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Criteria for fluxon generation in long Josephson junctions

by current puises
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(Received 19 December 1986; accepted for publication 27 January 1987)

In recent measurements in the time domain on the fluxon shape in long Josephson junctions
the fluxons were generated by a current pulse injected into one end. We present here a
perturbation treatment of the fluxon generation which we compare with numerical

experiments. The agreement turns out to be excellent.

There has been considerable interest in soliton propaga-
tion in varicus physical systems. One system where soliton
propagation: is most accessible for experimental measure-
ments is the long Josephson junction as is well described in
recent bocks.' In the Josephson junction the physical mani-
festation of a soliton is a fluxon, i.e., a moving quantum of
magnetic flux 4 /2e in the junction. A rather indirect, but
simple way of measuring moving fiuxons in the long Joseph-
son junction is to measure the so-called zero-field steps
(ZF8) in the dc current-voltage (FV) curve. The first ZFS is
explained as a resonant motion of a single fluxon along the
junction. Recently measurement in the time domain on the
fluxon shape in long Yosephson junctions has been made in
the experiment of fluxon devices,” in which a fluxon is gener-
ated by a current pulse injected into one end of the transmis-
sion line, and the shape of the soliton is measured using a
Josephson sampler with a time resolution of about 5 ps.

The purpose of the letter is to investigate theoretically
the fluxon generation process by a perturbation treatment
and to compare the obtained results with results of numeri-
cal experiments performed on the same process.

First the method used in the experiments of Ref. 2 is
reviewed. A dc current 7, is applied to one end of a long
Josephson junction (Z,. <79), which makes an initial state
where a fluxon can be easily generated by small external
sources. Here 7 ” is the threshold current to keep the junction
in the zero voltage state, and is given by 7{ = 24,wi,. 4; is
the Josephson penetration depth, w is the width of the long
junction (w<A;), and I is the critical current density of the
junction, If a pulse current in such state is applied, then a
fluxon can be generated. Using this method fluxon devices
such as an oscillator and a signal divider were operated suc-
cessfully.?

A semi-infinite (0<x < o ) Josephson transmission line
with current injection source to the end gives a good model
for such experiments. The dynamic of the macroscopic
quantum phase difference $(x,1) across the oxide layer is
governed by a perturbed sine-Gordon equation (in normal-
ized form)?

D, — P, —sin®=ad, -5 _,. (1)

The spatial variable is measured in units of 4, = (#/
2eL],)""* and the time in units of the reciprocal plasma fre-
quency wg | = (2ef,/HC) ™V, where L is the sheet induc-

* Permanent address: Electrotechnical Laboratory, 1-1-4 Umezono, Sa-
kura-mura, Niihari-gun, Ibaraki 305, Japan.

tance of the Josephson transmission line and C is the shunt
capacitance per unit area. The shunt loss parameter a is giv-
enbya = G(#/2ef,C) 12 where G is the shunt conductance
per unit area. The surface loss parameter 5 is given by
B =wyl /R,, where R, is the surface resistance. The inject-
ed current f(r} determines the boundary condition on @
through

D, (08 + 59, (01) = — (1), (2}
where the normalized current «(¢) = 2£(¢)/1,° and in this
model «(¢) has a dc part and a pulse part, i.e., x(7) = &,
+xp(2).

The solution of the initial state before applying the pulse
is given exacily by®

®=4tan" "exp[ — (x — X1, (3)
where X, ( <) is related to the dc bias 4, as
K4 = 2 sech(X,). (4)

In the perturbation treatment we assume that ® is repre-
sented by the following trial function at any time:

D(x,t) =4 tan” " exp{ — () [x — X (O 1} (3)
and
w="2% 6)
dt

where X(r) is the position of the center of the soliton, u is the
velocity of the soliton, and y () is the Lorentz factor

yiu) = (1 —u?y V2 (7)
From Eqs. (3) and (5), the initial state is a tail of a resting
fluxon centered outside the transmission line at X{ — oo )
=X;<0.

According to our model this fluxon tries to move into
the functicn during the pulse application, and generation or
nongeneration of a fluxon is determined by the following
energetic consideration. Although the model is rather crude,
it gives quantitatively good result for the criteria of the
fluxon generation as will be shown later.

First we define the energy ¥ in the transmission line
{(0<x <o) as

H:{ (i®§+}—¢f+(l~cos¢>))dx‘ (8)
o \ 2 2

Differentiating Eq. (8) with respect to time and using Eq.
(1) and the boundary condition Eq. (2) we get without any
approximation®
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gﬁ:@,h:ox(z‘) —a F‘@fd’x
dr Jo

—ﬂf &7, dx. (9
C

We now put the trial function Eq. (§) inte Eq. {(8) to
calculate the energy. The result is

H = 4y[1 + tanh(yX) 1. (10)

In this calculation, we assume that # changes siowly to satis-
fy the following condition:

7/Qalu

which makes the calculation of @, in Eq. (8) simple. Putting
the trial function Eq. (5) into the right-hand side of Eq. (9)
and using Eq. (11) we obtain

