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Synopsis

Numerical computations of the extension of circular cylindrical shaped samples in a dual wind-up
drum rheometer of Sentmanat extensional rheometer type �M. L. Sentmanat, Rheol. Acta 43, 657
�2004�; R. Garritano and H. Berting, US Patent No. 7,096,728 �08/29/2006�� are presented.
These time-dependent computations are fully three dimensional and based on theoretically ideal
configurations. If necking or sample rupture does not occur, the elongation will resemble
as ideal uni-axial if the initial sample diameter is decreased sufficiently. An initial diameter larger
than 0.5 mm may result in large deviations from ideal uni-axial deformation. © 2011 The
Society of Rheology. �DOI: 10.1122/1.3568816�

I. INTRODUCTION

The measurements of stress-strain relations in the wide variety of existing rheometers
are all based on the assumption of a homogeneous deforming sample. It may be through-
out the whole sample or in a local area, depending of the type of rheometer. A lot of
theoretical effort has therefore been devoted to discuss this assumption, both in shear
�Adams and Olmsted �2009�� as well as extension. Here, our concern is the consideration
of uni-axial extension. In extension the currently used rheometers are the Münstedt ten-
sile rheometer �MTR� �Münstedt �1979��, the Meissner elongational rheometer �Meissner
and Hostettler �1994��, the filament stretch rheometer �FSR� �Sridhar et al. �1991��, and
the recent Sentmanat extensional rheometer �SER� �Sentmanat �2004��. These rheometers
are commonly used to characterize entangled polymeric liquids and elastomers, as exten-
sional flow measurements are very sensitive to the molecular structure. In particular the
FSR has received �Kolte et al. �1997�; Sizaire and Legat �1997�; Rasmussen and Has-
sager �2001�� and still does receive �Webster et al. �2008�� a lot of theoretical attention.
Although the FSR and MTR are technically very different, they theoretically fall within
the same frame. They both consider a cylindrical polymer sample held between two
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plates that are pulled apart to induce the extensional flow. The SER fixture consists of two
cylindrical drums where a strip is attached. The sample is extended by rotating both
drums in opposite directions. For dual wind-up methods as the SER and RME only the
very recent SER computational studies by Yu et al. �2010� and Hassager et al. �2010�
exist.

The original work by Sentmanat �2004� as well as the studies by Yu et al. �2010� and
Hassager et al. �2010� considers the extension of rectangular shaped strips, whereas
experimental studies, on the SER, with monodisperse �Wang and Wang �2008�� and
bidisperse �Auhl et al. �2009�� polymer melts have according to our knowledge mainly
been performed applying �circular� cylindrical samples. Measurements on these types of
materials lay the foundation for the understanding of the physics of polymeric systems
�Marrucci and Ianniruberto �2004�; Schieber et al. �2007�; Wagner et al. �2008�; Nielsen
and Rasmussen �2008�; Nielsen et al. �2008�; Dhole et al. �2009�; Rasmussen et al.
�2009��. Therefore, it is particularly important to know what extent these measurements
represent ideal uniaxial deformation. Experimental studies of the SER technique applying
a cylindrical sample, with regard to the uniformity of the extensional deformation, have
according to our knowledge not been published yet. The influence of the material as well
as the initial geometry of the sample is currently unclear. Here, the purpose is to discuss
the potential deviations from ideal uni-axial deformation using �circular� cylindrical
samples on a SER, based solely on numerical computations of theoretically ideal con-
figurations.

II. EXTENSION OF CYLINDRICAL SAMPLES IN THE SER

The SER consists of two cylindrical drums as illustrated in Fig. 1�a�. A sample here
shaped as a circular cylinder with an initial diameter D0 is attached onto these drums. The
extension is achieved by rotating the drums in opposite directions with the same constant
rotation rate �. The set extension rate applied to the sample or commonly referred to as
the nominal Hencky strain rate is then expressed as

�̇N =
2�R

L0
. �1�

R is the radius of the equally dimensioned wind-up drums and L0 is the centerline
distance between the two drums. As illustrated in Fig. 1�a�, L0 is also equal to the initial
length of the unsupported part of the sample. Notice from a theoretical perspective that
the SER and the extensional viscosity fixture �EVF� rheometer �Garritano and Berting
�2006�� are identical techniques.

