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MAXIMUM OBTAINABLE EFFICIENCY FOR ENGINES AND 
REFRIGERATORS BASED ON THE STIRLING CYCLE 

H. Carlsen, M.B. Commisso, B. Lorentzen 

The Technical University of Denmark 
DK-2800 Lyngby 

ABSTRACT 

The efficiency of the ideal stirling cycle assumes, that the 
cylinder volumes are isothermal and that the temperatures 
in the cylinder volumes are identical to the temperatures in 
the heat sink and the heat source. The efficiency is then 
identical to the efficiency of the Carnot cycle. However, in 
a real stirling machine the cylinder volumes are nearly adi- 
abatic instead of isothermal, and the heat is added or remo- 
ved in heat exchangers. Then the efficiency of a stirling 
cycle will always be smaller than for a carnot cycle even 
with ideal heat transfer in.regenerator and heat exchangers. 

Especially for stirling based refrigerators, which have been 
discussed recently as an alternative to refrigerators using 
CFC-gases, the maximum obtainable coefficient of perfor- 
mance is important. 

Based on a simplified stirling cycle with ideal heat exchan- 
gers and regenerators, the maximum possible efficiency 
and dimensionless output for a stirling cycle as a function 
of dead volume, phase angle and temperatures in heat sink 
and heat source are calculated and compared with the effi- 
ciency of the carnot cycle. Also the influence of heat trans- 
fer in the cylinder volumes is analyzed, and the effect of 
"isothermalizers" are discussed. 

1. INTRODUCTION 

The stirling cycle is a closed cycle, were the working 
medium, which is a gas, is expanded and compressed at 
different temperatures. In the idealized cycle, expansion 
and compression are isothermal. Expansion and compres- 
sion take place in separate cylinder volumes as shown in 
fig. la. Heat is added from the heat source in the expan- 
sion volume at the temperature T, and removed from the 
compression volume to the heat sink at the temperature T,. 

As the temperatures are different in the two cylinder volu- 
mes, heat is stored in a regenerator. When the gas flows 
from the hot volume to the cold volume heat is stored. This 
heat is used for heating the gas, when it flows back from 
the cold to the hot volume. 

The stirling cycle can be used for an engine and for a 
refrigerator as well. If regeneration in the regenerator is 
perfect and all losses are assumed zero, the ideal stirling 
cycle has the same efficiency as the Carnot cycle. This 
requires that the cylinder volumes are isothermal and that 
there is no temperature difference between the gas in the 
cylinder and the heat sink and heat source respectively. 

SYMBOLS 

A, :Gas flow area 
A,, : Heat transfer area 
c,, c, 
dh : Hydraulic diameter 
h 
L : Heat exchanger length 
M : Mass of gas 

m : Mass flow 
P : Gas pressure 
Q :Heat 
R : Gas constant 
T : Temperature 

V : Volume 
vo 
W :Work 
a : Crank angle 
0 : Phase angle 

Dimensionless variables 

: Specific heat capacity 

: Coefficient of heat transfer 

: Expansion space swept volume 

COP : Coefficient of performance e? : Number of transfer units 
Pr : Prandtl number 
St : Stanton number 

: Carnot-efficiency 

: Carnot-COP 

n : Efficiency 
n 

P : Pressure 
(-4 : Heat 
T : Temperature 
V : Volume 

: Volume ratio 
: Work 

f 
W 

Indices 

C : Compression volume 
D : Dead volume 
E : Expansion volume 
H : Heat exchanger volume 
W : Cylinder wall 
tot : Total volume 
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the pressure is the same in all four volumes. 
The efficiency will then be a function of heat exchanger 
temperatures, dead volumes and phase angle. The efficien- 
cy will also be a function of the heat transfer between gas 
and wall in the two cylinder volumes. 

The consequence of the simplifications is that the only los- 
ses compared to the ideal stirling cycle are due to the non 
isothermal cylinder volumes. If the wall temperature in the 
cylinder volumes is specified identical to the temperatures 
in the respective heat exchangers and the NTU-number in 
the cylinder volumes approaches infinity, the efficiency will 
approach the Carnot efficiency, and heat and work will 
approach the values calculated from the Schmidt analysis. 

