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Synopsis

The startup of uni-axial elongational flow followed by stress relaxation and reversed bi-axial flow
has been measured for a branched polystyrene melt with narrow molar mass distribution using the
filament stretching rheometer. The branched polystyrene melt was a multiarm Aq−C−C−Aq

pom-pom polystyrene with an estimated average number of arms of q=2.5. The molar mass of
each arm is about 28 kg /mole with an overall molar mass of Mw=280 kg /mole. An integral
molecular stress function constitutive formulation within the “interchain pressure” concept agrees
reasonably well with the experiments.
© 2009 The Society of Rheology. �DOI: 10.1122/1.3059575�

I. INTRODUCTION

The understanding of nonlinear flow properties of polymer melts requires reliable
experimental stress-strain measurements on well-characterized polymers. Considering
elongational flow, one has to keep in mind that interest in the measurement of elonga-
tional viscosity of polymer melts started more than 40 years ago �Tanner and Walters
�1998��, and an immense amount of scientific papers on this subject have appeared.
Measurements were most frequently reported as either startup or steady elongational
viscosity. In extensional rheometry for polymer melts the commonly used equipments
were and still are the Münstedt tensile rheometer �Münstedt �1979��, the rheometric
scientific RME �initially constructed by Meissner and Hostettler �1994��, as well as more
recently presented equipments as the filament strecth rheometer �FSR� �Bach et al.
�2003b�� and the Sentmanat extensional rheometer �SER� �Sentmanat �2004��.
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Especially well-defined narrow molar mass distribution �NMMD� polymer melts con-
tribute to the understanding of the complex flow physics of polymer melts, as reptation-
based �de Gennes �1971�� constitutive theories are based on the monodisperse polymer as
the model molecule �Doi and Edwards �1978, 1979��. Experimental efforts on both linear
and branched NMMD polymer melts have included the characterization of in startup of
uni-axial extension �McLeish et al. �1999�; Luap et al. �2005�� as well as steady flow
following startup of uni-axial extension �Bach et al. �2003a�; Nielsen et al. �2006a,
2006b��.

Recently new techniques have been presented to measure stress relaxation after ex-
tension based on the RME and SER. The appearance of a progressive thinning of the
sample ending with a ductile necking limits the applicability of these techniques at high
strains �Wang et al. �2007��. The actual physical course of this necking is currently
unknown, although an experimental method to measure stress relaxation omitting the
necking instability has been published �Nielsen et al. �2008��. Experimental methods to
measure elongational flow more dynamically have appeared very recently. It concerns
bi-axial reversed flow following uni-axial extensional flow �Nielsen and Rasmussen
�2008��, as well as large amplitude oscillatory elongation �Rasmussen et al. �2008��.
Nielsen �2008�; Nielsen and Rasmussen �2008�; and Rasmussen et al. �2008� all use the
FSR and presented dynamical extension data for a NMMD linear polystyrene melt.

An immense variety of concepts for reptation-based models exist for linear NMMD
polymer melts. It was initiated by Doi and Edwards �1978,, 1979� and followed by
Marrucci and Grizzutti �1988�; Pearson et al. �1989�; Mead et al. �1998�; Fang et al.
�2000�; Ianniruberto and Marrucci �2001�; Schieber et al. �2003�; Likhtman �2005�; etc.
Currently the only model effectively capable of predicting the published elongational
flow data for linear NMMD polymer melts is the integral molecular stress function
formulation �Wagner �2005�� based on the “interchain pressure” �IP� concept by Marrucci
and Ianniruberto �2004� �Wagner et al. �2008�; Nielsen et al. �2008�; Nielsen and Ras-
mussen �2008�; Rasmussen et al. �2008��.

For branched polymer melts the first insight into the non-linear extensional rheology
of broadly-distributed polymers was obtained from the observation of time and strain
separability �Wagner �1978��. Recently, Nielsen et al. �2006a� found agreement with
separability in time and strain in both the startup and steady viscosity for a NMMD
branched polystyrene melt. Nielsen et al. �2006a� considered a multiarm Aq−C−C−Aq

homopolymer, often referred to as a “pom-pom” polymer. A pom-pom polymer is an
important molecular architecture as it has two branch points connected by a polymer
crossbar �C� and a number �q� of identical arms �A� emanating from the branch-points.
The H-polymer �q=2� is the most simple type of a branched polymer. The separability
was only valid at Deborah numbers for the cross-bar relaxation larger than unity and
Deborah numbers for arm relaxation less than unity. The experimental observed separa-
bility is in contradiction to the H-polymer or pom-pom theory �McLeish and Larson
�1998�; McLeish et al. �1999��, although in shear flow, qualitative agreement is generally
observed between pom-pom or H-polymer theory and experiments in both the linear
viscoelastic and nonlinear shear regime �McLeish et al. �1999�; Archer and Juliani
�2004��.

