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Y Z<=W<WLA HD =KD=WE?@ ?ZL Z@ESK@>>@> VNL?Lz �� ��àe ¸¹¹¹ Â ÆE?< EKD D@ NEBHL e `aaa ÂÜ =WS �� ��àe `aaa Â g?ABB> �� ��àe `aa ¸Â ]<@K �� ��àe `aa ¸Â g?ABB> �� ��àe `aab ÂÜ =WS �� ��àe `aaÉ Â \EC E?< �� ��àe `aaqY O [? => D=� WAH? e @y<EA>?=U@ EKD ?ES@>E HL? LI ZLGS EKD >=CAHE?=LK ?=C @ ?L R@K@GE?@ @EW< DE?E FL=K? O ;<@ G@>AH?>EG@ KL? RLLD FL>>=BHX B @WEA>@ @GGLG> LI ?<@ FAG@ WLCFLK@K? UEFLG FG@>>AG@>FGLFERE?@ ?L ?<@ B=KEGX G@R=LK O _K @yECFH@ => ><LZK =K k=RAG@ ` O` Z<@G@ ?<@@GGLG =K ?<@ FG@D=W?=LK LI FAG@ D=@?<XH @?<@G UEFLG FG@>>AG@ VE?
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Y @z@W?>CL>? LI ?<@ F<E>@ D=ERGEC E> ?<@ FG@D=W?@D C =y?AG@ BABBH@ FL=K?> EG@ ?LL < =R< OjK@ WEK EH>L MA@>?=LK ?<@ K@@D ?L =KWHAD@ ?<@ UEFLG F<E>@ =K ?<@ >=CAHE?=LKLI B =KEGX C =y?AG@> O _? ECB=@K? FG@>>AG@> ?<@ KLKQ=D@EH=?X LI ?<@ UEFLG F<E>@=> =K>=RK=JWEK? e Z<=W< C ES@> ?<@ HEGR@ @zLG? K@@D@D ILG h^i] >=CAHE?=LK LIB=KEGX C =y?AG@> e AKK@W@>>EGXO;<@ ;GENN^QT_ EKD _T_b ZLGS FG@>@K?@D B@HLZ WEK B@ WE?@RLG=o@D E>h^i] ILGW@ J@HD> B @WEA>@ ?<@=G FEGEC @?@G> <EU@ B @@K LF?=C =o@D BX G@FGLQDAW?=LK LI FAG@ WLCFLK@K? ?<@GCLDXKEC =W FGLF @G?=@> C ED@ EWW@>>=BH@ BX ?<@h^i] C@?<LD> O ;<@X G@FG@>@K? ?ZL D=z@G@K? EFFGLEW<@> LI G@FG@>@K?=KR ?<@CLH@WAH@> EKD EH>L ?ZL >@?> LI >=CAHE?=LK >LI?ZEG@ O kGLC ?<@ U=@Z LI E ?<=GDFEG?X EWED@C =W LG =KDA>?G=EH G@>@EGW<@G =? => W<EHH@KR=KR ?<E? E WLCCLK FHE?QILGC <E> KL? B @@K D@U@HLF @D Z<@G@ EHH C Es LG WLK?G=BA?LG> ?L h^i] CES@ ?<@=GEDUEKW@> =K EHRLG=?<C > EKD >=CAHE?=LK ?@W<K=MA@> EUE=HEBH@ O _ RLLD E??@CF? =KCES=KR E WLCCLK FHE? <E> B @@K D@U@HLF @D BX i EG?=K EKD g=@FC EKK V¸¹¹¹Y/Z<=W< Z =HH B @ D=>WA>>@D B@HLZ O

0 1212 3456 6 789 : ;<4=> ; ?>@AiEG?=K EKD g=@FC EKK V¸¹¹Á e ¸¹¹¹Y <EU@ D@U@HLF @D E ILGW@ J@HD BE>@D LK h^i]C@?<LD KEC @D B;GEK>I@GEBH@ NL?@K?=EH> ILG N<E>@ ^MA=H=BG=E Q TK=?@D _?LC CZ<=W< => KLGC EHHX G@DAW@D ?L ;GENN^QT_ O;<@ AK=?@D E?LC CLD@H => W<EGEW?@G=o@D BX WLK>?EK? BLKD H@KR?<> EKD ?<@=K?GECLH@WAHEG FL?@K?=EH => G@DAW@D ?L BLKD EKRH@> EKD D=<@DGEH EKRH@> e ?<LAR<?<@G@ EG@ E >F @W=EH WLK?G=BA?=LK ?L D@>WG=B @ FGLy =C =?X @z@W?> B @?Z@@K LyXR@KE?LC > =K RHXWLH> Vg?ABB> �� ��àe `aabY O ;<@ Ð@KKEGDQdLK@> FL?@K?=EH => A>@D ?LD@>WG=B @ ?<@ UEK D@G ÜEEH> ILGW@> EKD E >=CFH@ ?@GC ?L D@>WG=B @ =K?@GEW?=LK DA@?L W<EGR@> O
U(R) =

∑

angles

kθ

2
(θ − θ0)

+
∑

dihedrals

c0+c1[1+ cos (φ)] +c2[1− cos (2φ)] +c3[1+ cos (3φ)]
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=> ?<@ @z@W?=U@ D=@H@W?G=WWLK>?EK? EKD

rij

=> ?<@ D=>?EKW@ B @?Z@@K B@ED>
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EKD
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O;<@ ?GEK>I@GEBH@ FEG? LI ?<@ ILGW@ J@HD KEC @ G@I@G> ?L ?<@ LBs @W?=U@ ?L ?GEK>I@GFEGEC @?@G> G@RG@>>@D ILG >F @W=JW WLCFLAKD WHE>> ?L FEG?=EHHX D@>WG=B @ FEG?> LICLH@WAH@> IGLC E D=z@G@K? WLCFLAKD WHE>> O _K @yECFH@ WLAHD B @ ¸QF @K?EKLHZ<@G@ ?<@ EHWL<LH FEGEC @?@G> WLK>=>?> LI ?<@ <XDGLR@K EKD <XDGLyXH LyXR@K FHA >?<@ EHF<E WEGBLK RGLAF ?L Z<=W< =? => WLKK@W?@D O ;<@ FEGEC @?@G> ILG ?<@ G@>?LI ?<@ B @ED> =K ?<@ CLH@WAH@ EG@ ?ES@K IGLC ?<@ EHSEK@ D@>WG=F?=LK O ;<@ FGLQW@DAG@ ILG =CFH@C @K?=KR ?<@ ?GEK>I@GEB=H=?X => BX >@MA@K?=EHHX LF?=C =o=KR ?<@FEGEC @?@G> >?EG?=KR Z =?< EHSEK@> EKD CLU=KR LK ?L ILG @yECFH@ EHS@K@> EKDEHWL<LH> =K E IE>< =LK G@>@CBH=KR ?<@ ZEX RGLAF WLK?G=BA?=LK CLD@H> H=S@ TÆ[Qk_] Z@G@ D@U@HLF @D VkG@D@K>HAKD �� ��àe ¸¹cÉY O i EG?=K EKD g=@FC EKK V¸¹¹ÁY=K=?=E?@D ?<@=G ZLGS Z =?< H=K@EG EHSEK@> EKD ?<@ DE?EBE>@ LI FEGEC@?@G> <EU@B @@K @yFEKD@D Z =?< BGEKW<@D EHSEK@> Vi EG?=K EKD g=@FC EKK e ¸¹¹¹Y e EGLC E?=WWLCFLAKD> VÜ =WS �� ��àe `aaaY e EHWL<LH> BL?< FG=C EGXe >@WLKDEGX EKD ?@G?=EGXV]<@K �� ��àe `aa ¸Y e L?<@G LyXR@K WLK?E=K =KR WLCFLAKD Vg?ABB> �� ��àe `aab YEKD K=?GLR@K WLK?E=K=KR WLCFLAKD> VÜ =WS �� ��àe `aaÉY O ;<@ HEGR@ KACB@GLI WLCFLAKD RGLAF> WLU@G@D BX ?<@ ;GENN^ ILGW@ J@HD => =CFG@>>=U@ EKD ?<@HEGR@ @zLG? FA? =K?L WLU@G=KR C EKX WLCFLAKD RGLAF> EKD E?LC ?XF@> C ES@>;GENN^ U@G>E?=H@ O ;<@ HEGR@ FEGEC @?@G >@? EUE=HEBH@ C ES@> =? FL>>=BH@ ?L R@?RLLD =K=?=EH @>?=C E?@> LI FEGEC @?@G> ILG E K@Z WLCFLAKD RGLAF O;<@ LF?=C =oE?=LK LI ?<@ FEGEC @?@G> ILG ?<@ ;GENN^QT_ ILGW@ J@HD WEK GLAR<QHX B @ D=U=D@D =K?L ?ZL FEG?> e =K?GECLH@WAHEG EKD =K?@GCLH@WAHEG FEGEC @?@G> O [KQ?GECLH@WAHEG FEGEC @?@G> <EU@ e =I F L>>=BH@ e B @@K ?ES@K IGLC FABH=><@D ILGW@ J@HD>LG <EU@ B @@K D@?@GC =K@D ?<GLAR< �U ������ WEHWAHE?=LK> Vi EG?=K EKD g=@FC EKK e¸¹¹Á Â Ü =WS �� ��àe `aaÉY O ;<@ =K?@GCLH@WAHEG FEGEC @?@G> <EU@ B @@K LF?=C =o@DBX G@FGLDAW?=LK LI H=MA=D D@K>=?=@> EKD WG=?=WEH FGLF @G?=@> VWG=?=WEH ?@CF@GEQ?AG@ e
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O kLG >=CFH=W=?X ?<@ W@K?@G> LI C E>> LI ?<@ EK=>L?GLF=W AK=?@DE?LC ZE> S@F? E? ?<@ W@K?@G LI ?<@ WEGBLK E?LC O ;<@ =K?GECLH@WAHEG ILGW@> =>G@DAW@D ?L BLKD EKRH@ EKD D=<@DGEH EKRH@ ?<@ BLKD H@KR?<> EG@ S@F? WLK>?EK? O;<@ Ð@KKEGDQdLK@> FL?@K?=EH => A >@D ?L D@>WG=B @ ?<@ UEK D@G ÜEEH> =K?@GEW?=LK>A>=KR ÐLG@KoQ�@G?<@HL? WLCB=K =KR GAH@> O