In all our simulations the initial shape of the tested specimen is a cylinder with an
unsupported length �L0� of 12.7 mm and a diameter �D0� of 0.5, 1, or 2 mm, as the
maximal reported initial sample diameter is 2 mm �Wang et al. �2007�; Wang and Wang
�2008��. The radius of the wind-up drums R is 5.1 mm. The nominal Hencky strain itself
is

�N = �̇Nt , �2�

where t is the time from the start of the extension. At time t=0 the rolls start the rotation
with a constant angular velocity. Experimentally, as well as computationally, the sample
is assumed to be stress free and at rest initially. In this work the third order accurate, in
time and space, Lagrangian finite element method developed by Marín and Rasmussen
�2009� is used in the computations. The variables are the spatial coordinates attached to
the particles. These Lagrangian variables enable the method to handle arbitrary large
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movement of particles in surfaces and interfaces, as well as an easy handling of dynamic
contact lines �Rasmussen et al. �2000��. In our computations the node points contacting
with the drums are prescribed non-slip boundary conditions, and they are advected ac-
cording to the motion of the rolls �Yu et al. �2010�� as illustrated in Figs. 1�b� and 1�c�.
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N
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FIG. 1. Simulation of a circular cylindrical sample in the SER. D0 is the initial diameter of the sample and L0

is the distance between the rotational axes of the drums. The diameter is D0=2 mm.
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The extension in any stretching apparatus is not uniform throughout the sample as the
sample sticks to the end fixtures. Nevertheless, the assumption of a homogeneous defor-
mation in the center of the sample should be sufficient to obtain a correct extensional
measurement �Szabo �1997��. For the SER this is illustrated in Fig. 2 where a D0

=2 mm sample described by the neo-Hookean elastic model is extended. Near the rolls
the sample does not resemble a circular cylinder. The contact to the rollers combined with

FIG. 2. Simulation of the extension of a neo-Hookean sample in the SER. The initial sample diameter is D0

=2 mm. The finite element mesh corresponds to half of the sample. The nominal Hencky strain is �N=2.3.
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the extensional force has flattened the sample. This affects even the central part of it.
Figure 3�a� shows the surface contour at the mid-plane of the neo-Hookean sample as the
solid line at a nominal Hencky strain of 2.3. The dashed circles are the surface contour
assuming ideal uni-axial deformation. The deformation neither has the correct strain nor
follows uni-axial which is reflected in a circular surface contour.

In Fig. 4 we present a more exhaustive analysis of the influence of the initial sample
radius. As it is customary in the experimental validation of the strain rate in the SER
technique, we show the evolution of a specimen’s diameter �D�t�� in the direction of the
rotational axis of the drums. As seen in Figs. 2 and 3�a�, this is the direction that exhibits
the largest deviation from the ideal case. We calculate it as a Hencky strain based on this
sample diameter, defined as

�D = 2 ln� D0

D�t�
� . �3�

Ideally, the diameter of a circular cross-section polymeric sample should follow the
expression �D=�N. If this requirement fails the deformation is not a constant strain rate

(a)

(b)

(c)

FIG. 3. Surface contours at the mid-plane of the sample at �N=2.3. The simulation �solid lines� is based on �a�
the neo-Hookean model and the MSF model �6� at �b� De=10 000 and �c� De=1. The dashed lines are the
expected contour assuming ideal uni-axial deformation. The initial sample diameter is D0=2 mm.
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uni-axial deformation. The different simulations in Fig. 4 are performed varying the
initial diameter of the polymer samples. Although the neo-Hookean model exhibits a
severe deviation from ideal uni-axial elongation at large initial values of the diameter, this
deviation gradually disappears as the initial diameter is reduced. We have not reported the
geometrical values non-dimensionally, but due to the geometrical restrictions on the SER
fixture one non-dimensional sample diameter may be applied.

