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Solving the Helmholtz equation in
conformal mapped ARROW structures
using homotopy perturbation method
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Abstract:  The scalar wave equation, or Helmholtz equation, describes
within a certain approximation the electromagnetic field distribution in a
given system. In this paper we show how to solve the Helmholtz equation
in complex geometries using conformal mapping and the homotopy pertur-
bation method. The solution of the mapped Helmholtz equation is found
by solving an infinite series of Poisson equations using two dimensional
Fourier series. The solution is entirely based on analytical expressions and
is not mesh dependent. The analytical results are compared to a numerical
(finite element method) solution.
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1. Introduction

During the process of optical system design it is often required to investigate the mode shape
of the propagating electromagnetic field. The mode shape can be obtained by directly solving
the full vectorial Maxwell's equations. However, it is either very complicated or impossible to
find analytical solutions for other than the most simple geometries, hence numerical methods
are employed for all practical purposes. If the refractive index contrast is small and the field
is independent of the field polarization, analytical results can be obtained for a wider range of
problems using the scalar wave equation

D29(r) + (nfk§ — B*)(r) = O, @)

whereg is the electromagnetic fieldy is the refractive indexs is the vacuum wave number,

B is the propagation constant ands the position vector. The scalar wave equation has the
form of the well known Helmholtz equation. In order to solve the scalar wave equation several
methods have been applied within the optics community, including iterative Lanczos reduction
[1], Green’s functions [2], the discrete spectral-index method [3] and the beam propagation
method [4].

In this paper we will apply a combination of conformal mapping and homotopy perturbation
in order to directly obtain solutions of the Dirichlet Helmholtz equation. These solutions can
be used for describing the modes of Antiresonant Reflecting Optical Waveguides (ARROWS)
[5, 6], which are leaky waveguides based on an antiresonance Fabry-Perot reflector. Since AR-
ROWs rely on anti-resonans rather than total internal reflection, as conventional waveguides
does, they can guide electromagnetic waves in a medium with refractive index lower than that
of its surroundings. This makes them especially useful for several sensing applications, e.g.
fluid optical sensing [7, 8]. Since the sensing mechanism is based on an interaction with the
guided electromagnetic field, it can be very practical to compute the field distribution in order to
understand and optimize the sensor design. While ARROWS can have different cross-sectional
geometries, most field distribution calculations are based on a relatively simple one dimensional
slab waveguide model. While such a model is useful for describing fundamental properties of
the ARROW guiding mechanisms (cladding layer thickness, propagation loss etc), it cannot be
used for an accurate description of the electromagnetic field distribution in two dimensionally
confined ARROWS, e.g. with square, half circular [9] and rib [10] cross-sections.

2. Theory
The mode fieldp(x,y) for an ARROW structure is described by the Helmholtz equation

9%p(x.y) N 9%p(x.y)

a2 T o TNy =0, @
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whereA? = n2k3 — 2. Due to the antiresonance condition we shall assume that the boundary
condition is

¢(") =0, ®3)

whererl is the boundary; this boundary condition, however, is only strictly correct at a single
wavelength, but for well confined modes at wavelengths in proximity of antiresonance it is
a very good approximation [11, 12]. The use of the Helmholtz equation rather than the full-
vectorial wave equations is valid as long as the medium is homogeneous, i.e. the refractive
index is constant throughout the waveguide core, and the cladding layers are designed properly,
i.e. the field is suppressed at the boundary.