To gain further insight into the flow physics of polymer melts, we will present direct
measurements of the stress relaxation and the bi-axial reversed flow, both following
�potentially steady� uni-axial extensional flow using the NMMD pom-pom polystyrene
synthesized by Nielsen et al. �2006a�.
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II. ELONGATIONAL METHODOLOGY

Our elongational experiments are performed using the currently only existing filament
stretching rheometer �FSR� surrounded by a thermostatted environment, developed by
Bach et al. �2003b�. This rheometer allows measurements on polymeric fluids from room
temperatures to 200 °C. The first filament stretching rheometer �FSR� was developed by
Sridhar et al. �1991�. In the FSR, a cylindrical shaped liquid sample, with height Li and
radius Ri, is placed between two parallel solid cylinders having the same diameter as the
pellet. Separation of the plates will extend the sample. The FSR measures the strain in the
sample at exactly the location of the necking or the midfilament plane of the extended
sample. Subsequently, this critical region can be monitored using laser microscopy and
the distance between the end-plates adjusted, thus obtaining a predefined stretch rate at
the neck. To ensure a correct measurement the sample should stay symmetric across the
mid-filament plane as well as axisymmetric during extension. Loss of symmetry due to
gravitational sagging of the filament can be neglected for almost all polymer melts.
However, one has to keep in mind that the rheological behavior of the polymer may in
itself result in symmetry breaking �Matallah et al. �2006�� as well as axis-symmetric
breaking �Rasmussen and Hassager �2001�� phenomena.

The original FSR configuration by Bach �2003b� maintains a constant extension rate.
Through a feedback mechanism, the separation of the end plates is controlled and the
elongational rate is thereby kept constant. Modification of this closed loop control mecha-
nism has enabled measurements of stress relaxation �Nielsen �2008�� and bi-axial re-
versed flow �Nielsen and Rasmussen �2008��, both following uni-axial extensional flow
as well as large amplitude oscillatory elongation �LAOE� �Rasmussen et al. �2008��.
These experimental techniques to measure dynamically complex elongational flow on
polymer melts with a well-defined and controlled deformation rate are, according to our
knowledge, the only ones published. The method by Nielsen et al. �2008� prevents the
commonly observed necking instability during stress relaxation �Wang et al. �2007��. The
method by Nielsen and Rasmussen �2008� monitors a well-defined reversed flow, where
the flow during elastic recovery �Meissner �1971�� is unknown. The elastic recovery is
measured as the maximal recoverable Hencky strain in the reversed bi-axial flow follow-
ing uni-axial elongation flow. It is measured without externally applied forces on the
sample during the reversed flow.

During the extension in a FSR, a load cell measures the elongational force, F�t�, and
a laser micrometer measures the filament diameter, 2R�t�, at the mid-filament plane. The
relevant strain in the elongation is the Hencky strain ���, which is defined as ��t�
=2 ln�R0 /R�t�� for filament stretching of cylindrically shaped samples. R0 is the mid-
filament radius of the sample �and L0 the length� at the start of the extension, at time t
=0, as the sample may have been subjected to a pre-stretch. Initially, the sample is at rest
for times t�0. The elongational or stretch rate is defined as �̇=d� /dt.

