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Underwater acoustic studies of backscattering by submerged targets have generally focused on
bodies with spherical and cylindrical symmetry. However, there are interests in scattering by objects
which may be characterized by more angular features, with surfaces that tend to be composed of
facets and edges. To investigate the scattering properties of such bodies, the backscattering by a
number of elastic cubes, and irregularly shaped polyhedra, have been studied. Data were collected
by measuring the band limited impulse response of the scatterers, using a broadband transducer,
which operated as a transceiver, both transmitting and receiving signals. To present the scattering
measurements nondimensionally a form function definition has been employed to normalize the
backscattered signals. The normalized frequency has been expressed aska, wherek is the acoustic
wave number, anda is a characteristic dimension of the scatterer. The cube observations covered a
broadka range,ka53 – 34, thereby encompassing the lowerka scattering region where the cube
can be considered to be nominally rigid, through to higherka values where it would be expected
that the elastic properties of the cube become important. The measurements on irregular polyhedra
are more limited in extent, however, the results are presented for comparison with the cube data. To
compare the observations with predictions, computations of acoustic backscattering for both rigid
and elastic cubes are presented. ©1997 Acoustical Society of America.@S0001-4966~97!04811-X#

PACS numbers: 43.30.Gv, 43.30.Ma, 43.30.Ft

INTRODUCTION

Measurements and theoretical works on the interaction
of underwater sound with elastic targets of spherical and cy-
lindrical geometries have established a detailed understand-
ing of the scattering properties of such bodies.1–5 In particu-
lar the application of resonance scattering theory6–10 has
clarified the component structure of the scattered signal in
terms of background and resonant components. While the
scattering by canonically shaped targets is therefore well un-
derstood, the scattering by objects which lack spherical or
cylindrical symmetry is less developed, and there are open
questions regarding the scattering characteristics and equiva-
lent form function for nonspherical targets. To investigate
some of these questions, the present paper examines the
backscattering by cubes, and irregularly shaped polyhedra.

Advancing our understanding of the scattering of under-
water sound by objects which are not canonical, but are more
angular in form, with features composed principally of edges
and facets, has been stimulated in part because of its possible

application to the interpretation of the interaction of sound
with marine suspensions. In recent years acoustic backscatter
systems11–15 have been developed which can make detailed
observations of near-bed suspended sediment processes. To
extract suspended sediment parameters from the acoustic
data entails an inversion procedure which is based on an
assumed knowledge of the scattering characteristics of ma-
rine suspended sediments. To date the modeling of such par-
ticles has been based on spheres or fitting empirical algo-
rithms to data sets.16–18 Such pragmatic approaches have
been very valuable, and they form the cornerstone of the
acoustic inversion. However, as seen in Fig. 1, scanning
electron micrographs show sediments composed of sand to
contain a substantial proportion of particles with surfaces
which have a tendency to be angular, and have a number of
facets and edges. As a step toward identifying the scattering
properties of such bodies, the backscattering characteristics
of elastic cubes have been investigated in detail in the
present work. Further, some limited measurements on irregu-
lar polyhedra are presented.
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To obtain the backscatter measurements a calibrated
broadband transceiver was used, both transmitting the inci-
dence signal toward the target, and receiving the backscat-
tered signal from the target. The transducer transmitted a
short wide-band pulse, and the band limited impulse re-
sponse of the target was recorded. Data were collected on
four different size cubes which covered aka region of 3–34,
and on three irregular polyhedra betweenka57 and 25.

Modeling the scattering characteristics of cubes and
polyhedra is a relatively complex task because the wave
equation is not separable for these geometries. Therefore
analytical solutions are not available, and numerical methods
are the only techniques presently able to predict the scattered
field by such targets. In the present study theoretical ap-
proaches are employed which use the boundary element
method ~BEM! for rigid scatterers, and a combined BEM
and finite element method~FEM! for elastic scatterers. Even
with increasing access to powerful computing facilities, the
computations are protracted, and the solutions tend to be-
come more problematic at higherka values. Therefore the
calculations in the present work have been limited to upper
values ofka520 andka516, for the rigid and elastic cases,
respectively.

