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Abstract

In this contribution we derive thecostfunctioncorrespondingto thelinearcomplexity Subtractive

InterferenceCancellationwith tangenthyperbolictentativedecisions.Weusethecostfunctionto anal-

ysethefix-pointsof solvingtheSubtractiveInterferenceCancellationequations.Theanalysisshow that

we cancontrol theslopeof thetangenthyperbolicfunctionssothat thecorrespondingcostfunction is

convex. We alsoshow thatincreasingtheslopecanmake thecostnon-convex. Goingfrom theconvex

regimeinto thenon-convex regime,weprove thatthebifurcationof thefix-points,for non-singularsig-

nalcorrelationmatrices,consistof thefix-point of interesttogetherwith asaddlenodebifurcation.This

provesthat trackingthe solutionfrom low slopes,with a convex cost,graduallyincreasingto higher

slopes,with non-convex cost,canbring us to the bestsolutionbeingvery closeto the optimal deter-

minedby enumeration.This trackingis theideabehindannealing.We show MonteCarlostudieswith

a substantialsignalto noiseratio gain comparedto not usingannealing.We alsoshow how annealing

canbe usedto increasecapacityat a given target bit error rate. In fact this capacitygain is the same

obtainedby ImprovedParallel InterferenceCancellationmakingus believe that the latter includesa

mechanismto avoid localminimasimilar to annealing.

Index Terms

Multiple AccessTechnique,Subtractive InterferenceCancellation,Local Minima, Bifurcation,

Mean-FieldAnnealing,fix-point analysis

I . INTRODUCTION

During the last decadesmuch effort hasbeenusedin inventing and developing multiuser

communicationsystems. The ever growing demandfor higher network capacity, to support

moreusers,call for efficient communicationsystemswhich at thesametime haslow complex-

ity. Multiple accessschemesaretraditionaldesignedsothattheindividualuserscanbereceived

independently, yielding low complexity andlow costreceivers. In theseschemesmultiple ac-

cessinterferenceis kept at a low level, but so is the spectralefficiency. Whenincreasingthe

spectralefficiency, themultiple accessinterferencealsoincreases.Theoptimalreceiver is then

basedonamodeltakingtheinterferenceinto account[1]. In thedesigntherewill exist atradeoff

betweencapacitymeasuredin spectralefficiency andcomplexity measuredascomputationsper

informationbit. This tradeoff hasbeentheseedfor many active researchfields. Amongstthese

aremultiuserdetection(MUD), which todaycountsthousandsof contributions. The optimal

detectoris for generalsystemsexponentialin thenumberof users,for a referencein CodeDi-
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vision Multiple Access(CDMA) see[2]. In orderto realisesuchsystems,suboptimalreceivers

arethusnecessary.

Whendesigningsucha suboptimalreceiver many factorsinfluencetheperformance.When

nuisanceparameters,suchaschannelstateincludingsynchronisation,phase,frequency, signal

to noiseratio, multiusercorrelationetc., arenot known a priori, the effect of estimatingand

trackingthesecandegradetheperformance,especiallyin vehicularenvironmentswherefading

phenomenonsmakesthis a difficult task. Even whennuisanceparametersareknown exactly,

thesuboptimaldetectorwill in somesensebeanapproximationto theoptimalone,henceap-

proximationerrorsdegradethe performance.Many suboptimaldetectorshave a multistageor

equivalentiterative nature,makingconvergenceandlocal minimaan issuein theperformance

degradation.Quantisingthedifferentsourcesto performancedegradationis in generaladifficult

task. It is well acceptedthatusingperfectknowledgeaboutthenuisanceparameterscanbeas-

sumedin orderto separateestimationandtrackingerrorsfrom othererrors,thoughthereexists

acomplicatedinteraction.Wewill assumeperfectnuisanceparameterknowledge.For methods

onestimationandtrackingwith semiblindor blind applicationconsult[3], [4], [5], [6].

Suboptimalmultiuserdetectorsaretraditionallyseparatedinto two maincategories[7]: Lin-

ear Detectorsand Subtractive interferencecancellation. Recentlycombinatorialoptimisation

methodshave received attention[8], [9]. We alsomentionthe earlierwork [10] which maps

CDMA multiuserdetectionto aHopfieldNeuralNetwork, which is ageneralmethodto approx-

imatively solve hardcombinatorialproblems[11]. In Ref. [9] binaryconstraintsof thecombi-

natorialoptimisationareerlaxed:noconstraintsleadto theunconstrainedMaximumLikelihood

(ML) detectionequivalentto the linear decorrelating/zeroforcing (ZF) detector, andfor other

constraintsthey obtainsubtractive interferencecancellatorswith correspondingtentative deci-

sionfunctions.Thiswork followsalongthesamelines.However, theconstraintsarederivedby

acertainKullback-Leibler(
���

) divergence,whichalsoprovidesuswith acostfunction.

A. SubtractiveInterferenceCancellation

Subtractiveinterferencecancellationcoversawholefamily of multiuserdetectors.Thecanon-

ical form for thefix-point conditionsin thesedetectorsaregivenby

������
	��� ������� ��� ����� � ��������������� (1)
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where � is thereceiveddataafterthe � ’ th matchedfilter, � �� is thetentativedecisionof the � ’ th

symbol, � � thetentativedecisionsof all bitsarrangedin avectorand ��� is thereconstructedin-

terferenceonthe � ’ th symbol’sdecisionstatistic,	 �"! � is sometentativedecisionfunctionwhich

for binary antipodalsymbolshasasymptotes# � for !%$ #�& . The equations(1) have been

appliedfor variouskindsof interference:Inter SymbolInterference(ISI) environment[12] and

for CDMA Multiuser Interference[13], [14]. The equationscanbe solved sequentiallyor in

parallel,leadingto Serialor ParallelInterferenceCancellation(PICor SIC).Sequentialupdates

arein mostcasesmorenumericalstable,but introducesanextra processingdelaycomparedto

parallelupdatewhich unfortunatelycanhave an oscillatingbehaviour [15]. We alsomention

ImprovedParallel InterferenceCancellation[16] andthework usingProbabilisticDataAssoci-

ation [17]. Wepostulatethatthesemethodsincludeamechanismfor avoiding localminimathat

aremoreor lessequivalentto annealing, whichweintroducein thiscontribution,wediscussthis

in sectionIX. The first mentionof the possibility of usingannealingasa heuristicin CDMA

wasmadeby Tanaka[18].

Varioustentative decisionfunctionsaresuggestedin theliteratureincludingsign,hyperbolic

tangent,clippedsoftdecision,etc.[16]. Thefirst correspondingto maximalconstrainedML, the

lastto aboxconstraint[9], [19]. Hyperbolictangentis well-known to beoptimalin theabsence

of interference.We will concentrateon subtractive interferencecancellationwith hyperbolic

tangent,sincethis is the function that follows from the
���

-divergenceframework. We show

in sectionIV how this approximative detectorrelatesto the individual optimal detectorwhen

multi-accessinterference( ')(+* ) is present,andwhichconstraintsit implies.Hyperbolictangent

subtractive interferencecancellation,aswe considerit, is previously derived in thephysicslit-

eratureon binaryspinsystemsunderthenameNaive MeanField (NMF) [20]. More advanced

meanfield approachesexist, which hasa potentiallylower approximationerror[21], [22], [23].

Meanfield methodshasearlierbeenappliedto IndependentComponentAnalysis(ICA) [24],

[25]. TheequivalencebetweenMUD andICA hasbeenexploitedin [26].

Besidesapproximationerror, localminimaor badconvergenceof solving(1) alsodegradethe

performance.In sectionVI we thereforemake a thoroughanalysisof thefix-pointsasfunction

of thehyperbolictangentsslope.Theanalysisprovidesusvery importantinformationaboutthe

fix-points,whenthey areconvex andhow they bifurcate. The bifurcationanalysishelpsus to
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undertandthebehaviour of localminima.Having got thisunderstanding,makesusableto solve

theequations(1) while avoiding localminima.Thiswayof solvingtheequationsis calledmean

field annealing,which we introducein sectionVII. The analysisof the bifurcationsvalidates

theuseof meanfield annealing.Annealingis oftenusedasa heuristicto avoid local minima.

