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Carrier Piezobirefringence in Germanium and Silicon
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Physics Laboratory I11, Technical University of Denmark, Lyngby, Denmark
(Received 2 May 1966)

The present investigations of the free-carrier piezobirefringence phenomenon verify that in #-type ger-
manium and silicon as well as in p-type silicon this effect can be ascribed to intraband transitions of the
carriers. I't is demonstrated how a combined investigation of the low-stress and high-stress piezobirefringence
in these materials provides a direct and independent method for determining deformation-potential con-
stants. For #n-type germanium we obtain =,=18.020.5 eV, for n-type silicon =,=8.540.4 eV; for p-type
silicon a rather crude analytical approximation yields b= —3.1 eV and d= —8.3 eV. Finally, experimental
evidence is given to support the assumption, that in p-type germanium intraband transitions alone cannot

account for the free-carrier piezobirefringence.

I. INTRODUCTION

NVESTIGATION of free-carrier piezobirefringence
in germanium and silicon was first taken up by
Schmidt-Tiedemann.! He derived theoretical expres-
sions for the contribution due to intraband transitions
of free carriers in #-type germanium and silicon at low
strains.>~* The results are expressed in terms of the
free-carrier concentration N, the uniaxial deformation
potential constant %, and some characteristic pa-
rameters which are well-known for germanium and
silicon. Determination of NV (e.g., by Hall measurement)
thus allows =, to be obtained from a piezobirefringence
experiment. Schmidt-Tiedemann found good agree-
ment®* with the values of E, for n-type germanium
determined by low-strain piezoresistance measurements.
In the case of n-type silicon, however, the value of =,
determined by Schmidt-Tiedemann? was about 50%
higher than the generally accepted piezoresistance value.
In the present work the theoretical and experimental
investigation on n-type germanium and silicon has been
extended to include the high-strain case. It is shown
that by combining the results from the low- and high-
strain regions one can obtain a simultaneous deter-
mination of %, and N, thus avoiding an independent
measurement of N. Our experimental results for E,
obtained in this way are in good agreement with inde-
pendent values from piezoresistance and piezo-absorp-
tion measurements for both germanium and silicon.

In the case of p-type germanium and silicon, Schmidt-
Tiedemann® suggested that the free carrier piezobire-
fringence effect should be of the same order of magnitude
as in #-type materials. Experimental results are given
in the present work for p-type germanium and silicon.
In the case of p-type silicon, it seems reasonable to
interpret the results by attributing the free-carrier
contribution to intraband transitions of the holes. Ap-

K. J. Schmidt-Tiedemann, Z. Naturforsch. 16a, 639 (1961).
K. J. Schmidt-Tiedemann, J. Appl. Phys. 32, 2059 (1961).
K. J. Schmidt-Tiedemann, Phys. Rev. Letters 7, 372 (1961).
4 K J. Schmidt- Tledemann, in Proceedings of the Tnternational
Conference on the Physics of Semiconduciors, Exeter, 1962 (The
Institute of Physics and The Physical Society, London), p. 191.
® K. J. Schmidt-Tiedemann (private communication).
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proximate values are obtained for the shear deformation-
potential constants, & and d in this case. For p-type
germanium, additional contributions from interband
transitions seems to be of importance, which severely
complicates a detailed theoretical analysis.

II. GENERAL THEORY

In cubic crystals such as germanium and silicon, the
necessary anisotropy to cause birefringence may be
introduced, e.g., by externally applied uniaxial stress.
In order to investigate this piezobirefringence effect we
use monochromatic light, which travels perpendicular
to the stress direction X and which is plane-polarized
at 45° from X.

In the case of stress along a [100] or [111] axis in
germanium and silicon, the incoming light wave is
split into two components, which are polarized per-
pendicular and parallel to X, respectively.® After passage
of the sample of thickness Z, the relative phase shift
(normalized by 27) between these two components as-
suming negligible absorption can be expressed as

= (t/N) (W ee—/ e)=(t/No) (a—€11)/2n0, (1)

where Ao is the wavelength of the light in free space,
7o is the refractive index of the undeformed crystal,
and ¢, and ¢, are the values of the relative dielectric
constant corresponding to the light components polar-
ized perpendicular and parallel to the stress direction,
respectively.

