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Abstract

In this contritution we derive the costfunction correspondingo thelinearcomplity Subtractie
InterferenceCancellatiorwith tangentyperbolictentative decisions We usethe costfunctionto anal-
ysethefix-pointsof solvingthe Subtractve InterferenceCancellatiorequationsTheanalysisshawv that
we cancontrol the slopeof the tangenthyperbolicfunctionssothatthe correspondingostfunctionis
convex. We alsoshaw thatincreasinghe slopecanmake the costnon-cowex. Goingfrom the corvex
regimeinto thenon-cowex regime,we prove thatthebifurcationof thefix-points,for non-singulasig-
nal correlationmatrices consistof thefix-point of interestogethemwith asaddlenodebifurcation. This
provesthat trackingthe solutionfrom low slopes,with a corvex cost,graduallyincreasingto higher
slopes,with non-comwvex cost,canbring usto the bestsolutionbeingvery closeto the optimal deter
minedby enumerationThis trackingis theideabehindannealing We shav Monte Carlo studieswith
a substantiakignalto noiseratio gain comparedo not usingannealing.We alsoshav howv annealing
canbe usedto increasecapacityat a giventamget bit error rate. In factthis capacitygain is the same
obtainedby Improved Parallel InterferenceCancellationmaking us believe that the latter includesa

mechanismo avoid local minimasimilar to annealing.

Index Terms

Multiple AccessTechnique,Subtractie InterferenceCancellation,Local Minima, Bifurcation,
Mean-FieldAnnealing fix-point analysis

. INTRODUCTION

During the last decadesnuch effort hasbeenusedin inventing and developing multiuser
communicationsystems. The ever growing demandfor higher network capacity to support
moreuserscall for efficient communicatiorsystemswvhich at the sametime haslow comple-
ity. Multiple accesschemesretraditionaldesignedsothattheindividualuserscanbereceved
independentlyyielding low compleity andlow costrecevers. In theseschemesnultiple ac-
cessinterferences keptat a low level, but sois the spectralefficiency. Whenincreasingthe
spectralefficiencgy, the multiple accessnterferencealsoincreasesThe optimalrecever is then
basednamodeltakingtheinterferencento accoun{l]. In thedesigntherewill exist atradeof
betweercapacitymeasuredn spectrakfficiency andcompleity measureéscomputationgper
informationbit. Thistradeof hasbeenthe seedfor mary active researcHields. Amongstthese
are multiuserdetection(MUD), which today countsthousandf contritutions. The optimal

detectoris for generalsystemsexponentialin the numberof usersfor areferencen CodeDi-
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vision Multiple Access(CDMA) see[2]. In orderto realisesuchsystemssuboptimakecevers
arethusnecessary

Whendesigningsucha suboptimalrecever mary factorsinfluencethe performance When
nuisanceparameterssuchaschannelstateincluding synchronisationphase frequeng, signal
to noiseratio, multiusercorrelationetc., are not known a priori, the effect of estimatingand
trackingthesecandegradethe performancegspeciallyin vehicularervironmentswherefading
phenomenongakesthis a difficult task. Even whennuisanceparametersre known exactly,
the suboptimaldetectorwill in somesensebe an approximationto the optimal one,henceap-
proximationerrorsdegradethe performance.Many suboptimaldetectorshave a multistageor
equialentiterative nature,making cornvergenceandlocal minimaanissuein the performance
degradation Quantisinghedifferentsourcego performancelegradations in generabdifficult
task. It is well acceptedhatusingperfectknowledgeaboutthe nuisancgparametergsanbe as-
sumedin orderto separatestimationandtrackingerrorsfrom othererrors,thoughthereexists
acomplicatednteraction.We will assumeerfectnuisancegparameteknowledge.For methods
on estimationandtrackingwith semiblindor blind applicationconsult[3], [4], [5], [6].

Suboptimalmultiuserdetectorsaretraditionally separatedhto two main cateyories[7]: Lin-
ear Detectorsand Subtractve interferencecancellation. Recentlycombinatorialoptimisation
methodshave receved attention[8], [9]. We also mentionthe earlierwork [10] which maps
CDMA multiuserdetectionto aHopfieldNeuralNetwork, whichis ageneraimethodto approx-
imatively solve hardcombinatorialproblems[11]. In Ref.[9] binary constraintof the combi-
natorialoptimisationareerlaxed: no constraintdeadto theunconstrainedlaximumLik elihood
(ML) detectionequvalentto the linear decorrelating/zerdorcing (ZF) detectoy andfor other
constraintghey obtainsubtractve interferencecancellatorswith correspondindentatve deci-
sionfunctions.This work follows alongthe samedines. However, the constraintsarederivedby

acertainKullback-Leibler(X £) divergencewhich alsoprovidesuswith a costfunction.

A. SubtactivelnterferenceCancellation

Subtractve interferencecancellatiorcoversawholefamily of multiuserdetectorsThecanon-

ical form for thefix-point conditionsin thesedetectorsaregivenby
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wherez; is thereceveddataafterthe £’'th matchedilter, m; is thetentatve decisionof the k’th
symbol,m* thetentatve decisionsof all bits arrangedn avectorand/,, is thereconstructeéh-
terferenceonthe k’th symbol’s decisionstatistic, f (=) is sometentative decisionfunctionwhich
for binary antipodalsymbolshasasymptotest1 for + — 4+oco. The equationg1) have been
appliedfor variouskinds of interferenceinter Symbolinterferencg1SI) ernvironment[12] and
for CDMA Multiuser Interferencg13], [14]. The equationscan be solved sequentiallyor in
parallel,leadingto Serialor ParallelInterferenceCancellation(PIC or SIC). Sequentialpdates
arein mostcasegnorenumericalstable,but introducesan extra processinglelaycomparedo
parallelupdatewhich unfortunatelycan have an oscillating behaiour [15]. We also mention
ImprovedParallel InterferenceCancellation16] andthework usingProbabilistic Data Associ-
ation[17]. We postulatehatthesemethodsncludea mechanisnfor avoiding local minimathat
aremoreor lessequvalentto annealing whichweintroducein this contribution, we discusghis
in sectionlX. The first mentionof the possibility of usingannealingasa heuristicin CDMA
wasmadeby Tanakg18].

Varioustentatve decisionfunctionsaresuggestedh theliteratureincludingsign, hyperbolic
tangentgclippedsoftdecisionetc.[16]. Thefirst correspondingo maximalconstrainedvL, the
lastto abox constrain{9], [19]. Hyperbolictangents well-known to be optimalin theabsence
of interference.We will concentrateon subtractve interferencecancellationwith hyperbolic
tangent,sincethis is the function that follows from the K £-divergenceframevork. We shav
in sectionlV how this approximatve detectorrelatesto the individual optimal detectorwhen
multi-accessnterferencg M AI) is presentandwhich constraintst implies. Hyperbolictangent
subtractve interferencecancellationaswe considerit, is previously derivedin the physicslit-
eratureon binary spin systemaunderthe nameNaive MeanField (NMF) [20]. More adwanced
meanfield approachesxist, which hasa potentiallylower approximatiorerror[21], [22], [23].
Meanfield methodshasearlierbeenappliedto IndependenComponentAnalysis (ICA) [24],
[25]. TheequivalencebetweenMIUD andICA hasbeenexploitedin [26].

Besidesapproximatiorerror, localminimaor badcorvergenceof solving(1) alsodegradethe
performanceln sectionVI we thereforemake a thoroughanalysisof the fix-points asfunction
of the hyperbolictangentslope.Theanalysigprovidesusvery importantinformationaboutthe

fix-points, whenthey arecorvex andhow they bifurcate. The bifurcationanalysishelpsusto
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undertandhe behaiour of local minima. Having gotthis understandingnakesusableto solve

theequationg1) while avoiding local minima. Thisway of solvingtheequationss calledmean
field annealingwhich we introducein sectionVIl. The analysisof the bifurcationsvalidates
the useof meanfield annealing.Annealingis often usedasa heuristicto avoid local minima.

