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We present a detailed numerical investigation of the phase-locking regions in a forced model of slow
oscillations in human insulin secretion and blood glucose concentration. The bifurcation structures
of period 27 and 4 tongues are mapped out and found to be qualitatively identical to those of
several other periodically forced self-oscillating systems operating across a Hopf-bifurcation point.
The numerical analyses are supplemented by clinical experiments. © 1995 American Institute of

Physics.

I. INTRODUCTION

Phase-locking and other nonlinear dynamic phenomena
have been observed in virtually all areas of science and en-
gineering. Human physiology is .an example of a field in
which an abundance of self-oscillatory subsystems exist, al-
lowing for a varjety of rionlinear dynamic phenomena to
arise. The present paper deals with an example of such a
_syStem, namely the insulin/glucose feedback mechanism in
the human body.

The main function of the hormone insulin is to regulate
the uptake of glucose by muscle and other cells, thereby
controlling the blood glucose concentration. The most impor-
tant regulator of pancreatic insulin secretion is glucose, and
thus insulin and glucose are the two main components of a
negative feedback system. In normal humans, ultradian os-
cillations with an approximate 2-hour period can be observed
in pancreatic insulin sécretion and blood glucose
concentration.!~ In addifion, more rapid 8-15 min pulses of
secretion have also been identified.* The two modes of oscil-
lations are clearly distinct phenomena,’ and it appears that
they have different orlgms The persistence of I'apld pulses in
the perfused pancreas and in isolated islets® suggests that
they are controlled by an intrapancreatic pacemaker mecha-
nism. Because of their relatively high frequency, they are of
fairly low amplitude in the systemic circulation of humans.
In contrast, the ultradian oscillations are of large amplitude
in peripheral blood, especially when insulin secretion is
stimulated by glucose gdministraiiOn, and their origin may
well be the insulin/glucose feedback system,-i.e., the whole-
body feedback regulation of glucose and insulin is unstable,
We have previously proposed a nonlinear dynamic model of
the insulin/glucose feedback system,7 The model exhibits
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self-sustained ultradian oscillations when a constant glucose
infusion experiment is simulated. .

Additionally, we have shown® how the ultradian oscilla-
tions in insulin secretion, which persist during constant in-
travenous glucose infusion, can be entrained to the pattern of
an oscillatory glucose infusion. When glucose is infused as a
sine wave with a relative amphtude of 33% and a period
cither 20% below or 20% above the period occurring during
constant glicose infusion, the oscillations in glucose concen-
tration and insulin secretion entrain to the pattern of glucose
infusion. There are limits to the range within which entrain-
ment c¢an be obtained. Thus, if the period of the osciliatory
glucose infusion is outside a certain range, simple 1:1 en-
trainment can no longer be obtained. In Fig. 1, the result of
an experiment first reported in Ref. 8 is shown. Here, the
period of infusion was approximately twice as long as the
period observed when a constant infusion of glucose was
administered, and as a.result, two large amplitude oscilla-
tions appear for every swing of the glucose infusion. These
modes of entralnment can also be accounted for by the
model if the simulated pattem of glucose infusion is
oscillatory” as exemplified _ih Fig. 1. Other experimental evi-
dence of nonlinear dynaniic phenomena in periodically
forced physiological systems include phasé-locking and glo-
bal bifurcations in periodically forced chick heart cells,'
phase-locking in mechanically ventilated cat respiratory
systems,!! and chaos and phase-locking in periodically
stimulated squid axons.'>-

In this paper, we extend the experlmental evidence of the
insulin and glucose oscillations and the entrainment phenom-
enon by reporting the results of six additional experiments
and comparing them to simulations with the model. Subse-
quently, we move on to a numerical investigation, mapping
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FIG. 1. Left: Glucose infusion study performed in subject A. On this occasion, the period of the glucose infusion was 320 min, and consequently, there were
two large amplitude oscillations in glucose, insulin, and insulin secretion rate (ISR) for each oscillation of the infusion. The vertical line in the infusion curve
represents a short, accidental interruption in the glucose infusion which was monitored. Redrawn from Ref. 8. Right: Model simulation in which the period
of infusion was approximately twice the endogenous period, and a 2:1 type entrainment is produced,

out some of the largest phase-locking regions of the forced
model.

