m
et
h
o
d
s
w
e
o
n
ly

n
ee
d
to
u
se
re
a
l
in
te
rv
a
ls
,
a
n
d
th
e
p
ra
ct
ic
a
l
co
m
p
u
ta
ti
o
n
le
a
d
s
to
a
w
id
er

in
te
rv
a
l.
T
h
u
s,
w
e
h
av
e
a
u
to
m
a
te
d
es
ti
m
a
ti
o
n
o
f
ro
u
n
d
in
g
er
ro
rs
,
b
u
t

{
a
s
in
d
ic
a
te
d
b
y
th
e
fo
ll
ow
in
g
ex
a
m
p
le
{
w
e
st
il
l
h
av
e
to
b
e
ca
u
ti
o
u
s

w
h
en
w
e
fo
rm
u
la
te
th
e
a
lg
o
ri
th
m
s.

E
x
a
m
p
le
2
.5
.

F
o
ll
o
w
in
g
R
is
(1
9
7
2
)
it
h
o
ld
s
th
a
t

p
3
3
2
[5
:7
4
4
;
5
:7
4
5
]
;

p
2
9
2
[5
:3
8
5
;
5
:3
8
6
]
;

a
n
d
ca
lc
u
la
ti
n
g
w
it
h
fo
u
r
si
g
n
i�
ca
n
t
d
ig
it
s
g
iv
es

p
3
3
+

p
2
9
2
[1
1
:1
2
;
1
1
:1
4
]
;

p
3
3
�

p
2
9
2
[0
:3
5
8
0
;
0
:3
6
0
0
]
:

2
.4
.
F
lo
a
ti
n
g
P
o
in
t
In
te
rv
a
l
A
ri
th
m
e
ti
c

1
0

T
h
e
�
rs
t
re
su
lt
is
q
u
it
e
g
o
o
d
,
b
u
t
th
e
o
th
er
is
te
rr
ib
le
.
It
is
th
e
w
el
l
k
n
o
w
n

n
u
m
er
ic
a
l
p
ro
b
le
m
a
b
o
u
t
ca
n
ce
ll
a
ti
o
n
in
co
n
n
ec
ti
o
n
w
it
h
su
b
tr
a
ct
io
n
,
a
n
d

a
s
u
su
a
l
th
e
cu
re
is
to
re
fo
rm
u
la
te
th
e
ca
lc
u
la
ti
o
n

p
3
3
�

p
2
9
=

4

p
3
3
+

p
2
9

2

4

[1
1
:1
2
;
1
1
:1
4
]
2
[0
:3
5
9
0
;
0
:3
5
9
8
]
;

w
h
ic
h
is
a
m
u
ch
b
et
te
r
re
su
lt
.

F
in
a
ll
y,
co
n
si
d
er
th
e
re
la
ti
o
n
b
et
w
ee
n
o
rd
in
a
ry


o
a
ti
n
g
p
o
in
t
ca
lc
u
la
ti
o
n

a
n
d


o
a
ti
n
g
p
o
in
t
in
te
rv
a
l
a
ri
th
m
et
ic
.
If
w
e
m
a
k
e
a


o
a
ti
n
g
p
o
in
t
ca
lc
u
-

la
ti
o
n
,
h
ow
d
o
es
th
e
re
su
lt
re
la
te
to
th
e
co
rr
es
p
o
n
d
in
g
ca
lc
u
la
ti
o
n
w
it
h



o
a
ti
n
g
p
o
in
t
in
te
rv
a
l
a
ri
th
m
et
ic
?
T
o
a
n
sw
er
th
a
t
q
u
es
ti
o
n
,
re
m
em
b
er

th
a
t



(a
�b
)
=

o
n
e
o
f
th
e
tw
o
n
u
m
b
er
s
in
F;

w
h
ic
h
a
re
cl
o
se
st
to
a
�b
;

(2
.9
)

u
n
le
ss
a
�b
2F
,
in
w
h
ic
h
ca
se


(a
�b
)
=

a
�b
.
C
o
m
b
in
in
g
th
is
re
su
lt

w
it
h
(2
.8
)
w
e
g
et



(a
�b
);
a
�b
2


(A
�B
)

fo
r
a
2
A
;
b
2
B
:

T
h
er
ef
o
re
,
th
e
in
te
rv
a
l
o
b
ta
in
ed
b
y


o
a
ti
n
g
p
o
in
t
in
te
rv
a
l
a
ri
th
m
e
ti
c
co
n
-

ta
in
s
bo
th
th
e
m
a
th
e
m
a
ti
ca
ll
y
tr
u
e
re
su
lt
a
n
d
th
e
re
su
lt
w
e
g
e
t
b
y
o
rd
in
a
ry



o
a
ti
n
g
p
o
in
t
ca
lc
u
la
ti
o
n
.

T
h
is
ex
p
la
in
s
th
e
re
su
lt
in
th
e
a
b
ov
e
ex
a
m
p
le
.
If
th
e


o
a
ti
n
g
p
o
in
t
ca
lc
u
-

la
ti
o
n
is
u
n
st
a
b
le
,
i.
e.
h
a
s
a
la
rg
e
ro
u
n
d
in
g
er
ro
r,
th
en
th
e


o
a
ti
n
g
p
o
in
t

in
te
rv
a
l
a
ri
th
m
et
ic
re
su
lt
s
in
w
id
e
in
te
rv
a
ls
.
T
h
e
o
p
p
o
si
te
is
u
n
fo
rt
u
-

n
a
te
ly
n
o
t
th
e
ca
se
,
a
n
d
th
is
is
p
ro
b
a
b
ly
th
e
re
a
so
n
w
h
y
so
m
e
p
eo
p
le

sa
y
th
a
t
in
te
rv
a
l
a
ri
th
m
et
ic
is
to
o
p
es
si
m
is
ti
c.



3
.

In
t
e
r
v
a
l
A
l
g
e
b
r
a

In
th
is
ch
a
p
te
r
w
e
lo
o
k
a
t
th
e
ru
le
s
th
a
t
a
re
va
li
d
fo
r
I(
R
)
w
it
h
th
e
fo
u
r

a
ss
o
ci
a
te
d
in
te
rv
a
l
o
p
er
a
ti
o
n
s.

It
is
ea
sy
to
p
ro
v
e
th
a
t
+

a
n
d
�
a
re
b
o
th
co
m
m
u
ta
ti
v
e
a
n
d
a
ss
o
c
ia
ti
v
e
,

F
o
r
A
;B
;C
2
I(
R
)
:

A
+
B

=

B
+
A
;

(A
+
B
)
+
C

=

A
+
(B
+
C
)
;

A
�B
=

B
�A
;

(A
�B
)
�C
=

A
�(
B
�C
)
:

M
o
re
ov
er
[0
;
0
]
=
0
a
n
d
[1
;
1
]
=
1
a
re
n
e
u
tr
a
l
w
it
h
re
sp
ec
t
to
a
d
d
it
io
n

a
n
d
m
u
lt
ip
li
ca
ti
o
n
,
re
sp
ec
ti
v
el
y,

A
+
0
=

0
+
A

=

A
;

A
�1
=

1
�A
=

A
:

A
n
o
n
d
eg
en
er
a
te
in
te
rv
a
l
h
a
s
n
o
in
v
e
rs
e
w
it
h
re
sp
ec
t
to

+

a
n
d

�

si
n
ce
ei
th
er
o
f
th
es
e
w
it
h
a
n
o
n
d
eg
en
er
a
te
o
p
er
a
n
d
ca
n
n
o
t
re
su
lt
in
th
e

n
eu
tr
a
l
el
em
en
t,
w
h
ic
h
is
a
si
n
g
le
to
n
.

T
h
e
d
is
tr
ib
u
ti
v
e
ru
le
is
n
o
t
va
li
d
in
g
en
er
a
l.

E
x
a
m
p
le
3
.1
.

A
s
a
co
u
n
te
r
ex
a
m
p
le
co
n
si
d
er

[1
;
2
]
�(
[1
;
2
]
�
[1
;
2
])
=

[1
;
2
]
�[
�1
;
1
]
=

[�
2
;
2
]
;

[1
;
2
]
�[
1
;
2
]
�
[1
;
2
]
�[
1
;
2
]
=

[1
;
4
]
�
[1
;
4
]
=

[�
3
;
3
]
:

In
st
ea
d
th
e
so
ca
ll
ed
su
b
-d
is
tr
ib
u
ti
v
it
y
h
o
ld
s,

A
(B
+
C
)
�
A
B
+
A
C
:

T
h
e
p
ro
o
f
o
f
th
is
is
cl
ea
r
fr
o
m
th
e
d
e�
n
it
io
n
(2
.5
).

T
h
e
la
ck
o
f
va
li
d
it
y
o
f
th
e
d
is
tr
ib
u
ti
v
e
ru
le
o
ft
en
ca
u
se
s
tr
o
u
b
le
w
h
en

fo
rm
u
la
ti
n
g
in
te
rv
a
l
ca
lc
u
la
ti
o
n
s.
It
is
so
u
n
u
su
a
l
n
o
t
b
ei
n
g
a
ll
ow
ed
to

m
u
lt
ip
ly
in
to
a
p
a
re
n
th
es
is
.

T
h
e
d
is
tr
ib
u
ti
v
e
ru
le
is
va
li
d
fo
r
sp
ec
ia
l
in
te
rv
a
ls
,
e.
g
.

t(
A
+
B
)
=

tA
+
tB

fo
r
t
2
R
:

A
v
er
y
d
et
a
il
ed
a
n
a
ly
si
s
o
f
o
th
er
sp
ec
ia
l
ca
se
s
ca
n
b
e
fo
u
n
d
in
R
is
(1
9
7
2
).

4
.

In
t
e
r
v
a
l
F
u
n
c
t
io
n
s

In
th
e
in
tr
o
d
u
ct
io
n
w
e
sa
w
th
e
u
se
o
f
in
te
rv
a
l
ca
lc
u
la
ti
o
n
to
�
n
d
u
p
p
er

a
n
d
lo
w
er
b
o
u
n
d
s
fo
r
th
e
ra
n
g
e
o
f
th
e
ex
p
o
n
en
ti
a
l
fu
n
ct
io
n
ov
er
a
g
iv
en

d
o
m
a
in
.
T
h
is
a
p
p
li
ca
ti
o
n
o
f
in
te
rv
a
ls
a
n
d
in
te
rv
a
l
o
p
er
a
ti
o
n
s
is
th
e
su
b
-

je
ct
o
f
th
is
ch
a
p
te
r
a
n
d
m
o
re
to
co
m
e.
It
is
o
f
in
te
re
st
b
y
it
se
lf
to
b
e

a
b
le
to
es
ti
m
a
te
b
o
u
n
d
s
o
f
th
e
ra
n
g
e
o
f
a
fu
n
ct
io
n
,
b
u
t
th
e
co
n
ce
p
ts
p
re
-

se
n
te
d
in
th
is
ch
a
p
te
r
w
il
l
p
ro
v
e
u
se
fu
l
la
te
r
w
h
en
w
e
fo
rm
u
la
te
m
et
h
o
d
s

fo
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ti
n
u
o
u
s
im
p
li
es
th
a
t

jf
(x
) i
�f
(y
) i
j�
K
jx
i
�y
i
j.
T
h
e
fa
ct
o
r
K

g
o
es
o
u
ts
id
e
a
ll
th
e
m
a
x
e
s
a
n
d

m
in

s
,
a
n
d
a
n
o
th
er
a
p
p
li
ca
ti
o
n
o
f
L
em
m
a
5
.1
le
a
d
s
to

d
(f
(X
) i
;
f
(Y
) i
)
�
K
d
(X
i
;Y
i
)
�
K
d
(X
;Y
)
:

T
h
is
is
tr
u
e
fo
r
a
ll
i
=
1
;:
::
;m

a
n
d
th
e
th
eo
re
m
fo
ll
ow
s.