Annealingsaw its first usein optimisationwith the introductionof simulatedannealingapplied
to thedesignof computerchips[27]. Meanfield annealinghasbeenusedn variousoptimisation
problems for instancetravelling salesmarproblem,graphpartitioning,imagerestoration etc.

[11], [28]. Our analysisshav that meanfield annealingwill occasionallyfail no matterhow

fine anannealingschemeemployed. But we shawv thatthis is the casewhereeventhe optimal

detectorcan fail, leadingto the fundamentabit error rate (BER) floor [19]. Large system
analysiof subtractve interferencecancellatiors bit errorratealsosuggestheuseof annealing,
sincecompetingunequvocal andindecisive minima, existsin this limit [18]. Thusin thelarge

systemlimit the existenceof two phase®nly is predictedfor loadshigherthanunity, thisis not

the casefor finite sizesystems.

We will assumea very simple modelwherethe interestingeffectscanbe studied,namelya
CDMA systemwith K synchronousisersemploying Binary PhaseShift Keying (BPSK) with
randombinaryspreadingequenced-or anovervienv of MUD in CDMA consult[7]. We derive
the mostimportantresultfor any given power profile of the users,otherresultsare given for
equalpower userswhich form a worst casescenarioin termsof local minima. Most of the
derived resultreducedo rely on the matrix of userscrosscorrelation,which could stemfrom
arny multiusersystemand/orinter symbolinterferencesowe conjectureghattheresultshold for

typical multiusersystemsynchronousr asynchronous.

[l. K UsErs CDMA IN AWGN

We will assumea CDMA transmissioremploying binary phaseshift keying (BPSK)symbols
andusing K randombinary spreadingcodeswith unit enegy andequalspreadingactor (SF)
but differentpowersandall chipandsymbolsynchronisedveranadditive white Gaussiamoise

(AWGN) channel.Now therecevedbasebandCDMA signalcanbe modelledas

y(n) = Z Agbgsk(n) + oe(n) , (2)
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wheren is sampleindex n € [0,..., N, — 1], N, beingthe numberof chips,i.e. equallingthe
spreadindgactor andsy(n) is thek’'th usersspreadingodewith unitenegy, b, € [—1, 1] isuser
k’stransmittedbit, A, thek’th usersamplitude ¢(n) is aGaussiamwhite noisesamplewith zero
meanandvariancel, ando is the noisestandardleviation. Making this normalisatiormakesus
ableto definethe k’'th userssignalto noiseratioasS N Ry, = %.

We correlatethesignaly(n) with thespreadingodess) (n) eachcodedenoteddy k' € [1; K],

to obtain the corventionaldetectoroutputsz;,, which are sufiicient statisticsfor the symbol

estimation
Ne—1 K Ne—1 Ne—1 K

2y = Z y(n)sp(n) = Z Arby Z sir(n)sg(n) +o Z sp(n)e(n) = Z Apbpriy + e
n=0 k=1 n=0 n=0 k=1

3)

wherery,, = zfj;gl si(n)sk(n) is the correlationbetweencode s, and sy, ande; is how a
Gaussiamrandomvariablewith zeromeanandcovariances?ry;,. Usingthe abose we have the

joint distribution of the z;

p(z|b,A, R, 0?)

270?R| % exp — (35(z — RAb)TR™(z — RAb)) (4)

wherewe have arrangedthe vectorsto have elements(z);, = z and (b)rp = by, andthe
matrices(A)yr = O Ag, and (R = 717 Sincewe have assumedperfectchannelstate
knowledge, and we also assumefull code knowledge the matricesA and R and the noise
varianceo? are not consideredstochastic.We thenwrite the likelihoodasp (z |b) insteadof
p(z|b, AR, 0?).

IIl1. REVIEW OF OPTIMAL DETECTORS

Giventhereceveddataandthechannelpnemayeithertry to minimisetheexpectedbit error
rate(BER) or the probability of error TheexpectedBER is definedas

- 1 1 ~
BER = 5(1 — KbTb)p(zyb) (5)

wherethe average(:),(,1), asindicated,is taken with respectto all bit realisationsb andall
noiserealisationdmbeddedin z. The joint distribution p(z, b) is found by the likelihood (4)
multiplied by thea priori distribution p(z, b) = p (z |b) p(b).
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It caneasilybeshawvn, undersomeregularity conditions thattheexpectedBER subjectto the

constrainthat ) (b)

= 1 is minimisedby
B = Sgn(b)p(b|z) (6)

for all givenreceved dataz, sgn working element-wise.This estimatoris referredto asthe
individual optimal detectof29].

Theprobabilityof erroris definedasthe probabilitythatatleastoneof the K bits aredetected
wrongly. We candefinep(e = 1|b) = 1 —0(K — bTB) andsotheprobability of errorbecomes

ple=1) =1 - (§(K —b"D))up) ()
whichis minimisedfor ary receveddataz [17] by
b =argmax p(b |z) (8)
be[—1;1]¥

which is the well-knovn Maximum A Posterior(MAP) solution, which reduceso maximum

likelihoodfor uniform prior distribution p(b), alsodenotedhejoint optimaldetecto29].
Thetwo above optimaldetectorgleliver hardsymbolsasoutput. Thisis well-known notto be
optimalif the symbolsaresuficiently interleaved andthe detectionis followed by redundang
decoding. Thenit is optimal to outputthe maiginal symbol posterior In casethe symbols
arebinary, oneparameteperbinarysymbolis sufiicientto describehe correspondingnaiginal

posterior Theparametecouldbethemaminal posteriomean(b),, 4, or thelog posterioratio

p(”z)) which is identicalto the log likelihoodratio underequalprobablea priori symbols.

log p(—1|z

We call this the softindividual optimal detector
For the modelunderconsideratiorin this contritution, all the above detectorsfor general
spreadingcodes have exponentialcompleity in the numberof usersk’. A big effort therefore

IS to constructapproximatve polynomialtime compleity detectors.

V. KL-DIVERGENCE BETWEEN OPTIMAL AND APPROXIMATIVE DETECTORS

All theoptimaldetectorsely heavily ontheposterioroverthesymbols eitherasthemaximis-
ing agumentor themean.For thatreasorwill we now consideradistribution thatapproximates
the posteriordistribution, but in which the maximisingargumentandthe posteriormeanis ob-

tainedin polynomialtime. As a measureof the closenes®f the approximatingdistribution,
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which we denoteg(b), to the posteriordistribution p(b |z ) we usethe Kullback-Leiblerdiver-

gence

a(b) a(b)
KL(g(b). p(b|2)) = be{;ﬂ}( a(b)log 35 = {log e S)acw- (9)

We now take the definition of the posteriordistribution usingthe likelihoodandequala priori

symbolprobability
p(z|b)
A

whereZ = Zbe[_lyl}Kp(z |b) is the partition function or normalisingconstantandusethisin

p(blz) =

(10)

the CL-divergence

KL(q(b),p(b|z)) = 552 Z A Apr (brbwr) o (o) (Trrr — Oeir)
kk/=1

" a1)
- Z Az (bi) qv) + (log q(b)) ) + const.
k=1

wherethe constantonst. = 55 (z"R ™'z + Yi_| A?) +log Z + L log [2n0?R| is independent
of the distribution ¢(b). We now
ong(b)

ow introducea new functionthat containsthe partsthatdepends

]:(T7Q(b Z AkAk’ bkbk’> (b) Tklc’ 5k1~c’ ZAkzk bk +T<108"Q( ))q(b) (12)

kk’

wherewe have substitutedr? with 7' sothatwe canstudy F at various? andnot only on the
genericI’ = o? whichisthenoiselevel. Wethenhave KL(g(b), p(b|z)) = 1+ F (T, q(b)) +

const. Thechoiceof notationis influencedoy statisticalphysicswherethefunction F is denoted

|T:(r2

thefreeenegy (up to aconstantiand7’ correspondso thetemperatur®f the system.