IL. DESIGN OF CLINICAL EXPERIMENTS

Experimental protocol. Two studies were performed on
separate occasions in each of three non-digbetic men “(sub-
jects A, B and C; ages 27, 21, and 30 yr; weights 54, 96, and
67 kg; heights 169, 175, and 171 cm). Subject A had been
previously studied.® After an overnight fast, each subject was
admitted to the Clinical Research Center at the University of
Chicago. An intravenous catheter was inserted into each arm,
one for blood sampling, and one for glucose infusion. Begin-
ning at 0800 hours, glucose (20% dextrose) was adminis-
tered for 28 hours via a computer-controlled pump {Flo-gard
8000 volumetric infusion puimp; Travenol Laboratories,
Deerﬁeld H) Qamnimo for glicose, mcmim and (‘-nenhdp
was performed at 10—mm mtervals for the final 24 ho‘urs‘ of
the study. The mean rate of glucose infusion was 6 mg/(kg
body wgight)/min. For subject A, the pattern of infusion was
a sine wave with amplitude and period of 40% and 300 min,
and 33% and 78 min in the two studies, respectively. The
hypothesis of the first experiment was that another example
of 2:1 entrainment would emerge, [i.e., two oscillations in
glucose, insulin, and insulin secretion rate (ISR) for every
irifusion perlod] while the second study was perforined in an
attempt to produce a case 1:2 entrainment (i.e., one full os-
cillation in glucose, insulin, and ISR for every two oscilla-
tions in the infusion). Subjects B and C both first received
constant glucose infusion, and subsequently an oscillatory
glucose infusion with a 33% amplitude and periods of 60
min (subject B) and 480 min (subject C), respectively.

" Glucose, insulin, and C-peptide assays. Glucose concen-
trations were measured with the glucose oxidase technique

using a YSI analyzer (Yellow Springs Instrument Co., Yel-
lIow Springs, OH). Serum insulin and plasma C-peptide were
measured by radicimmunoassay. >

Data analysis. The raw data were smoothed with a three-
point moving average. ISRs were calculated by deconvolu-
tion of the smoothed C-peptide data using a two-
compartmental model of C-peptide kinetics.'>'® The Kinetic
parameters of subject A were calculated in connection with
the prior set of expenments while standard parameters were
used for subjects B and C.}7

it THE MODEL OF THE INSULINIGLUCOSE
FEEDBACK MECHANISM

A detalled description of the model has previously been

pubhshed The model was constructed by extracting param-
eters and mlahfr—lh\m and mmnt!mn\m features of functional

relatlonshlps from the results of independent ¢linical experi-
ments. The model equations are:

dr, I, I\ I
_ p_ti) iy
dr =F(0)- (V V) 7,

dG 2
r —G1(1+A sm( )) —f2(G) = F3(G)f4(L1;)+ f5(x3),

R/

*

dI,-_El. I
v,

P i
dt

T

de, L=x; dr, x~x, des x=xs
dr 1403’ 4137 dt 1,037

dr
where the functional relationships and base case parameters
are: :

. 209
1+exp(~G/{300V,)+6.6)’

Fr=T2[1—exp(—G/(144V,)}],

fi=
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FIG. 2. Left: Clinical experiment in subject A with a period of 300 min and an amplitude of +40% for the glucose infusion. In this case, the 2:1 entrainment
observed in Fig. 1 appears to be lost, in that the second peak is replaced by a “shoulder” in the profiles in some cases and absent in other cases. Right:
Coarresponding simulation in which the period of infusion was reduced by 8% and the amplitude was increased to 40%.

£3=0.01G/V,,

90 _
fa=q +exp(—1.772 log(I{1/V;+ 1/(E1-;)])+7.76)+4

100N

1oV

fs:(l+exp(0.29x3/Vp—7.5)) :

V=3 L, V;=11 L, Vg=10 L, 7,=6 min, 7=100 min,
7,=36 min, E=0.2 L/min, and GI=216 mg/min.

Insulin secretion is stimulated by glucose (f)). After its
secretion by the pancreas, insulin distributes in the plasma
space with a volume of V, and subsequently it is cither de-

graded according to time constant 7, or it enters the intersti-
tHal finid with a valnme of T'f h\r diffusion with an effective

flal nuig with a volume of SRiiaudaa itid Qil CAACLLY

diffusion constant E. Intersntxal insulin, which is degraded
slowly {7}, enhances glucose utilization (f;). Additionally,
glucose—which is assumed to distribute in one compartment
with volume Vg—also enhances its own utilization (f5, insu-
lin independent uptake, and f3, insulin dependent uptake).
Insulin also inhibits hepatic glucose production {f;), but there
is a time delay between the appearance of insulin in the
plasma and its resulting suppressive effect. The pathway of
this time- delay is presently unknown and therefore it is mod-
eled as a third-order delay with a lag time 7. Glucose is
infused as a sine wave, mean rate GI, amplitude A, and pe-
riod P. These three parameters can be varied in the experi-
mental setting. In the following section, we will present nu-
merical simulations as well as perform a two-parameter
bifurcation analysis of the forced insulin/glucose model by
varying the amplitude and period of the oscillatory glucose
infusion while other model parameters are fixed.