E
x
ce
p
ti
n
g
d
iv
is
io
n
b
y
ze
ro
,
th
e
fo
u
r
a
ri
th
m
et
ic
o
p
er
a
ti
o
n
s
a
re
L
ip
sc
h
it
z

co
n
ti
n
u
o
u
s
fu
n
ct
io
n
s.
T
h
er
ef
o
re
,
th
e
co
rr
es
p
o
n
d
in
g
in
te
rv
a
l
o
p
er
a
ti
o
n
s

a
re
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s,
a
n
d
th
ro
u
g
h
th
e
sa
m
e
st
ep
s
th
a
t
w
er
e
u
se
d
to

sh
ow
th
a
t
ra
ti
o
n
a
l
in
te
rv
a
l
fu
n
ct
io
n
s
a
re
co
n
ti
n
u
o
u
s,
w
e
ca
n
sh
ow
th
a
t

th
ey
a
re
a
ls
o
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s.
A
ll
w
e
n
ee
d
is

5
.3
.
W
id
th

2
2

T
h
e
o
r
e
m

5
.3
.

If
F
a
n
d
G
a
re
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s
in
te
rv
a
l
fu
n
c-

ti
o
n
s,
th
en
th
e
co
m
p
o
si
te
fu
n
ct
io
n
F
ÆG
is
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s.

P
r
o
o
f.

d
(F
(G
(X
))
;
F
(G
(Y
))
)
�
K
1
d
(G
(X
);
G
(Y
))
�

K
1
K
2
d
(X
;Y
)
w
it
h
K
1
;K
2
>
0
,
a
n
d
th
e
th
eo
re
m
is
p
ro
v
en
.

In
co
n
cl
u
si
o
n
,
ra
ti
o
n
a
l
in
te
rv
a
l
fu
n
ct
io
n
s
a
re
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s.
In

p
a
rt
ic
u
la
r,
th
is
is
tr
u
e
fo
r
th
e
in
te
rv
a
l
ex
te
n
si
o
n
s
fr
o
m
S
ec
ti
o
n
4
.3
.

5
.3
.

W

id
th
o
f
a
n
In
te
r
v
a
l

T
h
e
�
n
a
l
b
a
si
c
m
et
ri
c
co
n
ce
p
t
to
co
n
si
d
er
is
th
e
w
id
th
o
f
a
n
in
te
rv
a
l

(v
ec
to
r)
.
T
h
is
w
a
s
d
e�
n
ed
in
C
h
a
p
te
r
2
,

w
(A
)
=

(
a
�
a

if
A
2
I(
R
)
;

m
a
x
i
fw
(A
i
)g
if
A
2
I(
R
n
)
:

F
o
r
A
�
B

th
er
e
is
th
e
fo
ll
ow
in
g
im
p
o
rt
a
n
t
re
la
ti
o
n
b
et
w
ee
n
th
e
w
id
th

a
n
d
th
e
d
is
ta
n
ce
d
e�
n
ed
in
L
em
m
a
5
.1
,

1 2
(w
(B
)
�
w
(A
))
�
d
(A
;B
)
�
w
(B
)
�
w
(A
)
:

(5
.8
)

F
u
rt
h
er
,
fo
r
A
;B
;C
;D
2
I(
R
),
a
2
R
w
e
h
av
e
th
e
fo
ll
ow
in
g
re
la
ti
o
n
s
fo
r

th
e
w
id
th
(t
h
e
n
o
rm
kA
k
is
d
e�
n
ed
in
(2
.3
))

w
(A
+
B
)
=

w
(A
)
+
w
(B
)
;

w
(A
�B
)
=

w
(A
)
+
w
(B
)
;

w
(a
A
)
=

ka
kw
(A
)
;

m
a
x
fk
B
kw
(A
);
kA
kw
(B
)g
�
w
(A
�B
)

�
kB
kw
(A
)
+
kA
kw
(B
)
;

w
(A
=
B
)
�

1 b
b

� kB
kw
(A
)
+
kA
kw
(B
)� ;

(5
.9
)

a
n
d
fo
r
th
e
d
is
ta
n
ce



2
3

5
.
M
e
t
r
ic
S
p
a
c
e
s

d
(A
+
C
;B
+
C
)
=

d
(A
;B
)
;

d
(A
+
B
;C
+
D
)
�
d
(A
;C
)
+
d
(B
;D
)
;

d
(A
�B
;C
�D
)
�
d
(A
;C
)
+
d
(B
;D
)
;

d
(A
�B
;C
�D
)
�
kA
kd
(B
;C
)
+
kC
kd
(A
;D
)
;

d
(1
=A
;1
=
B
)
�

1

kA
kk
B
k

d
(A
;B
)
:

(5
.1
0
)

W
e
o
m
it
th
e
p
ro
o
f
o
f
th
es
e
re
la
ti
o
n
s.
It
is
p
u
re
ly
te
ch
n
ic
a
l
a
n
d
ra
th
er

te
d
io
u
s.

H
av
in
g
in
tr
o
d
u
ce
d
th
e
w
id
th
w
e
ca
n
p
ro
v
e
a
n
im
p
o
rt
a
n
t
p
ro
p
er
ty
o
f
th
e

in
te
rv
a
l
h
u
ll
o
f
a
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
,

T
h
e
o
r
e
m

5
.4
.
L
et
f
b
e
th
e
in
te
rv
a
l
h
u
ll
o
f
a
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s

fu
n
ct
io
n
o
n
th
e
in
te
rv
a
l
A
.
T
h
en
,
fo
r
X
�
A
th
er
e
ex
is
ts
K
>
0
su
ch

th
a
t

w
(f
(X
))
�
K
w
(X
)
:

P
r
o
o
f.

T
h
er
e
ex
is
t
u
;v
2
X

so
th
a
t

w
(f
(X
))
=

m
a
x
i
w
(f
(X
) i
)

=

m
a
x
i
jf
(u
) i
�
f
(v
) i
j

�
K

m
a
x
i
ju
i
�
v
i
j
�
K
w
(X
)
:

A
g
a
in
w
e
ex
p
lo
it
ed
th
a
t
a
ll
el
em
en
ts
in
th
e
it
h
p
ro
je
ct
io
n
o
f
th
e
h
u
ll
a
re

m
a
p
p
in
g
s
o
f
el
em
en
ts
in
X
,
a
n
d
in
p
a
rt
ic
u
la
r
th
is
is
tr
u
e
fo
r
th
e
en
d

p
o
in
ts
o
f
f
(X
).

N
o
t
a
ll
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s
in
te
rv
a
l
fu
n
ct
io
n
s
sa
ti
sf
y
th
e
in
eq
u
a
li
ty
in

T
h
eo
re
m
5
.4
.
T
h
is
im
p
li
es
th
a
t
im
a
g
es
o
f
si
n
g
le
to
n
s
a
re
si
n
g
le
to
n
s,
a
n
d

F
(X
)
=
[�
1
;
1
]
is
a
si
m
p
le
co
u
n
te
r
ex
a
m
p
le
.

6
.

L
in
e
a
r
a
n
d
Q
u
a
d
r
a
t
ic
In
t
e
r
v
a
l

E
x
t
e
n
s
io
n
s

In
th
is
ch
a
p
te
r
w
e
lo
o
k
a
t
d
i�
er
en
t
ty
p
es
o
f
in
te
rv
a
l
ex
te
n
si
o
n
s,
a
n
d

a
ss
es
s
th
ei
r
q
u
a
li
ty
.
W
e
st
a
rt
w
it
h
a
n
ex
a
m
p
le
to
in
tr
o
d
u
ce
th
e
co
n
ce
p
ts

th
a
t
w
e
sh
a
ll
w
o
rk
w
it
h
.

E
x
a
m
p
le
6
.1
.

T
h
e
ra
ti
o
n
a
l
fu
n
ct
io
n
f
(x
)
=
x
(1
�x
)
h
a
s
a
n
in
te
rv
a
l
ex
te
n
-

si
o
n
F
(X
)
=
X
(1
�X
).
W
e
co
n
ce
n
tr
a
te
o
n
th
e
in
te
rv
a
ls

X

=

[
1 4

�
r
;
1 4

+
r
]

fo
r

0
�
r
�
1 4

;

a
n
d
fr
o
m

(5
.5
)
w
e
k
n
o
w
th
a
t
F
(X
)
!
f
(
1 4

)
=

3 1
6

fo
r
r
!
0
.
H
o
w
fa
st
is

th
e
co
n
v
er
g
en
ce
?
T
o
�
n
d
th
e
a
n
sw
er
,
w
e
m
a
k
e
th
e
fo
ll
o
w
in
g
ca
lc
u
la
ti
o
n
,

F
([
1 4

�
r
;
1 4

+
r
])
=

[
1 4

�
r
;
1 4

+
r
]
�(
1
�
[
1 4

�
r
;
1 4

+
r
])

=

[
3 1
6

+
r

2
�
r
;

3 1
6

+
r

2
�
r
]

=

3 1
6

+
r

2
+
[�
r
;
r
]

T
h
e
fu
n
ct
io
n
f
is
in
cr
ea
si
n
g
o
n
X
,
so
it
is
ea
sy
to
�
n
d
it
s
im
a
g
e,

f
(X
)
=

[f
(
1 4

�
r
)
;
f
(
1 4

+
r
)
]
=

3 1
6

�
r

2
+

1 2
[�
r
;
r
]
;

a
n
d
th
e
d
is
ta
n
ce
b
et
w
ee
n
F
(X
)
a
n
d
f
(X
)
is

d
(F
(X
);
f
(X
))
=

1 2
r
+
2
r

2

=

O
(r
)
:

W
e
sh
a
ll
se
e
th
a
t
th
is
is
g
en
er
a
ll
y
v
a
li
d
:
In
te
rv
a
l
ex
te
n
si
o
n
s
o
b
ta
in
ed
si
m
-

p
ly
b
y
re
p
la
ci
n
g
re
a
l
a
rg
u
m
en
ts
b
y
th
ei
r
in
te
rv
a
ls
h
a
v
e
\
er
ro
rs
"
th
a
t
g
o
to

ze
ro
li
n
ea
rl
y
w
it
h
th
e
w
id
th
o
f
th
e
in
te
rv
a
ls
.