The elongational stress generated within the sample filament can be calculated from
the total force measured by the load cell as �Szabo �1997��

�zz − �rr =
F�t� + ��Ri

2Lig/2
�R�t�2 −

�

R�t�
, �1�

where � is the surface tension, � the density of the polymer melt, and g the gravitational
acceleration. Eq. �1� is written without taking the correction for the fluid inertia into
account. If the gravitational sagging is unimportant, which is true for almost all polymer
melt measurements, the inertial term is negligibly small. A thorough discussion on the
fluid inertia correction can be found in Szabo and McKinley �2003�.
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One of the characteristics of elongational flow in a filament stretching apparatus is that
the extension is not uniform in the direction of the extension of the fluid as a result of the
no-slip at the end plates. The force balance from Szabo �1997� denotes an average of the
extensional stress over the mid-filament plane. The FSR relies on the assumption of a
homogeneous elongation in the mid-filament plane as the kinematics is measured at this
center of the sample. Numerical simulation of the filament stretch in axis-symmetry as
well as fully three dimensional �3D� has been published during the last decade. They
include papers by Kolte et al. �1997�; Sizaire and Legat �1997�; Hassager et al. �1998�;
Yao et al. �1998�; Yao et al. �2000�; Sujatha et al. �2006�; Matallah et al. �2007�, and
Webster et al. �2008� in axis-symmetry and Rasmussen and Hassager �1999� and Bach et
al. �2002� in fully 3D. These simulations have considered a wide variety of constitutive
models and they all confirmed that deviations from ideal elongational flow, especially at
higher Hencky strain, are small near the mid-filament plane.

At small aspect ratios Ai=Li /Ri, an extra shear contribution may add to the measured
elongational force during the startup of the flow. The effect of the additional shear may be
reduced by a correction factor �Spiegelberg et al. �1996�� as

��zz − �rr�corr =
��zz − �rr�

1 +
�R�t�/Ri�14/3

3Ai
2

�2�

to a level where the true elongational stress usually stays within the experimental scat-
tering of the corrected stress. The correction factor is less accurate at increasing strains,
where the effect of the correction factor fortunately vanishes �Kolte et al. �1997��. This
corrected transient uniaxial elongational stress is defined in a potentially pre-stretched
configuration. The pre-stretch, performed prior to the elongational experiments, avoids an
initial large correction. Notice that the correction is negligible �less than 10 percent� after
less than 0.7 strain units of � in the the startup of flow, and without importance during
both the stress relaxation and the reversed bi-axial flow. The use of Eq. �2� requires an
extension rate during pre-stretch considerably lower than the inverse of the largest relax-
ation time in the melt.

In this paper we intend to perform transient uniaxial stretching up to a Hencky strain
of �0. This uniaxial stretching is followed by either transient biaxial squeeze or stress
relaxation. Generally, the relative deviation between measured and expected radius never
exceeded 3%.

During the startup of uniaxial stretching we define the rate �̇+= �̇ and in the biaxial
squeeze the rate is defined as �̇−=−�̇. Both �̇+ and �̇− will stay positive, constant, and
equal ��̇+= �̇−� during the extension. An important quantity in the reversing flow experi-
ment is the Hencky strain at which the stress in the filament changes sign �at time tR�
from positive to negative stress. The needed bi-axial strain or “strain recovery” ��R� to
reach zero extensional stress is �R=�0−��tR�. Here tR is the time where �zz−�rr=0. For
further details regarding the methodology and definitions, please refer to Nielsen and
Rasmussen �2008�.

During the stress relaxation, starting at a Hencky strain of �0, the mid-filament radius
is kept constant ��̇=0�. The viscosities during both startup and stress relaxation are
defined as
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�̄+ =
�zz − �rr

�̇+ and �̄− =
�zz − �rr

�̇+ , �3�

respectively. The viscosity during the stress relaxation is calculated applying the constant
elongational rate ��̇+= �̇� from the preceding flow. For further experimental details we
refer to Nielsen et al. �2008�.

III. POM-POM POLYSTYRENE

The branched polystyrene melt used in this work is the same batch as synthesized by
Nielsen et al. �2006a� based on the method developed by Knauss and Huang �2001�: A
NMMD multiarm Aq−C−C−Aq pom-pom polystyrene with a mass average molar mass
of Mw=280 kg /mole prepared by anionic polymerization. The number of arms is not a
fixed value but rather a distribution given by the stoichiometry. Here with an number
average value of q of approximately 2.5, whereas the arm �with a number average molar
mass of Mn,A=28 kg /mole� and backbone length �Mn,B�140 kg /mole� are narrow dis-
tributed �polydispersities of PDI�A��PDI�C��1.06�. They report the molar fraction or
ratio of n-armed stars �pn� emanating from the branch points in the pom-pom polystyrene
to be �p2 , p3 , p4�= �0.571,0.354,0.075� in the melt. Assuming ideal reaction kinetics we
calculate the molar ratios between the different pom-pom molecules to
�p2p2 ,2p2p3 ,2p2p4 , p3p3 ,2p3p4 , p4p4�= �0.326,0.404,0.086,0.125,0.053,0.006�. A full
closure regarding the polymerization and characterization of molecular structure can be
found in Nielsen et al. �2006a�.