In case the refractive index is constant throughout the domain and the domain boundary is
not too complicated (e.g. rectangular or circular) it is straightforward to obtain an analytical
solution. For non-constant refractive index or complicated domain boundaries, numerical ap-
proaches have to be applied. In the case of a rib ARROW waveguide, the domain boundary is
somewhat complicated while the refractive index is constant. In order to simplify the domain
boundary a Schwarz-Christoffel conformal map is applied to transform the domain from that of
the rib waveguide (zplane) to the upper complex half-plane (w-plane), see Figure 1, top panel.
Since the Helmholz equation is not easily solved in the upper half-plane, a second Schwarz-
Christoffel conformal map is used to map the upper half-plane onto a square in the complex
X-plane as illustrated in the lower panel of Figure 1.

|y v
Z
A
> | o L2 w
C <— 20
- v2 AC D E F_cHB
E 0 F X Afky -1/ -1 1 1k 1/k, u
iw iv
i
E C
¥ w
A B E alB ¢
0 1 Ak -1 1 1k u

Fig. 1. Sketch of the rib ARROW waveguide cross-section inzipéane and the upper
half-planew to which the rib ARROW structure is mapped conformally. Below, the square
in the x-plane to which the upper half-plameis mapped in a second conformal mapping
step.

2.1. Conformal mapping

The conformal mapping function for mapping a half-plane onto a polygon according to
Schwarz-Christoffel is obtained from the integral

zw) = [ [ (w—a,) /" e @
J:
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whereA is a scaling factom is the number of sides in the polygam; are the internal angles
of the polygon and; are the coordinate points on the real axis inwhplane corresponding to
which the polygon vertices in theplane are transformed.

The second conformal map of a unit square inyhglane on the upper half-plane (w-plane),
as sketched in the lower panel of Figure 1, is obtained by the elliptic integral of the first kind in
Jacobi form [13, 14]

dw
X0 =x(0) =G | e T
w dd _arcsniv, k)

=5 Voot /iwer | 2Kk) ©)

where x(0) =1/2, K(k) is the complete elliptic integral of the first kind of modulks
arcsni, k) is the inverse of Jacobi’s elliptic sine amplitude k() both of modulus,. The
scaling factoCsq = [2K(k:)] "t is determined by the length of the base-line (A-B) of the square,
since xg — Xa = Csq x 2K(kr) = 1. The moduluk; controls the aspect ratio of the rectangle

sincexe — xa = Csq % IK/(k) = iK/(k) / [2K(k)] = i, where K(k) = K(K) = K(«/lf k?) It
follows thatk, ~ 0.17157 is required for an aspect ratio of 1. The inverse mapping function is
then simply

w(x) = sr([2x — 1]K(kr) . k). (6)

Returning now to the mapping of the rib waveguide in thglane onto the upper half-
plane, we see from Figure 1 that the mapping function is the integral [13]

z(w):C/.( V1—kaw?

_ kZWZ) 1—w?2

2
_ / Vi-kep? o, @

T k- o —k292)y/1- 92

where we in the definite integral use that origo inthplane should be mapped on origo in the
z-plane. The scaling factd is determined by the requirement that the integral must increase
by Az = is/2 whenw pass 1/k corresponding to the points H and B in Figure 1. As suggested
by Gibbs [13] this integral can be rewritten in terms of Jacobi’s incomplete elliptic integral of
the third kind,My(¢, a,k) (see appendix for definition), by introducing the two paramefers
anda. Using the Jacobi elliptic functions sn, cn and dn, and defigifigm w = sn({) anda
fromk; = ksn(ar), and using a transform of the integration variable accordimgtesn(d ) and

thus d = cn(3)dn(d)dd the integral becomes

ssn@)dn(a) (¢ 1—k3sret

A0=7"a o 1= K2srPT
_ s (sn@)dn(a) ,
= (Cmi HJ(Z7G)> ) (8)

where all Jacobi elliptic functions are to modulusThe constantk anda are determined by
the aspect ratios of the rib structure by considering mapping of the point G in Figure 1 and
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separating real and imaginary parts [13]

g K(k) /sn()dn(a)

s ( cna Z(a,k)) ©
t  2K'(k) /sn()dn(a) a

g = T ( cha Z(G,k)) - Fk)a (10)

whereZ(a,k) is Jacobi’'s zeta function and all elliptic function are to modwus hus by

using Equations 8, 9 and 10 one can easily map rib waveguides of different dimengions
ands conformally to the upper complex half plane, which then may be mapped onto a unit
square using Equation 5, and thus a much simpler boundary results. The price paid for the
simplification of the boundary is that the Helmholtz equation becomes nonlinear as described
below.

