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Computation of Compton profiles in a weak laser field

Hartmut Schmider
Department of Chemistry, Chemical Physics, Technical University of Denmark, DTU-207, DK-2800 Lyngby, Denmark

Vedene H. Smith, Jr.
Department of Chemistry, Queen’s University Kingston, Ontario, Canada K7L 3N6

(Received 3 October 1995

A modified numerical scheme for the evaluation of Compton profiles in a weak laser field, based on an
expression by Jain and Tzdd@hys. Rev. Al8, 538(1978), is derived. The scheme is based on the reciprocal
form factor and is computationally preferable to the original method. The scheme requires either a numerical
Fourier transformation or the calculation of a one-dimensional integral, both of which are easily achieved. We
focus on the numerical integration, which is readily performed with a Gauss-Chebyshev quadrature. Stable
results may be obtained by avoiding numerical derivatives. Some numerical tests are performed to study the
convergence properties of the old and modified methods. The modified scheme is applied to study some atomic
and molecular systems. The dependence of the profile modulation on the atomic ridinftveughout the
periodic table is established.

PACS numbsg(s): 34.80.Qb, 32.106:f, 33.15—e

I. INTRODUCTION whereq denotes the absolute value of the momentum trans-
fer, as the argument of the spherically averaged quantity.
The inelastic scattering of x rays from bound electronsEquation(2) includes only even-ordered derivatives of the
may be described in the framework of thepulse approxi- unmodulated profilel(q), and a field parametez. The lat-
mation (IA) [1] by means of a projection of the single- ter is a measure of the strength of the laser field, and is

particle momentum densityr(p) onto a scattering vector defined ag5]

that is determined by the geometry of the measurement. This

projected quantity is called th€ompton profile[2,3] and a?=e’EfIh%w?, ()

plays a pivotal role in linking experimentally accessible scat-

tering cross sections to quantum-mechanical observables: with E, andw, denoting the electric-field amplitude and the
frequency of the laser. Expressi@@) requires the evaluation
of derivatives, which may be analytically cumbersome, or

J(pz)=J J 7(Px:Py . P2)AP:dpy - @) numerically rather unstable. If the field parameteis very

small, only low-order derivatives are necessary, and it was

If the scattering takes place in the presence of coherent ele@ointed ouf6] that in such cases the measurement of modu-

tromagnetic radiation, for example, in a laser cavity, multi-lated profiles would supply information about the second de-

photon absorption and emission processes will lead to &vative of the profile(and thus about the momentum den-

strong modulation of the profile. Jain and Tzdd{j have  Sity).

derived a formula for the approximate calculation of such In the present paper, we recast E8).in order to arrive at

modulated Compton profiles for bound electrons. The apa simpler way for the calculation of the modulated profile to

proximations in their derivation include the aforementionedfull order, in which the evaluation of derivatives is avoided

impulse approximation, i.e., the momentum transfer in thealtogether.

process is considered to be significantly higher than the typi-

cal momenta of the target electrons. Additionally, the inten- Il. ALTERNATIVE EXPRESSION

sity of the coherent field is supposed to be small enough to

enable the neglect of the impact of the field on the Coulomb Let us consider the Fourier-cosine transform of the Comp-

potential in which the bound electrons are moving. As a reton profile(1) in a given direction,

sult, only the final state of the ejected electr@mhich is

considered to be a plane wave in the) li& assumed to be 1 [~

modified by the presence of the field. The resulting expres- J(q)= ;fo B(s)cogsq)da. 4

sion involves an infinite summation over the square of Bessel

functions, which in general may not be performed analyti-

cally. However, a series expansion yields the approximatd "€ gquantityB(s) is called thereciprocal form factor(7],
expression and it is of great use in thposition-spacenterpretation of

Compton profiles and momentum densitj@s-10|, because
w 20 g2y(q) of it_s interpretation_as an aut_o<_:orrelation function of one-
M= @ q ) partlcle wave functions descr|b|ng the systém8]. If we
=22 (v1)? dg?r insert Eq.(4) into (2), we obtain

1050-2947/96/5%)/32957)/$10.00 53 3295 © 1996 The American Physical Society
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FIG. 1. Modulated Compton profileCP) of the lithium atom.
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FIG. 2. Unmodulated Compton profiles and modulations in per-

The CP is plotted as a function of the decadic logarithm of the fielcC€Nt for the xenon and cesium atoms. The total profife and

strengtha and of the momentum transfgr Note that the monoto-

nicity of the unmodulated CP follows from its definition, but is no

maintained for the modulated profile. Tli@tomig units used are
eagh L.

