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Abstact 
The well-known relation between a time signal and 
its frequency-shifted spectrum is in this paper intro- 
duced as an excellent tool for reduction of aliasing 
in the complex cepstrum. Using N points DFTs the 
frequency-shift property will, used in the right way, 
reduce the aliasing error to a size which on average 
is identical to the one normally requiring 2 N  points 
DFTs. The cost is an insignificant increase in the 
number of operations compared to the total number 
needed for the transformation to the complex cep- 
strum domain. 

1. Introduction 
The complex cepstrum is a versatile tool used in 
signal processing for different areas such as speech 
processing, machine diagnostic, marine seismology, 
deconvolution etc. The main reason for this is the 
ability to transform the convolution operator in the 
time domain into an addition operator in the com- 
plex cepstrum domain. 

Although the transformation from a theoretical 
point is straightforward, two problems arise in prac- 
tice [3][4]. The first one is the need for phase un- 
wrapping which can be difficult especially if zeros 
or poles are located close to the unit circle. This 
problem has been addressed in a number of different 
papers resulting in some robust phase unwrapping 
algorithms. The second problem is aliasing which 
is the result of replacing the Fourier transform by 
the discrete Fourier transform (DFT), forcing the al- 
ways infinite complex cepstrum into a periodic one. 
Although this problem has been known since the in- 
troduction of the complex cepstrum, no serious at- 
tempts have been made to reduce it without increas- 
ing the length of the involving DFTs. 

In this paper a new transformation procedure 
called the frequency-shift (FST) method is proposed. 
The FST method computes the complex cepstrum 
using a different frequency grid of the DFTs giving 
an error which normally requires the double length of 
the involving DFTs. The reduction is obtained by us- 
ing a frequency-shift relation between a complex cep- 

strum and its frequency-shifted Fourier transformed. 
This relation is introduced in section 2 as an exten- 
sion to the normal relation known between a time 
signal and its frequency-shifted spectrum. In section 
3 it is shown that the normally occurring aliasing in 
complex cepstrums is highly dependent on the intro- 
duced frequency-shift. This is utilised in section 4 
to reduce or actually move some of the aliasing com- 
ponents from the real to the imaginary part of the 
complex cepstrum. An example is given in section 5 
while section 6 is the conclusion. 

2. Frequency-shift 
From the basic signal processing theory it is well 
known that the frequency-shifting property defined 
as: 

can be used to change the zero location of the fre- 
quency axis. It is widely used in communication sys- 
tems for modulation of signals. The property can 
also be used to change the normal frequency grid 
(wk = glc where lc E [0, N - 11) of the DFT. 

In this section the frequency-shifting property (1) 
is introduced in computation of the complex cep- 
strum. All transformations to the complex cepstrum 
domain are based on the continuous Fourier trans- 
form. The DFT case is considered in the next sec- 
tion. 

If X(ej('-wo)) is obtained using (1) and x(n)  is 
real, then it is well-known that the real and imag- 
inary part of X(ej(w-wO)) is symmetrical and anti- 
symmetrical round w = WO. The logarithm transform 
this frequency-shifted spectrum to the Fourier trans- 
formed of the complex cepstrum: 

which is frequency-shifted too. Unwrapping the imag- 
inary part of H(ej(w-wo)) and assuming continuity in 
w = f 7 r  + W O ,  the real and imaginary parts are now 
continuous symmetrical and antisymmetrical round 
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WO. X(e j (w-wO) )  can therefore be transformed to the 
complex cepstrum domain giving the relation: 

e j w o ' n q n )  X (e j (w -wo)  1 (3) 

which shows that the frequency-shift property can 
also be used in connection with the complex cep- 
strum. 

This general property is now used on signals which 
can be described by the ARMA model and the re- 
sulting frequenc,y response is: 

H(e j (w-wO) ' l  = !A( e-j(w--WO)M-= 

M; MO n (1 - .,e-jCw-WO)) n (1 - b;lej('''-wO)) 
i= 1 i=l 

Pi (4) 
fl (1 - cie-j(w-wo) 1 
i=l 

where jail  and lcil are smaller than one and IbiJ is 
larger than one. 

