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Temporal director fluctuations in nematic ordering were studied by computer simulation on the
Lebwohl-Lasher model as well as by neutron-scattering experiments on the nematogen d-PAA. The
time-series data have been analyzed by the rescaled-range method and in terms of the power spectrum
in order to determine the Hurst exponent H. Theory and experiment are in good agreement. A
value of H ~ 1 was found for the nematic phase, characterizing fractional Brownian motion, whereas
H =~ 0.5, reflecting ordinary Brownian motion, applies in the isotropic phase. Field-induced crossover
from fractional to ordinary Brownian motion was observed in the nematic phase.

PACS numbers: 64.70.Md, 05.40.4+j, 64.60.Cn

The study of temporal fluctuations in complex dy-
namical systems has been revived through the concept
of fractional Brownian motion introduced by Mandel-
brot [1]. In contrast to ordinary Brownian motion which
reflects independent stochastic processes, fractional
Brownian motion implies persistence or antipersistence
and power-law correlations in the fluctuations. An inter-
esting possibility for observing fractional Brownian mo-
tion in a cooperative many-particle system exists in the
case of fluctuating modes in a symmetry-broken state of
continuous degeneracy. A candidate for a system exhibit-
ing this type of behavior is a liquid crystal within the ne-
matic phase where the director fluctuations correspond
to a dynamical mode which is critical for all temperatures
in the nematic phase [2].

In this Letter we present results from a combined
theoretical and experimental study of the director fluc-
tuations in nematic ordering. The theoretical calcula-
tions are based on computer simulations on the most ba-
sic statistical mechanical model, the three-dimensional
Lebwohl-Lasher model [3], of the nematic-isotropic ori-
entational phase transition in liquid crystals. The exper-
imental study is based on neutron-scattering measure-
ments on the nematogenic substance deuterated para-
azoxy-anisole (d-PAA). Both the theoretical and exper-
imental study lead to equilibrium time series of the ne-
matic director. From statistical analysis of these time
series in terms of the autocorrelation function C(t) and
the power spectrum P(f) of the accumulated fluctua-
tions we obtained the following results: (i) the correla-
tion of the accumulated director fluctuations scales as
C(t) ~ t*H and the power spectrum as P(f) ~ f~(H+D
with the value of the Hurst exponent being H ~ 1
for all temperatures in the nematic phase; (ii) in the
isotropic phase, C(t) scales as C(t) ~ t*H and P(f)
scales as P(f) ~ f~(H+1) with H ~ 0.5 independent
of temperature; and (iii) in the presence of a unidirec-
tional ordering field there is a crossover from H ~ 1
to H ~ 0.5 in the nematic phase, whereas the pres-
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ence of the field does not affect the Hurst exponent
in the isotropic phase. For comparison we show that
the correlation function of the order-parameter fluctua-
tions and the corresponding power spectrum is charac-
terized by a Hurst exponent, H ~ 0.5, independent of
the phase, independent of the temperature, and indepen-
dent of the presence of an ordering field. These results
show that the director fluctuations exhibit fractional
Brownian motion, H > % (1,4, 5] in the nematic phase,
whereas whenever the continuous degeneracy is broken,
the fluctuations follow ordinary Brownian motion, H =
%‘ A similar crossover behavior with the same Hurst ex-
ponent values has also been observed for the fluctuations
in the magnetization direction in the isotropic three-
dimensional Heisenberg ferromagnet [6]. The agree-
ment between experimental data for a specific nemato-
genic substance and results from calculations on a sim-
ple parameter-free model, as reported in the present pa-
per, therefore suggests that fractional Brownian motion
characterized by a Hurst exponent value H = 1 may be
generic for director fluctuations of continuous symmetry.
The Lebwohl-Lasher model [3] is the lattice version of
the classic Maier-Saupe model [7] of an anisotropic liquid
in which the molecules are coupled by the Hamiltonian