U(R) =
∑

angles
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2
kθ (cos θ − cos θ0)
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∑

dihedrals
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∑
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∑

nonbond

4εij

[

(

σij

rij

)12

−

(

σij

rij

)6
] V` OÉY



¸a iLH@WAHEG iLD@H=KR
kθ

=> ?<@ BLKD EKRH@ ILGW@ WLK>?EK? e
θ
=> ?<@ BLKD EKRH@ EKD

θ0
=> =?> @MA=H=BG=ACFL>=?=LK O

ai

EG@ ?<@ D=<@DGEH EKRH@ FL?@K?=EH WL@� W=@K?> EKD
Φ
=> ?<@ D=<@DGEHEKRH@ O

εij

EKD
σij

EG@ ?<@ Ð@KKEGDQdLK@> Z@HH D@F?< EKD >=o@ e rij

=> ?<@ D=>?EKW@B @?Z@@K =K?@GEW?=LK W@K?@G>
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EKD

j
O ;<@ ?LG>=LKEH FL?@K?=EH D=z@G> >=RK=JWEK?HXIGLC L?<@G FL?@K?=EH> BX <EU=KR E CAW< HLZ@G REAW<@ ?L REAW<@ @K@GRX BEGG=@GZ<=W< F@GC =?> W<E=K GL?E?=LK> E? GLLC ?@CF@GE?AG@ V;LyUE@GD e ¸¹¹aY O ;<@BLKD EKRH@ FL?@K?=EH D=z@G> EH>L IGLC L?<@G ZLGS ?<LAR< =? => >?=HH <EGCLK=W O;<@ WEHWAHE?=LK> EG@ EWW@H@GE?@D E> ?<@ =KU@G>@ WL>=K@ DL @> KL? <EU@ ?L B @WEHWA HE?@D Z<=W< => ?<@ WE>@ =K CL>? ILGW@ J@HD> V>@@ ^M O ` Ob ILG ;GENN^QT_Y O;<@ _T_ ILGW@ J@HD BX TKR@G@G �� ��àe KEC @D _T_b e <E> >@U@GEH W<EGEW?@GQ=>?=W> Z<=W< CES@> =? >AF @G=LG ?L ILGW@ J@HD> H=S@ ;GENN^QT_ Z<@K =? WLC @>?L WLCFA?E?=LKEH >F @@D O ^U@K ?<LAR< @y?GE WEHWAHE?=LK> EG@ K@@D@D ?L HL WE?@?<@ ÐQd =K?@GEW?=LK W@K?@G> ?<@ WEHWA HE?=LK ?=C @ LI ?<@ =K?@GCLH@WA HEG FL?@KQ?=EH => KL? =KWG@E>@D >=RK=JWEK?HX E> ?<@ KACB@G LI ÐQd =K?@GEW?=LK W@K?@G> =>?<@ >EC @ O ;<@ C E?<@C E?=WEH WLK>?GAW?=LK LI ?<@ EKRH@ B @KD EKD D=<@DGEH EKQRH@ FL?@K?=EH> EWW@H@GE?@> ?<@ WEHWAHE?=LK> E> ?<@ =KU@G>@ WL>=K@ DL@> KL? <EU@?L B @ WEHWAHE?@D O ;<@ _T_b <E> ?<@ >EC @ EDUEK?ER@> E> ;GENN^QT_ Z<@KWLCFEG@D ?L __ ILGW@ J@HD> OTKR@G@G �� ��à V`aaaY ILGCAHE?@D EK LBs @W?=U@ IAKW?=LK e

SSAUA4
e ILG D@?@GQC =KE?=LK LI ?<@ =K?@GCLH@WAHEG FEGEC @?@G> LI ?<@ _T_b ILGW@ J@HD O

SSAUA4 =
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n

n
∑

i=1

(

Xmod
i − Xexp

i

)2

s2
i

V` OqY
Z<@G@
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i

=> EK @yF@G=C @K?EH FGLF @G?X Z<=W< WEK B@ H=MA=D D@K>=?Xe UEFLGFG@>>AG@ LG @K?<EHFX LI UEFLG=oE?=LK O
Xmod

i

=> ?<@ WLCFA?@D UEHA@ LI ?<@
i
?<FGLF @G?X Z =?< ?<@ @>?=C E?@D >?E?=>?=WEH AKW@G?E=K?X

s2
i

e =D@EHHX UEG=EKW@ O ;<@LF?=C =oE?=LK @KD> Z<@K ?<@ FEG?=EH D@G=UE?=U@ LI EHH
m
FEGEC @?@G> e

yj

e EG@ o@GL O
∂SSAUA4

∂yj

=
1

n

n
∑

i=1

2
(

Xmod
i − Xexp

i

) ∂Xmod
i

∂yj

s2
i

for j = 1 . . . m
V` OcY

;<@ EFFGLEW< => KLGCEH =K LF?=C =oE?=LK LI FEGEC @?@G> ILG C E?<@CE?=WEH C LD@H> O;<@ KAC@G=WEH @UEHAE?=LK LI D@G=UE?=U@> e A>=KR ILGZEGD D=z@G@KW@> e E? @EW<=?@GE?=LK => E ILGC =DEBH@ WLCFA?E=LKEH @zLG? VTKR@G@G �� ��àe `aaaY O ;<@ KACB@GLI >=CAHE?=LK> E? @EW< =?@GE?=LK => GLAR<HX @MAEH ?L
(1 + m) · (n/3)

Z<=W< =>¸ >@? LI @UEHAE?=LK> ILG ?<@ FEGEC @?@G >@? FHA>
m

F@G?AGBE?=LK> Z<@G@ @EW<FEGEC @?@G => C LD=J@D ?L R@? ?<@ D@G=UE?=U@ O _ >>AC =KR H=MA=D D@K>=?Xe UEFLGFG@>>AG@ EKD @K?<EHFX LI UEFLG=oE?=LK WEK B@ @y?GEW?@D IGLC @EW< >=CAHE?=LK
n/3
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∑
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=> EH>L WEHH@D ?<@ B
σQF L?@K?=EHC O

µS(σ)=−
RT

aeff
ln

[∫
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∫
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∑
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∑
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º Oº O {Pk IGLC g=CAHE?=LK EKD ?<@=G [K?@RGE?=LK Â º i @?<LD> `¸
E?LC > KL? =KWHAD@D O i EG?=K EKD kG=>W<SK@W<? V`aaqY <EU@ G@W@K?HX D@U@HLF @DE K@Z ILGCAHE?=LK LI WLKJRAGE?=LKEHQB=E> iLK?@ ]EGHL >?GE?@RX Z<=W< E=C >E? =CFGLU@D >ECFH=KR LI ?<@ =K?GECLH@WAHEG WLKJRAGE?=LKEH F<E>@ >FEW@ O ;<@FGLBH@C >?=HH G@C E=K> ?<E? @U@K =I ?<@ B @>? ?G=EH >?E?@ => >@H@W?@D ILG =K>@G?=LKLI FEG?> LG E WLCFH@?@ CLH@WAH@ ?<@ W<EKW@ LI ?<@ =K >@G?=LK => ?<@ FGLDAW? LIW<EKW@> LI @EW< BLKD H@KR?< e BLKD EKRH@ e D=<@DGEH EKRH@ EKD >L ILG?< Z<=W<CES@> WLGG@W? >ECFH=KR LI ?<@ WLKJRAGE?=LKEH >FEW@ W<EHH@KR=KR Z<@K EFFHX=KREK __ ILGW@ J@HD D@>WG=F?=LK O ]LK>@MA@K?HX U@GX HLKR @MA=H=BGE?=LK EKD FGLDAWQ?=LK F@G=LD> EG@ K@@D@D O ;<=> FGLB H@C => KL? @KWLAK?@G@D =K iP >=CAHE?=LK>Z<@G@ ?<@ WLKJRAGE?=LKEH >FEW@ => EA?LCE?=WEHHX WLGG@W?HX WLU@G@D ?<GLAR< ?<@?=C @ =K?@RGE?=LK LI ?<@ Æ@Z?LK @MAE?=LK> O;<@ D@U@HLFC @K? LI >LI?ZEG@ <E> EH>L H=C =?@D ?<@ EDUEK?ER@> LI i] LU@G iPZ=?< >LI?ZEG@ FEWSER@> H=S@ Æ_iP V\EH� �� ��àe ¸¹¹¹Y O Æ_iP <E> ?<@ EB=H=?X?L GAK LK FEGEHH@H WLCFA?@G> =K E WHA >?@G EKD CAH?=F H@ WFA p> Z =?< CAH?=FH@WLG@> LK @EW< KLD@ LG WLCFA?@G =K ?<@ WHA>?@G O ;<@>@ =CFG@>>=U@ W<EGEW?@G=>?=W>C ES@> =? FL>>=BH@ ?L >=CAHE?@ HEGR@ >X>?@C Z =?< __ D@>WG=F?=LK> E? E G@E>LKEBH@?=C @ >WEH@ O �@WEA>@ LI ?<@ KE?AG@ LI i] =? => KL? FL>>=BH@ ?L @yFHLG@ ?<@ FLZ@GLI CAH?=FH@ WLCFA?@G> =K E WHA>?@G BA? ?<@ ;LZ<@@ / >LI?ZEG@ FEWSER@ <E> ?<@WEFEB=H=?X LI @yFHL=?=KR E WLCFA?@G Z =?< CAH?=FH@ WFA p> H=S@ DAEH F @K?=AC O Ü =?<>X>?@C >=o@> LI É ¸` LG ¸aaa CLH@WAH@> ?<@ i ] >=CAHE?=LK> LK E K@Z D@>S?LFWLCFA?@G ZLAHD ?ES@ Z@@S> ILG @EW< WLCFL>=?=LK Z<=H@ ?<@ iP >=CAHE?=LK>WLA HD B @ JK=><@D Z =?<=K cQ ¸a DEX> LK E WHA>?@G D@F @KD=KR LK ?<@ WEFEW=?XEUE=HEBH@ O
c ãc b z d �óïì `æìn íòðæïê òê� ðyëæó gêðëeóòðæïê �

c îëðyï�è
_I?@G FL>=?=LK> LI ?<@ CLH@WA H@> <EU@ B @@K >ECFH@D =K ?<@ iP >=CAHE?=LK> ?<@GED=EH D=>?G=BA?=LK IAKW?=LK> e

gNPT
ij (r)

e WEK B@ D@?@GC =K@D EKD =K?@RGE?@D ?LG@?G=@U@ ?<@ ;]k[> O
Hij = 4πρ

∫ rmax

0

r2
(

gNPT
ij (r) − 1

)

dr
Vº O¸ÉY

;<@ =K?@RGEH =K ^MAE?=LK Vº O¸ÉY e <E> E JK=?@ AFF@G H=C =? e
rmax

O ;<@ ?G@E?C @K?LI ?<=> WEK B@ WLCFH=WE?@D BX ?<@ H=C =?@D GEKR@ e >@? BX ?<@ >=CAHE?=LK BLy eILG Z<=W< Z@ C EX >=CAHE?@
gij(r)

e EKD ?<@ >HLZ WLKU@GR@KW@ LI
gij(r)