B
y
m
ea
n
s
o
f
th
e
m
ea
n
v
a
lu
e
th
eo
re
m

w
e
ca
n
g
et
a
b
et
te
r
a
p
p
ro
x
im
a
ti
o
n

to
f
.
F
o
r
x
2
X

th
e
th
eo
re
m

sa
y
s
th
a
t

f
(x
)
=

f
(
1 4

)
+
(x
�
1 4

)f
0
(�
)
;

fo
r
so
m
e
�
b
et
w
ee
n
x
a
n
d
1 4

.
S
in
ce
f
0
(�
)
=
1
�
2
�
,
w
e
se
e
th
a
t

f
(x
)
2
F
M

(X
)
�
f
(
1 4

)
+
(X
�
1 4

)(
1
�
2
X
)
;

i.
e.
,
F
M

is
a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
o
n
th
e
in
te
rv
a
l
X
.
A
s
re
g
a
rd
s
th
e

d
i�
er
en
ce
b
et
w
ee
n
F
M

(X
)
a
n
d
f
(X
),
w
e
�
n
d

F
M

([
1 4

�
r
;
1 4

+
r
])
=

3 1
6

+
[�
r
;
r
]
�[

1 2

�
2
r
;

1 2

+
2
r
]

=

3 1
6

+
1 2
[
�r
;
r
]
+
2
[�
r

2
;
r

2
]
;



2
5

6
.
In
t
e
r
v
a
l
E
x
t
e
n
s
io
n
s

a
n
d
d
(F
M

(X
);
f
(X
))
=
3
r

2
,
w
h
ic
h
is
b
et
te
r
th
a
n
d
(F
(X
);
f
(X
))
fo
r
sm
a
ll

v
a
lu
es
o
f
r
.
W
e
sh
a
ll
se
e
th
a
t
in
g
en
er
a
l
F
(X
)
h
a
s
a
n
\
er
ro
r"
O
(w
(X
))
,

w
h
il
e
th
e
\
er
ro
r"
w
it
h
F
M

(X
)
is
O
(w
(X
)2
).

6
.1
.

L
in
e
a
r
In
te
r
v
a
l
E
x
te
n
si
o
n
s

If
F

is
a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
o
n
a
n
in
te
rv
a
l
A
�
I(
R
n
)
a
n
d
th
er
e

ex
is
ts
a
K
>
0
,
in
d
ep
en
d
en
t
o
f
X
,
so
th
a
t

d
(F
(X
);
f
(X
))
�
K
w
(X
)

fo
r
a
ll
X

�
A
;

(6
.1
)

th
en
w
e
sa
y
th
a
t
F

is
a
li
n
ea
r
in
te
rv
a
l
e
x
te
n
si
o
n
.
It
is
o
b
v
io
u
s
th
a
t

a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
sa
ti
s�
es
th
e
co
n
v
er
g
en
ce
cr
it
er
io
n
(5
.5
)
fo
r

w
(X
)
!
0
.

T
h
e
�
rs
t,
si
m
p
le
re
su
lt
a
b
o
u
t
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
s
is

T
h
e
o
r
e
m

6
.1
.

If
F

is
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
o
f
a
L
ip
sc
h
it
z

co
n
ti
n
u
o
u
s
fu
n
ct
io
n
f
,
th
en
th
er
e
ex
is
ts
a
co
n
st
a
n
t
K
>
0
su
ch
th
a
t

w
(F
(X
))
�
K
w
(X
)
:

P
r
o
o
f.

W
e
m
a
k
e
u
se
o
f
f
(X
)
�
F
(X
),
E
q
u
a
ti
o
n
s
(5
.8
)
a
n
d
(6
.1
),
a
n
d

T
h
eo
re
m
5
.4
,

w
(F
(X
))
�
2
d
(F
(X
);
f
(X
))
+
w
(f
(X
))

�
2
K
1
w
(X
)
+
K
2
w
(X
)
=

K
w
(X
)
:

N
ex
t,
w
e
lo
o
k
a
t
co
m
p
o
si
te
fu
n
ct
io
n
s,

T
h
e
o
r
e
m

6
.2
.
If
F
a
n
d
G
a
re
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
s
o
f
L
ip
sc
h
it
z

co
n
ti
n
u
o
u
s
m
a
p
p
in
g
s
f
:A
�
R
n
7!
R
m

a
n
d
g
:F
(A
)
�
R
m

7!
R
p
,
re
-

sp
ec
ti
v
el
y,
th
en
F
ÆG
is
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
Æg
.

P
r
o
o
f.

L
et
X
�
A
a
n
d
u
se
th
e
in
se
rt
io
n
ru
le
to
g
et

6
.1
.
L
in
ea
r
E
x
te
n
si
o
n
s

2
6

d
(G
(F
(X
))
;
f
Æg
(X
))
�

d
(G
(F
(X
))
;
g
(F
(X
))
)
+
d
(g
(F
(X
))
;
g
(f
(X
))
)

+
d
(g
(f
(X
))
;
g
(f
(x
))
)
+
d
(g
(f
(x
))
;
f
Æg
(X
))
;

w
h
er
e
x
is
a
n
a
rb
it
ra
ry
p
o
in
t
in
X
.
W
e
n
ow
es
ti
m
a
te
ea
ch
o
f
th
e
fo
u
r

te
rm
s,

d
(G
(F
(X
))
;
g
(F
(X
))
)
�
K
1
w
(F
(X
))
�
K
1
K
2
w
(X
)
:

H
er
e
w
e
u
se
d
th
a
t
G
is
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
a
n
d
th
a
t
F
sa
ti
s�
es
th
e

a
ss
u
m
p
ti
o
n
s
o
f
T
h
eo
re
m
6
.1
.
In
th
e
se
co
n
d
te
rm
w
e
u
se
th
e
L
ip
sc
h
it
z

co
n
ti
n
u
it
y
o
f
g
a
n
d
th
e
li
n
ea
ri
ty
o
f
F
,

d
(g
(F
(X
))
;
g
(f
(X
))
)
�
K
3
d
(F
(X
);
f
(X
))
�
K
3
K
4
w
(X
)
:

In
th
e
th
ir
d
te
rm
w
e
m
a
k
e
u
se
o
f
g
(f
(x
))
2
g
(f
(x
))
,
w
(g
(f
(x
))
)
=
0
,
th
e

re
la
ti
o
n
(5
.8
)
b
et
w
ee
n
w
a
n
d
d
,
a
n
d
T
h
eo
re
m
5
.4
,

d
(g
(f
(X
))
;
g
(f
(x
))
)
�
w
(g
(f
(X
))
)

�
K
5
w
(f
(X
))
�
K
5
K
6
w
(X
)
:

F
in
a
ll
y,
f
Æg
is
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s
a
n
d
w
e
a
p
p
ly
th
e
sa
m
e
te
ch
n
iq
u
e
to

th
e
la
st
te
rm
,

d
(g
(f
(x
))
;
f
Æg
(X
))
�
w
(f
Æg
(X
))
�
K
7
w
(X
)
:

C
o
m
b
in
in
g
th
es
e
es
ti
m
a
te
s
w
e
se
e
th
a
t
F
ÆG
sa
ti
s�
es
(6
.1
),
a
n
d
th
e
p
ro
o
f

is
�
n
is
h
ed
.

C
o
n
st
a
n
ts
in
th
e
fo
rm
o
f
si
n
g
le
to
n
s
a
n
d
th
e
fo
u
r
in
te
rv
a
l
o
p
er
a
ti
o
n
s
a
re

li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
s.
In
b
o
th
ca
se
s
th
is
is
b
ec
a
u
se
w
e
w
o
rk
w
it
h

in
te
rv
a
l
h
u
ll
s.
A
ls
o
m
a
p
p
in
g
s
th
a
t
d
u
p
li
ca
te
va
ri
a
b
le
s
o
r
el
im
in
a
te
th
em

a
re
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
s.
T
h
is
im
p
li
es
th
a
t
th
e
ra
ti
o
n
a
l
in
te
rv
a
l

fu
n
ct
io
n
s
tr
ea
te
d
in
S
ec
ti
o
n
4
.3
a
re
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
s
o
f
ex
te
n
d
ed

ra
ti
o
n
a
l
fu
n
ct
io
n
s.

In
so
m
e
ca
se
s
th
e
d
e�
n
it
io
n
(6
.1
)
o
f
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
m
ay
b
e

re
fo
rm
u
la
te
d
to
:



2
7

6
.
In
t
e
r
v
a
l
E
x
t
e
n
s
io
n
s

T
h
er
e
ex
is
ts
E
2
I(
R
n
)
w
it
h
0
2
E
a
n
d
w
(E
)
�
K
w
(X
)
su
ch
th
a
t

F
(X
)
=

f
(X
)
+
E
:

(6
.2
)

In
w
o
rd
s,
ev
er
y
p
o
in
t
in
F
(X
)
is
th
e
su
m
o
f
tw
o
v
ec
to
rs
,
o
n
e
o
f
w
h
ic
h
is

in
th
e
in
te
rv
a
l
h
u
ll
a
n
d
th
e
o
th
er
h
a
s
li
m
it
ed
le
n
g
th
.

6
.2
.

M
e
a
n
V
a
lu
e
F
o
r
m
s

U
n
ti
l
n
ow
w
e
h
av
e
se
en
o
n
e
g
en
er
a
l
m
et
h
o
d
fo
r
co
n
st
ru
ct
in
g
in
te
rv
a
l
ex
-

te
n
si
o
n
s,
v
iz
.
in
te
rv
a
l
ex
te
n
si
o
n
s
fo
r
ra
ti
o
n
a
l
fu
n
ct
io
n
s.
N
ow
,
w
e
sh
a
ll
se
e

h
ow
th
e
m
ea
n
va
lu
e
th
eo
re
m
ca
n
b
e
u
se
d
to
co
n
st
ru
ct
in
te
rv
a
l
ex
te
n
si
o
n
s

fo
r
a
m
u
ch
w
id
er
cl
a
ss
o
f
fu
n
ct
io
n
s,
th
e
d
i�
er
en
ti
a
b
le
fu
n
ct
io
n
s.

C
o
n
si
d
er
f
:
R
n

7!
R
,
w
h
ic
h
is
d
i�
er
en
ti
a
b
le
in
A
�
R
n
.
F
o
r
su
ch
a

fu
n
ct
io
n
th
e
m
ea
n
va
lu
e
th
eo
re
m
sa
y
s

f
(x
)
=

f
(^x
)
+

n X i=
1

@
f

@
x
i

(�
)
(x
i
�
^x
i
)
;

w
it
h
^x
;x
2
A
a
n
d
�
is
a
p
o
in
t
o
n
th
e
li
n
e
se
g
m
en
t
b
et
w
ee
n
^x
a
n
d
x
.
L
et

F
0

b
e
a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
th
e
g
ra
d
ie
n
t

f
0

=

� @
f

@
x
1

;:
::
;

@
f

@
x
n

� ;

a
n
d
le
t
X
�
A
b
e
a
n
in
te
rv
a
l
th
a
t
co
n
ta
in
s
b
o
th
^x
a
n
d
x
.
T
h
en

f
(x
)
2
f
(^x
)
+
F
0
(^x
)
�(
X
�
^x
)
;

w
h
er
e
th
e
m
u
lt
ip
li
ca
ti
o
n
in
th
e
la
st
te
rm

is
th
e
in
n
er
p
ro
d
u
ct
o
f
tw
o

in
te
rv
a
l
v
ec
to
rs
.
In
th
is
re
fo
rm
u
la
ti
o
n
w
e
g
o
t
ri
d
o
f
�
,
a
n
d
th
e
ex
p
re
ss
io
n

o
n
ly
in
v
o
lv
es
in
te
rv
a
ls
a
n
d
in
te
rv
a
l
o
p
er
a
ti
o
n
s.
In
o
rd
er
fo
r
th
is
to
b
e

a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
w
e
m
u
st
a
cc
o
m
p
a
n
y
th
e
in
te
rv
a
l
X

w
it
h
a

sp
ec
i�
ca
ti
o
n
o
f
th
e
ch
o
ic
e
o
f
^x
.

