View metadata, citation and similar papers at core.ac.uk brought to you by fCORE

provided by Online Research Database In Technology

Technical University of Denmark DTU
>

Comments on "A discrete optimal control problem for descriptor systems'

Ravn, Hans V.

Published in:
| E E E Transactions on Automatic Control

Link to article, DOI:
10.1109/9.58518

Publication date:
1990

Document Version
Publisher's PDF, also known as Version of record

Link back to DTU Orbit

Citation (APA):
Ravn, H. (1990). Comments on "A discrete optimal control problem for descriptor systems'. | E E E Transactions
on Automatic Control, 35(8), 985-987. DOI: 10.1109/9.58518

DTU Library
Technical Information Center of Denmark

General rights

Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.

e Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
e You may not further distribute the material or use it for any profit-making activity or commercial gain
e You may freely distribute the URL identifying the publication in the public portal

If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.


https://core.ac.uk/display/13721511?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1109/9.58518
http://orbit.dtu.dk/en/publications/comments-on-a-discrete-optimal-control-problem-for-descriptor-systems(4b5accc3-7cae-4f13-b2db-56503e6b05f8).html

IEEE TRANSACTIONS ON AUTOMATIC CONTROL, VOL. 35, NO. 8, AUGUST 1990

process is governed by

dn*(t) = —sgn(n™(t) — y)dt +dw(). (33)

The corresponding Fokker-Planck equation can be written, in terms
of a generalized function, as

op @ 18%p
ar —az(sgn(z—y)p)+i&7
dp 18%p
=28(z — N Al 4
3(z — y)p +sgn(z — ) 2z T2 32

lim p(¢, z|x) = 8(z — x). 34)
t—0

We apply (27), noticing that — [z — y| is an indefinite integral of
—sgn(z — »), to obtain
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which is obviously positive and continuous on (0, oo) x & and is C'+2
on (0, 0o) x (R\{y}.

Using Properties 5 and 6 in Proposition 1, one can easily verify
oo

/ pt, zlx)dz =1
-0

pt, z|x)dz

Y(t, x) € (0, o) x R.

In fact,
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def

= E[£(1)|#(0) = x] by using (35).
As we know, u(t, x) solves the backward equation

Next, we compute the mean u(?, x)

%——s n(x ~ )a_u+182u
o = T g Yo X7V
u(0, x) = x.

Computation gives

u(t, x) =y + E[E(t) — y|£(0) = x]

bri=5 [%
=y+e ze FIG(t, 2+ y —x)dz
—o0
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It is easy to see u(t, x) is C"! on (0, oc0) x ® and 3% u(t, x)/0x?
exits and is continuous for x # y.
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The steady-state density function ps(z) can be obtained by directly
taking the limit

ps(2) = lim p(¢, z|x)
11— 00

1
= 1im T g lz =yl +x-xD
1 —00
= tim ekl |1 g (BRI g
=00 \/;
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where we have used the relation (6). And, of course, the invariant meas-
ure of (33) is u(dz) =e~2=~1dz.

Before we conclude this example, let us make the following observa-
tion: let the diffusion no(#) be governed by

dno(t) = —sgn(no(r) — y)di +sgn[f (o (N1 aAw(r)

where f:[R — R is Lebesgue measurable.

We claim that 7(#) and n*(¢), determined by (33), share the same
transition probability density given in (35) and the same Fokker-Planck
equation (34).

In fact, to see this, it is sufficient to notice that

(36)

wn< / sgn Lf (no(s)] dw(s)
0

is another Brownian motion because {W(¢), &, t > 0} and {W?(r) —
t, ., t >0} are both martingales. Therefore, (36) can be rewritten as

dno(t) = —sgn(no(r) — y)dr +dW (D),
i.e., n*(¢) of (33) is a weak solution of (36).
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Comments on “A Discrete Optimal Control Problem for
Descriptor Systems”’

HANS F. RAVN

Abstract—1In a recent paper,' necessary and sufficient optimality con-
ditions are derived for a discrete-time optimal control problem, as well
as other specific cases of implicit and explicit dynamic systems. We cor-
rect a mistake and demonstrate that there is not an “if and only if”’
e between stati ity conditions and minimization of the

corresp
Hamiltonian.
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1. INTRODUCTION

In the paper,' the following problem was considered:

N—l
min G(XN)—FZLk(Xk: uy) (12)

k=0
Xeo = Fu(xe, ue), k=0,---,N-1 (1b)
qi(Xi, ux) 2 0, k=0, ,N-1 (1o)
Xo =X, (fixed value) (1d)

Xy €ER",uy €R",G:R" - R,Li: R"™"™ — R, fi: R"™"™ - R", qx:
R"*™ — R”, as well as other specific cases of implicit and explicit dy-
namic systems.