If data from a real engine or refrigerator are used, the re- 
generator dead volume must be divided into two volumes, 
which are added to the hot and cold heat exchanger dead 
volumes respectively. The division must be made so that 
the volume and mass of gas in the regenerator are unchan- 
ged. 

The mass, temperature and pressure of the gas in the four 
volumes are calculated from the first law of thermodynamics 
and the law of continuity by means of a computer program 
which solves the differential equations. Heat and work are 
found by integration, and the overall error can be checked 
from the energy balance. 

3. DIMENSIONLESS GROUPS 

Other variables: 
Number of transfer units, expansion cylinder: NTU, 
Number of transfer units, compression cylinder: NTU, 
Phase angle : 0 

Heat capacity ratio: k = cJcv 

OUTPUT 

V 
0 

Pressure: p = P 
n R T  
tot E 

W 
work: w =  

n R T  
tot E 

Q 
Heat: 9 =  

n R T  
tot E 

In order to make the results more general, the variables are 
made dimensionless. The expansion space swept volume 
V,, and heat exchanger temperature TE are used as a re- 
ference. The total mass of gas Mtot is also used as a re- 
ference. Dimensionless expansion volume: 

The variable volumes are expressed by the following 

The main advantaae is that the number of variables is redu- = Oa5 (' - cos ' 
ced considerably: The dimensionless input and output 
variables to the computer program are defined below. 

INPUT VARIABLES: 

Dimensionless compression volume: 
V, = 0.5 f (1 - WS(U - 0)) + V, 

The NTU-number is defined from the following equation: 
Temperature: 

Temperature ratio: T = TJT, 

- 

h51 NTU - 
P 

m c  

Cylinder wall, expansion space: T~~ = T,JfE 

Cylinder wall, compression space: T, = T&, 

Volume: 

Volume ratio: 

Expansion space dead volume: v, = V,No 

Compression space dead volume: v, = V,N0 

The NTU-number has been used instead of h 4 as a para- 
meter for several reasons. Normally the NTU-number is 
related to heat exchangers, but if the heat transfer in the 
cylinder volumes is increased considerably, it is necessary 
to design the cylinder volumes as a heat exchanger. The 
mass flow rate into and out of the cylinder volume will then 
be important for the heat transfer. Another reason is that a 
large and constant value of heat transfer causes numerical 
problems when the mass of gas in the cylinder volume is 
small as in the top dead point. Furthermore, a comparison 
between results with constant NTU-number and constant h 
4 shows that the difference is small. 

= compression space swept volume 

expansion space swept volume 

Isothermal heat exchanger volume, expansion: 
VtE = v,/v, 

4.STIRLING MACHINE REFERENCE DATA 

As the computer program runs fast even on a IBM AT type 
personal computer it is possible to investigate the influence Isothermal heat exchanger volume, compression: 

v, = V)Jv 
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In real highperformance stirling machines, heat exchange 
between the working gas and the walls in the cylinder volu- 
mes is insufficient to transport the heat between the 
working gas and the surroundings. Therefore, heat exchan- 
gers.are added between the cylinder volumes and the rege- 
nerator as shown in figure 1 b. 

QE QC 

Figure 1: Stirling machine consisting of a) two variable 
cylinder volumes separated by a regenerator and b) with 
two heat exchangers included. 

As a consequence of the poor heat transfer in the cylinder 
volumes in high performance stirling machines, the cylinder 
volumes are nearly adiabatic instead of isothermal. There- 
fore the maximum obtainable efficiency is lower for the 
stirling cycle, even if all losses are assumed zero. The 
smaller the temperature difference between the heat sink 
and heat source is, the larger the reduction in efficiency will 
be compared to the Carnot efficiency. 

For stirling based refrigerators, which have been discussed 
recently as an alternative to refrigerators using CFC-gases, 
the maximum obtainable coefficient of performance (COP) 
is important. In a refrigerator the temperature difference 
between heat sink and source are small compared to an 
engine, and the penalty from adiabatic cylinder volumes 
becomes unacceptable. Therefore it is important, especially 
for stirling refrigerators, to investigate the possibilities for in- 
creasing heat transfer in the cylinder volumes in order to 
improve the actual cycle towards the ideal isothermal stir- 
ling cycle. 

The isothermal process raises the question of “isothermali- 
zers” as discussed by C.D. West [I] and W.R. Martini [2], 
who both look at a specific stirling engine. Their conclusions 
are very different, and a further discussion is necessary. 