Assume that the potential in the physiaaplane ¢ (z) = ¢(x,y) and the potential in the
model x-planey (x) = ¢ (v, w) are related such that (u (x,y),w(x,y)) = @(x,y), then the
Laplace operator is affected as [14]

2 2 dx |?
Dx,yq)(xvy) = Du,wu"(uvw) ‘dz )

(11)

hencethe partial differential equation to be solved in the mapped domain, where + iw,

IS
-2

A2Y(v,w) =0. (12)

Yu.w)  O%Y(v,w)  |dx

du2 dw? dz

Obviously, Equation 12 can be quite involved to solve, since the derivative of the conformal map
except for few simple cases is very difficult to handle. The most often encountered approach

in literature is therefore to apply numerical methods [15]. For the rib to square transformation
considered here, the derivative is

+

dx dxdw 1 m cna 1—kw?
dz  dwdz 2K(k) ssn(@)dn(a) \/1—w2k2v/1— kw2’

whichis indeed non trivial. Note, using Equation 6 the derivative may be expressed as a function
of x.

(13)

2.2.  Homotopy perturbation

A relatively new analytical method for solving nonlinear differential equations is the Homotopy
Perturbation Method (HPM) [16, 17]. HPM does not rely on a small parameter, as conventional
perturbation methods do and has been successfully applied to a number of classic nonlinear
differential equations. We consider the nonlinear differential equation

&/ (u)—g(r)=0,r € Q, (14)
with boundary conditions
Jdu
9 —_—) =
A(u, dn) O,rerl, (15)

where/ is a general differential operato# is a boundary operatay(r) is an analytic function
andrl is the boundary of the domaf@. Since.< in general can be separated in a linear and
nonlinear operatorZ and./ respectively, Equation 14 can be written

L)+ A (u)—g(r)=0. (16)
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Using the concept of homotopy from topology, i.e. a continuous transformation of one function
to another, one can setup a homotopy equation

AV P) = (1-p{ZL(V) - L)} +p{«(v)—9(r) } =0, (17)

wherep € [0,1] is an embedding parametag,is an initial approximation satisfying the bound-
ary conditions and

V= ZOvn p". (18)
n=
The solution of Equation 14 then is
u=limv= Z)vn. (19)
-1 L

For Equation 12 the following homotopy can be constructed

2 2 2 2 2 2
%:(1_p)(dw 04’_5LIJ0_5'~IJ0>+ (aw 9%y

dx
A Tx- R TICA T o0 " 9e? | dz
which is equal to Equation 12 fgr = 1. By identifying terms of identical powers gfwe get
the following set of equations

-2
Mp) =0, (20)

PP o
e G T[] s S S o
P | 2/\2(#1+%+%:0
% A 2% 1 %% o (21)
o [ A S S =0
where the solution is .
Y= nzolpnpn (22)

for p — 1. Sinceyy is the initial guess and thus known what remains is to solve an infinite
series of partial differential equations of the form

02 on(V, @) = hn(V, W), (23)

that is Poisson equations whetg(u, w) is the source term. Since the conformal map trans-
formed the rib waveguide into anx b rectangle (here a unit square), the solution to the Poisson
equations can be expressed as a two dimensional Fourier series, i.e.

Un(v, w) Z Z Emj sm(n;n )sin(fw), (24)

=1m=1

where the expansion coefficientsy;, may be determined by inserting Equation 24 into the
Poisson equation and use the orthogonality relations

_/Oasin(mg")sin(?) dv = 2% (25)
'/Obsm(J bw> sin(?) dw = géjr. (26)
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It follows that

—4 mrt jm
Emj = by / / (v w)sm(?u) sm( b ) duv dw (27)
where the coefficiertp; is given by
miT\ 2 jm\ .
Kmj = (?) + (Jb> , M Je [1a27-"]' (28)

We now have a solution of the Helmholtz equation in the form of an infinite series of solutions to
the Poisson equation. All that remains is to choose an initial guess. The initial guess has to fulfill
the boundary conditions (Equation 3) and a reasonable choice would be the first eigenfunction
to the constant coefficient Helmholtz eigenvalue problem (Equation 2) i.e.