In this note, we correct an error in the paper' and extend the results
by weakening the assumptions on constraint qualifications.

The approach taken in the paper,' as well as here, is to derive opti-
mality conditions by considering (1) as a specific case of a nonlinear pro-
gramming problem. In this approach, a central element is the derivation
of the Kuhn-Tucker conditions, and the identification of assumptions un-
der which these conditions are necessary and/or sufficient, respectively,
for optimality. This is supplemented with the control approach, where
the Kuhn-Tucker stationarity conditions are supplemented with (or par-
tially substituted by) minimization of the Hamiltonian with respect to the
control uy.

II. Mav ResuLTs

Let us introduce the following assumptions.

Assumption 1: L, fiv,qi, k =0,---,N—1and G are continuously
differentiable with respect to all their variables.

Assumption 2: The Managasarian-Fromowitz constraint qualification
holds at the optimal points (x;, u;), x5 , i.e., there holds that:

i) the gradients VF(y) are linearly independent; and

ii) there exists a z € RV"*™ guch that

VF(y*)z =0

Vaic(y*)z >0 for all (i, k) for which g (¥*) =0

here
Y=, Xn, o U~y
F=(fo, -, fn_1)s S =, S )

q=(qo, Gk, " qn—1)s Gk =(qwks " sqpk)-

Remark 1: This assumption is weaker than the assumption of linear
independence of VF(y*) and those Vg (¥*), for which gy () = 0,
which was used in the paper.'

Assumption 3: At the optimal solution x;*, Ly is convex, f is affine,
and gy is quasi-concave with respect to uz, k =0,---,N — 1.

Assumption 4: L; is pseudoconvex, fy is quasi-linear (i.e., quasi-
convex and quasi-concave) and gy is quasi-concave at (xi, 4 ), kK =
0,:---,N —1; and Gy is pseudoconvex at Xy .

Theorem I: If (x, u)* = (x},---,x%, ug,- -+, u%_,) is optimal in
(1), then under Assumptions 1 and 2, there exist vectors N € R" and
pux € RP such that at (x, u)* there hold

OH qu

= _ %% k=1,--,N—1 2a
k= xk Oxx B 2a)

o @)
N -1 (2¢)
Xo = X, (2d)

=0 k=0,---,N-1 (2e)

Antharizod liceancad tica limited tA* D Le Toalbnicel

qe(xxux) >0, b qu(xeue) =0, ‘ (2)
where

Hi (s tis Mest) = L Goe, we) + N S, )
k=0, ,\N—-1. (g

If Assumption 3 holds also, then for k =0,---,N — 1, & is a solution
to
min Hy (x, v, Mesr) (3a)
v

qi(xg,v) 2 0. (3b)

Proof: The first result is proved in [5]. For the second result ob-
serve, that for x, = x;, the Hamiltonian H; is convex (L convex, fi
affine, and hence, also )\ZH « affine) with respect to u, , and therefore,
also pseudoconvex [1, p. 108] and g, quasi-concave with respect to t .
Therefore, the conditions (2e)-(2g) are sufficient for optimality of 1 in
(3) [1, pp. 147-148}. 0

Remark 2: The assumption of convexity of L, in the last part of The-
orem 1 cannot be substituted by an assumption of pseudoconvexity of L .
To see this, consider the following example. Letn =1, m =1, N =1,
p =0, Lo(xo, to) = —¢ ™, fo(Xo, Uo) = Xo +Uto, G, (Xn) =(x *0)2
with ¢ = v2(1+e~'/2)/2, x, = 0. We find the following unique solution
to (2): ug =v2/2,x} = \/L/Z —v/2e='72, Since Assumption 4
is fulfilled, this is the optimal solutlon (cf. Theorem 2). However, 1 is
not minimizing Hy (X0, v, N); in fact, inf Hy(xo, v, \)) = —o0.

