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Abstract— The paper introduces a robust design method for
layout synthesis of MEM resonators subject to inherent
geometric uncertainties such as the fabrication error on the
sidewall of the structure. The robust design problem is
formulated as a multi-objective constrained optimisation
problem after certain assumptions and treated with multi-
objective genetic algorithm (MOGA), a special type of
evolutionary computing approaches. Case study based on layout
synthesis of a comb-driven MEM resonator shows that the
approach proposed in this paper can lead to design results that
meet the target performance and are less sensitive to geometric
uncertainties than typical designs.

I. INTRODUCTION

icro-electro-mechanical systems (MEMS) are tiny

mechanical devices that are built onto semiconductor

chips and are measured in micrometers. They usually

integrate across different physical domains a number of

functions, including fluidics, optics, mechanics and

electronics, and are used to make devices such as pressure,

temperature, chemical and vibration sensors, gyroscopes,

engines, RF systems, and accelerometers for airbags.

Many designs of MEMS are made through engineering

experience and back of the envelop calculations, and are

highly dependent on designers’ knowledge and experience.

One reason for this is the complexity involved in the

modeling, design and fabrication of MEMS – there are many

constraints in designing and fabricating MEM devices due to

the limitations of current fabrication techniques. As a result,

many design issues are still not modeled and cannot be

detected by the simulation software.

However, as process technologies become more stable,

research emphasis has been shifted from developing specific

process technologies towards the design of systems with a

large number of reusable components, such as resonators,

accelerometers, gyroscopes, and micro-mirrors. It is obvious

that performance of individual components will influence the

quality of the whole system [1]. For example, frequency

stability of a MEM resonator can directly affect the quality

of the MEM RF system in which it serves as a component of

a filter or an oscillator.
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It greatly benefits the MEMS designers if the routine

design of frequently used components can be optimized

automatically by computer programs, while the designers can

take more time in contemplating the more creative

conceptual designs. The research of layout synthesis of

microresonators has been carried out by many researchers.

Some notable research include both deterministic numeric

approaches [2]—[4] and meta-heuristic approaches such as

evolutionary computation [5], [6] and simulated annealing

[7] .

However, little has been done to account for the

uncertainties and most of previous work has not considered

another major dimension of MEMS design – robustness [12].

Actually, with current micromachining techniques, the

fabrication process variation in MEMS is inevitable and will

continue when devices are miniaturized to the point of

process limitations [1]. For example, it is reported in [8] that

the width of a typical suspension beam has a fabrication

tolerance of about 10%.

In this paper, we present a robust design approach for

MEMS subject to process-induced geometrical uncertainties.

In this approach, we first formulate the robust design

problem as a multi-objective constrained optimization

problem with two design objectives to be minimized, and

then solve it using a multi-objective genetic algorithm

(MOGA). The case study of robust layout synthesis of a

comb-driven micro-resonator shows that the robust designs

nominally meet the target performance and are less sensitive

to geometric uncertainties.

II. LAYOUT SYNTHESIS OF MEMS

Layout synthesis automatically generates valid or

optimized geometric sizing parameters for cell components,

which in most cases are commonly used micromechanical

devices with fixed topologies, according to engineering

design objectives. The design objectives come from either

high-level specifications such as behavioral model

parameters that need to be satisfied, or from layout-level

objectives such as minimum areas occupied. A normal

approach is to model the design problem as a formal

constrained optimization problem, and then solve it with

powerful optimization techniques, resulting in a tool that

automates the design synthesis of MEMS structures. Two

categories of optimization techniques are used: one category

includes stochastic algorithms such as genetic algorithms,

and the other category includes deterministic algorithms such

as nonlinear programming. For both categories, the process
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of solving the optimization problem involves determining the

design variables, the design constraints, and the design

objective. On top of that, design robustness receives more

and more attentions recently, due to the fact that we can not

avoid fabrication process variation in MEMS with current

micromachining techniques.

A. Design Variables and Constraints
In this research, the cell component is a resonator device

in MEMS domain. We decided to use 14 design variables for

an example cell component, a folded-flexure comb-drive

microresonator fabricated in a polysilicon surface

microstructural process (Fig. 1, Fig. 2) [9] in this research.