Annealingsaw its first usein optimisationwith theintroductionof simulatedannealingapplied

to thedesignof computerchips[27]. Meanfield annealinghasbeenusedin variousoptimisation

problems,for instancetravelling salesmanproblem,graphpartitioning,imagerestoration,etc.

[11], [28]. Our analysisshow that meanfield annealingwill occasionallyfail no matterhow

fine anannealingschemeemployed. But we show that this is thecasewhereeven theoptimal

detectorcan fail, leadingto the fundamentalbit error rate ( ,.-0/ ) floor [19]. Large system

analysisof subtractive interferencecancellation’sbit errorratealsosuggesttheuseof annealing,

sincecompetingunequivocalandindecisive minima,exists in this limit [18]. Thusin thelarge

systemlimit theexistenceof two phasesonly is predictedfor loadshigherthanunity, this is not

thecasefor finite sizesystems.

We will assumea very simplemodelwherethe interestingeffectscanbestudied,namelya

CDMA systemwith � synchronoususersemploying Binary PhaseShift Keying (BPSK)with

randombinaryspreadingsequences.For anoverview of MUD in CDMA consult[7]. Wederive

the most importantresult for any given power profile of the users,other resultsaregiven for

equalpower userswhich form a worst casescenarioin termsof local minima. Most of the

derived resultreducesto rely on the matrix of userscrosscorrelation,which could stemfrom

any multiusersystemand/orintersymbolinterference,soweconjecturethattheresultshold for

typicalmultiusersystemssynchronousor asynchronous.

I I . � USERS CDMA IN AWGN

Wewill assumeaCDMA transmissionemploying binaryphaseshift keying (BPSK)symbols

andusing � randombinaryspreadingcodeswith unit energy andequalspreadingfactor(SF)

but differentpowersandall chipandsymbolsynchronisedoveranadditivewhiteGaussiannoise

(AWGN) channel.Now thereceivedbasebandCDMA signalcanbemodelledas

1 �32 � �
4
��576

8 �:9;�:<=� �32 �?>A@CB �"2 � � (2)
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where2 is sampleindex 2EDGFIHJ����������KML � �ON , KML beingthenumberof chips,i.e. equallingthe

spreadingfactor, and <=� �"2 � is the � ’ th usersspreadingcodewith unit energy, 9P� D�F � ���J�ON is user
� ’s transmittedbit,

8 � the � ’ th usersamplitude,B �"2 � is aGaussianwhitenoisesamplewith zero

meanandvariance1, and @ is thenoisestandarddeviation. Making thisnormalisationmakesus

ableto definethe � ’ th userssignalto noiseratioas Q KSR � �UTWVXY;Z V .
Wecorrelatethesignal1 �"2 � with thespreadingcodes<=[� �32 � eachcodedenotedby � [ D�F\�O]��^N ,

to obtain the conventionaldetectoroutputs  �`_ which are sufficient statisticsfor the symbol

estimation

 � _ �
acb�d 6
e 5:f

1 �"2 � < � _ �"2 � �
4
��576

8 � 9 �
acbgd 6
e 5:f < � _ �32

� < � �"2 �c>E@ acbgd
6

e 5:f < � _ �32
�`B �"2 � �

4
��576

8 � 9 �=hi��� _ >Ej � _ �
(3)

where h ��� _ � acb�d 6e 5:f <=� _ �32 � <=� �"2 � is the correlationbetweencode <=� and <=� _ , and j � _ is now a

Gaussianrandomvariablewith zeromeanandcovariance@ Y h �`� _ . Usingtheabove we have the

joint distribution of the  �`_
k ��l�m n �poq�prs� @ Y � �
mutOv @ Y r�m dxwV?yPzW{ � 6YPZ V ��l � r|o}n �g~ r d 6 ��l � r|o}n � � (4)

wherewe have arrangedthe vectorsto have elements��l � � _ �  � _ and ��n � � _ � 9P� _ , and the

matrices ��o � ���`_ ��� ���`_ 8 � , and ��r � ���`_ � h ���`_ . Sincewe have assumedperfectchannelstate

knowledge, and we also assumefull codeknowledge the matrices o and r and the noise

variance@ Y arenot consideredstochastic.We thenwrite the likelihoodas k ��l�m n � insteadof
k ��l�m n��=o��=rs� @ Y � .

I I I . REVIEW OF OPTIMAL DETECTORS

Giventhereceiveddataandthechannel,onemayeithertry to minimisetheexpectedbit error

rate(BER) or theprobabilityof error. TheexpectedBER is definedas

,�-0/ � �
tx� � �

�
� n ~ n����=� �i� ��� (5)

wherethe average ��� � �=� �i� ��� , as indicated,is taken with respectto all bit realisationsn andall

noiserealisationsimbeddedin l . The joint distribution k ��l��=n � is found by the likelihood(4)

multipliedby theapriori distribution k ��l��pn � � k ��l�m n �Jk ��n � .
September4, 2002 DRAFT
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It caneasilybeshown, undersomeregularityconditions,thattheexpectedBERsubjectto the

constraintthat � n � �`_ ��� is minimisedby

n��%���J� � n�� �p�"��� ��� (6)

for all given received data l , ���:� working element-wise.This estimatoris referredto as the

individualoptimaldetector[29].

Theprobabilityof erroris definedastheprobabilitythatat leastoneof the � bitsaredetected

wrongly. Wecandefinek � j ���xm n � ��� � ����� � n ~ n � andsotheprobabilityof errorbecomes

k � j ��� � ��� � � ����� � n ~ n � � �=� �i� ��� (7)

which is minimisedfor any receiveddatal [17] by

n����J�������  d 6;¡ 6£¢\¤¥ � z k ��n�m l � (8)

which is the well-known Maximum A Posterior(MAP) solution,which reducesto maximum

likelihoodfor uniformprior distribution k ��n � , alsodenotedthejoint optimaldetector[29].

Thetwo aboveoptimaldetectorsdeliverhardsymbolsasoutput.This is well-known not to be

optimal if thesymbolsaresufficiently interleavedandthedetectionis followedby redundancy

decoding. Then it is optimal to output the marginal symbol posterior. In casethe symbols

arebinary, oneparameterperbinarysymbolis sufficient to describethecorrespondingmarginal

posterior. Theparametercouldbethemarginalposteriormean� n����=�"��� ��� or thelog posteriorratio¦\§ � �p� 6 � �7��p� d 6 � �7� which is identicalto the log likelihoodratio underequalprobablea priori symbols.

Wecall this thesoft individualoptimaldetector.

For the modelunderconsiderationin this contribution, all the above detectors,for general

spreadingcodes,have exponentialcomplexity in thenumberof users� . A big effort therefore

is to constructapproximative polynomialtime complexity detectors.