In the work by Yu et al. �2010� and Hassager et al. �2010�, discussing the extension of
rectangular shaped strips in the SER, the importance of the weighting between the
Cauchy and Finger strain tensors in the constitutive equation was particularly empha-
sized, as well as the amount of elasticity in the sample. The components of stress tensor
��ij� of the neo-Hookean elastic model only depend on the Finger strain tensor as �ij

=3G�EinunEjmum�, where G is the shear modulus. Notice that the components of the
deformation gradient tensor, E, are given as Eij�x , t , t��=�xi /�xj�, with i=1,2 ,3 and j
=1,2 ,3, where the coordinates of a given particle, �x1� ,x2� ,x3��, in the stress free reference
state �at time t�� are displaced to coordinates �x1 ,x2 ,x3� in the current state �at time t�.
The angular brackets denote an average over a unit sphere � . . . �=1 / �4��	
u
=1. . .du,
where u is a unit vector.

For polymer melts and entangled liquids there exists a large amount of experiments
suggesting that the dynamics should be based on the independent alignment tensor from
the Doi–Edwards reptation theory �Doi and Edwards �1978��. As a consequence the
deviations from ideal uni-axial extension are different in the extension of elastomers and
melts in the SER. Here, we will focus particularly on the dynamics of monodisperse
polymer melts. As suggested by Wagner et al. �2005� we will add a stretch equation based
on the “interchain pressure” concept �Marrucci and Ianniruberto �2004�� on the constitu-
tive model by Doi and Edwards �1978�. This approach seems to be capable of predicting
the flow behavior of linear as well as branched monodisperse polymer melts �Nielsen and
Rasmussen �2008�; Wagner and Rolón-Garrido �2010�; Rasmussen et al. �2009��. The
constitutive model without a maximal extensibility of the polymer is

�ij = �
−�

t

M�t − t��f�t,t��25�EinunEjmum


E · u
2 
dt�, �4�

where
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FIG. 4. Simulations of the extension of neo-Hookean elastomer. The Hencky strain based on sample diameter
�D �see Eq. �3�� is shown as a function of the nominal Hencky strain �N �see Eq. �2��, and the solid line
represents ideal uni-axial deformation ��D=�N�. The simulations show the influence of the initial diameter:
D0=0.5, 1, and 2 mm.
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�

�t
f�t,t�� = f�t,t��� �

�t
�ln
E · u
� −

1

�W
f�t,t���f�t,t��3 − 1��, f�t�,t�� = 1, �5�

where �w is the relaxation time of the tube diameter. The linear dynamics of the polymer
is described by the memory function M�t− t�� and f is referred to as the molecular stress
function �MSF�. For simplicity we will only use an approximation of the MSF. The
applied f is the �analytical� solution of the differential equation

�

�t
f�t,t�� = −

1

�W
f�t,t��2�f�t,t��3 − 1� with the initial condition

f�t�,t�� = exp��ln
E · u
�� . �6�

This corresponds to the exact solution in the case of ideal stress relaxation. The consti-
tutive equation is then a KBKZ �Kaye, Bernstein, Kearsley, and Zapas� approximation of
the “interchain pressure” version of the MSF constitutive model �Wagner and Schaeffer
�1992��. A similar approach, although using a simplified MSF of Rouse type, has been
used before �Lyhne et al. �2009�� to model and predict the delayed rupture of extended
monodisperse polymer melts during stress relaxation. In our computations we apply the
Currie approximation �Currie �1982�� for the terms in the angular brackets in the Eqs.
�4�–�6�.

For the memory function we apply the method by Baumgaertel, Schausberger, and
Winter �BSW� �Baumgaertel et al. �1990��. The relaxation spectrum of the BSW model
representing a continuous distribution of time constant is

G�t − t�� = �
0

� H���
�

e�−�t−t��/��d� , �7�

H��� = neGN
0�� �

�max
�ne

+ � �

�c
�−ng�h�1 − �/�max� , �8�

where h�x� is the Heaviside step function and �max is the maximal relaxation time con-
stant in the dynamics of the polymer. The plateau modulus �GN

0 �, �c, ne, and ng are
material parameters with unique values for each type of polymer. The relation between
the memory function and relaxation modulus is M�t− t��=dG�t− t�� /dt�.

Here, we apply a Deborah number based on the largest linear relaxation time as De
= �̇N�max and use the material parameters obtained for a 390 kg/mol monodisperse poly-
styrene in our computations. All material parameters in the BSW model can be found in
Bach et al. �2003�, and we do have the ratio �max / ��w /3�=28.7 from Wagner et al.
�2005�.