Define design vector as follows:

},,,,,,,,

,,,,,,{

NVxLwLLww

wLwLwLx

osacccycysa

sysyttbb=

Design variables and their constraints are listed as follows:

4002 ≤≤ bL , 202 ≤≤ bw ,

4002 ≤≤ tL , 202 ≤≤ tw ,

4002 ≤≤ syL , 40010 ≤≤ syw ,

40010 ≤≤ saw , 40010 ≤≤ cyw ,

7002 ≤≤ cyL , 4008 ≤≤ cL ,

202 ≤≤ cw , 4002 ≤≤ saL ,

4004 ≤≤ ox , 1000 ≤≤ V ,

Note that the first 13 design variables have units of

mμ . The fourteenth design variable has units of volts. It is

also important to note the role of feature size in VLSI and

MEMS design. Feature size, which is often represented as

λ , means the minimum size a particular design can achieve,

based on specific fabrication procedures. In addition, the

actual sizes of geometric shapes should be integer multiples

of the feature size λ , such as λ , 2 λ , 5 λ , 10 λ … etc. In

this research, we set λ = 0.09 mμ . This means that the first

13 design variables, which are geometric design variables,

are actually not continuous variables. Instead, they are

discretized by the feature size.

There are a number of design constraints for the

microresonator cell component, including both geometric

constraints and functional constraints. In this paper, without

loss of generality, we consider the following constraints:

:)(1 xg 0)22( ≤++− ccy wgL

:)(2 xg 070022 ≤−++ ccy wgL

:)(3 xg 0)22( ≤++− tbsy wLL

:)(4 xg 070022 ≤−++ tbsy wLL

:)(5 xg
0)222

43(

0 ≤++−

++−

cacy

csyt

wwx

LwL

:)(6 xg
0700222

43

0 ≤−++

−++

cacy

csyt

wwx

LwL

:)(7 xg 0200)( 0 ≤−+− dispc xxL

:)(8 xg 0)(4 0 ≤++− dispc xxL
Among them, the first six are linear constraints, but the

last two are nonlinear constraints because the term dispx is

highly nonlinear.

xxedisp KQFx /,= , (1)

where
2

0, 12.1 VNF g
t
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and
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Fig. 1. A folded-flexure comb-drive microresonator fabricated in

a polysilicon surface microstructural process a) Layout b) Cross-

section A-A’

Fig. 2. Major design variables for the folded-flexure comb-

drive microresonator
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where
3)/( bt WW=α (4)

and btsx mmmm
35
12

4
1 ++= (5)

where ss Am ρ= , tt Am ρ= , bb Am ρ=

sysysasas LwLwA 2+= (6)

cycat LwA 2= (7)

)22(28 battbbb wwLwwLA +++= (8)

The natural frequency nω is defined as

x

x
n m

K=ω (9)

B. Design Objectives
The design objective is to match the natural frequency

),( δω xn of the resonator with a predefined natural

frequency, where
nx ℜ∈ is the design vector,

nℜ∈δ is

the uncertainty. If we represent the predefined frequency as

ett argω , then the design objective can be formulated as:

( )2

arg),(min ettnx
x ωδω −Ε

subject to 0)( ≤xgi (10)

where ett argω is the target natural frequency we would

like the resonator to work at, and the expectation is taken

over the random vector δ . We assume that the uncertainty,

δ , can be characterized as a random vector with the

following statistics

10)( nx=Ε δ (11)

nxnT ℜ∈Ω=Ε )(δδ (12)

where Ω is the covariance matrix and is positive semi-

definite. If the uncertainties are uncorrelated then Ω is

diagonal, otherwise the off-diagonal entries are non-zero

when correlation exists.

C.Modeling Uncertainty in MEMS
In this research, we assume that the uncertainty in the

fabrication process is introduced by etch-induced variations

in line-width, and the structure is etched uniformly.

Fig. 3 illustrate the two uniform etch scenarios on a

structure – overetch and underetch. Take the under-etch

situation for example, after process variation is introduced,

some design variables may increase (such as L1 and L2),

other design variables (such as L3) may decrease, while some

others may stay unchanged (such as L4).

Fig. 3. Under- and over-etch of a MEM structure

We can model the geometric process variations using a

simple additive uncertain model

δ+= xx~ (13)

where x~ is the uncertain (actual) design vector and for

the above simple example { }
4321

,,, LLLL δδδδδ = .

Since the structure is etched uniformly, we can assume

that the standard deviation of each term of δ is equal. If we

define ρ to be a normal random variable with standard

deviation of σ , then we can write

ρζδ = (14)

where [ ]T0,11,1 −=ζ , note that in the condition of

underetch, L1 and L2 increase, L3 decreases, and L4 is not

changed.