If
w
e
ch
o
o
se
^x
=
m
(X
),
th
e
m
id
p
o
in
t
o
f
X
,
w
e
sa
y
th
a
t
th
e
re
su
lt
in
g

in
te
rv
a
l
fu
n
ct
io
n

F
M

(X
)
=

f
(m
(X
))
+
F
0
(X
)
�(
X
�
m
(X
))

(6
.3
)

is
a
m
ea
n
v
a
lu
e
fo
rm
.

6
.2
.
M
ea
n
V
a
lu
e
F
o
rm
s

2
8

E
x
a
m
p
le
6
.2
.

F
o
r
X

=
[�
r
;
r
]
w
it
h
r
>
0
a
m
ea
n
v
a
lu
e
fo
rm
o
f
th
e
fu
n
ct
io
n

co
s
is F

M

(X
)
=

co
s(
0
)
+
[�
1
;
1
]
�(
X
�
0
)
=

1
+
[�
1
;
1
]
�X
;

si
n
ce
co
s0
(�
)
2
[�
1
;
1
],
a
n
d
th
is
in
te
rv
a
l
co
n
st
a
n
t
is
th
er
ef
o
re
a
n
in
te
rv
a
l

ex
te
n
si
o
n
o
f
co
s0
.
F
M

is
cl
ea
rl
y
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
.

T
h
e
m
ea
n
va
lu
e
fo
rm
is
n
o
t
co
n
st
ru
ct
ed
so
le
ly
b
y
th
e
fo
u
r
in
te
rv
a
l
o
p
er
a
-

ti
o
n
s,
b
u
t
in
v
o
lv
es
g
et
ti
n
g
th
e
m
id
p
o
in
t
et
c.
T
h
er
ef
o
re
,
it
is
n
o
t
o
b
v
io
u
s

th
a
t
F
M

is
in
cl
u
si
o
n
m
o
n
o
to
n
ic
,
b
u
t
th
e
n
ex
t
th
eo
re
m
g
u
a
ra
n
te
es
th
a
t

F
M

h
a
s
th
is
p
ro
p
er
ty
p
ro
v
id
ed
th
a
t
F
0

d
o
es
.

T
h
e
o
r
e
m

6
.3
.
If
F
0

is
a
n
in
cl
u
si
o
n
m
o
n
o
to
n
ic
in
te
rv
a
l
ex
te
n
si
o
n
o
f

f
0

th
en
F
M

is
a
n
in
cl
u
si
o
n
m
o
n
o
to
n
ic
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
.

P
r
o
o
f.

L
et
X
;Y
�
I(
R
n
)
w
it
h
X
�
Y
.
W
e
h
av
e
to
sh
ow
th
a
t
F
M

(X
)
�

F
M

(Y
).
T
o
ea
se
th
e
n
o
ta
ti
o
n
w
e
in
tr
o
d
u
ce
x
=
m
(X
)
a
n
d
y
=
m
(Y
),
a
n
d

st
a
rt
b
y
u
si
n
g
th
e
m
ea
n
va
lu
e
th
eo
re
m
o
n
f
a
n
d
th
e
in
cl
u
si
o
n
m
o
n
o
to
n
ic
-

it
y
o
f
F
0
, F

M

(X
)
=

f
(x
)
+
F
0
(X
)(
X
�
x
)

=

f
(y
)
+
f
0
(�
)(
x
�
y
)
+
F
0
(X
)(
X
�
x
)

�
f
(y
)
+
f
0
(�
)(
x
�
y
)
+
F
0
(Y
)(
X
�
x
)

w
it
h
�
2
Y
.
W
e
re
w
ri
te
th
e
cu
rr
en
t
re
su
lt
to

F
M

(X
)
�
f
(y
)
+

n X i=
1

� f0 i(
�
)(
x
i
�
y
i
)
+
F
0 i
(Y
)(
X
i
�
x
i
)� ;

a
n
d
lo
o
k
a
t
th
e
it
h
co
n
tr
ib
u
ti
o
n
to
th
e
su
m
,
u
si
n
g
th
a
t
f
0 i
(�
)
2
F
0 i
(Y
),

x
i
=
m
(X
i
),
a
n
d
y
i
=
m
(Y
i
)
:

f
0 i
(�
)(
x
i
�
y
i
)
+
F
0 i
(Y
)(
X
i
�
x
i
)

=

f
0 i
(�
)(
x
i
�
y
i
)
+
jF
0 i
(Y
)j
w
(X
i
)
[�
1 2
;
1 2
]
:

It
is
ea
si
ly
se
en
th
a
t

jf
0 i
(�
)(
x
i
�
y
i
)j
�
jF
0 i
(Y
)j(
w
(Y
i
)
�
w
(X
i
))
=
2
;



2
9

6
.
In
t
e
r
v
a
l
E
x
t
e
n
s
io
n
s

a
n
d
th
er
ef
o
re

f
0 i
(�
)(
x
i
�
y
i
)
+
jF
0 i
(Y
)j
w
(X
i
)
[�
1 2
;
1 2
]

�
jF
0 i
(Y
)j(
w
(Y
i
)
�
w
(X
i
)
+
w
(X
i
))
[�
1 2
;
1 2
]

=

jF
0 i
(Y
)j
w
(Y
i
)
[�
1 2
;
1 2
]
=

F
0 i
(Y
)(
Y
i
�
y
i
)
:

N
ow
th
e
th
eo
re
m
fo
ll
ow
s
im
m
ed
ia
te
ly
.

If
w
e
u
se
a
g
o
o
d
in
te
rv
a
l
ex
te
n
si
o
n
fo
r
f
0

w
e
ca
n
g
et
b
et
te
r
re
su
lt
s
th
a
n

il
lu
st
ra
te
d
in
E
x
a
m
p
le
6
.2
.
T
h
is
is
th
e
su
b
je
ct
o
f
th
e
n
ex
t
se
ct
io
n
,
b
u
t

b
ef
o
re
th
a
t
w
e
g
iv
e
tw
o
ex
a
m
p
le
s.

E
x
a
m
p
le
6
.3
.

A
s
in
th
e
p
re
v
io
u
s
ex
a
m
p
le
w
e
co
n
si
d
er
f
(x
)
=

co
s(
x
)
o
n

X

=

[�
r
;
r
];
r
>
0
.
T
h
e
d
er
iv
a
ti
v
e
is
co
s0
=

�
si
n
,
a
n
d
w
e
ca
n
g
et
a
n

in
te
rv
a
l
ex
te
n
si
o
n
fo
r
co
s0
b
y
u
si
n
g
a
m
ea
n
v
a
lu
e
fo
rm

fo
r
�
si
n
,
i.
e.

�
si
n
(x
)
=

�
si
n
(0
)
�
(x
�
0
)
si
n
0
(�
)

=

�x
co
s(
x
)
2
X
�[
�1
;
1
]
:

T
h
er
ef
o
re
,
co
s(
x
)
2
1
+
X
�X
�[
�1
;
1
]
:

C
o
m
p
a
ri
n
g
th
is
w
it
h
th
e
T
a
y
lo
r
ex
p
a
n
si
o
n
o
f
co
s(
x
)
a
ro
u
n
d
^x
=
0
,
co
s(
x
)
=

1
�

1 2
x

2
+
O
(x

4
)
;
w
e
se
e
th
a
t
w
e
h
a
v
e
o
b
ta
in
ed
a
q
u
a
d
ra
ti
c
a
p
p
ro
x
im
a
ti
o
n

to
th
e
in
te
rv
a
l
h
u
ll
o
f
co
s
o
n
th
e
in
te
rv
a
l
X
.

E
x
a
m
p
le
6
.4
.

A
s
in
E
x
a
m
p
le
4
.2
w
e
co
n
si
d
er
f
(x
)
=
x
(1
�x
)
o
n
th
e
in
te
rv
a
l

X

=
[0
;

1 2
].
S
in
ce
f
0
(x
)
=
1
�
2
x
,
w
e
ca
n
u
se
F
0
(X
)
=
1
�
2
X

=
[0
;
1
],

a
n
d
w
it
h
m
(X
)
=

1 4

,
f
(
1 4

)
=

3 1
6

w
e
g
et

F
M

(X
)
=

3 1
6

+
[0
;
1
][
0
;

1 2
]
=

[
�

1
1
6

;
7 1
6
]
:

A
ct
u
a
ll
y,
F
0
(X
)
=
f
0
(X
),
a
n
d
th
e
id
ea
fr
o
m

th
e
p
re
v
io
u
s
ex
a
m
p
le
w
o
u
ld

g
iv
e
u
s
th
e
sa
m
e
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
0
.
In
E
x
a
m
p
le
4
.2
w
e
fo
u
n
d
F
(X
)
=

[0
;

1 2
],
a
n
d
F
M

(X
)
is
se
en
to
b
e
a
b
et
te
r
a
p
p
ro
x
im
a
ti
o
n
to
th
e
in
te
rv
a
l

h
u
ll
f
(X
)
=
[0
;
1 4

].

O
b
v
io
u
sl
y,
w
e
ca
n
ex
te
n
d
th
e
re
su
lt
s
to
fu
n
ct
io
n
s
f
:R
n
7!
R
m

b
y
u
si
n
g

th
e
m
ea
n
va
lu
e
th
eo
re
m
se
p
a
ra
te
ly
o
n
ea
ch
co
o
rd
in
a
te
fu
n
ct
io
n
.

6
.3
.
Q
u
a
d
ra
ti
c
E
x
te
n
si
o
n
s

3
0

F
in
a
ll
y,
it
sh
o
u
ld
b
e
m
en
ti
o
n
ed
th
a
t
w
h
en
w
e
u
se
th
e
m
ea
n
va
lu
e
fo
rm

in
p
ra
ct
ic
e
o
n
a
co
m
p
u
te
r,
th
en
th
e
re
a
l
v
ec
to
r
f
(m
(X
))
sh
o
u
ld
b
e
re
p
-

re
se
n
te
d
b
y
a
n
in
te
rv
a
l
v
ec
to
r
w
it
h
b
o
u
n
d
s
o
n
th
e
ro
u
n
d
in
g
er
ro
rs
co
n
-

n
ec
te
d
w
it
h
th
e
ev
a
lu
a
ti
o
n
o
f
f
a
t
th
e
p
o
in
t
m
(X
),
i.
e.
f
(m
(X
))
sh
o
u
ld

b
e
re
p
re
se
n
te
d
b
y
F
([
m
(X
)
;
m
(X
)
])
.