IV. KL-DIVERGENCE BETWEEN OPTIMAL AND APPROXIMATIVE DETECTORS

All theoptimaldetectorsrely heavily ontheposterioroverthesymbols,eitherasthemaximis-

ing argumentor themean.For thatreasonwill wenow consideradistributionthatapproximates

theposteriordistribution, but in which themaximisingargumentandtheposteriormeanis ob-

tainedin polynomial time. As a measureof the closenessof the approximatingdistribution,
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which we denotë ��n � , to theposteriordistribution k ��n�m l � we usetheKullback-Leiblerdiver-

gence

��� � ¨ ��n � � k ��n�m l ��� � ����  d 6 � 6£¢ ¤ ¨ ��n
� ¦\§ � ¨ ��n �k ��nSm l � � � ¦©§ � ¨ ��n �k ��n�m l � �gª �"��� � (9)

We now take thedefinitionof theposteriordistribution usingthe likelihoodandequala priori

symbolprobability
k ��nSm l � � k ��l�m n �« (10)

where
« � ����  d 6 � 6£¢ ¤ k ��l�m n � is thepartitionfunctionor normalisingconstant;andusethis in

the
���

-divergence

��� � ¨ ��n � � k ��nSm l ��� � �
t @ Y

4
� � �¬_©5�6

8 � 8 � _ � 9P��9P� _ �gª �"��� � h �`� _ � � �`� _ �

� �@ Y
4
�576

8 �  � � 9P� �gª �"��� > � ¦\§ � ¨ ��n � ��ª �"��� >E®O¯ 2 <`° �
(11)

wheretheconstant®p¯ 2 <`° ��� 6YPZ V ��l ~ r
d 6 l > 4��576 8 Y � �?> ¦©§ � « > 6Y ¦\§ �±mutOv @ Y R²m is independent

of thedistribution ¨ ��n � . We now introducea new function thatcontainsthepartsthatdepends

on ¨ ��n �
³ �3´µ� ¨ ��n ��� � �

t
4

� � �`_©576
8 � 8 �`_ � 9P��9P�`_ ��ª �"��� � h ���`_�� � ���`_ � �

4
��576

8 �  � � 9P� ��ª �3��� > ´ � ¦©§ � ¨ ��n � ��ª �"��� � (12)

wherewe have substituted@ Y with ´ so thatwe canstudy
³

at variouś andnot only on the

generić
� @ Y whichis thenoiselevel. Wethenhave
��� � ¨ ��n � � k ��n�m l ��� � 6¶ ³ �"´µ� ¨ ��n ��� ¶ 5 Z V >®p¯ 2 <¬° . Thechoiceof notationis influencedby statisticalphysicswherethefunction

³
is denoted

thefreeenergy (up to aconstant)and́ correspondsto thetemperatureof thesystem.

We canconsider
³

asa costfunction for ¨ ��n � at a given ´ . Theoptimumdistribution ¨ ��n �
thatminimisesthe

�·�
-divergence,andhencealsothefreeenergy, is obviously ¨ ��n � � k ��n�m l � ,

but this of coursedoesnot have the desiredproperties,namelyeaseof obtainingthe posterior

maximisingargumentor posteriormean.

Theideais now clear, wecancomeupwith trial distributions ¨ ��n � , eventuallyparameterised,

andchoosetheonethatminimises
³

, andtherebythedifferencebetweenthedistributions.We
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now dothesimplestpossibleassumptionaboutthedependencerelationof thedistribution ¨ ��n � ,
namelyindependence1

¨ ��n � �
4
�576 ¨�¸ � 9 � � � (13)

Only the family of Bernoulli distributionsaresuitablefor the individual ¨ � � 9;� � , sincethe 9P� ’s
arebinary

¨ � � 9 � � � k w©¹�º XV¸ ��� � k � � w¼»iº XV � (14)

wherewe have parameterised̈� � 9P� � by k � theprobabilityof 9P� �½� . We will thusfor mathe-

maticalconveniencechooseaparameterisationsby themean� ��¾ � 9P� � ª X �%t k ��� �
Thefreeenergy thenbecomes

³ �"´µ� ¨ ��n ��� � �
t

4
� � �¬_\576

8 � 8 � _ � � � � _ � h ��� _ � � ��� _ � �
4
��576

8 �  � � ��� ´
4
�576

¿ � ¨ � � � (15)

wherewe introducetheentropy of onesuchdistribution ¨ ¸ � 9 ¸ �
¿ � ¨ ¸ � ¾À� � ¦©§ � ¨ � � ª X � � � >�� �t ¦©§ � � >�� �t � � � � �

t ¦\§ � � � � �t � (16)

Whenminimisingequation(15), we seethat thedifferenttermscompete.Theentropy term

shouldbemaximised,which happenin � � �ÀH , in orderto minimise(15). We alsoseethatthe

entropy permitsvaluesof m � � m7ÁÂ� . Theremainingtermsmakesup � ¦\§ � likelihoodwhich as

usualshouldbeminimised.

V. OPTIMISING THE FREE ENERGY

Unfortunatelyit is not possibleto minimisethefreeenergy analyticallydueto thenon-linear

entropy termof thefreeenergy. Numericalminimisationcanthenbeapplied.Themethodused

will form the dynamicsof the minimisation,i.e. the changeof variablesover time (iteration).

Consideringthe minimisationasa dynamicalsystem, we strive for the stablefix-point of the

dynamics.

Wewill now introduceafix-point methodobtainedfrom thestationaryconditionÃ ³ �3´µ� ¨ ��Ä ���Ã � �%H�� (17)

w
It is of coursenaive to believe in independencewhenwenow this is not true,for thatreasontheassumptionis oftendenoted

thenaiveassumptionor approximation.
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A straightforwardcalculationgivesusthenon-linearfix-point equations

� � �ÆÅ�:��Ç 8 �
´  ���

4�d 6
�`_©5:f

8 �`_ � h ���¬_�� � �`�`_ ��� �`_ (18)

for � ���O����������� . Weseethatthisequationis thewell-known softdecisionfeedbacksubtractive

interferencecancellationwith aversionof clippedsoftdecisionfunctionnamelyÅ��J��Çc� � � , where

� ��� � ¾ 4� _ 576 8 � _ � h ��� _ � � ��� _ ��� � _ is theestimatedinterferencecorrelatedwith the � ’ th users

spreadingcode. Equalling ´ to thesignalto noiseratio, theunderstandingof equation(18) is

straightforward becausein the absenceof multi-accessinterference(MAI) this is the optimal

decisionin anAWGN channel.This is clear, becauseabsenceof MAI is identicalto thenaive

assumptionbeingexact,namelythetrueposteriorfactorises.Wealsohave

� � � ¦©È ¥¶ÊÉ f Å�:�7Ç
8 �
´  ���

4
�¬_\576

8 � _ � h ��� _ � � ��� _ ��� � _ (19)

� �`�:� 8 �  �.�
4
� _ 576

8 �`_ � h ���¬_�� � �`�`_ ��� �`_ � (20)

This is theharddecisionfeedbackinterferencecancellation,known to bea localsearchinstance

of MaximumLikelihoodsequenceestimation[9].

Besideour two contributions [6], [30], the connectionbetweenthe equations(18) and the

minimisationof a certaincostfunction(thefreeenergy), is to our knowledgenever established

in the communicationliterature2. Thoughin physics and machinelearningthis approachis

well-known asthe variational approach andthe restrictionto a factorisedtrial distribution is

referredthenaiveassumption, thecorrespondingfreeenergy is referredthenaivefreeenergy,

andtheequations(18) is denotedthenaivemean-fieldequations[23]. Thebenefitof having the

correspondingcostfunction to theupdaterulesarenumerous:We cangetanunderstandingof

the quality of approximation,i.e. whenit is exact. We canuseit to measurethe likelihoodof

the fix-points, which is useful for definingstoppingcriteria andfor line searchupdates.Also

V But a similar connectionhasbeenestablishedfor theapproximative updatesmakingup theturboprinciple to a certainfree

energy, theBethefreeenergy [31]
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notethatsequentialupdateof equation(18)correspondingto coordinatedescentis guaranteedto

decreasethefreeenergy sincetheupdateof � � doesnotdependonitself. In thiscontributionwe

investigatevariousaspectsof the free energy, i.e. convexity, uniquenessof fix-point solutions,

andfix-point bifurcationsastheslopeof thetentativedecisionfunctionschange.

VI . STUDY OF FIX-POINTS IN THE NAIVE FREE ENERGY

Subtractive interferencecancellationwith decisionfeedbackis known to suffer from error

propagation,whichis bestdescribedasanavalancheeffect from oneerroneousdetectedsymbol

on othersymbolsdueto their correlation.This error propagation correspondsto differentfix-

pointsof thefreeenergy. It is alsoknown thatthesofterthemappingfunctionis, herecontrolled

by ´ , the fewer stablefix-points exists, indeedthe infinitely soft mappingfunction is linear,

yieldingaconvex optimisationproblem.Wewill firstly analysetheconvexity of thefreeenergy

as function of ´ the slopeof the mappingfunction, but also at which ´ we can expect the

fix-points to bifurcate. We will later analysethe type of fix-points asfunction of ´ for given

receivedsignal l andcorrelationmatrix r .