According to (12), we can obtain

( ) TT ζζσδδ 2=Ε=Ω (15)

For the case study of micro-resonator discussed in this

paper,

��

�
�
�
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�
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VxLwLLw

wwLwLwL

osacccycy
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δδδδδδδ

δδδδδδδ
δ

,,,,,,

,,,,,, ,

and

[ ]T
0,1,1,1,0,1,1,1,1,1,1,1,1,0 −−=ζ

D.Robust Design Problem Formulation
The problem posed in (10) is a difficult robust

optimization problem to solve in general. To simplify the

problem, we choose to approximate ),( δω xn with a first

order Taylor series expansion in δ as

δωωδω )0,()0,(),( xxx nxnn ∇+≅ (16)

where )0,(xnxω∇ is the gradient of )0,(xnω with respect

to x . Using this approximation, we can expand the

expression of ( )2

arg),( ettn x ωδω − into

L1

L2

L3

L4

original

under etch

over
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( ) ( )
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n
T

x
T

nx

nxettn

ettnettn

ωδδω

δωωω
ωωωδω

∇∇

+∇−

+−≅−
(17)

Taking the expectation of the above equation, we can get

( ) ( )
( )

)0,()()0,(

)()0,()0,(2

)0,(),(

arg

2

arg

2

arg

xx

xx

xx

n
T

x
T

nx

nxettn

ettnettn

ωδδω

δωωω
ωωωδω

∇Ε∇

+Ε∇−

+−≅−Ε
(18)

By reducing equation (6), based on our assumptions about

the mean and covariance of δ according to (11) and (12),

we obtain

( ) ( )
)0,()0,(

)0,(),(
2

arg

2

arg

xx

xx

n
T

xnx

ettnettn

ωω

ωωωδω

∇Ω∇

+−≅−Ε
(19)

substituting the approximation in (19) back into the

original design problem posed in (10) yields

( )( ))0,()0,()0,(min
2

arg xxx n
T

xnxettnx
ωωωω ∇Ω∇+−

subject to 0)( ≤xgi (20)

To non-dimensionalize the cost function, we decide to

divide through by
2

arg ettω . We then refer to the following

expression as our robust design problem

( )
��
�
�
�
�

�

�

��
�
�
�
�

�

�

∇Ω∇

+�
�
�

�
�
�
�

� −

)0,()0,(
1

)0,(

min

2

arg

2

arg

arg

xx

x

n
T

xnx

ett

ett

ettn

x

ωω
ω

ω
ωω

(21)

subject to 0)( ≤xgi

It is now easy to see that the expression we want to

minimize has two distinct terms. For notational convenience,

we will label the two terms as
2

arg

arg)0,(
)( �

�
�

�
�
�
�

� −
≡

ett

ettn x
xN

ω
ωω

(22)

)0,()0,(
1

),(
2

arg

xxxD n
T

xnx

ett

ωω
ω

∇Ω∇≡Ω (23)

with the above definitions the robust design problem

posed in (10) becomes

),()(min Ω+ xDxN
x

subject to 0)( ≤xgi

(24) The first term, )(xN , penalizes deviation of the

nominal solution, )0,(xnω , from the target, ett argω , while

the second term, ),( ΩxD , penalizes the sensitivity of the

design with respect to δ . Since there are two objectives in

the formation of the cost function to be minimized, a trade-

off is usually needed to be made by the designer to either

focus on minimizing the squared error of the nominal design

or on reducing the sensitivity.

III. ROBUST DESIGN OPTIMIZATION USING AN

EVOLUTIOANRY APPROACH

A. Multiobjective Genetic Algorithm
Constrained multi-objective optimisation problems

involving multiple constraints and more than two conflicting

objectives are common within engineering, operations

research and computer science communities��Most classical

optimization methods usually convert multiple objectives

into a single objective by using some subjective preference

information. They are only capable of finding one optimal

solution at a time and are usually required to be used

repeatedly to find multiple trade-off solutions. The multi-

objective genetic algorithm (MOGA) is a new, emerging and

fast-growing field of research and application for solving

such optimisation problems.�MOGAs are capable of finding

multiple trade-off optimal solutions in a single computer

simulation. In particular, a simple yet efficient algorithm,

called nondominated sorting genetic algorithm II (NSGA-II),

has been extensively used recently, because of its simplicity,

demonstrated superiority over other existing methods, and

availability of a freely downloadable computer code [10].

With a fast nondominated sorting procedure, and a modified

definition of dominance in order to solve constrained

Multiobjective problems efficiently, NSGA-II is found to be

able to find a spread of solutions that converge towards the

true Pareto-optimal front in difficult test problems. It is also

found that NSGA-II is capable of solving any number of

objectives with an iteration-wise complexity of )( 2MNO ,

where M is the number of objectives and N is the number of

solutions used in a NSGA-II population [11].