The pom-pom polystyrene batch or reaction mixture polymerized by Nielsen et al.
�2006a� needs to be fractionated several times to remove low molecular by-products
using toluene/methanol as solvent/non-solvent pair for fractional precipitation of the
highest molar mass polystyrene component. Notice that in Nielsen et al. �2006a� this
fraction was estimated to be about 7 wt % �6–9 wt % � in the pom-pom polymer used in
their elongational measurements. The minor amount of by-products left in the fractioned
pom-pom mixture consists of almost half pom-pom molecules, here referred to as asym-
metric star molecules. In our work the sample was fractionated to a level containing
approximately 20 wt % asymmetric stars present in the melt.

IV. STRESS RELAXATION

Figure 1 shows the measured corrected transient elongational viscosity, �̄corr
+ �t�, fol-

lowed by the viscosity �̄−�t� during the stress relaxation for the pom-pom polystyrene
with predictions from the linear viscoelastic properties �LVE� from Nielsen et al. �2006a�.
The measured transient elongational viscosity from Nielsen et al. �2006a� and one new
startup experiment at �̇=0.3 s−1 are shown as well. In the plot there is agreement between
all measurements and the LVE predictions up to a certain level of strain. Furthermore, our
measurements and the measurements published by Nielsen et al. �2006a� agree within
20%.

It is of interest to compare the experimental observations with predictions from a
time-strain separability model �Wagner, 1978�. For this purpose we introduce the integral
molecular stress function �MSF� formulation by Wagner and Schaeffer �1992�. The gen-
eral form of the MSF constitutive model is written as a memory-weighted time integral
over a strain tensor and the square of the molecular stress function, f2,
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�ij = �
−�

t

M�t − t��f�t,t��25�EinunEjmum

�E · u�2 	dt�. �4�

If the molecular stress function f is strain-dependent only, an applicable time-strain
separable model is obtained. The terms �ij are the integral components of the stress
tensor. The angular brackets denote an average over a unit sphere 
¯�=1 / �4��
��u�=1¯du where a tube segment of unit length and orientation is given by the unit vector
u. In the stress-free state, u is deformed into E ·u in the current state. These brackets are
the Doi–Edwards strain tensor with the independent alignment approximation �IAA� �Doi
and Edwards �1978, 1979�� and the Doi–Edwards model with the IAA is obtained for
f =1. The components of the macroscopic displacement gradient tensor is given by
Eij�x , t , t��=�xi /�xj�, i=1,2 ,3 and j=1,2 ,3. �x1� ,x2� ,x3�� is the coordinates of a given par-
ticle in the stress free reference state �time t��, displaced to coordinates �x1 ,x2 ,x3� in the
current state �time t�. The memory function M�t− t�� is related to the relaxation modulus
as M�t− t��=dG�t− t�� /dt�. The parameters in a double mode BSW �Baumgaertel–
Schausberger–Winter� model �Baumgaertel et al. �1990�; Jackson and Winter �1995��
defining the relaxation modulus for the pom-pom melt can be found in Nielsen et al.
�2006a�.

The MSF constitutive model has, in general, been successful in describing two- and
three-dimensional complex extensional dominated flows of linear and branched melts
within the experimental error �Wagner et al. �1998�; Rubio and Wagner �2000�; Eriksson
and Rasmussen �2005�; Rasmussen and Bach �2005�; Rasmussen and Eriksson �2007�;
Rasmussen and Yu �2008��. These papers are mainly based on a K-BKZ �Kaye �1962�;
Bernstein et al. �1963�� version of the MSF model. The situation is less satisfactory for
branched polymers where the presence of both shear and extension flow appears to be a
more difficult task for the MSF model �Olley and Wagner �2006��.

