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Fluxon propagation and Fiske steps in long Josephson tunnel junctions

S. N. Emné and A. Ferrigno
Physikalisch-Technische Bundesanstalt, Institut Berlin, D-1000 Berlin 10, West Germany

R. D. Parmentier*
Laboratory of Applied Mathematical Physics, The Technical University of Denmark,
DK-2800 Lyngby, Denmark
(Received 15 September 1982)

The dynamical behavior of fluxons propagating in the presence of an applied magnetic
field on an overlap-geometry Josephson tunnel junction of length 5A; having a McCumber
B.=5m is studied by numerical integration of the circuit equations of a 50-section lumped
RSJ-type (resistive shunted junction) model. Resonant propagating configurations corre-
sponding to the first and third Fiske steps are found. The fundamental frequencies and
power levels of the radiation emitted from one end when the junction is biased on the first
and third Fiske steps and on the first zero-field step are comparable, but a magnetic field
renders the power spectra at the two ends of the junction different.

INTRODUCTION

The zero-field steps, or dc current singularities,
that appear (also) in the absence of applied magnetic
fields in the dc current-voltage characteristics of
Josephson tunnel junctions which are long in one di-
mension with respect to the Josephson penetration
length A; have by now been convincingly shown to
be associated with the resonant propagation of flux-
ons in the junction,! =3 according to the mechanism
first proposed by Fulton and Dynes.* In this picture
the first zero-field step (ZFS), which has a voltage
asymptote of ®y¢/I, where @, is the magnetic flux
quantum, ¢ is the electromagnetic wave velocity
within the junction, and !/ is the length of the junc-
tion, is due to the propagation back and forth along
the junction of a single fluxon; the second ZFS,
whose voltage asymptote is twice that of the first, is
due to two fluxons, etc.

In addition to the ZFS, when a dc magnetic field
is applied in the plane of a Josephson tunnel junc-
tion (either long or short), a second set of current
steps, called Fiske steps (FS), is observed in the
current-voltage characteristic. Successive FS occur
with a voltage-asymptote spacing just half that of
the ZFS. For short junctions, the theory of FS
developed by Kulik® quite satisfactorily accounts for
experimental observations; however, this is no lon-
ger the case for long junctions.® Extensions of
Kulik’s theory to long junctions, framed in terms of
cavity-mode interactions, have been formulated by
various authors.”~!® These analyses are intended to

27

be applicable to both FS and ZFS, and they have
found varying degrees of success in explaining ex-
perimental observations.

The idea of applying the fluxon propagation
model to the explanation of FS in long junctions was
first suggested, but rejected as not physically feasi-
ble, by Fulton and Dunkleberger.!! It was repro-
posed, with an argument for its feasibility, by
Samuelsen.!> The essential ingredients of this pic-
ture are the observation that an applied magnetic
field renders the junction dynamical equation asym-
metric through the boundary conditions,!® thus
rendering wave propagation along the junction
asymmetric, and the observation that the average
junction voltage in a fluxon propagation mode de-
pends only upon the time-averaged number of flux-
ons present, so that, for example, the first FS is con-
sistent with a situation in which a single fluxon is
present for half the time. Later, a numerical simula-
tion result which supported Samuelsen’s hypothesis
was reported by Dueholm et al.'*

The purpose of this paper is to contribute to a
clarification of the situation through a numerical
simulation of a long Josephson junction in a mag-
netic field. The results that emerge give further sup-
port to the Samuelsen mechanism. Specific predic-
tions of the frequencies and power levels of the mi-

crowave radiation emitted by a junction current-
biased on a FS, as compared with the same quanti-

ties with the junction biased on a ZFS, are consistent
with experimental measurements. Moreover, the re-
sults suggest further experimental measurements to
check the proposed mechanism.

5440 ©1983 The American Physical Society
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JUNCTION MODEL AND COMPUTATION
TECHNIQUES

The junction model and computational procedures
employed in this study are essentially those used in a
previous study of ZFS.! An electrical representation
of the model is shown in Fig. 1. The spatial depen-
dence of the problem is taken into account by con-
sidering a 50-section lumped-circuit approximation
to the junction. A junction length of 5A; is assumed
throughout this study. Dissipation is assumed to be
due only to the linear resistor R of Fig. 1. Accord-
ingly, we assume simply that the powers radiated
from the left and right ends of the junction at a
given frequency are equal to the sum of the squares
of the Fourier components V2 + V2, at that fre-
quency of the end-point voltages V; and Vp, respec-
tively.