?LZEGD?<@ H=C =?=KR UEHA@ LI AK=?XO ;<@ C Ey=CAC D=>?EKW@ e
rmax

e @MAEH> <EHI ?<@>=D@ H@KR?< LI ?<@ >=CAHE?=LK BLy e
Lbox

O ;<@LG@?=WEHHXe
gij(r) − 1

RL@> ?L o@GLZ<@K
r
RL@> ?L =KJK=?XO mLZ@U@G e B @WEA>@ ?<@ =K?@RGEH => @UEHAE?@D KAC@G=WEHHXeWLKU@GR@KW@ G@MA=G@> ?<E?

gij(r)−1
RL@> IE>?@G ?L o@GL ?<EK

r2 RL@> ?L =KJK=?XO [IKL? e ?<@ =K?@RGEH D=U@GR@> O jWWE>=LKEHHXe ?<=> WEK WG@E?@ FGLB H@C > O kLG @yECFH@ eWLKU@GR@KW@ LI
gij(r)

CEX KL? B @ E??E=K@D E?
r � rmax

O ;<@ D@U=E?=LK LI
DEFFG HIIFJKELL MNJOPQLRJPSL MTLF



`` kHAW?AE?=LK gLHA?=LK ;<@LGX
gij(r)

IGLC AK=?X C EX B@ EBLA?
0.1 − 0.2%

LG H@>> O l@? e ?< => C ERK=J@> =K ?<@;]k[ B@WEA>@ LI ?<@
r2 IEW?LG =K ?<@ =K?@RGEKD e E> =HHA>?GE?@D =K k=RAG@ º O¸ILG ?<@ @?<EKLHQ@?<EKLH {Pk ILG ?<@ B @Ko@K@Q@?<EKLH >X>?@C Z<=W< => ?G@E?@DHE?@G =K g@W?=LK c Oº O ;<@ >LH=D H=K@ =K k=RAG@ º O¸VEY =>

g22(r)
Z<=W< U=>AEHHXDL@> KL? D@U=E?@ IGLC AK=?X K@EG

rmax

O mLZ@U@G e ?<@ D=U@GR@KW@ => WH@EGHX>@@K LK k=RAG@ º O¸VB Y >?EG?=KR E?
r ≈ 15A

Z<@G@ E HL WEH C Ey=CAC =K ?<@=K?@RGEKD e
dG22

e <E> E K@RE?=U@ UEHA@ O ;L LU@GWLC @ ?<@>@ D=� WAH?=@> ?<G@@H@U@H> LI EFFGLy =C E?=LK <EU@ B@@K WLK>=D@G@D O ;<@ JG>? EFFGLEW< Vi@?<LD ¸Y =>

���
g22(r)

�F
x1 = 0.5

�� � �TFLSP�T� � dG22

�F
x1 = 0.5ôõö÷øù [ ûü û ���þ� � ��\�����þ� �

gij(r)

� ������ ����
�þ�� �

x1 = 0.5
� �ÿ��� ��	 ��k��� 
�� � � ��ÿ
��� � ý���� ���� ���������� ���ÿ�� �� �
�ÿ�� ���� �� 
 ^� ��������
���� �" �� �� � ��ÿ ���ÿ�� " �

>=CFHX ?L >?LF =K?@RGE?=LK Z<@K E >AB AK=?X CEy=CAC LG EBLU@ AK=?X C =K =CAC=K
gij(r)

=> @KWLAK?@G@D ?<@G@BX G@DAW=KR
rmax

O ;<=> R=U@> EK EFFGLy=C E?@
Hij

UEHA@ O ;<@ D@?@GC =KE?=LK LI ?<@ G@DAW@D UEHA@ LI
rmax

<E> FGLU@K ?LB @ E W<EHH@KR@ B @WEA>@ ?<@ {Pk WEK B@ =KÏA@KW@D BX H@>> F @GI@W? >ECFH=KRE? HEGR@ D=>?EKW@ WHL>@ ?L ?<@ >=CAHE?=LK BLy H@KR?< O ]LK>@MA@K?HX E >=CFH@BA? GLBA>? EHRLG=?<C <E> B @@K D@U@HLF @D EKD =CFH@C @K?@D ?L JKD FL>>=BH@D=U@GR@KW@ EKD ?L ?<LGLAR<HX ?@>? ?<@ {Pk =K ?<@ U=W=K =?X LI ?<@ D@?@W?@DD=U@GR@KW@ ?L @K>AG@ =?> WLGG@W?K@>> O i @?<LD ` => ?L =KWG@E>@ ?<@ >=o@ LI ?<@>X>?@C >=CAHE?@D EKD G@DL ?<@ >=CAHE?=LK> O Ð=?@GE?AG@ FGLU=D@> @yECFH@> LI?<=> VÜ@@GE>=KR<@ EKD gC =?< e `aaºY e EH?<LAR< =? =KWG@E>@> ?<@ >=CAHE?=LK ?=C @>=RK=JWEK?HXO [K ?<@ WE>@ >?ADX LI B @Ko@K@ Q C @?<XH EW@?E?@ Vg@W O c O¸Y ?<@ >X>?@C>=o@ ZE> =KWG@E>@D IGLC É¸` ?L ¸aaa CLH@WAH@> EKD ?<@ =K?@RGEKD IGLC ?<=>>X>?@C >?=HH D=U@GR@ Z<@K EFFGLEW<=KR ?<@ <EHI >=CAHE?=LK BLy H@KR?< O mLZ@U@GE> ?<@ BLy >=o@ <E> B @@K =KWG@E>@D ?<@ D=>?EKW@ LI D=U@GR@KW@ <E> EH>L B @@K=KWG@E>@D e
r1000
max > r512

max

e Z<=W< =KWG@E>@> ?<@ FG@W=>=LK LI
Hij

O i @?<LD º A>@>>LC@ @yFG@>>=LK ?L G@FGLDAW@ ?<@ {Pk Z<=W< EFFGLEW<@> AK=?X IE>?@G ?<EK
r2RL@> ?L =KJK=?XO ;<@ C @?<LD> <EU@ B @@K >ACCEG=o@D B@HLZ O



º Oº O {Pk IGLC g=CAHE?=LK EKD ?<@=G [K?@RGE?=LK Â º i @?<LD> `º
¸O g@?

rmax

E> ?<@ H=C =? Z<@G@ {Pk >?EG?> ?L D=U@GR@ O` O [KWG@E>@ KACB@G LI C LH@WAH@> EKD G@F @E? >=CAHE?=LK> Oº O ^yFG@>>=LK ?L G@FGLDAW@ {Pk Z<=W< RAEGEK?@@> WLKU@GR@KW@ O[K ?<@ H=?@GE?AG@ @yECFH@> WEK B@ ILAKD LI @yFG@>>=LK> EFFH=@D ILG G@FGLDAWQ?=LK LI ?<@ {Pk O i E??@LH= EKD i EK>LLG= V¸¹¹ÉY FGLFL>@D EK @yFG@>>=LK ILGG@FGLDAW=KR ?<@ {Pk LI C E=KHX FAG@ Ð@KKEGDQdLK@> ÏA=D> Z<=W< EH>L =KWHAD@DEK @y?@K>=LK ?L B=KEGX C =y?AG@> O ;<@ @yFG@>>=LK WLK?E=K> ?ZL @MAE?=LK> e LK@?L G@FG@>@K? ?<@ B @<EU=LG B @ILG@ ?<@ C Ey=CAC LI ?<@ JG>? F @ES EKD E >@WLKD@MAE?=LK ?L G@FG@>@K? ?<@ G@>? O [? => E>>AC@D ?<E? ?<@ {Pk => WLK?=KALA> EKD?<@ JG>? C Ey=CAC LWWAG E? ?<@ WLK?EW? D=>?EKW@ e
d
O

d
=> R=U@K BX

d = hσ
eZ<@G@

σ
=> ?<@ D=>?EKW@ FEGEC@?@G LI ?<@ Ð@KKEGDQdLK@> FL?@K?=EH EKD h

=> EKEDsA>?EBH@ FEGEC @?@G K@EG AK=?XO
g(y) =







1 + y−m (g(d) − 1 − λ)

+y−1+λ
y

exp (−α(y − 1)) cos (β(y − 1)) m ≥ 1, y ≥ 1

g(d) exp
(

−θ(y − 1)2
)

y < 1

Vº O¸qY
;<@ G@DAW@D GED=A> e

y
e => A>@D ?L G@FG@>@K? ?<@ D=>?EKW@ Z<=W< => R=U@K BX

y = r/d
O ;<@ EDsA>?EBH@ FEGEC @?@G> EG@

h = d/σ
e
m
e
λ
e
α
e
β
e
θ
EKD

g(d)
Z<=W<=> ?<@ <@=R<? LI ?<@ JG>? F @ES O ;<@ IAKW?=LK EH>L E>>AC @> ?<E? ?<@ JG>? FL>=?=U@F @ES => ?<@ C Ey=CAC E> ?<@ IAKW?=LK => E D@WEX Z =?< G@>F @W? ?L ?<@ GED=A> O ;<@@yFG@>>=LK V^M O º O¸qY WEK B@ CLD=J@D ?L C ES@ =? EFFH=WEBH@ ?L B=KEGX C =y?AG@> O;<@ WLK?EW? D=>?EKW@> e

σA

EKD
σA

e EG@ =KD@F @KD@K? LI C LH@ IGEW?=LK Vº O¸cY e BA??<@X UEGX ECLKR
gAA

e
gAB

EKD
gBB

EKD ?<@ ?<G@@
hij

p> D@>WG=B @ ?<@ D=z@G@KW@ O
d = hij

σA + σB

2

Vº O¸cY
_ K@Z D@F@KD@K? UEG=EB H@ e

∆rM

e => =K?GLDAW@D Vº O¸ÁY Z<=W< ?<@ D=>?EKW@ B @Q?Z@@K E HL WEH C Ey=CAC EKD ?<@ >AB>@MA@K? HL WEH C Ey=CAC O
∆rM = h (XV AσA + XV BσB)

Vº O¸ÁYZ<@G@
XV i

=> ?<@ ULHAC@ IGEW?=LK Z<=W< R=U@K BX h
XV A

∼=
xAσ3

A

xAσ3
A + xBσ3

B

Vº O¸¹Y
Ü =?< ?<@ @MAE?=LK> EBLU@ =? => F L>>=B H@ ?L @yFEKD ?<@ @yFG@>>=LK ILG ?<@ G@DAW@DGED=A > e

y
O

y =

{

r
d

r < d
r−d+∆rM

∆rM
r ≥ d

Vº O`aY
Ü =?< ?<@ >@? LI @MAE?=LK> EBLU@ =? ><LAHD B @ FL>>=BH@ ?L G@FG@>@K?

