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Wave packet dynamics and photofragmentation in time-dependent
quadratic potentials

Klaus B. Mo” ller and Niels E. Henriksen
Department of Chemistry, Technical University of Denmark, DTU 207, DK-2800 Lyngby, Denmark

~Received 22 February 1996; accepted 14 June 1996!

We study the dynamics of generalized harmonic oscillator states in time-dependent quadratic
potentials and derive analytical expressions for the momentum space and the Wigner phase space
representation of these wave packets. Using these results we consider a model for the rotational
excitation of a diatomic fragment produced in the photofragmentation of a triatomic molecule and
we highlight the signatures of classical mechanics in the final product distribution of this process.
© 1996 American Institute of Physics.@S0021-9606~96!02235-0#

I. INTRODUCTION

The number of quantum mechanical results reported for
various systems related to harmonic oscillators is huge. One
of the remarkable features of this system or generally any
system which is at most harmonic, is that the time evolution
can be described in terms of classical concepts~as suggested
by the Ehrenfest theorem!.

The purpose of this paper is twofold: First, we elaborate
on the dynamics of wave packets in time-dependent qua-
dratic potentials. We will consider such potentials in the
form of a time-dependent local harmonic approximation
~LHA !1 around the instantaneous center of a wave packet.
The LHA is, essentially, equivalent to a linearly forced har-
monic oscillator with time-dependent frequency. We summa-
rize a number of results for wave packet dynamics within the
LHA. Some of these results are well-known~although often
reported in a somewhat different context! or are nothing but
an elaboration on well-known results. We would, however,
like to draw attention to two new results; the momentum
space and phase space representation of wave packets which
take the form of harmonic oscillator states which can be
displaced, rotated, and squeezed in phase space.

Second, we apply these results to photofragmentation
dynamics. The present work was, in particular, inspired by
work on rotational excitation based on a harmonic oscillator
model with a time-dependent equilibrium bending angle.2,3

This model which is equivalent to a linearly forced oscillator
successfully reproduced the qualitative features of the rota-
tional distribution of NO following photodissociation of
NOCl in various bending states. It is one of the objectives of
this paper to shed more light on the theoretical foundation
for that work. Exact results can, of course, be obtained by
direct numerical solution of the relevant wave packet evolu-
tion. However, here the aim is to highlight the signatures of
classical mechanics in the observables. Work to that effect
has, of course, been carried out previously.4 We believe,
however, that the present approach is complementary to pre-
vious work and, consequently, that additional insight is ob-
tained.

This paper is organized in the following way: In Sec. II,
we consider wave packet dynamics within the LHA and us-
ing the concept of time-dependent destruction and creation

operators, we derive analytical expressions for the momen-
tum and phase space representation of the wave packets. In
Sec. III we use the tools developed in Sec. II to obtain in-
sight into photodissociation dynamics.

II. DYNAMICS WITHIN THE LHA

We want to solve a time-dependent Schro¨dinger equa-
tion of the form

i\
]c~q,t !

]t
5S 2

\2

2m

]2

]q2
1VLHA~q,t ! Dc~q,t !, ~1!

where the local harmonic potential is given by

VLHA~q,t !5V~qt!1V~1!~qt!~q2qt!

1~1/2!V~2!~qt!~q2qt!
2, ~2!

whereV(n)(qt) is the nth derivative ofV(q) evaluated at
q5qt . It was shown by Heller1 that a solution is given by

G~q,t !5expH i

\
~a t~q2qt!

21pt~q2qt!1g t!J ~3!

provided the parameters evolve in time according to

dqt /dt5pt /m,

dpt /dt52V~1!~qt!,
~4!

da t /dt522a t
2/m2V~2!~qt!/2,

dg t /dt5 i\a t /m1pt
2/~2m!2V~qt!.

The time evolution ofa t can also be expressed in the form
5,6

a t5
1

2 S 2a0m22~ t !1m21~ t !

2a0m12~ t !1m11~ t !
D , ~5!

where themi j ’s are elements of the matrixM t satisfying the
equation of motion

d

dt
M t5S 0 1/m

2V~2!~qt! 0 DM t ~6!

with the initial conditionM051. Similarly, we can express
g t as

g t5g01S@ t,t0#1 i\ ln~2a0m12~ t !1m11~ t !!/2, ~7!
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whereS@ t,t0# is the classical action along the trajectory from
q0, p0 to qt , pt .

Normalization of Eq.~3! implies

Im g t5
\

4
lnS p\

2 Im a t
D , ~8!

a condition which is imposed att50, and which is fulfilled
at later times by virtue of the equations of motion. The
Gaussian wave packet method1 is a method by which one
can propagate any wave function. This is accomplished by
expanding the wave function on a set of Gaussian wave
packets, followed by the introduction of a LHA in the dy-
namics for each of these Gaussians.

For the present purpose it is, however, advantageous to
note that Meyer showed7 ~see also Ref. 8! that the Gaussian
wave packet is the first member of an infinite series of solu-
tions in the LHA, given by

fn~q,t !5cnHn~k t~q2qt!!e2 inb tG~q,t !, ~9!

whereHn is thenth Hermite polynomial, and

cn5~2nn! !21/2,

k t5~2 Im a t /\!1/2, ~10!

b t5~2/m!E
0

t

dt8 Im a t8 .

