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Sine-Gordon Soliton Dynamics

In recent papers!'? Fernandez and co-workers
have shown that sine-Gordon solitons do not be-
have like Newtonian particles under the influence
of a constant force. The results are obtained
numerically and show that the soliton acceleration
starts up very slowly (~¢2) and not with a finite
value as a Newtonian behavior would require.

The results are supported by a perturbation treat-
ment based on a theory by Fogel et al.** On the
other hand previous perturbation treatments3 "¢
and experiments in numero” ~® show that the sine-
Gordon soliton under the influence of a force be-
haves like a Newtonian particle. In fact the per-
turbation results very precisely describe the sol-
iton motion.

Both results are correct. The apparent con-
tradiction is due to differences in the vacuum
“motion” in the two cases, i.e., the behavior of
solutions at x =+, In Refs. 1 and 2 the vacuum
is in an excited state while the Newtonian behav-
ior is observed with the vacuum in its ground
state.

The influence of the vacuum on the soliton mo-
tion can easily be seen from Eq. (4) of Ref. 1:

Y(O) V()= an(xt - dua/dt), (1)

where V(¢) is the velocity of the soliton, y(#)™
is the width of the soliton {which for small per-
turbations is [1 - V(£)2]*/2}, x is the “force” term
in the perturbed sine-Gordon equation

U= