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Perturbed period-doubling bifurcation. II. Experiments on Josephson junctions

G. Friis Eriksen and J. Bindslev Hansen
MIDIT, Physics Laboratory I, The Technical University of Denmark, DK-2800 Lyngby, Denmark
(Received 24 May 1989)

We present experimental results on the effect of periodic perturbations on a driven, dynamic sys-
tem that is close to a period-doubling bifurcation. In the preceding article a scaling law for the
change of stability of such a system was derived for the case where the perturbation frequency wy is

close to the resonances given by ws/wp=1,3,3,...

, where wp is the driving frequency. The

theoretical prediction for the shift of the bifurcation point, Aup, which we use as a measure of the
stabilization, is Aug ~ 42, where Ag is the perturbation amplitude. We have investigated Aup as a
function of the frequency and the amplitude of the perturbation signal Aug(wg, As) for a model sys-
tem, the microwave-driven Josephson tunnel junction, and find reasonable agreement between the

experimental results and the theory.

I. INTRODUCTION

The period-doubling bifurcation is observed in a wide
range of biological, chemical, electrical, hydrodynamical,
and optical systems. We have studied the stability of a
nonlinear electrical device, the microwave-driven Joseph-
son tunnel junction close to a period-doubling bifurcation
in the presence of perturbations.!”® The amplifying
mechanism in Josephson parametric amplifiers is closely
related to this problem.

The theory is introduced in the preceding article,*
where it is shown that a near-resonant perturbation sig-
nal may stabilize the system against the incipient period-
doubling bifurcation. In this process the perturbation
signal itself will be amplified. It is demonstrated how
both the amplitude and the frequency of the perturbation
affect the stability of the period-doubling bifurcation. It
is shown that when the frequency of the periodic pertur-
bation wg is close to mwp /2 (where m =1,2,3, ... and
wp is the driving frequency) it will change the stability of
the system. These resonance frequencies can be divided
into two classes: wg=(n —1)wp and wg=nwp. In the
first case the stability is always improved and a scaling
law is derived: Auy~ A2, where App is the shift of the
bifurcation point. In the second case, wg=nwy, it is not
possible to make any definite prediction, since the pertur-
bation can either stabilize or destabilize the dynamical
system (depending on the phase).

We use a Josephson tunnel junction biased by dc and
by microwave currents. Experimental data obtained on
Nb-NbO, -Pb tunnel junctions of the overlap type are re-
ported and compared with the (analytical) theoretical
predictions, which are supported by numerical calcula-
tions and analog simulations.* For this comparison we
concentrate on the effect of the perturbing signal: the
shift of the bifurcation point as a function of the ampli-
tude and frequency of the perturbation, i.e.,
A‘l« B( A S,CD S ).

We regard this analysis of the nonlinear dynamics as a
new way of describing the action of the Josephson para-
metric amplifier, a microwave device that has attracted
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renewed interest after recent reports on substantial im-
provements in performance.*®

II. THEORETICAL MODEL

Here we shall only present the main theoretical results
and refer to Ref. 4 for a full exposition of the theory. The
following set of n-coupled differential equations are used
to model an n-dimensional dynamical system:

x=f(x,0)+s(t)+n (1), (x, 1) ER"XR, uel, (1)

where f,(-,t)=f,(-,t+Tp) is periodic with the period
Tp. p is a control parameter defined in some interval I.
s(t) and n(t) are a small periodic perturbation signal and
a small “white” noise term, respectively. The period of
the signal is denoted T's and the corresponding frequency
wg=2m/Ts. The unperturbed dynamical system is as-
sumed to be close to a period-doubling bifurcation. By
increasing the control parameter, u, the response will
change from a periodic solution with period T, to a
periodic solution of period 2Tj,. The value of the control
parameter for which this happens is called the bifurcation
point, p,. The theory is valid for u Sp, The detuning,
5, is defined as

8=2(ws/(0D )"k N
where k is an integer chosen such that

—1<y<Ll
1<p<l.

