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A Study of the Up-and-Down 
Method for non-Normal Distribution 

Functions 

S. Vibholm and P. Thyregod 
Physics Laboratory 2, IMSOR, Technical University 

of Denmark, Lyngby, Denmark 

ABSTRACT 

We discuss the assessment of breakdown probabilities by means 
of the up-and-down method. The exact maximum likelihood 
estimates for a number of response patterns are calculated for 
three different distribution functions and are compared with 
the estimates corresponding to the normal distribution. Es- 
timates of the 50% probability breakdown voltage and of the 
scale parameter of the breakdown probability functions are in- 
ves tigated. 

INTRODUCTION 
N order to design insulation systems it is necessary I to assess the breakdown probability of the various in- 

sulation components of the system. The upand-down 
method is widely used for estimation of the 50% prob* 
bility breakdown voltage U50. The analysis may be ex- 
tended to include estimates of the scale parameter U in 
the breakdown probability function. There are doubts, 
however, as to what extent these estimates are influ- 
enced by the proper choice of the underlying breakdown 
distribution function [l-41. The design of the up-and- 
down test ensures that the choice of the assumed distri- 
bution function has only a minor influence on the esti- 
mation of U ~ O .  The choice of distribution can, however, 
strongly affect the prediction of lower fractiles. 

In a previous paper [5] the authors have compared 
the Dixon and Mood approximation to the maximum 
likelihood estimate with the exact maximum likelihood 
estimate [6,7] assuming a normal distribution for a num- 
ber of response patterns. We concluded that, with dig- 
ital computers readily available, a statistical analysis of 
a set of data obtained from an up-and-down test may 

just as well be performed directly from a maximum like- 
lihood estimation, instead of applying the approximate 
method used by Dixon and Mood [8,9]. 

In the present paper the maximum likelihood esti- 
mates of U50 and U for a normal distribution of break- 
down probabilities are compared with the maximum 
likelihood estimates of U50 and U for the following dis- 
tributions of breakdown probabilities: a double expo- 
nential distribution, a logistic distribution [2,3], and a 
Weibull distribution with a shape parameter value of 
5, in the following given the notation Weibull-5. The 
Weibull-5 distribution is very similar to the modified 
Weibull distribution curve proposed by Carrara [l]. 

MAXIMUM LIKELIHOOD 
ESTIMATION OF BREAKDOWN 

VOLTAGE PARAMETERS 
HE simple up-and-down method is designed to  ea- T timate the U50 value in self-restoring insulations. 

In thie test the voltage is applied at various levels Aj 
selected such that Aj+l = Aj +d, where d is a constant 
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voltage increment. Only one shot at a time is applied at 
a given level. The voltage level is then changed to Ai-1 
if the application resulted in a breakdown, or to Aj+l  

if the result was a withstand. A test sequence consists 
of a total of N voltage applications a t  I different volt- 
age levels. The result of such a sequence can, without 
loss of relevant information, be summarized in a square 
matrix n,j with I rows and I columns. Each matrix 
element wj indicates the number of times the level has 
been changed from i to j. Consequently, all elements 
which are not of the form nj,j-1 or nj , j+ l ,  are zero. For 
I = 5 the matrix will be of the form 

n21 0 n23 0 0 
0 n32 0 n34 0 ) (1) 0 0 n43 0 n45 
0 0 0 n54 0 

I 

N = C(nj,j-l+ nj,j+l) (2) 

( 
It is seen that 

j = 1  

The maximum likelihood estimates of U50 and U do not 
depend on the individual order of the breakdowns and 
withstands but only on the number of passages of each 
level as given by the square matrix. Furthermore, the 
estimate depends on the distribution that has been as- 
sumed for the estimation procedure. 

- 

Let P(Aj ,  p, a) denote the breakdown probability 
at level Aj in a distribution with 50% value p = U50 
and scale parameter 6. The likelihood function corre- 
sponding to the observations ni,, is the probability of 
obtaining the observations, which can be written as 

I 
L ( p , a )  = n[{l - P(Aj,p1~)}"j~J+'P (Aj , p, ~ ) ~ j * j - ' ]  

j = 1  

(3) 
The maximum likelihood estimates of p and a are the 
values of p and a maximizing L ( p , a ) .  In practice it 
is simpler to maximize ln(L). Generally no explicit so- 
lution exists and hence the maximum has to be deter- 
mined by numerical methods. 