I. NUMERICAL SCATTERING MODELS

In order to tackle the problem of scatterers in which the
wave equation is not separable, numerical techniques remain
the principal method for obtaining the scattered field. In the
present study both the rigid and elastic response of a cube

have been computed. To calculate the rigid response, a
boundary element method has been applied to a rigid im-
movable cubic mesh in the frequency domain. One primary
objective was to cover a broad ka range, and therefore par-
ticular care was taken to overcome the nonunicity of the
standard BEM solution at certain characteristic frequencies.
The solution employed was to use a Helmholtz gradient for-
mulation~HGF!, which consists of combining the Helmholtz
integral equation with its normal derivative form.19,20 Fur-
ther, the utilization of variational formalism,21 instead of the
conventional collocation technique, leads to significant nu-
merical simplification when computing the highly singular
integrals involved in BEM. To compute the elastic response
of a cube advantage was taken of a recently developed soft-
ware packagePAFEC.22 PAFEC models the scattering problem
using a combined FEM and BEM model. Finite elements are
used to characterize the vibration of the elastic body, and
boundary elements describe the radiation or scattering from
the body. Even with the package, care was required in the
formulation of the cube scattering problem, and an examina-
tion was needed to take advantage of available symmetries
for particular cube scattering configurations, to optimize the
intensive computations needed for the elastic case.

The cubes and polyhedra investigated were composed of
iron. At the time of the experiments the material had been
thought to be stainless steel, but later metallurgic analysis
showed this not to be the case. This has introduced a degree
of complication into the comparison between the observa-
tions and the computed elastic case because the elastic prop-
erties of iron tend to be less consistent than that of stainless
steel. However, this said, useful comparisons have been
made both with the experimental data and with the calcula-
tions for the rigid cube case. The parameters used for the
elastic calculations were obtained from tabulated values for
iron which gave compressional and shear wave velocities,
respectively, of 5957 m s21 and 3224 m s21, and a density of
7860 kg m23. The density and sound velocity of water used
were respectively 1000 kg m23 and 1460 m s21.

II. EXPERIMENTAL ARRANGEMENT

Measurements of the form function23 were conducted in
a small laboratory test tank with dimensions of 1.530.5
30.5 m. The acoustic axis was directed along the center of
the longest dimension of the test tank. A diagram of the
instrumentation is shown in Fig. 2. The transducer used acted
as a transceiver both transmitting and receiving signals. The
transducer operated at a center frequency of 546 kHz and had
an operating bandwidth between 300 and 800 kHz. Measure-
ments were conducted by transmitting a single cycle tone
burst at the center frequency, and the backscattered signal
was gated, amplified, filtered, coherently averaged, digitized,
and recorded. The voltage applied to the transducer was also
digitized and recorded. The transmitting and receiving sensi-
tivities of the transducer were measured using a reference
hydrophone, and further self-reciprocity calibrations, and
measurements24 of the specular echo from a sphere con-
firmed the sensitivities. The transfer function of the electron-
ics was also measured.

FIG. 1. Scanning electron micrography of quartz sand sediment particles.
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The experimental form function,f , for a three-
dimensional scatterer can be defined as

f 5
2r

ac f

Ps~n!

Pi~n!
, ~1!

where r is the distance between the center of the scatterer
and the transducer,Ps(n) is the spectrum of the scattered
signal, Pi(n) is the spectrum of the incident signal,n is
frequency, andac f is a characteristic dimension. In a recent
study25 it has been shown that the average projected area for
any convex scatterer is a quarter of its surface area, and this
leads to the correct value forac f of ac f5 l (3/2p)1/2, wherel
is the side length of a cube. The appropriate value to normal-
ize the frequency axis is less clear, however, comparisons of
the form function for a rigid sphere, and a rigid cube25 indi-
cate that using the radius of a sphere having the same volume
as the cube has advantages. This value is therefore given by
ack5 l (3/4p)1/3, and the nondimensional frequency axis is
given bykack .

