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Anisotropic ordering in a two-temperature lattice gas

Attila Szolnoki,1,2 György Szabo´,1 and Ole G. Mouritsen2
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2Department of Chemistry, Technical University of Denmark, DK-2800 Lyngby, Denmark
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We consider a two-dimensional lattice gas model with repulsive nearest- and next-nearest-neighbor interac-
tions that evolves in time according to anisotropic Kawasaki dynamics. The hopping of particles along the
principal directions is governed by two heat baths at different temperaturesTx andTy . The stationary states of
this nonequilibrium model are studied using a simple mean-field theory and linear stability analysis. The results
are improved by a generalized dynamical mean-field approximation. In the stable ordered state the particles
form parallel chains which are oriented along the direction of the higher temperature. In the resulting phase
diagram in theTx-Ty plane the critical temperature curve shows a weak maximum as a function of the parallel
temperature which is confirmed by Monte Carlo simulations. Finite-size scaling analysis suggests that the
model leaves the equilibrium universality class of thex-y model with cubic anisotropy and is described by the
Ising exponents.@S1063-651X~97!09802-4#

PACS number~s!: 05.50.1q, 05.70.Ln, 64.60.Cn

I. INTRODUCTION

Systems driven into a nonequilibrium steady state can re-
veal a number of features not characteristic of the equilib-
rium state. In many cases the nonequilibrium condition
breaks thex-y symmetry of a two-dimensional system. The
effect of this symmetry-breaking condition is especially in-
teresting when the ground states of an equilibrium model
also violate thex-y symmetry. An example is the well-
known two-dimensional lattice gas model with attractive
nearest-neighbor interaction and conserved density@1#. In
the half-filled system the degenerate ground states violate the
x-y symmetry of the system. Below a critical temperature the
disordered~high-temperature! phase separates into a high-
and a low-density phase with interfaces that can be oriented
either horizontally or vertically if periodic boundary condi-
tions are imposed. A simple way to introduce a nonequilib-
rium symmetry-breaking condition on this model is to drive
the lattice gas as suggested by Katzet al. @2#. In the driven
model, the particle jumps are under the influence of a uni-
form external electric field whose direction is chosen to be
parallel to one of the principal axes@3#. In this case it turns
out that the interface is always parallel to the driving field.

The so-called two-temperature models@4–6# imply an-
other way to impose anisotropic dynamics. In these models
the particle jumps are coupled to two different heat baths,
that is, the Kawasaki~exchange! dynamics is characterized
by two different temperatures,Tx andTy , along thex and
y axes, respectively. Contrary to the standard driven diffu-
sive systems@2#, these models do not exhibit macroscopic
particle current through the system. The two-temperature
models can be considered as a simplified description of the
effect of an alternating electric field causing an increase of
jump rates along the applied field@3#.

In the above mentioned system with attractive interactions
the symmetry breaking is represented by the orientation of
the interface separating the high- and low-density phases,
while the particle distribution remains isotropic in the bulk
phase. Significantly different symmetry breaking can be ob-

served in models with sublattice ordering, e.g., in square
lattice gases with repulsive nearest- and next-nearest-
neighbor interactions of equal strength@7#. In the half-filled
system the particles form alternately occupied and empty
columns~or rows!. That is, here the symmetry breaking ap-
pears locally in the fourfold degenerate ground states. The
ordering process is well understood in this model@8,9# and
the effect of a uniform driving field on the ordering process
has also been investigated@10#. It was found that the phases
consisting of chains of particles perpendicular to the external
field become unstable. In other words, in the stationary state
the chains are oriented along the field. Consequently the
chain orientation of the ordered phase can be controlled by
the application of a uniform driving field with a suitable
direction. A similar effect may be conjectured when using an
alternating field which is technically easier to realize. This
conjecture is the motivation for the present work.