1 (e * _1)V 2v
JL(q)=; . VZO(?QV(—V!C;Q—SZVB(S)Cos{sq)dS

1 o
:;Jo M(a,s)B(s)cogsq)ds, (5)

where we have abbreviated the infinite sumNbf«,s). The
modulated reciprocal form fact@®"(s) is therefore a prod-
uct of the unmodulated one with a functidh(«,s), which

dashed curvésare in(atomig units ofeays ~*, and normalized to

t the number of electrons. The modulatiof@otted curves are in

percent. The fine-dotted horizontal line is a zero grid line.

The restriction of the functiod\(«,q) to a range of 2 and
the symmetry of the Compton profil®(q) permit the last
step. The final integral in Eq@8) is very easily evaluated
with the use of a Gauss-Chebyshev quadrature, which has a
weight function of (12%) "2,

We therefore propose the calculation of the laser-modified
Compton profile by one of the following two routes:

(i) Explicit or numerical evaluation oB(s) from the
Compton profile. For experimental profiles, this may be done
in a standard manner by fast Fourier transform methods.

depends onw. The function is a hypergeometric series, andMultiplication by the Bessel functiod,(«s) and back trans-

may readily be identified as a zero-order Bessel function,

formation yields the desired modulated profile.

(i) Numerical evaluation of the final integral in E@) by
Gauss-Chebyshev quadrature. Points at the abscissas of that
quadrature may be obtained explicitly for the theoretical
case, or by interpolation from discrete data.

The occurrence of the Bessel function is not surprising, sincé The second route is preferable in the case of the treatment

Bessel functions have served in the derivation of y.and

are of general importance in the calculation of modulate

cross sections in scattering thed®,11,13. The Fourier-
cosine transform of, is known;

if 0=g<a
. a2_q2
JJo(as)cos{sq)ds=A(a,q)= ]
0 0 if q=«
0 if  a<q.
(7)

The laser-modified Compton profilé-(q) is a convolution
of the unmodified ond(q) with this functionA(«,q)

)= %J Jo(@s)B(s)cogsq)ds
=%2J f jA(a,x)J(y)eis[y—<x—qﬂdxdyds

! 1(1J(qg-—
:;JA(Q’X)J(X—q)dX:;f (q—az)

e
(8)

of theoretical data. Often, only a few evaluations of the un-
dmodulated profile are required. Higher derivatives do not ex-
plicitly enter the picture. For any given functional form of
J(q), the evaluation of the last integral in E¢B) is, of
course, equivalent to the infinite series expansion in(Eg.

Ill. SOME THEORETICAL EXAMPLES

As expected for a convolution, the impact of a finite laser-
field strengtha on the Compton profile is a broadening. It
was pointed out by Sharnet al. [6] that if the main contri-
bution comes from the second derivative in E2).(as is the
case if @ is sufficiently small, there is exactly one point
where the modulated and unmodulated profiles coincide: the
inflection point ofJ(q).

As the parametett becomes larger, the neglect of higher-
order terms in the series expansi@ is not legitimate any-
more, and the influence of the field is more complex. We
consider here the example of the lithium atom in its re-
stricted Hartree-Fock approximatidRig. 1). Thex axis de-
notes the decadic logarithm of, whereas theg/ axis is the
momentum transfeq in ﬁagl. As may be seen from the
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FIG. 4. Percent Modulation of the peak value of the Compton
profile for the atoms in the periodic tablégn the nonrelativistic
Hartree-Fock approximatiofil4,15]). The different curves corre-
spond to different values of the field-strength parameteMote
that the modulation is in all cases negative.

vicinity of 1, which is admittedly a large value. “Reason-
able” values are of the order of 0.1, and valuesaoWhich

are too high risk not satisfying the approximations made in
the derivation of the basic expressi®).

The influence of the coherent light on the profile may
differ greatly from system to system. Figure 2 shows the
total unmodulated profiles, as well as the relative differences
between modulated and unmodulated profiles of the xenon
and the cesium atoms for the small-momentum range. The
field strength parameter is 0.1357 a.u., which corresponds to
a neodymium laser with an amplitude o&k30’ V/cm. Al-
though the two atoms differ by only one electron, the influ-
ence of the laser is quite different: Whereas the “flat” profile
of Xe (full line) is hardly affected, the more peaked one of
Cs (long-dashed lineshows modulations of more than 5%
(dotted lins.