We canconsiderF asa costfunctionfor ¢(b) atagivenT'. The optimumdistribution ¢(b)
thatminimisesthe K L-divergence andhencealsothefreeenegy, is obviously ¢(b) = p(b |z),
but this of coursedoesnot have the desiredpropertiesnamelyeaseof obtainingthe posterior
maximisingargumentor posteriormean.

Theideais now clear we cancomeup with trial distributionsg(b), eventuallyparameterised,

andchoosehe onethatminimisesF, andtherebythe differencebetweernthe distributions. We
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now dothesimplestpossibleassumptioraboutthe dependenceelationof thedistribution ¢(b),

namelyindependence
K
=[] @) (13)
k=1

Only the family of Bernoulli distributionsare suitablefor the individual g, (bx), sincetheb;’s

arebinary

Ltby 1-by

a(br) =p; * (1 —pp) 2

wherewe have parameterised;, (b;) by py the probability of 5, = 1. We will thusfor mathe-

(14)

maticalcorveniencechoosea parameterisationisy themeanm,, = (b;),, = 2pr — 1
Thefreeenepgy thenbecomes

F(T, Q(b Z AkAk/mkmk/ Tkk’ 5/€k’ Z Akamk — TZ H Qk s (15)

k k'=1
wherewe introducethe entrofy of onesuchdistribution g; (b;)

1+m 1+m 1 —mg 1—m
H(q) = —(logqr)q, = — 5 klog 3 L. 5 klog 5 ke (16)

Whenminimising equation(15), we seethatthe differenttermscompete.The entrofy term
shouldbe maximisedwhich happenn m; = 0, in orderto minimise(15). We alsoseethatthe
entroy permitsvaluesof |m;| > 1. Theremainingtermsmakesup — log likelihoodwhich as

usualshouldbe minimised.

V. OPTIMISING THE FREE ENERGY

Unfortunatelyit is not possibleto minimisethe free enegy analyticallydueto the non-linear
entropy termof thefreeenegy. Numericalminimisationcanthenbe applied. The methodused
will form the dynamicsof the minimisation,i.e. the changeof variablesover time (iteration).
Consideringthe minimisationas a dynamicalsystemwe strive for the stablefix-point of the
dynamics.

We will now introducea fix-point methodobtainedfrom the stationarycondition

OF (T, q(x))

S =0 (17)

!t is of coursenaive to believe in independencerhenwe now this is nottrue, for thatreasorthe assumptioris oftendenoted
the naiveassumptioror approximation.
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A straightforward calculationgivesusthe non-linearfix-point equations

A K-1
mp = tanh (?k (Zk — ];)Ak’ (rkk” — 5kk/)mk/>> (18)
fork =1,..., K. Weseethatthisequations thewell-known softdecisionfeedbacksubtractve

interferencecancellatiorwith aversionof clippedsoftdecisionfunctionnamelytanh(-), where
I(m) = Zﬁzl A (rexr — Orrr ) IS the estimatednterferencecorrelatedwith the £'th users
spreadingcode. Equalling7” to the signalto noiseratio, the understandingf equation(18) is
straightforward becausen the absenceof multi-accessnterferencg MAI) this is the optimal
decisionin an AWGN channel.This is clear becauseabsencef MAI is identicalto the nave

assumptiorbeingexact,namelythetrue posteriorfactorisesWe alsohave

. A -
my, = lim tanh (7'“ (Zk =) Ap(riw — 5kk’)mk’>> (19)

k'=1
K
= sgn (Ak (zk - Z A (T — 5kk/)mk/>> . (20)
k'=1
Thisis theharddecisionfeedbacknterferencecancellationknown to bealocal searchinstance
of MaximumLik elihoodsequencestimation9].

Besideour two contributions[6], [30], the connectionbetweenthe equationg(18) andthe
minimisationof a certaincostfunction (the free enegy), is to our knowledgenever established
in the communicationliteraturé. Thoughin physics and machinelearningthis approachis
well-known asthe variational approad andthe restrictionto a factorisedtrial distribution is
referredthe naiveassumptionthe correspondindree enepy is referredthe naivefreeenengy,
andthe equationg18)is denotedhe nave mean-fieldequationg23]. The benefitof having the
correspondingostfunctionto the updaterulesarenumerous:We cangetan understandingf
the quality of approximationj.e. whenit is exact. We canuseit to measurehe likelihood of
the fix-points, which is usefulfor defining stoppingcriteria andfor line searchupdates.Also

2But a similar connectiorhasbeenestablishedor the approximatve updatesnakingup the turbo principleto a certainfree
enegy, the Bethefreeenegy [31]
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notethatsequentialipdateof equation(18) correspondingo coordinatedescenis guaranteetb
decreas¢hefreeenepy sincetheupdateof m; doesnotdependnitself. In thiscontributionwe
investicate variousaspectof the free enegy, i.e. convexity, uniquenessf fix-point solutions,

andfix-point bifurcationsasthe slopeof thetentatve decisionfunctionschange.

V1. STUDY OF FIX-POINTS IN THE NAIVE FREE ENERGY

Subtractve interferencecancellationwith decisionfeedbackis known to suffer from error
propagtion,whichis bestdescribedsanavalandeeffectfrom oneerroneousletectedsymbol
on othersymbolsdueto their correlation. This error propagtion correspondso differentfix-
pointsof thefreeenepy. It is alsoknown thatthe softerthe mappingfunctionis, herecontrolled
by 7', the fewer stablefix-points exists, indeedthe infinitely soft mappingfunctionis linear,
yielding acorvex optimisationproblem.We will firstly analysethe corvexity of thefreeenegy
as function of T' the slope of the mappingfunction, but also at which 7" we can expectthe
fix-points to bifurcate. We will later analysethe type of fix-points asfunction of 7" for given

recevedsignalz andcorrelationmatrix R..

A. Corvexfix-pointanalysis

We will first addresshow high a T' thatis neededfor the free enegy to possesonly one
fix-point. The critical T wherethis happenswill we denoteT,,. Below 7., we canexpecta
bifurcationof thefix-point to multiple fix-points.

The sufficient and necessaryequirementor the free enegy to possesnefix-point is that
all eigervaluesof the Hessianmatrix to be positive in the whole phasespacem inside the
hyper cube[—1;1]%. The Hessianbeing(H(m)),. = ~2 —F (T, h,¢(x)) = H(m) =

R—I+TW(m)and(W(m)); =4 ;)2 beingthesecondierivative of thenegative entropy.

ij 1—(m)?
Usingthis requirementve obtain
Theorem 1 (One Solution). Giventheform (15) of thefreeeneny, thesmallesieigenvaluep.,i,
of thecodecorrelationmatrix R, themaximunuserpowerA? = maxA? thenthefreeenegy

is strictly corvex for
T>T., =(1— pun) A2 (21)

max
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Proof: Let \; < ... < Ag beanascendingrderingof the Hessiareigervaluesthenthe
requirementor positvenesss equialentto requiringA; > 0. We boundthesmalleseigervalue
A1 = mineig A(R —I)A +TW(m) > mineig A(R —I)A + TW(0)

