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Frequency Sweep of the Field 
Scattered by an Inhomogeneous Structure Using 

Method of Moments and Asymptotic Waveform Evaluation 

Jens Troelsen', Peter Meincke, and OIav Breinbjerg 
Department of Electromagnetic Systems 

Technical University of Denmark, DK-2800 Kgs. Lyngby, Denmark 

1. Introduction 
In many radar applications it is necessary to determine the scattering from an ob- 
ject over a wide frequency band. The asymptotic waveform evaluation (AWE), 
which is a moment matching (MM) technique, constitutes a method to this end. 
In general, MM techniques provide a reduced-order model of a function. Using 
AWE-MM a linear system is expanded in terms of a Taylor series to obtain a 
fast frequency sweep of the linear system [l] .  Recently, the AWE was applied to 
method of moments (MOM) solutions of the electric-field integral equation [2] 
and the combined-field integral equation [3] to get a fast frequency sweep of the 
radar cross section of a homogeneous structure. Besides showing that the AWE 
technique constitutes a fast and accurate tool in  computational electromagnet- 
ics, it was found that a transformation of the coefficients of the Taylor series 
into the coefficients of a rational Pad6 function increases the bandwidth consid- 
erably [2]. If the structure of interest is inhomogeneous the MOM solution must 
be dictated by an integral equation that takes the variation of the electric prop- 
erties of the structure into account. To the knowledge of the authors the AWE 
technique has not previously been applied to a MOM solution based on this kind 
of integral equation. It is the purpose of this paper to investigate the use of the 
AWE technique as a tool to obtain a fast frequency sweep of the field scattered 
by an inhomogeneous structure. The investigations concern 2-dimensional (2-D) 
configurations and TM-polarization. Throughout the paper the time factor e-iwt 
is suppressed. 

2. Asymptotic Waveform Evaluation 
In this section the AWE is applied to a 2-D configuration to obtain a fast fre- 
quency sweep of the electric field scattered by an inhomogeneous structure. 
The structure, which is invariant in the z-direction, is embedded in a homo- 
geneous background medium. The electric field in this medium due to the im- 
pressed source is referred to as the electric background field. The cross sec- 
tion of the structure in the (x, y)-plane is denoted by S. We consider config- 
urations with permeability of both the background medium and the scattering 
structure equal to that of free space, P O .  We define the wave number at po- 
sition p in the (z,y)-plane as k(p)  = wJp0  ( ~ ( p )  t i.(p)/w) where ~ ( p )  is 
the permittivity and ~ ( p )  is the conductivity. Outside the structure k ( p )  = kb 
where kb = uJp0 ( c b  + iab/w) is the wave number of the background medium. 
The electric properties of the structure are described by the object function, 
O(p) = k2(p)  - k i ,  which is zero outside the structure. For TM,-polarization 
the scattered field, E,(p),  defined as the difference between the total field, E ( p ) ,  
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and the background field, Eb(p), is given by the 2-D integral equation 

E.s(p) = E(p)  - Eb(p)  = g(p,p’)E(p‘)O(d)dS’ ,  (1) [ 
where the 2-D scalar Green function is g(p ,  p‘) = iHi’)(kb Ip - p‘l) with 
being the Hankel function of zeroth order and first kind. For the discretization 
of the integral equation (1) we now expand E(p)  using pulse functions. Testing 
with delta functions at the centers of the cells yields [’ - E ( w ) ]  F ( w )  = Z b ( W ) ,  (2) 

where w denotes the angular frequency and z ( w )  and zb(w)  are column vectors. 
The n’th element of the vectors are referred to as E, and Eb,n. The matrix G(w)  
contains the coupling between the cells. The element in the n’th row and p’th 
column of E ( w )  equals 

- 

- 

(3) 
SP 

where p, is the n’th test point and Sp denotes the area of the p’th cell. Next, we 
introduce the coupling matrix z ( w )  and write the linear system (2) as 

- 

- - 
Z(w)F(w)  = F,(w) ,  where z ( w )  = [? - E(..)] . (4) 

The AWE technique approximates the electric field by the first K + 1 terms of a 
Taylor series expansion about wo. We have 

K 

The vectors B, are determined by differentiating (4) with respect to w.  We 
introduce the general notation f (”(w) = &f(u) and write M q  as 

- 
d d  

where Spo is the Kronecker delta and the elements of Z ‘ ” ( w )  can be written as 
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The q’th derivatives of g(p,, p‘) and O(p’) with respect to U ,  g(p,, p’)(”) and 
O(p’)(q), are expressed in terms of the derivatives of g(p,, p’) with respect to kb 
and the derivatives of k and kb with respect tow. 

It was shown in [2,3] that it is possible to increase the bandwidth obtained using 
the Taylor series by transforming the Taylor coefficients into the coefficients of 
- a rational Pad6 function. By applying the Pad6 function the n’th component of 
E ( w )  is approximated by 

where unJ and bn,) are the coefficients of the Pad6 function. We define b,,o = 1 
for all values of n and require L+ M = K .  The coefficients of the Pad6 function 
are determined by matching (9) and the components of (5). 

3. Numerical Example 
We investigate the monostatic scattering by a quadratic inhomogeneous cylinder 
illuminated by an electric line current, see Figure 1 .  The media are described by 
( c l , c l )  = (eo,O.OlS/m), ( E ~ , Q )  = (5€o,OS/m), and (e3,03) = (eo,0.02S/m). 
Figure 2 shows the real and imaginary parts of the z-component of the scattered 
electric field, E,,=, at the observation point as a function of the frequency. The 
MOM-reference solution is compared to a 7th order Taylor series (K=7) and a 
Pad6 function with L=4 and M=3. A total of 144 cells (unknowns) are used to 
generate the coefficients of the Pad6 function. The plotted components are nor- 
malized by the absolute value of the electric background field at the origin, EO. 
The constant value of Eo is evaluated at 200 MHz. 

Region 1 Region 2 1’: Region3 

0.12m I_ 
\ 
Observation point 

Figure 1: The axis ofthe quadratic cylinder coincides with the z-axis. The three 
regions are described by (€1, u ~ )  = ( E O ,  0.01 S h ) ,  ( ~ 2 , c Z )  = (5t0, OSlm), and 
( E ~ , Q )  = (co,0.02S/m). 

4. Conclusions 
The AWE was used to obtain a fast frequency sweep of the field scattered by 
an inhomogeneous structure. By applying the AWE technique and using the 
Pad6 function with L=4 and M=3 a bandwidth of approximately 900MHz was 
obtained. The bandwidth can be further increased by increasing L and M. It was 
found that the method is significantly faster than applying the ordinary MOM 
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solution where the coupling matrix must be filled and inverted several times to 
cover the entire frequency band. The drawback of the method is the memory 
requirement since the coupling matrix and the derivatives of the matrix must be 
stored. 

-0.4 - MOM + 
. Taylor 7. order - - - - - - 

Pad6 M=3, L=4 __ 

-0.4 

Figure 2: The real and imaginary parts of the scattered electric field for  the 
monostatic case shown in Figure 1. 
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