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SHOCK TUBE SYMPOSIUM

THE PHYSICS OF FLUIDS SUPPLEMENT I, 1969

Side-Pinch Effect of a Magnetically Driven Shock Tube
with Parallel Plate Electrodes

C. T. Cuang, U. KorssrcH, aNp K. MoONDRUP

Atomic Energy Commission, Research Establishment Risé, Roskilde, Denmark, and the
Technical University of Denmark, Copenhagen, Denmark

To study the possible effect of the side pinch on the steady-state current and the steady-state
shock speed of a magnetically driven shock tube, a semiempirical model is formulated. The time
history of the current, the radial and the translational motion of the current-carrying region are
expressed by three interacting nonlinear equations with five adjustable parameters describing the
variation of the electric circuit elements, the geometry of the shock tube, and the initial running
conditions. Within the 1ange of practical interest for values of the parameters investigated, com-
putational results show that the current-carrying region oscillates radially, but the current and the
translational velocity of the current-carrying region approach the quasi-steady state rapidly. The
deviation of the current from its “‘steady-state’’ value (when the pinch effect is absent) in no case

amounts to more than 5%.

I. INTRODUCTION

From the point of view of the electric circuit, the
motion of the current sheet along the electrodes of a
magnetically driven shock tube causes the induc-
tance of the electrodes to vary with time. This
implies that it has a feedback effect on the driving
current.

In a previous paper,’ taking a broad-rail gun as a
special example, we have shown that when a battery
is chosen as an energy source, regardless of the
value of its internal resistance, the current quickly
approaches a steady-state value; the current sheet,
after a relatively short accelerating period, moves
at a constant speed. In the analytical model used,
one of our main assumptions is that the field is
uniform behind the eurrent sheet. This assumption
is reasonable so long as the width of the electrodes is
much greater than the distance travelled by the
current sheet, but certainly necessitates a careful
re-examination when they are of comparable mag-
nitude.

The purpose of the present work is to investigate
to what extent the finite width of the electrodes
influences the steady state of the driving current
and the motion of the current sheet.

It should be mentioned that our treatment is in
many respects similar to that eontained in a paper
by Kolesnikov.” However, it differs from his on the
following points: (a) His energy source is a fast-
discharge condenser bank, ours is a constant-voltage
battery; (b) the current-carrying plasmoid in his
ease moves in a vacuum, in our case in a medium

1 C. T. Chang and O. Kofoed-Hansen, Plasma Phys. 10,
137 (1968).

¢ P. M. Kolesnikov, Zh. Tekh. Fiz. 35, 1577 (1965) [Sov.
Phys.—Tech. Phys. 10, 1219 (1966)].
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Fic. 1. Schematic drawing of the electric circuit and the

shoek tube.

compréssed by the shock; (¢) the resistance of the
plasmoid is neglected in his treatment, but not
in ours.

II. ANALYTICAL MODEL

As in our previous treatment, we assume the
plasmoid to be accelerated between two parallel
plane electrodes of width b and a distance ~ apart.
The energy source is a battery of voltage V, and
internal resistance R,. The electrodes, the battery,
and the connecting electric circuit are shown sche-
matically in Fig. 1.

To carry out the analysis, we make the following
assumptions:

(i) Once the electric breakdown occurs, the cur-
rent is confined within a cylindrieal column of con-
stant mass (i.e., a plasmoid).

(ii)) The associated magnetic field is distributed
in such a way that the field lines are more crowded
in the rear and at the sides of the cylinder than in
the front. This causes the plasmoid to move forward
as a pulsating hypersonic projectile and produces a
shock in front of it.

(iii) In reality, the cross section of the cylinder
probably closely resembles an elongated -ellipse.
For simplicity, in considering the pinch effect, we
take the plasmoid to be a circular cylinder.

(iv) The temperature and pressure of the plasma
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within the cylinder vary with its radius in ac-
cordance with the adiabatic compression law.

(v) The electrical resistance of the plasmoid is
given by the usual formula for a fully ionized gas®;
thus, it depends mainly on the temperature and can
be written as

R, = Rt<§2—>w5, ¢y

where R* is the resistance of the plasmoid during
the breakdown.

(vi) The inductance of the circuit is made up of
the lead inductance L,, the variable inductance of
the electrodes I, = L,x,,, where L, is the induec-
tance per unit length of the electrodes and z,, is the
distance traveled by the center of mass of the plas-
moid, and the variable inductance of the pulsating
plasmoid L, = (uh/27) In [(3b)/7].

(vii) In estimating the mass swept up by the
shock, we adopt the “snowplow” model. To ac-
count for the fact that the plasmoid is pulsating, we
introduce a numerical factor a( < 1). The mass M
swept up by the shock and accumulated ahead of the
projectile is then M = ap.bha, where p, is the initial
gas density. When the pinch effect is not very pro-
nounced, @ can be taken to be time-independent.

On these assumptions, the governing equations
in their dimensionless form can be written as follows:

voltage balance,
g _ d
L—g— o= (nf)
— AQSV”_S . A1 i (2 In V); (2)
dr

momentum equation of the translational motion of
the plasmoid,

d*\2 /"’
momentum equation of the radial oscillation of the

plasmoid,
2 2 1 2y-1
dy _ 4,5y A;( ) : @)

et = Ty P
In the above, the dimensionless variables are de-
fined as

& =

3

¢ 1 oz N
;’ E“Iov n_xor 4 (b/z)y (O)

i
T = —

Lo
the sealing factors are

length of translational motion, z, = L,/L,,

length of radial oscillation, 3b,

3 1. Spitzer, Jr.,, Physics of Fully Ionized Gases (Inter-
science Publishers, Inc., New York, 1962), 2nd ed.
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velocity,
1/2
g= (V" Y
U = <2p0b2> Rg ’ (6)
current,
10 = VO/RU.