gij

ILG EHHWLCFL>=?=LK> O mLZ@U@G e ?<@ FGL W@DAG@ FG@>@K?@D BX iE??@LH= EKD i EK>LLG=



`b kHAW?AE?=LK gLHA?=LK ;<@LGX
V¸¹¹ÉY <E> E KACB@G LI D=>EDUEK?ER@> EKD H=C =?E?=LK> O kGLC E CE?<@C E?=WEHFL=K? LI U=@Z ?<@ @yFG@>>=LK B@WLC@> MA=?@ WLCFH@y EKD IGLC KAC@G=WEH FL=K?LI U=@Z =? B @WLC @> D=� WAH? ?L D@?@GC =K@ ?<@ EDs A>?EBH@ FEGEC @?@G> @U@K Z<@KRLLD =K=?=EH @>?=C E?@> EG@ EUE=HEB H@ O_ {Pk WEK B@ D=U=D@D =K?L ?ZL FEG?> e D=G@W? EKD =KD=G@W? =K?@GEW?=LK e Z<@G@?<@ D=G@W? LG JG>? FEG? D@>WG=B @> ?<@ =K?@GEW?=LK> LI E CLH@WAH@ EKD ?<@ CLH@QWAH@> K@y? ?L =? Z<=W< EG@ BACF=KR =K?L @EW< L?<@G O ;<@ D=G@W? =K?@GEW?=LKFEG? >?EG?> E?

r = 0
EKD RL @> LK?L ?<@ ?<=GD AK=?X LI

g(r)
V>@@ k=RAG@ º O¸OEY O;<@ =KD=G@W? FEG? LI

g(r)
=> @U@GX?<=KR B@XLKD ?<@ ?<=GD AK=?X Z<@G@ ?<@G@ =>KL D=G@W? =K?@GEW?=LK B@?Z@@K ?<@ CLH@WAH@> O ;<@ @yFG@>>=LK LI i E??@LH= EKDiEK>LLG= V¸¹¹ÉY =KWHAD@> LKHX E >=KRH@ F @ES ILG ?<@ D=G@W? =K?@GEW?=LK FEG? LI?<@ {Pk Z<=W< => EWW@F?EBH@ ILG ÐQd ÏA=D> O mLZ@U@G e ?<@ D=G@W? =K?@GEW?=LKFEG? WEK B@WLC@ E WLCB=KE?=LK LI >@U@GEH F @ES> Z<@K D@>WG=B=KR G@EH H=MA=D>Z<=W< => >@@K =K k=RAG@ º O¸OE ILG @?<EKLH O _ > E WLK>@MA@KW@ e ?<@ FGL W@DAG@ LIi E??@LH= EKD iEK>LLG= V¸¹¹ÉY WEK KL? B @ @CFHLX@D =K =?> WAGG@K? ILGC e Z =?<LA?IAKDEC @K?EHHX K@Z D@U@HLFC @K?> O;<@ D=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk> IGLC iP >=CAHE?=LK> Z@G@ WLK>=D@G@D?L B @ WLGG@W? E> WLKU@GR@KW@ FGLBH@C > >?EG? E? HEGR@G D=>?EKW@> O ;<@ KAC@G=WEH=K?@RGE?=LK LI ?<@ D=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk ZE> WLK>=D@G@D WLGG@W? e?<@G@BX LKHX ?<@ =KD=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk <E> ?L B @ G@FGL DAW@D BX?<@ @yFG@>>=LK O;<@ =D@E LI WLCB=K =KR E D@WH=K =KR @yFLK@K?=EH EKD E ZEU@ IAKW?=LK ?L G@FGLQDAW@ ?<@ ?<@ =KD=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk => UEH=D ILG G@EH CLH@WAH@>E> ?<@X E? HLKR@G D=>?EKW@> B @<EU@ H=S@ <EGD >F<@G@> e BA? ?<@ WLCFH=WE?@D WLKQ>?GAW?=LK LI ?<@ @yFG@>>=LK BX i E??@LH= EKD iEK>LLG= V¸¹¹ÉY C ED@ =? =CFL>>=BH@?L EFFHXO _ >=CFH@ @yFG@>>=LK <E> B @@K D@U@HLF @D ?L G@FGL DAW@ ?<@ =KD=G@W? =KQ?@GEW?=LK FEG? h

gindirect
ij (r) = 1 + a exp (b(r − c)) sin (d(r − e))

Vº O` ¸Y;<@ É FEGEC @?@G> EG@ D@?@GC =K@D BX G@RG@>>=LK Z<@G@ ?<@ LBs @W?=U@ => ?L G@FGLQDAW@
gij(r)

IGLC ?<@ ?< =GD AK=?Xe
ru3

e AK?=H @=?<@G
rmax

LG ?<@ D=>?EKW@ Z<@G@
gij(r)

D=U@GR@> O _K @yECFH@ => ><LZK =K k=RAG@ º O¸ Z<@G@ ?<@ DE><@D WAGU@ =>?<@ G@>AH? LI >AW< E G@RG@>>=LK O Ü <@K EFFHX=KR ?<@ @yFG@>>=LK =? => F L>>=BH@ ?L=K?@RGE?@ ?<@
gindirect

ij

AK?=H
rmax

O �A? =? => EH>L FL>>=BH@ ?L @y?GEFLHE?@ A>=KR?<@ @yFG@>>=LK IGLC
rmax

?L GED=A> e
rnc

e Z<@G@ ?<@G@ => KL HLKR@G EKX WLK?G=BAQ?=LK ?L ?<@ ;]k[ O ;<@ WLK?G=BA?=LK ?L
Hij

IGLC =K?@RGE?=LK IGLC
rmax

?L
rnc

=>U=@Z@D E> E HLKR D=>?EKW@ WLGG@W?=LK ?@GC e
H ld

ij

e EKD FGEW?=WEHHX ?<=> EFFGLEW<@KEBH@> =K?@RGE?=LK IGLC o@GL ?L =KJK=?XO ;<@ JKEH ILGC ILG ;]k[> <E> ?<G@@WLK?G=BA?=LK> O ;<@ D=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk => =K?@RGE?@D KAC@G=WEHHXR=U=KR JG>? WLK?G=BA?=LK e
Hdirect

ij

O ;<@ >@WLKD WLK?G=BA?=LK => ?<@ =K?@RGE?=LK LI^MAE?=LK º O` ¸ IGLC ?<@ >?EG? LI ?<@ =KD=G@W? =K?@GEW?=LK FEG? LI ?<@ {Pk V?<=GDAK=?X Y ?L ?<@ C Ey=CAC D=>?EKW@ D@?@GC =K@D BX ?<@ BLy >=o@ e
Hbox

ij

e EKD ?<@JKEH ?@GC => ?<@ HLKR D=>?EKW@ WLGG@W?=LK ?@GC e
H ld

ij

O
Hij = Hdirect

ij + Hbox
ij + H ld

ij

Vº O``Y



º Oº O {Pk IGLC g=CAHE?=LK EKD ?<@=G [K?@RGE?=LK Â º i @?<LD> `É
;<@ >?E?=>?=WEH AKW@G?E=K?X LI ?<@ WLK?G=BA?=LK IGLC ?<@ D=G@W? =K?@GEW?=LK FEG?LI ?<@ {Pk> e

Hdirect
ij

e ZE> K@RH=R =BH@ O ;<@ ?XF=WEHHX >?EKDEGD D@U=E?=LK LI
Hdirect

ij

=> =K ?<@ GEKR@ LI a Oa ¸e BA? ?<@ >?EKDEGD D@U=E?=LK H=S@QH=S@ D=G@W? =KQ?@RGEH e
σHdirect

ii

e => WLCFL>=?=LK D@F @KD@K? O
σHdirect

ii

GEKR@> IGLC a Oaa ¸ E? <=R<WLKW@K?GE?=LK> LI
i
?L a O` E? D=HA?@ WLKW@K?GE?=LK> O

σHbox
ij

IGLC ?<@ WLGG@HE?=LKV^M O º O` ¸Y => EU@GER@HX E IEW?LG É ?L ¸a HLZ@G ?<EK
σHdirect

ij

O ;<@ HLKR D=>?EKW@WLK?G=BA?=LK e
H ld

ij
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;<@ @MAE?=LK> EBLU@ WEK B@ =K?@RGE?@D ?L JKD ?<@ C @EK KACB@G D@K>=?=@> LI?<@ ULHAC @ e

v
e B L?< ILG ?<@ >=KRH@? D@K>=?X EKD ?<@ D@K>=?X LI LGD@G@D FE=G> O

∫ v

ρ(1)
α (R1)dv1 = 〈Nα〉Avg

V_ O¸ºY
∫ v ∫ v

ρ
(2)
αβ(R1,R2)dv1dv2 =

〈

NαN
(2)
β

〉

Avg
− δαβ 〈Nα〉Avg

V_ O¸bY
;L =K?GLDAW@ ?<@ GED=EH D=>?G=BA?=LK IAKW?=LK e

g
(2)
αβ (R)

Z@ CES@ EK =K?@RGEH LI?<@ D=z@G@KW@ B @?Z@@K ?<@ D@K>=?X LI LGD@G@D FE=G> EKD ?<@ FGLDAW? LI ?<@=G>=KRH@? D@K>=?=@> O
∫ v ∫ v

ρ
(2)
αβ(R1,R2) − ρ(1)

α (R1)ρ
(1)
β (R2)dv1dv2

=

[

〈

NαN
(2)
β

〉

Avg
− 〈Nα〉Avg 〈Nβ〉Avg

]

− δαβ 〈Nα〉Avg

V_ O¸ÉY
;<@ =K?@RGEH =K ^MAE?=LK _ O¸É WEK EH>L B @ WEHWAHE?@D A>=KR ?<@ C @EK D@K>=?=@>Z<=W< EG@ ><LZK =K ?<@ @MAE?=LK> B @HLZ O ;<@>@ EG@ C @EK D@K>=?=@> EKD WEK B@A>@D ILG EHH ÏA=D> e B L?< H=MA=D> EKD RE>@> O

ρ(1)
α (R1) =

〈Nα〉Avg

v
= cα

V_ O¸qY
ρ
(2)
αβ(R1,R2) = cαcβg

(2)
αβ (R)