% = 2yu sech(pX)x(£) — dayu* {1 + tanh(vX)]

<1, (1D

— 48y 1+ tanl® (X0 1. (i2)

Finally introducing # from Eq. (10} into the left-hand side
of Eq. (12)—again using the condition Eg. {11)—we get an
equation of motion for »

%I;—zf. +af; + Bf; + «()fs (13)
where

Fio= —sech?(¥X)/{y[1 + tanh(yX) 1},

fo= —u/y (14)

fi= ul + tanh’ (X}
? 3 1+ tanh(pX)

and

. sech{yX)
27711 + tanh(3X) ]

Ja

Equations (6) and (13) form two first-order coupled differ-
ential equations which together with the initial condition

#{ —o0)=0 {15a)
and [see Eq. (4)]
X(—0)=X,y (15H)

completely define the problem.

We now solve Egs. (6), (13), and (15) and use as crite-
ria for a fluxon generation that X{ w0 ) > 0. (In fact, a large
value of 7 is chosen for the estimation for the generation. )
For «, (1) we choose a symmetrical /inear increase and de-
crease

kp() =0 (16a)
wp(t) = (Kpo/ty) (5o — |2]) {16b)

Figure I shows the results of the soliton trajectory, i.e.,
vs X relations whenk,, = 1.8,7, =2.5,a = 0.02,and Z = 0.
Asshown in Fig. 1{a), when x4 = .30, the soliton returns
to the initial position, i.e., X(w )} = X, meaning that a
fluxon is not generated. On the other hand, when &, is in-
creased up to 0.325, the fluxon enters in the junction. From

for [£]>1,,
for |r| <t

X()

FIG. 1. 4 vs X curves, representing fluxon trajectories in the generation
process. @ = 0.02, f =<0, x,, = 1.8, and #, = 2.5. (a} kpy = 0.30 and (b)
Kpgo = 0.325.

these procedures it is found that the criteria for the fluxon
generation at «,, = 1.8 exist between «,, = 0.30 and 0.325.
The solid curves in Fig. 2 show the criteria of a fluxon gener-
ation, where &, is plotted versus the pulse height «,, at the
threshold for various values of ¢, and for @ = 0.02 and
£F=0C

To examine the validity of our perturbation calculation
we have performed a direct numerical integration of Eq. (1)
with the initial condition, Eqs. (3) and (4). For«, (¢) we use
the same form as in the perturbation calculation Eq. (16).
The integration is carried out by expressing the long junction
by the lumped circuit model and solving the ordinary differ-
ential equations of the model by means of the Runge~Kutta
voutine.” The result of this numerical integration is shown in
the dashed curves in Fig. 2.

We see that the deviation between the two results (both
curves in Fig. 2) is very small for #,, 2, meaning that the
perturbation treatment is adequate for such conditions. The
general feature is the following. All curves startin («p,,k,, )

= (0,2) with an almost linear decrease.

W.dc

Upo

FIG. 2. Threshold curve for a fluxon generation obtained by the perturba-
tion treatment (solid curves), and the direct numerical integration (dashed
curves). Shown is the dc part of the current &, vs the pulse height «,, for
various values of the pulse width 7, when « = 0.02 and # = 0.
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For large pulse duration the curves approach the adia-
batic (7, = o } curve, Le.,

Koo +Hpo =2 (17}
because the application of very slow pulse corresponds to the
quasistatic increase of the dc¢ current. The terminations ob-
served in Fig. 2 are due to the fact that the trial function
soliton for sufficierstly high pulses reaches the velocity 1.

Finally we derive the initial linear decrease of k. vs k5,
in Fig. 2 by simple but different arguments. We have x,, =2
and &po =~0.

The foliowing criterion of the generation is imposed: if
the fluxon is centered inside the junction at ¢ = 0 {at which
the pulse has the maximum «,, ), then it is generated, but
otherwise, it is not generated. Then, using the velocity #, at
t = 0, the generation condition can be expressed as

| Xyl > peugty, (18)

where p is a constant depending on the pulse shape and
height. Furthermore, the trial function is assumed precisely
to follow the boundary condition for &, [Eq. (2)]atx =0.
This means that we haveat =0

Hge +Kpg = 2y {ug). (19)

In Eq. (4) we can replace sech(X,) by 1 — X /2 be-
cause x,. ~2, and in Eq. (19} y{(u,) by 1 4 u/2 because
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Kpo =~0. Using Eq. (18) and eliminating », and X, from Egs.
(4} and (19) we obtain the following threshold curve:

Ko + Kpoltty™/ (1 4 %27} = 2. (20)

Note that Eq. (20) is consistent with Eq. (17) as#,— o0.
Hweputy = 1/2, Eq. (20) explains the initial slopes of x .
VS Kpo curves very well. g = 1/2 corresponds to a constant
acceleration (linear velocity increase). Different pulse shape
will lead to different g values.

One of us (8.8.) is grateful for the hospitality of the
personnel in Physics Laboratory I, the Technical University
of Denmark.
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