The free-carrier part of the relative dielectric tensor
due to intravalley transitions is given by’

0*E (k)

F————ff/hz Ok,

where ¢ is the electron charge, ¢ is the dielectric con-
stant of free space, w is the angular frequency of the
light, E(k) describes the energy band structure in %
space of the extremum under consideration, and f(k)

f(K)dkodkydk., (2)

¢ J. F. Nye, Physical Properties of Crystals (Clarendon Press,
Oxford England, 1960).
W.G. Spltzer and H. Y. Fan, Phys. Rev. 106, 882 (1957).
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is the distribution function related to the total free
carrier concentration, N, by

N= / / / F(k)dkdk,dE.. ®3)

Combining Egs. (1) and (2) we obtain

L 7o Ao ] f / 1 (azE(k) 82E(k))
=——m — -
¢ 27r 20 ’ h2 ak“2 ak1_2

X f(k)dk.dk,dk,. (4)

Here, for simplicity we have introduced the free-electron
mass 7, and the classical electron radius 7o=2/4megmoc?
=2.8175X10~1 cm. We notice that ¢ is proportional
to the wavelength Ao.

It is well established that in germanium and silicon
the conduction-band edge consists of a number of
minima with ellipsoidal iso-energy surfaces.®—%0 It should
be noticed, however, that a disturbance of the conduc-
tion band due to the impurity states has been observed
by Cuevas and Fritsche in the case of highly As-doped
Ge2 The present investigations of #n-type Ge have
been carried out using Sb-doped samples in which case
the assumption of parabolic conduction-band minima
seems to be reasonable for the impurity concentrations
in question.!?

In the case of sufficiently high uniaxial stress along
the [100] or [111] crystallographic axis, according to
Pikus and Bir'* and Hasegawa!® the iso-energy surfaces
of the strain-split valence-band edge become ellipsoids
with rotational symmetry around the axis of deforma-
tion. With regard to application in these cases Eq. (4)

can be written as
Mmo Mo
WG -Col
Mett/ 11 Metf/ 1-a

where N, is the number of free carriers in the ath
minimum of the band edge under consideration, and
[ (mo/mese)u— (mo/Mes) 1« is the difference between the
components of the corresponding effective-mass tensor
parallel and perpendicular to the stress direction,
respectively.

7o t)\o
<pF=_ J—

Z7I" Ny «

III. EXPERIMENTAL METHOD

The experimental principle is similar to that de-
scribed previously by Giardini.!® On each side of the

8 C. Herring, Bell System Tech. J. 34, 237 (1955).

°1. Balslev, Phys. Rev. 143, 636 (1966). )

10 J, E. Aubrey, W. Gubler, T. Henningsen, and S. H. Koenig,
Phys. Rev. 130, 1667 (1963).

11 H, Fritzsche, Phys. Rev. 115, 336 (1959).

12 M. Cuevas and H. Fritzsche, Phys. Rev. 139, A1628 (1965).

13 M. Cuevas and H. Fritzsche, Phys. Rev. 137, A1847 (1965).

14 G. E. Pikus and .G. L. Bir, Fiz. Tverd. Tela 1, 1642 (1959)
[English transl.: Soviet Phys.—Solid State 1, 1502 (1960)].

18 H, Hasegawa, Phys. Rev. 129, 1029 (1963).

16 A, A. Giardini, Am. Mineralogist 43, 249 (1958).
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unijaxially stressed sample a transmission polarizer (Po-
laroid HR sheet) is inserted, having the vibration di-
rection oriented 45° from the stress direction. For a
given wavelength, a series of stress values may thus
bede termined which correspond to zero transmitted
light. For crossed and parallel polarizers these extinction
stress values correspond to ¢=0,1,2, -+ and ¢=1,
13,23, - - -, respectively. Actually, because of anisotropic
absorption a readjustment of one of the polarizers is
necessary for each new extinction-stress value.

The monochromatic light was obtained from either
a monochromator (Perkin Elmer, Model 98G) or a
helium-neon gas laser (Spectra Physics, Model 115).
For detection of the signal a lead sulfide cell (Philips,
type 61 SV) connected to a lock-in amplifier (PAR,
Model JB-4) was applied.