(22)
= Inin elg A(R - I)A + TI Z (pmin - 1) maXAZQ + T )

wherewe usedthatthethesmallestkeigervaluep,,;, — 1 of R — I is alwayslessor equalto zero,
sinceZkK:1 pr = tr R = K. Thisimpliesthe smallesteigervalueof A(R — I)A to begreater

thanor equalto (i, — 1) A2,.. Ourrequiremenfor at mostonesolutionis \; > 0 soif

> (1 - pmin) Ar2nax - )‘l > (pmin - 1) A2 +7>0.1 (23)

max

If pmin = 1, we only have oneminimum no matterthe SNR’s. But if p,,;, = 1 thenall the
eigervaluesof the codecorrelationmatrix equalonesincey ", p, = tr R = K. Thisnotion
correspondso the codecorrelationmatrix beingdiagonalsincethe Frobeniusnormdefinedas
IR| [r = /> jwey RIUMillS prax < [|R||p < VE pruax andhencethe off-diagonalelements
mustequalzero. This impliesthatwe have no interferenceandthenthe factorisedassumption
is exact. Sonotonly do we surelyhave oneandonly oneminimum,theapproximatiorobtained

by the KL L-divergencealsoyieldsthe exactresult! Thetheoreml hasa consenrative version

Corollary 1 (Conservative One Solution). A conservativeestimateof whenthe free enegy

posse®neandonly oneminimumis obtainedby
T> A% . (24)
Proof: We have directly from the previous proof
T > (1= pmin) Anax = Ao - (25)

wherewe usethat the smallesteigervalue over all coderealisationsp,,;, > 0, sincethe code
correlationmatrix R is positve semi-definite &

The corollary offersthe optionto select?” independenof the actualeigervaluesof the code
correlationmatrix; by choosingl’ = A2, which conseratively ensureghe existenceof one
andonly onefix-point, andwe won’t seeerrorpropagtion.

We now have theopportunitiedo selectl” in orderto ensurgheexistenceof oneandonly one

minimum. Butif we chooseso,thenin generalvehave T’ > o2 correspondingo overestimating

Septembed, 2002 DRAFT



13

the noiseand hencewe can expectthe power of the residualmulti-accessnterference(MAI)
(actualMAI minusestimatedVIAl) to beontheorderO(T" — ¢2). This meanghatwe maybe
cancelledessof the MAI thanpossible We seethis asanexcesshit errorratein theasymptote

with infinitely goodSNR.

B. Bifurcationanalysis

Now having analysedtwhichvalueof 7" whereabifurcationfrom onefix-pointinto morefix-
pointsis expectedwe wantto understandhesrtuctureof thefix-pointsandhow they relatewhen
we changel’. In orderto obtainsuchan understandingve make a classicalcharacterisationf
this bifurcation,andlater bifurcations.We will studythe occurrenceof two or moreequialent
minima, whereequvalentmeansexactsamenumericalvalueof the freeenegy. Whenequva-
lentminimaareobsenedin thefreeenengy, thereis adirectcorrespondenc®s thefundamental
BER-floor of the joint optimaldetectoydescribedn [19]. Equivalentminimaoccurswhenone
or moreuserssignalexactly cancels.Thejoint optimaldetectoris implementedy enumeration,
wherethelik elihoodof all the 2% possiblecombinationarecalculated Thenequivalentminima
meanghattwo or moreof theenumeratedaluesareidenticalandthe detectorhasto chooseat
randombetweerthese.This impliesthatif the probabilityfor suchidenticalminimato occuris
finite, thenwewill experienceaBER-floor[19]. Thesames obseredfor theoptimalindividual
detectoy whereone or more of the symbolposteriormeanvaluesequalzerowhich reflectthe
ambiguityin the Lik elihooddueto the cancellation.

In thebifurcationanalysiswill we assumegerfectpowercontrol,i.e. withoutlossof generality
all A? = 1, sinceonly undertheseconditionscantwo usersexactly canceleachother They
furthermoreneedo have identicaltime alignedspreadingodes®. Thisimpliesthatequalpower
profile andthe synchronousnodelis worstcasein termsof local minima!

Wewill assumehatthecodecorrelationmatrix’s eigervaluesarenon-degyeneratémultiplicity
one)which is a reasonableassumptiorfor moderateto high spreadingfactors N, sincethe
eigervalue spectrumtendstowardsa continuousspectrum. Non-deyeneratecode correlation
eigervaluesgenerallyimplies that the Hessians eigervaluesare also non-dgenerate. Since
the bifurcation of a fix-pointis determinedn the zeo eigen-directionsof the Hessian[32], the

3For non-perfectpower control threeor more userscan canceleachotherif their respectie codespermitsit, but this hasa

lower probabilitythanthementioneccase.
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previousassumptions equialentto sayingthatwe canconsidetthe bifurcationin onedirection
which we denotev,, with correspondingodecorrelationeigervalue p;..
The mainresultof the bicurcationanalysis,givenin appendixl, is the so-calledbifurcation

. 2 " 3
3;/(k/Z - + — Cpt . _ O (26)
2T Zizl (Vi) T Zi:l (Vir);

whereT, , = 1 — py. Thebifurcationsetgivesthe conditionsfor goingfrom a singlefix-point

setor spinodallines

solution (lhs > 0) to threenon-dgeneratesolutions(lhs < 0) of which two are stablecorre-
spondingto a minimum of free enegy andoneis unstable.In figure 1, we plot the bifurcation
setwhichgivesriseto thecuspfigure. Insideonecuspwe have threefix-points. Outsidethecusp
thereis only onefix-point. We have only drawn cuspscorrespondingo 0 < £ S°% (vi)f < 1,
sincefrom corollary 1 we know thatfor "% (v#,); < 1 andT > 1, only onesolutionexists.
We alsonotethatp,s — 1 + T > —1 sinceT > 0 andp;, > 0.

We will now look at the consequencesf the bifurcationset. The conditionfor triple degen-

eragy is py — 1+ 7 = 0 andv,z = 0. Thefirstfulfilled exactlyat? = 7., belov T, we have

3(Tck/ _T) .. .
TSE )k thatareminima. This

typeof bifurcationis theclassicabitchfork bifurcation,seetop plotsof figure 1, whereonevalid

threesolutionsz;,, = 0 whichis amaximumandz;,, = +

fix-point becomeghreefix-points. The fix-point in the middle is unstablesincethe cunature
is negative. The two otherfix-points are minima sincethe cunatureis positve. But they are
alsoequivalentminimameaninghatthey have thesamefreeeneny, seefigure 1 topright. This
meanthat any searchmethod,evenif we try all possiblevalues,will at randomchooseeither
thewrongor theright one,thefirst correspondingo error propagtion. Sincethis bifurcationis
socritical thateventhe optimal detectorcanmake errors,we wantto examinethe conditionfor
v,z = 0 in termsof the codecorrelationmatrix andhencethe existenceof equivalentminima.

We derive the conditionfor equivalentminimain onedirectionv,

Theorem 2 (Equivalent minima in one direction). Let v, bean eigernvectorto the codecor-
relationmatrix R, let p;, be the correspondingeigernvalug andlet 7" < 7., thena suficient

conditionfor two minimaalong vy to existis py = 0.

Proof. We startby writing outtherecevedandmatchedilteredrecevedvectorz in terms

of the transmittedsymbolsb, the codecorrelationmatrix R, andthe colourednoisevectore
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with covariances’R
z=TRb+e (27)

thentheprojectionontovy: is
vinz = VisRb + vie = ppvib + \/ppvioe, (28)

wherewe usedv R = p,v}, andthate = Zsz1 Vi\/P, Vi o€, Wheree, is a K dimensional
white standardGaussiarvector Now if p, = 0 we have v,z = 0 which wasthe conditionfor
two equivalentminimawhen?” <7, ,. Hencep,, = 0 is sufficientfor thisto hold. B

We seethata sufficient conditionif 7" < T.. , for two equivalentminimato occuris whenthe
codecorrelationmatrix is singular This for instancehappensf two or moreusersareassigned
the samespreadingcode. Underrandomcodeassignmentthe probability for thisis a bounded
functionof K and N [19]. Anotherway thatthe zeroprojectionconditioncanbe fulfilled is if
z = 0, but this only happensf the noiseexactly cancelsthe signal, which happenswith zero
probability,

In generathespreadingodesaredesignedothatthe conditionin theoren® is metwith very
low probability In factdoesthis probabilitygo to zeroas K — oo while % = [ < liskept
fixed,sincethecodepropertiecorvergesto thatof therandomGaussiarsphericalmodelwhich
hasfull rankfor 5 < 1. Thismeanghatfor large K and N > K, we will nolongerexperience
anerrorfloor, whichis identicalto thefactthattheiris no ambiguitiesn thelik elihood.