Yo(v, w) :sin(gu) sin(l—bTw). (29)

2.3. Special cases

Hence the solutions to Equations 21 o= b = 1 are found by substituting the Equations 29
and 24 into 21. The first term of the homotopy solutiph)(is obtained with the source function

m(u,w):-(Eﬁ¢m+wdx/dj—2A2¢b)::-»de/dj—ZAZ—zn?)¢bandtheresmts

2 & 4sin( mw)sm(mw)

oo =3 5
oA (-

All following terms are obtained by repeated application of Equation 24 on the next equations
in 21, thus

(30)

mj

- 2712) sin(mw) sin(1tw) sin(mr ) sin( j 7tw) du de.

® 4sin( m‘ru)sm(jrrw)

oo =3 5

1Mm=1 mj

S

By use of Equation 12 the eigenvalié is found from a ratio of integrals over the model

domain ) g
O Q
)\2 _ fl‘)U v,ww (32)

-2 )
J1%| " y2da

dz
which can be evaluated both using the initial guess as well as using solutions including higher
order terms.

Equations 30 and 31 are quite general and may be applied to any conformal mapping of
the Helmholtz equation to a rectangle. The rib waveguide considered here is just one such
example, another simple example could be the half co-axial waveguide with outer radius
and inner radius, corresponding to the physical domaia- rexp(i6) with r; > r >rp and
m> 0 > 0. Here the mapping functions(z) = In% = In% +i6, orz(x) = roexpx maps

)\ L,Unl(u,w)> sin(mru ) sin( j 1tw) du de, (31)
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the physical domain on the rectangle[—gnz U >0 andm> w > 0. The Jacobian for this

problem becomepj)(/dzl_2 = raexp(2v). For this rather simple mapping, infinite sum HPM
solutions can easily be found using the method described in this paper. Other useful analytic
mappings could include those of triangular or circular cross-sections, while arbitrarily shaped
cross-sections could be analyzed using numerically approximated conformal transformations.

3. Results

The Jacobiandy /dZ 2 for a rib waveguide with aspect ratibds = g/s= 1 is shown in Fig-

ure 2 as a function of the square model domain coordinates; the Jacobian is seen to have two
distinct peaks at points in the-plane corresponding to— 4. Since the Jacobian may be
considered an effective refractive index in the model domain, the mode field is expected to be
attracted towards these points as is also seen below.

Fig. 2. The Jacobian of the square to rib waveguide conformal mapping. The vertical axis
of the plot has been truncated at 15.

16.0
A —m— 2terms ]
15.5[ O 4 terms
—e— 6 terms |
15.0L —0— 12 terms;
~ I -—-FEM
< L
145 ’\\ .
e T
140F e
13.5:\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\:
0 1 2 3 4 5 6

Homotopy order

Fig. 3. Eigenvalue\? for the second mode in a rib waveguide with aspect ratigs= 2
andg/s=1 as a function of the HPM order with the number of Fourier terms as parameter.
Calculations are shown for 2, 4, 6 and 12 Fourier terms and compared to the result from
FEM.