In this paper a dimensionless generalized investigation is 
made in order to calculate the maximum possible efficiency 
and work for the basic stirling cycle. 

VHC VOC 

Figure 2: Simplified stirling machine cycle for the analy- 
sis. 

2.THE SIMPLIFIED STIRLING MACHINE 

In order to calculate the maximum possible efficiency and 
work, the stirling engine or refrigerator is simplified, so that 
it only consists of two variable cylinder volumes and two 
isothermal heat exchanger volumes as shown in figure 2. 
The isothermal heat exchanger volumes are separated by 
a regenerator without internal volume. The following 
assumptions are made: 

Infinite heat transfer in the two heat exchangers, so 
that the temperature difference between the gas 
and the wall in the heat exchangers is zero, which 
means that the gas in the heat exchangers has the 
same temperatures as the heat sink and source 
respectively. 

The regenerator between the two heat exchangers 
has no internal volume. 

Infinite heat transfer in the regenerator, so that heat 
losses are zero, which means that the gas flows 
into the regenerator with the temperature identical 
to one heat exchanger and flows immediately out 
in the other end with a gas temperature identical to 
the other heat exchanger. 

Perfect mixing of gas in the two variable cylinder 
volumes. 

Heat exchange between working gas and wall in 
the two cylinder volumes takes place at a constant 
NTU-number. The cylinder wall temperatures TwE 
and T, are specified separately. 

Flow losses in heat exchangers and regenerator 
are assumed zero. 

Frictional losses are eliminated. 

The working gas acts as a perfect gas with c, and 
c, independent of temperature. 

Sinusoidal variation of the two cylinder volumes. 

The assumptions result in a momentary change in gas tem- 
perature when the gas flows between the heat exchangers 
and the cylinder volumes and from one heat exchanger 
through the regenerator to the other heat exchanger. Also 
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of a large number of parameters on output and efficiency. 
However, because of lack of space only the most important 
results are shown here. 

A set of reference data has been used. These data are 
based on common practice for stirling machines, except for 
the refrigerator phase angle, which is chosen as a compro- 
mise between cooling effect and efficiency: 

Temperature ratio, engine: 

Heat capacity ratio: k = 1.4 

Volume ratio: v = 1.0 

Expansion space dead volume: v, = 0.05 

Compression space dead volume: v, = 0.05 

Isothermal heat exchanger volume, expansion: v,, = 0.5 

Isothermal heat exchanger volume, compression: v, = 0.5 

Phase angle, engine: 0 = 120" 
refrigerator: 0 = 145" 

The results are calculated as a function of the NTU-num- 
ber, which has the same value in the compression and 
expansion cylinder volumes. 

The engine specifications corresponds to a heater tempera- 
ture at 700 C and a cooler temperature at 50 C, and the 
pressure ratio is approximately 2.0. The refrigerator tem- 
perature ratio corresponds to a hot end temperature at 40 
C and a cold end temperature at -8 C. Hydrogen and air 
has a heat capacity ratio of 1.4, while helium have 1.67. 

T = 0.33 
refrigerator: , f = 1.18 

5. THE EFFECT OF "ISOTHERMALIZERS" 

According to the discussion about the influence of "isother- 
malizers", two different cases are first discussed. The two 
cases are: 

A) Cylinder wall temperatures TWE and T,, are identical to 
the expansion and compression space heat exchanger 
temperatures T, and T, respectively. For increased 
NTU-number in the cylinder volumes, the cylinder wall 
will take care of a part of the heat exchange between 
the gas and the surroundings. 

8) Cylinder wall temperatures T,, and T,, are calculated, 
so that net heat transfer between the gas in the cylin- 
der volumes and the surroundings is zero for a comple- 
te cycle. For increased NTU-number the cylinder volu- 
mes will be more isothermal, but they will NOT take 
care of any heat exchange between the gas and the 
surroundings. 

In both cases the wall temperature T, is constant over the 
cycle. Only the gas temperature in the cylinder volume 
changes periodically. 

The consequence of A) is, that the cylinder volumes must 
be made as a part of the heat exchanger in order to main- 

tain the cylinder wall temperatures TWE and T, identical to 
the respective heat exchanger temperatures TE and T,. 