But evenin thelimit K — oo, % = ([ < 1 thereis anon-zeroprobabilityin experiencingan
eigervaluep,: < e. Inthiscasewill weassumehatthepictureis only aslightperturbatiorof the
abore wherep,, = 0. We will thenexpectthatthetwo equivalentminimabecomanequvalent
andhenceonewill have alower freeenegy thantheotherwhichwill becomealocal minimum.

Thoughtheoptimaldetectoiis independentf local minima,thesuboptimamightnotbe. We
will now turn backto consequencesf the bifurcationsetfor non-zeroprojectionv,,z, which
dueto theorem2 is metwhenp, # 0. If the projectionis small, two non-dgenerataminima
exist Whenthe projectionis sufficiently large only oneof theminimawill persist.As afunction
of T', we will nolongerseethepitchfork bifurcation,but a saddlenodebifurcationtogethemvith
a solutionthatdoesnot bifurcate,see2 bottomleft. Theseconditionsaremetinsidethe cusps
on 1. We seeasa function of 7" and p;, how large the projectionv},z hasto be for only one

fix-point to exist.

Septembed, 2002 DRAFT



16

We have analysedhe bifurcationin onedirectioncorrespondingo believing that only one
of the hessiareigervaluesare zero at a specificcritical 7,.. This is not always the case,but
dependsiponthe codeproperties.But the probability thattwo of the codecorrelationmatrix’s
eigervaluesareequalis a rareeventalreadyat moderatecodelengths N. Sowe will assume
thattheanalysisof onedirectionatatime s sufficient.

A more subtlequestionis how the fix-points change whenthe bifurcation doesnt happen
closeto m* = (. The first thing to noticeis whenm* # 0 the Hessianeigervectorsare
not identical to the codecorrelationmatrix’s. But sincethe free enegy F is boundedfrom
below KL(q(b),p(b|z)) = +F(T,q(b))|,_ . + const > 0 we will alwayshave anunesen
numberof fix-points taking into accounttheir eventualmultiplicity, becausen both sidesof a
maximumtheir needto be a minimum in orderto make the free enegy boundedfrom below.
Thebifurcationsobsenredin practisewill thereforeatleastrequiretwo minimain onedirection
and hencea maximumin between. So we canexpectthe bifurcationsat m* # 0 alsoto be
eitherpitch fork or the saddlenodelik e bifurcation.We canshaw thatall evenordertermsof the
Taylor expandedree enegy arepositive dueto the boundingfrom belov. This meanghatthe
bifurcationis alwayshappeningrom high 7" to low 7" aswasthe casein the studyat m* = 0.
Sothequalitatve pictureof the bifurcationsarethe same.Fromthe analysisof the bifurcations
in the pointm* = 0 we hadthe predictionof the critical 7., = 1 — pi. We now have a last

theoremsaying
Theorem 3 (Upper bound critical temperatures). If we havepredictedthe critical tempea-
ture’s TC(,?,) = 1— pw, k' € [1; K] by evaluatingin m* = 0 thenthetrue critical tempeatures
for m* # 0 is boundedoy

T., <TO . (29)

Proof. We startby looking atthe eigervaluesof the Hessiarevaluatedn m* # 0

1 1 1
1 — _— > 1 — m —————— == ;) — m———— .
eigR I—FT1 e S eig R I—l—TImk}n1 ) Pk 1+kam1 s (30)
Theabove implies
T, = max(1 = (mp)*)(1 = pr) < (1= pw) = T (31)

wherewe used(m;)? < 1. H
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The theoremprovidesus with the knowledgethat the bifurcationshappenat 7”s lower than
1 — pw, i.e. 1 — pp is @ conserative estimateof the critical point. This actually explainsthe
behaiour whentwo usersareassignedhe samespreadingcodeandwe still areableto decode
them. The codecorrelationmatrix is singular andwe would predicta pitchfork bifurcationat
T = 1. Thisis trueif thetwo usersadddestructvely thenT,. = 1. Butif they addconstructvely
the bifurcationdoesnot happencloseto m* = ( generallymaking7,. < 1. In thesecases!.
oftenbecomel,. = 0 i.e. thecondition7 < 7. = 0 cannot befulfilled in theorem2, andwe
do not have equialentsolutionsi.e. no ambiguityin the likelihood,andwe do not have the

predictedbifurcation.

VIlI. ANNEALING

The analysisof the fix-points of equation(18) hasshavn two fundamentabpropertiesof a
non-orthogonaCDMA setup:Firstly, only whenthe codecorrelationmatrix R is singularthere
will existanumberof equivalentminimain thefreeenegy function(12) which no detectornot
eventheoptimalone—cardistinguish.Thisleadsto theerrorfloor of the B F R curves.Secondly
we canhave situationsthat correspondso a slight perturbationof equivalentminimacase.e.
with oneglobalminimum andsomelocal minimawith (slightly) higherfree enegy. Thelocal
minimamalkesit hardfor local search/optimisatiomethodsto find the global minimum. The
knowledgeof the existenceof a corvex freeenegy for 7' > T,, andthatthis fix-point typically
will changewith 7" as depictedon figure 2 bottom left, proofsthat we can track the global
minimum in the caseswhereit is unique. Tracking the global minimum by decreasingl’ is
the ideabehindannealing which is a widespreadechniqueusedin mary physical/statistical
systemswith bifurcationbehaior like depictedin figure 2. Although the pictureis rarely as
clear cut as seenfor the CDMA setupstudiedhere. Even estimatingthe 7" that guarantees
corvexity 7., canbedifficult, makingannealinglessstraightforvardto applythanhere.

Therecipefor trackingthefix-point is thenasfollows, startat’ 7" > 7., atarandomm or in
zero, iteratethe fix-point condition (only onefix-point exists), decreasd’ iteratefrom the last

m etc. Repeathedecreasin@f 7" until thedesiredl; is reachedeventuallyT,; = o2 or T; = 0.

Septembed, 2002 DRAFT



18

A. AnnealingStheme

Wewill now addressiow fastto annealj.e. how muchcanwe decreasé’ in orderto trackthe
fix-pointandnotjumpto adifferentfix-point. Beforeproposingheannealingschemewe make
thefollowing notions. The first bifurcation,which canhapperslightbelov 7., = 1 — ppiy, iS
generallythe worst and mostimportantbifurcation, sinceif we alreadyat the first bifurcation
jump to another(wrong) fix-point we will alreadyseesomeerror propagtion. In simulations
we have seenthatthe goodsolutiononly bifurcateonceslightly belown the predictedfirst crit-
ical point 7..,. However, we have no theoreticalexplanationfor this phenomenon.The first
bifurcation,if it exists,is somehw distributedbetweenl” = 1 and7 = 0. Thedistribution is
determinedoy the numberof usersk, the spreadingactor N andthe SNR.* Sincethis distri-
bution is hardto obtainwe thereforemalke the assumptiorthatthefirst bifurcationis uniformly
distributedbetween?l” = 1 and7 = 0. In the designof the annealingschemewe mustalso
take into accounthardware/computationatonstraintsexpressedhroughthe maximumallowed
numberof stagesS,..., whereonestagecorrespondso the updateof all K users.With these
assumptionsve proposeo annealinearlyfrom 7" = 1 to 7' = T}; with S,,.. equidistandiffer-
ent7's andwherethe desiredl; = o2 or T; = 0 for soft or hardestimatesespectiely. This
makesthe complity O(Sn.x/K) to decodeone bit, which is identicalto using corventional

subtractve interferencecancellation.