While the complete solution can be built from Equation 21, the solutions become rather in-
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tractable for the conformal mapping to the rib waveguide. It is therefore practical to make some
simplificationsrather than using the complete solution. First of all, the Homotopy perturbation
method is known to converge rapidly, hence only few terms are needed for any practical ap-
plication, secondly, higher order terms in the Fourier expansion solution in Equations 30 and
31 may be neglected. Figure 3 illustrates the consequences of such simplifications by showing
the calculated eigenvalue for the second mode in a rib waveguide with aspect rafies- 2
andg/s= 1 as a function of the HPM order (0-6) with the number of Fourier terms (2, 4, 6, or
12) as parameter. The calculated eigenvalues are compared to the results of a MATLAB Finite
Element Model (FEM) solution, where again zero field boundary conditions were assumed.
Obviously, in this case the HPM order should be 5-6 and the number of Fourier terms 6-12; for
the first mode 6 Fourier terms may be sufficient since the spatial spectral requirements here are
less.

In Figure 4 the initial guess and the three first homotopy solutions are shown in the model
domain for a rib waveguide with aspect ratigs = g/s= 1, and with the Fourier expansion
limited to 6" order. The effect of the Jacobian peaks is clearly visible in the HPM solutions
where the mode field is shifted towards the peaks. However, it should also be noted that while
the effective refractive index is approaching infinity at these peaks, the field is approaching
zero due to the boundary conditions, causing finite field amplitude and a guided wave in the rib
structure.

Figure 5a shows a'&order homotopy solution in the unit square model domain for a rib
waveguide with aspect ratiogs = g/s= 1; the mode field is clearly shifted towards the Jaco-
bian peaks and thus the mode is asymmetric irudkdirection. In Figure 5b the HPM solution
is shown mapped to the physical domain, while Figure 5¢c shows a Finite Element Method
(FEM) solution in the physical domain for the same waveguide. Obviously, the overall field
distribution of the HPM solution matches that of the FEM solution, with the maximum am-
plitude at the center of the waveguide<4/2). Since the transformation is general, it can be
concluded that for all rib waveguides where the rib height is equal to the gap height {),
the maximum amplitude is located at the center.

Figure 6a shows the HPM solution in the model domain for a rib waveguide with aspect
ratiost/s= 2 andg/s = 1, again the mode field is attracted towards the Jacobian peaks but
the mode is less asymmetric in tleedirection than that of Figure 5a. Figure 6b shows the
HPM solution mapped to the physical domain; the solution is seen to agree well with the FEM
solution in Figure 6¢. The modes are seen to be shifted downwards in the rib when compared
to the mode in Figure 5.

Figure 7a shows the HPM solution in the model domain for the second mode of a rib waveg-
uide with aspect ratiocys= g/s= 1, here a higher order initial guess was used. The asymmetry
of the mode in thew-direction is similar to that in Figure 5a as expected. Figure 7b shows the
HPM solution mapped to the physical domain while Figure 7c shows the FEM solution. Due to
the finite width of the FEM solution domain, the field is shifted towatas, compared to the
HPM solution.

The relative deviatiore between the HPM solutiogiypym and the FEM solutionrgy is
quantified using th&, norm as

e [YrPv — Yremll, [/ (Whpm— Yrem)2dQ : ' (33)

| GremllL, [ WeendQ
Approximateeigenvalues found from HPM solutions using Equation 32 and eigenvalues
found by solving the Helmholtz equation using the Finite Element Method (FEM) are listed in
Table 1; values calculated for the first two modes for two different aspect tg8es 1 or 2
andg/s= 1 are shown. The two methods are seen to agree well, especially for the first mode,

#139249 - $15.00 USD Received 6 Dec 2010; revised 12 Jan 2011; accepted 12 Jan 2011; published 14 Jan 2011
(C) 2011 OSA 31 January 2011/ Vol. 19, No. 3/ OPTICS EXPRESS 1816



I
IR
\\\W“ %
S
" ,l'l

S

wo(1)

i

"
lI[]"',&::‘\

(©) ¢ (d) s

Fig. 4. The initial guess and first three solutions to the homotopy equations (Equation 21).
The effect of the two peaks of the Jacobian close to the real axis is clearly seen in the HPM
solutions.

while the second mode values differ more. Table 1 also lists calculated values of relative
norm deviations, Equation 33, for the four cases. Even though the relative deviation for the
second modes is larger than the relative deviation of the first modes, as also observed in the
field distribution plots, the HPM solution is still within less than 2% of the FEM solution and
the agreement could probably be further improved by an improved initial guess or by including
higher order terms; a perfect match between the two methods would however require an infinite
FEM domain. A relative deviation of less thé% for first mode is sufficient for mode-overlap
calculations, while more demanding tasks related to e.g. waveguide dispersion would require
higher accuracy.