To gain experience in the importance of higher-order
terms in the series expansion, the example of the hydrogen
atom was considered. In this case, the Compton profile is
proportional to (g2 3, and the derivatives are easy to
evaluate, albeit somewhat cumbersome. In Figs. 3, we have
computed the ratidJ"(q)|/J(q), whereJ"(q) denotes the
nth-order term in the series expansion, i.e., the term propor-
tional to the ()th derivative ofJ(q). The x axis is the
momentum transfer, and theaxis shows the decadic loga-
rithm of the ratio. The different plots correspond to increas-

FIG. 3. Relative magnitude of the first five terms in expansioning values ofa. Note that there are “spikes” for each of
(2) for the hydrogen atom. Displayed is the decadic logarithm of thethe curves, arising from zeroes in the higher-order deriva-

(absolutg ratio R=[J"(q)|/J(q), whereJ" denotes the term pro-
portional to the 2th derivative of the Compton profile. The differ-
ent plots are for different field-strength parameters(a) «=0.1,

(b) «=0.5, (c) «=1.0.

figure, for logy(a)>—1/2, the convolution of the profile

tives.

For a=0.1[Fig. 3@)], terms withn>1 are certainly not
of any great importance. Second-order contributions are of
the order of 1/100%, each term being approximately two
orders of magnitude smaller than the previous one. Note that
the modulation in this case is only in the 1% area to begin

becomes so strong that the monotonicity of the Comptorwith. However, if «=0.5 [Fig. 3(b)], the modulation is al-

profile is destroyed. Instead, the modulafédq) exhibits a
local minimum atg=0, with the maximum at increasingly
large momenta. To calculat¥(q), one would have to in-
clude at least the fourth derivative d{q) for a’s in the

ready almost as large as the profile itself for some momenta,

and the second- and third-order terms reach values of several
percent. The latter depend on the sixth derivativé(of) and

are certainly not readily calculated for the general case, or
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FIG. 5. Modulated spherically averaged Compton profiles based on experimentally determined unmodulated ones. The different curves
correspond to different field-strength paramete@me legend The profiles are represented by Lorentzian fiise text (a) helium, (b)
hydrogen,(c) water, (d) methane. Atomic unitsg@a,? ) are used.

even for discrete data. Fer=1.0 [Fig. 3(c)], all contribu-  relativistic Hartree-Fock typgl4,15 for the elements hydro-

tions up to fifth ordertenth derivative are of similar impor- gen to uranium to compute modulated peak values with
tance for smallq, and all larger than the profile itself. No a’s ranging from 0.1 to 1.0. The relative modulations in
calculation of the modulated profile on the basis of E7).  percent are given in Fig. 4 as a function of the atomic num-

has any prospect of success in this case. However, integrBfr Z. ) ) S
(8) is still simple to evaluatée.g., atq=0 with a ten-point The obtained pattern mirrors the periodicity of the ele-

quadrature to an accuracy of 1% see Fig. & ments ql_Jite nicc_—zly: The _npble gaseZ:(2,10,18,36,54,86_) _
are invariably minima, arising from the fact that they exhibit

the lowest momentum densities@t 0. There are two other
IV. ATOMS IN THE PERIODIC TABLE cases of extremely low modulations: palladium and

The impact of a weak coherent field may be considered glﬁémurz]néx?rggl V;':Q USSS;%E) Ie{:xr?igietlelzsd mb;hetk\:s Ier;(l:lféli

measure of hO.W “fla” the Compton_pro_file is at any point.. metals or earth-alkali metals Z£3,11,19,37,55,87 or
The degree of influence of each derivative on this quantity IS~ 4,12,20,38,56,88). These atoms have occupied diffuse
a function of @. As could be seen in the example of the g hiais in the valence, which contribute to the momentum
hydrogen atom, the contributions are of similar size, but alyengity in the form of strong peaks at zero momentum. As
ternating sign, ifa is large. For smally, the second deriva- the atomic number increases throughout the shell, the va-
tive is the main influence. At the pea;(0), thesecond |ences orbitals spread out in momentum space, and the value
derivative is half the peak val@3] of the momentum den- of 7 at the origin decreases. The laser modulatiord &)
sity w(0), sothat in first order the modulation of the profile follows. With increasing fields, some details in the behavior
peak by a laser field is a measure for the number of electronéirough the periodic table change. For example, the alkali
at rest. metals seem to be maximally influenced for las and the