A. Convex fix-pointanalysis

We will first addresshow high a ´ that is neededfor the free energy to possesonly one

fix-point. The critical ´ wherethis happenswill we denotéCL w . Below ´WL w we canexpecta

bifurcationof thefix-point to multiplefix-points.

The sufficient andnecessaryrequirementfor the free energy to possesonefix-point is that

all eigenvaluesof the Hessianmatrix to be positive in the whole phasespace� inside the

hyper cube F � �O]Ë�ON 4 . The Hessianbeing ��ÌÍ��� ��� ¸ÏÎ � Ð VÐ=Ñ0ÒÓÐ=Ñ�Ô ³ �3´µ�pÕ � ¨ ��Ä ��� �?Ö ÌÍ��� � �
r ��× > ´�Ø ��� � and ��Ø ��� ��� ¸ÏÎ �
� ¸ÏÎ 66 d �"Ù.� VÒ beingthesecondderivativeof thenegativeentropy.

Usingthis requirementweobtain

Theorem 1 (One Solution). Giventheform(15)of thefreeenergy, thesmallesteigenvalueÚ�ÛWÜuÝ
of thecodecorrelationmatrix r , themaximumuserpower

8 YÛCÞàß ¾ ¥ � z¸ 8 Y ¸ thenthefreeenergy

is strictly convex for

´ÀÁÆ´CL w ����� � ÚáÛCÜ Ý � 8 YÛCÞàß (21)
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Proof: Let â 6+ã ����� ã â 4 beanascendingorderingof theHessianeigenvaluesthenthe

requirementfor positivenessis equivalentto requiring â 6 ÁäH . Weboundthesmallesteigenvalue

â 6 � ¥ È � y È ��oå��r �æ× � o > ´�Ø ��� �xçÀ¥ È � y È ��oå��r �æ× � o > ´�Ø ��è �
� ¥ È � y È ��oå��r �æ× � o > ´ × ç � Ú�ÛWÜuÝ � � �7¥ � z¸ 8 Y ¸ > ´ä� (22)

whereweusedthatthethesmallesteigenvalueÚ�ÛWÜuÝ � � of r ��× is alwayslessor equalto zero,

since
4�576 Ú � �éÅ��rê�ë� . This impliesthesmallesteigenvalueof oå��r �A× � o to begreater

thanor equalto � ÚáÛWÜuÝ � � � 8 YÛWÞ;ß . Our requirementfor atmostonesolutionis â�ì ÁäH soif

´ÀÁí��� � Ú�ÛWÜuÝ � 8 YÛCÞàß �?Ö â�ì Áí� ÚáÛCÜ Ý � � � 8 YÛCÞàß > ´ÀÁäH±�Jî (23)

If ÚáÛCÜ Ý �U� , we only have oneminimumno matterthe ï�ð+/ ’s. But if ÚáÛCÜ Ý �U� thenall the

eigenvaluesof thecodecorrelationmatrix equalonesince
4��576 Ú � �
Å��ñrU��� . This notion

correspondsto thecodecorrelationmatrix beingdiagonalsincetheFrobeniusnormdefinedas

m©m råm�m òå� 4� � �`_©576 r fulfills Ú�ÛWÞ;ß ã m£m r�m�m ò ãëó � ÚáÛCÞàß andhencetheoff-diagonalelements

mustequalzero. This implies thatwe have no interferenceandthenthe factorisedassumption

is exact.Sonotonly dowesurelyhaveoneandonly oneminimum,theapproximationobtained

by the
���

-divergencealsoyieldstheexactresult! Thetheorem1 hasaconservativeversion

Corollary 1 (Conservative One Solution). A conservativeestimateof whenthe freeenergy

possesoneandonlyoneminimumis obtainedby

´ÀÁ 8 YÛCÞàß � (24)

Proof: Wehavedirectly from thepreviousproof

´ôÁí��� � ÚáÛCÜ Ý � 8 YÛWÞàß ç 8 YÛCÞàß � (25)

wherewe usethat the smallesteigenvalueover all coderealisationsÚáÛCÜ Ý ç H , sincethe code

correlationmatrix r is positivesemi-definite.î
Thecorollaryoffers theoptionto select́ independentof theactualeigenvaluesof thecode

correlationmatrix; by choosinǵõ� 8 YÛCÞàß , which conservatively ensurestheexistenceof one

andonly onefix-point, andwewon’t seeerrorpropagation.

Wenow havetheopportunitiesto select́ in orderto ensuretheexistenceof oneandonly one

minimum.But if wechooseso,thenin generalwehave ´ÀÁ @ Y correspondingto overestimating
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the noiseandhencewe canexpect the power of the residualmulti-accessinterference(MAI)

(actualMAI minusestimatedMAI) to beon theorder ö �3´ � @ Y � . This meansthatwe maybe

cancelledlessof theMAI thanpossible.We seethis asanexcessbit errorratein theasymptote

with infinitely good ï�ðM/ .

B. Bifurcationanalysis

Now havinganalysedatwhichvalueof ´ whereabifurcationfromonefix-point intomorefix-

pointsis expected,wewantto understandthesrtuctureof thefix-pointsandhow they relatewhen

we changé . In orderto obtainsuchanunderstandingwe make a classicalcharacterisationof

this bifurcation,andlaterbifurcations.We will studytheoccurrenceof two or moreequivalent

minima,whereequivalentmeansexactsamenumericalvalueof thefreeenergy. Whenequiva-

lentminimaareobservedin thefreeenergy, thereis adirectcorrespondenceto thefundamental

BER-floorof thejoint optimaldetector, describedin [19]. Equivalentminimaoccurswhenone

or moreuserssignalexactlycancels.Thejoint optimaldetectoris implementedby enumeration,

wherethelikelihoodof all the t 4 possiblecombinationarecalculated.Thenequivalentminima

meansthattwo or moreof theenumeratedvaluesareidenticalandthedetectorhasto chooseat

randombetweenthese.This impliesthatif theprobabilityfor suchidenticalminimato occuris

finite, thenwewill experienceaBER-floor[19]. Thesameis observedfor theoptimalindividual

detector, whereoneor moreof the symbolposteriormeanvaluesequalzerowhich reflectthe

ambiguityin theLikelihooddueto thecancellation.

In thebifurcationanalysiswill weassumeperfectpowercontrol,i.e.withoutlossof generality

all
8 Y � �÷� , sinceonly undertheseconditionscantwo usersexactly canceleachother. They

furthermoreneedto haveidenticaltimealignedspreadingcodes.3. This impliesthatequalpower

profileandthesynchronousmodelis worstcasein termsof localminima!

Wewill assumethatthecodecorrelationmatrix’seigenvaluesarenon-degenerate(multiplicity

one) which is a reasonableassumptionfor moderateto high spreadingfactors K , sincethe

eigenvalue spectrumtendstowardsa continuousspectrum. Non-degeneratecodecorrelation

eigenvaluesgenerallyimplies that the Hessian’s eigenvaluesare also non-degenerate.Since

thebifurcationof a fix-point is determinedin thezero eigen-directionsof theHessian[32], theø
For non-perfectpower control threeor moreuserscancanceleachotherif their respective codespermitsit, but this hasa

lowerprobabilitythanthementionedcase.
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previousassumptionis equivalentto sayingthatwecanconsiderthebifurcationin onedirection

whichwedenoteù �`_ with correspondingcodecorrelationeigenvalueÚ �`_ .
Themain resultof thebicurcationanalysis,given in appendixI, is theso-calledbifurcation

setor spinodallines

ú ù ~�`_ l
t�´ 4¸ 5�6 � ù �¬_ �gû¸

Y
> ´ � ´CL X _´ 4¸ 576 � ù �¬_ �gû¸

ü
�
H (26)

wheréWL X _ �ý� � Ú �¬_ . Thebifurcationsetgivestheconditionsfor goingfrom a singlefix-point

solution(lhs Á 0) to threenon-degeneratesolutions(lhs þ 0) of which two arestablecorre-

spondingto a minimumof freeenergy andoneis unstable.In figure1, we plot thebifurcation

setwhichgivesriseto thecuspfigure.Insideonecuspwehavethreefix-points.Outsidethecusp

thereis only onefix-point. Wehaveonly drawn cuspscorrespondingto H ã ¶ ü 4¸ 5�6 � ù �¬_ � û ¸ ã 6ü ,
sincefrom corollary1 we know that for

4¸ 576 � ù û�`_ � ¸ ã � and ´õÁê� , only onesolutionexists.