The applied-compressional-stress apparatus is de-
scribed elsewhere.® All reported measurements were
made on samples immersed into liquid nitrogen, which
ascertained a constant temperature of T="77°K. The
samples were oriented along the [100] or [1117] crystal-
lographic axis with an accuracy better than 1°.

IV. n-TYPE SILICON (IMPURITY: P)

In the case of uniaxial stress along the [100] crystallo-
graphic axis in silicon, it is well established that the
conduction-band valleys along the stress axis (1) are
lowered with respect to the valleys located along the
other axis, (2) and (3), the energy splitting being
given by'?

Eo—E= (511—812)EuX- (6)

Here E.i, E.s, and E.3(E.2=E.3) are the edge energies
of the valleys along axis (1), (2), and (3), respectively,
s11 and si2 are the usual elastic compliance constants,
E. is the shear-deformation-potential constant, and X
is the uniaxial (tensile) stress.

As a consequence of the strain-induced energy split-
ting, a repopulation of the free carriers between the
conduction band valleys takes place, and for sufficiently
high compressive-stress values all free carriers tend to
be concentrated in the valleys located along the stress
axis. Since it seems reasonable to neglect both the
change in shape of the conduction-band minima and
the variation in total free-carrier concentration N with
stress,'” we may conclude from inspection of Eq. (5)
that for sufficiently high compressive-stress values the
free-carrier part of the relative phase shift attains a
saturation value

7o tho [mo Mg
osatf =— —-—N(————) . @)
2r no  \my  my

In this expression, #m; and m, are, respectively, the
longitudinal and transverse masses of the ellipsoidally
shaped conduction-band valleys.

17 1. Balslev, Solid State Commun. 3, 213 (1965).
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With regard to application in the low-stress range,
Eq. (5) can be rewritten as follows:

o=l vy (ﬁ‘.’..@) , ®)

21 no my My

where N, No, and N3 (N2=N;) are the free-carrier
populations of the valleys along axes (1), (2), and (3),
respectively.

From this expression we derive the following approxi-
mate expression for the low-stress region:

F;_M_o(@_q[a(fvl—f"?)]x. ©

2w no \my  my X

PLow

Insertion of the Fermi-Dirac distribution function
into Eq. (3) yields for the free-carrier population of the
valleys along axis number ()

L 812 q)—Eca
) o),
mo kT

where ¢=4.831X10" cm—3, mg, is the (total) density-
of-states effective mass for the valleys located along
the ath axis, ® is the Fermi energy, % is Boltzmann’s
constant, and 2 is the Fermi-Dirac integral.!® Com-
bining now Egs. (6), (9), and (10) we obtain for small
compressive stress values

. [3:—1/2] (su—s12)E. X
PLow — —
F1y2 do 3kT

(10)

(11)

WSatF .

Tabulated values for various Fermi-Dirac integrals
F; are given in, e.g., Ref. 18. By inserting the experi-
mental value of gs, into Eq. (7) the free-carrier con-
centration N is obtained, whereupon the correction
factor [F_1/2/F 2 o can be found from these tables.

From measurements on intrinsic silicon we have
verified (see also Ref. 16) that the lattice part of the
relative phase shift is a linear function of stress even in
the high-stress region. Furthermore, in #-type silicon
the intraband transitions alone seem to account for the
free-carrier part of the relative phase shift.* In this
case, we conclude from Eqs. (7) and (11) that the stress
value X, corresponding to the intersection between the
high-stress asymptote and the tangent through origin
of the total relative phase shift-versus-stress curve, is
given by

_ [5—1/2] (su— Sm)EuXo: ;) (12)
0

51/2 3kT

which allows a determination of the shear deformation-
potential constant F,.

The stress dependence of the relative phase shift in
n-type silicon has been measured for various wave-

18 J. S. Blakemore, Semiconductor Statistics (Pergamon Press,
Inc., New York, 1962).
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Fi1G. 1. Piezobirefringence in n-type silicon
(light source: monochromator).

lengths on different samples. An example is shown in
Fig. 1. The results given in Table I yield an average
value of 5,=8.5+0.4 €V, where the error limits indi-
cate the experimental uncertainty. This result is appre-
ciably lower than that obtained from previous piezo-
birefringence Hall measurements* (8,=11.341.3 eV).
Tt is, however, in good agreement with results obtained
from piezo-absorption measurements?® (£, =8.610.2 eV)
and piezoresistance measurements® (Z,=8.340.3 eV).
The reason for the discrepancy between the previous
piezobirefringence-Hall result* and the present one is
not known.