The convergence of the eigenvaldé and field amplitudap(xef) = W(1/2+i3/5) of the
HPM solution for a rib waveguide withys= 2 andg/s= 1 for increasing number of homo-
topy terms (iteration) is shown in Figure 8a and b, respectively. Clearly, both converge rapidly
towards a finite value.
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(a) Model (b) Physical

(c) FEM

Fig. 5. Sixth order homotopy solution in model domain (a), physical domain using HPM
(b) and using FEM (c) fot/s= 1 andg/s= 1.

In Table 2 we show some statistics (memory used and CPU time) comparing the performance
of FEM and conformal mapping/homotopy solutions for 6 homotopy terms and 6 fourier terms.
The homotopy solution clearly requires far less memory and is faster except for low resolution
solutions. For the homotopy solutions both CPU time and RAM used seem to increase linearly
with the number of points, while a super-linear trend is seen for the FEM solution.
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(a) Model (b) Physical

(c) FEM

Fig. 6. Sixth order homotopy solution in model domain (&), physical domain using HPM
(b) and using FEM (c) fot/s= 2 andg/s= 1.

Table 1.Eigenvalues for 8"order HPM AZp,, compared to eigenvalues from FEM
AZe for two different rib waveguides and the two first modes. The 29 mode eigen-
values are based on a higher order initial guess. The relative, norm deviations € of
6" order HPM solutions from the FEM solutions are also listed. In the calculations 12
Fourier terms were used.
Mode AZpy  Afem e t/s g/s

1 1216 1213 029% 1 1

1 6.788 6789 014% 2 1

2 1906 1884 178% 1 1

2 1399 139 075% 2 1
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(a) Model (b) Physical
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Fig. 7. Second eigenfunction for sixth order homotopy solution in model domain (a), phys-
ical domain using HPM (b) and using FEM (c) figis= 1 andg/s= 1.

Table 2.Comparison of the performance (memory used and CPU time) of FEM and
conformal mapping/homotopy (HPM) solutions.
Memory [MB] CPU time [s]
Points FEM HPM FEM HPM

12417 40 7 ® 11
56000 65 30 4 49
109857 173 45 13 99
143265 208 59 16, 128
172257 254 73 28 160

#139249 - $15.00 USD Received 6 Dec 2010; revised 12 Jan 2011; accepted 12 Jan 2011; published 14 Jan 2011
(C) 2011 OSA 31 January 2011/ Vol. 19, No. 3/ OPTICS EXPRESS 1820



17

T T T
—O— Eigenvalue\?
—a— AN
A A A A—
—
O\o
12 A L TP AR arrarrs e
0 1 2 3 4 5 6 7
Iteration
(@A

‘ ‘ 0.2
—O0— W(Keed
—A— DY(Xer) —40.1
" A r—3 0.0
~ 2
1013
>
<
J-0.2
.
1-03
o o} o o)
Il Il Il | _0‘4
2 3 4 5 6 7
Iteration
(b) ¥(0.5,0.6)

Fig. 8. The eigenvalua? and the HPM field amplitudey(x.ef) for increasing number
of homotopy terms, wherg,ef is a specific reference point in the square domain (here
Xref = 1/2+13/5). The changes in eigenvalue and field amplitude are plotted on the right

axis .
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4. Conclusion

We have shown that the general Helmholtz equation may be solved using a combination of con-
formal mapping and homotopy perturbation. The method was applied to a general rib waveg-

uide structure and field distributions of fundamental and higher order modes as well as eigenval-
ues were calculated. The results were verified by comparison to finite element method solutions
and by convergence analysis. While the mathematical framework was applied to the case of a
rib waveguide, the method is very general and may easily be applied to several other interesting
waveguide geometries by appropriate choice of conformal mapping functions. The method may
be applied to other waveguide structures than ARROW’s, e.g. metal-cladding waveguides, as
long as a null boundary condition is a valid approximation for these waveguides.