As a consequence of B) there will be a temporary heat 
transfer between gas and cylinder wall as illustrated in fi- 
gure 2 by Q'wE and Q',, but the net heat transfer Q, and 
Q, over a cycle is zero. Most high performance stirling 
engines are very close to B), as the cylinder volumes are 
separated from the heat exchangers. 

As it is difficult to design the pistons in a stirling machine as 
a part of the heat exchangers, the surface of the piston, 
which is a part of the cylinder volume, will always act as 
case B). 

When the NTU-number is zero, the two cases are identical. 
When the NTU-number approaches infinity the efficiency for 
type A) approaches the Carnot-efficiency and the work 
approaches the value calculated from the Schmidt analysis. 

For the type 6) machine the gas temperature will be isot- 
hermal when the NTU-number approaches infinity, but the 
efficiency will not approach the Carnot-efficiency, as the 
gas temperature is different, when it flows into and out of 
the cylinder volume. 

In figure 3 the COP relative to the COP, and the dimen- 
sionless cooling rate are shown as a function of the cylin- 
der wall NTU-number for a stirling refrigerator. From the 
figure is seen that the COP'S are identical for the type A) 
and type 6) refrigerator with adiabatic cylinder volumes 
(NTU = 0). 

0.80 4 

0.00 I . ..... I., . 11....1 . . a . .  '.., . . 1 . . 1 . . 1  . .1..1..1 . a . .  0.09 
0.001 0.01 0.1 1 10 100 1000 

NTU -num ber 

Figure 3. COP/COP, and dimensionless cooling rate as a 
function of the cylinder wall NTU-number for a stirling 
refrigerator. 

When the NTU-number is increased the COP DECREA- 
SES. For a further increase in the NTU-number, the COP 
for the type A) refrigerator approaches COP,. For the type 
B) refrigerator COP decreases below 50% of the COP,. 
When the NTU-number approaches infinity, the COP only 
increases to a value close to the value for adiabatic cylin- 
ders. 

The cooling rate decreases for increasing NTU-number. A 
minimum is obtained between 10 and 100, but the cooling 
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rate for large NTU-numbers is 10% to 15% lower than for 
the adiabatic refrigerator with NTU = 0. 

Figure 4 shows the efficiency relative to the Carnot effici- 
ency and the dimensionless work as a function of the NTU- 
number for a stirling engine. 

The same tendency is observed as for the refrigerator, 
except that the difference between the type A) and the type 
B) machine is smaller, because of the larger temperature 
difference between hot and cold space. There is a 
significant minimum for efficiency and work, and the type B) 
engine has 10% - 20% lower efficiency and work pr. cycle 
compared to the type A) engine for large NTU-numbers. 

For other stirling machine specifications the results are 
varying, but the tendency is the same. It can therefore be 
concluded, that "isothermalizers", which are NOT integrated 
with the heat exchangers will decrease efficiency and work 
pr. cycle. 

1-00 -! 

B 
0.80 

9 0.60 I [o.lo 3 

'0.40 1 $ 
0.08 3 

0.00 4 . . .. I... ... I.. . . I .  ..I., . . .I...., . . ......I . . ..J 0.06 
o.ob1 6 . 0 7  0:r 1 10 100 1000 

NTU - n urn ber 

Figure 4. Efficiency/Carnot-efficiency and dimensionless 
work as a function of the NTU-number for a stirling engi- 
ne. 

If "isothermalizers" are to be used, they must be very 
effective, since the results here indicates that for typical 
heat transfer conditions they will, in fact, lower efficiency. If 
isothermalizers are introduced into a specific design with 
efficient heat exchangers the work pr. cycle will, normally, 
be decreased. 
The results agree with results from C.D. West as described 
in [l]. Of course the present results are only valid for stirling 
machines with external heat exchangers. If there are no 
external heat exchangers, the heat must be transferred in 
the cylinder volumes, or the cycle will fail. 

That is a part of the problem, when the results are com- 
pared to the results of W.R. Martini as described in [2]. 
Here there are no external heat exchangers, and when the 
heat transfer in the cylinder volumes decreases, the rege 
nerator has to act as a sort of heat exchanger. The validity 
of the results is therefore limited to stirling engines with 
heat transfer in the cylinder volumes instead of in separate 
heat exchangers and can not be compared to the results 
here and in [l]. 