The unstructured mesh used in all the presented simulations contains 17 358 elements
with emphasis on refining the mesh where the elements are mostly needed, and it is
shown in detail in Fig. 2. For cases with a dynamic contact surface, an unstructured mesh
is preferred as it ensures a gradual attachment of nodal coordinates onto the rollers. The
mesh is particularly refined at the contact area against the rollers. To ensure that the
computations are sufficiently accurate, we have performed neo-Hookean computations
with two crude meshes as well, one with 318 elements and another with 1369 elements
using an initial sample diameter of D0=2 mm. At a nominal Hencky strain of 1.5 the fine
mesh with 17 300 elements gave a diameter D=0.534 mm, the mesh with 1369 elements
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gave a value of D=0.531 mm, and the very crude mesh using 318 elements gave a value
of D /D0=0.527 mm. So the computational accuracy of the most refined mesh is ex-
pected to be a few thousandths.

Figure 3�b� shows the surface contour at the Deborah number of 10 000 at the mid-
plane of the D0=2 mm sample at �N=2.3. A Deborah number of 10 000 represents an
extension in the limit of an elastic deformation. Although the strain deviates significantly
from the ideal case �dashed line�, the computations �solid line� show a circular surface
contour which indicates uniaxial deformation in the center.

In Fig. 5 we present computations of the influence of the initial sample radius on the
diameter based Hencky strain for the above model in Eqs. �4� and �6� at a fixed Deborah
number of 10 000. The neo-Hookean model �see Fig. 3� does represent the most severe
deviation from the ideal case. But the above model still represents a large deviation from
the ideal case. For a sample with initial diameter D0=2 mm, the diameter based Hencky
strain is 0.3 units below the ideal one at a nominal Hencky strain of 2.5. This deviation
reduces almost linearly with the initial diameter D0.

In Fig. 6 we have compared the neo-Hookean with the model represented by Eqs. �4�

0

0.5

1

1.5

2

2.5

0 0.5 1 1.5 2 2.5
ε D

εN

ideal uniaxial
D0=0.5mm
D0=1.0mm
D0=2.0mm

FIG. 5. Simulations of the extension of a melt based on the MSF model in Eq. �6� at a Deborah number of
De=10 000. The Hencky strain based on sample diameter �D �see Eq. �3�� is shown as a function of the nominal
Hencky strain �N �see Eq. �2��, and the solid line represents ideal uni-axial deformation ��D=�N�. The simula-
tions show the influence of the initial diameter: D0=0.5, 1, and 2 mm.
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FIG. 6. Simulations of the extension of an elastomer and a polymer melt. The simulations are based on the
neo-Hookean model and the MSF model in Eq. �6� at Deborah numbers of De=10 000 and De=1. The initial
diameter of the sample is fixed at D0=2 mm. The Hencky strain based on sample diameter �D �see Eq. �3�� is
shown as a function of the nominal Hencky strain �N �see Eq. �2��, and the solid line represents ideal uni-axial
deformation ��D=�N�.
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and �6� at both Deborah numbers of 10 000 and 1. The latter represents a low amount of
elasticity as well as a strain softening material. As already recognized in the work by Yu
et al. �2010�, this reduces the deviation from the ideal case. All our performed computa-
tions for the model in Eqs. �4� and �6� result in a circular shaped �e.g., uniaxial defor-
mation� surface contour �shown as the solid line in Figs. 3�b� and 3�c�� in the center of
the sample for all applied initial diameters as well as Deborah numbers.

One has to keep in mind that a ductile failure or necking can appear in the sample in
the SER �Sentmanat et al. �2005�; Wang et al. �2007��. An appearance of a ductile
necking during the measurements leads to a complete loss of symmetry as well as ho-
mogeneity and eventually to a sample breakage. The ductile failure is an important
limitation not only in the use of the SER but also in the use of almost all extensional
rheometers. The only exception seems to be the FSR. It has shown in several cases the
ability to prevent the ductile failure �Bach et al. �2003�; Rasmussen et al. �2005��.

III. CONCLUSION

The computations of the extension of a �circular� cylindrical sample in the SER show
that the elongation resembles to ideal behavior when the initial sample diameter is de-
creased sufficiently. The use of a sample with a diameter of 1 mm may result in more
than 10% deviation from the expected Hencky strain. The exact value of the deviation
may be difficult to quantify as the constitutive behavior of a measured substance in most
cases is likely to be unknown.
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