IV.. SIMULATION AND EXPERIMENTAL RESULTS

In accordance with typical experimental results, simula-
tion of a constant glucose infusion yields self-sustained os-
cillations of insulin and glucose.” The period of the oscilla-
tion  is approximately 110 min, very close to the
experimentally observed period. By simuiating oscillatory
glucose infusions, enfrainment of the insulin and glucose os-
cillations occurs, providing the forcmg period is within a
certain range of the natural period.? These observations are m
complete agreement with our previous experimental results.®
If the period of infusion is approximately twice that of the
endogenous period, a mode of entrainment will be obtained
in which the system exhibits two large amplitude oscillations

for each period of the forcing. This is also in harmony with
onr exnerimental results. The recion in which this nm‘hmﬂm*

LRl DAPCEILICIRGL 10onils. AL 1T A2 A0 SAAe PJiliVNlAl

type of entrainment is possible is, however, narrow. When
the period of infusion was set at 300 min instead of 320 min
and the forcing amplitude increased from 33% to 40%, the
result was qualitatively different in that only one large am-
plitude peak of plasma glucose and insulin secretion could be
observed. This experimental result is shown in the left panel
of Fig. 2. For comparison, a simulation was performed with
a 40% forcing amplitude and a forcing period 8% shorter
than the period used for the simulation shown in the right
panel of Fig. 1. The result displayed in the right panel of Fig.
2 is similar to the experimental result. '

~If the infusion period is approximately half that of the
natural period of the system, one would expect a 1.2 type of
entrainment, i.e., the periodic forcing goes through two os-
cillations before the system has completed one full cycle.
The result of the experiment in which the period of infusion
was 78 min is shown in the left part of Fig. 3. During the first
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FIG. 3. Left: Clinical expériment in subject A with a peried of 78 min and an amplitude of %33% for the glucose infusion. During the first 16 hours of the
study, the mode of oscillation resembles entrainment in a 1:2 fashion in that the troughs in the glucose profile alternate between higher and lower values, After
16 hours, this mode is lost, but it reappears towards the end of the study. Right: Clinical experlment in subject C with a period of 480 min and an amplitude

of £33% for the glucose infusion.

16 hours of the study, the system shows some signs of being
entrained in the expected fashion: the troughs of glucose
alternate for each infusion cycle. A similar pattern is difficult
to discern for the ISR and insulin profiles. After approxi-
mately 16 hours, the system loses any sign of 1:2 entrain-
ment, but towards the end of the experiment, the mode reap-
pears. An analogous simulation result {not shown) shows

i 1-9
clear 1:2 eritrainment. During constant glucose infuston, ul-

tradian oscillations in glucose and insulin secretion occitrred
in both subjects B and C with an approximate period of 120
min {data not shown). In subject B, during oscillatory glu-
cose infusion with a period of 60 min, the expected 1:2 en-
trainment pattern did not clearly emerge. Instead, one oscil-
lation in glucose and insulin secretion was evident for each
oscillation of the infusion (data not shown), a result very
similar to the one obtained in subject A (Fig. 3, left). In
subject C, during oscillatory glucose infusion with a period
of 480 min, the resulting glucose and insulin secretory pro-
files revealed 3—5 oscillations for every one oscillation of the
infusion (Fig. 3, right). Although one might have expected to
observe 4:1 entrainment, the experimental result more
closely resembles nonperiodic behawor, e.g., quasiperiodic
oscillations.

V. BIFUHCATION ANALYSIS OF ENTRAINMENT
REGIONS IN THE MODEL

A. Numerical methods
We have used the software package PATH'® which can
locate stable as well as unstable solutions by use of a Newton

CHAQCS, Vol. 5

Downloaded 11 Aug 2009 to 192.38.67.112. Redistribution subject to AIP license or copyright; see http://chaos.aip.org/chaos/copyright.jsp

iteration scheme. The stability of a periodic orbit is deter-
mined by calculating the eigenvalues of the derivative of the
Poincaré map. A bifurcation point can be located by varying
one or two parameters slowly, Once a bifurcation point is
found, simultaneous and slow variation of two parameters
can automatically be performed by PATH, allowing the curve
of bifurcation points which generically exists in a two-

paramemr case 1o 1—\11 h-ar-n.r'