Thus, the dynamics of the hole set of functions is contained
in the same set of parameters which describe the dynamics of
the Gaussian wave packet. By solving Eq.~4! we have, ac-
cordingly, solved the dynamics for all wave packets which
initially takes the form of a harmonic oscillator eigenfunc-
tion which can be boosted top0 in momentum and displaced
to q0 in position and which can have any width att50
@related toa0, see Eq.~20!#. We use in the following the
acronym GHO for the generalized harmonic oscillator states,
fn(q,t).

It should be noted that for LHAs with time-independent
force constants@wherek5V(2)(qt) is a positive constant# the
dynamics of the GHO states is simplified in the special case
wherea05 iAmk/2. This choice fora0 implies thata t5a0

and consequently that the uncertainties in position and mo-
mentum are time-independent. Thus, the Gaussian
f0(q,t)5G(q,t) is just one of an infinite set of states with
this coherent property, which can be found in harmonic and
linearly forced harmonic oscillators.

The dynamics of any initial state can be inferred from
the dynamics of the GHO states. We can always expand a
wave packet in terms of thefn(q,t) set, since this is a com-
plete orthonormal set at any time. Consequently, the dynam-
ics of

c~q,t !5(
n

cnfn~q,t ! ~11!

is also obtained simply by solving Eq.~4! ~this observation
was also made in Ref. 8 albeit in implicit form!. The GHO
states might also form a useful basis for general potentials
beyond the validity of the LHA.8,9 In this case thecn’s of Eq.

~11! become time-dependent and the dynamics is not solely
contained in Eq.~4!. Such problems are beyond the scope of
this paper.

In this paper we consider only the dynamics of the GHO
states in one-dimensional problems. Note, however, that the
results of the present section can be generalized to multidi-
mensional local harmonic potentials.1,10,11

The introduction of destruction and creation operators7

~see also Ref. 12! can be useful conceptually as well as for
the purpose of calculating various expectation values. Thus,

Ât5~4\ Im a t!
21/2~2 i2a t~ q̂2qt!1 i ~ p̂2pt!!,

~12!
Ât
†5~4\ Im a t!

21/2~ i2a t* ~ q̂2qt!2 i ~ p̂2pt!!,

obeys the standard commutation relation

@Ât ,Ât
†#51 ~13!

and a direct calculation shows

Âtfn~q,t !5Anfn21~q,t !e
2 ib t,

~14!
Ât
†fn~q,t !5An11fn11~q,t !e

ib t,

and we observe

Ât
†Âtfn~q,t !5nfn~q,t !. ~15!

Thus,Ât
†Ât is a number operator. Since this operator is Her-

mitian the orthogonality of the eigenfunctions follows, i.e.,

^fn~ t !ufn8~ t !&5dnn8 . ~16!

From Eq.~14! we also get the result,

fn~q,t !5~n! !21/2e2 inb t~Ât
†!nG~q,t !. ~17!

The position and momentum operators can be expressed
as linear combinations ofÂt and Ât

† according to Eq.~12!.
Thus,

q̂2qt5S \

4 Im a t
D 1/2~Ât

†1Ât!,

~18!

p̂2pt5S \

Im a t
D 1/2~a tÂt

†1a t* Ât!,

and therefore the expectation values of position and momen-
tum are given by

^fn~ t !uq̂ufn~ t !&5qt ,
~19!

^fn~ t !u p̂ufn~ t !&5pt ,

that is, by the parameters which evolve in time according to
Hamiltons equations; and the associated uncertainties are
given by

~Dq!n
2~ t !5~112n!\/~4 Im a t!,

~20!
~Dp!n

2~ t !5~112n!\ua tu2/ Im a t ,

where the uncertainty, for an operatorX̂, is defined in the
usual way

~DX!n
2~ t !5^fn~ t !uX̂2ufn~ t !&2^fn~ t !uX̂ufn~ t !&

2. ~21!
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From these relations it follows that the expectation value of
the energy in the LHA is given by

^ĤLHA&n~ t !5H~qt ,pt!1~Dp!n
2~ t !/~2m!

1~1/2!V~2!~qt!~Dq!n
2~ t !, ~22!

whereH(qt ,pt)5pt
2/(2m)1V(qt).

The time evolution of the uncertainties is coupled. Thus,
using Eq.~4! and Eq.~20! we find

d~Dp!n
2~ t !

dt
52m

d~Dq!n
2~ t !

dt
V~2!~qt!. ~23!

This relation shows, e.g., that a spatially spreading wave
packet moving in a potential with a positive second deriva-
tive at the center of the packet must have a contracting mo-
mentum uncertainty. In addition, it contains the exact result
that there is no spreading in momentum in constant or linear
potentials.

A. Momentum space representation

We consider the momentum space representation of the
GHO functionsfn(q,t), which we denote asf̃n(p,t). The
Fourier transform of the first function gives,

f̃0~p,t !5G̃~p,t !

5~2p\!21/2E dqe2 ipq/\G~q,t !

5~2 i2a t!
21/2expH i

\ S 2
1

4a t
~p2pt!

2

2qtp1g tD J . ~24!

