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1 Introduction

Linear inversion schemes based upon the concept of diffraction tomography have proven
successful for ground penetrating radar (GPR) imaging [1], [2], [3]. In many GPR sur-
veys, the antennas of the GPR are located close to the air-soil interface and therefore, it
is important, as illustrated in [2], to incorporate in the inversion scheme the presence of
this interface. In [2] the antennas are modeled as ideal (Hertzian) electric dipoles. Since
practical GPR antennas are not ideal, it is of interest to investigate the validity of this model.

In this paper we extend the formulation of [2] to hold for arbitrary antennas. For simplicity
the 2.5-D case is considered, that is, it is assumed that the scattering object in the soil is
invariant in one direction, which for instance is the case for a pipe. The arbitrary antennas
are modeled by their plane-wave receiving- and transmitting spectra. We find these spectra
numerically for a resistively loaded dipole using the method of moments. Also, we illustrate
through a numerical example the importance of taking into account the correct antenna
pattern in GPR diffraction tomography.

2 The 2.5-D Forward Model

An example of the GPR configuration involving the planar air-soil interface is shown in
Figure 1. A Cartesian zyz coordinate system is introduced such that the zy plane co-
incides with the interface and such that 2 > 0 is air. An object, which is assumed in-
finitely long in the % direction, is buried in the soil. The propagation constant of air is
ko(w) = w,/foeq and that of soil is k;(w) = w./fig€1, assuming that the soil is lossless.
The position of the receiving antenna is described by (zr, yr, 2,) and that of the transmit-
ting antenna is (zy, yt, 2) = (Tr + TA, Yr + YA, 2r) with the offset (za, ya, 0) being fixed.
It is assumed that the conductivity o(y,z) is much less than the contrast in permittivity
Aely,z) = €(y,z) — €, e, 0(y,2) € wlAe(y,z) over the frequency band of interest.
Assuming an X-directed antenna described by the current density J;(z,y, 2, w), the back-
ground electric field E; in the soil can be expressed as

Ey(z,9,0) = (2—;)7 / / S ke, ky, ) exp(ilka (z — 22) + by (y ~ 90)

+ Yozt — n2]) dkzdk,  (time factor exp(—iwt)) 1)

where the plane-wave transmitting spectrum S is [3, (4)]

—w,

Sy (ks by, w) = 2”0.71,(kz,kg,—7o,w)§(-F(-—kz,—ky,w). @

*The Danish Technical Research Council is acknowledged for supporting this work.
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Herein, v; = yi(kz, ky,w) = y/k?(w) — k2 — k2, i = 0, 1, the expression for the dyadic

kg, ky, w) describing the interface can be found in {2, (6)], and Jj is the Fourier transform
of the current density defined as

o0
Jolkz, ky, kzyw) = // Jo(z,y, z,w) exp(—ilkzz + kyy + k.2]) dzdydz.  (3)
~00

Assuming that the buried object is a weak scatterer, such that it satisfies the Born approxi-
mation, the output s of the receiving antenna is

o)
iw? 1
S(artrson ) = 55 [[ SRl k) [[[ Bty wiaey, )
—00 2'<0

- exp(ifkz(zr — 2) + ky(yr = ¥) + Y020 — M2))dz'dy/'d2’ dkz dk, (4)

where R is the receiving plane-wave spectrum of the antenna. In case of a reciprocal an-
tenna, the receiving spectrum is related to the normalized transmitting spectrum S (resulting
from an input signal of 1 volt) as

_n (kz, ky, w)

wpoYo
where Y is the characteristic admittance of the transmission line connected to the receiving
antenna. Replacing (kz, ky) with (kg, k;,) in the expression (1) for the background field and
inserting into (4), performing the integration over z’ and k, carrying out the substitution
ky = ky + ki, and Fourier transforming with respect to y,, we arrive at

R(k:,ky,W) S(~kz, _kyyw) (&)

§(ky, Zpy w) =

8r? Yk, ky + Ky w)
- exp(i[(y0 (k. by w) + 70 (K3 by + Ky, w))2r — kpza — kyyal)

: / / Ae(y', 2") exp(=ilkyy' + (11 (K, ks w) + 71(kg, by + Ky, w))2'))dy' d2' dk dky.
2/<0

o 7/ R(kL, ky + ki) - Sp(ky, k)
—00

(6)

Now we can use the result of [2, Appendix] to calculate the integration over k and k;,
asymptotically as z’ — —oo. The result is

§(ky, 20, w) ~ D(ky,w)Ber(ky, /4k3(w) — K2) )
where
Dlkyw) = —259 R0, Lk, ) - 8400, — 2y ) /220 ) — k2
WO Tork(w) 2 v PR TR VIR T Ry
. 1

- exp(ify/4k5 (w) — kjzr + Skyyal) ®
and Aei(y, z) = Ae(y, 2)/ 2. Usinug (5), (2), and [2, (6)], it can be shown that R(0, %ky,w)-
Sb(01 _%kw "’J) = Zwl“oyo—l‘](oi _%kyv _70(01 %ky,w))']b(os _%k'yy —70(01 %kmw))

. \/4k¥(w) - kZ/(\/4k§(w) — k2 + \/4k¥(w) — k2)? where J is the Fourier transform
of the current density describing the normalized transmitting spectrum S in (5).
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3 Inversion

Using the fact that Ae is real, this function can be found from its Fourier transform Ac
through

Acly, z) = #Re [ / / Re(ky, k) exp(ilkyy + k27]) dkydkz]. ©)
230

To use the relation between the measured data s and Ac in (7) we must carry out the sub-

stitution k, = 4/4k}(w) — kI and restrict ky to the range |ky| < 2k1 (w). Hence,
e 0 gk ) Sy )
_z 1(w)y/Poerd(ky, w )
Aely, z) = _—Z—PRC[/ / W exp(ilkyy + k.z])dky dw] . (10)
0 —2k;(w)

4 Numerical Example

The inversion scheme of Section 3 is now tested on synthetic GPR data. Figure 1 shows a
two-layer dielectric pipe with outer diameter 24 cm and inner diameter 10 cm located 1 m
below the interface. The permittivities of the soil, the inner and outer regions of the pipe
are 10¢g, 10.2¢g, and 10.4¢p, respectively. The synthetic GPR data are calculated using the
method described in [4]. It is assumed that the radar uses 60 frequencies equally spaced
in the range 20 MHz < f < 1.3 GHz. The antennas are assumed to be dipoles of length
2 m, resistively loaded according to the Wu-King profile [5] to increase the bandwidth.
Figures 2 and 3 show two images of Ae(y, z)/eo obtained from the inversion formula (10).

Transmitter Receiver

AA

ir ¢
Air €0, po Cioem” _§4om

Soil €1, po

10cm |[1m
-

24 cm

Figure 1: The fixed-offset GPR configuration involving a two-layer circular pipe. The
antennas are resistively loaded X-directed dipoles.

In Figure 2 it is assumed that the antennas are Hertzian dipoles. It is seen that the image
is highly distorted. In Figure 3 the correct antenna model is used. The current distribution
on the antennas in the presence of the air-soil interface is determined using the method of
moments. It’s observed that the image is very accurate. This example shows that it’s an
inaccurate approximation to use simple Hertzian dipole models to describe realistic GPR
antennas in diffraction tomography. ’
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Figure 2: The image of Ae(y, z)/€o. The antennas are modeled as Hertzian dipoles.
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Figure 3: The antennas are modeled as resistively loaded dipoles.
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