Wealsonotethat Ú � _ � � > ´ ç � � sincé ç H andÚ � _ ç H .
We will now look at theconsequencesof thebifurcationset. Theconditionfor triple degen-

eracy is Ú � _ � � > ´À�%H and ù ~�`_ lÿ�%H . Thefirst fulfilled exactlyat ´
�æ´WL X _ below ´CL X _ wehave

threesolutions! � _ �ëH which is a maximumand ! � _ � # ü � ¶ib X _ dJ¶ �¶�� ¤X�� w � � X _ ��� X thatareminima. This

typeof bifurcationis theclassicalpitchforkbifurcation,seetopplotsof figure1,whereonevalid

fix-point becomesthreefix-points. The fix-point in the middle is unstablesincethe curvature

is negative. The two otherfix-points areminima sincethe curvatureis positive. But they are

alsoequivalentminimameaningthatthey have thesamefreeenergy, seefigure1 topright. This

meanthat any searchmethod,even if we try all possiblevalues,will at randomchooseeither

thewrongor theright one,thefirst correspondingto errorpropagation.Sincethisbifurcationis

socritical thateventheoptimaldetectorcanmake errors,we wantto examinetheconditionfor

ù ~�`_ l²�GH in termsof thecodecorrelationmatrix andhencetheexistenceof equivalentminima.

Wederive theconditionfor equivalentminimain onedirection ù �¬_
Theorem 2 (Equivalent minima in one direction). Let ù �`_ bean eigenvectorto thecodecor-

relation matrix r , let Ú � _ be the correspondingeigenvalue, and let ´ ã ´CL X _ thena sufficient

conditionfor twominimaalong ù � _ to exist is Ú � _ �%H .
Proof: Westartby writing out thereceivedandmatchedfilteredreceivedvector l in terms

of the transmittedsymbols n , the codecorrelationmatrix r , andthe colourednoisevector �
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with covariance@ Y r
lÿ� r�n > � (27)

thentheprojectiononto ù � _ is

ù ~� _£lÿ� ù ~� _£r|n > ù ~� _ � � Ú �¬_ ù ~� _£n > ó Ú �¬_ ù ~� _ @ �	� � (28)

wherewe usedù ~�¬_ r � Ú � _ ù ~�`_ andthat � � 4��576 ù � ó Ú � ù ~� @ �	� where �	� is a � dimensional

white standardGaussianvector. Now if Ú � _ �GH we have ù ~�`_ l � H which wastheconditionfor

two equivalentminimawheń ã ´CL X _ . HenceÚ �`_ �%H is sufficient for this to hold. î
We seethata sufficient conditionif ´ ã ´WL X _ for two equivalentminimato occuris whenthe

codecorrelationmatrix is singular. This for instancehappensif two or moreusersareassigned

thesamespreadingcode.Underrandomcodeassignment,theprobability for this is a bounded

functionof � and K [19]. Anotherway that thezeroprojectionconditioncanbefulfilled is if

l��ÂH , but this only happensif the noiseexactly cancelsthe signal,which happenswith zero

probability.

In generalthespreadingcodesaredesignedsothattheconditionin theorem2 is metwith very

low probability. In factdoesthis probabilitygo to zeroas � $ & while
4 a ��
 þ � is kept

fixed,sincethecodepropertiesconvergesto thatof therandomGaussiansphericalmodelwhich

hasfull rankfor 
 þ � . This meansthatfor large � and K ÁÀ� , we will no longerexperience

anerrorfloor, which is identicalto thefactthattheir is noambiguitiesin thelikelihood.

But evenin thelimit �U$ & ,
4a ��
 þ � thereis a non-zeroprobability in experiencingan

eigenvalueÚ �`_ þ B . In thiscasewill weassumethatthepictureis only aslightperturbationof the

above whereÚ �`_ �GH . We will thenexpectthatthetwo equivalentminimabecomeinequivalent

andhenceonewill havea lower freeenergy thantheotherwhichwill becomealocalminimum.

Thoughtheoptimaldetectoris independentof localminima,thesuboptimalmightnotbe.We

will now turn backto consequencesof the bifurcationsetfor non-zeroprojection ù ~�`_ l , which

dueto theorem2 is metwhen Ú � _�� H . If theprojectionis small, two non-degenerateminima

exist Whentheprojectionis sufficiently largeonly oneof theminimawill persist.As a function

of ´ , wewill no longerseethepitchforkbifurcation,but asaddlenodebifurcationtogetherwith

a solutionthatdoesnot bifurcate,see2 bottomleft. Theseconditionsaremet insidethecusps

on 1. We seeasa function of ´ and Ú � _ how large the projection ù ~�`_ l hasto be for only one

fix-point to exist.
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We have analysedthe bifurcationin onedirectioncorrespondingto believing that only one

of the hessianeigenvaluesarezeroat a specificcritical ´CL . This is not always the case,but

dependsuponthecodeproperties.But theprobability that two of thecodecorrelationmatrix’s

eigenvaluesareequalis a rareevent alreadyat moderatecodelengths K . So we will assume

thattheanalysisof onedirectionata time is sufficient.

A moresubtlequestionis how the fix-points change,whenthe bifurcationdoesn’t happen

closeto � � � H . The first thing to notice is when � � � H the Hessianeigenvectorsare

not identical to the codecorrelationmatrix’s. But sincethe free energy
³

is boundedfrom

below
��� � ¨ ��n � � k ��nSm l ��� � 6¶ ³ �"´µ� ¨ ��n ��� ¶ 5 Z V >À®O¯ 2 <`° ç H we will alwayshave an uneven

numberof fix-points taking into accounttheir eventualmultiplicity, becauseon bothsidesof a

maximumtheir needto be a minimum in orderto make the free energy boundedfrom below.

Thebifurcationsobservedin practisewill thereforeat leastrequiretwo minimain onedirection

andhencea maximumin between.So we canexpect the bifurcationsat � � ��H also to be

eitherpitch fork or thesaddlenodelikebifurcation.Wecanshow thatall evenordertermsof the

Taylor expandedfreeenergy arepositive dueto theboundingfrom below. This meansthat the

bifurcationis alwayshappeningfrom high ´ to low ´ aswasthecasein thestudyat � � �íH .
Sothequalitative pictureof thebifurcationsarethesame.Fromtheanalysisof thebifurcations

in thepoint � � �õH we hadthepredictionof thecritical ´CL X _ � � � Ú � _ . We now have a last

theoremsaying

Theorem 3 (Upper bound critical temperatures). If wehavepredictedthecritical tempera-

ture’s ´ � f �L X _ �ê� � Ú �`_ , � [ D F\�O]��^N by evaluatingin � � ��H thenthe true critical temperatures

for � � �%H is boundedby

´WL X _ ã ´ � f �L X _ � (29)

Proof: Westartby lookingat theeigenvaluesof theHessianevaluatedin � � �%H

y È ��r �)× > ´ �
� � ��� � � Y ç y È �xr � × > ´ × ¥ È �� �

� � � � �� � Y � Ú � _ � � > ´ ¥ È �� �
� � � � �� � Y � (30)

Theabove implies

´ L X _ � ¥ � z� ��� � � � �� � Y � ��� � Ú � _ � ã ��� � Ú � _ � �æ´ � f �L X _ � (31)

whereweused � � �� � Y ã � . î
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The theoremprovidesuswith theknowledgethat thebifurcationshappenat ´ ’s lower than

� � Ú �¬_ , i.e. � � Ú �`_ is a conservative estimateof the critical point. This actuallyexplainsthe

behaviour whentwo usersareassignedthesamespreadingcodeandwe still areableto decode

them. Thecodecorrelationmatrix is singular, andwe would predicta pitchfork bifurcationat

´
��� . This is trueif thetwo usersadddestructively theń L ��� . But if they addconstructively

the bifurcationdoesnot happencloseto � � � H generallymaking ´CL þ � . In thesecaseśCL
oftenbecoméCL�� H i.e. thecondition ´ þ ´WL��ýH cannot be fulfilled in theorem2, andwe

do not have equivalentsolutionsi.e. no ambiguity in the likelihood,andwe do not have the

predictedbifurcation.