V. n-TYPE GERMANIUM (IMPURITY: Sb)

Following a procedure similar to that given above for
[1007] stress in #-type silicon, we obtain for [111] stress
in n-type germanium an expression for ¢sq:%, which is
of course identical to that of Eq. (7). And, since again it
seems reasonable for Sb-doped material to neglect the
variation of the total free-carrier concentration as well
as the change in shape of the conduction-band minima
with stress,'?® we obtain in the low-stress limit

F_127] SaaHuX
‘PLowF = SDSatF .
Fiedo 9T

Recent investigations'® have established that for wave-

(13)

TasiE I. Experimental values for the shear deformation-potential
constant =, in n-type silicon at '=77°K.

Nas Nbe NcP

o (microns) 1.10 1.15 1.25 140 1.25 140 1.60 1.80 1.15
Eu (eV) 8.69 851 8.48 832 845 850 8.11 843 8.95

Sample

a Light source: monochromator. b Light source: laser.

19 . Riskaer and 1. Balslev, Phys. Letters 21, 16 (1966).
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Fic. 2. Pfezobirefringence in n-type germanium
(light source: monochromator).

lengths near the absorption edge in germanium, the
intrinsic part of the relative phase shift does not vary
linearly with stress. However, at T=77°K we have
found a linear stress dependence of the relative phase
shift in intrinsic samples strained along the [111] axis
when the wavelengths are larger than 1.9 u. For such
wavelengths we therefore obtain by analogy with Eq.
(12)

- [57_1/2/51/2]()844,214)(0/9]3T= 1. (14)

Measurements on n-type germanium strained along
the [111] axis yield curves similar to those shown in
Fig. 1 for [100]-strained n-type silicon, see Fig. 2.
From the experimental results of Table IT an average
value of %,=18.04:0.5 eV is found, which agrees well
with previous piezorefringence-Hall measurements? (%,
=18.941.7 eV) and with independent piezoresistance
valuest (£,=18.5 eV). A somewhat lower value has
however been found in recent piezo-absorption meas-
urements? (Z,=16.22£0.4 eV).

VI. p-TYPE SILICON (IMPURITY: B)

Several investigations?!%:15:19.20 haye established that
under the influence of uniaxial stress the fourfold de-
generate J =3 valence band edge at k=0 in germanium
and silicon splits into two doubly degenerate sublevels,

TasLE II. Experimental values for the shear deformation-
potential constant =, in #-type germanium at T=77°K (light
source: monochromator).

Sample NA NB NC
Ao (microns) 1.985 2.075 2.180 1.985 2.000 1.985
Eu (eV) 18.1 17.8 18.0 17.7 17.5 18.5

20 J. C. Hensel and G. Feher, Phys. Rev. 129, 1041 (1963).
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TasLE III. Valence-band effective masses in uniaxially strained
germanium and silicon according to Ref. 15.

X|If100] X|I[111]
(o). G (), )
Band Mot/ 1 \Mots/ L Mett/ 11 Mot/ L
Mj==4% A—B A+B/2 A—D/N3 A+4+D/2V3
Mj=41% A+BZ A—BZ/2 A+DZ/N3 A—DZ/2V3

the energy splitting being given by

Eog/g—E91/2= Zb(Sn—Sm)X for X”[lOOJ (15)
=dS44X/\/3 fOI' X”[lll],
where the notation of Pikus and Bir has been used.
At T=T7°K the isoenergy surfaces of these strain-
split valence bands may be treated as ellipsoids already
at stress values of around X=23X10% kg/cm?. According
to Hasegawa,!s the effective masses of the ellipsoids are
given by the analytical expressions of Table IIT. The
quantity Z which has been introduced in the expressions
of Table III is given by's

Z=5(1+1+9)/(142y+9")"%),

y=(Eesj2—Ec12)/2A.

(16)
where

(A7)

Here A is the spin-orbit splitting energy of the unde-
formed crystal.