An overlap-geometry junction is assumed, imply-
ing that the bias current, Iz per section, may be con-
sidered to be uniformly distributed along the junc-
tion.!* The effect of an externally applied dc mag-
netic field B, in the plane of the junction and per-
pendicular to its long dimension is modeled by ap-
plying the dc current I as shown in Fig. 1. The re-
lation between the two quantities is B, =polf/w,
where p, is the permeability of free space and w is
the width of the junction in the field direction.

The Josephson element J in Fig. 1 is characterized
by the adiabatic Josephson equations

I=Ising , (1a)
a¢ _2m
ar q)ov . (1b)

Combining Egs. (1a) and (1b) with the circuit equa-
tions of Fig. 1 results in, for section 1,
Te dV] 2 .
T_A dr =y+M+Arj(d,—dy)—sing;—V; ,
(2a)
for section j (1 <j < 50),

7. dV;

;:?=7+)\21(¢j—1_2¢j+¢j+1)

—sing; —V; , (2b)
for section 50,

T, sto .
—= dr =y—M +A5($sg—dso) —singso— Vo ,

TA
(2¢)
and for all sections (1 <j <50),
d¢; r
—L_Ty,. 2d
dr 2/ 2d)

Here V is voltage v normalized to IR, 7 is time nor-
malized to 7o=®y/4IR (the inverse of the gap-sum
frequency), 7.=RC, y=Ig/ly, M=Ig/I,, and
Ai=®y/27LI,. The value of the parameter 7./7s,
which is a measure of the dissipation, is assumed to
be 10 throughout this study; the value of the param-
eter M, which is a measure of the applied magnetic
field, is fixed at 8.

Equations (2a)—(2d) correspond to a discretized
version of the perturbed sine-Gordon equation, with
boundary conditions given by ¢,(0,¢)=¢,(/,t) < B,,,
as employed by many other authors (see, e.g., Ref.
13). The time normalization employed in Egs.
(2a)—(2d) is the same as in Ref. 1, but it differs from
that used by other authors, who measure time in
units of the inverse plasma frequency
1/w;=(C®y/2mI,)!/% Tt is trivial to show that the
relation between the two time scales is given by
wyTa=(27./m7s) "2 It is likewise trivial to show
that the dissipative parameter 7, /75 =28, /7, where
B, is the usual McCumber parameter.

Equations (2a)—(2d) were integrated by means of
a fourth-order Runge-Kutta routine using a fixed
time increment of 0.017,. The problem was in-
tegrated as an initial-value problem, and two types
of initial conditions were employed:

FIG. 1. Lumped circuit junction model.
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FIG. 2. Time evolution of FS-1 fluxon propagation for y=0.53 and M =8. Circles: phase ¢; crosses: normalized volt-
age V. (a) 7=2667, and 2707,; (b) 7=2747, and 2787,; (c) 7=2827, and 2867, (d) 7=2907, and 2947,. Apparent discon-

tinuities are due to printer discretization.

(1) When searching for a first point on a given FS,
the simple phase and voltage distributions shown in
Fig. 2(a) of Ref. 1 were used. These distributions
represent only a rough approximation to a single
propagating fluxon, and their use constitutes a
weakness in the calculations, as will be discussed
below. (2) When searching for the upper (lower) ex-
tremity (in bias current) of a given FS, y was in-
creased (decreased) by a small increment and the ini-
tial phase and voltage distributions were taken as the
final distributions corresponding to the previous bias
value. The integration was continued until the oscil-
lation settled into a steady state, defined operational-
ly as in Ref. 1. Normally, this required integrating
to about 3007, (about 9—10 complete oscillation
periods).

After stopping the integration, the final two oscil-
lation periods of the voltages at the two ends of the
junction, V; and Vp, were recorded on a grid of ap-
proximately 500 equally spaced points. The average
values of these voltages, (¥, ) and (Vy), were
determined using the fact that the average voltage
over a period is proportional to the phase difference

over that period, through the Josephson frequency
relation, Eq. (2d). Physically, ( ¥') must be constant
along the entire junction; in practice, (¥;) and
(Vg ) were always equal to within better than 0.5%.