ε̇+=.00003s−1
ε̇+=.0003s−1
ε̇+=.001s−1
ε̇+=.003s−1
ε̇+=.01s−1
ε̇+=.03s−1
ε̇+=.1s−1
ε̇+=.3s−1

t [s]

η̄
+ co

rr
,η̄

−
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·s]

100001000100101
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FIG. 1. The measured corrected startup and relaxation viscosity performed at rates of �̇+= �̇
= �0.3 0.1 0.03 0.01 0.003 0.001 0.0003 0.00003 �s−1 at 130 °C. In all cases except at �̇+= �̇=0.03 s−1 are the
flow stopped at an extension of �0=3 and allowed to relax. The flow is stopped at a Hencky strain of �0=2.5 at
�̇+= �̇=0.03 s−1. The solid lines �—� are the K-BKZ predictions of the transient elongational viscosity. The
dashed lines �-----� are the Doi–Edwards predictions of the transient elongational viscosity �with f =1�.
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Here we will initially use a simplified K-BKZ version of the MSF model to allow for
the time-strain separability of the form

f2 = 1 + �fmax
2 − 1�1 − exp�−

exp�2 ln�E · u�� − 1

fmax
2 − 1

�� �5�

representing a simple elasticity strain with affine movement of cross-links �Flory �1976��,
where the molecular stress function is based on the potential function from Doi–Edwards
theory with the IAA. fmax is the maximal value of the molecular stress function and is
easily obtained from Nielsen et al. �2006a�, from their figure 15 as fmax

2 =18. Figure 1
shows the measured viscosities together with this time-strain separable K-BKZ model.

The time-strain separability agrees quantitatively with the start-up and steady elonga-
tional viscosities �̄+, within the limit mentioned in the Introduction section as expected.
However, it fails completely in the stress relaxation. The time-strain separability predicts
stresses up to a factor 10 �1000%� larger then the experimental observed during the stress
relaxation. A time-strain strain separable model does not include the possibility of time
relaxation in the strain, physically interpreted as relaxation in the stretch of the molecule.

In Fig. 1, the predictions of the model with f =1 �equivalent to fmax→1� are also
shown. It corresponds to the strain from the Doi–Edwards reptation theory which is
generally accepted to be lower limit of the strain function. For linear NMMD melts the
stress converges toward a Doi–Edwards strain based model at large times. This has
recently been experimentally documented for elongation of linear NMMD polystyrene
�Nielsen and Rasmussen �2008��. In fact, the stress in the pom-pom melt seems to con-
verge toward a Doi–Edwards strain-based model at large times similar to linear melts. At
steady flow the measured stresses are ten times higher than the Doi–Edwards stress,
where the deviation between a Doi–Edwards strain based model and the experiments are
less than a factor of 2 at the end of the experiments. Notice that the experiments cannot
be followed further in time due to the resolution on the weight cell. The weight cell
measures the extensional force.

Wagner et al. �2005� and Rolón-Garrido et al. �2006� adopted the “interchain pres-
sure” concept within the MSF model for the extensional behavior in monodisperse linear
polystyrene melts. It allows relaxation in the stretch of the molecule. To account for the
extensional behavior in NMMD branched melts we will do the same. Inspired by their
work, we use an integral molecular stress function �MSF� formulation as

�

�t
f = f �

�t

ln�E · u�� −

1

�dia�t − t��
c�f ,t − t��f · ��c�f ,t − t�� · f�3 − 1�� . �6�

Note that the dependence of t and t� in the notation on f is dropped, although f is strictly
a function of both t and t� as f�t , t�� with initial condition f�t� , t��=1. �dia is referred to as
the tube diameter relaxation time. c is a nonlinear spring coefficient represented by a
relative Pade approximation �Cohen �1991��. We have indicated a time dependency in
both the nonlinear spring coefficient c and the tube diameter relaxation time �dia in order
to account for the slight polydispersity in a simplified way as discussed in the Discussion
section. Marrucci and Ianniruberto �2004� and Wagner et al. �2005� did not include finite
extensibility and, therefore, assumed c=1, whereas Rolón-Garrido et al. �2006� intro-
duced the use of finite extensibility using relative Pade inverse Langevin function �Ye and
Sridhar �2005��
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c�	� =
�3 − 	2/	max

2 ��1 − 1/	max
2 �

�3 − 1/	max
2 ��1 − 	2/	max

2 �
, �7�

where 	max is the stretch of the fully-extended molecule. We use the same approximation
in our work. Please notice that we have introduced finite extensibility on all stretch terms
in the evaluation of the interchain pressure, were Rolon-Garrido et al. �2006� only ap-
plied it on the f term outside the � � in Eq. �6�. An estimate of the extension at which the
molecule on average becomes fully extended is needed. For polystyrene the maximal
tube length 	max=5.07 according to Rolón-Garrido et al. �2006� for the pure polystyrene.
This value is based on Fang et al. �2000�.