H= ——6ZP2(COSGU'), (1)
i,

where Pp(cosb;;) = 2(3cos?6;; — 1), 6;; is the angle
between the axes of rotor molecules at nearest-neighbor
sites ¢ and 7, and € is a coupling parameter. The Lebwohl-
Lasher model, which neglects the translational variables
and the steric effects of the rotor molecules, is known to
produce a very weak first-order orientational phase tran-
sition (8,9]. The nematic order in the Lebwohl-Lasher
model is characterized by a second-rank tensor order pa-
rameter, Q. As a result of the continuous degeneracy of
the nematic ordering in the absence of a field, the di-
rection of the nematic director varies and has to be de-
termined during the simulation in order to calculate the
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value of the orientational order parameter, (P(cos¥6;)),
where 6; is the angle between the axis of the ith rotor
and the nematic director. This calculation is facilitated
by diagonalization of Q, Qap = >_;(3ua,ius,: — 16ap),
a,B = z,y, z, where u, ; is the & component of a unit vec-
tor, u;, which specifies the orientation of the ith molecule.
The instantaneous value of the order parameter is then
given by the largest eigenvalue.

Using Monte Carlo computer-simulation techniques,
we have calculated equilibrium time series of the nematic
director, given by the components u,(t) of the unit di-
rectional vector, u= Y, u;, as well as the nematic order
parameter. The calculations are carried out on a sim-
ple cubic lattice with periodic boundary conditions and
L3? = 283 lattice sites. The simulations are performed
using Glauber dynamics involving attempts to randomly
rotate the direction of the individual molecules. Time
is measured in units of Monte Carlo steps per lattice
site. The Glauber dynamics, which correspond to the
overdamped regime, does not conserve the nematic or-
der. However, except in the transition region where the
order parameter exhibits strong fluctuations, we expect
our stochastic model dynamics to resemble that of the
true dynamics. The time series have been determined
for different temperatures in both the nematic and the
isotropic phase in the absence as well as in presence of an
ordering-field term, —h3 3, cos® §;, added to the Hamil-
tonian in Eq. (1).

The neutron-scattering experiments on director fluctu-
ations are carried out on samples of d-PAA. The study is
an extension of earlier work [10] where it was found that
the Hurst exponent has the value H ~ 0.5 in the solid
phase, in the isotropic liquid phase, and in the magnet-
ically aligned nematic phase, whereas at zero magnetic
field in the nematic phase the Hurst exponent assumed
the value H ~ 0.74. This latter value was suspected to
be influenced by effects due to convection flow alignment
which tends to reduce the effective value of H. In the
present Letter we report new experimental results for
the case where the convective state has been carefully
avoided [11].

The sample volume irradiated by the incident neutron
beam was (0.3 x 0.3 x 1) cm® with the long dimension
along the scattering vector. Intensity versus time series
were recorded for the liquid diffraction peak at ¢ = 1.8
A-1. It is essential that, for a given temperature, the
intensity of this peak, apart from material constants,
depends only on the orientation of the director relative
to the scattering vector [12]. Orientational fluctuations,
therefore, manifest themselves as temporal variation of
the intensity. Convective flow may change the average
orientation of the director and reduce the level of fluc-
tuations. By carefully measuring the time-averaged neu-
tron intensity as a function of the applied vertical tem-
perature gradient, for both positive and negative gra-
dients, we made sure that the effect of convective flow

has been minimized as much as possible in the present
work. Strong anchoring of the director at the container
walls may reduce the fluctuations, in the same way as
the magnetic field. For a sample container of the present
size, the influence of the anchoring field is expected to
be small. This expectation was confirmed by a series of
measurements of the time-averaged neutron intensity as
a function of the applied field. The sensitivity of the
intensity, and hence also of the director fluctuations, to
fields in the range of 10 Oe shows that the anchoring
field is too weak to suppress the thermal fluctuations in
the bulk of the sample. A time series was typically 11 h
long, consisting of 2000 channels of 20 s time width. With
this arrangement one can directly record collective orien-
tational fluctuations of spatial and temporal correlation
lengths of the order of 2 0.3 cm and = 20 s, respec-
tively. This implies that only director fluctuations are
detected, and not order-parameter fluctuations, except
perhaps close to the nematic-isotropic transition.