BREAKDOWN PROBABILITY 
FUNCTIONS 

HE various probability distributions considered in T the present analysis have all been standardized such 
that they possess the same 50% value and the same slope 
at the 50% level as the normal distribution. The distri- 
butions under consideration are 

250\ 
2.75 

LL- ' 3 -I- 

0 1 2 3 I m, 5 

Figure 1. 
The average estimation bias Am = m, - mt for 
the position as function of mt and with st as 
parameter. The double exponential distribution 
is the true and the Weibull-5 distribution the 
estimated distribution. The  hatched area indi- 
cates the standard deviation for the results for 
S t  = 1.5. 

125--- ____ 
15 

-50 Or 
Figure 2. 

The  relative average estimation bias a for the 
scale as function of mt and with st as parameter. 
The  double exponential distribution is the true 
and the Weibull-5 distribution the estimated dis- 
tribution. The hatched area indicates the stan- 
dard deviation for the results for s t  = 1.5. 

1. Normal distribution 
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Table 1. 

Exact maximum l i k e l i h o o d  es t imates  of m = (Uso - Al)/d and s = d/a for s e l e c t e d  
responses i n  an up-and-down test with N = 20 s h o t s  over 4 v o l t a g e  l e v e l s ,  for 
four d i s t r i b u t i o n  funct ions .  

n n n n n n  
1 2  2 1  2 3  3 2  3 4  4 3  

6 5 4 3 1 1  
6 6 3 3 1 1  
6 5 3 2 2 2  
5 4 5 4 1 1  
5 5 4 4 1 1  
5 4 4 3 2 2  
5 5 3 3 2 2  
5 4 3 2 3 3  
4 3 6 5 1 1  
4 4 5 5 1 1  
4 3 5 4 2 2  
4 4 4 4 2 2  
4 3 4 3 3 3  
4 4 3 3 3 3  
4 3 3 2 4 4  
3 2 7 6 1 1  
3 3 6 6 1 1  
3 2 6 5 2 2  
3 3 5 5 2 2  
3 2 5 4 3 3  
3 3 4 4 3 3  
3 2 4 3 4 4  
3 3 3 3 4 4  
3 2 3 2 5 5  
2 1 7 6 2 2  
2 2 6 6 2 2  
2 1 6 5 3 3  
2 2 5 5 3 3  
2 1 5 4 4 4  
2 2 4 4 4 4  
2 1 4 3 5 5  

Normal 
d i s t r i b u t i o n  

A h 
U" 

1.47 1.30 
1.28 1.29 
1.20 0.95 
1.70 1.39 
1.45 1.32 
1.39 1.03 
1.15 0.96 
1.25 0.84 
2.06 1.56 
1.70 1.41 
1.68 1.16 
1.35 1.04 
1.51 0.96 
1 19 0.85 
1.44 0.85 
2.65 1.87 
2.09 1.61 
2.16 1.40 
1.67 1.19 
1.93 1.16 
1.46 0.97 
1.83 1.03 
1.36 0.85 
1.82 0.96 
3.02 1.86 
2.18 1.45 
2.69 1.55 
1.91 1.19 
2.56 1.38 
1.78 1.04 
2.57 1.31 

Double exp. 
d i s t r i b u t i o n  

fa 2 

1.37 1.12 
1.10 1.03 
1.16 0.84 
1.67 1.27 
1.32 1.12 
1.40 0.96 
1.07 0.84 
1.33 0.84 
2.12 1.50 
1.63 1.27 
1.76 1.14 
1.33 0.96 
1.65 0.99 
1.22 0.82 
1.67 0.93 
2.82 1.87 
2.10 1.52 
2.35 1.45 
1.70 1.15 
2.15 1.23 
1.55 0.97 
2.17 1.16 
1.53 0.90 

3.55 2.08 
2.33 1.47 
3.10 1.71 
2.06 1.22 
2.99 1.54 
2.02 1.13 
3.20 1.55 

2.32 1.17 

Log i s  t ic  
d i s t r i b u t i o n  

fa 5 

1.52 1.38 
1.34 1.41 
1.18 0.95 
1.76 1.46 
1 .50 1.40 
1.39 1.03 
1.13 0.97 
1.23 0.83 
2.16 1.64 
1.77 1.49 
1.71 1.19 
1.35 1.06 
1.52 0.96 
1.16 0.84 
1.44 0.84 
2.79 1.97 
2.19 1.70 
2.24 1.46 
1.70 1.22 
1.98 1.19 
1.46 0.97 
1.89 1.05 
1.35 0.84 
1.90 0.99 
3.23 1.97 
2.27 1.51 
2.88 1.64 
1.96 1.22 
2.75 1.47 
1.82 1.06 
2.82 1.41 