6
.3
.

Q
u
a
d
r
a
ti
c
In
te
r
v
a
l
E
x
te
n
si
o
n
s

If
F

is
a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
o
n
a
n
in
te
rv
a
l
A
�
I(
R
n
)
a
n
d
th
er
e

ex
is
ts
a
K
>
0
,
in
d
ep
en
d
en
t
o
f
X
,
so
th
a
t

d
(F
(X
);
f
(X
))
�
K
w
(X
)2

fo
r
a
ll
X

�
A
;

(6
.4
)

th
en
w
e
sa
y
th
a
t
F

is
a
q
u
a
d
ra
ti
c
in
te
rv
a
l
e
x
te
n
si
o
n
.
T
h
is
is
si
m
il
a
r

to
th
e
d
e�
n
it
io
n
in
S
ec
ti
o
n
6
.1
.
T
h
e
a
d
va
n
ta
g
e
o
f
a
q
u
a
d
ra
ti
c
in
te
rv
a
l

ex
te
n
si
o
n
is
w
h
en
w
(X
)
�
1
,
in
w
h
ic
h
ca
se
F
is
a
lm
o
st
in
d
is
ti
n
g
u
is
h
a
b
le

fr
o
m
th
e
in
te
rv
a
l
h
u
ll
.

F
o
r
q
u
a
d
ra
ti
c
in
te
rv
a
l
ex
te
n
si
o
n
s
o
f
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
s
w
e

h
av
e
a
th
eo
re
m
si
m
il
a
r
to
T
h
eo
re
m
6
.1
,

T
h
e
o
r
e
m

6
.4
.
If
F
is
a
q
u
a
d
ra
ti
c
in
te
rv
a
l
ex
te
n
si
o
n
o
f
a
L
ip
sc
h
it
z

co
n
ti
n
u
o
u
s
fu
n
ct
io
n
f
,
th
en
th
er
e
ex
is
ts
a
co
n
st
a
n
t
K
>
0
su
ch
th
a
t

w
(F
(X
))
�
K
w
(X
)
:

P
r
o
o
f.

S
im
il
a
r
to
th
e
p
ro
o
f
o
f
T
h
eo
re
m
6
.1
.

T
h
e
m
o
st
im
p
o
rt
a
n
t
ex
a
m
p
le
o
f
a
q
u
a
d
ra
ti
c
in
te
rv
a
l
ex
te
n
si
o
n
is
v
ia
th
e

m
ea
n
va
lu
e
fo
rm
w
it
h
F
0

ch
o
se
n
a
s
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
.

T
h
e
o
r
e
m

6
.5
.
L
et
f
:
A
2
I(
R
n
)
7!
R
b
e
d
i�
er
en
ti
a
b
le
a
n
d
a
ss
u
m
e

th
a
t
th
e
d
er
iv
a
ti
v
es
a
re
L
ip
sc
h
it
z
co
n
ti
n
u
o
u
s.
F
u
rt
h
er
,
le
t
F
0

b
e
a

li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
0
.
T
h
en

F
M

(X
)
=

f
(m
(X
))
+
F
0
(X
)(
X
�
m
(X
))

is
a
q
u
a
d
ra
ti
c
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
.



3
1

6
.
In
t
e
r
v
a
l
E
x
t
e
n
s
io
n
s

P
r
o
o
f.

W
e
a
p
p
ly
(6
.2
)
to
th
e
in
te
rv
a
l
ex
te
n
si
o
n
F
0
,

F
0
(X
)
=

f
0
(X
)
+
E
;

w
h
er
e
E
�
I(
R
n
)
w
it
h
w
(E
)
�
K
1
w
(X
)
a
n
d
0
2
E
,
im
p
ly
in
g
th
a
t
jE
j�

w
(E
)
�
K
1
w
(X
).
N
ow
w
e
ca
n
w
ri
te

F
M

(X
)
=

f
(m
(X
))
+
( f

0
(X
)
+
E
)(
X
�
m
(X
))
;

sh
ow
in
g
th
a
t
ev
er
y
el
em
en
t
y
2
F
M

(X
)
h
a
s
th
e
fo
rm

y
=

f
(m
(X
))
+
(f
0
(u
)
+
e)
(v
�
m
(X
))

w
it
h
u
;v
2
X

a
n
d
e
2
E
.
A
co
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9
7
5
)
a
n
d
S
k
el
b
o
e
(1
9
7
7
)
re
p
o
rt
co
n
si
d
er
a
b
le
g
a
in
fr
o
m

u
si
n
g
su
ch
in
fo
rm
a
ti
o
n
a
b
o
u
t
th
e
g
ra
d
ie
n
t.

W
e
g
iv
e
m
o
re
d
et
a
il
s
in
C
h
a
p
te
r
1
1
,
w
h
er
e
w
e
fo
cu
s
o
n
�
n
d
in
g
th
e
lo
w
er

b
o
u
n
d
o
f
f
(X
).



8
.

In
t
e
r
v
a
l
In
t
e
g
r
a
t
io
n

G
iv
en
a
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
f
:
R
7!
R
o
n
th
e
in
te
rv
a
l
A
=
[a
;
b
].
W
e

w
a
n
t
to
co
m
p
u
te
th
e
in
te
g
ra
l

T

=

Z b a

f
(x
)
d
x
:

T
h
is
p
ro
b
le
m
a
ri
se
s
in
m
a
n
y
co
n
n
ec
ti
o
n
s,
a
n
d
in
so
m
e
ca
se
s
it
is
ea
sy
:

If
w
e
ca
n
�
n
d
a
fu
n
ct
io
n
'
su
ch
th
a
t
'
0
(x
)
=
f
(x
),
th
en
T
is
si
m
p
ly

ev
a
lu
a
te
d
a
s
T
=
'
(b
)
�
'
(a
).
If
w
e
ca
n
n
o
t
�
n
d
su
ch
a
fu
n
ct
io
n
{
o
r

if
a
n
im
p
le
m
en
ta
ti
o
n
o
f
it
is
n
o
t
av
a
il
a
b
le
a
n
d
it
is
v
er
y
co
m
p
li
ca
te
d

to
d
ev
el
o
p
,
th
en
w
e
ca
n
re
so
rt
to
n
u
m
er
ic
a
l
q
u
a
d
ra
tu
re
,
a
n
d
g
et
a
n

a
p
p
ro
x
im
a
ti
o
n
e Tt
o
th
e
in
te
g
ra
l.
T
h
e
a
p
p
ro
x
im
a
ti
o
n
w
il
l
b
e
a
�
ec
te
d

b
y
b
o
th
ro
u
n
d
in
g
er
ro
rs
a
n
d
tr
u
n
ca
ti
o
n
er
ro
rs
,
se
e
C
h
a
p
te
r
1
.
It
m
ay

a
ls
o
h
a
p
p
en
th
a
t
th
e
g
iv
en
f
h
a
s
in
p
u
t
er
ro
r,
i.
e.
it
re
p
re
se
n
ts
so
m
e

th
eo
re
ti
ca
l
fu
n
ct
io
n
b fin
th
e
se
n
se
th
a
t
f
(x
)
=

b f(x
)
+
e(
x
),
a
n
d
w
e
a
re

g
iv
en
b
o
u
n
d
s
o
n
e.
W
h
a
t
is
th
e
e�
ec
t
o
f
a
ll
th
es
e
er
ro
rs
,
i.
e.
w
h
a
t
ca
n

w
e
sa
y
a
b
o
u
t
jT
�
e Tj?

8
.1
.

B
a
si
c
M
e
th
o
d

It
ca
n
co
m
e
a
s
n
o
su
rp
ri
se
th
a
t
w
e
o
�
er
in
te
rv
a
l
a
n
a
ly
si
s
a
s
a
m
ea
n
s
o
f

a
n
sw
er
in
g
a
ll
th
es
e
q
u
es
ti
o
n
s.
T
h
e
m
a
th
em
a
ti
ca
l
b
a
ck
g
ro
u
n
d
is
th
e
a
d
-

d
it
iv
e
p
ro
p
er
ty
o
f
in
te
g
ra
ti
o
n
a
n
d
th
e
m
ea
n
va
lu
e
th
eo
re
m
fo
r
in
te
g
ra
ls
.

If
a
�
c
�
b,
th
en

Z b a

f
(x
)
d
x

=

Z c a

f
(x
)
d
x
+

Z b c

f
(x
)
d
x
;

a
n
d
th
er
e
ex
is
ts
a
�
2
X

=
[x
;
x
]
su
ch
th
a
t

Z x x

f
(x
)
d
x

=

w
(X
)
f
(�
)
:

T
h
er
ef
o
re
,
if
w
e
sp
li
t
th
e
in
te
rv
a
l
A
in
to
p
su
b
in
te
rv
a
ls
w
it
h
b
re
a
k
p
o
in
ts

fa
j
g,

a
=
a
0
<
a
1
<
::
:
<
a
p
�

1
<
a
p
=
b
;

(8
.1
)

8
.1
.
B
a
si
c
M
e
th
o
d

3
8

th
en

T

=

p X i=
1

Z a i a
i
�

1

f
(x
)
d
x

=

p X i=
1

w
(A
i
)
f
(�
i
)
;

w
h
er
e
A
i
=
[a
i�
1
;
a
i
]
a
n
d
� i
2
A
i
.

N
ow
,
le
t
F
b
e
a
n
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
o
n
A
.
T
h
en

T
i

�
w
(A
i
)f
(�
i
)
�
R
i

�
w
(A
i
)F
(A
i
)
;

a
n
d
w
e
h
av
e
d
er
iv
ed
a
n
in
te
rv
a
l
in
cl
u
si
o
n
o
f
T
,

T

�
R

�
p X i=

1
R
i
:

(8
.2
)

T
h
e
w
id
th
o
f
th
e
in
te
rv
a
l
R

m
ea
su
re
s
h
ow
w
el
l
w
e
h
av
e
d
et
er
m
in
ed

th
e
in
te
g
ra
l.
If
w
e
ta
k
e
th
e
m
id
p
o
in
t
to
re
p
re
se
n
t
T
,
th
en
w
e
h
av
e
th
e

fo
ll
ow
in
g
b
o
u
n
d
o
n
th
e
tr
u
n
ca
ti
o
n
e
rr
o
r

jT
�
m
(R
)j
�
1 2
w
(R
)
:

(8
.3
)

E
x
a
m
p
le
8
.1
.