The equilibrium version of the present model (Tx5Ty)
belongs to the family of Ashkin-Teller models@11# exhibit-
ing ground states with brokenx-y symmetry on a square
lattice. These models are widely used to study anisotropic
ordering of adatoms on crystal surfaces@8,12,13#. In addi-
tion, the oxygen ordering in the family of YBCO supercon-
ducting oxides was successfully described with such a model
@14#. In these materials the effect of an external electric field
on the oxygen ordering has also been investigated@15#. It is
found that the direction of Cu-O chains can be controlled by
the application of an electric field. This phenomenon is gen-
erally related to the appearance of an induced electric dipole
moment of the oxygen atoms. So far, a reorientation process
has been demonstrated when the jump rates are affected by
an external field@16#. According to the present work a simi-
lar behavior is expected when applying an alternating field
~or polarized light! during a high-temperature annealing pro-
cess in an oxygen atmosphere. In general, we can say that the
manipulation of the ordering process with similar ‘‘dynami-
cal tools’’ is possible for those systems which undergo spon-
taneous symmetry breaking accompanied by anisotropic
transport properties.
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In the present paper we demonstrate that the ordering pro-
cess exhibitingx-y symmetry breaking can be affected by
taking the jump rates to be anisotropic. For this purpose we
shall study the sublattice ordering in a square lattice gas
within the formalism of a two-temperature model. In Sec. II
we introduce the model and investigate it by adopting a
simple dynamical mean-field theory. Linear stability analysis
is also performed to distinguish the stable and unstable solu-
tions. In the light of the results obtained, the phase diagram
is calculated at a higher level~four-point approximation! of
dynamical mean-field theory in Sec. III. The results are com-
pared with Monte Carlo~MC! data. In addition to the non-
equilibrium phase diagram we also study the nonequilibrium
critical behavior of the model by finite-size-scaling analysis
in Sec. IV. Finally we summarize and conclude in Sec. V.

II. MODEL

We consider a half-filled lattice-gas model with isotropic
nearest- and next-nearest-neighbor repulsive interactions
with equal strength on a square lattice (Jnn5Jnnn51). As
usual, the coupling constants as well as the Boltzmann con-
stant are chosen to be unity for convenience. The kinetics is
governed by Kawasaki dynamics characterized by single par-
ticle jumps to one of the empty nearest neighbor sites@17#.
To avoid the difficulties arising from the nonanalytic feature
of the Metropolis rate@18#, a Kawasaki hopping rate,ga , is
used for directionsa5x or y:

ga~DH !5
1

11exp~DH/Ta!
, ~1!

whereDH is the energy difference between the final and
initial configurations. This jump rate is anisotropic and sat-
isfies detailed balance at temperatureTy (Tx) in the vertical
~horizontal! direction.

The equilibrium model (Tx5Ty) undergoes a continuous
phase transition at a critical temperatureTc50.525 @8#. In
the ground states the columns~or rows! are alternately occu-
pied and empty, leading to fourfold degeneracy. Following
the standard notation, the lattice is divided into four interpen-
etrating sublattices and the 231 or 132 long-range super-
antiferromagnetic order is characterized by the correspond-
ing average sublattice occupation variablesni ( i51, . . . ,4)
@7#. In the half-filled system, the 231 states consisting of
vertical chains are given byn15n45(11mx)/2 and
n25n35(12mx)/2, where21<mx<1 is the order param-
eter. Notice thatmx can be either positive or negative. Its
absolute value as a function of temperature may be estimated
by using the standard mean-field~MF! approximation. Simi-
lar expressions are obtained for the 132 states of horizontal
chains, namely, n15n25(11my)/2 and n35n45(1
2my)/2. It is emphasized that the four possible states are
equivalent (umxu5umyu) in the equilibrium system. Evi-
dently, in the high-temperature disordered phase,ma50.

In the following simple dynamical mean-field approxima-
tion we will assume that the long-range order still exits under
the present nonequilibrium condition. It implies that the an-
isotropic jump rate only results in a difference between the
solutions characterized bymx andmy .

The time evolution ofn1 is determined by summing the
contributions of the elementary jumps modifying the particle
density in sublattice 1, namely,

dn1
dt

522n1@~12n2!gx~E21!1~12n4!gy~E41!#

12~12n1!@n2gx~E12!1n4gy~E14!#, ~2!

whereEi j is the average value ofDH when a particle jumps
from sublatticej to i . Similar equations can be derived for
the other sublattice occupation variables. Assuming a 231
or 132 structure~vertical or horizontal chains!, the station-
ary solution to Eq.~2! obeys the following general form:

11ma

12ma
5exp~3ma /2Ta!, ~3!

wherea5x or y. In the equilibrium case, i.e., forTx5Ty ,
this simple approximation predicts a continuous phase tran-
sition at a critical temperatureTc

(MF)53/4. WhenTxÞTy ,
the jumps along the chains do not modify the particle density
within the chains~and the value of the corresponding order
parameter! and the particle density therefore only depends on
the perpendicular jump rate~i.e., the perpendicular tempera-
ture!. This implies that the chain structure remains stable
even in the limit where the parallel temperature goes to in-
finity. The order parameter~s! as a function of perpendicular
temperature can be determined numerically.