The error in the proof of Theorem 2 in the paper' is the conclusion
that the sum (viz. the Hamiltonian) of a pseudoconvex function (viz. L, )
and an affine function (viz. N, f¢ , where fi in the paper' was assumed
affine) is pseudoconvex.

Theorem 2: Assume that Assumption 1 holds, and that there exist
A, ¢ such that (2) holds at (x, #)*. If Assumption 4 holds also, then
(x, u)* is optimal in (1).

Proof: We first show that the criterion function (1a) is pseudocon-
vex. The key observation is that (1a) is additive (viz. the sum of L,
k =0,---,N —1, and Gy). Since all terms in (la) are continuously
differentiable (1a) is continuously differentiable; therefore, the gradient
is zero, if and only if any partial derivative is zero. If the partial deriva-
tive with respect to (x;, u;) is zero, then L, attains a minimum since
L, is pseudoconvex, and similarly holds for Gy . Since (1a) is additive,
the attainment of a minimum in each term implies that (1a) attains a
minimum. Therefore, (1a) is pseudoconvex. Now, the result is proved
as in [1, pp. 147-148] by observing that (2¢), (2f), and (2g) imply that
(x, u)* is feasible in (1).

Remark 3: This result can also be obtained under the followmg
weaker assumption on f} : fix is continuously differentiable, fix is quasi-
convex at (xg, uy) if Ny >0, fix is quasi-concave at (x7, uf) if
Nik+1 > O [1, pp. 147-148].

Remark 4: In Theorem 2, the stationarity condition (2¢) cannot be
substituted by the condition that u; is optimal in (3). However, (2e) may
be substituted by the condition that & is an optimal solution to

min Hy (X7, v, Mewr) — iy G (X v).- 4

But this condition is actually stronger than (2e); since (4) is an uncon-
strained problem with a continuously differentiable criterion function, the
optimal point in (4) is a stationary point [1, p. 125] and this implies that
(2e) holds.

III. Discussion

We have given necessary and sufficient optimality conditions for a
discrete-time optimal control problem.

The conditions are derived from similar stationary conditions in non-
linear programming, and supplemented by conditions from the control
approach, in which the Hamiltonian is minimized. It is shown that the
distinction between convexity and pseudoconvexity is essential, and that
the results from the two approaches thus differ, implying that there is not
an “if and only if” correspondence between stationarity conditions and
minimization of the Hamiltonian.
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The discussion about the equivalence or nonequivalence between vari-
ous versions of optimality conditions in connection with discrete-time op-
timal control is old (see [7]). The mathematical programming approach
has maybe been most extensively treated in [2]. Derivation of optimality
conditions from the saddle-point theorem of mathematical programming
was done in [8]. A discussion of the connection between mathematical
programming and discrete-time optimal control was performed in [4].

" In all the aforementioned references, the Hamiltonian was defined as
in (2g). By a suitable generalization of the Hamiltonian it is possible to
specify weaker assumptions under which the Hamiltonian is minimized
(see, e.g., [3], [6], or [T]).
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Authors’ Reply?

JING-YUE LIN anp ZI-HOU YANG

The authors would like to thank Prof. Ravn for his comments on the
paper.!

While we appreciated the comments, we wish to give a revised version
of Theorem 2 in the paper' in the context of the rest of this response,
to achieve a balance of emphasis on the control problem for descriptor
systems which has not been adequately explored in the literature.

The revised version of Theorem 2 in the paper' is given by the follow-
ing theorems without proofs which can be given by a slight modification
of those in the paper,' according to the correction given by Prof. Ravn.

Theorem 2.1: Consider the control problem (19). Let L, be convex,
and g, be quasi-concave in xx and u;, kK =0, 1,---,N — 1. If the se-
quence {(xx, ), k =1,---,N} is an optimal solution to the problem,
then there exist vectors Ny, -+ ,An, fo," -, n—; Such that (20a)-(20f)
and (21)-(23) hold.