Re-expressing in terms of the measured signalf is given
by

f 5
2r 2

ac f

Vs~n!

Vi~n!G~n!Str~n!
, ~2!

where Vs(n) is the spectrum of the backscattered voltage,
Vi(n) is the spectrum of the voltage applied to the trans-
ceiver,G(n) is the gain of the electronics system, andStr(n)
is the transceiver sensitivity. To assess the validity of the
form function measurements collected with the present sys-
tem, observations of the scattering characteristic of a 12.5-
mm-radius stainless steel sphere were recorded, and the form
function evaluated using Eq.~2!. Comparison with theoreti-
cal predictions are shown in Fig. 3. The similarity between
the measured and predicted form function confirms the accu-
racy of the system calibration.

III. MEASUREMENTS AND ANALYSIS

Backscatter data were collected for varying angles of
incidence and different cube configurations. Figure 4 shows
the main configurations used, with the cube face-on, edge-
on, and at an arbitrary configuration to the incoming signal.
The cubes were rotated about the axis as shown and the
variation in the backscattered form function with angle mea-
sured. The majority of data shown in the present work are
associated with the face-on configuration@Fig. 4~a!#, at vary-
ing angles of incidence, although to estimate the mean back-
scatter form function for a cube, measurements at different
angles were also collected using the configurations shown in
Fig. 4~b! and ~c!. The irregular shaped polyhedra data were
collected by taking measurements at a number of angles of
incidence~simply referenced to a starting position and ro-
tated!, and configurations.

Measurements of the backscattered signal from a cube in
the time domain are shown in Fig. 5. To illustrate the form
and duration of the signal employed Fig. 5~a! shows the
specular component of the backscattered signal from a 12.5-
mm-radius sphere. Figure 5~b!–~d! shows the backscattered
signal for the face-on configuration atu50° ~normal inci-
dence!, 10°, and 45°, for a cube with 8-mm-length sides. The
0° shows a time series echo that is comparable to the specu-
lar echo from the sphere, with the signal being primarily
composed of a simple single pulse. By 10° the amplitude of
the backscattered signal has reduced by about a factor of 5,

FIG. 2. Instrumentation used for the scattering measurements.

FIG. 3. Comparison of the measured~s! and the predicted~———! form function for a 12.5-mm-radius stainless steel sphere.
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and there is a structured echo with a duration which is sig-
nificantly greater than that for 0°. By 45°~which is the same
as the normal incidence edge-on case! the signal amplitude is
now around one-tenth of theu50° case. The signal has an
initial arrival which is considered to be due to the leading
edge, and this is followed by the bulk of the signal. The latter
is relatively complex in structure and has a duration which is
somewhat longer than the 10° result.

From the time domain waveforms the backscattered
form functions have been computed using Eq.~2!. The nor-
mal incidence results,u50, for the face-on configuration are
shown in Fig. 6. The data were collected on cubes with side
lengths of 4~1!, 8 ~s!, 12 ~* !, and 16~3! mm. Unlike
sphere scattering, which results in a form function which
oscillates about unity with increasingka, owing to its flat
surface, the form function for each cube is observed to
steadily increase withka. Superimposed upon this general

trend are a series of dips, and theka location of these dips
are consistent for the different cubes. Two theoretical form
functions are compared with the data in Fig. 6~a!, the rigid
immobile cube~-.-!, and the elastic cube~—!. It can be seen
that the rigid case compares well with the data in the low
kack region. This is as might be expected for an iron cube,
since a rigid model should be a reasonable approximation at
low kack values. Above akack'6 the rigid predictions are
in agreement with the general trend of the data although the
dips in the form function are not replicated. The elastic re-

FIG. 4. Various configurations of the cube mounting.~a! Face-on;~b! edge-
on; and~c! arbitrary configuration.