The parameter ¢* differs from ¢ used previously"

only by the “sweeping” factor «; thus ¥ = ¢/a'%;

the remaining parameters, 4,, 4,, 4,, and 4, are
defined as

h R}
A1 = : Az ==
2 L ’ y
TLig ] R() (7)
a =) 4 - pa,,

where £, = x/% is a time scale related to the ac-
celerating period of the translational motion of the
plasmoid, ¢, = (2x/I,)(3b)*(po/1)""* is a time scale
related to the “collapsing time” of the pinch, and
B = po/(Pm)o [po is the initial gas pressure and

I?
o = s |
One must recall that the pinch effect does not
come into play until + > 7. This implies that
Eqg. (4) is valid only for r > 7,. For + < 7, it must
be replaced by

v = 1. @)
The time instant 7, clearly is to be determined
from the condition

ASEZ(‘H) = 4, or 52(71) = 3, (8)
which means that the current has reached the value
at which the magnetic pressure just balances the
gas pressure,

To start the computation we insert » = 1 in
Eq. (1) in combination with the initial condition

=0, 50 =0, 0% ©

and use Egs. (2) and (3) to compute £ and 5 up to
the moment r = 7,. From that moment onward, the
computation is continued with the full set of equa-
tions (4), (2), and (3) in combination with the
condition

=0’

T=0

d
o(r) =1, (d—:) = 0.

A. Computational Result
Using the starting procedure outlined in the pre-
ceding section, we analyze the system of equations
(2), (3), and (4) numerically. In accordance with the

geometry of the gun and the capacity of the battery
used in our experiments, the values of the param-

(10)
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Fra. 2. Solutions of », £ and dy/dr corresponding to the
“sinusoidal” mode. Dashed line, ‘“‘asymptotic” value of
£ = £ Broken line, “asymptoti¢’’ value of » = 5. Values of
parameters used: vy = §, ¢ = 1.0, 4, = 0.2, 4, = 0.04,
A; = 1.0, 4, = 0.27.

eters are chosen to cover the following ranges:
01<e<5, 4, =02, 4,=004,
0.01 < 4; £ 25, 0.0003 < A4, < 1.96.

(11)

Specifically, they are chosen in this way: for each-

assigned value of ¢* we caleulate A; (for the gun and
the battery used in our experiment, A; ~ ¢*');
then, we select five different values of A, so that the
“asymptotic” value of # falls in the range of 0.1 <
$ < 0.9.

Generally speaking, the computational result
shows that the radial motion of the plasmoid ecan be
classified into two types: that resembling a ‘“‘sinusoi-
dal oscillation’” and that resembling a ““linear pinch.”
The former mode usually appears for a combination
of large values of ¢* and B, the latter mode for
small values of ¢ and 8. Typical examples of solu-
tions corresponding to these two different modes
are shown in Figs. 2 and 3, respectively. It is inter-
esting to note that in both cases the current and the
speed of the plasmoid approach nearly constant
values after a relatively short accelerating period.

An explanation is required of the meaning of the
“agymptotic” values », £ and d4/dr. Clearly, as
the oscillation of the plasmoid implies that the

\V

5 1 15 70

T

F1a. 3. Solutions of », & and dn/dr corresponding to the
“pinch” mode. Dashed line, “asymptotic” value of & =
£. Broken line, “asymptotic” value of » = 5 Values of
parameters used: v = §, & = 04, 4, = 02, 4, =

0.04,
A; = 0.16, A4 = 0.016.
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Fic. 4. Variation of the current Af/£ with respect to the
“asymptotic”’ value p.

plasmoid inductance L, varies with time, strictly
speaking there are no steady states for these varia-
bles. However, to establish some standard of refer-
ence we can easily solve for those values of », £, and
dyn/dr by putting dv/dr = 0, dt/dr = 0, and
d’n/d7* = 0 in Eqgs. (2), (3), and (4), and call the
solutions ““asymptotic”’ values for convenience.

B. Discussion and Remarks

The numerical eomputation also gives the very
interesting result that the current variation A¢/ £
depends essentially on the “asymptotic’’ value of 7,
where A£ is defined as the value of ¢ at the second
maximum minus the value of £ at the succeeding
minimum. In other words, all combinations of 4,
A, and v which give the same value of # also give the
same percentage variation of A£/f (see Fig. 4).
Physically, this might be due to the fact that the
resistance R, of the plasmoid is negligible; the
current variation depends essentially on the param-
eter €.

We might also remark here that in our computa-
tional work we have on purpose avoided very low
values of A, (or 8) for the following reasons:

(a) A smaller value of 8 causes a stronger pinch,
which might introduce some hydromagnetic insta-
bilities.

(b) A too small value of 8 causes a too small value
of », which leads to a numerical instability in the
computational work.

(c) A smaller value of 8 causes a stronger oscilla-
tion of the plasmoid, which might violate the as-
sumption that the ‘‘sweeping” factor « is time-
independent.
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