V_ O¸cY
R = (R1 − R2)ú

δαβ = 1
RJP

α = β
�T� δαβ = 0

RJP
α 6= β



¹Á kHAW?AE?=LK gLHA?=LK ;<@LGX
�@HLZ ^MAE?=LK> _ O¸q EKD _ O¸c EG@ =K?GLDAW@ =K?L ?<@ =K?@RGEH =K ^MAE?=LK_ O¸É O

∫ v ∫ v

ρ
(2)
αβ(R1,R2) − ρ(1)

α (R1)ρ
(1)
β (R2)dv1dv2

=

∫ v ∫ v

cαcβg
(2)
αβ (R) − cαcβdv1dv2

= cαcβv

∫ v (

g
(2)
αβ (R) − 1

)

dv

=
〈Nα〉Avg 〈Nβ〉Avg

v

∫ v (

g
(2)
αβ (R) − 1

)

dv
V_ O¸ÁY

ÆLZ =? => FL>>=BH@ ?L WLCB=K@ ^MAE?=LK> _ O¸É EKD _ O¸Á ?L =K?GLDAW@ ?<@ WLKQK@W?=LK B@?Z@@K ?<@ GED=EH D=>?G=BA?=LK IAKW?=LK EKD ?<@ ÏAW?AE?=LK> =K ?<@WLCFL>=?=LK O
∫ v (

g
(2)
αβ (R) − 1

)

dv = v

〈

NαN
(2)
β

〉

Avg
− 〈Nα〉Avg 〈Nβ〉Avg

〈Nα〉Avg 〈Nβ〉Avg

−
δαβ

cα

V_ O¸¹Y
[K ?<@ HE>? ?@GC LK ?<@ G=R<? <EKD >=D@ ?<@ =KD@y ><LAHD B @

β
BA? ?<@ ?@GC =>LKHX =KWHAD@D Z<@K

α = β
?<@G@BX =? <EU@ KL =KÏA@KW@ Z<@?<@G ?<@ =KD@y =>

αLG
β
O ;<@ LG=R =KEH EG?=WH@ A >@>

α
EKD ?L E>>AG@ WLK>=>?@KWX

α
=> EH>L A>@D <@G@ O

¯ ãc ñyëì æwòí vïðëêðæòí b ëíòðæïê
[K g@W?=LK _ O¸ ^MAE?=LK _ Oq ><LZ@D ?<@ G@HE?=LK B@?Z@@K ?<@ ÏAW?AE?=LK =KKACB@G D@K>=?X EKD ?<@ D@G=UE?=U@ LI ?<@ EU@GER@ KACB@G D@K>=?X Z =?< G@>F @W? ?L?<@ W<@C =WEH FL?@K?=EH E? WLK>?EK? ?@CF@GE?AG@ EKD ULHAC @ O [K ?<=> >@W?=LK ?<@LBs @W?=U@ => ?L JKD ?<@ @yFG@>>=LK Z =?< ?<@ D@G=UE?=U@ LI ?<@ W<@C =WEH FL?@K?=EHZ =?< G@>F @W? ?L ?<@ WLCFL>=?=LK E? WLK>?EK? ?@CF@GE?AG@ EKD FG@>>AG@ O ;<@><=I? ?L FG@>>AG@ D@F @KD@KWX =K>?@ED LI ULHAC @ D@F@KD@KWX => C ED@ B@WEA>@?<@ h=BB>QPA<@C @MAE?=LK V^MAE?=LK _ O`cY <E> ?L B @ EFFH=@D HE?@G Ok=G>? Z@ D@JK@ ?ZL CE?G=W@>

B
Z<=W< WLK?E=K > ?<@ @H@C@K?> R@K@GE?@D A>=KR^MAE?=LK _ Oq EKD

G
Z<=W< WLK?E=K> ?<@ =K?@RGEH LU@G ULHAC @ LI ?<@ GED=EHD=>?G=BA?=LK IAKW?=LK O
Bαβ = kT

(

∂Nα

∂µβ

)

v,T,Nγ

V_ O`aY
Gαβ =

∫ v (

g
(2)
αβ (R) − 1

)

dv
V_ O` ¸Y

�X WLCB=KE?=LK LI ^MAE?=LK> _ Oq e _ O¸q e _ O¸¹ e _ O`a EKD _ O` ¸ ?<@ @H@C @K?> LI
B
WEK B@ @yFG@>>@D BX ?<@ @H@C@K?> LI

G
O

B = cαcβGαβ + cαδαβ

V_ O``Y



_ Oº O ]<@C =WEH NL?@K?=EH {@HE?=LK ¹¹
;L R@? WHL>@G ?L ?<@ RLEH Z@ R@? ?<@ =KU@G>@ LI ?<@

B
CE?G=y ?L JKD ?<@ D@G=UE?=U@LI ?<@ W<@C =WEH FL?@K?=EH e

dµα/dNβ

E> ><LZK =K ^MAE?=LK _ O`º O
1

kT

(

∂µα

∂Nβ

)

T,V,Nγ

=
|B|αβ

v|B|

V_ O`ºY
|B|αβ

=> ?<@ WLIEW?LG LI @H@C@K?
Bαβ

EKD
|B|

=> ?<@ D@?@GC =KEK? LI ?<@ CE?G=y O;<@X EG@ @yFHE=K@D IAG?<@G =K _FF@KD=y � O¸O _ > C@K?=LK@D EBLU@ Z@ ZEK? ?L><=I? D@F @KD@KWX IGLC ULHAC @ ?L FG@>>AG@ Z<=W< => DLK@ A>=KR ^MAE?=LK _ O`bZ<=W< D@G=U@D =K _FF@KD=y � O` O
(

∂µα

∂Nβ

)

T,V,Nγ

=

(

∂µα

∂Nβ

)

T,P,Nγ

+
v̄αv̄β

κv

V_ O`bY
Z<@G@

v̄i

=> ?<@ FEG?=EH C LHEG ULHAC @ LI WLCFLK@K?
i
EKD

κ
=> ?<@ WLCFG@>>=B=H=?XLI ?<@ C =y?AG@ O �X =K?GLDAW=KR ^MAE?=LK _ O`º =K?L ^MAE?=LK _ O`b =? => F L>>=BH@?L R@? E FG@H=C =KEGX G@>A H? Z<@G@

(∂µα/∂Nβ)TPNγ

=> D@>WG=B @D BX ?<@ @H@C @K?>LI ?<@
BQC E?G=y O

(

∂µα

∂Nβ

)

T,P,Nγ

=
kT |B|αβ

v|B|
−

v̄αv̄β

κv

V_ O`ÉY
T>=KR ^MAE?=LK> _ O`q EKD _ O`c ?LR@?<@G Z =?< ^MAE?=LK _ O`É =? => F L>>=BH@ ?LD@G=U@ ?<@ R@K@GEH ^MAE?=LK> _ O`ÁQ_ Oºa O ;<@ C E?<@C E?=WEH LF @GE?=LK> ?L R@??<@ G@>AH?=KR @MAE?=LK> EG@ EUE=HEBH@ =K _FF@KD=y � Oº O

1 =

v
∑

α=1

cαv̄α

V_ O`qY
0 =

v
∑

α=1

Nα

(

∂µα

∂Nβ

)

T,P,Nγ

V_ O`cY
kTκ =

|B|
∑v

α=1

∑v
β=1 cαcβ |B|αβ

V_ O`ÁY
v̄α =

∑v
ω=1 cω|B|αω

∑v
ω=1

∑v
γ=1 cωcγ |B|ωγ

V_ O`¹Y
v

kT

(

∂µα

∂Nβ

)

T,P,Nγ

=





∑v
ω=1

∑v
γ=1 cωcγ

(

B
−1
βαB

−1
γω − B

−1
ωαB

−1
γβ

)

∑v
ω=1

∑v
γ=1 cωcγB

−1
γω





V_ OºaY
Ü <@G@

B
−1
ij

=> ?<@
ijQ@H@C @K? LI ?<@ =KU@G>@ BQC E?G=y O ;<@ ILGCAHE?=LK =K ^MAEQ?=LK> _ O`Á e _ O`¹ EKD _ Oºa WEK >@@C U@GX WLCFH@y O ;L >=CFH=IX ?<@ G@>AH?=KRG@HE?=LK> LI ?<@ B=KEGX WE>@ => ><LZK B@HLZ û h

kTκ =
1+c1G11 + c2G22 + c1c2

(

G11G22 − G2
12

)

c1 + c2 + c1c2 (G11 + G22 − 2G12)

V_ Oº ¸Y
üáELPL ÜN �T LPPJP ÜT FEL JPÜSÜT�ö �PFÜQöL �ø æ ÜPýKJJ� �T� þOÿ �ÆðÝ Æ� M �T FEL TJÅ ÜT�FJPJR FEL L�GPLNNÜJT RJP

kTκ
FEL �P�QýLFN �PL SÜ�LT öÜýL H

(G11G22 − G12)2
KELPL FEL N�O�PÜTSE�N � LLT Å ÜNGö�QL� M



¸aa kHAW?AE?=LK gLHA?=LK ;<@LGX
v̄1 =

1 + c2 (G22 − G12)

c1 + c2 + c1c2 (G11 + G22 − 2G12)

V_ Oº`Y
v

kT

(

∂µ1

∂N1

)

T,P,N2

=
c2

ρc1 + c2
1c2 (G11 + G22 − 2G12)

V_ OººY
;<@ C E?<@C E?=WEHHX FGL W@DAG@ ?L R@? ?L ?<@>@ G@>AH?> EG@ ><LZK =K _FF@KD=y� Ob O ÐE>? CLH@ KACB@G D@K>=?=@> EG@ G@FHEW@D BX CLH@ IGEW?=LK D@K>=?=@> =K ?<@D@G=UE?=U@ O

N

(

∂µ1

∂N1

)

T,P,N2

= N

(

∂µ1

∂x1

)

T,P

(

∂x1

∂N1

)

T,P,N2

= N

(

∂µ1

∂x1

)

T,P

1 − x1

N
⇔

(

∂µ1

∂x1

)

T,P

=
N

1 − x1

(

∂µ1

∂N1

)

T,P,N2

=
N

1 − x1

kT

v

c2

ρc1 + c2
1c2 (G11 + G22 − 2G12)

= kT
1

x1

1

1 + x1c2 (G11 + G22 − 2G12)

= kT

(

1

x1
−

c2 (G11 + G22 − 2G12)

1 + x1c2 (G11 + G22 − 2G12)