With this definition the detuning is always measured rela-
tive to the nearest resonance frequency, wg/wp
=5L13....

Svensmark and Samuelson* have carried out a linear
stability analysis and found that for odd values of k (i.e.,
for wg close to nwp, n =0,1,2,3, ...), the following ex-
pression is obtained for Ay, the shift of the original (un-
perturbed) bifurcation point (A=—1—p):

Appg=p—po= A, cosmd~ A,[1—(78)*/2], @)

where A, is proportional to the amplitude of the periodic
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perturbation. Since Aup depends on the phase of the per-
turbation (the sign of A4,), no definite conclusion on the
change of stability can be made.

On the other hand, for even values k, i.e., for wg close
to (n +1)wp (n=1,2,3,...) the perturbation signal at
wg will always tend to stabilize the system against the in-
cipient period-doubling bifurcation. This may be seen
from the expression for the shift of the bifurcation point:

Aug=~LA}cos2md=~ A}[1—(278)*/2] 3)

from which it is seen that the stabilization (Aup) is pro-
portional to the square of the amplitude of the perturba-
tion. For increasing detuning 8 the stabilizing effect di-
minishes, i.e., Ay decreases for increasing 8.

The other important property of a period-doubling bi-
furcation is its ability to amplify perturbations [see Eq.
(11) of Ref. 4]. The resonance condition is

A*=(1+ A%)cos2ms , @)
yielding
20pg ~ A2 —2(78)? . (5)

We note that the resonance in general differs a little
from the bifurcation. The period-doubled response will
be at wp /2, while the resonance will be at wg. They
coincide for small values of 8.

III. JOSEPHSON JUNCTION MODEL

A small (zero-dimensional) Josephson tunnel junction
may be modeled by the capacitively resistively shunted
junction (CRSJ model). In the case of a junction driven
by a dc source, two microwave current generators and a
noise current source (from the Nyquist current noise in
the dissipative quasiparticle tunneling conductance 1/R)
the governing second-order nonlinear differential equa-
tion for the junction dynamics is

¢, tag, +sing=i +apsinwpt +ag sinwgt +n(t) . (6)

Here the subscripts denote partial differentiation, ¢ is
the quantum-mechanical phase difference across the junc-
tion and a is the damping parameter (a=1/1/8,, where
B. is the McCumber parameter for the junction,
B.=2eR*CI, /#). I, is the critical current of the junc-
tion. ap=Ap/I; and ag= Ag/I, are the normalized
amplitudes of the driving and the perturbation signals,
respectively. wj, and wg are the corresponding frequen-
cies (normalized to the junction maximum plasma fre-
quency wp=(2el, /#C)'/? where C is the junction capaci-
tance). i =1, /I, is the normalized dc bias and 7(z) the
normalized white noise current. We note that this equa-
tion also describes a driven, damped pendulum subjected
to two periodic perturbating forces and to a stochastic
(Brownian) force term.

In Ref. 4 Svensmark and Samuelsen have presented the
results of their numerical calculations of Aug(A4g,5)
based on Eq. (6). The quadratic scaling law predicted by
Eq. (3) was indeed found for wg/wp=7 for three
different values of 8§ to hold as long as the perturbation
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amplitude was small (see Fig. 4 in Ref. 4). Above a cer-
tain level of perturbation, which depends on the relative
detuning §, the relationship between AA, and Ag be-
came almost linear. These numerical results were corro-
borated by analog simulations.

It was also found that for fixed Augz, A5 was propor-
tional to §, i.e., when the perturbation frequency was
tuned closer to the frequency of the period-doubled sig-
nal, the perturbation amplitude necessary to obtain the
same stabilizing effect on the Josephson junction de-
creased proportionately.