We can now take advantage of the fact that the GHO func-
tions can be generated from the Gaussian wave packet using
a creation operator. By Fourier transformation of Eq.~14! we
get a recursion relation by which we can generate the mo-
mentum space representation of the functions with
n51,2,3,... . Thus,

f̃n~p,t !5~4n\ Im a t!
21/2e2 ib tS 22a t* S \

]

]p
1 iqtD

2 i ~p2pt! D f̃n21~p,t !. ~25!

Given the structure of this equation and that of Eq.~9!, it is
clear that the general result can be expressed in the form

f̃n~p,t !5cnHn~p,t !e
2 inb tG̃~p,t !. ~26!

Using Eq.~25! we can derive a recursion relation for the
unknown functionsHn(p,t),

Hn~p,t !5S 2

\ Im a t
D 1/2S Im a t

a t
~p2pt!

2a t* \
]

]pDHn21~p,t ! ~27!

or if we introduce a new function,

Hn~p,t !5Rn~y,t ! with y~p!5~k t/2a t!~p2pt!,
~28!

we can write this relation in a more compact form,

Rn~y,t !52yRn21~y,t !2~a t* /a t!
]

]y
Rn21~y,t !. ~29!

That is,

Rn~y,t !5S a t*

a t
D n/2HnSAa t

a t*
yD . ~30!

Thus, these polynomials are related to the usual Hermite
polynomialsHn , however, now with a complex argument.

Two special cases of Eq.~26! should be noted. First, for
coherent states, we havea t5 imv/2, y52 i (p2pt)/
A\mv, and Eq.~26! reduces to

f̃n~p,t !5cn~2 i !nHn~~p2pt!/A\mv!e2 inb tG̃~p,t !,
~31!

since we in this case haveRn(y,t)5(2 i )n

3 Hn((p2pt)/A\mv). Second, if we, in addition, assume
that t50 andq05p050 ~andg05 i Im(g0)), we obtain the
well-known result for the momentum representation of the
stationary eigenfunctions of a harmonic oscillator with fre-
quencyv.13

B. Phase space representation

In this section we turn to a Wigner phase space descrip-
tion of the GHO states. We do this because a phase space
picture provides us with the most intuitive way to think of
the GHO states as generalized harmonic oscillator states. The
Gaussian wave packet is the first member of this set and in a
Wigner phase space description it is well known that this
state is a Gaussian with elliptic contours rotated with respect
to the coordinate axes and displaced from the center of the
coordinate system.14 In comparison, the ground state of a
harmonic oscillator is a Gaussian centered at the center of the
coordinate system with contours aligned with the coordinate
axes.

The Wigner transition functionWn,m(q,p) for two arbi-
trary statesucn& and ucm& is defined as15,16

Wn,m~q,p!5
1

p\
^cnuP̂~q,p!ucm&, ~32!

whereP̂(q,p) is the Wigner operator,

P̂~q,p!5
1

4p\E dq8dp8e2 i ~qp82pq8!/\ei ~ q̂p82 p̂q8!/\.

~33!

To evaluate the Wigner transition functions for two GHO-
states we rewrite the Wigner operator in terms ofÂt and
Ât
† which enables us to use directly the derivation of the

Wigner transition functions for two harmonic oscillator
eigenstates as given in Ref. 17. Introducing

Zt5~4\ Im a t!
21/2~2 i2a t~q2qt!1 i ~p2pt!!, ~34!
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we obtain

P̂~q,p!5
1

pE d2ZeZtZ*2Zt* ZeZÂt
†
2Z* Ât, ~35!

where Z is a complex number andd2Z5d(ReZ)d(Im Z).
Since the GHO states are number states associated withÂt

and Ât
† we obtain from Ref. 17 that the Wigner transition

function for two GHO states is given by

Wn,m~q,p,t !5
~21!m

p\ Fm!n! G
1/2

~2Zte
ib t!n2me22uZtu

2

3Lm
~n2m!~4uZtu2!, n>m, ~36!

whereLm
(n) is the associated Laguerre polynomial

Lm
~n!~x!5(

s50

m S m1n
m2sD ~2x!s

s!
. ~37!

As a special case, the Wigner distribution for thenth GHO
state becomes

Wn~q,p,t !5
~21!n

p\
e22uZtu

2
Ln~4uZtu2!, ~38!

where

uZtu25$4ua tu2~dqt!
21~dpt!

224 Rea t~dqt!~dpt!%/

~4\ Im a t!, ~39!

with dqt5q2qt and dpt5p2pt . If we introduce the real
numbersh t andu t

tanh~h t!e
iu t5

112ia t

122ia t
, ~40!

uZtu2 can be rewritten as

uZtu25$e22h t~dqt cos~u t/2!1dpt sin~u t/2!!2

1e2h t~dqt sin~u t/2!2dpt cos~u t/2!!2%/~2\!. ~41!

For Gaussian wave packets these are the well-known expres-
sions for the Wigner distributions.18,19We see that not only
the ground state but all the GHO states have~the same! el-
liptic contours in phase space. These contours are centered at
qt ,pt , are rotated through the angleu t/2 and the ratio be-
tween the axes is given by exp(2ht). Special among these
contours is the so-called uncertainty contour.20 This contour,
given by uZtu51/4, has the property that its projections on
the q and p axes equal (Dq)0(t) and (Dp)0(t). Since the
uncertainties of the higher GHO states are proportional to the
uncertainties of the ground state, Eq.~20!, the uncertainty
contour characterizes a full set of GHO states. The uncer-
tainty contour and various parameters are illustrated in Fig. 1
for a GHO state witha t5(11 i )/2.