The time series obtained from both the computer simu-
lations and the neutron-scattering experiments have been
analyzed by the rescaled-range (R/.S) method [1,5] which
was originally developed by Hurst [13] to analyze statisti-
cal fluctuations of water levels in large natural reservoirs.
In the case of a time series, u(t), the R/S analysis is based
on a range R = max[X (¢, 7)] — min[X (¢,7)], 0 <t < 7,
and a standard deviation S = (£ 3°7_; [u(t) — (u),]z)l/z,
where the average of the stochastic variable u(t) over
the time range 7 is (u)r = 77! Y ;{_, u(t) and the ac-
cumulated fluctuations over the same time range are
X(t,7) = Sot_;[u(t’) — (u),]. Based upon these vari-
ables, an autocorrelation function C(t) can be defined as
C(t) = (X(0)X (¢)). Scaling now implies [5],

R/S~TH,  O@t) ~t*H, (2)

where H is the Hurst exponent. The power spectrum is
expected to scale as [5]

2
P() = | [ X®exp(-iznst)at| ~ 1-° (3)

with § = 2H +1. Statistical independence implies H = %
and ordinary Brownian motion. In the case of H # -é—, the
correlation function has power-law decay and infinitely
long correlations. This latter case is associated with frac-
tional Brownian motion [1].

In the case of the model simulations, u(t) is taken to
be the calculated time series for the director described by
one of its Cartesian components, uy(t). All three com-
ponents are found to behave statistically similarly. A
selection of the data for the R/S values, as a function
of time range 7, obtained for the director fluctuations in
the nematic phase for different values of the symmetry-
breaking field, hg, is given in Fig. 1. For zero field the
data show a clear scaling behavior, Eq. (2), over the full
time range with a Hurst exponent value H ~ 1. As the
field value is increased, a crossover is found to a different
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log(R/S)
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FIG. 1. Log-log plot of the R/S value vs time range
7 for the nematic director fluctuations obtained from com-
puter simulation of the Lebwohl-Lasher model at a temper-
ature in the nematic phase, 7' = 1.00¢/kp. The data cor-
respond to four different values of the applied field, h2 =
0 (e), 0.05 (o), 0.4 (O), and 1 (M). The best linear fits to the
data sets over long time ranges are given by the solid lines,
R/S ~ ¥, with H ~ 1 for zero field and H ~ 0.5 for fi-
nite fields. The inset shows the power spectrum P(f) for the
zero-field data.

scaling behavior characterized by H ~ 0.5. The crossover
occurs at shorter time ranges, the stronger the value of
the field. In the crossover regime, effective-exponent val-
ues between 0.5 and 1 can be assigned to the data. These
results are independent of temperature in the nematic
phase. In the isotropic phase the data for the finite-
system director fluctuations demonstrate that ordinary
Brownian motion applies over long time ranges indepen-
dent of temperature and independent of the strength of
an applied field. In contrast to the fluctuations in the ne-
matic director (in the absence of a field), the fluctuations
in the nematic order parameter correspond to indepen-
dent stochastic processes and hence ordinary Brownian
motion (H = %) in either phase and are independent of
temperature and the application of a field, as illustrated
by the data in Fig. 2.

