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Fractal growth in impurity-controlled solidification in lipid monolayers
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A simple two-dimensional microscopic model is proposed to describe solidifcation processes in
systems with impurities which are miscible only in the fluid phase. Computer simulation of the
model shows that the resulting solids are fractal over a wide range of impurity concentrations
and impurity diffusional constants. A fractal-forming mechanism is suggested for impurity-
controlled solidification which is consistent with recent experimental observations of fractal

growth of solid phospholipid domains in monolayers.

I. INTRODUCTION

Solidification in fluid systems far from equilibrium is
known to involve formation and growth of patterns with
different morphologies. The nature of the morphology will
depend on the mechanism by which the solidifying material
is transported to the interface, the tension of the fluid—solid
interface, as well as on the diffusion of latent heat away from
the solidification front. Examples include (a) compact crys-
talline domains resulting from thermal quenches of a pure
liquid below its melting point, and (b) dendritic and tipsplit-
ting structures formed from a nucleation site in a super-
cooled fluid or liquid solution." In the first example, the crys-
talline domains grow compact because the solidifying
process is controlled by a stable interface. In the second ex-
ample, the structures become tenuous, or fractal, because
the growth is controlled by diffusion and interface instabili-
ties."? A variety of other growth processes lead to similar
morphologies, e.g., aggregation,** viscous fingering,**® elec-
trochemical deposition,”'® and amorphous annealing.®
There is currently a strong interest in unravelling possible
common principles underlying these apparently unrelated
phenomena and,in particular, in determining the parameters
which control the distinct morphologies and the crossover
between one type of morphology and another.

In this paper we shall discuss solidification processes in
fluid systems where the growth-limiting factor is diffusion of
a second component, such as an impurity or a solvent which
is miscible in the fluid phase only. We shall work in terms of
a “minimal model” which seeks to isolate the bare effects of
chemical diffusion, thus neglecting the interface tension and
the heat of solidification. In this case, the solidification may
be viewed as a particular aggregation process. We have a
special class of systems in mind for our modelling: lipid mon-
olayers at an air/water interface. As a function of lateral
pressure, two-dimensional lipid monolayers pass through a
series of phase transitions, one of which takes the monolayer
from a liquid- to a solid-condensed state.'! In the presence of
a dye impurity, which is miscible only in the fluid phase, the
nucleation and growth of solid domains with distinct fractal
morphologies has recently been observed by fluorescence
microscopy, subsequent to an upward jump in lateral pres-
sure.'>!? Since fractal patterns are not expected in the ab-
sence of the dye,'® and since the heat of solidification is im-
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mediately transferred to the water subphase,'* there are
strong indications that it is the diffusive characteristics of the
dye impurity which are responsible for the morphology of
the solid domains. It is the purpose of the present paper, by
means of a simple model, to demonstrate that this may in-
deed be the case.

il. THE MODEL

The model is formulated as a microscopic aggregation
process on a lattice with particles and it is related to the
multiparticle diffusive aggregation model (MPDA) dis-
cussed by Meakin and Deutch'® and by Voss.!® It differs
from previous theoretical approaches to aggregation pro-
cesses in three principle ways: (i) it accounts microscopical-
ly for a second component (the voids in MPDA'®), (ii) the
aggregating particles are all introduced simultaneously and
not one by one as in standard models of diffusion-limited
aggregation (DLA),® and (iii) particles at the surface of the
aggregate are added with a probability which in the general
case is less than unity.

The growth process in the model is assumed to be gov-
erned by two mechanisms: (i) irreversible solidification of
fluid particles at the solid-fluid interface, and (ii) chemical
diffusion of impurities (or solvent molecules) in the fluid
phase only. Hence, the growth model is characterized by two
intrinsic timescales, that of fluid—solid conversion (7¢) and
that of impurity diffusion (7, ). The two important model
parameters are, therefore, the timescale ratio r4/7,, and the
impurity concentration C. The nonequilibrium circum-
stances for the growth are similar to those of constitutional
supercooling in metallurgy.'” The microscopic realization of
the model is on an L X L square lattice, where each site is
occupied by either a solid particle, a fluid particle, or an
impurity ( formally treated as a site vacancy). The initial
configuration of the system consists of a random mixture of
fluid particles and impurities corresponding to the chosen
concentration. A compact solid seed is placed at the origin of
the lattice. The growth dynamics is then implemented as
follows: Fluid particles, which are nearest neighbors to salid
particles in the current solid aggregate (or seed), are solidi-
fied and attached irreversibly (without release of latent
heat) to the aggregate on a timescale 75. Nearest-neighbor
pairs of fluid and impurity particles are made to interchange
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(diffuse) on the time scale 7,. The growth model may be
considered a generalized Eden model'® in which all particles
at the current aggregate surface have the same probability of
sticking, but the growth is limited by the impurities which
may momentarily cover surface sites to an extent which de-
pends on the local impurity concentration near the solidifi-
cation front. It is these impurities and their diffusional char-
acteristics which cause the interfacial instability of the
present growth model and are responsible for the morpholo-
gy of the resulting aggregates.

