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Introduction 
 

Recent metamaterial (MTM) research has demonstrated the potential of double- and 
single-negative (DNG and SNG) materials, as well as combinations of these with double-
positive (DPS) materials, for sub-wavelength waveguides, cavities, scatterers, and 
radiators of different canonical shapes [1]-[5]. For the cylindrical geometry it was shown 
in [3] that a set of concentric circular MTM cylinders excited by a near-by electric line 
current possesses sub-wavelength resonances where the excitation of specific modes 
leads to large radiated power for constant line current.  
 This work investigates how these resonances are affected by the shape of the 
cylinder; in particular, its deviation from the perfect circular shape. To this end a set of 
concentric polygonal cylinders excited by an electric line current is analyzed numerically 
and it is shown that these structures also possess sub-wavelength resonances - similar to 
those of the circular cylinders. The analysis includes the near-field distribution as well as 
the radiation resistance in the case of simple, but lossy and dispersive, MTMs.  The time 
factor )exp( tjω , withω  being angular frequency and t  time, is assumed and suppressed. 
 

Theory 
 
The circular and polygonal configurations are depicted in Figure 1.  
 

  
Figure 1.  The cross-section of the circular (left) and polygonal (right) configurations. 
 
To the left, a circular cylinder (region 1) of radius 1ρ is covered by a circular shell 
(region 2) of outer radius 2ρ . To the right, a regular polygonal cylinder (region 1), with a 
circumscribed circle of radius 1ρ , is covered by a regular polygonal shell (region 2) with 
a circumscribed circle of radius 2ρ . For both configurations, regions 1 and 2 are 
surrounded by free space (region 3) with the permittivity 0ε  and the permeability 0µ . 
Moreover, regions 1 and 2 are composed of simple, lossy, and dispersive DPS, DNG, or 
SNG materials with a permittivity, '''

iii jεεε −= , and a permeability, '''
iii jµµµ −= , 

( 1=i (2) for region 1 (2)). The cylinders are illuminated by an infinite electric line 
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current eI  that is parallel to the cylinders and can be located in any of the three regions. 
The cylindrical ( z,,ϕρ )-coordinate system and the Cartesian ( zyx ,, )-coordinate system 
are introduced with the z -axis coinciding with the common axis of the cylinders. The 
coordinates of the line current are ( ss ϕρ , ).   
 For the circular cylinder configuration an exact solution has been established 
using the eigenfunction expansion technique.  The known line current field, as well as the 
unknown fields in the three regions, are expanded in terms of cylindrical wave functions, 
and the unknown expansion coefficients are determined by enforcing the boundary 
conditions at the interfaces between the three regions; please see [3] for details. 
 For the polygonal cylinder configuration, a numerical solution has been 
established using the HFSS software [6].  To this end, finite length MTM cylinders and a 
finite length current tube, of radius a, current Ie, and centered at ),( ss ϕρ ,  is positioned 
between, and perpendicular to, 2 parallel, perfectly conducting, square plates with side 
length w and separation h. Between the edges of these plates, uniform perfect matching 
layers of thickness d, and joint corners and edges, are inserted.  The parameters a = 
0.15mm, h = 1 mm, w = 600 mm, and d = 12.28 mm.  
 

Results and Discussion 
 
According to [3] a dipole mode resonance occurs for the circular cylinder configuration if 
region 1 is free space, region 2 is a SNG material with )4,1(),( 0022 µεµε −= , and 

mm )0329.10 ,6(),( 21 =ρρ . It is now investigated if a similar resonance occurs for the 
polygonal cylinder configuration. Both configurations have the same material parameters, 
radius 1ρ , current A 1=eI , and  frequency of operation MHz 3000 =f .  
 Figure 2(left) shows the radiation resistance Rrad as a function of the outer radius 