In the special case of LHA’s with time-independent
force constants@wherek5V(2)(qt) is a positive constant# it
should be noted that if we specialize to coherent states where
a05 iAmk/25a t , thenu t50 andh t is constant, that is, the
lengths of the major and minor axes of the ellipse are fixed
and they are aligned with the coordinate axes at all times.
The dynamics in phase space of coherent states in harmonic

or linearly forced harmonic oscillators is, accordingly, very
simple: The center of elliptic contour levels with fixed shape
and orientation rides on a classical trajectory.

Up to now, we have in this section considered the phase
space description of the dynamics within the LHA as a trans-
formation of the, in general, more familiar wave function
description. But, of course, the phase space description has a
right on its own and we end this section with a qualitative
characterization of the dynamics in the LHA based only on a
phase space description. To do this we recall that the equa-
tion of motion for Wigner functions in potentials which are
at most quadratic coincides with the classical Liouville
equation.21,22 Therefore, the dynamics can be explained in
terms of classical trajectories in phase space.

In the LHA the potential is expanded to second order
around the center trajectory. This implies that the dynamics
with respect to the center is linear6:

S dqt
dptD 5M tS dq0

dp0D , ~42!

whereM t is the classical stability matrix introduced in Eq.
~6!. This matrix is a symplectic 232 matrix and it is well-
known that such a matrix can be decomposed into a product
of 232 matrices describing pure rotations and pure squeezes
in phase space.23 The phase space flow around the center
trajectory can thus be described in terms of rotation and
squeezing implying that any phase space distribution under-
goes rotation and squeezing with respect to this trajectory as
time evolves. In particular, an ellipse centered on this trajec-
tory will stay an ellipse under time evolution.

From this small analysis within the framework of the
LHA, it is also clear why a parameter (a t for the GHO

FIG. 1. The contour ellipse defined byuZtu51/4 (\51) of a GHO state
with qt52.0, pt51.5 and a t5(11 i )/2. The light grey areas show
(Dq)0(t) and (Dp)0(t), respectively.
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states! characterizing the shape of a Wigner distribution can
be expressed in terms ofM t .

III. APPLICATIONS

The results derived in the previous sections can provide
insight into photofragmentation dynamics. The momentum
distribution in the fragmentation of a diatomic molecule can
be inferred directly from Eq.~26! ~see Ref. 19 for details!.
We will, however, focus on the more interesting dynamics of
a triatomic molecule and consider translational and rotational
final state distributions. The description which follows is,
essentially, a direct extension of previous work,19 such that
vibrational states of the triatomic molecule with any number
of quanta of excitation are included. We start with a review
of how to turn the dynamics of a triatomic molecule into a
set of quasi-one-dimensional equations of motion associated
with time-dependent quadratic potentials.

A. Coplanar dissociation, equations of motion

We consider a triatomic molecule, ABC, which dissoci-
ates into A1BC. We use a coplanar scattering model as il-
lustrated by Fig. 2. That is, we assume that the motion takes
place in a plane, the total angular momentum is zero, and we
adopt a rigid-rotor description for the diatomic fragment. Us-
ing Jacobi coordinates, i.e., coordinates associated with the
vector from A to the center of mass of BC and the vector
from B to C, respectively, withr being the length of the first
vector andf being the angle between the two vectors, we
obtain ~see, e.g., Ref. 24!

Ĥ tot5Ĥ~r !1Ĥ~f!1Vint~r ,f!1 ĵ 2/~2mr 2!, ~43!

where

Ĥ~r !52
\2

2m

1

r

]

]r
r

]

]r
1V~r !,

~44!

Ĥ~f!5
ĵ 2

2I
,

where

ĵ 252\2]2/]f2,

m5mA(mB1mC)/(mA1mB1mC) and I is the moment of
inertia for the diatomic, BC, molecule.Ĥ(r ) represents the
radial energy associated with the atomic motion whereas
Ĥ(f) represents the rotational energy associated with the

rotation of the diatomic molecule. These terms depend onr
andf, respectively. The centrifugal energy associated with
the atomic motion,ĵ 2/(2mr 2), depends onr as well as on
f and this term has consequently been placed together with
the interaction potential.Vint fulfills the relations,

Vint~r ,f!5Vint~r ,2f!,
~45!

Vint~r ,f!5Vint~r ,f12sp!, where sPZ.

The radial kinetic energy operator simplifies when we
write the wave function in the formV(r ,f,t)/Ar , since

Ĥ~r !~V~r ,f,t !/Ar !51/ArĤ 1~r !V~r ,f,t !, ~46!

where

Ĥ1~r !52
\2

2m S ]2

]r 2
1

1

4r 2D1V~r !. ~47!

Consequently, we can consider the time evolution and eigen-
values ofV(r ,f,t) using the simple form of the radial ki-
netic energyĤ1(r ), and we can recover the results corre-
sponding toĤ(r ) simply by a multiplication of the wave
function by 1/Ar .

We assume that the wave function can be factorized ini-
tially ~i.e., no correlation!