A direct transformation of (4) to the complex cep- 
strum domain is not possible due to the discontinuity 
of the phase at L,J = fn + W O .  However the continu- 
ity can be ensured by removing the linear-phase term 

The imaginary part of f i ( e j ( w - w o ) )  is now guar- 
anteed to be continuous and antisymmetrical. As a 
consequence H(ej(w-wo))  can be transformed to the 
complex cepstrum domain. Using (3) and the the- 
ory from [4] the complex cepstrum of (4) can be ex- 
pressed as: 

(-(U - wo)MJ)[:~1[41. 

n=O 
( 5 )  n<O 

where the index s indicates frequency-shift. From 
this equation the relation: 

i ( n )  = e-jwOnks(n) (6) 

between k,(n) and the true complex cepstrum k(n) 
is obvious. 

In this section. it has been shown that the frequen- 
cy-shifting property can be used in connection with 
the complex cepstrum. The relation between the 
complex cepstrum domain and the Fourier trans- 
formed of the complex cepstrum is identical to the 
one existing between the time- and frequency do- 
main. 

3. Aliasing 
After the theoretical case has been investigated this 
section is concentrated on the situation where the 

transformation to the complex cepstrum domain is 
based on DFTs. 

In this case the complex cepstrum is a time-aliased 
version of the true complex cepstrum due to  the forc- 
ing of the always infinite sequence into a periodical 
one [1][3][4]. The relation between the time-aliased 
and the true complex cepstrum (k,(n) and k(n)) is: 

M .. 

k,(n) = k(n+rN)  (7) 
r=--oO 

where N is the length of the involving DFTs. Natu- 
rally, the same relation can also be written between 
the time-aliased-and the true frequency-shifted com- 
plex cepstrum (hp,,(n) and h,(n)). 

Due to the use of DFTs, the time signal has to be 
zero outside the interval n E [O ,  N - 11. This means 
it can be described by a MA (all-zero) model having 
the frequency response: 

H ( e j u k )  = IAJ ,-jWkMo 

i=l i=l 

where Mi + M O  + 1 5 N. 
Introducing frequency-shift in (8) (and removing 

the linear-phase component -(w-wo)M,) it can eas- 
ily be shown that t t e  time-aliased frequency-shifted 
complex cepstrum (hp,,(n)) is: 

&p,s(n) = 

where 

Only 
and 6s ,n<~ are similar. 

cepstrum computed from H(ejwk):  

is shown but the expressions for bStn=o 

Comparing this with th,e normal aliased complex 
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where 

it is obvious that, due to  aliasing, relation (6) is only 
true when WO = f p  . 2 n  where p E 0 , 1 , 2 , .  . . ; which 
is the same as no frequency-shift. This shows that 
the frequency-shift can be removed from the main 
cepstrum (T = 0) while this is not possible for the 
aliasing components (r  # 0). In the next section 
this dependence of the aliasing components upon the 
frequency-shift is utilised. 

4. Reducing aliasing 
So far it can be difficult to see what is gained by 
introducing this frequency-shift in computation of 
the complex cepstrum. But in this section the de- 
pendency of aliasing upon WO is investigated. It will 
be shown that for WO # f p  * GI p E 0, 1 , 2 . .  . alias- 
ing is reduced leading to maxlmum reduction when 

A time sequence h(n) (having a frequency re- 
sponse described by (8)) is transformed to the com- 
plex cepstrum domain using the frequency;shifting 
property and equation (6). The resulting h,(n) = 
e-jWonhp,s(n) can be written as: 

WO = k(2p - 1) * & , p E 1 ,2 ,3  . . . . 

where 

Tlye patr i lpt ion from the product a?+rNejwoTN (or 
b l  elwoT ) to (14) can be split into four cases: 

