
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  

General rights 
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners 
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights. 
 

• Users may download and print one copy of any publication from the public portal for the purpose of private study or research. 
• You may not further distribute the material or use it for any profit-making activity or commercial gain 
• You may freely distribute the URL identifying the publication in the public portal  

 
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately 
and investigate your claim. 

   

 

Downloaded from orbit.dtu.dk on: Dec 17, 2017

Potential theory and the Lorenz condition

Appel-Hansen, Jørgen

Published in:
Proceedings of th 7th Mediterranean Electrotechnical Conference

Link to article, DOI:
10.1109/MELCON.1994.381056

Publication date:
1994

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Appel-Hansen, J. (1994). Potential theory and the Lorenz condition. In Proceedings of th 7th Mediterranean
Electrotechnical Conference (Vol. Volume 2, pp. 469-470). IEEE. DOI: 10.1109/MELCON.1994.381056

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Online Research Database In Technology

https://core.ac.uk/display/13730218?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1109/MELCON.1994.381056
http://orbit.dtu.dk/en/publications/potential-theory-and-the-lorenz-condition(80b56595-8c9c-4176-a74e-fa5ae93e3cc9).html


Abstract - When potentials are used to calcu- 
late the electromagnetic field intensities choices 
may be made. "he present study is carried out in 
order to outline the various possibilities. It looks 
like the types of choices and their number depend 
on the actual situation and the preferences of the 
researcher. Also the explanations as to why 
choices can be made vary. Since potentials proba- 
bly are more basic than field intensities, it is of 
some interest to understand whether choices can 
be related to physical interpretations or computa- 
tional advantages in specific situations. In par- 
ticular, it is discussed whether the Lorenz condi- 
tion is a choice or a consequence. It turns out 
that facts in relation to potentials depend on the 
postulates made. 

INTRODUCTION 

The structure of Maxwell's equations is such 
that their solution may be obtained by following 
different paths. When potentials are used choices 
are sometimes possible. The present study was 
initiated in part by reading [Datta, p. 2301 stating 
that in free space V . A = 0 is a fact for an elec- 
tromagnetic field and in  part by reading 
[Aharonov and Bohm] stating that the scalar po- 
tential V and the vector potential may have 
their own meaning. Since these two statements 
seem to contradict the possibility of making 
choices, it was decided to study the facts in 
electromagnetism as related to potentials. I t  may 
be said that it is not necessary. The argument 
may be that, when x and V are calculated as so- 
called retarded potentials, they automatically 
satisfy the Lorenz condition. This is a con- 
sequence of the continuity equation as shown al- 
ready by Lorenz, see also [Stratton, p.4291 who did 
not refer t o  Lorenz. Sometimes, it is even stated 
that in real problems the Lorenz condition must 
always be satisfied [Jordan and Balmain, 
1950,p.301]. However, due to some freedom 
(gauge invariance), it is not necessary. 
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THE LORENZ CONDITION 
Usually, the name of the condition is given af- 

ter H. A. Lorentz and not after L. V. Lorenz, who 
was the first t o  get the condition [Van Bladel, 
April 19911. In [Van Bladel, p.771, the condition is 
named after Lorenz. This notation is also used in 
the present work. However, the notation can be 
discussed. In order to do so, the work by the L. 
V. Lorenz, Danish, in relation to those of J. C. 
Maxwell, English, and H. A. Lorentz, Dutch, 
will be outlined. The emphasis is on potentials. 

Detailed historical reviews of the development of 
electromagnetic theory can be found in the refer- 
ences listed in [Appel-Hansen and Jiaxiang, 
19931. In order to give a simple introduction, the 
development may be described by the following 
comments which are based on the form 
Maxwell's equations have today. Due to the struc- 
ture of the electromagnetic field it is possible to  
choose among several relationships or conditions. 
As a result, the expressions for the potentials de- 
pend on the condition chosen. In particular, two 
choices are popular. The first choice is to use a 
vector potential which is divergence free. If *his 
choice is made in the presence of sources, the 
scalar potential will be found by using the same 
expression as in the electrostatic case. Therefore, 
this choice is often called the Coulomb condition. 
The second choice involves the vector potential as 
well as the sca ar potential. The possibility of 
making choices 14 is due to the freedom to choose 
the divergence of the vector potential. 