VIII. MONTE CARLO SIMULATIONS

We have madeMonte Carlo studiesin orderto verify our theoreticalanalysisof the free en-
ergy’s fix-pointsandquantify the gainsobtainedoy usingannealing All BER-pointsweresim-
ulateduntil 1000 bit errorswasseen.This approximatelycorresponds$o 400-500 independent
errorsgiving around5% of errorin the BER-estimates.

Onfigure3 left plot we shav thebifurcationdiagramfrom thedetectioron onegivenreceved
signalz generatedby N = 8, K = 8, all usershaving unit power, correspondingo perfect
power control,anda SNR = 7dB which thenis identicalfor all users. We solved the nave
meanfield equationg18) at different’/” with serialupdates.At each’" we solved from 1000
randomstartingpoints uniformly distributedin the hyper cube[—1; 1)%. At the ordinateaxis

“An adaptie schemethat dependn the actualz and R canbe derived, but it will generallyhave a complexity thatis no

longerlinearin K.
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we have shavn the found solutionsprojectionson the actualtransmittedbits b, scaledso that
if the solutionis identicalto the transmittedbits b, we getzero. We seethatabore 7" = 1 only
one solution exists as predictedby the corollary 1. Around7 = 0.7 we experiencethe first
bifurcation, the solutionthat goestowardszerois the onethat hasthe mostsmoothbehaiour
which is the onewe wantto track. The solutionthatis abruptto thefirst solution,doesnot at
first sighthave the behaiour predictedfor a saddlenodebifurcationtogethemwith the solution
of interest. But this is an artefact of the solution closeto a critical 7', herethe free enegy
landscapes extremelyflat, soit takesinfinitely long time to corverge to eitherthe interesting
solutionor the solutionthatdetermineghe beginning of the saddlenode.We alsoseefrom the
correspondindreeenegiesonfigure 3 right plot, thatthetwo solutionsarevery similar, making
it clearthatlocal searcheasilycanbe stuckin awrongsolution.On thebifurcationdiagramwe
seefurther bifurcationsof the bad solution. The bifurcationjust above 7T > 0.1 is the same
for the two branchedut it doesnot influencethe goodsolution. This is a behaiour we have
seenin mary caseshut its generalisatiomeedstheoreticalbackup. We also seethatthe later
bifurcationshave free enegiesequalto eachothersinceonly two enegy curvesareobsered.
Onfigure 4 we shav a simulationsetupidenticalto figure4 in [19]. Thesetuphas/N = 16,
K = 8 andrandombinary spreadingsequencesvith unit enegy, we again operatedn the
ideal power control case.We seethatthe fundamentaBER-floor is very closeto the predicted
5.33-107° [19]. We usedtheannealingschemesuggestedvith 10 equallyspreadifferent7”sin
theintenal [1, 02| we took two iterationsat each7™. We seethatfor large SNR regionswe are
ableto obtainthe optimal solution. We alsoshaow the performancavhensolving the equations
(18), still with serialupdatesising20 iterationsfor comparisonatafixed? = o2 corresponding
to theactualnoiselevel. We seethatusingthis approactiheinterferences notresohed,i.e. due
to local minima. The caseis worse(not shawvn) if we solve with 7" = 0 correspondingo hard
tentatve decisions.We have alsoshowvn the caseof just solvingwith 7" = 1, i.e. for which the
freeenepgy is provablecornvex andhencewe have nolocal minimaproblems.The performance
with 20 serialiterationsis quite good,however it shavs anexpectedelevatederrorfloor dueto
the fact that we enforcea too high errorlevel T = 1 > 2. For high SN R’s we seethatall
methodsarecapableof gettingthe optimalsolution,thisis thedomainwherethe Gaussiamoise

®We have not optimisedthe numberof T"s anditerations,but the chosennumberseemedo be sufiicient, henceit canbe
optimisedto lower the compleity.
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dominateghe bit errorrateand”” = ¢? > 1 which guarantiesus corvexity, which is solved
without the useof annealing.After this region we seethatlocal minima startsto influencethe
differentdetectorsmakingtheir bit error rate branchaway from the optimal one. We seethat
using annealingmakes this branchingappeamuch later thanthe other detectors.In factthe
annealingdetectoralsobranchesway, first makingus believe that our annealingschemewas
too coarsewe tried to addin moreiterationsanddifferent’/”s but it seemedik e the obtained
cunwe is thelimit curve. Thefactthatwe for increasingSNR again is capableof obtainingthe
optimal curve makes us believe that the excesserror merelyis dueto an approximationerror
inherentof the naive assumptionyhich canbe correctedby a biascorrection[22], [21]. This
hypothesidgs supportedy figure 6 wherewe seesamplesf thefinal decisionstatisticsagainst
theoptimalsolutionfor thesetupconsidereditfigure4 ataSNR = 10. We seethatthedecision
statisticsas systematicallyoverestimatedyy afactor(> 1) dependingon the sizeof the optimal
solutions final decisionstatisticsnumericalsize.

Onfigure5, we have shavn a setupsimilarto thesetupin Ref.[16] figure 7. This setupshav
the SNR degradationD, comparedo the single usercase,neededo obtaina tamget BER =
10~2 for variousloadsdeterminedby the numberof usersk to the spreadingactor N = 100.
The annealingdetectoragpin usesl0 different7”s equally spreadbetweenl ando? with two
iterationsper T'. The other curve correspondo solving the equationsat the desiredI’ = o2
Again the situationis evenworsewhensolvingat 7' = (0. We seea dramaticimprovementby
usingannealingln factis theresultfrom usingannealingdenticalto the bestresultobtainedn
Ref.[16]. Thismakesusbelieve thatthe curve obtaineds alimit curve andthatthecancellation

schemausedin [16] in factutilizesa mechanisnsimilarto annealing.

IX. DISCUSSION

The quality of approximatve multiuserdetectionschemesasmeasuredy the averagedbit
errorrate,dependuponmary factors.For non-linearapproximatve multiuserdetectionthe fix-
pointscanhave varying quality, andeventhe bestfix-point neednot beidenticalto the optimal
(exponentiatime compleity) solution. Thistypeof erroris whatwe will denoteapproximation
error. In our casethenave assumptiowill leadto someapproximatiorerror, thusthisis small.
Sincenon-lineardetectoroften hasmary fix-points, we mustbe carefulwhensolving the fix-

pointequationsin successie/serialinterferencecancellatiorfor non-idealpower control,it is a
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goodideato cancelin descendingiserpowver ordet becausét introduceghesmallestias[33].
In the caseof ideal power controlthis schemecannot be followed but insteadas suggestedn
[16] alessproportionof theestimatednterferencecanbesubtractedn orderto take into account
the variability and/orbiasof the next tentatve decisionstatistics. Whetherit is importantthat
the tentatve decisionsare maximalnon-biasedand/orminimum variatein orderto avoid local
minimais still anopenresearchssue but it seemdik e thereis a connection.

Ourwork usesannealingo avoid local minima,i.e. trackingthefix-point solutionat decreas-
ing noiselevelsT". Oneinterpretationof decreasing/’ is that the tentatve decisionstatistics
signalto noiseplus interferencas higherin the first stagesand decreasesver the following
stages.An indicationof the correspondences Ref. [17] wherean adaptve covariancematrix
is updatedby enforcingan extra setof self-consistenéquationsonstraininghe covariancebe-
tweentheinterferenceerms. This approachalsoseemdo have a connectiorto the corrections
of thenave meanfield equationg18)foundin thephysics/machindearningliterature[21], [22];
herea similar setof self consistentequationsare usedto correctthe biasof the final decision

statistics.

X. CONCLUSION

In this contrikbution we have shavn thatsubtractve interferencecancellationwith hyperbolic
tangentientatve decisionfunctionis equivalentto the minimisationof a variationalfree enegy
derivedfrom a Kullback-Leiblerdivergenceusinga diagonaltrial distribution. We usethe free
enepgy to analysethe fix-points of this subtracte interferencecancellationas function of a
parametefl’ correspondindo the noiselevel or the gain of thetentatve decisionfunctions.