V~r ,f,0!5Cn~r ,0!Fm~f,0!. ~48!

The time-dependent self-consistent field~TDSCF! approxi-
mation is introduced,25

V~r ,f,t !5Cn~r ,t !Fm~f,t !eiF ~ t !/\, ~49!

which implies,

i\
]Cn~r ,t !

]t
5~Ĥ1~r !1Vm~r ,t !!Cn~r ,t !,

~50!

i\
]Fm~f,t !

]t
5~Ĥ~f!1Vn~f,t !!Fm~f,t !,

where

Vm~r ,t !5^Fm~f,t !uVint~r ,f!1 ĵ 2/~2mr 2!uFm~f,t !&,
~51!

Vn~f,t !5^Cn~r ,t !uVint~r ,f!1 ĵ 2/~2mr 2!uCn~r ,t !&,

and in the phase factorF(t) is real valued and the observ-
ables considered in the following will not depend on this
factor.

The final product distribution in a photofragmentation
process19 can be obtained from a propagation into the as-
ymptotic region (t;`) of the initial state~times the transi-
tion dipole moment!, Eq. ~48!, followed by a projection on
the asymptotic states. Thus,

P~E,l !5C ~v!Ptrans~kl !Prot~ l !, ~52!

where

FIG. 2. The coplanar scattering model used for the description of the dis-
sociation dynamics of the triatomic molecule, ABC, into A1 BC with BC
as a rigid rotor. The coordinates used in the model are defined in the figure,
see the text for further details.
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Ptrans~kl !5U E drr ~e2 ikl r /Ar !~Cn~r ,t;`!/Ar !U2

5U E dre2 ikl rCn~r ,t;`!U2
~53!

Prot~ l !5U E dfe2 i lfFm~f,t;`!U2.
Here kl5A2m(E2e l)/\

2, E is the total translational and
rotational energy,e l5 l 2\2/(2I ) is the rotational energy,
wherel50,61,62,... andC (v) is a factor which contains a
function related to the light pulse used in the
photoexcitation.19 Equation~52! is a product form where the
first factor gives the momentum distribution associated with
translation, and the second factor is the angular momentum
distribution associated with the rotational motion. Note that
both distributions take the form of a Fourier transform of an
asymptotic wave packet.

We now introduce the LHA for each of the modes. That
is, a second order expansion around the expectation value of
r for the potential,

Vtrans~r ,t !5V~r !1^Fm~f,t !uVint~r ,f!

1~ ĵ 22\2/4!/~2mr 2!uFm~f,t !&, ~54!

and likewise a second order expansion around the expecta-
tion value off for the potential,

Vrot~f,t !5^Cn~r ,t !uVint~r ,f!uCn~r ,t !&. ~55!

Note thatVrot(f,t) as well as the term\2/(2m)^1/r 2& will
vanish ast→`. We assume in the following that the latter
term is small compared to\2/(2I ) also during the dissocia-
tion and this term is consequently dropped~for a specific
example where this approximation is valid, see Ref. 2!.

Before we start looking at the final product distributions
with the results developed in Sec. II, the basic approxima-
tions are summarized:~i! We have used a coplanar descrip-
tion of the dissociation dynamics which, essentially, is
equivalent to a well-established approximation which is ad-
equate when one focuses on the main dynamical effects in
translational and rotational dynamics.4 ~ii ! We have assumed
that there is no correlation initially between the two modes,
and the time-evolution is considered within the TDSCF ap-
proximation and hence no direct correlation is allowed for
~but energy can nevertheless be exchanged between the
modes!. This requires weak coupling between the modes or

fast dissociation dynamics. The validity of the TDSCF ap-
proximation has been examined in the literature~see, e.g.,
Ref. 26 and references therein!. These studies have shown
various levels of success. One type of application which,
however, should be avoided is to situations where a wave
packet starts on the top of a barrier. The bifurcation of such
a wave packet is described quite poorly within the TDSCF
approximation.~iii ! We have introduced the LHA for each
mode. What is required for a successful application of this
approximation is localized wave packets with respect to an-
harmonicities in the potential, this is, normally, equivalent to
the requirement of fast dissociation dynamics. The descrip-
tion of the bifurcation of wave packets is also problematic
within the LHA.

With the approximations described above we have the
desired set of quasi-one-dimensional equations of motion.
The successful application of the one-dimensional model in
Refs. 2 and 3 represents one example where these approxi-
mations appear to be valid.

B. Translation

Assume that the quantum states in ther coordinate, ini-
tially, can be represented as GHO states of the form,

Cn~r ,0!5cnHn~k0~r2r 0!!exp$~ i /\!@a0~r2r 0!
21g0#%,

(56)

that is, as a stationary state of a harmonic oscillator centered
at r 0 ~note thatp050 and thata05 i Im a0 for a stationary
state!. The time evolution is given by Eq.~50! and with Eq.
~54! within the LHA, we obtain

Ptrans~kl !5 lim
t→`

uC̃n~p,t !u2, ~57!

wherep5kl\, and according to Eq.~26!

uC̃n~p,t !u25
1

2nn!
uHn~p,t !u2

1

A2p~Dp!0~ t !

3expH 2
~p2pt!