IV. EXPERIMENTAL RESULTS
ON JOSEPHSON JUNCTIONS

A. Experimental technique

Experimentally, the Josephson tunnel junction between
two superconductors is a well-characterized high-
frequency nonlinear electrical component that has proven
to be exemplary for the study of nonlinear phenomena in
general. For the purpose of this study where no spatial
dependence is involved, a small (pointlike) Josephson tun-
nel junction is needed; i.e., the junction dimensions
should not exceed the Josephson penetration depth A,
which is the characteristic length for spatial variations of
the tunneling current. In addition, appropriate broad-
band coupling between the junction and two oscillators
(microwave sources for the driven and perturbation sig-
nals) and one detector (of the period-doubled signal)
should be provided.

The experimental investigation was carried out on Nb-
NbO,-Pb tunnel junctions of the overlap type. The junc-
tion areas were about 30X30 um? with capacitances
around 90 pF, maximum plasma frequencies
wp /2m=(2el,. /#C)'/? /27 in the range 10-25 GHz, and
Josephson penetration depth A; =50-120 pm.

In order to minimize the effect of room-temperature
noise and interference from external noise sources on the
junction, all leads connected to the junction were careful-
ly shielded and filtered. The ambient magnetic field was
reduced to a few milligauss by two concentric shields of
high-permeability metal (4 metal) around the cryostat. A
small magnetic field generated by a copper wire—wound
solenoid could be applied in the plane of the junction in
order to be able to vary I, and thereby wp. The entire ex-
perimental setup was placed in a rf-shielded room.

The microwave coupling to the junction was estab-
lished by an inverted microstrip structure (Fig. 1). The
glass substrate with the junction and its coupling circuit
was mounted in a temperature-stabilized metal box with
a large heat capacity, which in turn was placed in a vacu-
um can immersed in a pressure-regulated liquid-helium
bath. The temperature of the junction could be held con-
stant to within £10 uK.

The junction was driven by a monochromatic mi-
crowave signal, 4, sinwpt, from a synthesizer source in
the frequency range 16-20 GHz (linewidth <100 Hz)
coupled to the junction through a direct inverted micros-
trip line as seen in Fig. 1. A possible period-doubled (half
harmonic) signal generated in the junction (near the plas-



41 PERTURBED PERIOD-DOUBLING BIFURCATION. IIL ...

500 pm

[

FIG. 1. Sample geometry including the microwave coupling
circuit and the overlap Nb-NbO,-Pb 30X 30 um? Josephson
tunnel junction. A copper ground plane is placed approximate-
ly 400 um above the glass substrate with the Nb thin-film mi-
crostrip circuit. The contact pads for the dc bias leads are also
shown.

30um /

JJ

ma frequency) was coupled out through the same micro-
strip connection to low-noise field-effect transistor (FET)
amplifiers, which was followed by a digital storage spec-
trum analyzer (with a minimum resolution bandwidth of
100 Hz). To avoid saturation of the amplifiers by the
pump signal, low-pass filters were inserted between the
junction and the amplifier.

The perturbation signal, Agsinwgt, generated in a
second microwave source, was coupled into the junction
via an “L”-shaped microstrip antenna line (see Fig. 1).
The frequency of the perturbation signal was slightly de-
tuned (by 50-500 MHz) from the period-doubled signal
frequency at wp/2 (the half harmonic). Since
op/2=(27)10 GHz, the relative detuning 8 was there-
fore in the range (5X 107%)—(5X 1072). The linewidth of
the perturbation signal was 2 kHz.

The microwave coupling to the junction was investigat-
ed by using the junction itself as a detector. The suppres-
sion of the critical current of the junction was measured
as a function of the frequency and the power applied
from the two sources. From such measurements we de-
duced that the microwave coupling both in the vicinity of
the pump frequency and of its half harmonic was strongly
frequency dependent but always weak. Using a compar-
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ison between the measured values of the critical current
of the junction as a function of the applied microwave
power, I.(Ap) and I .( Ag), and the results of numerical
simulations based on the resistively shunted junction
model including noise [Eq. (6)], we were able to deter-
mine the amplitude of the microwave currents through
the junction, 4, and Ag, see Fig. 2.