Thefirst theoreticalresultshavs thatabove a certaincritical 7., we only have onefix-point.
Secondlywe shaw thatdueto thefactthatboththesignalandadditive Gaussiamoiseis spanned
by the spreadingodesthatzeroprojectionshapperwith vanishingprobability unlessthe code
correlationmatrix is singular Non-zeroprojectionsensurethatthe fix-point of interestwill not
really bifurcate but insteada spontaneousaddlenodebifurcationoccurscloselyto thefix-point
of interest. The closenesss determinedoy the magnitudeof the projection. In the casewhere
the correlationmatrix is singular thefix-point of interestandthe saddlenodebifurcationmeets

and becomethe classicalpitch fork bifurcationwith two equvalentfix-points as measuredn
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termsof freeenegy. However, oneof thefix-pointshave a higherbit errorrate,i.e. we geterror
propagtion.

The fix-point analysisprovesthat, aslong asthe problemcanbe solved by the optimal de-
tector we cantracktheinterestingsolutionby solvingtheinterferencecancellatiorequationsat
various?'s startingat 7’ = 1 downto 7' = o2, anapproximatiorto the soft individual optimal
solution,or down to 7' = 0 correspondindo joint optimal detector This trackingis the idea
behindannealingoften usedasa heuristicin optimisation. It is a heuristicbecauset oftenis
appliedwithoutthetheoreticabackupthatwe provide here.

Thetheoreticafindingsaresupportedy Monte Carlosimulations.Thefirst shavs asignalto
noiseratio gain comparedo notusingannealingin factit is possibleto obtainthejoint optimal
solutionin someregionsof the BER-SNR curve (low SNR andasymptoticallyhighSNR). The
non-optimalperformancen the intermediateSNR region s, in our opinion, dueto somekind
of approximationerror madeby the naive independencassumptionwhich leadsto a bias of
the final decisionstatistics. We are currently examiningthis hypothesisandtestingadwanced
methodsgoing beyond the nave assumption.We showv that the numberof usersin a system
with a given spreadingactorandtarget bit error rate canbe improved dramaticallyby using
annealing. With this setupwe recover the resultsobtainedby Improved Parallel Interference
Cancellation16], whichmakesusbelieve thatthismethodemplo/samechanisntloselyrelated

to annealing.
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APPENDIX |

FIX-POINT ANALYSIS

The bifurcationanalysisof the fix-pointsis carriedout by makinga Taylor-expansionup to
thefirst non-linearorderof thefix-point condition. Sincethe parametespacehashigh dimen-
sionality, one studiesthis expansionin the relevantdirections,i.e. the eigervectorsof the cost

functionsHessiangvaluatedn the point of the Taylor expansion.The spacds thenreducedoy
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the centermanifoldtheoem([32]. In our casethis reduceghe Taylor-expansionof thefix-point
conditionto a onedimensionalbolynomial. The cateyorisationof the bifurcationthendepend

onthe coeficientsof the polynomial.

We startby Taylor-expansiorof thefreeenegy aroundanarbitrarym*, sothatm = m™* + ém

F(I''m,z) = F(T,m* z)—dm'z

K
1
+ Z (rk:k’ — 5kk/) 5mk (§5mk/ + m;;/) (32)
kk'=1
00 K i
o %Z 0'H, (n:) (6ma)’
= via (0me)"
andderwe the correspondingix-point conditionin the point z
OF (T, m, z) &
— 0 = 2yt (rrr — Opr) (Omy, + my, 33
i H(qw (mk’)) (5mk/)i71
i=1 (8mk/) ml’zl

wherewe usedthe propertythatthe entrogy of the factoriseddistribution ¢(b) have zerocross
partialderivatives.

We will now considethefix-point conditionin thespacespannedby theHessiareigervectors
v1 10 v, collectedat columnsin V with correspondingigermvalues); < ... < \g, wherethe
Hessians evaluatedin m* and7,.. We cannow write the deviation ém away from m* in this

new spaceasom = Zle vz = Vx andthefix-point conditionin thisnew spacghenbecome

OF (T,m* + Vx,z) Om" OF (T, m,z) 0 (34)
al'k/ N al‘k/ om m*4+Vaz -
We write this outto
OF (I +VXo2) 1, (R—T)(Vx+m’))
8Ik/
(35)

_TZ 2_1'281{%”%

| (VL

P *
M
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andretainup to third ordertermin x;,

OF (T, m* + Vx,
(Lm’ £ VX2) o7, (R = Dm") + Ay

al‘k/

+T3 > i:g (Vi )i + (T—TC)Z%(W)MVXM (36)

. 2 1 1+ 3(my)? 3 _
—)Q)Q(Vk,)k (Vx)? + T; gWﬂﬁ)g)g(vk.,),c (Vx)} =0.

Whenwe studybifurcationsof fix-pointswe definethecritical 7. asthepointwhereoneor more
of the Hessiareigervaluesbecomezero. The centermanifoldtheoemin the bifurcationlitera-
ture [32] stateghatthe bifurcationis determinedn the spacespannedy the zeroeigervectors.
This correspondso looking at directionswhere )\, = 0, but since ;. is an eigervalueof the
Hessiamat 7., we have v, (R — I) + T.W (m*)) v = 0.

We arenow aboutreadyto make the characterisatioof the fix-point bifurcations. First we
noticethatif z = 0 the free enegy is symmetricin all K directionsandhencem™ = 0 is a
fix-point. We thereforeevaluate(36) in m* = 0 andT,

OF (T, vgxy,z)
81’k/

K
T
= —VkT/Z + (pk/ -1+ T) T + g Z(V}C/)i%i/ + O(l’i/) =0, (37)
k=1

wherewe used)\, + (1T — T.) = p — 1 + T, sincethe eigervectorsof the codecorrelation
matrix alsoarethe eigervectorsof the Hessiarwhenevaluatedn m* = 0 independentlyf 7.
We are now readyto find the bifurcation set. To easenotationwe assigna = v}z, b =
My —14+T,c=1L Zfil(vk/)j} andour free variableto = = x;, thenthe fix-point condition
becomes: + bz + cx® = 0. Theconditionfor adoubledegenerataminimumis the derivative of
the fix-point conditionequalszerob + 3cz? = 0. Sincewe canwrite the fix-point conditionas
a+ x(b+ 3cx?®) — 2cx® = 0 we have thefollowing fix-point conditionfor a doubledegenerate
solutiona — 2cz® = 0 whichleadsto z* = £ andtheconditionb + 3ca? = 0 givesz? = —£.
Eliminating by squaringz® = £ andcubingz? = —2 yieldsthe bifurcationset(i)2 =

— (%)3 with the original parametermsertedseeequation(26) in the maintext.

REFERENCES

[1] Segio Verdu, “Minimum probability of error for asynchronougaussiarmultiple-accesghannel$, IEEE Transactions
on InformationTheory vol. IT-32, pp. 85-96,Januaryl 986.