The Fourier sine and cosine coefficients of ¥V
and Vyp were then obtained by trapezoidal rule in-
tegration of the basic definitions of these coeffi-
cients over the grid. Since the integration was per-
formed over two oscillation periods, the first even-
order harmonic was, in fact, the fundamental, and
the absence of odd-order harmonics served as a fur-
ther check that the oscillation had indeed reached a
steady state.

FLUXON OSCILLATIONS AND FISKE STEPS

Figures 2 and 3 show a series of snapshots of the
phase and voltage distributions along the junction
over a single period of oscillation for two different
modes of propagation. In Fig. 2(a), a fluxon is lo-
cated near the center of the junction at 7=2667,
and is propagating toward the right (this is an anti-
fluxon by the definition used in Ref. 1, but the dis-
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FIG. 3. Time evolution of FS-3 fluxon propagation for y=0.60 and M =8. Circles: phase ¢; crosses: normalized volt-
age V. (a) 7=2727, and 2767,; (b) 7=2807, and 284r,; (c) T=2887, and 2927,; (d) 7=2967, and 3007s. Apparent

discontinuities are due to printer discretization.

tinction is arbitrary). Note that there is a net phase
difference of 27 along the junction and that the volt-
age is a well-defined pulse which is everywhere posi-
tive. At 7=2707,, the fluxon is approaching a re-
flection at the right end of the junction. In Fig. 2(b),
this reflection has just taken place at 7=274r,, after
which a clearly defined voltage pulse begins propa-
gating to the left. Note, however, that the voltage
waveform now goes both positive and negative, and
that the net end-to-end phase difference is essential-
ly zero. These facts suggest that the entity in ques-
tion is a localized plasmon, or perhaps a plasmon-
breather oscillation.!® In Fig. 2(c) this entity contin-
ues propagating to the left, and at 7=286r, it is ap-
proaching a reflection at the left end. In Fig. 2(d)
this reflection has just occurred at 7=2907,,
whereupon propagation resumes toward the right.
During the reflection, however, the net end-to-end
phase difference has increased again toward 2, so
that at 7=294r, the oscillation has completed al-
most one full cycle. As is evident from Fig. 2, the
phase at any point along the junction advances by a
total of 27 during one oscillation period, as com-
pared with the value of 41 for the oscillation associ-

ated with the first ZFS (cf. Fig. 2 of Ref. 1).

In Fig. 3 the situation is somewhat less “binary”
inasmuch as the various propagating entities overlap
one another, but the overall picture is still sufficient-
ly clear. In Fig. 3(a), at 7=2727, there is a net
phase difference of 27 along the junction and a volt-
age peak near section 21, corresponding to a fluxon
moving to the right, but a second fluxon is rapidly
entering from the left end. At 7=276r, two voltage
pulses are clearly visible, and the net end-to-end
phase difference is about 3.5m, corresponding to
something less than two fluxons in the junction. In
Fig. 3(b) this packet has moved to the right at
7=2807,, with the first pulse approaching a reflec-
tion at the right end of the junction and the second
one near section 21. During this portion of the os-
cillation the situation suggests, approximately, the
propagation of two fluxons in a “bunched” configu-
ration.'”!® At 7=284r, the leading voltage pulse
has just emerged from the reflection and is located
near section 40, moving to the left; whereas the trail-
ing pulse is located near section 33 and moving to
the right. In Fig. 3(c) the two voltage pulses have
exchanged positions at 7=2887,, with the leading
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pulse now located near section 27, moving to the
left, and the trailing pulse just undergoing a reflec-
tion from the right end. Note that the net phase
difference along the junction is at this point essen-
tially zero. At 7=2927, the two voltage pulses con-
tinue propagating to the left, and the net end-to-end
phase difference has become approximately 7. In-
terpretation of this situation is not completely
unambiguous, but the propagation of a fluxon-
plasmon, fluxon-breather, or fluxon-plasmon-
breather combination is suggested. In Fig. 3(d) the
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leading voltage pulse is just undergoing a reflection
from the left end of the junction at 7=296r7,, and
the trailing pulse is located near section 19 and still
moving to the left. At 7=300r, the leading pulse,
barely distinguishable, is located near section 17,
moving again toward the right, whereas the trailing
pulse is approaching a reflection at the left end. The
net end-to-end phase difference is now approximate-
ly 1.5, and the oscillation has completed almost
one full cycle. Figure 3 shows clearly that during
one full period of this oscillation the phase at any
point along the junction advances by a total of 6.