Theorem 2.2: Consider the problem (19). Suppose the necessary con-
ditions in Theorem 2.1 hold. If G is pseudoconvex in xy, Li is pseu-
doconvex and g, is quasi-concave in x; and u, k =0,1,--- ,N ~ 1,
then the sequence {(Xx, ), K = 1,---,N} is an optimal solution to
the problem (19).

The distinction between conventional systems and descriptor systems
is essential since Eyx, k = 1,---,N, in (19), may be singular matrices.
Thus, our results differ from those for conventional systems and are
generalizations of them.

We conclude by noting that there is a typographical error on the
first line of p. 178 of the paper': “where g is a p-dimensional
vector function---” should be “where g, is a p-dimensional vector
function- - -”*.

2Manuscript received June 2, 1989.

J.-Y. Lin is with the Department of Electrical Engineering, University of Ottawa,
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Comments on ‘“A Generalization of Kharitonov’s
Concept for Robust Stability Problems with
Linearly Dependent Coefficient
Perturbations”’

YAU-TARNG JUANG

Abstract—1t is shown by a counterexample that the main theorem
in the above paper' may lead to an erroneous D-stability conclusion
for certain polynomials among the considered ones. Suggestions are
pr ted and disc d

I. INTRODUCTION

The Kharitonov stability theorem [1] has attracted much attention to the
robust stability problem in the recent literature. Based on Kharitonov’s
four-polynomial concept, a generalization theorem for robust D-stability
assurance of polynomials with linearly dependent coefficient perturba-
tions is presented in the paper.'

In this note, we give a counterexample to show that the main theorem
in the paper' may have a misleading result. Subsequently, suggestions
and discussions are made.

Consider a linear system whose characteristic polynomial depends on
p physical parameters ¢; with ¢; € [¢”, ¢'1,i =1,2,---,p. Suppose
that the characteristic polynomial is of the form

n

pis,q) = Zaj(q)sf

=0

whereq = [g; q2 - - - ¢,]" and the coefficient perturbations are polytopic.
Then the family of polynomials P

P={p(s,q):q €Q CR”}

can be expressed as the convex hull of finitely many generating polyno-
mials pi(s), p2(5), -+, Pi(s), i.e.,

P = conv {p((s), p2(8),-- -, px(5)}

where

Pm(s) = Z a;(g™s’
i=0
and ¢ denotes the mth extreme point in the bounding set Q

O0=1{9:97 <q.<q’, i=12,---,p}

Let D be the union of a finite number (>1) of pathwise connected
regions in the complex plane. Define the notation ¢p (8) as a continuous
mapping of the scalar variable § € R onto the boundary of D. One choice
of ¢p(8) proposed in the paper! is

¢0(8) = —0 + jb

This implies that D is the half plane described by Re(s) < — . There is
another function used in the paper,' namely ¢r (p), and a simple choice
for this function is'

m=1,2,---,k, k<2

o >0.

ér(p) = cos 27p + j sin 27p p € [0, 1].
Then the paper' presents the following result.

Theorem: !

Assume that the polytope of polynomials P contains at least one D-
stable polynomial. Then P is D-stability if and only if for each 6 € R

H(é) = max mé'r/: [Re (¢r(0)) Re (P (65 (5)))

p€I0,1] m

+Im (¢r(p)) Im (pm (65 (8))] > O.

Manuscript received April 15, 1989; revised October 27, 1989. This work was sup-
ported by the National Science Council of the Republic of China under Grant NSC78-
0404-E008-01.

The author is with the Department of Electrical Engineering, National Central Uni-
versity, Chung-Li, Taiwan 32054, Republic of China.

IEEE Log Number 9036552.

'B. R. Barmish, IEEE Trans. Automat. Contr., vol. 34, pp. 157-165, Feb. 1989.

0018-9286/90/0800-0987$01.00 © 1990 IEEE

Antharized licencead 1ice limited to Danmarke Taknicke Infarmatinnecrentar Downloaded on Octoher 22 2000 at N2 A2 froam IEEE Y¥nlare Rectrictinne anniv