2

2~Dp!0
2~ t ! J ~58!

and the parameters evolve in time according to Eq.~4!, thus
(r t ,pt) evolves according to Hamiltons equations. Using Eq.
~30!, we obtain

uHn~p,t !u25H 1, n50
2~p2pt!

2/~Dp!0
2~ t !, n51

4~122~p2pt!
2/~Dp!0

2~ t !1~p2pt!
4/~Dp!0

4~ t !!, n52
, ~59!
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etc. Note thatuC̃n(p,t)u2 will have zeroes atp5pt for
n51 and atp5pt6(Dp)0(t) for n52, respectively. A plot
of Eq. ~58! is shown in Fig. 3 as solid lines. The momentum
representation of the GHO states is reminiscent of the well-
known result for harmonic oscillator states except that the
position of the center as well as the width of the distributions
are determined by the dynamics.

C. Rotation

Assume that the quantum states in thef coordinate, ini-
tially, can be represented by stationary harmonic oscillator
states. The symmetry of the potential, Eq.~45!, implies that
~for a molecule with no specific orientation in space! the
most realistic representation of the initial state, is given by a
superposition of wave functions centered atf0 and at
2f0, respectively. Thus,

Fm~f,0!5cf0
~f!1c2f0

~f!. ~60!

As long as these states are localized during the time evolu-
tion such that normalization to one in the intervalf
P @2p,p# is possible, it is clear that the Fourier transforma-
tion proceeds in the same way as for the translational motion
since the integration can be extended to the interval from
minus to plus infinity. Using Eq.~53!, we get

Prot~ l !5Prot
1 ~ l !1Prot

2 ~ l !1 interference term, ~61!

where l in the first term predominantly will correspond to
l150,1,2,... , and in the second term to
l250,21,22,... , since the two wave packets will evolve
corresponding to clockwise and counterclockwise rotation.
The first two terms are expressions for the distribution of the
angular momentum which mathematically is equivalent to
Eq. ~58!, the essential difference is that the angular momen-
tum, j5 l\, is quantized. The last interference term repre-
sents the possible overlap between the angular momentum
representations corresponding to clockwise and counter-
clockwise rotation. This term is small if the average magni-
tude of the angular momentum is large. Equation~61! is
equivalent to the result reported in Ref. 2~albeit obtained in
a somewhat different way! and as in that work we neglect in
the following the interference term. We elaborate below on
the form of the first two terms in the expression and we
show, in particular, that the result which we have outlined
here is valid also after the fragmentation is over, where the
wave packet associated with the free rotor motion will take a
finite value at the borders of the interval@2p,p#.

The continuity of the wave function associated with the
bending vibration and eventually the free rotor motion of the
BC fragment implies that the wave function must be invari-
ant to an angle displacement of 2sp, wheres is an integer.
This condition is incorporated in the expression27

Fm~f,0!5 (
s52`

`

cf012sp~f!, ~62!

wheref P]2 `,`@ and

cf0
~f!5cmHm~k0~f2f0!!

3exp$~ i /\!@a0~f2f0!
21g0#%, ~63!

f0 is the equilibrium bending angle of the electronic ground
state~which might differ from the corresponding angle fol-
lowing vertical excitation—if an equilibrium angle exists in
the excited state!. Each packet in Eq.~62! evolves indepen-
dently due to the linearity of the time-evolution operator.
Equation~50! with Eq. ~55! within the LHA implies that,

Fm~f,t !5 (
s52`

`

cf t12sp, j t
~f!, ~64!

where

cf t , j t
~f!5cmHm~k t~f2f t!!e2 imb t

3exp$~ i /\!@a t~f2f t!
21 j t~f2f t!1g t#%

~65!

sinceVrot(r ,f)5Vrot(r ,f12sp) according to Eq.~45!. The
parameters evolve in time according to Eq.~4!, e.g.

df t /dt5 j t /I ,
~66!

d j t /dt52]Vrot~f,t !/]fuf5f t
,

whereVrot(f,t) is the potential given in Eq.~55! within the
LHA.

The Fourier transform of Eq.~64! takes according to Eq.
~26! the form ~we perform first the integration and subse-
quently the summation!,

E
2`

`

dfe2 i j f/\Fm~f,t !5cmHm~ j ,t !e2 imb tG̃~ j ,t !

3 (
s52`

`

e2 i2sp j /\. ~67!

According to Poisson’s summation formula, the last factor
can be viewed as a series of delta functions which are non-
zero only whenj /\ is an integer, that is

j5 l\, ~68!

wherel50,61,62,... .
Thus, we obtain the following expression for the first

two terms in Eq.~61!, corresponding to clockwise (1) or
counterclockwise (2) rotation,

Prot
1/2~ l !5 lim

t→`

uF̃m~ j ,t !u2, ~69!

where

uF̃m~ j ,t !u25
1

2mm!
uHm~ j ,t !u2

1

A2p~D j !0~ t !

3expH 2
~ j2 j t!

2

2~D j !0
2~ t ! J ~70!

and the difference between the two (1/2) rotational direc-
tions show up, solely, in the opposite signs ofj t . This is
exactly the same functional form as for the translational mo-
mentum, however, the continuous momentum variable,p, is
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replaced by the quantized angular momentum variable,j .
These distributions can appear as a smooth discretized ver-
sion of the distributions obtained for the translational mo-
mentum. If, however, (D j )0(t) is small, the discretized ver-
sion will appear as an incomplete representation of the
underlying continuous distribution. The points in Fig. 3 gives
a graphical representation of Eq.~70!.