2ρ  for the n -sided polygonal cylinders with 48=n , 24=n , 12=n  and 8=n , for 
=),( ss ϕρ )0,mm 75.5( o . The results for the circular cylinder configuration are also 

included. It is observed that the resonance occurs also for the polygonal cylinder 
configurations but at a slightly different value of 2ρ  depending on the number of sides 
n . For large n the outer radius 2ρ  at resonance, and the radiation resistance Rrad , is close 
to that of the circular cylinder configuration. As n  decreases, and the polygonal cylinder 
thus deviates considerably from the circular cylinder, the outer radius 2ρ  increases 
slightly and the radiation resistance Rrad more notably. These values are summarized in 
Table 1. For comparison, the line current in free space has Rrad = 0.592 /Ω mm. 
 
 
 
 
 
 
 
 
 
 
 
Figure 2.  Radiation resistance as a function of outer radius 2ρ  (left) and line/tube 
current position sρ (right) for the circular (CC) and polygonal (PC) configurations. 
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Quantity  Circular 48=n 24=n 12=n 8=n
2ρ    [mm] 10.0329 10.033 10.041 10.106 10.289 

Rrad   [ /Ω mm] 110.2 113.2 115.8 126.8 152.4 
 
Table 1. Important parameters at the resonance. 

Figure 2 (right) shows Rrad as a function of the location of the line current, sρ , in region 1 
for the different resonant configurations. Since the difference between Rrad for the circular 

and polygonal 
cylinders is 
profound only 
for sρ  close to 

1ρ , it follows 
that the shape 

of the cylindrical structure is not of primary importance and that the results for the 
circular cylinders can also be obtained with polygonal cylinders.  
 In Figure 3, the magnitude of the electric field is shown at positions in the xy -
plane for the circular cylinders as well as the 24-, 12-, and 8-sided polygonal cylinders. In 
all cases, a dipolar mode is observed which implies that the resonances in Figures 1 and 2 
are indeed due to the excitation of this mode. It is noted that the fields of the polygonal 
cylinders attain higher values and become more confined near the corners as the number 
of sides decreases.  
 
 
 
 
 
 
 
 
 
 
 

 
 

 
 
 
 
 
 
 
 

 

Figure 3. The electric field for the resonant circular (top left) and for the 24-side (top 
right), 12-side (bottom left), and 8-side (bottom right) polygonal configurations. For all 4 
plots, the linear dynamic range is set to [150-170000] V/m.  
 
To asses the effects of loss and dispersion in the MTM, the lossy Drude and Lorentz 
models [3] have been introduced and this leads to the results in Figure 4. Clearly, the 
resonances occur in all cases. While they are broad-band in the non-dispersive case with 
high values of Rrad, they narrow considerably when dispersion is present and the value of 
Rrad decreases significantly; this is particularly true for the Lorentz model.  However, it is 
seen that the results for the polygonal cylinders are close to those of the circular 
cylinders. This implies that it is the dispersion model rather than the geometrical shape 
that determines the behavior of the resonances. 
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Figure 4. Radiation resistance as a function of frequency for the resonant cylindrical (CC) 
and polygonal (PC) configurations with no dispersion (left), Drude dispersion (middle), 
and Lorentz dispersion (right). 
 

Finally, it is important to note that the 
resonances of the polygonal cylinders are not 
restricted to locations of the line current near 
corners. Figure 5 shows that a dipole mode 
occurs also for the line current near the middle 
of a face at =),( ss ϕρ (5.29 mm, 22.5o). 
 

Figure 5. The electric field of the resonant 8-
sided polygonal cylinders with the line current 
near the side of the cylinders. The linear 
dynamic range is set to [150-170000] V/m. 
 

Conclusions 
 

It has been shown that the sub-wavelength resonances of circular MTM cylinders also 
occur for polygonal MTM cylinders. This is the case for lossless and non-dispersive 
cylinders as well as lossy and dispersive cylinders.  The sub-wavelength resonances are 
thus not limited to structures of canonical shapes but occurs also for other shapes and 
they are determined more by the material parameters than the geometrical parameters.  
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