C
o
n
si
d
er

T

=

Z 1 0

1
1
+
x

d
x
w
it
h
th
e
so
lu
ti
o
n
T

=

ln
2
'

0
:6
9
3
1
4
7
1
8
.
T
h
e
in
te
g
ra
n
d
is
m
o
n
o
to
n
ic
d
ec
re
a
si
n
g
in
th
e
in
te
g
ra
ti
o
n

d
o
m
a
in
A
=
[0
;
1
],
so
w
e
ca
n
u
se
F
(X
)
=
[

1
1
+
x

;

1
1
+
x

]
.
If
w
e
d
iv
id
e

A
in
to
p
su
b
in
te
rv
a
ls
o
f
eq
u
a
l
w
id
th
,
th
en
th
e
b
re
a
k
p
o
in
ts
a
re
a
j
=
j
=
p
,

j
=
0
;1
;:
::
;p
,
w
(A
i
)
=
1
=
p
,
a
n
d
w
e
�
n
d

R
i

=

1 p
[

p
p
+
i

;

p

p
+
i
�
1

]
;

R

=

[
1 p
+

1
p
+
1

+
��
�+

1 2
p

;

1
p
�1

+
1 p
+
��
�+

1
2
p
�1

]
:

T
h
u
s,
jT
�
m
(R
)j
�

1 2
w
(R
)
=

1 2
� 1 p

�1
�

1 2
p

� =
1 4

p
;
sh
o
w
in
g
th
a
t

jT
�
m
(R
)j
�
0
:0
0
5
if
p
�
5
0
.



3
9

8
.
In
t
e
r
v
a
l
In
t
e
g
r
a
t
io
n

In
th
is
si
m
p
le
ex
a
m
p
le
w
e
u
se
d
th
e
in
te
rv
a
l
h
u
ll
to
re
p
re
se
n
t
th
e
va
ri
a
ti
o
n

o
f
f
o
n
ea
ch
su
b
in
te
rv
a
l.
In
g
en
er
a
l,
a
ss
u
m
e
th
a
t
F
is
a
li
n
ea
r
in
te
rv
a
l

ex
te
n
si
o
n
o
f
f
.
T
h
en
T
h
eo
re
m
6
.1
te
ll
s
u
s
th
a
t

w
(F
(A
i
))
�
K
w
(A
i
)

fo
r
so
m
e
co
n
st
a
n
t
K
>
0
,
a
n
d
b
y
m
ea
n
s
o
f
(5
.9
)
a
n
d
(8
.2
)
w
e
�
n
d

w
(R
)
=

P i
w
(R
i
)
=

P i
w
(A
i
)
�w
(F
(A
i
))

�
P i
w
(A
i
)
�K
w
(A
i
)
=

K
�P
i
w
(A
i
)2
:

(8
.4
)

W
it
h
eq
u
id
is
ta
n
t
b
re
a
k
p
o
in
ts
ea
ch
w
(A
i
)
=
(b
�a
)=
p
,
a
n
d
(8
.4
)
le
a
d
s
to

w
(R
)
�
K
�p
�� b�

a
p

� 2
=

K
1 p

:

(8
.5
)

T
h
u
s,
w
it
h
a
g
o
o
d
in
te
rv
a
l
ex
te
n
si
o
n
o
f
f
w
e
ca
n
ex
p
ec
t
th
a
t
a
d
o
u
b
li
n
g

o
f
p
re
d
u
ce
s
th
e
tr
u
n
ca
ti
o
n
er
ro
r
b
y
a
fa
ct
o
r
2
.

S
u
p
p
o
se
th
a
t
w
e
ca
n
ig
n
o
re
in
p
u
t
a
n
d
ro
u
n
d
in
g
er
ro
rs
,
th
en
w
e
co
u
ld

si
m
p
ly
in
cr
ea
se
p
(e
.g
.
su
cc
es
si
v
el
y
d
o
u
b
le
it
)
u
n
ti
l
w
(R
)
is
su
Æ
ci
en
tl
y

sm
a
ll
.
O
ft
en
,
h
ow
ev
er
,
a
co
n
si
d
er
a
b
le
a
m
o
u
n
t
o
f
co
m
p
u
ta
ti
o
n
ca
n
b
e

sa
v
ed
b
y
fo
cu
si
n
g
o
n
th
o
se
p
a
rt
s
o
f
th
e
ra
n
g
e,
w
h
er
e
F
(X
)
h
a
s
th
e

g
re
a
te
st
w
id
th
.
T
h
e
fr
a
m
ew
o
rk
o
f
su
ch
a
n
a
d
a
p
ti
v
e
a
lg
o
ri
th
m

co
u
ld
b
e

th
e
fo
ll
ow
in
g
\
d
iv
id
e
-a
n
d
-c
o
n
q
u
e
r"
a
lg
o
ri
th
m
,
w
h
ic
h
st
o
p
s
w
h
en
w
e
ca
n

g
u
a
ra
n
te
e
th
a
t
jT
�
m
(R
)j
�
Æ
w
it
h
th
e
va
lu
e
o
f
Æ
ch
o
se
n
b
y
th
e
u
se
r,

o
k
:=
fa
ls
e

w
h
il
e

n
o
t
o
k

R
:=

P i
R
i

if
w
(R
)
�
2
Æ
th
e
n

o
k
:=
tr
u
e

e
ls
e j

:=
a
rg
m
a
x
fw
(R
i
)
g

S
p
li
t
A
j
in
to
tw
o
su
b
in
te
rv
a
ls
o
f
eq
u
a
l
w
id
th

e
n
d

e
n
d

(8
.6
)

8
.2
.
In
te
rv
a
l
S
im
p
so
n

4
0

8
.2
.

In
te
r
v
a
l
S
im
p
so
n

T
h
e
m
et
h
o
d
d
es
cr
ib
ed
a
b
ov
e
b
eh
av
es
si
m
il
a
r
to
th
e
si
m
p
le
m
et
h
o
d
s
fo
r

\
o
rd
in
a
ry
"
n
u
m
er
ic
a
l
in
te
g
ra
ti
o
n
k
n
ow
n
a
s
th
e
le
ft
a
n
d
ri
g
h
t
R
ie
m
a
n
n

fo
rm
u
la
s,

e T (L)
=

b�
a

p

� f(a
0
)
+
f
(a
1
)
+
��
�+
f
(a
p
�

1
)� ;

e T (R
)

=

b�
a

p

� f(a
1
)
+
��
�+
f
(a
p
�

1
)
+
f
(a
p
)� :

If
th
e
in
te
g
ra
n
d
is
d
i�
er
en
ti
a
b
le
,
w
e
ca
n
g
et
a
cc
u
ra
te
a
p
p
ro
x
im
a
ti
o
n
s

w
it
h
fe
w
er
fu
n
ct
io
n
ev
a
lu
a
ti
o
n
s.
A
s
a
n
ex
a
m
p
le
co
n
si
d
er
S
im
p
so
n
's
fo
r-

m
u
la
.
If
f
is
fo
u
r
ti
m
es
co
n
ti
n
u
o
u
sl
y
d
i�
er
en
ti
a
b
le
,
th
en

T
i

=

w
(A
i
)

6

� f(a
i
)
+
4
f
(m
(A
i
))
+
f
(a
i
)� �

w
(A
i
)5

2
8
8
0

f
(4
)
(�
i
)
;

w
h
er
e
� i
2
A
i
.
If
w
e
h
av
e
in
te
rv
a
l
ex
te
n
si
o
n
s
F
a
n
d
G
o
f
f
a
n
d
f
(4
)
,
th
en

w
e
ca
n
u
se
th
es
e
to
g
et

T

�
S

�
p X i=

1
S
i
;

(8
.7
)

w
it
h

S
i

=

w
(A
i
)

6

� F(
a
i
)
+
4
F
(m
(A
i
))
+
F
(a
i
)� �

w
(A
i
)5

2
8
8
0

G
(A
i
)
:

N
o
te
th
a
t
th
e
ca
ll
s
o
f
F
w
it
h
si
n
g
le
to
n
a
rg
u
m
en
ts
re
tu
rn
in
te
rv
a
ls
th
a
t

ca
te
r
fo
r
e�
ec
ts
o
f
ro
u
n
d
in
g
er
ro
rs
a
n
d
u
n
ce
rt
a
in
ty
o
f
th
e
in
te
g
ra
n
d
.

Ig
n
o
ri
n
g
th
es
e,
a
n
d
a
ss
u
m
in
g
th
a
t
G

is
a
li
n
ea
r
in
te
rv
a
l
ex
te
n
si
o
n
o
f

f
(4
)
,
w
e
g
et w

(S
i
)
=

1
2
8
8
0

w
(A
i
)5
w
(G
(A
i
))

�

1
2
8
8
0

w
(A
i
)5
K
G

w
(A
i
)
=

K
2
w
(A
i
)6
;

a
n
d
si
m
il
a
r
to
th
e
d
er
iv
a
ti
o
n
o
f
(8
.5
)
w
e
se
e
th
a
t
in
th
e
ca
se
o
f
eq
u
id
is
ta
n
t

b
re
a
k
p
o
in
ts
w
e
g
et
w
(S
)
�
K
3
=
p
5
,
sh
ow
in
g
th
a
t
w
e
ca
n
ex
p
ec
t
th
a
t
a

d
o
u
b
li
n
g
o
f
p
re
d
u
ce
s
th
e
tr
u
n
ca
ti
o
n
er
ro
r
b
y
a
fa
ct
o
r
3
2
.



4
1

8
.
In
t
e
r
v
a
l
In
t
e
g
r
a
t
io
n

E
x
a
m
p
le
8
.2
.

F
o
r
th
e
p
ro
b
le
m
o
f
th
e
p
re
v
io
u
s
ex
a
m
p
le
w
e
ca
n
u
se
G
(X
)
=

2
4
=
(1
+
X
)5
,
a
n
d
b
el
o
w
w
e
g
iv
e
th
e
re
su
lt
s
fo
r
eq
u
id
is
ta
n
t
b
re
a
k
p
o
in
ts
.

N
o
te
th
a
t
w
it
h
p
su
b
in
te
rv
a
ls
w
e
u
se
2
p
+
1
si
n
g
le
to
n
ca
ll
s
o
f
F
a
n
d
p
ca
ll
s

o
f
G
.

p

m
(S
)

r
(S
)

1

0
.
6
9
0
1
4
7
5
6
9
4
4
4
4
4

4
.
0
4
e
-
0
0
3

2

0
.
6
9
3
0
8
5
3
9
7
3
5
7
4
1

1
.
2
6
e
-
0
0
4

4

0
.
6
9
3
1
4
6
1
0
0
3
2
2
1
9

3
.
9
4
e
-
0
0
6

8

0
.
6
9
3
1
4
7
1
6
3
0
8
4
3
3

1
.
2
3
e
-
0
0
7

1
6

0
.
6
9
3
1
4
7
1
8
0
2
8
4
3
3

3
.
8
5
e
-
0
0
9

E
a
ch
ti
m
e
p
is
d
o
u
b
le
d
,
th
e
ra
d
iu
s
r
(S
)
is
re
d
u
ce
d
b
y
th
e
fa
ct
o
r
3
2
p
re
-

d
ic
te
d
a
b
o
v
e.