FIG. 5. Backscattered time series measurements.~a! Specular echo from a
12.5-mm-radius sphere. Backscattered echo for the face-on configuration for
a cube at:~b! u50°; ~c! u510°; and~d! u545°.
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sults, however, show both general agreement with the data,
and the dips in the form function atkack56, 7.4, and 9.4 are
replicated. There does appear to be some discrepancy be-
tween predictions and observations just belowkack56, and
for kack.10. This could be associated with the uncertainty
in the estimated values for the compressional and shear wave
velocity of the iron used to form the cubes. However, be-
cause of the extensive computations required to obtain the
elastic results, up to periods of several days, it is presently
impractical to run a series of scenarios with varying sound
speeds to investigate the details of the difference. Also the
precision of the alignment, considered to be of the order of
1° in both the rotational and vertical direction, may be influ-
encing the level of the higherka values. Notwithstanding
these limited differences between theory and experiment, the
main features of the normal incidence data are well repre-
sented using the elastic formulation for cube scattering. In
Fig. 6~b! results are presented up tokck533. These continue
to show an increase in form function withkck with a number
of dips. There are no elastic calculations for this regime,

although values for the rigid case are presented up tokck520.
Again the rigid case provides the general form but not the
notable dips observed in the data. Since from Fig. 6~a! these
dips are replicated in the elastic case, it would appear that
dips are associated with modes of vibration of the cube
which interfere destructively with the sound reflected from
the surface of the cube, the latter being represented by the
rigid calculation. To investigate the angular stability of the
form function dips observed in the theory and the experiment
at u50, measurements were obtained off normal incidence.
Figure 7 shows the outcome from some of these observations
for u50° – 5°. It can be clearly seen that although the am-
plitude of the form function reduces rapidly off normal inci-
dence, there is coherence in the location of the dips out to
about 5°.

Figures 8–11, respectively, show measurements of the
backscattered form function at 5°, 10°, 30°, and 45° for the

FIG. 6. Comparison of the measured and the predicted form function atu
50° for the face-on configuration. Measurements were taken using 4~1!, 8
~s!, 12 ~* !, and 16~3! mm sized cubes. Predictions were computed using
rigid ~-•-! and elastic~———! models for a cube.

FIG. 7. Variation in the form function at near-normal incidence angles for
the face-on configuration.x ~upper curve!—u50°, s—u51°, *—u52°,
1—u53°, 3—u54°, ands ~lower curve!—u55°.

FIG. 8. Comparison for the face-on configuration atu55° of the form
function computed for rigid~-•-! and elastic~———! cubes, and measured
using 4~1! and 8 mm~s! sided cubes.
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face-on configuration. The experimental data shown in Fig. 8
have form function values nominally between four and
seven, with a series of identifiable dips, which as noted
above, are present for all near-normal angles of incidence.
For the 5° case the rigid computations provide a reasonable
estimate for the general shape of the form function, however,
the detailed variability associated with the cube being elastic
is not reproduced. The elastic case provides results which are
comparable with the observation, and with the dips in the
form function being present. The results shown in Fig. 9 for
a 10° angle of incidence show a different structure to those at
5°, with a reduction in the general level of the form function
near ka510– 12. Predictions based on rigid and elastic
cubes are compared with the data. The rigid results again
provide the general form of the data, while it requires the
elastic solution to replicate the detailed variability in the ob-
servations, although beyondkack510 there are differences
between prediction and observation, these are probably due

to uncertainties in the compressional and shear wave veloci-
ties for iron. The 30° results are shown in Fig. 10. The struc-
ture of the form function is quite variable with a series of
peaks and troughs in the data. The general background trend
with a number of dips superimposed upon it observed at the
near-normal angles is not seen, and the form function is gen-
erally more complex. To compare the observations with the
predictions, computation for a rigid and an elastic cube were
carried out. There is seen to be reasonable agreement be-
tween the rigid calculations and measurements forka<7,
however, at higherka values the comparison between the
rigid computations and the data is poor due to the onset of
the elastic characteristics of the cube. The elastic computa-
tions show significantly improved agreement with the data,
with, for example, the peak in the form function nearkack