VI I . ANNEALING

The analysisof the fix-points of equation(18) hasshown two fundamentalpropertiesof a

non-orthogonalCDMA setup:Firstly, only whenthecodecorrelationmatrix r is singularthere

will exist anumberof equivalentminimain thefreeenergy function(12)whichnodetector–not

eventheoptimalone–candistinguish.Thisleadsto theerrorfloor of the ��� R curves.Secondly,

we canhave situationsthatcorrespondsto a slight perturbationof equivalentminimacase,i.e.

with oneglobalminimumandsomelocal minimawith (slightly) higherfreeenergy. Thelocal

minima makesit hardfor local search/optimisationmethodsto find theglobalminimum. The

knowledgeof theexistenceof a convex freeenergy for ´GÁE´WL w andthatthis fix-point typically

will changewith ´ as depictedon figure 2 bottom left, proofs that we can track the global

minimum in the caseswhereit is unique. Tracking the global minimum by decreasinǵ is

the ideabehindannealing, which is a widespreadtechniqueusedin many physical/statistical

systemswith bifurcationbehavior like depictedin figure 2. Although the picture is rarely as

clear cut as seenfor the CDMA setupstudiedhere. Even estimatingthe ´ that guarantees

convexity ´CL w canbedifficult, makingannealinglessstraightforwardto applythanhere.

Therecipefor trackingthefix-point is thenasfollows, startat ´�Áä´WL w at a random� or in

zero,iteratethefix-point condition(only onefix-point exists),decreasé iteratefrom the last

� etc.Repeatthedecreasingof ´ until thedesired́�� is reached,eventuallý��µ� @ Y or ´��+�%H .
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A. AnnealingScheme

Wewill now addresshow fastto anneal,i.e.how muchcanwedecreasé in orderto trackthe

fix-point andnot jumpto adifferentfix-point. Beforeproposingtheannealingscheme,wemake

the following notions.Thefirst bifurcation,which canhappenslight below ´CL w �ê� � ÚáÛCÜ Ý , is

generallythe worst andmostimportantbifurcation,sinceif we alreadyat the first bifurcation

jump to another(wrong) fix-point we will alreadyseesomeerror propagation. In simulations

we have seenthat the goodsolutiononly bifurcateonceslightly below the predictedfirst crit-

ical point ´CL w . However, we have no theoreticalexplanationfor this phenomenon.The first

bifurcation,if it exists, is somehow distributedbetweeń �ê� and ´ ��H . Thedistribution is

determinedby thenumberof users� , thespreadingfactor K andthe ï�ð+/ .4 Sincethis distri-

bution is hardto obtainwe thereforemake theassumptionthatthefirst bifurcationis uniformly

distributedbetweeńU� � and ´½�½H . In the designof the annealingschemewe mustalso

take into accounthardware/computationalconstraintsexpressedthroughthemaximumallowed

numberof stagesQ�ÛWÞ;ß , whereonestagecorrespondsto the updateof all � users.With these

assumptionswe proposeto anneallinearly from ´ �ý� to ´ �é´�� with Q�ÛCÞàß equidistantdiffer-

ent ´ s andwherethedesired́��|� @ Y or ´��|� H for soft or hardestimatesrespectively. This

makes the complexity ö � Q�ÛCÞàß � � to decodeonebit, which is identical to usingconventional

subtractive interferencecancellation.

VI I I . MONTE CARLO SIMULATIONS

We have madeMonteCarlostudiesin orderto verify our theoreticalanalysisof the freeen-

ergy’s fix-pointsandquantifythegainsobtainedby usingannealing.All BER-pointsweresim-

ulateduntil �OH:HJH bit errorswasseen.This approximatelycorrespondsto � H:H - � HJH independent

errorsgiving around�	� of errorin theBER-estimates.

Onfigure3 left plot weshow thebifurcationdiagramfrom thedetectionononegivenreceived

signal l generatedby K ��� , � ��� , all usershaving unit power, correspondingto perfect

power control, anda ï�ð+/ ����� � which thenis identical for all users. We solved the naive

meanfield equations(18) at different ´ with serialupdates.At each́ we solved from �pHJH:H
randomstartingpointsuniformly distributedin the hyper cube F � �p]Ë�ON 4 . At the ordinateaxis�

An adaptive schemethat dependson the actual  and ! canbe derived,but it will generallyhave a complexity that is no

longerlinearin " .
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we have shown the found solutionsprojectionson the actualtransmittedbits n , scaledso that

if thesolutionis identicalto thetransmittedbits n , we getzero.We seethatabove ´ë�õ� only

onesolutionexists aspredictedby the corollary 1. Around ´ � HJ�#� we experiencethe first

bifurcation,the solutionthat goestowardszerois the onethat hasthe mostsmoothbehaviour

which is theonewe want to track. Thesolutionthat is abruptto thefirst solution,doesnot at

first sighthave thebehaviour predictedfor a saddlenodebifurcationtogetherwith thesolution

of interest. But this is an artefact of the solution closeto a critical ´ , herethe free energy

landscapeis extremelyflat, so it takesinfinitely long time to converge to eitherthe interesting

solutionor thesolutionthatdeterminesthebeginningof thesaddlenode.We alsoseefrom the

correspondingfreeenergiesonfigure3 right plot, thatthetwo solutionsareverysimilar, making

it clearthatlocal searcheasilycanbestuckin a wrongsolution.On thebifurcationdiagramwe

seefurther bifurcationsof the badsolution. The bifurcation just above ´ ÁUHË��� is the same

for the two branchesbut it doesnot influencethe goodsolution. This is a behaviour we have

seenin many cases,but its generalisationneedstheoreticalbackup.We alsoseethat the later

bifurcationshave freeenergiesequalto eachothersinceonly two energy curvesareobserved.

On figure4 we show a simulationsetupidenticalto figure4 in [19]. Thesetuphas K � �%$ ,
� � � and randombinary spreadingsequenceswith unit energy, we again operatedin the

idealpower controlcase.We seethatthefundamental,.-0/ -floor is very closeto thepredicted

� � ú:ú � �pH d'& [19]. Weusedtheannealingschemesuggestedwith �OH equallyspreaddifferent́ ’s in

theinterval F\��� @ Y N we took two iterationsat each́ 5. We seethatfor large ï�ðM/ regionswe are

ableto obtaintheoptimalsolution. We alsoshow theperformancewhensolvingtheequations