ll. RESULTS

We have grown aggregates to average linear sizes rang-
ing from 100 to 500 lattice units enclosed in a mask of vari-
able size in order to eliminate effects of the boundaries. Dif-
ferent seed sizes and shapes have been used, and ensemble
average properties are obtained by averaging over the results
derived from several different sequences of the random
numbers used to simulate the stochastic nature of the solidi-
fication and the diffusional motions. In Fig. 1 are shown
typical solid aggregates grown to a size of about 150 lattice
units at impurity concentration C = 0.7 for a series of time
scale ratios. For very fast diffusion, the aggregates exhibit
moderate tipsplitting with a characteristic finger thickness;
in the limit of slow diffusion, the tipsplitting is more pro-
nounced but the aggregates grow with a lower density. For
intermediate diffusion rates, the aggregates are tenuous and
in appearance similar to those observed in standard DLA’
and MPDA..'® The tenuity of the aggregates and their possi-
ble scale invariance are conveniently analyzed quantitatively
in terms of a fractal (or Hausdorff) dimension D defined
by19

N(R)~R”, (1)

where N(R) is the number of particles in a region of the
aggregate of linear extension R. In Fig. 2 we show that the
aggregates do form scale-invariant patterns over a wide
range of distances. There is, of course, low-R and high-R
cutoffs and crossover regions due to interference with the
smallest dimension of the lattice and the finite size of the
aggregate, respectively. The full variation of D over a wide
range of timescale ratios is shown in Fig. 3. D is seen to vary
in a seemingly continuous manner.

Preliminary results obtained for other impurity concen-
trations ranging from C = 0.5 to C = 0.9 are found to be
qualitatively similar to those presented in Figs. 1-3 for

kg

FIG. 1. Typical aggregates grown to a size of about 150 lattice units for
impurity concentration C = 0.7 at different timescale ratios, 75/7, = 10
(a), 1.4 (b), 0.8 (¢), and 0.1 (d). The aggregates consist, respectively, of
about 13 000, 7000, 6200, and 5500 particles. The solid bar indicates 50
lattice units.
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FIG. 2. Double-logarithmic plot of the particle content, N(R), vs linear
extension, R, of a very large aggregate consisting of about 35 000 particles
grownat 7/7p = 1and C = 0.7. This aggregate is shown on a scale indicat-
ed by the solid bar which corresponds to 200 lattice units.

C = 0.7. It is observed that when C is increased within this
interval, for a fixed value of 75/7,, the effective fractal di-
mension decreases corresponding to more tenuous aggre-
gates. This behavior is in agreement with Voss'® who finds a
crossover from fractal to uniform aggregates at a correlation
length which increases with the vacancy concentration. For
large C, the fractal dimension D approaches the DLA value
of 1.7, corresponding to the decrease of the fluid—fluid parti-
cle correlations. This is also evident from the plot in Fig. 2
which shows that the effective fractal dimension is smaller at
the intermediate stages of the growth where the local impuri-
ty concentration is larger. In the long-time limit, the aggre-
gate grows fjords which trap the impurities and lead to a
steady state corresponding to a lower fractal dimension.
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FIG. 3. Semilogarithmic plot of the fractal dimension D, Eq. (1), vs time
scale ratio 75/7p, for solidification and impurity diffusion with impurity
concentration C = 0.7. The plotted points are mean values obtained by
averaging over 10 to 15 samples. On the plot are also shown the values of D
for the aggregates shown in Fig. 1.
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More calculations than presented here will be needed to as-
sess quantitatively the influence of the value of C on the
growth characteristics in the various time regimes and
whether some universal principle might be operative. It may
seem that the values of the “impurity” concentration studied
here are unphysically high. Two things should be kept in
mind, however. (1) The second component of our binary
system could be interpreted as a solvent. (2) The actual
chemical activity of a solid-immicible impurity is likely to be
much larger than the molar concentration; e.g., thinking of
the impurity as a crystal breaker it is likely to “dissolve” the
solid more effectively than just by excluded-volume effects.