NSGA-II is useful in this research not only because the

knowledge of multiple trade-off solutions helps a decision-

maker to make a better and more confident choice of a

solution, but also because of its convenience to solve the

optimisation problem with both discrete and continuous

design variables. While it is very difficult for many

numerical optimization approaches (for example, gradient-

based approaches) to include considerations of feature size

constraints [4], it is quite convenient for genetic algorithms

to do so. We need to modify the objective function only

slightly, mapping real values of design variables to integer

multiples of the feature size λ before using them in

formulations of constraints and objectives. No modifications

to the genetic algorithm are needed.

In this research, we have used the following parameter

values:

Population size: 100

Number of generations: 100
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Crossover probability: 0.9

Real-parameter mutation probability: 0.07

Distribution index for crossover: 10

Distribution index for mutation: 50

B. Simulation results
We apply NSGA-II to solve the two-objective

optimization problem of minimizing the deviation of the

nominal solution and sensitivity of the design. Design results

for resonators with natural frequencies of 1000Hz and

10,000Hz are reported. Results with and without

consideration of robust design are compared.

TABLE I

DESIGN RESULTS COMPARISONS

nω =1K nω =10K

Robust

Design

Non-

Robust

Design

Robust

Design

Non-

Robust

Design

)( mLb μ
209.61 204.66 69.75 53.37

)( mwb μ
12.69 13.59 19.89 9.54

)( mLt μ 168.21 136.53 99.36 44.82

)( mwt μ
4.05 4.59 19.8 2.43

)( mLsy μ
78.57 73.17 395.37 63.72

)( mwsy μ
325.89 77.22 272.61 143.55

)( mwsa μ
36.27 12.87 365.13 12.06

)( mwcy μ
253.17 150.21 372.96 96.48

)( mLcy μ
307.35 241.74 591.12 261.72

)( mLc μ
154.89 162.72 277.65 95.76

)( mwc μ
7.56 2.07 248.94 10.80

)( mLsa μ
104.22 243.36 172.26 76.95

)( mxo μ
150.57 142.2 38.97 54.72

)(voltV 10.00 11.00 98.00 10.00

Deviation

of nω 3.53% 6.33% 1.66% 3.65%

To demonstrate robustness of our solutions, we ran a

Monto-Carlo simulation to model an uncertain MEMS

fabrication process. To represent the variation in the process

we generated 5,000 normal random vectors with a standard

deviation of 2 λ . We calculated the standard deviation of the

frequencies subject to this variation. It can be seen from

Table 1 that in both cases, the robust design has a much

smaller (about 50%) standard deviation than the non-robust

design. Fig. 4. shows distributions of the resonant

frequencies of the designs subject to the uncertainty. Fig. 5

shows a distribution of Pareto-optimal front NSGA-II

obtained in searching for robust solutions of resonator design

with frequency of 1000Hz. We can see that for some design

solutions, the resulting resonator frequencies are closer to the

nominal value, but their sensitivities to variations,

),( ΩxD , are bigger. For some others, the deviations from

the nominal solution, )(xN , are smaller, but the

sensitivities are higher. It is difficult to declare which

solutions are superior to the others. Or in other words, none

of the solutions in the Pareto-optimal front dominates other

solutions. It is up to the designer to make trade offs in real

world design applications.
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Fig. 4. Distributions of resonant frequencies subject to process-
induced variations for non-robust and robust designs. The
horizontal axis represents frequency, the vertical axis represents
number of occurrences.

(a) non-robust resonator design with frequency = 1000Hz
(b) robust resonator design with frequency = 1000Hz
(c) non-robust resonator design with frequency = 10,000Hz
(d) robust resonator design with frequency = 10,000Hz
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Fig. 5. NSGA-II solutions for the minimization of deviation of the
nominal solution and sensitivity of the design

IV. CONCLUSIONS

Layout synthesis is an important stage for structured

design of MEMS [13], [14], after the stage of the system-

level design [15]. The paper reports a method of robust

layout synthesis of MEMS that transforms the robust design

problem into a multi-objective constrained optimisation

problem, and then solve it using NSGA-II, a special type of

MOGA. Simulation results on a case study of surface-

machined comb-driven resonator show that the robust design

solutions are less sensitive to process induced uncertainties.

While it is important to study more efficient robust design

method and more effective approaches to model

uncertainties, it is an interesting research topic to investigate

the relationship between the robustness subject to parametric

variations (such as the layout synthesis) and the topology-

related robustness in the system level design.
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