In order to characterize the white noise term 7(¢) in
Eq. (6), the effective noise temperature affecting the junc-
tion was measured in situ by recording the noise-
perturbed distribution of the critical current for a large
number of switching events, P(I_.), in a low-noise data
acquisition system (the switching was induced by sweep-
ing the dc bias, thereby tracing out the hysteretic I-V
curve of the junction). Assuming a white noise spectrum,
such a measurement of the noise currents (primarily
around the junction plasma frequency) yielded an
effective noise temperature of about 10 K at a bath tem-
perature of 4.2 K.

B. Measurement procedures

The measurement of the dynamic stabilization of the
junction against a period-doubling bifurcation was car-
ried out in the following way.

First, the dc bias, I, the magnetic field strength, B,
and the temperature, 7, were chosen such that the reso-
nance frequency of the junction lay near 9 GHz, where
our microwave detection system was most sensitive.

Second, with no applied perturbation signal ( A45=0)
the amplitude of the drive (pump) signal, 4, around 18

I.(Ag)
1.(0)
* SIMULATION
o x EXP DATA
1 .x...'. u)S/ujp = 079
x 0 o< = 0.05
X
08} x
06} .
X
X
04} .
x X
02} x Yy
X X X
X .
O 1 1 e
0 02

As/ic

FIG. 2. Experimental and simulated suppression of the criti-
cal current vs the normalized microwave current in a junction,
in this case for ag= Ag5/I.. The experimental points have been
linearly scaled along the horizontal axis to fit to the simulated
points around a5=0.1. The experimental parameters were
I.=166 pA, wp/2m=12.68 GHz, wgs /2m=9.965 GHz, a=0.05
(B.=400), Ty.n=4.2 K, and T4=10 K (I'=2ekpTs/
hI.=0.0030).
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GHz was varied until a period-doubled signal (half har-
monic) was observed at the resonance frequency of the
junction. Recordings of the amplitude of the period-
doubled signal, 4 (wp/2), as a function of dc bias or
drive amplitude were taken.

Third, a near-resonant perturbation signal was applied
( Ag>0) and the suppression of the period-doubled signal
was investigated as a function of the detuning § and the
amplitude Ag. This was done by recording traces of
A(wp/2) versus Iy, Ap, or frequency, while keeping
the other parameters constant.

C. Experimental results

The stabilizing effect of a near-resonant periodic per-
turbation was clearly observed. The qualitative features

dBm /3kHz

|
o }
|
|

-}

(Q)
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of such an observation are seen in Fig. 3, where
amplitude-frequency recordings from the spectrum
analyzer are shown as a function of dc bias (for a fixed
drive amplitude) both with and without an applied per-
turbation signal. The main characteristics of such experi-
mental observations are as follows: (1) The perturbation
signal suppresses the period-doubled signal (the half-
harmonic amplitude), and (2) the perturbation signal is
amplified as seen by the appearance of an idler signal at
the image frequency w; =wp —wg (=0, /2+86).

We note that the microwave setup used in this work
did not provide isolation between the input and the out-
put of the junction, and we have therefore not been able
to measure the amplification in the system. The appear-
ance of the idler signal is, however, indicating that the
junction is working as an amplifier.
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FIG. 3. Experimental data for a Nb-NbO, -Pb tunnel junction showing the spectrum analyzer output vs the dc bias both (a)
without a perturbation signal applied and (b) with an applied perturbation signal detuned by —0.1 MHz from wp /2=27X8709.000
MHz. The maximum amplitudes at & /2 and at the idler (image) frequency at 27X 8709. 100 MHz are also shown as functions of the
dc bias. Both the suppression of the half-harmonic signal and the amplification are seen in this figure.
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Figure 4 shows how the onset of the period-doubled
signal is shifted towards higher values of the drive ampli-
tude when the amplitude of the perturbation signal is in-
creased, i.e., the bifurcation point is moved towards
larger A, values.

All the data reported here was taken for junctions
biased in the zero-voltage state (on the supercurrent).
With a large applied magnetic field of the order of 10 Oe
the same behavior was observed when junctions were
biased on resonant cavity-mode current singularities in
the I-V curve (“Fiske” steps).