Figures 2 and 3 show each of the two modes of
propagation for a single value of the bias current.
Each of these two modes, however, exists over a cer-
tain range of y. This fact is displayed in Fig. 4,
which shows the two loci of points, indicated as cir-
cles, labeled, respectively, as FS-1 and FS-3 in the
y— (V) plane. The solid curve, for reference, is the
current-voltage characteristic of the junction in the
absence of magnetic field, taken from Ref. 1. The
positions of the two groups of circles relative to the
first two zero-field steps, ZFS-1 and ZFS-2, confirm
that FS-1 and FS-3 are, respectively, the first and
third Fiske steps. The point ycy at (V) =0, in-
cidentally, is the value to which the critical current
has been reduced by the magnetic field M =8.

At this point we note that there should also exist
a second FS corresponding approximately in voltage
position to ZFS-1, but we have not been able to find
this FS numerically. We believe that the reason for
this is that the initial condition employed is not real-
ly appropriate to finding FS-2. We have observed in
calculating FS-1 and FS-3 that the outcome of the
simulation depends, at least sometimes, quite strong-
ly on the initial condition employed: If the initial
condition is “too far” (by some measure) from the
final propagating configuration, the junction tends
to switch to some other mode of propagation.
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POWER SPECTRA

Figures 2 and 3 clearly show that the two modes
of propagation associated with FS-1 and FS-3 are
asymmetric. This fact is underlined in Figs. 5 and
6, which show the temporal evolution of the two
end-point voltages ¥; and Vj in the two cases cor-
responding to Figs. 2 and 3, respectively.

Since we assume that the power radiated from an
end of the junction is proportional to the square of
the voltage at that end, it is clear that Figs. 5 and 6
imply that the spectra of the radiation emitted from
the two ends are quite different. That this is indeed
the case is indicated in Figs. 7 and 8, which show
the power spectra, calculated as described above, for
the first three Fourier components of the voltages
V. and Vg, corresponding, respectively, to FS-1 and
FS-3 as a function of the bias current. The frequen-
cy shown in the lower part of the figures is that of
the fundamental (labeled 1) Fourier component in
each case. The power levels have been normalized
to an arbitrary value of V;,Vz =0.04/7.

The main conclusions to be drawn from Figs. 7
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third Fiske step.

and 8 are the following: (1) The fundamental fre-
quencies associated with FS-1 and FS-3 are the
same; moreover, they are the same as that associated
with ZFS-1 [cf. Fig. 5(a) of Ref. 1]. This fact has
already been confirmed by experimental observa-
tions.'* (2) The power levels of the radiation emitted
by a junction biased on a FS are comparable, at least
in the field-aided direction, with those obtained with
the junction biased on a ZFS (cf. Fig. 5 of Ref. 1).
This fact is also consistent with experimental obser-
vations.'* (3) The asymmetries in the power spectra
of the radiation emitted from the two ends of the
junction may well be large enough to be measurable.
One way of doing this would be to couple to a single
end of the junction and measure the radiation with
both polarities of the magnetic field.

COMMENTS

The present work is intended as a contribution to
the understanding of the dynamics of long Joseph-
son tunnel junctions. We believe that fluxon propa-
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gation is the basic physical mechanism underlying
all of the various phenomena observed in connection
with such long junctions, and that cavity-mode in-
teraction analyses are essentially mathematical ap-
proximations that, as they become more refined,
tend toward the same picture, being particularly
suitable in the limit of short junctions. We propose
that a detailed comparison of the results of experi-
mental measurements on real junctions with those
from careful numerical simulations, similar to those
recently reported by Lomdahl et al.? in connection
with ZFS, should be an important objective for fu-
ture studies.
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