(18),still with serialupdatesusing tJH iterationsfor comparison,atafixed ´
� @ Y corresponding

to theactualnoiselevel. Weseethatusingthisapproachtheinterferenceis not resolved,i.e.due

to local minima. Thecaseis worse(not shown) if we solve with ´���H correspondingto hard

tentative decisions.We have alsoshown thecaseof just solvingwith ´ë� � , i.e. for which the

freeenergy is provableconvex andhencewe have no local minimaproblems.Theperformance

with tJH serialiterationsis quitegood,however it shows anexpectedelevatederrorfloor dueto

the fact that we enforcea too high error level ´ �÷�}Á @ Y . For high Q KSR ’s we seethat all

methodsarecapableof gettingtheoptimalsolution,this is thedomainwheretheGaussiannoise(
We have not optimisedthe numberof ) ’s and iterations,but the chosennumberseemedto be sufficient, henceit canbe

optimisedto lower thecomplexity.
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dominatesthe bit error rateand ´½� @ Y Á÷� which guarantiesus convexity, which is solved

without theuseof annealing.After this region we seethat local minimastartsto influencethe

differentdetectors,makingtheir bit error ratebranchaway from theoptimalone. We seethat

usingannealingmakesthis branchingappearmuch later thanthe otherdetectors.In fact the

annealingdetectoralsobranchesaway, first makingus believe that our annealingschemewas

too coarse,we tried to addin moreiterationsanddifferent ´ ’s but it seemedlike theobtained

curve is the limit curve. Thefact thatwe for increasingï�ð+/ again is capableof obtainingthe

optimal curve makesus believe that the excesserror merely is dueto an approximationerror

inherentof thenaive assumption,which canbecorrectedby a biascorrection[22], [21]. This

hypothesisis supportedby figure6 wherewe seesamplesof thefinal decisionstatisticsagainst

theoptimalsolutionfor thesetupconsideredatfigure4 ata ï�ðM/ ���OH . Weseethatthedecision

statisticsis systematicallyoverestimatedby a factor( Áý� ) dependingon thesizeof theoptimal

solution’s final decisionstatisticsnumericalsize.

Onfigure5, wehaveshown asetupsimilar to thesetupin Ref. [16] figure7. Thissetupshow

the ï�ðM/ degradation* , comparedto the singleusercase,neededto obtaina target ,�-0/ �
�OH d Y for variousloadsdeterminedby thenumberof users� to thespreadingfactor K��Â�OH:H .
The annealingdetectoragain uses �OH different ´ ’s equallyspreadbetween� and @ Y with two

iterationsper ´ . The othercurve correspondto solving the equationsat the desired́ � @ Y
Again thesituationis evenworsewhensolvingat ´ý�ýH . We seea dramaticimprovementby

usingannealing.In factis theresultfrom usingannealingidenticalto thebestresultobtainedin

Ref.[16]. Thismakesusbelievethatthecurveobtainedis a limit curveandthatthecancellation

schemeusedin [16] in factutilizesamechanismsimilar to annealing.

IX. DISCUSSION

Thequality of approximative multiuserdetectionschemes,asmeasuredby theaveragedbit

errorrate,dependuponmany factors.For non-linearapproximative multiuserdetectionthefix-

pointscanhave varyingquality, andeventhebestfix-point neednot beidenticalto theoptimal

(exponentialtimecomplexity) solution.This typeof erroris whatwewill denoteapproximation

error. In ourcasethenaiveassumptionwill leadto someapproximationerror, thusthis is small.

Sincenon-lineardetectoroften hasmany fix-points,we mustbe carefulwhensolving the fix-

pointequations.In successive/serialinterferencecancellationfor non-idealpowercontrol,it is a
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goodideato cancelin descendinguserpowerorder, becauseit introducesthesmallestbias[33].

In thecaseof idealpower control this schemecannot be followedbut insteadassuggestedin

[16] alessproportionof theestimatedinterferencecanbesubtractedin orderto takeinto account

thevariability and/orbiasof thenext tentative decisionstatistics.Whetherit is importantthat

the tentative decisionsaremaximalnon-biasedand/orminimumvariatein orderto avoid local

minimais still anopenresearchissue,but it seemslike thereis aconnection.

Ourwork usesannealingto avoid localminima,i.e. trackingthefix-point solutionatdecreas-

ing noiselevels ´ . One interpretationof decreasinǵ is that the tentative decisionstatistics

signal to noiseplus interferenceis higher in the first stagesanddecreasesover the following

stages.An indicationof the correspondenceis Ref. [17] wherean adaptive covariancematrix

is updatedby enforcinganextra setof self-consistentequationsconstrainingthecovariancebe-

tweentheinterferenceterms.This approachalsoseemsto have a connectionto thecorrections

of thenaivemeanfield equations(18)foundin thephysics/machinelearningliterature[21], [22];

herea similar setof self consistentequationsareusedto correctthe biasof the final decision

statistics.

X. CONCLUSION

In this contribution we have shown thatsubtractive interferencecancellationwith hyperbolic

tangenttentative decisionfunctionis equivalentto theminimisationof a variationalfreeenergy

derivedfrom a Kullback-Leiblerdivergenceusinga diagonaltrial distribution. We usethefree

energy to analysethe fix-points of this subtractive interferencecancellationas function of a

parameter´ correspondingto thenoiselevel or thegainof thetentativedecisionfunctions.

Thefirst theoreticalresultshows thatabove a certaincritical ´CL w we only have onefix-point.

Secondly, weshow thatdueto thefactthatboththesignalandadditiveGaussiannoiseis spanned

by thespreadingcodes,thatzeroprojectionshappenwith vanishingprobabilityunlessthecode

correlationmatrix is singular. Non-zeroprojectionsensurethatthefix-point of interestwill not

reallybifurcate,but insteadaspontaneoussaddlenodebifurcationoccurscloselyto thefix-point

of interest.Theclosenessis determinedby themagnitudeof theprojection. In thecasewhere

thecorrelationmatrix is singular, thefix-point of interestandthesaddlenodebifurcationmeets

andbecomethe classicalpitch fork bifurcationwith two equivalentfix-points asmeasuredin
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termsof freeenergy. However, oneof thefix-pointshaveahigherbit errorrate,i.e.wegeterror

propagation.

The fix-point analysisprovesthat, aslong asthe problemcanbe solved by the optimal de-

tector, wecantracktheinterestingsolutionby solvingtheinterferencecancellationequationsat

variouś s startingat ´��ê� down to ´ � @ Y , anapproximationto thesoft individual optimal

solution,or down to ´ � H correspondingto joint optimal detector. This trackingis the idea

behindannealingoften usedasa heuristicin optimisation. It is a heuristicbecauseit often is

appliedwithout thetheoreticalbackupthatweprovidehere.

Thetheoreticalfindingsaresupportedby MonteCarlosimulations.Thefirst showsasignalto

noiseratiogaincomparedto notusingannealing,in factit is possibleto obtainthejoint optimal

solutionin someregionsof the ,�-0/ - ï�ðM/ curve (low ï7ð+/ andasymptoticallyhigh ï�ð+/ ). The

non-optimalperformancein the intermediateï�ð+/ region is, in our opinion,dueto somekind

of approximationerror madeby the naive independenceassumption,which leadsto a biasof

the final decisionstatistics. We arecurrentlyexaminingthis hypothesisandtestingadvanced

methodsgoing beyond the naive assumption.We show that the numberof usersin a system

with a given spreadingfactorandtarget bit error ratecanbe improved dramaticallyby using

annealing.With this setupwe recover the resultsobtainedby ImprovedParallel Interference

Cancellation[16], whichmakesusbelievethatthismethodemploysamechanismcloselyrelated

to annealing.
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APPENDIX I

FIX-POINT ANALYSIS

Thebifurcationanalysisof thefix-points is carriedout by makinga Taylor-expansionup to

thefirst non-linearorderof thefix-point condition. Sincetheparameterspacehashigh dimen-

sionality, onestudiesthis expansionin the relevant directions,i.e. the eigenvectorsof the cost

functionsHessian,evaluatedin thepoint of theTaylor expansion.Thespaceis thenreducedby
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thecentermanifoldtheorem[32]. In ourcase,this reducestheTaylor-expansionof thefix-point

conditionto a onedimensionalpolynomial. Thecategorisationof thebifurcationthendepend

on thecoefficientsof thepolynomial.