510 being replicated, albeit at a slightly higherkack value.
Figure 11 shows measurements and computed predictions for
the elastic case atu545°; this configuration is equivalent to
the configuration in Fig. 4~b! at u50°. The data show no-
table peaks in the form function aroundkack'5 andkack

'6, followed by a form function structure which is variable
in form. The elastic calculations are seen to be in reasonable
agreement with the data forkack50 – 15 for this angle. The
fact that for some angles the comparison between the elastic
and measured data are better than at other angles possibly
indicates a degree of anisotropy in the material, this would
not necessarily be unexpected for iron. At present for the
elastic case computational periods are too extensive to iterate
the compressional and shear wave velocities, and optimize
the comparison at each angle.

The form function comparisons at particular angles al-
low the theory and experimental results to be examined in
detail, however, they do not provide a global view of the
scattering characteristics for a cube. To present a more gen-
eral impression of the scattering properties, 3-D plots of the
form function for 4-, 8-, and 16-mm-sided cubes are shown
in Fig. 12~a!–~c!. These were obtained using the face-on
configuration, and the cube rotated fromu50° to 45° in 1°

FIG. 9. Comparison for the face-on configuration atu510° of the form
function computed for rigid~-•-! and elastic~———! cubes, and measured
values using 4~1! and 8 mm~s! sided cubes.

FIG. 10. Comparison for the face-on configuration atu530° of the form
function computed for rigid~-•-! and elastic~———! cubes, and measured
using 4~1!, 8 ~s!, and 12 mm (* ) sided cubes.

FIG. 11. Comparison for the face-on configuration atu545° ~equivalent to
the edge-on configuration atu50°! of the form function computed for an
elastic cube~———!, and measured values using 4 mm~1!, 8 mm~s!, and
12 (* ) mm sided cubes.
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steps. Near normal incidence each plot clearly shows high
form function values with readily identifiable dips. These
high values rapidly reduce away from normal incidence, and
beyond about 10° the form function has an undulating struc-
ture both inu andkack , with values which typically oscillate
between approximately 0 and 2. The physical interpretation
of such figures is difficult at present because of the lack of an
analytical representation of the cube scattering, and the long
periods required to compute the results. However, the plots
do provide a broad picture of cube scattering for the face-on
configuration.

In part, the stimulation for developing a description of
the scattering properties of a cube was an interest in the
scattering properties of suspensions of marine sediments. It
was therefore considered useful to examine the mean scatter-
ing properties of a cube. This was carried by taking a number
of measurements using the three configurations shown in
Fig. 4. A total of 107 form function measurements were
taken on an 8-mm-side cube, and the average result from this
data set is shown in Fig. 13. This result shows an average
form function for the data set which is nominally centered
about unity, with a number of notable peaks betweenkack

56 and 10, and a steady oscillation in the form function for
kack.10. The peaks in thekack56 – 10 region do appear to
be genuine features; they were noticeable in the individual
form functions for some of the arbitrary configurations. The
regular oscillations abovekack510 are close in amplitude to
the normalized error in the mean, which for 107 measure-
ments was 9.7%; however, the regularity does suggest it may
well be an actual feature. Two curves are compared with the
data, i.e., the form function for a rigid sphere~•••!, and the
average form function for a rigid cube~-.-!. It is interesting
to note that the theoretical form functions are comparable,
and in particular the feature of a diffraction type oscillation
for the average form function for a cube belowkack55 is
readily noticeable. Recent measurements25 on a cube in this
low kack regime have clearly identified this structure. The
rigid cube calculations, which were computed for 36 con-
figurations, give approximately the same level as the obser-
vations, although the peaks are not observed and the higher
kack oscillations are not readily decernable. The former is
ascribed to the model being rigid, while the latter may be due
to the relatively coarse value for thekack interval which was
0.31.