The presence of 7 or 20 wt % asymmetric stars �half pom-pom’s� in the melt give rise
to a slight dilution effect on the maximal extensibility of 	max�5.07 /�1−w and on the
tube-diameter relaxation time of �dia��dia,0 / �1−w�2 for times above a characteristic re-
laxation time of the asymmetric stars polystyrene in the melt �Wagner �2008��. Here we
have used an average value of 	max=5.3 to account for the slight dilution of the polymer
due to the presence of the asymmetric star molecules in the melt.

It appears from Fig. 2 that the stress relaxation data are well described, within about
30%, by the interchain pressure model in Eq. �6�, using a fitted �and average� tube
diameter relaxation time of �dia=150000 s. The interchain pressure concept captures the
stress relaxation in the pom-pom polystyrene, in fact slightly more accurate than previ-
ously shown for linear melts �Nielsen et al. �2008��.

V. REVERSED EXTENSIONAL FLOW

In Fig. 3 we show the measured recovery strain as a function of the elongational rate.
The recovery strain �R increases with �̇ and reaches a saturation of the values at high
strain rates. The melt becomes less elastic as it gradually moves from the backbone

ε̇+=.00003s−1
ε̇+=.0003s−1
ε̇+=.001s−1
ε̇+=.003s−1
ε̇+=.01s−1
ε̇+=.03s−1
ε̇+=.1s−1
ε̇+=.3s−1

t [s]

η̄
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,η̄

−
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100001000100101

1000
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1

FIG. 2. The data from Fig. 1 compared to different theoretical models. The solid lines are the ideal MSF model
in Eq. �6� with constant �time independent� tube diameter relaxation time ��dia� and nonlinear spring coefficient
�c�. A tube diameter relaxation time of �dia=150000s and a 	max=5.3 are applied. The dashed lines �-----� are the
MSF model including the dilution effect from the presence of the “asymmetric stars” in the polystyrene melt.
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dynamics into a region also characterized by the arm dynamics. The arm Deborah num-
ber gradually increases toward unity at the highest strain rate �Nielsen et al. �2006a��.

In Fig. 3 we have also shown the prediction for the strain recovery �R found using the
MSF model Eq. �4� with both the time-strain separable K-BKZ model and the interchain
pressure assumption. The interchain pressure concept captures the reversed flow behavior
as previously shown for linear melts �Nielsen and Rasmussen �2008��. We have also
included the prediction for the Doi–Edwards model �f =1 in Eq. �4��. A molecular stress
function formulation considers the stretch for all deformed segments, whereas the Doi–
Edwards model operates with an averaged orientation factor �Doi and Edwards �1986��;
a stretch evolution equation. As shown in Nielsen and Rasmussen �2008�, the strain
recovery is �R-independent of the choice of stretch evolution equation. Neither the
K-BKZ nor the Doi–Edwards model with any stretch evolution function are able to
predict the level of the recovery strain. As a more fundamental problem with both the
K-BKZ and Doi–Edwards model, the recovery strain ��R� continues to increase with
increasing �0 value for �0
3, where steady state have been reached, i.e., the mentioned
models do not capture the concept of steady state in reversing flows.

The measured extensional stress as a function of the Hencky strain for the reversing
flow experiments are shown in Fig. 4. It shows the transient startup followed by the
reversing flow. Analyzing the observed stress in the reversed flow with the theoretical
MSF approach within the interchain pressure concept we find that the predictions from
the MSF model are somewhat larger than the experimental values. However, we find
agreement between the experimental data and the interchain pressure concept.