WestartbyTaylor-expansionof thefreeenergyaroundanarbitrary� � , sothat � � � � > ��
³ �3´+�=�Í�=l � � ³ �3´+�=� � �=l � � �� ~ l

> 4
� � � _ 576 � h �`�`_�� � �`�`_ � � � � �

t � � �¬_ >�� �� _ (32)

� ´
+
¸ 576

�,.-
4
��576

Ã ¸0/ ª ��� �
� Ã � � � ¸ Ù21 ��� � � �

¸

andderive thecorrespondingfix-point conditionin thepoint l
Ã ³ �3´+�=�Í�pl �Ã � �¬_ � �  �`_ >

4
��576 � h ���`_ñ� � ���¬_ � ��� � � >�� �� � (33)

� ´
+
¸ 576

�
� , � � � -

Ã ¸ / � ¨ � _ � � � _ ���
� Ã � �`_ � ¸ Ñ 1 X _

��� � �`_ � ¸ d 6 �

wherewe usedthepropertythat theentropy of the factoriseddistribution ¨ ��n � have zerocross

partialderivatives.

Wewill now considerthefix-point conditionin thespacespannedby theHessianeigenvectors

ù 6 to ù 4 , collectedat columnsin 3 with correspondingeigenvaluesâ 6 ã ����� ã â 4 , wherethe

Hessianis evaluatedin � � and ´CL . We cannow write thedeviation ��� away from � � in this

new spaceas ��� � 4��576 ù � ! � � 3 Ä andthefix-point conditionin thisnew spacethenbecome

Ã ³ �"´µ�=� � > 3 Ä �=l �Ã ! � _ � Ã � ~Ã ! � _
Ã ³ �"´µ�=�Í�pl �Ã � Ù21%46587 �%H�� (34)

Wewrite this out toÃ ³ �"´µ�=� � > 3 Ä �=l �Ã ! �`_ � � ù ~� _ñ��l � ��r �Æ× � � 3 Ä > � � ���
� ´

+
¸ 576

�
� , � � � -

4
�5�6

Ã ¸9/ � ¨ � � � � ���
� Ã � �`_ � ¸ Ñ 1 X

� ù � _ � � � 3 Ä � ¸ d 6� � (35)
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andretainup to third ordertermin ! �¬_
Ã ³ �"´µ�p� � > 3 Ä �=l �Ã ! � _ � � ù ~�`_ñ��l � ��r �Æ× � � ���?> â � _ ! � _
> ´ �t

4
��576

¦ � � >�� ��� � � �� � ù �`_ � � > �"´ � ´CL �
4
��576

�
� � � � �� � Y � ù �¬_ � � � 3 Ä � �

> ´
4
��576

� ��
��� � � � �� � Y � Y � ù �¬_ � � � 3 Ä �

Y � > ´
4
��576

�ú � > ú � � �� � Y
��� � � � �� � Y � ü � ù �¬_ � � � 3 Ä �

ü � �%H��
(36)

Whenwestudybifurcationsof fix-pointswedefinethecritical ´CL asthepointwhereoneor more

of theHessianeigenvaluesbecomezero.Thecentermanifoldtheoremin thebifurcationlitera-

ture[32] statesthatthebifurcationis determinedin thespacespannedby thezeroeigenvectors.

This correspondsto looking at directionswhere â � _ �õH , but since â � _ is an eigenvalueof the

Hessianat ´WL , wehave ù ~� _ ����r �æ× �?> ´WL�Ø ��� � ��� ù �`_ �%H .
We arenow aboutreadyto make the characterisationof the fix-point bifurcations.First we

noticethat if l � è the free energy is symmetricin all � directionsandhence� � � H is a

fix-point. We thereforeevaluate(36) in � � �äè and́CL
Ã ³ �3´+� ù �`_ ! �`_ �=l �Ã ! �`_ � � ù ~�`_£l > � Ú �`_�� � > ´ � ! �`_ > ´ ú

4
��576 � ù �`_ � û �=!

ü �`_ > ö �3! û �`_ � �%H±� (37)

wherewe used â �`_ > �"´ � ´CL � � Ú �¬_Ê� � > ´ , sincethe eigenvectorsof the codecorrelation

matrixalsoaretheeigenvectorsof theHessianwhenevaluatedin � � � è independentlyof ´ .

We are now readyto find the bifurcationset. To easenotationwe assign : ¾ ù ~�`_ l , 9 ¾
â � _ � � > ´ , ® ¾ ¶ ü 4¸ 576 � ù � _ � û ¸ andour free variableto ! ¾ ! � _ thenthe fix-point condition

becomes: > 9 ! >Í® ! ü �%H . Theconditionfor adoubledegenerateminimumis thederivativeof

thefix-point conditionequalszero 9 > ú ® ! Y �ëH . Sincewe canwrite thefix-point conditionas

: > !�� 9 > ú ® ! Y � � t ® ! ü �ôH we have thefollowing fix-point conditionfor a doubledegenerate

solution : � t ® ! ü �GH which leadsto ! ü � ;Y L andthecondition 9 > ú ® ! Y �GH gives ! Y � �=<ü L .
Eliminating ! by squaring! ü � ;Y L andcubing ! Y � �=<ü L yields the bifurcationset ;Y L Y �
� <ü L ü with theoriginalparametersinsertedseeequation(26) in themaintext.
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Fig. 1. Bifurcation setsfor various
wø ¤X9� wFE � XFG , and ) relative to the critical ) bIH G . Onebifurcationset form a cusp. For

a parametersettinginside the cusp,threefix-points exists in the direction E XFG , outsideonly onefix-point exist, on the cusp

two fix-points exist onewith doubledegeneracy. We seethat if we choosethecusp
wø ¤X�� w#J �XLK wø , thenif ) is so low that)NMO) b H G K M�P thenwe needa projection E	QX G  RTS6UWV or morein orderto only have onefix-point. Whereasif ) is a bit

higher, let’s sayso )�MX) bYH G K M wV , thenwe only needa projectionof thesizeS6UWZ . If ) is sohigh that )�MX) bIH G\[ S we only

haveonesolutionnomatterthevalueof theprojection.
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correspondingto thepresenceof asmall E Q  , i.e. nobifurcationof theinterestingsolutionandtheappearanceof asaddlenode

bifurcation.

September4, 2002 DRAFT



29

10
−3

10
−2

10
−1

10
0

10
1

0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5

10
−3

10
−2

10
−1

10
0

10
1

−8000

−7000

−6000

−5000

−4000

−3000

−2000

−1000

0

PSfragreplacements

d ae
fhg i

´

> ab c

´
Fig. 3. Left empiricallyfoundbifurcationdiagramfor a " Kkj andl Kmj setup;right thecorrespondingfreeenergy.

September4, 2002 DRAFT



30

0 5 10 15 20 25
10

−5

10
−4

10
−3

10
−2

10
−1

10
0

T=σ2

Annealing
Optimal
T=1
Single User Bound

PSfragreplacements

n9o

� <.p K f �0� � �
Fig. 4. Useraveragebit errorrateq º , for " Kmj and l K P`r . Dotted:singleuserbound,dashed:ML by enumeration,solid:

MeanField annealingsubtractive interferencecancellation,solid with markers: subtractive interferencecancellation) K P ,
dashdotted:subtractive interferencecancellation) Kts V .

September4, 2002 DRAFT



31

0 10 20 30 40 50 60 70 80 90 100 110
0

1

2

3

4

5

6

7

8

9
Annealing
T=σ2

PSfragreplacements

u

v#w
x y9z
{ |9}
~� �
�

Fig.5. ���2� degradationcomparedto asingleuseratatargetuseraverage�����L�����m���'��� asfunctionof thenumberof users.

Thespreadingfactoris �������`� . Solid: MeanField annealingsubtractive interferencecancellation,dashdotted:subtractive

interferencecancellation�T�t� � .

September4, 2002 DRAFT



32

−20 −15 −10 −5 0 5 10 15 20
−20

−15

−10

−5

0

5

10

15

20

PSfragreplacements

� ��
����  
¡ ¢¤£¥§¦
¨©#ª«¬

¯®	°²±	³Y´¯µ.¶�·�¸'¹�º¼»¾½�¿@À Á²ÂYÃ
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