A. Appendix: Special functions
The notation used with elliptic integrals and elliptic functions differs somewhat in literature
[13, 18, 19, 20, 21], thus we briefly list the notation used here.

Jacobi’s éliptic functions

Jacobi’s elliptic sine amplitude function snk) = sn{u) and Jacobi’s amplitude function
am(u,k) = am(u) of modulusk are implicitly defined from an elliptic integral of the first kind;
let

2 dt . .
u=arcsn(zk) = '/0 0 1) =F(@,k), with z=sing (34)
then
am(u,k) =am() = ¢, (35)
sn(u, k) = sn(u) = z=sing = sin(am()), (36)

where the modulug may be omitted if no misunderstanding is possible. Note, Equation 34
also defines the inverse of the Jacobi elliptic sine amplitude, agnJacobi’s elliptic cosine
amplitude function cn{ k) = cn(u) and delta amplitude do(k) = dn(u) may be defined from

cn(u,k) = cn(u) = cos(am(u)), (37)
dnu,k) = dn(u) = ‘96‘;';(“). (38)

The Jacobi elliptic functions fulfil
srf(u) +crf(u) = 1, andk?srf(u) +drf(u) = 1. (39)

Elliptic integrals
Legendres elliptic integral of the first kirfél(@, k) is the definite integral

(0] doe sing ot

P&l :/0 V1-K2sir?0 :/0 V-1 (1-k?) (0
z dt . .

Fl(z,k):/o (17t2)(17k2t2)'W|th z=sing, (41)

wherek is the modulusg the amplitude and = sing, andF(z k) is the elliptic integral in
Jacobi form. The complete elliptic integral of the first kindkKequals the elliptic integral of
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the first kind at an amplitude @f = 17/2, thus

(42)

m2 e B dt
K= | e b e

where the modulus may be omitted, if no misunderstanding is possible. With the complemen-
tary modulusk’ = /1 — k2 the complementary complete elliptic integral of the first kind be-

comes

K/ =K'(k) =K (K) :K(\/l—kz). (43)
Legendres elliptic integral of the second kiBdg, k) is defined from the definite integral

[0) sing /1 — k2t2
E(p.k :/ \/1—k23in26d9:/ Vo 44
k= b Vie )

2 /1K

Ei(zk :/ ———dt, with z=sing, 45

again the complete elliptic integral E(of the second kind is obtained at an amplitude of
p=r11/2

T /2 1/1—Kt2
E=EK=E (2 k :/ \/1—k23in29d6:/ V2T . 46
() (2 ) Jo 0 ‘/1—t2 ( )
Jacobis elliptic integral of the third kindl;(z a, k) is the definite integral
srt(u,k)
k2sre(a, k)sré(u, k)

My(z,a,k) = kzsr(a,k)cr(mk)dn(a,k)/oz1_ du (47)

which differs from Legendres elliptic integral of the third kifld z, a, k), since that integral in
Jacobi’s form is defined as

M(za,k) = / i du
"V Jo 1—K2sré(a,k)sré(u, k)
z dt
- / . (48)
0 (1—Kk2sré(a,k)t?)v1—t2v/1— k22
It follows that the two elliptic integrals of the third kind are related
Nzak =2+ —CK 56 a0, (49)

cn(a,k)dna,k)

Jacobi’s zeta function Zi k) = Z(u) is related to the incomplete elliptic integrals of the first
and second kind by
E(k
(k

N

Z(u,k) = Z(u) = Eg(u,k) — Fy(u, k) . (50)

P
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