Obviously we have two different solutions forTxÞTy
namely,mxÞ0,my50 andmx50,myÞ0. In this situation a
linear stability analysis is used to determine which solution
remains stable. This method has proved to be very useful
when investigating the effect of a uniform driving field on
these ordered structures in the same lattice gas model@10#.
We shall here restrict ourselves to a survey of results ob-
tained for the present two-temperature model leaving out the
mathematical details described in the previous work@10#. It
is found that the ordered structure appears when
min(Tx ,Ty),Tc

(MF) and the chains in the stable phases are
parallel to the direction of the higher temperature. For
Tx ,Ty,Tc

(MF) the phases with chains perpendicular to the
direction of the higher temperature are unstable against small
perturbations in the vicinity ofTc

(MF) and become metastable
at lower temperatures. This situation is similar to those found
when applying a uniform driving field@10#. In the present
case the chain orientation of the ordered phase may be re-
versed by exchangingTx andTy . For low temperatures this
orientation process is expected to appear via a nucleation
mechanism, as discussed in@10#. The detailed analysis of
this reorientation phenomenon goes beyond the scope of the
present work.

III. NONEQUILIBRIUM PHASE DIAGRAM

The prediction from the simple mean-field theory can be
improved by using a generalized mean-field theory at the
levels of two- and four-point approximations. In these calcu-
lations we have to determine the probability of all of the
possible configurations on two- and four-point clusters by
evaluating numerically the stationary solution of a set of
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equations which describe the time variation of the configu-
ration probabilities@18,19#. The two-point~pair! approxima-
tion fails to reproduce the phase transition even in the equi-
librium model (Ty5Tx). More precisely, this approximation
predicts a first-order transition. Similar discrepancies have
already been observed for other systems@18#. This shortcom-
ing of the present technique may be eliminated by consider-
ing larger clusters.

By exploiting symmetries we have only four independent
parameters to describe the probability of all the possible par-
ticle configurations on a square block. In equilibrium, this
method suggests a continuous order-disorder transition and
the predicted critical temperature isTc

(4p)50.61.
In the nonequilibrium case (TxÞTy), the prediction of the

four-point approximation agrees qualitatively with those ob-
tained above. However, the critical temperature now depends
on both temperatures. A weak but clear peak is found when
Tx andTy are close toTc

(4p) Namely, the perpendicular criti-
cal temperatures firstincreasewhen we increase the parallel
temperature and after a maximum the transition temperature
decreasesmonotonously as can be seen in the insert of
Fig. 1. When the parallel temperature goes to infinity
the transition point tends toward a constant value
Tc
(4p)(`)50.94Tc

(4p) . Hence, in agreement with the earlier
approximation, the ordered state still exists even at infinite
parallel temperature if the perpendicular temperature is low
enough.

In order to investigate the validity of the above predic-
tions, a series of Monte Carlo simulations@20# were carried
out varying the temperaturesTx and Ty . Using periodic
boundary conditions the simulations were performed on a
square system with different sizes ranging from
L3L520320 to 2003200. We have determined the time
averages of the energy and order parameter varying the per-
pendicular temperature at a fixed parallel temperature. As is
convenient for simulation we used the order parameter

m5A~m1!
21~m2!

2 ~4!

derived from the two components of the sublattice ordering,
m15@(n11n2)2(n31n4)#/2 and m25@(n11n4)2(n2
1n3)#/2 @7#. The simulations confirmed the picture obtained
from the dynamical mean-field theory, that is, the ordering
process remains continuous for all of the parallel tempera-
tures studied. The complete phase diagram, shown in Fig. 1,
suggests that the transition temperature depends very weakly
on the parallel temperature, in a way similar to that predicted
by the four-point approximation. In agreement with the theo-
retical approximations the critical temperature tends to a
constant value which is 0.98Tc

(MC) when the parallel tempera-
ture goes to infinity.

The peak of the critical temperature curve implying reen-
trant phase behavior can also be detected if we increaseTx at
a fixed suitable value ofTy . The results of a series of MC
simulation are illustrated in Fig. 2, whereTy50.56 and the
system size isL3L51003100. In the case of equilibrium
(Tx5Ty50.56) the particle distribution is practically disor-
dered and the nonvanishing value of the order parameter de-
fined by Eq.~4! is due to the finite system size. Upon in-
creasingTx the particles arrange into a horizontally ordered
chain phase leading to an increase ofm. Further increase of
Tx destroys the ordered structure as indicated.