) V_ OºbY
Ü =?< ?<@ @MAE?=LK> EUE=HEBH@ ILG H=KS=KR B@?Z@@K ?<@ =K?@RGEH> LI ?<@ GED=EHD=>?G=BA?=LK IAKW?=LK EKD ?<@ D@G=UE?=U@ LI ?<@ W<@C =WEH FL?@K?=EH LKHX E >=KRH@>?@F => C =>>=KR B @ILG@ =? ?<@LGX => EFFH=WEBH@ ?L EW?=U =?X WL @� W=@K? CLD@H> O
¯ ãm ¯ � �òêwëè çf _ �ñïêêëíí
j p]LKK@HH V¸¹c¸E eB Y WLK?=KA@D ?<@ ?<@LG@?=WEH ZLGS EKD D@G=U@D ?<@ @yFG@>>=LKV^M O _ OºÉY Z<=W< => ?<@ ILAKDE?=LK LI ?<@ C @?<LDLHLRX LI ?<=> ?<@>=> h

1

kT

(

∂µ1

∂x1

)

T,P

=
1

kT

(

∂

∂x1

)

T,P

(ln γ1 + lnx1)

=
1

kT

(

(

∂ ln γ1

∂x1

)

T,P

+

(

∂ lnx1

∂x1

)

T,P

)

⇔

(

∂ ln γ1

∂x1

)

T,P

=

(

∂µ1

∂x1

)

T,P

−
1

x1

= −
c2 (G11 + G22 − 2G12)

1 + x1c2 (G11 + G22 − 2G12)

= −
x2 (H11 + H22 − 2H12)

1 + x1x2 (H11 + H22 − 2H12)

V_ OºÉY



_ Ob O _DUEKW@> BX j p]LKK@HH ¸a ¸
[K ^MAE?=LK _ OºÉ ?<@ ?L?EH WLGG@HE?=LK IAKW?=LK =K?@RGEH e ;]k[ LG

Hij

e => R =U@KBX
Gij/v

O [K ?<@ ;]k[ p> EG@ FG@I@GG@D E> ?<@X EG@ AK=? H@>> O g=C =HEG @yFG@>>=LK>WEK B@ D@G=U@D ILG =>L?<@GC EH WLCFG@>>=B =H=?X EKD ?<@ FEG?=EH C LHEG ULHAC @ O
ρκT kT =

1 + x1H11 + x2H22 + x1x2

(

H11H22 − H2
12

)

1 + x1x2∆H

V_ OºqY
ρV̄1 =

1 + x2 (H22 − H12)

1 + x1x2∆H

V_ OºcY
^yFG@>>=LK> WEK EH>L B @ D@G=U@D ILG ?@GKEGX C =y?AG@> Z<@G@ ?<@ @yFG@>>=LK> R@?WLCFG@<@K>=U@ Vj p]LKK@HH e ¸¹c¸BY O
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p q r q}��Þ7~ 7�xw

[K ?<@ >@W?=LK> B @HLZ XLA Z =HH JKD @HEBLGE?@D D@G=UE?=LK> LI W@G?E=K @MAE?=LK>Z<=W< Z@G@ H@I? LA? LI ?<@ C E=K ?@y? O
µ ãä gê�ëóèæïê ï � ò î òðóæ�
m@G@ =? => ><LZK <LZ ?L R@K@GE?@ ?<@ =KU@G>@ LI E

2 × 2
EKD E

3 × 3
CE?G=y Ok=G>? ?<@ >CEHH@>? C E?G=y LI ?<@ ?ZL e Z<@G@

I
=> ?<@ AK=? C E?G=y h

I = AA
−1 V� O¸Y

A =

[

a11 a12

a21 a22

] V� O`Y
A

−1 =
1

|A|

[

a22 −a12

−a21 a11

] V� OºY
=

1

a11a22 − a12a21

[

a22 −a12

−a21 a11

] V� ObY
;<@ >EC @ FGL W@DAG@ WEK B@ CED@ ILG ?<@

3 × 3
CE?G=y h

A =





a11 a12 a13

a21 a22 a23

a31 a32 a33





V� OÉY

A
−1 =

1

|A|

















|
a22 a23

a32 a33
| |

a13 a12

a33 a32
| |

a12 a13

a22 a23
|

|
a23 a21

a33 a31
| |

a11 a13

a31 a33
| |

a12 a13

a22 a23
|

|
a21 a22

a31 a32
| |

a12 a11

a32 a31
| |

a11 a12

a21 a22
|

















V� OqY
V� OcY^EW< @H@C @K? =K ?<@ =KU@G>@ C E?G=y K@RH@W?=KR ?<@ FG@IEW?LG

1/|A|
=> EH>L WEHH@D?<@ WLQIEW?LG LI ?<E? @H@C@K? =K ?<@ AQC E?G=y EKD ?<@ >XCBL KLGC EHHX A>@D =>

|Aαβ |
O ;<@G@BX ?<@ @EW< @H@C @K? =K ?<@ =KU@G>@ C E?G=y WEK B@ >XCBLH=o@D BX

|Aαβ |/|A|



¸ab kg; gAFFH@C @K?>
;<@ FGL W@DAG@ => C LG@ WLCFH=WE?@D ILG B=RR@G D=C@K>=LK> EKD Z =HH KL? B @><LZK <@G@ BA? ?<@ >XCBLH=>C Z =?< G@>F @W? ?L ?<@ WLQIEW?LG WEK EH>L B @ A>@DILG B=RR@G C E?G=W@> O

µ ãâ `� æðwy �ë� ëê�ëêwf ï �
µi

�óïì wïêèðòêð
V

ðï
P;<@ W<EKR@ =K ?<@ W<@C =WEH FL?@K?=EH LI WLCFLAKD

i
=> R=U@K B@HLZ

dµi|T,P,nj 6=i
=

(

∂µi

∂T

)

P,n

dT +

(

∂µi

∂P

)

T,n

dP +
∑

j

(

∂µi

∂nj

)

T,P,nk 6=j

dnj

V� OÁY
;<@ @MAE?=LK WEK @y?GEW?@D BX G@FHEW=KR

dP
Z=?< ?<@ @yFG@>>=LK h

dP =

(

∂P

∂V

)

T,n

dV +

(

∂P

∂T

)

V,n

∂T +
∑

j

(

∂P

∂nj

)

T,V,nk 6=j

dnj

V� O¹Y
[I @MAE?=LK � O¹ => =K>@G?@D =K?L � OÁ ?<@K

dP
WEK B@ @H=C =KE?@D EKD =? => FL>>=BH@?L R@? EK @yFG@>>=LK D@F @KD@K? LI ?<@ UEG=EB H@>

dT
e
dV

EKD
dnj

O
dµi|T,P,nj 6=i

=

[

(

∂µi

∂T

)

P,n

+

(

∂µi

∂P

)

T,n

(

∂P

∂T

)

V,n

]

dT

+

[

(

∂µi

∂P

)

T,n

(

∂P

∂V

)

T,n

]

dV

+
∑

j

[

(

∂µi

∂nj

)

T,P,nk 6=j

+

(

∂µi

∂P

)

T,n

(

∂P

∂nj

)

T,V,nk 6=j

]

dnj

V� O¸aY
;<@K @MAE?=LK � O¸a WEK B@ D@G=U@D Z =?< G@>F @W? ?L

∂nj

E? WLK>?EK? ?@CF@GE?AG@ eULHAC @ EKD CLH@ KACB@G> LI L?<@G WLCFLAKD>
(

∂µi

∂nj

)

T,V,nk 6=j

=

(

∂µi

∂nj

)

T,P,nk 6=j

+

(

∂µi

∂P

)

T,n

(

∂P

∂nj

)

T,V,nk 6=j

=

(

∂µi

∂nj

)

T,P,nk 6=j

− V̄i

(

∂V

∂ni

)

T,P,ni6=j

(

∂P

∂V

)

T,n

=

(

∂µi

∂nj

)

T,P,nk 6=j

+
V̄iV̄j

κV

V� O¸¸Y
[K ?<@ D@G=UE?=LK EBLU@ ?<@ ILHHLZ =KR G@HE?=LK> <EU@ B @@K A>@D

κ = −
1

V

(

∂V

∂P

)

T,n

V� O¸`Y



� Oº O P@G=UE?=LK LI FGLF @G?=@> R@K@GEH WE>@ ¸aÉ
V̄i =

(

∂V

∂ni

)

T,P,nj 6=i

V� O¸ºY
= −

(

∂P

∂ni

)

T,V,nj 6=i

/

(

∂P

∂V

)

T,n

V� O¸b Y
=

(

∂µi

∂P

)

T,n

V� O¸ÉY
µ ãc z ëóæ�òðæïê ï � �óï� ëóðæëè eëêëóòí wòèë
�A? ?L R@? ?<@ JKEH @yFG@>>=LK =? => K@@D@D ?L @yFG@>> ?<@ FEG?=EH ULHAC @> EKD ?<@WLCFG@>>=B=H=?X IEW?LG BX @H@C @K?> LI ?<@

BQC E?G=y O k =G>? ?<@ WLCFG@>>=B=H=?XIEW?LG => D@?@GC =K@D BX EFFHX=KR ?<@ h=BB>QPA<@C @MAE?=LK V^M O � O¸cY O
v
∑

α=1

cαv̄α = 1
V� O¸qY

v
∑

α=1

Nα

(

∂µα

∂Nβ

)

T,P,Nγ

= 0
V� O¸cY

=
v
∑

α=1

Nα

v

(

kT
|B|αβ

|B|
−

v̄αv̄β

κ

)

=

v
∑

α=1

kTcα

|B|αβ

|B|
−

v
∑

α=1

cα

v̄αv̄β

κ

=

v
∑

α=1

kTcα

|B|αβ

|B|
−

v̄β

κ

v
∑

α=1

cαv̄α ⇔

v̄β

κ
= kT

v
∑

α=1

cα

|B|αβ

|B|

V� O¸ÁY
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v
∑

β=1

Nβ

(

∂µα

∂Nβ

)

T,P,Nγ

= 0
V� O¸¹Y

=

v
∑

β=1

Nβ

v

(

kT
|B|αβ

|B|
−

v̄αv̄β

κ

)

=
v
∑

β=1

kTcβ

|B|αβ

|B|
−

v
∑

β=1

cβ

v̄αv̄β

κ

=

v
∑

β=1

kTcβ

|B|αβ

|B|
−

v̄α

κ

v
∑

β=1

cβ v̄β ⇔



¸aq kg; gAFFH@C @K?>
v̄α

κ
= kT

v
∑

β=1

cβ

|B|αβ

|B|

V� O`aY
;<@ ILGCAHE?=LK ><LZK =K ^MAE?=LK � O¸Á => A >@D BX \ =GSZLLD EKD �Az =K ?<@=GEG?=WH@ \ =GSZLLD EKD �Az V¸¹É ¸Y EKD Z =HH B @ A>@D <@G@ O ;<@ >@WLKD HE>? >?@F=K ?<@ =>L HE?=LK LI