We have used our integral scheme to calculate the modwearth alkali metals for larger ones. But the general picture
lations of the Compton peakheight for the atoms of the remains the same throughout, and only the magnitude in-
periodic table. We use wave functions of the nonrelativisticcreases. Generally, lighter elements seem to be more
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FIG. 6. Logarithm to the base 10 of the relative accuracy of the modulated profile as a function of the order of the Gauss-Chebyshev
quadrature employed. The numbers on yhaxis are an approximate measure for the number of correct significant figures obtainable from
numerical quadrature. The different curves denote different field-strength paramei@sand (b) correspond to Gaussian line shapes at
g=0 andq:Zhagl; (c) and(d) are the same for a hydrogenic Lorentzian.

strongly affected(up to almost 70%) than heavier ones
(around 30-40% for a=1). Other local minima and
maxima may usually be explained on the grounds of the
electron configuration. We have chosen a simpler way to calculate some modulated
profiles from experimental ones, by employing least-squares
fits to a simple functional form from the literature. The cases
V. “EXPERIMENTAL" PROFILES presented hege z;\relsums of up to five terms of the form
. . . a,/[1+(g/&,)°] <"+, wherea, and&, are linear and non-
._The trgatmept of expenmental profiles réquires Some Speg, a5 least-squares parameters, respectively. The fits em-
cific con5|d§rat|0ns. Since the d_ata are discrete, derlvgtlv oyed here are for the systems He ang [H6] [Figs. 5a)
as needed in Eq2) are not'readlly avalla}ble. Interpolathn and 8b)], H,O[17,18 [Fig. 5(c)], and CH, [19] [Fig. 5d)].
of the data is usyally done linearly to avo'ld error correlation,the treatment, based on Gauss-Chebyshev integration, is, of
and second derivatives may not be obtained that way. If cugoyrse, equivalent to the explicit evaluation of derivatives of
bic splines are used for interpolation, only second derivativeghese functional forms, and the results are only as accurate as
are available, and the function exhibits discontinuities in thene fits on which they are based.
third derivative. It is, however, always possible to approxi-  Figures 5 display the profiles obtained by variation of the
mately evaluate the integral above, even if only linear interparameter in a range between 0 and 1 in steps of 0.2. In all
polation is used. The results are of course not “exact” incases, the profiles becomes broaderdscreases. The de-
either case. gree to which the intersection between the unmodulated and
In the practical application, the most likely strategy would modulated profiles spreads inis a measure for the impor-
be to build the multiplication by the Bessel functisee Eq. tance of higher-order terms in the series expansion. For small
(5)] into the standard calculation of Fourier transforms of thea, the modulation may be expected to be dominated by the
experimental profilde.g., for purposes of filtering second derivative, and for the water systffig. 5(c)] all

BL<s>=2f;JL(q>cos<sq>dq=Jo<as>B(s>. ©
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curves pass through more or less one point. This means th@ompton profile in terms of even-ordered derivatives. The
for water, the approximation by the first term would be fairly modified expression is both quickly convergent if treated
appropriate. For the other systems, however, this is not th@ith a Gauss-Chebyshev quadrature, and numerically stable,
case. Especially blexhibits a wide spread of the intersection anq therefore preferable for the treatment of discrete data and
points, andJ(q) even loses its monotonicity for larger. iy cases where the analytical evaluation of derivatives is
However, the starting approximation of a weak laser field is;ympersome and expensive.

not satisfied anymore in those cases. The modulation of theoretical Compton profiles with
varying strength of the coherent field was studied for some
systems, and its dependence on the atomic nulierough

{he periodic table was established. It was shown that systems

To obtain information about the accuracy of the present . ! .
method and its numerical reliability, we used two test func—W'th newly (half) filled s-valence shells show particularly

tions for a convergence study. The first one was a simplétrong modulation, whe_reas rare gases and the transition met-

. . P : . als palladium and platinum are only very weakly affected.
unnormalized Gauss functiai(q)=e . For this, deriva- g, orimentally derived fits were used to arrive at modulated
tives to arbitrary qrder are readily available in the form of theCompton profiles that could be directly compared with to
Hermite polynomials, and therefore the convergence of th

- . fow not availablg experimental data.
original equation(2) to the correct valugcalculated employ- Finally, a few remarks about the validity of the approxi-
ing Eqg.(8)] may be studied. .