However, it tbok a long time to realize that these 
choices were possible. It was questioned whether 
the various equations were correct and it was not 
seen that, in fact, the same phenomena were 
treated and that the final results were the same. 
It turns out that Maxwell postulated a vector po- 
tential in accordance with the first choice. For 
several years this choice was subjected to inter- 
pretations and discussions. In 1867, Lorenz, 
about two years after Maxwell, postulated re- 
tarded potentials and showed, by using the conti- 
nuity equation, that they were related. Lorenz 
made no comments to the relation. It turns out 
that  this relation corresponds to the second 
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choice. It should be noted that Maxwell associ- 
ated a physical meaning with the vector potential, 
but he considered the scalar potential as an auxil- 
iary magnitude. According to  the expressions 
Lorenz suggested, one may, if desired, associate a 
physical meaning to both potentials. In connec- 
tion with the discrepancy between Maxwell and 
Lorenz, it should be noted that new investigations 
seem to show that it is possible to set up regions in 
space where the field intensities are equal to zero 
and it is nevertheless possible to measure phe- 
nomena because the potentials are different from 
zero. Thus, both potentials seem to be more than 
auxiliary magnitudes and may be said to be more 
basic than field intensities. 

From the exposition given above, it is seen that 
Maxwell used the electrostatic potential and pos- 
tulated a divergence free vector potential, 
whereas Lorenz postulated a scalar potential and 
a vector potential with retardation and showed a 
relation (the condition) between the potentials. 
This is a difference between Maxwell and Lorenz. 
Another difference is that Maxwell considered 
wires as guides for the fields in the surrounding 
media, but Lorenz considered fields propagating 
entirely in  conducting material. However, 
Lorentz was the first to use the retarded poten- 
tials in nondissipative media. 

Whereas the first choice of vector potential con- 
dition is often called the Coulomb condition, the 
second choice has two designations, viz., the 
Lorenz condition or the Lorentz condition. Ar- 
guments can be given in favour of both designa- 
tions. At the outset Lorenz postulated the poten- 
tials to be retarded. Therefore, Lorenz lost some 
freedom to choose the divergence of the vector po- 
tential, i.e., Lorenz had (without noting it) a re- 
stricted gauge invariance. But, using the conti- 
nuity equation, Lorenz was the first to get the re- 
lation corresponding to the second choice. On the 
other hand, Lorentz had the Lorenz condition as a 
Lorentz-invariant equation. Thus, Lorenz postu- 
lated potentials, which may be more fundamental 
than field intensities, and which automatically 
satisfy a much more fundamental relation than 
Loren could have imagined in 1867 considering a 
restricted class of problems. 

PROCEDURESIN DEALING WITH 
PoTENTIAlLs 

In [Appel-Hansen, 19931 the following four proce- 
dures in dealing with potentials are compared. 
In the first procedure relations between field in- 
tensities and potentials are considered. Due to 
the possibility of choosing the divergence of the 
vector potential, the Lorenz condition is a choice. 
In the second procedure relations between re- 
tarded potentials, currents and charges are con- 
sidered. In the third procedure the potentials are 
introduced in an action integral. In the fourth 
procedure potentials are introduced in the 
Schrodinger equation used in quantum mechan- 
ics. In the first procedure the potentials are in- 
troduced as auxiliary functions whereas in the 
remaining procedures they are introduced as pos- 

tulates. Thus, the facts relating potentials 
depend on the postulates made. In the previous 
section we have seen that the Lorenz condition 
itself is a postulate or a consequence of postulates. 
In free space, V = 0 is a natural choice and 
therefore according to the Lorenz condi- 
tion V . b = 0. But, due to gauge invariance 
other values of V and may give the same field 
intensities. The present study has found no ex- 
amples in which potentials not satisfying the 
Lorenz condition are superior with respect to 
physical interpretations to potentials satisfying 
the condition. 

A special discussion is given in relation to  the 
problem of potentials having their own physical 
meaning. 
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