1. Re(a;+TN) A Re(ejwOTN) 3 real 

2. Im(a?+") A Re(ejWOTN) 3 imaginary 

3. Re(al+") A Im(ejwoTN) =+ imaginary 

4. Im(a;+rN) A Im(ejwoTN) + real 

Having in mind that a complex cepstrum of a real 
sequence h(n) is always real [4], it is evident that 
only real aliasing components (cases 1 and 4) can 

cause problems. In fact case 1 is the only prob- 
lem because a component from case 4 will be can- 
celled by the complex conjugated zero af (6:). This 
shows that choosing WO in such a way that ejwoTN 
is real Qr # 0, then the complex cepstrum is max- 
imum corrupted by aliasing, whereas a value mak- 
ing the product imaginary QT # 0 means no alias- 
ing. Unfortunately, the former is easily obtained 
(WO = f p  3, p E 0 , 1 , 2 . .  .) while the latter is im- 
possible. Because a complete moving (of all alias- 
ing components) to the imaginary part of the cep- 
strum is impossible, the best which can be done is 
to move as many components as possible. It can 
easily be verified that the optimal value for this is 
WO = f(2p - 1 ) .  *, p E 1,2 ,3 , .  . ., where all com- 
ponents for T odd is moved. 

Using WO = & the real part of (14) can be writ- 
ten as: 

Mi 00 n+rZN(-l)~ 

i=l ~ = l  
Re(&>o) = - ai n + r2N + 

resulting in the following equation describing time- 
aliasing in the complex cepstrum using the FST method 
(frequency-shift method where WO = &) and N points 
DFTs: 

M 

hp(n) = (-l)'h(n + TZN) 

where n E [-VI v]. 
A comparison between (16) and (7) shows that 

the average size of the aliasing error using FST is 
identical to the one normally requiring 2N length 
DFTs. 

This section has proofed that aliasing (in the com- 
plex cepstrum) is sensitive not only to the transfor- 
mation length N but also to the choice of sampling 
points in the frequency domain. The FST method 
change these from Wk = $k (normal grid of the 
DFT) to Wk = s k  - & and in that way aliasing is 
reduced considerably. 

5. Example 
This section is used to illustrate the ability of th 
FST method for reduction of aliasing. 

An equiripple 121 coefficient lowpass linear-php 
FIR-filter designed using the Remez algorithm F -  
the specifications: 

( 
1 0 5  f 5 0 . 2 5  
0 0.3 5 f 5 0.5 
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Figure 1: Aliasing for traditional method (a) N 
512 and (b) N = 1024 points DFTs 
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Figure 2: Aliasing (a) and imaginary part of complex 
cepstrum (b) when FST method and N = 512 points 
DFTs is used. 

is transformed to the complex cepstrum domain. 
Transformation of linear-phase FIR-filters to the 

complex cepstrum domain is often done due to the 
ability to separate zeros out- and inside the unit 
circle (see equation (5)). Due to this the complex 
cepstrum is an excellent tool in transformation from 
linear- to  minimum-phase FIR-filters [2][5]. 

The impulse response h(n) is transformed to the 
.omplex cepstrum domain using the conventional trans- 
ormation method ( N  = 512 and N = 1024) and 
he proposed FST method ( N  = 512). Figures 1 
:) and (b) show the aliasing error using the normal 
ethod while the error using the FST is shown in 
gure 2 (a). Only the causal part (n positive) is 
3wn, but because h(n) is a linear-phase FIR-filter 
. noncausal part is identical. From these figures 
s obvious that the proposed method gives an er- 
which normally requires the double length of the 
rs. 

To illustrate the moving of the error from the 
real to the imaginary part mf the complex cepstrum, 
Figure 2 (b) depicts the imaginary part which can 
be described by the expression: 

This shows that the imaginary part is the difference 
between the aliasing caused by zeros inside and zeros 
outside the unit circle. When n is in the vicinity of 
zero, these two contributions are nearly identical but 
as n -+ the zeros outside will dominate [l] and 
the amplitude of Figure 2 (b) will go towards the 
amplitude of Figure 1 (a). 

6. Conclusion 
The frequency-shifting property has been introduced 
in the area of complex cepstrum analysis. In the the- 
oretical case the relation between the complex cep- 
strum and its Fourier transformed is identical to  the 
frequency-shift property relating the time and fre- 
quency domain. In practice where the complex cep- 
strum is aliased, the property is only true for the 
main cepstrum components and not for the aliased 
components. This is utilized in a proposed transfor- 
mation method called frequency-shift (FST) method 
to reduce aliasing. 

Using the FST method and N points DFTs the 
average size of the aliasing is identical to  one nor- 
mally requiring 2 N  points DFTs. The cost of this 
considerable reduction is a small rise in the number 
of operations compared to a conventional transfor- 
mation to the complex cepstrum domain. 
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