IP, ε0 = 3.0
KBKZ

Doi Edwards

|ε̇| [1/s]

εR

10−110−210−310−410−5

2

1.5

1

0.5

0

FIG. 3. Recovery strain value, �R, plotted against elongational rate �at 130 °C�. The flow is reversed at an
extension of a Hencky strain of �0=3 with only one exception. The circle ��� is one measurement where the
flow is reversed at an extension of �0=2.5 ���. �̇+= �̇−= ��̇� in all experiments. The dashed line �-----� is the
K-BKZ predictions of the experimental data. The dotted line �¯¯� is the Doi–Edwards model equation �f
=1� representing all possible stretch evolution equation. The solid line �—� is the MSF model Eq. �6� with a
tube diameter relaxation time of �dia=150000s and a 	max=5.3. Hence with constant �time independent� tube
diameter relaxation time ��dia� and nonlinear spring coefficient �c�. The bullets ��� are measurements where the
flow is reversed at an extension of a Hencky strain of �0=3 ���.
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VI. DISCUSSION

The pom-pom polystyrene melt used in this work is not idealy monodisperse. The
molar mass of the backbone and arms are narrow distributed, whereas two �q=2�, three
�q=3�, or �q=4� arms connect to the branchpoints. Please notice we use the notation p2,
p3, and p4 for a number of arms connected to a branch point of q=2, q=3, and q=4,
respectively.

The distribution of the different fractions of the pom-pom melt can be calculated from
combinational statistics based on the spectroscopic data. Notice that the fraction of p4-p4
is considered vanishing. The relaxation time of the crossbar material will depend on the
number of arms in both ends since the following equation holds for monodisperse pom-
poms �both in arm number and molecular weight� �McLeish and Larsen �1998��:

�b =
4

�2sb
2�b�a�0�q , �8�

where sb=Mb /Me is the crossbar length, �b the fraction of crossbar material, and the
longest relaxation time of the arm material is given by

�a�0� = �0 exp15

8
sa − �1 − �b�

1

3
� , �9�

where sa=Ma /Me is the arm length and �0 is the Rouse relaxation time. Since the amount
of the p4-p4 pom-pom is vanishing, we then proceed to calculate the amounts of the two
different types of crossbars, namely the ones consisting of one or more p2 units �denoted
q2� and the ones consisting of one or more p3 or p4 units �but no p2 units�, which are
denoted by q3. We get �q2 ,q3�= �p2p2+2p2p3+2p2p4 , p3p3+2p3p4�= �0.82,0.18� by
mole, which by weight fraction of the total melt converts into �ww�q2� ,ww�q3��
= �0.35,0.08�. We characterize the crossbars this way in order to account for polydisper-

|ε̇|=.01s−1
|ε̇|=.003s−1
|ε̇|=.001s−1
|ε̇|=.0003s−1

ε

(σ
zz
−

σ
rr
) c

or
r
[M

Pa
]

32.521.510.50

1

0.1

0.01

FIG. 4. Startup and reversing elongational experiments with �̇+= �̇−= ��̇�. The measurements are done for the
following elongational rates: �̇+= �̇−=0.0003 s−1, 0.001 s−1, 0.003 s−1 and 0.01 s−1 �at 130 °C�. In all cases the
flows are reversed at an extension of �0=3. The lines �—� are the MSF model corresponding to the experiments;
Eq. �6� with constant �time-independent� tube diameter relaxation time of �dia=150000s and 	max=5.3.
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sity in a very simplified way. We assume that the relaxation of the two types of crossbar
is hierarchical and that a �p2-p2� and a �p2-p3� crossbar will relax at the same timescale
since the arms on the p2 end will determine the time scale at which the crossbar can
retract. Hence, we can, as an approximation, write the fraction of unrelaxed material as

��t� = �a�
0

1

exp�− t/�a�x��dx + ��q2 + �q3�exp�− t/�b2� + �q3 exp�− t/�b3� , �10�

where �b2 and �b3 are calculated from Eq. �8� with q=2 and q=3, respectively.
The molecular entanglement weight Me=13500 g mol−1 at 413 K is taken from Fet-

ters et al. �1994� and the Rouse relaxation time �0=0.6 s at 130 °C is determined from
the LVE data of Nielsen et al. �2006b�. It is obvious that the effect of polydispersity of
number of arms is not very drastic but it does, however, change the relaxation pattern at
intermediate times, leading to a faster relaxation of the crossbar compared to the relax-
ation predicted when using the average value of q=2.5.

More important is the effect of the the presence of asymmetric stars �half pom-pom’s�
in the melt. The picture is simplified by assuming that the asymmetric stars relax first.
This is strictly not correct but the asymmetric star arms will somehow react faster than
the arms emanating from a crossbar due to their more diluted surroundings. By applying
the simple assumption that we have hierarchical relaxation in the different types of arm
material, we can account for the dilution effect in a simple way. Rather than making the
dilution continuous, we apply a step function which sets in at the longest relaxation time
of the asymmetric star arms, i.e., when the innermost part of the star arm relaxes, and we
regard the relaxation as a process in a pure star melt �Milner and McLeish �1998��.