The nonmonotonous behavior of the critical temperature
curve may be explained by the competition of two processes.
As mentioned above the ordered state with chains perpen-
dicular to the direction of the higher temperature is unstable.
Above Tc , the equilibrium system contains small ordered
domains of either chain direction. However, when we im-
pose different temperatures, the emerging small domains will
prefer the direction of the higher temperature, their coales-
cence becomes more probable, and finally we will get larger
domains of the preferred direction without changing the per-
pendicular temperature. This type of symmetry breaking sta-
bilizing one type of domains on the expense of the other will,
on the one hand, increase the transition temperature. On the
other hand, the thermal fluctuations increase with both tem-
peratures (Tx and Ty) and tend to destroy the order. The
competition between these two effects will determine the ac-
tual phase behavior of the system. According to this expla-
nation if the formation of chain structure is weakened by
decreasing the strength of the next-nearest-neighbor coupling

FIG. 1. Phase diagram predicted by four-point dynamical mean-
field approximation~solid line!. MC data are denoted by squares.
The inset shows the nonmonotonous feature of the critical tempera-
ture curve.

FIG. 2. Order parameter as a function of parallel temperature at
a fixed perpendicular temperature (Ty50.56) as obtained from
Monte Carlo simulation on a square lattice of size
L3L51003100.
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(Jnnn) @21#, we would expect a decrease in the transition
temperature. The dynamical mean-field approximation has
confirmed this prediction, i.e., by decreasingJnnn the peak of
the critical temperature curve becomes smaller and vanishes
below a certain value ofJnnn, as shown in Fig. 3. In this
figure we used reduced temperatures in order to facilitate the
data comparison. Evidently, the effect will be opposite if we
increaseJnnn. The MC simulations show a good qualitative
aggreement with this theoretical prediction.

IV. CRITICAL BEHAVIOR

In the literature there are some examples where the criti-
cal behavior remains unchanged@22# and there are others
where the universality class changes significantly under the
nonequilibrium conditions@3#. We shall now study the effect
of the present nonequilibrium conditions on the critical be-
havior of the model.

The critical behavior of the present equilibrium model has
been suggested to belong to the universality class of the
x-y model with cubic anisotropy@12#, whose exponents are
believed to be nonuniversal@23#. This expectation has been
verified by finite-size-scaling analysis of the Monte Carlo
data leading to the non-Ising exponentsb50.1 and
n50.85 @24# for Jnn5Jnnn. In the equilibrium case,
Tx5Ty , our simulations support this result.

When the two temperatures are different a qualitative
change in the critical behavior is expected because of the
reduction of the ground-state degeneracy. Instead of the four
possible equilibrium ground states stable forTx5Ty , we
have only two stable ground states forTxÞTy . This fact
implies the conjecture that the critical behavior of the non-
equilibrium model is described by Ising exponentsb51/8
and n51. To clarify this question we have performed a
finite-size-scaling analysis of the Monte Carlo data in the
case of infinite horizontal temperature (Tx5`). In the MC
simulations the system size is varied fromL3L520320 to
60360. Our analysis is based on the scaling form

m~L,T!5L2b/nm̄~tL1/n!, ~5!

wheret is the reduced vertical temperature deviation from
the critical temperature. The resulting excellent data collapse
shown in Fig. 4 verifies the above conjecture. The slope of
the inserted lines are 1/8 and27/8. It should be pointed out
that the small difference of theb values between the Ising
universality class and the equilibrium behavior makes it dif-
ficult to discern the two types of behavior. It is clear, how-
ever, that the data collapse is strikingly better when Ising
exponents are used. Considerably better statistics are re-
quired to settle this matter definitely.

V. SUMMARY AND CONCLUSION

In summary, we have studied the nonequilibrium ordering
process in a two-dimensional lattice gas coupled to two ther-
mal baths at different temperatures. In the equilibrium sys-
tem the particles form parallel chains oriented either horizon-
tally or vertically. Using a simple mean-field theory
including linear stability analysis we have found that the
ordered structure appears in the nonequilibrium case if the
lower temperature is less than a certain critical value and the
chains are oriented along the higher temperature. This pic-
ture has been confirmed by a dynamical four-point approxi-
mation and MC simulations. In contrast to the prediction of
the simple mean-field theory, more accurate methods have
indicated that the transition temperature~as well as the tem-
perature dependence of order parameter! depends on the par-
allel temperature. The nonmonotonous feature of the critical
temperature curve may be explained as a result of two com-
petitive processes. It is emphasized that the ordered chain
structure remains stable for sufficiently low perpendicular
temperatures even when the parallel temperature tends to in-
finity. In this limit the isotropic finite-size-scaling analysis
suggests that the critical behavior differs from the equilib-
rium behavior and it belongs to the Ising universality class.
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FIG. 3. Peak effect on the critical temperature predicted by dy-
namical mean-field approximation at different values of the next-
nearest-neighbor coupling (Jnnn51.3, 1, 0.89, 0.82, and 0.76,
from top to bottom!.

FIG. 4. Finite-size-scaling plots of MC data for the order param-
eter. System sizes are1 20320, h 30330, ( 40340, d

50350, n 60360. The slopes of the inserted lines are 1/8 and
27/8.
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