W
e
ca
n
n
o
t
u
se
(8
.7
)
o
n
a
p
ro
b
le
m
li
k
e
T
=

R 1 0
p
x
d
x
b
ec
a
u
se
th
e
fo
u
rt
h

d
er
iv
a
ti
v
e
o
f
th
e
in
te
g
ra
n
d
is
si
n
g
u
la
r
a
t
th
e
le
ft
h
a
n
d
en
d
o
f
th
e
ra
n
g
e.

W
e
co
u
ld
u
se
(8
.2
),
im
p
ro
v
ed
b
y
(8
.6
),
b
u
t
w
e
sh
a
ll
a
ss
u
m
e
th
a
t
su
ch

a
si
n
g
u
la
ri
ty
o
cc
u
rs
o
n
ly
a
t
o
n
e
a
n
d
/
o
r
th
e
o
th
er
en
d
,
a
n
d
su
g
g
es
t
th
e

fo
ll
ow
in
g
h
y
b
ri
d
m
e
th
o
d
,
w
h
er
e
th
e
R
ie
m
a
n
n
a
p
p
ro
a
ch
is
u
se
d
in
th
e
tw
o

\
b
o
u
n
d
a
ry
in
te
rv
a
ls
"
a
n
d
th
e
S
im
p
so
n
a
p
p
ro
a
ch
is
u
se
d
in
th
e
in
te
ri
o
r,

T

�
H

�
R
1
+
R
p
+

p
�

1 X i=
2

S
i
:

(8
.8
)

W
e
ca
n
co
m
b
in
e
th
is
w
it
h
th
e
d
iv
id
e-
a
n
d
-c
o
n
q
u
er
a
p
p
ro
a
ch
o
f
(8
.6
),
w
it
h

sp
ec
ia
l
h
a
n
d
li
n
g
o
f
th
e
ca
se
s
w
h
er
e
th
e
cr
it
ic
a
l
su
b
in
te
rv
a
l
is
a
b
o
u
n
d
-

a
ry
in
te
rv
a
l,
j
=
1
o
r
j
=
p
.
In
th
e
�
rs
t
ca
se
le
t
[a
0
;
a
1
]
b
e
th
e
cu
rr
en
t

�
rs
t
in
te
rv
a
l
w
it
h
le
n
g
th
�
=
a
1
�a
0
.
W
e
sp
li
t
th
is
in
to
th
e
n
ew
b
o
u
n
d
-

a
ry
in
te
rv
a
l
[a
0
;
a
0
+
�
=
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e
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=
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e
th
is
re
su
lt
w
it
h
th
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c
t
io
n
s

If
,
in
st
ea
d
w
e
ta
k
e
x
(
0
)
=
[2
;
1
:4
],
w
e
g
et

N
(x
(
0
)
;X
(
0
)
)
=

� [0
.
6
6
6
6
6
6
6
6
6
;
3
.
6
1
0
6
6
6
6
6
7
]

[-
1
.
1
0
6
6
6
6
6
7
;
2
.
0
9
3
3
3
3
3
3
4
]� �

X
(
0
)
:

T
h
er
ef
o
re
,
th
e
se
q
u
en
ce
d
e�
n
ed
b
y
(9
.8
)
g
et
s
st
u
ck
a
t
X
(
0
)
,
a
n
d
it
sh
o
w
s

th
a
t
th
e
ch
o
ic
e
o
f
x
(
0
)
2
X
(
0
)
ca
n
h
a
v
e
g
re
a
t
im
p
o
rt
a
n
ce
.

T
h
e
la
st
ex
a
m
p
le
sh
ow
ed
th
a
t
th
e
se
q
u
en
ce
d
e�
n
ed
b
y
(9
.8
)
d
o
es
n
o
t
n
ec
-

es
sa
ri
ly
co
n
v
er
g
e
to
a
si
n
g
le
to
n
.
A
p
o
ss
ib
le
ca
u
se
is
th
a
t
V
(X
)
m
ay
co
n
-

ta
in
si
n
g
u
la
r
m
a
tr
ic
es
,
in
w
h
ic
h
ca
se
th
e
in
te
rv
a
l
V
(X
(s
)
)f
(x
(s
)
)
ca
n
co
n
-

ta
in
th
e
ze
ro
v
ec
to
r
ev
en
if
f
(x
(s
)
)
6=
0
,
a
n
d
x
(s
)
2
N
(x
(s
)
;X
(s
)
)
�
X
(s
+
1
)

w
it
h
x
(s
)
6=
x
�
.
If
w
e
ch
o
o
se
x
(s
+
1
)
=
x
(s
)
,
b
o
th
x
(s
)
a
n
d
x
�

a
re
co
n
ta
in
ed

in
X
�

=
li
m
s
!

1

X
(s
)
,
a
n
d
th
er
ef
o
re
w
(X
�
)
>
0
.
H
ow
ev
er
,
th
e
fo
ll
ow
in
g

th
eo
re
m
is
va
li
d
,

T
h
e
o
r
e
m

9
.6
.

L
et
x
�

b
e
a
ro
o
t
o
f
f
in
X
(0
)
a
n
d
a
ss
u
m
e
th
a
t

V

is
in
cl
u
si
o
n
m
o
n
o
to
n
ic
o
n
X
(0
)
.
If
th
e
fx
(s
)
g
a
re
ch
o
se
n
so
th
a
t

li
m
s
!

1

x
(s
)
=
x
�

th
en
li
m
s
!

1

X
(s
)
=
x
�
.

P
r
o
o
f.

X
(s
+
1
)
�
x
(s
)
�
V
(X
(s
)
)f
(x
(s
)
)
�
x
(s
)
�
V
(X
(0
)
)f
(x
(s
)
),
a
n
d

th
e
th
eo
re
m
fo
ll
ow
s
fr
o
m
f
(x
(s
)
)
!
0
.

T
h
is
th
eo
re
m

h
a
s
a
n
im
p
o
rt
a
n
t
p
ra
ct
ic
a
l
im
p
li
ca
ti
o
n
:
W
e
ca
n
u
se
a
n

o
rd
in
a
ry
n
u
m
er
ic
a
l
m
et
h
o
d
to
co
m
p
u
te
th
e
se
q
u
en
ce
fx
(s
)
ga
n
d
co
m
b
in
e

it
w
it
h
(9
.8
)
to
b
o
u
n
d
th
e
er
ro
r.
T
h
e
m
et
h
o
d
ca
n
e.
g
.
b
e
th
e
o
rd
in
a
ry

N
ew
to
n
m
et
h
o
d
,

x
(s
+
1
)

=

x
(s
)
�

� J(x
(s
)
;x
(s
)
)� �1
f
(x
(s
)
)
;

(9
.9
)

w
h
er
e
J
(x
(s
)
;x
(s
)
)
is
th
e
J
a
co
b
ia
n
ev
a
lu
a
te
d
a
t
x
(s
)
.
If
x
(s
+
1
)
co
m
p
u
te
d

b
y
(9
.9
)
is
n
o
t
co
n
ta
in
ed
in
X
(s
+
1
)
a
s
co
m
p
u
te
d
b
y
(9
.8
),
th
en
w
e
ju
st

re
p
la
ce
it
b
y
th
e
cl
o
se
st
p
o
in
t
in
X
(s
+
1
)
.
If
th
e
N
ew
to
n
p
ro
ce
ss
co
n
v
er
g
es
,

so
d
o
es
th
e
se
q
u
en
ce
fx
(s
)
g,
a
n
d
th
e
th
eo
re
m
ca
n
b
e
a
p
p
li
ed
.
A
s
in
th
e

o
n
e-
d
im
en
si
o
n
a
l
ca
se
a
co
n
si
d
er
a
b
le
a
m
o
u
n
t
o
f
in
te
rv
a
l
co
m
p
u
ta
ti
o
n
ca
n

b
e
sa
v
ed
if
w
e
ju
st
u
se
(9
.8
)
to
es
ti
m
a
te
th
e
er
ro
r
o
f
th
e
re
su
lt
s
fr
o
m
th
e

o
rd
in
a
ry


o
a
ti
n
g
p
o
in
t
a
lg
o
ri
th
m
.

9
.3
.
N
o
n
li
n
ea
r
S
y
st
e
m

5
6

A
se
ri
o
u
s
p
ro
b
le
m
w
it
h
th
e
m
u
lt
id
im
en
si
o
n
a
l
N
ew
to
n
m
et
h
o
d
is
h
ow
to

�
n
d
V

?
In
th
e
a
b
ov
e
ex
a
m
p
le
s
it
w
a
s
d
er
iv
ed
fr
o
m
a
n
a
ly
ti
ca
l
ex
p
re
s-

si
o
n
s
fo
r

� J(x
;x
�
)� �1
,
b
u
t
to
a
u
to
m
a
te
th
is
a
p
p
ro
a
ch
w
e
w
o
u
ld
n
ee
d
a

sy
m
b
o
li
c
la
n
g
u
a
g
e
li
k
e
e.
g
.
M
a
p
l
e
.
A
lt
er
n
a
ti
v
el
y
w
e
co
u
ld
u
se
a
n
in
-

te
rv
a
l
ex
te
n
si
o
n
o
f
J
(x
;x
�
)
a
n
d
in
v
er
t
th
is
n
u
m
er
ic
a
ll
y,
a
s
d
is
cu
ss
ed
in

C
h
a
p
te
r
1
0
.

F
in
a
ll
y,
T
h
eo
re
m
s
9
.3
a
n
d
9
.4
a
b
o
u
t
th
e
ex
is
te
n
ce
o
f
a
ro
o
t
g
en
er
a
li
ze

to
th
e
m
u
lt
id
im
en
si
o
n
a
l
ca
se
.

T
h
e
o
r
e
m

9
.7
.
If
X

is
a
n
in
te
rv
a
l
in
w
h
ic
h
V
(X
)
ex
is
ts
a
n
d
w
e
ca
n

�
n
d
a
n
x
2
X

so
th
a
t
X
\
N
(x
;X
)
=
;,
th
en
th
er
e
is
n
o
ro
o
t
in
X
.

P
r
o
o
f.

F
o
ll
ow
s
fr
o
m
(9
.7
).

T
h
e
o
r
e
m

9
.8
.
If
f
is
co
n
ti
n
u
o
u
sl
y
d
i�
er
en
ti
a
b
le
,
X
is
a
n
in
te
rv
a
l
in

w
h
ic
h
V
(X
)
ex
is
ts
,
a
n
d
th
er
e
ex
is
ts
a
n
x
2
X
su
ch
th
a
t
N
(x
;X
)
�
X
,

th
en
f
h
a
s
a
ro
o
t
in
X
.

P
r
o
o
f.

S
im
il
a
r
to
th
e
p
ro
o
f
o
f
T
h
eo
re
m
9
.4
:
F
o
r
th
e
g
iv
en
x
a
n
d
a
n
y

y
2
X

th
er
e
ex
is
ts
a
n
o
n
si
n
g
u
la
r
m
a
tr
ix
J
(x
;y
)
su
ch
th
a
t

f
(x
)
=

f
(y
)
+
J
(x
;y
)(
x
�
y
)
:

N
ex
t,
w
e
d
e�
n
e

g
(y
)
=
y
�

� J(x
;y
)� �1
f
(y
)
:
T
h
is
is
co
n
ti
n
u
o
u
s
in
y
,

� J(x
;y
)� �1
2
V
(X
),
a
n
d
w
e
se
e
th
a
t

g
(y
)
=

x
�

� J(x
;y
)� �1
f
(x
)
2
N
(x
;X
)
�
X

:

T
h
e
re
m
a
in
in
g
p
a
rt
o
f
th
e
p
ro
o
f
is
a
s
in
th
e
p
ro
o
f
o
f
T
h
eo
re
m
9
.4
.
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9
.
R
o
o
t
s
o
f
F
u
n
c
t
io
n
s

9
.4
.