Recently, Wagner et al. �2008� extended the MSF model �Wagner et al. �2005�� within
the interchain pressure concept to include bidisperse �linear� polymers. It was demon-
strated that the interchain pressure term introduced by Marrucci and Ianniruberto �2004�,
and the tube-diameter relaxation time concept following this, can be extended to under-
stand the strain hardening of the long-chain component in the diluted regime. This pre-
sented constitutive approach is not in mathematical terms a constitutive model, as the
time dependence of the tube-diameter relaxation time �dia was applied as a function of the
constant elongational rate. During the stress relaxation, this rate is zero and potentially
negative during reversed flow. However, the approach elucidates the importance of the
dilution effect. To apply this approach to general flows we have introduced the time
dependence, and not the extensional rate, directly into the extended tube-diameter relax-
ation time �dia and the nonlinear spring coefficient c as shown in Eq. �6�. Compared to the
model by Wagner et al. �2008�, their equation �27�, we assume that the stress originates
from pom-pom molecules only and the presence of the stars is only considered as a
dilution effect as discussed below. This is an acceptable assumption at low elongation
rates where the asymmetric stars are considered relaxed. At high elongation rates the
asymmetric stars in the melt is expected to contribute less to the steady viscosity than the
pom-pom molecule. Based on the study on linear monodisperse polystyrenes by Bach et
al. �2003� we estimate that the steady elongational viscosity to be approximately linear
with the size of the molecule. The presence of the stars is then expected to lower the
steady elongational viscosity �compared to the applied model� about 4% to 10% at high
elongational rates, where the asymmetric stars are treated theoretically as pom-pom mol-
ecules. Notice the model from Wagner et al. �2008� did not include maximal extensibility.

The presence of the asymmetric stars in the melt give rise to a slight dilution effect on
the maximal extensibility of 	max�t− t��=5.07 /�1−w�t− t�� and on the tube-diameter re-
laxation time of �dia�t− t��=�dia,0 / �1−w�t− t���2 for times above a characteristic relax-
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ation time of the asymmetric stars polystyrene in the melt. We have applied a �dia,0

=120000 s. The the longest relaxation time of the asymmetric stars is about 500 s, as
estimated from the Rouse relaxation time determined from the LVE data from Nielsen et
al. �2006b�. For simplicity the weight fraction is defined as w�t− t��=0.2 for t− t�
�500 s and w�t− t��=0 for t− t�500 s, i.e., a step function rather than a continuous
dilution in the entanglement spacing. Notice 	max�t− t�� is inserted into Eq. �7� to obtain
a time dependent nonlinear spring coefficient c.

As seen in Fig. 2, the introduction of a dilution effect slightly reduced the deviation
between data and the applied ideal monodisperse model. One exception is after the
maximum appears in the transient elongational viscosity at large elongational rates. The
appeared maximum in the transient elongational viscosity is commonly observed in
broadly-distributed low-density polyethylene �LDPE� melts �Raible et al. �1979�, Ras-
mussen et al. �2005��. The applied model does not include this effect.

While the integral molecular stress function formulation based on the interchain pres-
sure constitutes a simple explanation for the temporal development of the stretch evolu-
tion, we do not pursue the mechanism further here as it goes beyond the support of the
presented data.

VII. CONCLUSIONS

The filament stretching rheometer has been used to measure startup of uniaxial elon-
gational flow followed by stress relaxation and reversed bi-axial flow for a NMMD
branched polystyrene melt. The branched polystyrene melt is a NMMD multiarm Aq

−C−C−Aq pom-pom polystyrene with a �number� average number of arms of approxi-
mately q=2.5.

The principle of time-strain separability fails completely to describe the data. The
Doi–Edwards model with a stretch evolution equation is expected to be capable of pre-
dicting the stress relaxation measurements, in principle, whereas the Doi–Edwards model
with any stretch evolution equation is not capable of capturing the level of recovery
strain, in the reversed bi-axial flow.

The interchain pressure concept agrees with all the dynamics elongational measure-
ments, showing the needs for time-dependent relaxation in the stretch contribution to the
stress.
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