The same expression was given in Ref. 19 however, only
for m50. A somewhat similar expression for the rotational
distribution was given in Ref. 2. It was, however, only given
within the linearly forced oscillator model whereas the
present expression is within the full LHA, that is, the expres-
sion allows for a time-dependent frequency. The implication
of this is, essentially, that the width of the distribution be-
comes time-dependent and as discussed in the previous sec-
tions it is determined by the classical dynamics around the
center of the wave packet. Whether the final value of the
width, (D j )0(t;`), is larger or smaller than the initial
value, (D j )0(t50), is determined by the dynamics to be
illustrated later.

When one considers rotational distributions at a fixed
~photon! energy one should not forget that such distributions
should be calculated using Eq.~52!. Thus, the translational
distribution should be taken into account. Since the small-
ness of the rotational energy typically implies that
klmin;klmaxwherelmin andlmax are the numerical value of
the smallest and largest rotational quantum numbers which
defines the width of the distributions in Eq.~69!, we can
anticipate thatPtrans(klmin);Ptrans(klmax). Thus, the transla-
tional distribution can be, essentially, constant in the relevant
region and the rotational distribution can be inferred directly
from Eq. ~69!. By the same token one would expect that the
rotational distribution is, essentially, independent of the pho-
ton energy except for an overall scaling constant. These re-
sults are similar to what one obtains from the simple
Franck–Condon mapping where final state dynamics is
neglected.4 However, more accurate estimates of the rota-
tional distribution should be based on Eq.~52!.

We note that the present description allows us to under-
stand effects which are beyond that of an independent mode
description. From the equations of motion Eq.~50!, we ob-
serve that energy transfer between translation and rotation
can make the LHA for the rotational motion a function of the
bending quantum number, that is the parameters of the rota-
tional distributions might depend somewhat on the bending
state.

1. The decaying quadratic well/barrier

To make the considerations above more explicit, let us
consider a simple model. Assume that~a similar model po-
tential has been used previously see, e.g., Ref. 28!,

Vint~r ,f!5Af2e2er , ~71!

which for a positive value of the constantA corresponds to a
molecule with a linear equilibrium geometry in the excited
~repulsive! electronic state whereas a negative value ofA
implies that the electronically excited state does not support
an equilibrium angle. Then, according to Eq.~54!, we get

Vtrans~r ,t !5V~r !1~ j t
21~D j !m

2 ~ t !2\2/4!/~2mr 2!

1A~f t
21~Df!m

2 ~ t !!e2er . ~72!

Since the validity of the simple model potential is confined
to the intervalf P @2p,p# ~as long as the interaction is
important! we have assumed that the bending wave function,

FIG. 3. Final product distributions in the photofragmentation of a triatomic
molecule, ABC, which dissociates into A1 BC, in a coplanar model with
BC as a rigid rotor. The full line is the momentum distribution associated
with translational motion and the points give the angular momentum distri-
bution associated with rotational motion of the diatomic fragment according
to Eqs.~58! and ~70!, respectively. The three figures correspond to initial
states with zero, one, and two quanta of excitation in the translational and
the bending coordinate, respectively. The units used on the~angular! mo-
mentum axis are arbitrary withpt;`5 j t;`55.
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for the purpose of evaluating the expectation value off2

during the fragmentation, can be normalized to one in the
intervalf P @2p,p#. Thus, we see thatr t will depend on
the bending quantum numberm, and we can writer t(m).
Since,

Vrot~f,t !5Af2^Cn~r ,t !ue2er uCn~r ,t !&

5Af2e2er t~m!$11e2~Dr !n
2~ t !/21...%, ~73!

where we have expanded the exponential aroundr5r t(m),
we conclude that the parameters which characterize the rota-
tional motion will depend on them quantum number. At a
qualitative level, we can easily anticipate what happens with-
out solving the classical equations of motion forr t andf t .
Assume, e.g., thatA,0 and that them-dependence of the
last term in Eq.~72! dominates, then we see thatVtransis less
steep whenm is large@V(r ) is a repulsive potential#. Hence,
r t(m) will evolve more slowly whenm is large. This implies
that the torque,]Vrot /]f, will show the fastest decay when
m is small, i.e., j ` takes the smallest value whenm50.
Thus, the center of the rotational distributions will be at suc-
cessively higher angular momenta whenm increases. Such
an effect has been observed experimentally.2

Note that with the potential of Eq.~71! the LHA is exact
for the rotational motion and the equation of motion forf t

corresponds to a quadratic well or barrier with a decaying
force constant. A numerical solution can, of course, easily be
obtained but the purpose of the present treatment of rota-
tional excitation is obviously not to try to obtain exact results
but rather to isolate the essential physics of the problem. To
that end, it is interesting to note that an analytical solution to
the equations of motion for the GHO states can be obtained
for a quadratic oscillator or barrier with an exponentially

decaying force constant.29–31 This is the so-called aging os-
cillator (1) or barrier (2) given by V(q,t)
56 (1/2)v(t)2q2 wherev(t)5vexp(2«vt/2), «.0 @the
time evolution of r t(m) is of course faster than linear in
time#. From the analytical solution one can obtain a couple
of interesting results31 concerning the asymptotic values of
the momentum and the associated uncertainty in this quan-
tity.