The irregular polyhedra were formed by taking iron
cubes, and filing the edges until the shape was comparable to
the sand particles shown in Fig. 1. Both the surface area and
volume of the irregular polyhedra were measured to appro-
priately normalize the data. Measurements were taken on
three irregular polyhedra havingack values of 4, 6.3, and 8.1
mm. Data were obtained for three configurations, and eight
different angles of incidence for each polyhedron, and the
mean form function for each polyhedron calculated. The av-
erage form functions was obtained by taking the average of
the three mean form functions. The final result is presented
in Fig. 14 and this shows the irregular polyhedra to have an
average form function which is nominally uniform, and with
a magnitude close to unity. Two curves are compared with
the data, those of a rigid sphere~•••! and a rigid icosahedron
~-.-!. The icosahedron was chosen because the irregular poly-
hedra had of the order of 20 sides, and its symmetry was
amenable to computation. The computational results for the
icosahedron are seen to be very similar to those of a rigid
sphere with the diffraction oscillation clearly delineated. The
rigid sphere could be thought of as a rigid polyhedron with
an infinite number of facets; therefore as the number of fac-
ets on a polyhedron increase it might be expected that the
solution would tend toward that of a sphere. Comparison of
the computations with the observations show good agree-

FIG. 12. Measurements of the variation of the form function for the face-on
configuration withkack andu for ~a! 4, ~b! 8, and~c! 16 mm sided cubes.
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ment between the predicted and the measured average form
functions.

IV. CONCLUSIONS

A series of measurements on the backscattering by sub-
merged elastic cubes have been conducted, and the results
formulated nondimensionally using the form function defini-
tion, with a characteristic dimension defined by the projected
surface area. The observations show a steadily increasing
form function with kack for normal incidence with the
face-on configuration. Rotation off normal incidence results
in a rapid reduction in the amplitude of the form function,
although there is a degree of coherence in the structure of the
form function up to about 5°. Beyond about 5° the compo-
sition of the form function becomes more complex, espe-
cially at the higherkack values when the elastic nature of the
cube becomes important. To provide a global sense of these
relatively complex scattering characteristics, 3-D plots have
been generated, and these provide some impression of the
overall kack2u structure.

To theoretically describe the scattering properties of a
cube, numerical computations using both rigid and elastic
models have been evaluated. The rigid predictions provide
solutions which are valid at lowkack , and give a first ap-
proximation to the general structure of the form function
over a broadkack range at near-normal incidence for the

face-on configuration. To describe the detailed variability in
the form function, and off normal incidence angles requires
the elastic model to be run, and this does indeed provide
significantly improved agreement between the predictions
and the observations. Even with the elastic model there are
discrepancies between computed values and measured data,
and these are considered to be associated with uncertainties
in the appropriate values for the compressional and shear
wave velocities for iron.

Finally configuration and angular averaged form func-
tions have been presented for a cube and irregular polyhedra.
These show form functions which nominally have ampli-
tudes of the order of unity, although in the cube case a per-
sistent regular structure is observed. A number of predictions
have been made for the average form function response, with
rigid sphere, cube, and icosahedron shapes being computed.
An interesting feature of the computations is the diffraction
type oscillations observed in the cube and icosahedron form
functions in the lowkack region which appear comparable in
periodicity to those on a sphere generated by creeping
waves. Such oscillations have been recently observed
experimentally25 for a cube in thekack50 – 5 region, and
thereby validate the predictions. It therefore appears that
there could be some kind of specular, and creeping wave
interaction which is emerging through the mean form func-
tion that is comparable with that of a sphere. Comparison of

FIG. 13. Comparison of the average form function computed for a rigid cube~-•-! and a rigid sphere~•••!, with measured values for a 8 mm~s! sided cube.

FIG. 14. Comparison of the average form function computed for a rigid icosahedron~-•-! and a rigid sphere~•••!, with measured values~s! obtained using
irregular polyhedra withack values of 4, 6.3, and 8.1 mm.
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the computed form functions with the data show reasonably
consistent results, and the results indicate why the sphere
based scattering models for sediment scattering yield reason-
able results. To first order the mean form function for rigid
polyhedra,~which from Fig. 1 would appear to be a more
appropriate description for sandy sediments! are similar to
that of a rigid sphere.
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