The actual fractal-forming mechanism of the present
model of solidification may be revealed by studying the spa-
tial distribution of impurities as the growth process evolves.
It turns out that this distribution is not spatially uniform and
that the active growth zone is characterized by an elevated
level of impurities which are being pushed away from the
solidification front. Similarly, highly concentrated regions
of impurities are being trapped between the arms of the frac-
tal structure in the interior of the aggregate. This behavior is
strongly reflected in the shape of the circularly averaged ra-
dial distribution function of impurities (measured from the
center of the original seed) as pictured in Fig. 4. This func-
tion has a maximum near the active zone of growth.?’ At any
given time, it rises from the center of the aggregate and levels
off to the uniform background concentration outside the ag-
gregate. The maximum moves out as time lapses, Fig. 4,
indicating that a halo of a locally high impurity concentra-
tion is driven by the solidification front. This halo acts as a
Sfractal former in the solidification process and therefore
plays a role analogous to that of the screening effect in
DLA.’ Similarly, it is analogous to the depletion zone in
MPDA. %16

IV. DISCUSSION

We now turn to a discussion of our results, firstly in
relation to other recent model studies of fractal and dendritic
growth, with particular emphasis on the role of anisotropy,
and secondly in relation to experimental investigations of
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FIG. 4. The circularly averaged radial distribution function of impurities
P(R) asafunction of time t averaged over several samples. P(R) and tare in
arbitrary units. The results are obtained for C = 0.7 and 75/7, = 2. For
two consecutive times, 7, < t,, the aggregate contains 1500 and 5000 parti-
cles, respectively.
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fractal solidification in lipid monolayers. One of the key is-
sues in recent theoretical®2*2¢ (and experimental®®) stud-
ies of diffusion-limited growth has been to unravel the effects
on the fractal dimension of (i) noise-induced instabilities in
the solid—fluid interface, and (ii) spatial anisotropy in the
diffusion process (possibly reflecting the molecular anisot-
ropy of the aggregating particles). For DLA processes, it
turns out that the level of noise (the noise being induced by
the stochastic nature of the diffusing particles) is irrevelant
for the value of D, except in the zero-noise limit.>* Anisotro-
py changes the isotropic DLA dimension, D~ 1.7, towards
D~ 1.5 (dendritic growth),”>?* and possibly all the way to
D=1 (needle growth) for extreme anisotropy.’>?*
Whether these changes are gradual, or they conceal a few
discrete universality classes each with their value of D, re-
mains at present unclear.

For the present model we find, as shown in Fig. 3, that
the fractal dimension D depends on the timescale ratio 75/
7, which seems to play the same role as the anisotropy pa-
rameter introduced by Jullien et al.* In the limit of a slow
diffusion, corresponding to a low noise level, the solid phase
penetrates the nearly static impurity matrix and attains a
structure corresponding to the fiuid-impurity composition
prior to the growth process. This explains the increase in D
towards 2 (compact growth). Furthermore, from Fig. 1 we
note that similar to large DLA aggregates,’ the present ag-
gregates are also unstable to the underlying square lattice
structure (indicating a change in universality class for large
aggregates). At intermediate diffusion rates, D exhibits a
minimum value at about the DLA value 1.7 and the appear-
ance of the aggregates is quite DLA-like. In the limit of fast
diffusion we seem to approach the Eden limit. The aggre-
gates become more compact exhibiting less finger splitting, a
characteristic finger thickening, and D approaches 2.

A unique class of two-dimensional systems exists which
might be a physical realization of the model proposed in this
paper. These systems are lipid monolayers'! spread on an
air/water interface in the presence of a lateral pressure. It
was recently found'> '3 that, within the experimental condi-
tions used for a monolayer of dimyristoylphosphatidyl eth-
anolamine, a window in space and time exists for observing
fractal growth of solid lipid domains characterized by
D=~ 1.5. This value need not be inconsistent with the results
of the present model considering (i) the early-time regime in
Fig. 2 is described by a lower effective exponent, and (ii) the
long-time, possibly fractal, regime in the experimental sys-
tem is wiped out due to approach to equilibrium.'> '* More
importantly, the experimental study also found increased
levels of fluorescent impurity molecules between the arms of
the fractal aggregate and in the active growth zone,'>!* sug-
gesting the same fractal-forming mechanism as in the model
proposed here. It should be pointed out that our model study
predicts that the experimentally observed value of D may,
well depend on details of the system which, for the present
experimental system would be size of dye molecule (7, ) and
the type of lipid molecule (7).

Ben-Jacob et al.® recently argued that DLA-like mor-
phologies may be viewed as the vanishing-effective-surface-
tension limit of a dense branching morphology which is not
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fractal. The dense branching morphology is characterized
by a circular envelope with leading branch tips controlled by
afastest growing mode. These authors also surmised that the
solid patterns formed in lipid monolayers have the dense
branching morphology and are thus not fractal. Further
analysis of the experiments is required to settle this question.

Finally, it should be noted that the model for impurity-
controlled solidification put forward in this paper is per con-
struction only describing far-from-equilibrium situations
and is thus unable to account for the late stages of the solidi-
fication process where compact solid domains eventually
will be formed (as is also invariably observed in the mono-
layer experiments'®). However, the model could be ex-
tended to account for this phenomenon too by allowing the
solidified particles to melt and dissolve again as governed by
an appropriate finite-temperature activation process.
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