By application of the expressions of Table IIT into
Eq. (5), we find

oF =ro/2m (f\o/n0) (N 32— ZN 1;2)C , (18)

where N3 and Ny are the hole populations of band
M ;=% and band M ;=13, respectively, and

C=3B/2 for X||[100] (19)

=v3D/2 for X|[111].

For sufficiently high compressive stress values all

free carriers will be found in the M ;=% band,?® and

since in the high-stress limit Z=2, we obtain from
Eq. (18):

@sat? = —70/2m(INo/ne) X N X2C. (20)

At moderate and low stress we have for the ellipsoid
density-of-states masses,”* mg19=mas2. In the zero-
stress limit where Z=1, Eq. (18) thus yields ¢,*=0.
Consequently, it seems to be a reasonable approxima-
tion to extend the application of the analytical expres-
sion (18) even down to X =0. Doing so, we obtain after
some straightforward calculations

1/2 17F 4 d(Eecsa— Eeyy2)
r F
PLow = —+— XS"SM .
4\A  ETL §yj5 do X 0

@1
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FiG. 3. Piezobirefringence in p-type silicon
(light source: helium-neon gas laser).

In deriving this expression, a possible stress depend-
ence of the total free-carrier population has been
neglected. If we furthermore assume that intraband
transitions alone account for the free-carrier part of
the relative phase shift, we obtain by analogy with (12)
for the deformation potential constants

2
b=
(2/A+-1/kT[F_1/2/F1/2]0) (s11—512) X0
for XJ|[100], (22)
and
M3
for X||[111]. (23)

d=
/A 1/RT[F_1/2/F1/2]0)54aX 0

The experimental curves for p-type silicon are pre-
sented in Fig. 3. By application of the saturation
expression (20), the free-carrier population in the ma-
terial under consideration is found to be N=210'® cm™3
at T'=77°K. This agrees well with the room-tempera-
ture resistivity, p=20.006 @ cm, which may be taken as
a justification for the neglectance of a possible stress
dependence of the free-carrier population.

Application of the expressions (22) and (23) leads to
the approximative values: 6=—3.1 eV and d=—38.3
eV. Numerically, these values are significantly higher
than those obtained from piezo-absorption measure-
ments,? b= —2.4+0.2 eV and d=—35.340.4 eV, which
may, however, be ascribed to the rather crude approxi-
mation leading to the low-stress expression (21).
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TABLE 1V. The free-carrier part of the stress-optical constants in
highly doped (0.0055Q cm) p-type germanium at 7'=77°K.

Stress Entity Units Numerical values
o microns 1.50 1.60 2.00

X|I[100]  (Qu—0Qi)F cm®/kg 10.1 8.1 5.4

X||C111] Qud? em®/kg 115 8.1 6.9

VII. p-TYPE GERMANIUM (IMPURITY: Ga)

Measurements were made on highly doped (0.0055 @
cm) p-type germanium at I'=77°K. From the low-
stress region of the ¢o-versus-stress curves we have
determined the stress-optical constants defined by*

Q= (1/1)(de/dx). (24)

By subtraction of the corresponding constants ob-
tained from measurements on intrinsic germanium, the
free-carrier contributions have been found. The results
are given in Table IV.

A comparison between the wavelength dependence of
the results in Table IV and Eq. (4) shows, that in
p-type germanium the intraband transitions alone can
not account for the free-carrier contribution to the
piezobirefringence effect. It may thus be necessary as
suggested by Schmidt-Tiedemann® to consider also the
mechanism of interband transitions of holes between
the three valence bands. Furthermore, the observed
strong wavelength dependence for wavelengths close to
the absorption edge suggests that in this region the
influence of the extrinsic-hole population on the in-
trinsic interband piezobirefringence effect'® must be
taken into account. These questions, however, remain
open.

VIII. CONCLUSIONS

It has been demonstrated that a combined investiga-
tion of the low-strain and high-strain piezobirefringence
effect in #-type germanium and silicon provides a direct
method for determining the shear deformation-potential
constant Z,. In the case of p-type silicon, approximate
values for b and d have been obtained by this method.
Finally, we have found that in p-type germanium intra-
band transitions alone cannot account for the free-
carrier piezobirefringence effect.
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