B. Bifurcation analysis of the unforced system

Before analyzing the forced systeim, it is appropriate to
perform some investigation of the autonomous insulin/
glocose model. A two-parameter bifurcation diagram is
shown in the inset of Fig. 4. Here the rate of glucose infusion
GI and the volume V, of plasma which insulin first enters are
the bifurcation parameters. The system is stable for both low
and high values of GI and V,. In the region of intermediate
values for these parameters, a stable limit cycle solution ex-
ists along with the unstable equilibrium. The boundary be-
tween these two regions is a curve of supercritical Hopf-
bifurcation points. In the analysis of the forced system, G/ is
fixed at 216 mg/min and V), at3 L. Since the periodic forcing
influences the size of GI, a sufﬁcxently large amplitude of the
periodic variation will cause G/ to take on values for which
the autonomous system is stable.

C. Structure of dominant Arnol’d tongues

Figure 4 also presents a phase diagram illustrating all the
bifurcation curves which were found in the present numeri-

No. 1, 1995
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FIG. 4. The inset shows a bifurcation diagram in the V-G¥ plane of the
autonomous model; the closed curve represents supercriticat Hopf-
bifurcations and the asterisk illustrates the parameter combination for the
base case simulation. The rest of the figure shows a phase diagram present-
ing an overview of all the bifurcation curves found in the analysis of the
forced model.

cal analysis. Our analysis was confined to regions for which
the period of the phase-locked solution was either equal to or
twice that of the periodic forcing. In addition to the local
bifurcation curves shown in the figure, we have also found
evidence of global bifurcations involving chaotic transitions

and associated with the codimension 2 bifurcation points, -

some of which are shown in Fig. 5.

Period 2 regions. The top panel of Fig. 5 shows a
magnified region of the tongue for which the forcing period
is close to that of the antonomous system. For the lowest
amplitudes, both tongue edges are saddle-node bifurcations.
As the amplitude increases, both sides of the tongue become
torus bifurcation (also denoted Neimark-Sacker bifurcation)
curves. The left hand side of the saddie-node edge begins to
overlap with the torus edge, tarns sharply in a cusp-point,
and subsequently connects to the torus part of the edge. At
this connection point, the saddle-(stable)node bifurcation be-
comes a saddie-(unstable)node bifurcation, and the curve
continues until it joins the right hand torus edge, at which
point the bifurcation again is a saddle-(stable)node bifurca-
tion, and the curve almost simultaneously turns and consti-
tutes the lower right hand side of the tongue, The tongue for
which the forcing period is approximately twice that of the
period of the autonomous system has the identical qualitative
structure as the tongue shown in the top of Fig. 5. Because
the period of the steady state solutions in these tongues is
equal to the period of the forcing, they are both denoted 24
regions. For low forcing amplitudes, however, in the latter
tongue there are almost two full swings in the state variables
for each swing of the forcing, but the system only performs a
complete cycle with two swings of the forcing. As the am-
plitude is increased and the period of the forcing differs sig-
nificantly from twice the period of the autonomous system,
the shape of the limit cycle changes so that only one peak in
the state variables can be observed. This transition between a
solution in which two peaks can be seen in each pertod to a
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FIG. 5. Top panel: Local bifurcation curves in period 27 region for which
the period of the forcing is close to the period of the autonomtous system.
Middle panel: Local bifurcation curves in period 4 regions for which the
forcing period is approximately 1.5 times the endogenous period. Bottom
panel: Magnification of the region shown in the middle panel. Saddle-node
bifurcations are full curves, period-doubling bifurcations are short-dashed
curves and torus bifurcations are [ong-dashed corves. The asterisks denote
connections of bifurcation curves—codimension-2 bifurcation points.

solution in which only one peak can be seen (see also Figs. 1
and 2) does not involve a bifurcation, but merely a continu-
ous change in the shape of the limit cycle.

Period 4w tongues. The middle and bottom panels of
Fig. 5 illustrate the 47 tongue energing from the w-axis at

. CHAOS, Vol, 5, No. 1, 1995
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two swings of the periodic forcing for every three oscilla-
tions of the autonomous system. Although this region is
much smaller than the 47 tonghe emerging from the w-axis
at a forcing period equal to half the period of the autonomous
system (see full phase diagram in Fig. 4), both regions in-
volve period-doubling, saddle-node and torus bifurcation
curves. In particular, the way the curves join appears to be
qualitatively identical in the two regions.