κ
=> DLK@ A>=KR ^MAE?=LK> _ O`q EKD � O¸Á Z<@G@ ?<@

cβ

=>CAH?=F H=@D LK?L ?<@ @MEA?=LK> O
v
∑

α=1

cαv̄α

κ
=

v
∑

α=1

cα

v
∑

β=1

kTcβ

|B|αβ

|B|
⇔

1

κ
=

kT

|B|

v
∑

α=1

cα

v
∑

β=1

cβ |B|αβ ⇔

kTκ =
|B|

∑v
α=1 cα

∑v
β=1 cβ |B|αβ

=
|B|

∑v
α=1

∑v
β=1 cαcβ |B|αβ

V� O`¸Y
^MAE?=LK � O` ¸ WEK B@ =K>@G?@D =K?L ^MAE?=LK � O`a EKD E R@K@GEH @yFG@>>=LK ILG?<@ FEG?=EH C LHEG ULHAC @ => ?<@ G@>AH? O

v̄α =

∑v
ω=1 cω|B|αω

∑v
ω=1

∑v
γ=1 cωcγ |B|ωγ

V� O``Y
Z =?< EHH FGLF @G?=@> =K ^MAE?=LK _ O`É D@>WG=B @D BX ?<@

BQC E?G=y =? => F L>>=BH@?L D@G=U@ E R@K@GEH ILGC ?<@ HE?@G @MAE?=LK LKHX A>=KR @H@C @K?> IGLC
B
O

v

kT

(

∂µα

∂Nβ

)

T,P,Nγ

=
|B|αβ

|B|
− �

v
ω=1

cω|B|αω �
v
ω=1

cω|B|βω

(�
v
ω=1 �

v
γ=1

cωcγ |B|ωγ)
2

|B|

�
v
ω=1 �

v
γ=1

cωcγ |B|ωγ

=
1

|B|

(

|B|αβ −

∑v
ω=1 cω|B|αω

∑v
γ=1 cγ |B|βγ

∑v
ω=1

∑v
γ=1 cωcγ |B|ωγ

)

=
1

|B|

(

∑v
ω=1

∑v
γ=1 cωcγ |B|αβ |B|ωγ

∑v
ω=1

∑v
γ=1 cωcγ |B|ωγ

−

∑v
ω=1

∑v
γ=1 cωcγ |B|αω|B|βγ

∑v
ω=1

∑v
γ=1 cωcγ |B|ωγ

)

=
1

|B|

(

∑v
ω=1

∑v
γ=1 cωcγ (|B|αβ |B|ωγ − |B|αω|B|βγ)
∑v

ω=1

∑v
γ=1 cωcγ |B|ωγ

)

=





∑v
ω=1

∑v
γ=1 cωcγ

(

B
−1
βαB

−1
γω − B

−1
ωαB

−1
γβ

)

∑v
ω=1

∑v
γ=1 cωcγB

−1
γω
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µ ãm z ëóæ�òðæïê ï � �óï� ëóðæëè �ïó çæêòóf wòèë
m@G@ ?<@ C E?<@C E?=WEHHX >?@F> IGLC ?<@ R@K@GEH ILGCAHE?=LK> LI ?L ?<@ JKEH@yFG@>>=LK> EG@ ><LZK ILG ?<@ B=KEGX >X>?@C O ;<@ JG>? D@G=UE?=LK => ILG ?<@WLCFG@>>=B=H=?X IEW?LG e

κ
O k =G>? ?<@

BQC E?G=y => ><LZK O
B =

[

c1 + c2
1G11 c1c2G12

c1c2G12 c2 + c2
2G22

]

kTκ =
|B|

c2
1|B11| + c2

2|B22| + 2c1c2|B12|

=

(

c1 + c2
1G11

) (

c2 + c2
2G22

)

− c2
1c

2
2G12

c2
1 (c2 + c2

2G22) + c2
2 (c1 + c2

1G11) − 2c2
1c

2
2G12

=
c1c2 + c1c

2
2G22 + c2

1c2G11 + c2
1c

2
2G11G22 − c2

1c
2
2G12

c2
1c2 + c2

1c
2
2G22 + c1c2

2 + c2
1c

2
2G11 − 2c2

1c
2
2G12

=
1 + c1G11 + c2G22 + c1c2 (G11G22 − G12)

c1 + c2 + c1c2G11 + c1c2G22 − 2c1c2G12

=
1 + c1G11 + c2G22 + c1c2 (G11G22 − G12)

c1 + c2 + c1c2 (G11 + G22 − 2G12)Æ@y? => ?<@ FEG?=EH C LHEG ULHAC@ e
v̄1
O

v̄1 =
c1|B11| + c2|B12|

c2
1|B11| + c2

2|B22| + 2c1c2|B12|

=
c1

(

c2 + c2
2G22

)

− c1c
2
2G12

c2
1 (c2 + c2

2G22) + c2
2 (c1 + c2

1G11) − 2c2
1c

2
2G12

=
1 + c2G22 − c2G12

c1 + c2 + c2
2 + c1c2 (G11G22 − 2G12)jKHX LK@ LI ?<@ ILAG FL>>=B H@ D@G=UE?=U@> => ><LZK <@G@ O

v

kT

(

∂µ1

∂N1

)

T,P,N2

=

(

∑2
ω=1

∑2
γ=1 cωcγ

(

B
−1
11 B

−1
γω − B

−1
ω1B

−1
γ1

)

∑2
ω=1

∑2
γ=1 cωcγB

−1
γω

)

=
1

c2
1B

−1
11 + c2

2B
−1
22 + 2c1c2B

−1
12

(

c2
1

(

B
−1
11 B

−1
11 − B

−1
11 B

−1
11

)

+c1c2

(

B
−1
11 B

−1
12 − B

−1
11 B

−1
21

)

+c2c1

(

B
−1
11 B

−1
21 − B

−1
21 B

−1
11

)

+c2
2

(

B
−1
11 B

−1
22 − B

−1
21 B

−1
21

))

=
c2
2

(

B
−1
11 B

−1
22 − B

−1
21 B

−1
21

)

c2
1B

−1
11 + c2

2B
−1
22 + 2c1c2B

−1
12

=
c2
2|B|

c2
1B

−1
11 + c2

2B
−1
22 + 2c1c2B

−1
12



¸aÁ kg; gAFFH@C @K?>
=

1

|B|

c2
2|B|

c2
1B22 + c2

2B11 − 2c1c2B12

=
c2
2

c2
2B11 + c2

1B22 − 2c1c2B12

=
c2
2

c2
2 (c1 + c2

1G11) + c2
1 (c2 + c2

2G22) − 2c2
1c

2
2G12

=
c2

c2 (c1 + c2
1G11) + c2

1 (1 + c2G22) − 2c2
1c2G12

=
c2

c2c1 + c2
1 + c2

1c2 (G11 + G22 − 2G12)

=
c2

ρc1 + c2
1c2 (G11 + G22 − 2G12)

V� O`b Y
=

1

c1

c2

c1 + c2 + c1c2 (G11 + G22 − 2G12)

V� O`ÉY
Z<@G@

ρ
=> ?<@ KACB@G D@K>=?X E> R=U@K =K ^MAE?=LK � O`q ILG ?<@ B=KEGX WE>@ O

ρ =
N

v
=

N1

v
+

N2

v
= c1 + c2

V� O`qY
µ ã¢ dóïì îïíë � nìçëóè ðï î ïíë dóòwðæïêè
kLG E B=KEGX WLCFL>=?=LK =? => ?L W<EKR@ IGLC CLH@ KACB@G> ?L CLH@ IGEW?=LK> O

1

kT

(

∂µ1

∂x1

)

=
1

kT

N

1 − x1

(

∂µ1

∂N1

)

T,P,N2

=
N

v (1 − x1)

1

c1

c2

c1 + c2 + c1c2 (G11 + G22 − 2G12)

=
N

vx2

x2

x1

1
N
v

+ N
v

x1c2 (G11 + G22 − 2G12)

=
1

x1

1

1 + x1c2 (G11 + G22 − 2G12)

=
1

x1
−

c2 (G11 + G22 − 2G12)

1 + x1c2 (G11 + G22 − 2G12)

V� O`cY
Z<@G@ ^MAE?=LK � O`Á <E> B @@K A>@D ?L G@DAW@ ?<@ @yFG@>>=LK O

c2

c1
=

N2

v
1
N

N1

v
1
N

=
x2

x1

V� O`ÁY
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E?LC D@>WG=F?=LK MB@Ko@K@]_ EGLCE?=W WEGBLK Qa O¸¸ÉmN EGLCE?=W <XDGLR@K a O¸¸É@?<EKLHm EHWL<LH <XDGLR@K a Obºajm ¸ EHWL<LH LyXR@K Qa Oqqa];` C@?<XH@K@ WEGBLK a OaÉa];º C@?<XH WEGBLK Qa O`cam_ EHSEK@ <XDGLR@K a Oa¹C @?<XH EW@?E?@];º C@?<XH WEGBLK VEW@?E?@Y Qa O¸c]P EW@?E?@ WEGBLK a Oqºj� EW@?E?@ LyXR@K VDLABH@ BLKDY Qa OÉ`jg EW@?E?@ LyXR@K V>=KRH@ BLKDY Qa Oºb];º C@?<XH WEGBLK V>=KRH@ LyXR@K BLKDY Qa O¸bm_ EHSEK@ <XDGLR@K a Oa¹KQF @K?EK@];º C@?<XH WEGBLK Qa O`c];` C@?<XH@K@ WEGBLK Qa O¸Ám_ EHSEK@ <XDGLR@K a Oa¹EW@?LK@];º C@?<XH WEGBLK Qa O`cm_ EHSEK@ <XDGLR@K a Oa¹]] S@?LK@ WEGBLK a OÉÉj S@?LK@ LyXR@K Qa OÉÉ
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E?LC D@>WG=F?=LK MV`m YQ<@F?EÏALGLFGLFEK@]k ¸ >=KRH@ ÏALGL BLKD@D WEGBLK a O¸¸]kº ?G=FH@ ÏALGL BLKD@D WEGBLK a ObÉmk ¸ <XDGLR@K a O¸¸k ¸ ÏALG BLKD@D ?L ]k ¸ Qa O``kº ÏALG BLKD@D ?L ]kº Qa O¸ÉWXWHL<@yEK@]]` WXWH=W C @?<XH@K@ WEGBLK Qa O¸Ám_ EHSEK@ <XDGLR@K a Oa¹WXWHLF @K?EK@]]` WXWH=W C @?<XH@K@ WEGBLK Qa O¸Ám_ EHSEK@ <XDGLR@K a Oa¹
γQBA?XGLHEW?LK@]]` @?<@G BLKD@D C @?<XH@K@ WEGBLK Qa Oac]]` WXWH=W C @?<XH@K@ WEGBLK Qa O¸Á]]` @>?@G K@=R<BLAG C @?<XH@K@ WEGBLK Qa O¸a]P] @>?@G WEGBLK a Oqcj�] DLABH@ BLKD@D @>?@G LyXR@K Qa OÉ`jg] >=KRH@ BLKD@D @>?@G LyXR@K Qa Oºb
δQUEH@GLHEW?LK@]]` @?<@G BLKD@D C @?<XH@K@ WEGBLK Qa Oac]]` WXWH=W C @?<XH@K@ WEGBLK Qa O¸Á]]` @>?@G K@=R<BLAG C @?<XH@K@ WEGBLK Qa O¸a]P] @>?@G WEGBLK a Oqcj�] DLABH@ BLKD@D @>?@G LyXR@K Qa OÉ`jg] >=KRH@ BLKD@D @>?@G LyXR@K Qa Oºb
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BLKD
Kb