6. GENERAL RESULTS 

As the most favorable results are found for the type A) cy- 
linder volume model, this model is used for the parametric 
variation. Only results for different temperature ratios T are 
shown here because of lack of space. The results can be 
used as a reference for maximum possible efficiency and 
output. 

1 .oo 

0.00 

0 a 
0 0.60 
0 
\ a 

0.40 

, 0.20 

I 0.00 0.001 0 0 . 0 ,  0.01 0.1 1 10 100 1000 

NTU - n um ber 

Figure 5. Stirling refrigerator COP/COP, and cooling 
effect qE as a function of the NTU-number at four different 
temperature ratios A: 1.10. B: 1.18, C: 1.28, D: 1.42. 

Figure 5 contains results for the stirling refrigerator as desc- 
ribed previously. The figure shows COP/COP-Carnot and 
dimensionless cooling rate q E  as a function of the NTU- 
number in the cylinder volume at four different temperature 
ratios. 

Figure 6 contains results for the stirling engine as descri- 
bed previously. The figure shows relative efficiency "P, and 
dimensionless work as a function of the NTU-number in the 
cylinder volumes at four different temperature ratios. 

If the NTU-number for the heat transfer in the cylinder 
volume is compared to the heat transfer in a heat exchan- 
ger, the following considerations can be made: 

C 

2/3 P 
h = (St Pr ) m - 

2/3 
A Pr 
f 

This equation is introduced in the NTU-number expression: 
2/3 

A h A (St Pr ) 
h h 

NTU = - = - 
A 2/3 

c m  f Pr 
P 
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efficiency and work pr. cycle. 

"lsothermalizers", which take part in the heat exchange bet- 
ween working gas and heat sink and source, must be very 
efficient, as they might otherwise decrease instead of 
increasing efficiency. The power per cycle will always be 
decreased compared to a machine with adiabatic cylinder 
volumes and efficient heat exchangers. 

It is also shown that it is very difficult to design a 
refrigerator based on the stirling cycle, which has a compe- 
titive COP compared to conventional CFC-based refrige- 
rators. 

1 .oo 0.12 
D J- E T  
A 

0.80 

0.10 * 1 .. 

t 
0.00 : . ."...., . . . I  .1118 . .... I. T- >..I . ......., . ... 0.06 

0.001 0.01 0.1 1 10 100 1000 
NTU-number 

Figure 6. Stirling engine efficiency "Pc and dimensionless 
work as a function of the NTU-number at four different 
temperature ratios A: 0.4, B: 0.37, C: 0.33, D: 0.28. 

Inserting the hydraulic diameter d, = 4 L AJA, we get: 
2/3 

L (St Pr ) 

d 2/3 
NTU = 4 - 

h Pr 

From [3] it is seen, that the St PrU3 is nearly always bet- 
ween 0.002 and 0.02. The Prandtl number for gases is 
approximately 0.7. A typical stirling heat exchanger has a 
Ud, = 50, which results in NTU-numbers between 0.5 and 
5. For example, the cooler in the GPU-3 stirling engine has 
a NTU-number of 1.8. 

As it is more difficult to design a cylinder volume with ef- 
ficient heat transfer than designing a heat exchanger, NTU- 
numbers in the cylinder volumes are likely to be below 5. It 
might therefore be wiser to insulate the cylinder volumes 
than making "isothermalizers". 

However, the results also show that a refrigerator with adi- 
abatic cylinder volumes has a low COP compared to the 
Rankine cycle, which has a COP close to the Carnot cycle. 
That is despite a phase angle at 145", which gives a high 
COP but a low specific cooling rate. If a stirling based alter- 
native to the CFC-based refrigerator is going to be competi- 
tive, efficient heat transfer in the cylinder volumes is 
necessary. 

7. CONCLUSION 

An investigation based on a simplified stirling analysis of 
an idealized engine has been made. The only losses com- 
pared to the ideal stirling cycle are due to non isothermal 
cylinder volumes. The computer program based on the 
analysis can be used for the calculation of maximum pos- 
sible efficiency and work for stirling refrigerators and engi- 
nes. 

The results show, that "isothermalizers", which are NOT 
integrated with the heat exchangers, will always decrease 
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