To find a possible characteristic scaling behavior of the
shift of the bifurcation point we again use the amplitude
of the drive signal as the nonlinearity parameter, pu.
From the experimental curves like the set reproduced in
Fig. 4 we calculated the shift of the bifurcation point
Apup=A A} as a function of the perturbation amplitude
Ap.

In Fig. 5 the bifurcation point shift found in this way is
plotted versus the perturbation amplitude for three
different values of the frequency detuning. From such
double-logarithmic plots we have found a linear Aug
versus Ag dependence for small detuning and a quadratic
scaling behavior for large detuning: Ay~ 42.

Finally, for fixed Aup we have investigated how the
necessary perturbation amplitude depends on the detun-
ing. It turns out that such measurements are very
difficult to perform on a Josephson junction due to the
strong frequency dependence of the microwave coupling
to the junction. Technically it is not easy to vary the per-
turbation frequency over a wide band, say from 0.1 to 100
MHz (corresponding to a relative detuning from 1075 to
1073 without strongly varying the perturbation ampli-
tude in the junction. At present we have therefore not
been able conclusively to test the theoretical prediction
for the scaling law for A¢(5).

HALF HARMONIC AMPLITUDE (LIN.)

[
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[
[
= S-5001
[
C o/25TiTe8 She
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PUMP POWER (dBm)

1 1 1 1 1
04 0.5 0.6 07 0.8

PUMP AMPLITUDE ap/ic

FIG. 4. Smoothed experimental recordings of the half-
harmonic amplitude (linear scale) vs the normalized drive am-
plitude, 4, /1., for a number of different values of the normal-
ized perturbation signal amplitude, A5/I.. The dc bias is con-
stant, u, is the unperturbed bifurcation point, i.e., the threshold
for the onset of the period-doubled signal (the half-harmonic)
without perturbation.

4193
10 b
B
220t
o
o
2
S-5001
=30 42K
' 0 ' “20

FIG. 5. Experimental data for a Nb-NbO, -Pb tunnel junc-
tion at 4.2 K. The log-log plot shows the measured scaling be-
havior of the shift of the bifurcation point (as defined by the
minimum drive amplitude for which the period-doubled signal
is observed; see Fig. 4) as a function of the normalized perturba-
tion amplitude, A5 /I, for three different values of the detuning
8: squares 0.1 MHz, circles 10 MHz, and triangles 40 MHz.
The value of wp /2 is 2w X 8709.000 MHz. The three straight
lines are least-squares fits to the data points. The slopes give the
following scaling exponents: squares 1.0, circles 1.6, and trian-
gles 2.1.

V. DISCUSSION AND CONCLUSION

The stabilizing effect of a near-resonant perturbation
signal against the onset of a period-doubling bifurcation
that is predicted by the theory and confirmed through
numerical calculations and analog simulations has been
observed in small Josephson tunnel junctions biased on
the supercurrent. Theoretically, the strength of this sta-
bilization, which may be characterized by the shift of the
bifurcation point, has been shown to depend on the per-
turbation amplitude according to a characteristic quadra-
tic scaling law, i.e., Aup~ A2, where we have used the
change in the drive amplitude, A 4, as a measure of the
shift of the bifurcation point (i.e., we use Ap as the non-
linearity parameter of the system).

In the experiments the shift in the bifurcation point
was measured by the change of the minimum value of the
drive amplitude for which a period-doubled signal could
be observed above the background noise level in the sys-
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tem (Fig. 4). This shift was found to scale linearly with
the perturbation amplitude for small-frequency detuning
and quadratically for large detuning of the perturbation
signal (Fig. 5). The same behavior was found in the nu-
merical calculations (see Fig. 4 of Ref. 1). The junction is
most sensitive to the perturbation signal for small detun-
ing, and a large detuning gives a small value of the rela-
tive perturbation amplitude Ag/8. For small values of
Ag /5 our experimental and numerical results both give a
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quadratic scaling law Aup~ 42.
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