Weibull-5 
d i s t r i b u t i o n  

2 h 
5 

1.44 1.23 
1.22 1.18 
1.19 0.91 
1.69 1.34 
1.40 1.24 
1.40 1.00 
1.13 0.91 
1.28 0.84 
2.07 1.53 
1.67 1.36 
1.71 1.15 
1.35 1.01 
1.56 0.97 
1.20 0.84 
1.51 0.88 
2.66 1.84 
2.08 1.56 
2.20 1.40 
1.68 1.17 
2.00 1.18 
1.50 0.98 
1.93 1.07 
1.42 0.87 
1.96 1.02 
3.11 1.88 
2.21 1.45 
2.78 1.57 
1.96 1.20 
2.68 1.42 
1.86 1.07 
2.73 1.37 

1 2. Double exponential distribution P ( x )  = 1 + exp[-(x - 

P ( ~ E )  = 1 - exp (- exp (y)) 
standardized with 6 = p - ln(ln(2)) ln(2)ficr and 

c 

3 Logistic distribution 

(5) standardized with K. = p and C = f l u  

4. Weibull-5 distribution 

359 

P(a)=O for 8 5 6  (8) 

standardized with 6 = p - pln(2)aJ;r72 and 
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Table 2. 
3 

Exact  maximum l i k e l i h o o d  e s t i m a t e s  o f  rn = (U5o - Al)/d and c = d/a f o r  s e l e c t e d  
r e sponses  i n  an  up-and-down test w i t h  N = 20 s h o t s  o v e r  5 v o l t a g e  l e v e l s ,  f o r  
f o u r  d i s t r i b u t i o n  f u n c t i o n s .  

Normal Double exp. L o g i s t i c  Weibull-5 
d i s t r i b u t i o n  d i s t r i b u t i o n  d i s t r i b u t i o n  d i s t r i b u t i o n  

n n n n n n n n  A 2 6i s  ̂ A s  ̂ A 2 
1 2  2 1  2 3  3 2  3 4  4 3  4 5  5 4  

4 3 4 3 2 2 1 1  1.17 0.68 
4 3 3 2 3 3 1 1  1.17 0.64 
4 4 3 3 2 2 1 1  0.89 0.60 
3 2 5 4 2 2 1 1  1.42 0.79 
3 2 4 3 3 3 1 1  1.43 0.75 
3 2 4 3 3 2 2 1  1.22 0.54 
3 3 4 4 2 2 1 1  1.07 0.67 
3 2 4 3 2 2 2 2  1.24 0.60 
3 2 3 2 4 4 1 1  1.48 0.73 
3 2 3 2 4 3 2 1  1.29 0.55 
3 3 3 3 3 3 1 1  1.05 0.62 
3 2 3 2 3 3 2 2  1.30 0.60 
3 2 3 2 3 2 3 2  1.20 0.48 
2 1 6 5 2 2 1 1  1.83 0.97 
2 1 5 4 3 3 1 1  1.86 0.93 
2 1 5 4 3 2 2 1  1.54 0.68 
2 1 5 4 2 2 2 2  1.55 0.73 
2 1 4 3 4 4 1 1  1.95 0.93 
2 1 4 3 4 3 2 1  1.66 0.70 
2 2 4 4 3 3 1 1  1.32 0.73 
2 1 4 3 3 3 2 2  1.66 0.75 
2 1 4 3 3 2 3 2  1.50 0.60 
2 1 3 2 5 5 1 1  2.11 0.96 
2 1 3 2 5 4 2 1  1.83 0.75 
2 2 3 3 4 4 1 1  1.34 0.71 
2 1 3 2 4 4 2 2  1.82 0.78 
2 1 3 2 4 3 3 2  1.67 0.64 
2 2 3 3 3 3 2 2  1.14 0.57 
2 1 3 2 3 3 3 3  1.66 0.68 
2 1 2 1 4 4 3 3  1.89 0.74 

1.15 
1.23 
0.83 
1.38 
1.50 
1.31 
0.99 
1.29 
1.66 
1.47 
1.05 
1.45 
1.39 
1.69 
1.86 
1.61 
1.57 
2.12 
1.84 
1.30 
1.79 
1.71 
2.50 
2.18 
1.43 
2.10 
2.02 
1.20 
1.96 
2.39 

0.62 1.18 
0.63 1.17 
0.52 0.89 
0.72 1.46 
0.74 1.46 
0.56 1.22 
0.59 1.08 
0.60 1.24 
0.78 1.52 
0.61 1.31 
0.59 1.05 
0.64 1.32 
0.54 1.21 
0.85 1.92 
0.89 1.94 
0.68 1.55 
0.70 1.56 
0.96 2.05 
0.75 1.70 
0.69 1.34 
0.76 1.70 
0.65 1.52 
1.08 2.29 
0.87 1.94 
0.72 1.36 
(3.86 1.91 
0.75 1.74 
0.57 1.14 
0.76 1.71 
0.90 2.03 