K
r
a
w
c
z
y
k
's
V
e
r
si
o
n
o
f
N
e
w
to
n
's
M
e
th
o
d

K
ra
w
cz
y
k
(1
9
6
9
)
p
re
se
n
te
d
a
v
er
si
o
n
o
f
N
ew
to
n
's
m
et
h
o
d
th
a
t
av
o
id
s
th
e

in
v
er
si
o
n
o
f
in
te
rv
a
l
m
a
tr
ic
es
.
T
h
is
m
et
h
o
d
sh
a
re
s
th
e
n
ic
e
p
ro
p
er
ti
es
o
f

N
ew
to
n
's
m
et
h
o
d
,
b
u
t
m
ay
h
av
e
sl
ig
h
tl
y
sl
ow
er
co
n
v
er
g
en
ce
.

A
s
b
ef
o
re
,
w
e
st
a
rt
b
y
lo
o
k
in
g
a
t
a
n
in
te
rv
a
l
X

co
n
ta
in
in
g
a
ro
o
t
x
�

o
f

f
.
L
et
x
2
X

a
n
d
le
t
H

b
e
a
n
a
rb
it
ra
ry
m
a
tr
ix
in
R
n
�

n
.
T
h
en

x
�

=

x
�
H
f
(x
)
+
(x
�

�
x
)
�
H

� f(x
�
)
�
f
(x
)�

=

x
�
H
f
(x
)
+
(I
�
H
J
(x
;x
�
))
(x
�

�
x
)

2
K
(x
;X
)
�
x
�
H
f
(x
)
+
(I
�
H
J
(X
))
(X
�
x
)
:

(9
.1
0
)

H
er
e,
I
=
d
ia
g
(1
;:
::
;1
)
is
th
e
u
n
it
m
a
tr
ix
,
a
n
d
w
e
in
tr
o
d
u
ce
d
th
e
so
-

ca
ll
ed
K
ra
w
c
zy
k
o
p
e
ra
to
r
K
(x
;X
).
If
w
e
st
a
rt
w
it
h
a
n
in
te
rv
a
l
X
(0
)

co
n
ta
in
in
g
a
ro
o
t
x
�
,
th
en
th
e
fo
rm
u
la

X
(s
+
1
)

=

X
(s
)
\
K
(x
(s
)
;X
(s
)
)

w
it
h

x
(s
)
2
X
(s
)

s
=
0
;1
;:
::

(9
.1
1
)

g
en
er
a
te
s
a
n
es
te
d
se
q
u
en
ce
o
f
in
te
rv
a
ls
,
a
ll
o
f
w
h
ic
h
co
n
ta
in
th
e
ro
o
t

x
�
.
F
o
r
th
is
se
q
u
en
ce
w
e
h
av
e
th
e
fo
ll
ow
in
g
eq
u
iv
a
le
n
ts
to
T
h
eo
re
m
s
9
.7

a
n
d
9
.8
,

T
h
e
o
r
e
m

9
.9
.

If
th
er
e
ex
is
ts
a
n
x
in
th
e
in
te
rv
a
l
X

a
n
d
a
m
a
tr
ix

H
2
R
n
�

n

su
ch
th
a
t
X
\
K
(x
;X
)
=
;,
th
en
th
er
e
is
n
o
ro
o
t
in
X
.

P
r
o
o
f.

S
im
il
a
r
to
th
e
p
ro
o
f
o
f
T
h
eo
re
m
9
.3
.

T
h
e
o
r
e
m

9
.1
0
.
If
th
er
e
ex
is
ts
a
n
x
in
th
e
in
te
rv
a
l
X

a
n
d
a
n
o
n
si
n
-

g
u
la
r
m
a
tr
ix
H
2
R
n
�

n

su
ch
th
a
t
K
(x
;X
)
�
X
,
th
en
th
er
e
is
a
ro
o
t

in
X
.

9
.4
.
K
ra
w
c
zy
k
's
M
e
th
o
d

5
8

P
r
o
o
f.

A
s
in
th
e
p
ro
o
f
o
f
T
h
eo
re
m
9
.4
w
e
lo
o
k
a
t
�
x
ed
p
o
in
ts
.
F
o
r

a
n
y
y
2
X

w
e
se
e
th
a
t

y
�
H
f
(y
)
=

x
�
H
f
(x
)
+
y
�
x
�
H
(f
(y
)
�
f
(x
))

=

x
�
H
f
(x
)
+
(I
�
H
J
(y
;x
))
(y
�
x
)

2
x
�
H
f
(x
)
+
(I
�
H
J
(X
))
(X
�
x
)

=

K
(x
;X
)
�
X

:

T
h
u
s,
th
e
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
y
�
H
f
(y
)
m
a
p
s
X

in
to
it
se
lf
,
a
n
d
th
er
e

ex
is
ts
a
�
x
ed
p
o
in
t
y
�
:
y
�

=
y
�

�
H
f
(y
�
).
B
ec
a
u
se
H

is
n
o
n
si
n
g
u
la
r,

th
is
im
p
li
es
th
a
t
f
(y
�
)
=
0
,
i.
e.
th
er
e
is
a
ro
o
t
fo
r
f
in
X
.

It
fo
ll
ow
s
fr
o
m
(9
.1
1
)
th
a
t
if
x
(s
)
a
n
d
H
(s
)
ca
n
b
e
ch
o
se
n
so
th
a
t
K
(x
(s
)
;X
(s
)
)

is
n
a
rr
ow
,
th
en
w
e
g
et
fa
st
co
n
v
er
g
en
ce
.
M
o
re
p
re
ci
se
ly
,
fr
o
m
(9
.1
1
)
w
e

�
n
d

w
(X
(s
)
)
�
w
(K
(x
(s
)
;X
(s
)
))

=

w
((
I
�
H
(s
)
J
(X
(s
)
))
(X
(s
)
�
x
(s
)
)

�
kI
�
H
(s
)
J
(X
(s
)
)k
w
(X
(s
)
)
�
%
s
w
(X
(s
)
)
:

T
h
e
n
o
rm

k�
k
o
f
a
n
in
te
rv
a
l
m
a
tr
ix
w
a
s
d
e�
n
ed
in
(2
.4
).
W
e
w
a
n
t

to
m
a
k
e
%
s

a
s
sm
a
ll
a
s
p
o
ss
ib
le
.
T
h
is
is
a
ch
ie
v
ed
b
y
ta
k
in
g
H
(s
)

=

� m(
J
(X
(s
)
))

� �1
,
b
ec
a
u
se
th
en
H
(s
)
J
(X
(s
)
)
is
ce
n
te
re
d
a
ro
u
n
d
I
.
T
h
e

ch
o
ic
e

x
(s
)

=

m
(X
(s
)
)

H
(s
)

=

( a
n
a
p
p
ro
x
im
a
ti
o
n
to

� m(
J
(X
(s
)
))

� �1
if
%
s
�
%
s
�

1

H
(s
�

1
)

if
%
s
>
%
s
�

1

(9
.1
2
)

is
th
e
su
b
je
ct
o
f

T
h
e
o
r
e
m

9
.1
1
.
L
et
th
e
K
ra
w
cz
y
k
o
p
er
a
to
r
u
se
th
e
ch
o
ic
e
(9
.1
2
).
If

K
(x
(0
)
;X
(0
)
)
�
X
(0
)
a
n
d
%
0
<
1
,
th
en
x
�

2
X
(s
)
,
li
m
s
!

1

X
(s
)
=
x
�

a
n
d

w
(X
(s
)
)
�
%
s 0
w
(X
(0
)
).
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.
R
o
o
t
s
o
f
F
u
n
c
t
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n
s

P
r
o
o
f.

F
o
ll
ow
s
im
m
ed
ia
te
ly
fr
o
m

w
(X
(s
)
)
�
%
s
�

1
w
(X
(s
�

1
)
),
a
n
d
th
e

se
q
u
en
ce
f%
s
g
is
m
o
n
o
to
n
ic
d
ec
re
a
si
n
g
b
ec
a
u
se
o
f
th
e
in
cl
u
si
o
n
m
o
n
o
-

to
n
ic
it
y
o
f
J
(X
)
a
n
d
th
e
ch
o
ic
e
o
f
H
(s
)
in
(9
.1
2
).

T
h
u
s,
if
G
(0
)
=
I
�
H
(0
)
J
(X
(0
)
)
sa
ti
s�
es
kG
(0
)
k<
1
,
th
en
w
e
a
re
en
su
re
d

a
t
le
a
st
li
n
ea
r
co
n
v
er
g
en
ce
.
U
n
d
er
th
is
co
n
d
it
io
n
w
e
m
ay
a
ls
o
si
m
p
li
fy

th
e
p
ro
ce
ss
w
it
h
o
u
t
lo
o
si
n
g
th
e
li
n
ea
r
co
n
v
er
g
en
ce
:
R
ep
la
ce
(9
.1
1
)
b
y

X
(s
+
1
)

=

X
(s
)
\

� x (s
)
�H
(0
)
f
(x
(s
)
)
+
G
(0
)
(X
(s
)
�x
(s
)
)� :
(9
.1
3
)

T
h
en
w
e
av
o
id
th
e
co
m
p
u
ta
ti
o
n
o
f
J
(X
(s
)
)
a
n
d
th
e
in
v
er
si
o
n
o
f
it
s
m
id
-

p
o
in
t
in
ea
ch
st
ep
,
b
u
t
ty
p
ic
a
ll
y
th
is
si
m
p
li
�
ca
ti
o
n
in
cr
ea
se
s
th
e
n
u
m
b
er

o
f
st
ep
s
n
ee
d
ed
to
o
b
ta
in
a
sa
ti
sf
a
ct
o
ry
n
a
rr
ow
in
te
rv
a
l.

E
x
a
m
p
le
9
.8
.

W
e
se
ek
a
ro
o
t
fo
r
f
(x
)
=

� x2 1
+
x

2 2
�
1

x
2 1
�
x
2

� ,
a
n
d
a
ss
u
m
e
th
a
t

w
e
k
n
o
w
th
e
a
p
p
ro
x
im
a
te
ro
o
t
x
(
0
)
=
(0
:8
;
0
:6
2
),
e.
g
.
fo
u
n
d
b
y
a


o
a
ti
n
g

p
o
in
t
m
et
h
o
d
.
W
e
ca
n
u
se
K
ra
w
cz
y
k
's
m
et
h
o
d
b
o
th
to
te
st
w
h
et
h
er
th
er
e

is
a
ro
o
t
cl
o
se
to
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