fSWEHfCLH@f_2 b0
f_]_Q]_ ºaÉ Oa ¸OºcÉ]_QmN ºba Oa ¸OaÁajm ¸Qm ÉbÉ Oa a O¹qa];`Qjm ¸ b`Á Oa ¸Ob`a];`Q];º ``` OÉ ¸OÉºÁ];`Qm_ ºa¹ Oa ¸O¸¸¸];ºQm_ º`` Oa ¸O¸¸¸];ºQ]P `aa Oa ¸OÉ``j�Q]P cÉa Oa ¸O``ajgQ]P ¸Éa Oa ¸OººbjgQ];º ºba Oa ¸Obºa];`Q];` ``` OÉ ¸OÉºa];ºQ];` ``` OÉ ¸OÉ`Á];ºQ]] `aa Oa ¸OÉ``jQ]] qÉa Oa ¸O`ºa]k ¸Q]kº `ºa Oa ¸OÉ`ak ¸Q]k ¸ b`a Oa ¸OºcbkºQ]kº `qÉ Oa ¸Oºba]k ¸Qmk ¸ ºb` Oa ¸OaÁ`Á]]`Q]]` ``` OÉ ¸OÉºa]]`Qm_ ºa¹ Oa ¸O¸¸¸]]`Q]P] `aa Oa ¸OÉ``jg]Q]]` ºba Oa ¸Obºaj�]Q]P] cÉa Oa ¸O``ajg]Q]P] ¸Éa Oa ¸Oººb
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¸¸` ]m_{ii NEGEC @?@G ;EBH@>
EKRH@

Kθ θ0 KUB S0
kcal

mole·rad2

kcal
mole·A2 A]_Q]_Q]_ ba Oaa ¸`a Oaa ºÉ Oaa ` Ob ¸q`]_Q]_QmN ºa Oaa ¸`a Oaa `` Oaa ` O¸É`ÉmQjm ¸Q];` Éc OÉa ¸aq Oaa

· · · · · ·jm ¸Q];`Q];º cÉ Oca ¸¸a O¸a
· · · · · ·jm ¸Q];`Qm_ bÉ O¹a ¸aÁ OÁ¹
· · · · · ·];`Q];ºQm_ ºb Oqa ¸¸a O¸a `` OÉº ` O¸c¹a];ºQ];`Qm_ ºb Oqa ¸¸a O¸a `` OÉº ` O¸c¹am_Q];`Qm_ ºÉ OÉa ¸a¹ Oaa É Oba ¸OÁa`am_Q];ºQm_ ºÉ OÉa ¸aÁ Oba É Oba ¸OÁa`a];ºQjgQ]P ba Oaa ¸a¹ Oqa ºa Oaa ` O`qÉ ¸m_Q];ºQ]P ºº Oaa ¸a¹ OÉa ºa Oaa ` O¸qºaj�Q]PQ];º ca Oaa ¸`É Oaa `a Oaa ` Obb`ajgQ]PQ];º ÉÉ Oaa ¸a¹ Oaa `a Oaa ` Oº`qajgQ]PQj� ¹a Oaa ¸`É O¹a ¸qa Oaa ` O`ÉcqjgQ];ºQm_ qa Oaa ¸a¹ OÉa
· · · · · ·];`Q];`Q];` ÉÁ OºÉ ¸¸º Oqa ¸¸O¸q ` OÉq ¸a];`Q];`Q];º ÉÁ Oaa ¸¸É Oaa Á Oaa ` OÉq ¸a];`Q];`Qm_ `q OÉa ¸¸a O¸a `` OÉº ` O¸c¹a];ºQ]]Q];º Éa Oaa ¸¸q OÉa Éa Oaa ` ObÉaam_Q];ºQ]] ºº Oaa ¸a¹ OÉa ºa Oaa ` O¸qºajQ]]Q];º ¸É Oaa ¸`¸Oaa Éa Oaa ` ObbaakºQ]kºQkº ¸¸Á Oaa ¸ac Oaa ºa Oaa ` O¸ÉÉak ¸Q]k ¸Qmk ¸ Éc OÉa ¸aÁ OÁ¹ É Oaa ¸O¹¹ca]kºQ]k ¸Q]kº Éº OºÉ ¸¸¸Oaa Á Oaa ` OÉq ¸amk ¸Q]k ¸Q]kº ºb OÉa ¸¸a O¸a `` OÉº ` O¸c¹akºQ]kºQ]k ¸ b` Oaa ¸¸` Oaa ºa Oaa ` OºÉcak ¸Q]k ¸Q]kº bb Oaa ¸¸` Oaa ºa Oaa ` Oºq¹a]]`Q]]`Q]]` ÉÁ OºÉ ¸¸º Oqa ¸¸O¸q ` OÉq ¸am_Q]]`Q]]` `q OÉa ¸¸a O¸a `` OÉº ` O¸c¹a]]`Q]]`Q]P] É` Oaa ¸aÁ Oaa
· · · · · ·]]`Qjg]Q]P] ba Oaa ¸a¹ Oqa ºa Oaa ` O`qÉ ¸m_Q]]`Q]P] ºº Oaa ¸a¹ OÉa ºa Oaa ` O¸qºaj�]Q]P]Q]]` ca Oaa ¸`É Oaa `a Oaa ` Obb`ajg]Q]P]Q]]` ÉÉ Oaa ¸a¹ Oaa `a Oaa ` Oº`qajg]Q]P]Qj�] ¹a Oaa ¸`É O¹a ¸qa Oaa ` O`Écqjg]Q]]`Q]]` cÉ Oca ¸¸a O¸a
· · · · · ·jg]Q]]`Qm_ qa Oaa ¸a¹ OÉa
· · · · · ·
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D=<@DGEH EKRH@
Kχ/kcal/mole n δ]_Q]_Q]_Q]_ º O¸aa ` ¸Áa Oaa]_Q]_Q]_QmN b O`aa ` ¸Áa OaamNQ]_QmNQ]_ ` Obaa ` ¸Áa Oaajm ¸Q];`Q];ºQm_ a O¸qa º a OaamQjm ¸Q];`Q];º ¸Oºaa ¸ a OaamQjm ¸Q];`Qm_ a O¸ba º a Oaa� Q];`Q];ºQ� a O¸qa º a Oaaj�Q]PQjgQ];º a O¹qÉ ¸ ¸Áa Oaaj�Q]PQjgQ];º º OÁÉa ` ¸Áa Oaa� Q]PQjgQ� ` OaÉa ` ¸Áa Oaa� Q];ºQ]PQ� a Oaaa q ¸Áa Oaa� Q];ºQjgQ� Qa O¸aa º a Oaa];ºQ];`Q];`Q];` a O¸Éa ¸ a Oaa� Q];`Q];`Q� a O¸¹É º a OaajQ]]Q];ºQm_ a Oaaa º ¸Áa Oaa� Q];ºQ]]Q� a OaÉa q ¸Áa Oaamk ¸Q]k ¸Q]kºQkº a O¸ÉÁ º a OaakºQ]kºQ]k ¸Qk ¸ a O¸ÁÉ º a OaakºQ]kºQ]k ¸Q]kº a O¸ÉÁ º a Oaa]]`Q]]`Q]]`Q]]` a O¸Éa ¸ a Oaa� Q]]`Q]]`Q� a O¸¹É º a Oaaj�]Q]P]Qjg]Q]]` a O¹qÉ ¸ ¸Áa Oaaj�]Q]P]Qjg]Q]]` º OÁÉa ` ¸Áa Oaa� Q]]`Q]P]Q� a Oaaa q ¸Áa Oaa� Q]]`Qjg]Q� Qa O¸aa º a Oaa� Q]P]Qjg]Q� ` OaÉa ` ¸Áa Oaa
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D=<@DGEH EKRH@
Kϕ/kcal/mole ϕ0]PQ� Q� Qj� ¸aa Oaa a Oaaj�]Q� Q� Q]P] ¸aa Oaa a Oaa
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E?LC
ε Rmin/2 ε1−4 R1−4

min/2
kcal/mole A kcal/mole A]_ Qa Oacaa ¸O¹¹`b

· · · · · ·mN Qa Oaºaa ¸OºÉÁ`
· · · · · ·m Qa Oabqa a O``bÉ
· · · · · ·jm ¸ Qa O¸É`¸ ¸Occaa
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· · · · · ·mk ¸ Qa Oa`Áa ` Oqbaa
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FF GHH GIJK
FLF GMNOJIPJQNR SMNITU GIJK
VWX YPZMU [ZMJMNRZH \MOTK]HT
VX^ W YN]]O \MOTK]HT _JMIT [ZPHJ
V`Xa YN]]O bPTT \MTPcd eMITcPZINJM
a`fgW eMUhOIPNZH b Hh NU ijZOT kNKhHZINJM [jZHHTMcT
llX HNmhNUnHNmhNU TmhNHN]PNhK
^o _JHTRhHZP pdMZK NR
^^ _JHTRhHZP _JUTHNMc
q^ rhZMIhK _TRjZMNR
gWo kRPTTM NMc [jZPcT pTMONId
glX OJHNUnHNmhNU TmhNHN]PNhK
sW`a tJIZH [JPPTHZINJM bhMRINJM eMITcPZH
s��ffXuXv tPZMOwTPZ]HT iJITMINZHO wJP ijZOT \mhNHN]PNZ n \xQHNRNI ydUPJcTM
s��ffXuLF tPZMOwTPZ]HT iJITMINZHO wJP ijZOT \mhNHN]PNZ n SMNITU GIJK
zlX {ZQJPnHNmh NU TmhNHN]PNhK