0.69 
0.64 
0.61 
0.82 
0.76 
0.54 
0.69 
0.60 
0.75 
0.56 
0.62 
0.61 
0.48 
1.04 
0.98 
0.69 
0.74 
0.90 
0.72 
0.75 
0.76 
0.60 
1.03 
0.79 
0.72 
0.81 
0.66 
0.57 
0.69 
0.79 

1.17 
1.20 
0.87 
1.41 
1.46 
1.25 
1.04 
1.26 
1.54 
1.35 
1.06 
1.35 
1.26 
1.77 
1.86 
1.57 
1.56 
2.00 
1.72 
1.32 
1.70 
1.57 
2.21 
1.93 
1.38 
1.90 
1.77 
1.16 
1.75 
2.02 

0.66 
0.64 
0.57 
0.76 
0.75 
0.55 
0.64 
0.60 
0.75 
0.57 
0.61 
0.62 
0.50 
0.92 
0.92 
0.68 
0.72 
0.94 
0.72 
0.72 
0.75 
0.62 
0.99 
0.78 
0.71 
0.81 
0.68 
0.57 
0.70 
0.78 

a = P 4 m O ) ) ( P  - l>/P only sequences where the highest voltage level applied 
has resulted in a breakdown and the lowest level in with- 
stands. All other levels must possess at least one break- 
down. The sequence is always started at the lowest level. 

for a P value of 5.  

PROCEDURE 
N the following analysis the total number of shots I in a test sequence has been set to N = 20, which 

makes it practicable to identify the possible array of the 
matrix w, associated with a number of test sequences. 
Furthermore, we shall restrict the analysis to sequences 
containing 4 or 5 levels, which for N = 20 ensures that 
meaningful information can be obtained. We consider 

All possible sequences with 4 voltage levels and 
N = 20 with the above mentioned restrictions lead to 
64 different 4th order square matrices representing 9403 
different sequences. With 5 levels there are 175 different 
5th order square matrices representing 19105 sequences. 
Each individual matrix thus contains information from 
many possible test sequences, for which each sequence 
has the same probability of occurrence. 
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Tables 1 and 2 show for seIected matrices rqj the 
exact values of the maximum likelihood estimates m 
and s, for N = 20 for a normal distribution of break- 
down probabilities, for a double-exponential distribu- 
tion of breakdown probabilities, a logistic distribution 
of breakdown probabilities and a Weibull-5 distribution 
of breakdown probabilities. 

The data in Table 1 are limited to those 4th order 
square matrices which each represent not less than 100 
individual sequences, and Table 2 is limited to those 

\ 

2 5 0  \ 
2,75-------- 

I I .1-JP--I- 

1 2 3 L rn, 5 

Figure 3. 
The average estimation bias Am = me - mt 
position as function of mt and with at as pa- 
rameter. The Weibull-5 distribution is the true 
and the the double exponential distribution the 
estimated distribution. The hatched area indi- 
cates the standard deviation for the results for 
at = 1.5. 

--. 1 __-----  -. 
SO 7 075 

Figure 4. 
The relative average estimation bias a for the 
scale as function of mt and with at as parameter. 
The Weibull-5 distribution is the true and the 
double exponential distribution the estimated 
distribution. The hatched area indicates the 
standard deviation for the results for at = 1.5. 

In order to facilitate the analysis, the following di- 
mensionless quantities m and s are introduced 

and 
d s = -  
U (9) 

in which A1 is the lowest voltage level in the sequence, 
and d the step size. 

5th order square matrices each of which contain more 
than 200 individual sequences. The limitation of the 
number of selected matrices has made the analysis as 
comprehensible as possible without losing significant in- 
formation. 

AN ALY S IS 
HE probability of obtaining a specific matrix de- T pends on the true distribution, the true values of 

U50 and U and on the values of A1 and d .  When a spe- 
cific distribution has been chosen for the estimation (not 
necessarily the true distribution) then the above prob- 
ability is also the probability of obtaining a specific set 
of values (h, 0 )  as a maximum likelihood estimate. For 
a specific set of matrices this probability, and the cor- 
responding set of numbers of different sequences which 
will lead to each specific matrix in the set, can be uti- 
lized to weight the maximum likelihood estimates (h, $) 
corresponding to the individual matrices. This weighted 
average of the various possible values of the maximum 
likelihood estimates will be denoted (m,,s,) For fixed 
values of N ,  At and d the sum of all the probabilities for 
all possible matrices, including the ones that have been 
omitted, will be unity. 