VI. DISCUSSION

The present analysis represents an effort to bridge a gap
between the field of clinical experimental research and non-
linear dynamics. Our research design was specifically aimed
at explaining each individual experimental temporal profile,
From the outset, it was assumed that the insulin/glucose
feedback regulation is of importance for the genesis and con-
trol of the slow, self-sustained oscillations which can be ob-

o £ illat 14 Py
served in normal man, Administration of oscillatory glucose

infusions enabled various modes of entrainment and quasi-
periodic behavior to be observed complementing our previ-
ous experimental results.®

The agreement between the experimental and simulation
results is by no means complete. It was particularly difficult
to produce an experimental example of 1:2 enirainment, i.c.,
one full cycle of the system behavior for every two oscilla-
tions in the infusion. One of the most likely explanations for
this is the fact that many other self-oscillatory processes exist
within the body which influence the insulin-glucose feedback
mechanism. For example, the circadian clock and the sleep-
wake cycle have both been shown to have independent and
strong effects on glucose regulation,'” and the pulsatile se-
cretion of hormones such as luteinizing hormone (LH} and
growth hormone (GH) may also influence the temporal pro-
files of glucose and insulin secretion. We have shown that
this is indeed the case for GH.2 Since certain features appear
to be well-represented by the model, the subsequent numeri-
cal investigation serves as an illustration of how the entrain-
ment regions in the experimental system could be structured,
but it is not a prediction of exact locations of bifurcation
curves in the experimental setting.

A potential advantage of the present experimental ap-
proach lies in the improved signal to noise ratic which is a
consequence of the increased amplitude of the secretory os-
cillations due to the periodic forcing. This aspect could fa-
cilitate a closer investigation of how other hormones might
phase-lock or interact with the insulin/glucose oscillations.

We have recently shown that the pattern of 1:1 entrain-
ment observed during oscillatory glucose infusion in nondia-
betic subjects is absent in patients with Type 2 (non-insulin-
dependent) diabetes mellitus and even in subjects with only a
mild impairment of glucose tolerance.?! In its present form,
those experimental results cannot be reproduced by the
mathematical model of the insulin—glucose feedback mecha-

nism. One of the obvious shoricomings of the model is the
simnle relationshin that has heen asonmed to axigt hatwean

DALLPAAY AVAGLIVAASLGE WMiGL dIGS VWl Adswalibl W TAlSL UCLWOTTL

glucose and insulin secretion. This relationship does not ac-
curately represent the in vivo insulin secretory response in a
diabetic person. Further development of the model would be

Downloaded 11 Aug 2009 to 192.38.67.112. Redistribu&éii&hj¥el. 18, Ale. 1169985 or copyright; see http://chaos.aip.org/chaos/copyright.jsp

useful in elucidating the experimental results observed in
diabetes.

A large part of Fig. 4 deals with a region of parameter
space which is physiologically unrealistic. Values of A larger
than 1 are equivalent to pumping glucose out of instead of
into a vein. While such a situation would be impossible to
realize experimentally, it is of theoretical interest, and the
numerical analyses show that bifurcation phenomena may
occur in the unrealistic region of parameter space that are

=2
‘mp’“'t“"f for the dynamlcs in the realistic J.UE.lUll For in-

stance, the codimension-2 bifurcation point joining the torus
and period-doubling curves in Fig. 4 for (Aw)
~(0.987,0.103) lies very close to the unrealistic region of
parameter space. Small variations in one or more of the other
model parameters could move this point out of the realistic
region. This, however, would not remove the global bifurca-
tions associated with the codimension-2 bifurcation point,
but in the experimental situation (assuming that the model
accurately describes the experimental system), the global bi-
furcations wouid seem to arise out of nowhere because only
the region A= could be investigated. We do not have ex-
perimental evidence for global bifurcations, but the numeri-
cal investigations illustrate the important point that bifurca-
tions may be important even if they occur in an unrealizable
part of the parameter region.

Many features of the bifurcation scenario illustrated in
the present analysis are qualitatively identical to those ob-
served in the forced Brusselator™® and in the forced continu-
ous stirred tank reactor model.”*** Gambaudo® has used a
combination of mathematical and numerical analyses and
found the same structures in models forced near Hopf-
bifurcation points, We refer to those papers for more detailed
descriptions of the global bifurcations as well as of the solu-
tions in the different regions.

In conclusion, we have presented clinical experimental
and numerical evidence of phase-locking and other modes in
human insulin secretion stimulated with oscillatory glucose
infusion. Further clinical studies performed in conjunction
with appropriate modifications and extensions of the model
could improve our insight into some aspects of in vive regu-
lation of insulin secretion.
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