We consider first an aging quadratic well and the case of
a slowly decaying frequency (« ! 1). Here, the magnitude of
the momentum is reduced by a factor of («/p)1/2 compared
to its highest value in the stable oscillator. When the initial
state is a coherent state (a05 iv/2), one finds that the final
uncertainty in momentum is smaller than the initial. This is
not necessarily the case when the initial state is not a coher-
ent state~conjectures based on the uncertainty principle are
obviously erroneous3!. Thus, when the adiabatic approxima-
tion is valid the uncertainty in the momentum for the coher-
ent state must decrease due to the decrease in the effective
frequencyv(t) and when the free particle motion begins to
take over there is no further change in the uncertainty of the
momentum. Therefore the coherent state undergoes an over-
all narrowing in momentum. For the more general case
(a05 i Im a0 Þ iv/2) we may have a broadening in the mo-
mentum for small times due to a rotation in phase space and
there is therefore a possibility for an overall broadening in
momentum.

Also for an aging quadratic barrier we may have either
an overall narrowing or an overall broadening in the momen-
tum distribution depending on the initial state. This again is
easily understood from the classical dynamics in this poten-
tial. The phase space structure consists of stable and unstable

FIG. 4. The classical trajectory in the decaying oscillator, defined byv51 and «51/10, with initial conditions (q0 ,p0)5(25,0). Inserted atqt , pt
corresponding tot50,16,and 180 are snapshots of the uncertainty ellipse (\51) of a GHO state that starts out as a coherent state of the harmonic oscillator
with v51. The first two contours are drawn on the same scale, whereas the scale is changed on the third. On the latter also the asymptotic uncertainty in
momentum is shown for the lowest GHO state.
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manifolds~see e.g. Ref. 6! which means that a Wigner dis-
tribution will contract in one direction~along the stable
manifold! and expand in another~along the unstable mani-
fold!. Therefore, the uncertainty in momentum for an initial
state with a largeh0 and u0 such that the contours of its
Wigner distribution has the major axis along the unstable
manifold will initially decrease. If the free particle dynamics
takes over before the elongation along the stable manifold
has made the uncertainty in momentum larger than the initial
value, there is an overall narrowing in momentum. In the
case we considered above witha05 i Im a0 implying that
the contour ellipses of the Wigner distribution have axes
aligned with the coordinate axes, there is always an overall
broadening in the momentum distribution.

Using the analytical solutions to the aging oscillator and
the aging barrier we can illustrate the quantum dynamics of
rotational excitation. Figure 4 illustrates the case of a bent to
linear transition whereas Fig. 5 corresponds to a transition in
a molecule which is bent in the electronic ground state
whereas the electronically excited state does not support a
stable equilibrium angle. Thus, the outcome is in this case
characterized by a fairly large average angular momentum as
well as a large uncertainty in this quantity.

IV. CONCLUSIONS

We have elaborated on the dynamics of generalized har-
monic oscillator~GHO! states within the time-dependent lo-
cal harmonic approximation~LHA !. To that end we general-
ized a number of results. We would, in particular, like to
point attention to the momentum space and phase space rep-
resentation of the wave packets. Any wave packet can be
propagated within the LHA—in coordinate space, momen-

tum space or phase space—just by solving the well-known
equations of motion for a Gaussian wave packet.

We have used these results to enhance the insight into
photodissociation dynamics, in particular, the rotational ex-
citation of a fragment. We have tried to shed more light on
the theoretical foundation for a linearly forced oscillator
model for rotational excitation2,3 which successfully repro-
duced the qualitative features of the rotational distribution of
NO following photodissociation of NOCl in various bending
states. We have extended the model from a linearly forced
oscillator description to the domain of the full LHA, we have
explicitly considered the time evolution in the case of an
exponentially decaying force constant, and we have consid-
ered the effect of the interaction between rotational and
translational motion.

From the derived expressions we observe that within the
LHA the observations can be interpreted in terms of classical
mechanics; in the sense that the parameters of the wave func-
tions evolve according to classical mechanics. Thus, the cen-
ter of the distribution rides on a classical trajectory. The
dispersion in momentum comes from the uncertainty in the
stable molecule plus the extra dispersion due to the final state
interaction, that is the spreading or contraction in momentum
which develops in nonlinear potentials. This effect is also
explained from classical mechanics.

The validity of the LHA breaks down as the wave packet
being propagated becomes more and more spatially ex-
tended. Thus, the present analysis is most reliable whenm is
small, that is,m 5 0,1, or 2. If the LHA does not suffice the
dynamics detach itself from classical mechanics and the cor-
rect interpretation cannot be directly founded on simple con-
cepts of classical mechanics as in the present work.

FIG. 5. The classical trajectory on the decaying barrier, defined byv51 and«51, with the same initial conditions as in Fig. 4 together with snapshots of
the time evolved uncertainty ellipse for the same initial GHO state as in Fig. 4. Also here the asymptotic uncertainty in momentum for the lowest GHO state
is shown for the last ellipse.
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