In addition to the limitations already imposed on 
the sets of data under consideration we shall in the fol- 
lowing analysis restrict ourselves to consider only such 
combinations of the true parameters m and s which as- 
sociate a total probability larger than 5% with the sets of 
matrices under investigation. Each set TTQ st of the true 
values of m and s specify probabilities of occurrence for 
the individual matrices and for the corresponding val- 
ues of the maximum likelihood estimates. The weighted 
averages of m, and se of the maximum likelihood esti- 
mates thus depend on the true values mt and s t .  

Even when the distribution assumed in the estima- 
tion is the same as the true distribution there will usu- 
ally be an estimation bias, with a magnitude depending 
on the true values of the parameters [5]. In general, m, 
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and se will differ from 
described by the parameters 

and s t .  This deviation can be 

for the position and 

for the scale. 

For a given combination of the estimated and true 
distributions, the average estimation bias Am and a 
will be functions of mt and s t .  These functions are for 
N = 20 illustrated in Figures 1 to 8 with as ab- 
scissa and st as parameter for various sets of estimated 
and true distributions. The hatched areas in Figures 1 
to 8 indicate the standard deviation for the results for 
st = 1.5. In this analysis the normal distribution has 
not been shown because results based on this distribu- 
tion are very similar to those obtained from the logistic 
distribution and8 the Wei bull-5 distribution. 

I 

0 1 2 3 1. m, 5 

Figure 5. 
The average estimation bias Am = me -mt posi- 
tion as function of mt and with at as parameter. 
The double exponential distribution is the true 
and the logistic distribution the estimated distri- 
bution. The hatched area indicates the standard 
deviation for the results for s t  = 1.5.  

Figures 1 to  8 show that both the starting point 
and the step size are critical for obtaining a small error 
in the estimated U50 and 0. For N = 20 the best step 
size is d = 1.50 and the starting point a little more than 
two steps below U50. 

-- 

-so O r -  

Figure 6. 
The relative average estimation bias a for the 
scale as function of mt and with s t  as parameter. 
The double exponential distribution is the true 
and the logistic distribution the estimated distri- 
bution. The hatched area indicates the standard 
deviation for the results for 8t  = 1.5. 

As stated above, the normal, the Weibull-5 and 
the logistic distributions lead to similar results. The 
Weibull-5 has zero probability below a certain level ( A  < 
U50 - 4.340) giving the impression of a safe lower limit. 
Although such a limit is conceivable it has never been 
verified in practice. The normal and the logistic distri- 
butions do not give a finite high or low limit and follow 
each other rather closely. The logistic distribution is far 
the easiest to  handle mathematically and can replace 
the normal distribution in any analysis in the field of 
insulation tests. Experimental results for impulse volt- 
age breakdown characteristics for rod-rod gaps in a t m e  
spheric air [10,11] show that the distribution function 
in the probability range from 1% to 99% is represented 
by a traditional normal distribution, but it might just 
as well be represented by a logistic distribution, more 
fitted for computer analysis. 

DISCUSSION 
F the step size d is greater than 1.50, then the esti- I mated scale parameters 9, are estimated with increas- 

ing bias from the true scale parameter st  in the following 
order: the double exponential, the logistic, the Weibull- 
5, and normal distributions. It is surprising that the 
Weibull-5 distribution gives a better performance than 
the normal distribution, but the difference is marginal 
and probably connected with the special choice of pat- 
terns and the limited number of shots N = 20. There 
is no great difference between the estimation bias for 
the double exponential, the logistic, the normal, or the 
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Figure 7. 
The average estimation bias Am = me - mt for 
the position as function of mt and with 8t as pa- 
rameter. The Weibull-5 distribution is the true 
and the logistic distribution the estimated distri- 
bution. The hatched area indicates the standard 
deviation for the results for at  = 1.5. 

so - 

0 -  

-50 

Figure 8. 
The relative average estimation bias Q for the 
scale as function of mt and with at  as parame- 
ter. The Weibull-5 distribution is the true and 
the logistic distribution the estimated distribu- 
tion. The hatched area indicates the standard 
deviation for the results for 8t = 1.5. 

Weibull-5 distributions, independent of the combina 
tions of true and estimated distributions within these 
four distributions. 
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up-and-down test can be obtained directly from a maxi- 
mum likelihood estimation. This analysis can be simpli- 
fied by the use of a logistic distribution function without 
loss of accuracy. In order to determine the optimal val- 
ues of sample siee N, start level and step siee which 
would yield the most reliable values of Vs0 it becomes 
necessary to apply more involved methods than those 
referred to in the present study. 
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