Septembed, 2002 DRAFT



25

[2] Segio Verdl, “Computationakcompleity of optimummultiuserdetectiori, Algorithmica vol. 4, pp.303-312,1989.
[3] M. Honig, U. Madhaow, and Segio Verdu, “Blind adaptve multiuserdetectiorf, |IEEE Transactionson Information
Theoryyvol. 41,n0.4, pp.944-960July 1995.
[4] M. F. Bugallo,J.Mi guez,andL. Castedo;A maximumlik elihoodapproacho blind multiuserinterferencecancellatiorf,
IEEE Trans.On SignalProcessingvol. 49, no. 6, pp. 1228-1239,June2001.
[5] BernardFleuryandAlexanderKocian, “Em-basedoint datadetectionandchannelestimationof ds/cdmasignals; IEEE
Transaction®©n Communicationvol. Acceptedfor Publication,2002.
[6] ThomasFabriciusandOle Ngrklit, “Approximationsto joint-ml and ml symbolchannelestimatorsn mud cdma; in
Proceeding®f IEEE Globecon?002 To Appear IEEE.
[7] ShimonMoshavi, “Multi-user detectionfor ds-cdmacommunication$, IEEE CommunicatiorMagazine vol. 34, no. 10,
pp.124-136 Octoberl996.
[8] PengHui Tan,LarsK. RasmusserandTengJ.Lim, “The applicationof semidefinitgprogrammingor detectiorin cdma;
IEEE Journal Selectedireasin Communicationvol. 19, no. 8, pp. 1442—-1449August2001.
[9] PengHui Tan, Lars K. Rasmussenand TengJ. Lim, “Constrainedmaximum-likelihood detectionin cdma; IEEE
Transactionon Communicationsvol. 49,no. 1, pp. 142-153 January2001.
[10] Geogel. KechriotisandElias S. Manolalos, “Hopfield neuralnetwork implementatiorof the optimal cdmamultiuser
detectof IEEE Transactionson Neurl Networksvol. 7, no. 1, pp.131-141Januaryl996.
[11] CarsterPetersorandBo Soderbeg, “A nev methodfor mappingoptimizationproblemsontoneuralnetworks; Interna-
tional Journal of Neural Systemsvol. 1, pp.3-22,1989.
[12] AlexandraDuel-Hallenand Chris Heggard, “Delayed decision-feedbackequencestimatiori, IEEE Transactionson
Communicationsvol. 37,n0.5, pp.428—436May 1989.
[13] MaheshK. VaranasiandBehnaamAazhang, “Multistage detectionin asynchronousode-dvision multiple-accesgsom-
munications, IEEE Transactionon Communicationsvol. 38, no. 4, pp.509-519 April 1990.
[14] MaheshK. Varanasiand BehnaamAazhang, “Nearoptimum detectionin synchronousode-dvision multiple-access
systems, IEEE Transactionson Communicationsvol. 39,n0.5, pp. 725-736May 1991.
[15] R.MichaelBuehrer“On thecorvergenceof multistageanterferencecancellatiorf, in Proceedingpf Thirty-Third Asilomar
Confeenceon Signals,Systemsand Computes, M.B. Mathews, Ed. October1999,vol. 1, IEEE.
[16] DariushDivsalar Marvin K. Simon,and Dan Raphaeli, “Improved parallelinterferencecancellationfor cdma; IEEE
Transactionon Communicationsvol. 46, no. 2, pp. 258-268 Februaryl998.
[17] J. Lou, K.R. Pattipati, PK. Willett, and F. Hasgawa, “Near-optimal multiuserdetectionin synchronousdmausing
probabilisticdataassociatiori, IEEE CommunicatioriLetters, vol. 5, no. 9, pp. 361-363 SeptembeR001.
[18] ToshiyukiTanaka,'Large-systenanalysisof randomlyspreaccdmamultiuserdetectors, IEEE Transactionn Informa-
tion Theory To appear
[19] LarsK. RasmusserlengJ.Lim, andHiroki Sugimoto, “Fundamentaberfloor for long-codecdma; in Proceedingof
1998IEEE 5th International Symposiunon Spread SpectrunTechniques& Applications,|EEE ISSSA. 1998,vol. 3, pp.
692—695EEE.
[20] Giorgi Parisi, StatisticalField Theory Addison-Wesley PublishingCompary, New York, 0-201-05985-1.
[21] ManfredOpperandOle Winther, “Tractableapproximationgor probabilisticmodels: The adaptve thouless-anderson-
palmermeanfield approacH, PhysicalReview Letters, vol. 86, pp. 3695-36992001.
[22] ManfredOpperandOle Winther, “Adaptive andself-averagingthouless-anderson-palmaeanfield theoryfor probabilis-
tic modeling; PhysicalReview E, vol. 64, pp.056131,2001.
[23] ManfredOpperandDavid Saad,AdvancedVeanField Methods:Theoryand Practice MIT Press,July 2001.

Septembed, 2002 DRAFT



[24]

[25]

[26]

[27]

(28]
[29]

[30]

[31]

[32]

[33]

26

PedroA.d.ER Hgjen-SgrensenQle Winther, andLars Kai Hansen,"Mean field implementatiorof ica;” in Proccedings
of 3rd InternationalConfeenceon Independen€omponenfnalysisand Blind SignalSepaation (ICA2001) Instituteof
NeuralComputation2001.

PedroA.d.FR Hgjen-SgrenserDle Winther, andLars Kai Hansen, “Mean field approaches$o independentomponent
analysis, Neurl Computationsvol. 14, pp.889-9182002.

T. RistaniemiandJ. Joutsensald'Advancedcabasedeceversfor ds-cdmasystems, in Proceeding®f 11thinternational
Symposiunon Personal,Indoor, and Mobile RadioCommunication2000,vol. 1, pp.276—281 JEEE.

S. Kirkpatrick, C.D. GelattJr., andM.P. Vecchi, “Optimization by simulatedannealing, Sciencevol. 220,n0.4598,pp.
671-680May 1983.

Masa-akiSatoandShinIshii, “Bifurcationsin mean-field-theorgnnealing, PhysicalReview E, pp.5153-51681996.
Segio Verdl, Multiuser Detection CambridgeUniversity PressThe Pitt Building, TrumpingtonStreet,Cambridge CB2
1RPUnitedKingdom,1998.

ThomasFabriciusand Ole Winther, “Improved multistagedetectorby mean-fieldannealingin multi-usercdma; in
Proceeding®f IEEE Inteligent SignalProcessingApplications,and CommunicatiorSystemsTo Appear IEEE.
J.S.Yedidia,W.T. FreemanandY Weiss,“Generalizedeliefpropagtion; in Advancesn Neul InformationProcessing
SystemgNIPS) June2000,vol. 13, pp.689-695MIT Press.

JohnGuckenheimerand Philip Holmes, Nonlinear Oscillations,Dynamical Systemsand Bifurcationsof Vector Fields,
vol. 42 of AppliedMathematicalSciencesSpringerVerlag,1983.

P. Pateland J. Holtzman, “Analysisof a simple succesie interferenceschemein a ds/cdmasystend, |IEEE Jounalon
Selecteddreasin Communicationvol. 12,n0.5, pp. 796—807 Junel994.

Septembed, 2002 DRAFT



27

1073

1072

|
o
(&)

T

10

-0.9F 1/3

-1 ! ! ! ! ! ! ! J
-2 -15 -1 -0.5 0 0.5 1 1.5 2

viz

Fig. 1. Bifurcation setsfor various 13"+, v, and T’ relative to the critical T, ,. One bifurcationsetform a cusp. For
a parametessettinginside the cusp, threefix-points exists in the direction vy, outsideonly onefix-point exist, on the cusp
two fix-points exist onewith doubledegenerag. We seethatif we choosethe cuspészzlvﬁ = % thenif T is solow that
T — T, = —1thenwe needa projection}vg,z| ~ 0.7 or morein orderto only have onefix-point. Whereadf T is a bit
higher let'ssaysoT — Tc,, = —%, thenwe only needa projectionof thesize0.3. If T'is sohighthatT — T;,, > 0 weonly
have onesolutionno matterthe valueof the projection.
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Fig. 2. Left plots shav solutionchangesasfunction of 7' closeto the critical T.. Right plots shav the correspondindree
enepiesdividedby T'. The upperplotsshav the situationfor the pitch fork bifurcation. The bottomplots show the bifurcation
correspondingo the presencef asmallv ™ z, i.e. no bifurcationof theinterestingsolutionandthe appearancef a saddlenode
bifurcation.
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tanh™' (-) of thesoftindividual optimal decisionstatistics.

Septembed, 2002 DRAFT