. mations made in expressi@B), and its impact on the appli-
As expected, for small values of~0.1, the modulation P @2 P i

. . L Lo cation of the equivalent forr(8) are in order. The formula is,
is dominated by the second derivative, and four significan N ®)

fi btained already f he fi ional th addition to the impulse approximation, based on the as-
igures are obtained already from the first te(lpmportlonq sumption of a homogeneous electric field on the spatial and
to the second derivatiyeMachine accuracydouble preci-

X ) v si ) temporal scale of the scattering event. Furthermore any in-
sion) requires only six terms. However, a8 iNCreases fence of the coherent light on the target system is ne-
(a=~0.5), six terms can only produce a single-precision

. N glected, and only the modification of the final plane-wave
agreement, and with even larg@nd unrealistica’s (of the  giat6 js taken into consideration. These assumptions require a

order of 1.0), single-precision agreement requires ten terms;e|q of jow intensity, and are made even more severe by the
i.e., the 20th derivative. For general cases, even the fourt,ciysion of higher than first-order effects in the field fre-
derivative, which is necessary for realisticvalues, is cum- quency at a later point in the derivati¢see Eqs(18) and
bersom_e to evqluate analytically, and inaccurate numerically(.lg) in [4]]. With all this kept in mind, one might question if
Our integration schemgEg. (8)] may be checked on the 5 caiculation of the modulated profile to full order is desir-
same test system. We have done so by stepwise increasing|q 4t all. As we have seen, if the field is very weak, higher-
the order of the Chebyshev quadrature, until the differenceqer terms are hardly noticeableee, for example, Fig.
between two consecutive calculations was adouble—precisioga)], and certainly outside the precision of even modern
zero. The resulting value was used as reference, and the relggherimentgwhich should lie in the range of fractions of a
tive errors of the previous calculations were computed. The'bercent in favorable casesEven the first-order terms are
decadic logarithms are given in Figs. 6 as functions of thg;ma|| enough to warrant some suspicion about the relative
quadraturelsorder. Errors smaller than i@were.ar.tlflually size of the error inherent in the starting approximations. For
put to 10 =, which was assumed to be the limit of arith- |5rger values of the field-strength parameter, we obtain sig-
metic accuracy irReAL*8. For the peak valug=0, the con-  pificant contributions from higher-order termge.g.,
vergence is very smooth and very fast. Evendor1.0, @  Fjg.3b)], but the validities of the Taylor-series expansion
12-point quadrature produces machine-accuracy. A pathQang the series truncation ] are questionable at best. How
logical value such ag=2 may be treated with 18 points. guestionable can ultimately only be assessed experimentally.
The same holds for=2, although the convergence is \ye can speculate about an intermediate range where higher-
slightly more erratic. Realistic values a@f can be treated grder terms play a role, but the Jain-Tzoar approximation
with ten-point quadratures without loss of accuracy. may still be used. However, a quantitative study of this ques-
Since a Gaussian line shape is not particularly realisticion is outside the scope of this paper. It is not our intent to
we performed the same convergence test for the functioquestion (or confirm the validity of the approximations
J(a)=(1+9* 3, which is proportional to the profile of the made in Eqs(2) and thereford8). However, we feel that if
hydrogen atom. The results are shown in Figs) &nd 8d).  such an expression is used for calculation, its truncafion
The convergence is noticeably slower, particularly for highaddition to all the approximations invoked alrefdyhould
values ofa. For the peak value at=1, a 20-point quadra- pe avoided. It is certainly more elegant and convenient to
ture only achieves 13 digits of accuracy, and éo¥ 2, only  evaluate it to full order with less computational effort than it
six significant figures may be obtained. For realistic valuestakes to calculate only its first-order term directly. Its physi-

however, a ten-point quadrature still achieves machine accizal relevance is not affected by this in either a positive or
racy. Forq=2, the convergence is quicker, but less smoothpegative sense.

again, a ten-point quadrature should serve the requirements
for most cases.

VI. NUMERICAL CONSIDERATIONS: CONVERGENCE
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