We now turn to the experimental data in which the
stochastic variable u(t) is the scattering intensity from
the director fluctuations [10]. The data are analyzed by
the same methods as the numerical data. Figure 3 shows
data from the R/S analysis for different values of the
magnetic field applied normal to the scattering vector.
We observe the same general behavior as in Fig. 1. At
zero field, the data are described by a Hurst exponent,
H ~ 1, over the full time range whereas for increasing
field values there is an effective crossover to lower values
of H and ultimatively at high fields, H ~ 0.5. It is not
possible to resolve a crossover region in the experimental
data. The variation of the effective experimental value
of H is shown in Fig. 4. The field dependence of the
scattering intensity of the liquid diffraction peak, shown
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log(T)

FIG. 2. Log-log plot of the R/S value vs time range T
for the nematic order-parameter fluctuations obtained from
computer simulation of the Lebwohl-Lasher model for a tem-
perature, T'= 1.00¢/kp (), in the nematic phase and a tem-
perature, T = 1.30¢/kp (o), in the isotropic phase. The best
linear fit to the entire data set over long time ranges is given
by the solid lines, R/S ~ 7H  with H ~ 0.5. The inset shows
the corresponding data for the power spectra P(f).

in the inset in Fig. 4, reflects the gradual approach to a
unique director for the whole sample.

Some results for the power spectrum P(f) of the di-
rector fluctuations at zero field are shown as insets in
Figs. 1, 2, and 3 for the theoretical and experimental
data, respectively. It is seen that, although the statisti-
cal analysis of the power spectra is more uncertain, P(f)
also obeys scaling over a considerable frequency range

s 00 oo N ®» © O

0 . 1 . .
0.5 1.0 1.5 2.0 2.5 3.0 3.5

log(T)

FIG. 3. Log-log plot of the R/S value vs time range 7
for the nematic director fluctuations obtained from neutron
scattering measurements on d-PAA in the nematic phase (T' =
398 K) for different values of the magnetic field h. Data are
shown for h = 0 (%), 54 (O), and 100 (A) Oe. The solid lines
indicate fits of the scaling form, R/S ~ 7H  to the data with
resulting values of the Hurst exponent shown in Fig. 4. The
inset shows the data for the power spectrum P(f) (in the case
of h = 0) and a solid line corresponding to 8 = 2H + 1.




VOLUME 70, NUMBER 12

PHYSICAL REVIEW LETTERS

22 MARCH 1993

1.2 T T T T T
= 1.0 o 4o .
3 oo
=3 %o %0 o
08| °% o ]
":u_» 8 ° 0 25 50 75100125150
33: ° h [0e]

0.6 o ©9°°% ° o ]

o 8
0.4 1 . 1 " 1 i 1
0 50 100 150 200
h [Oe]

FIG. 4. Plot of the effective Hurst exponent obtained from
the R/S analysis of the nematic director-fluctuation data ob-
tained from neutron-scattering measurements on d-PAA. The
inset shows the scattering intensity of the liquid diffraction
peak as a function of magnetic field.

and that the scaling relation, 8 = 2H + 1, is approxi-
mately fulfilled.

The physical interpretation of the results from the
present combined theoretical and experimental investiga-
tion of director fluctuations in liquid crystals in addition
to those reported earlier [10] is as follows: In the ordered
nematic phase, the director is subject to a continuous de-
generacy since its direction is not coupled to the lattice
and there is no activation barrier for directional rotation.
Hence the director field is subject to critical fluctuations
and power-law correlations for all temperatures within
the nematic phase [2]. This leads to fractional Brownian
motion of the director. In contrast, the nematic order
parameter is not a critical mode (except at T, [9]), and
the order-parameter fluctuations in both phases are of
short range and are associated with ordinary Brownian
motion. The continuous degeneracy of the nematic di-
rector can be lifted by an ordering field, in which case
the fluctuations become quenched and the mode is no
longer critical. Ordinary Brownian motion then results

over long time ranges, as observed both in the exper-
iments and in the simulations. At short time ranges,
however, the symmetry-breaking field is not capable of
destroying the power-law correlations and only at longer
ranges is there a crossover to ordinary Brownian motion.
This crossover occurs for shorter time ranges, as the field
increases.
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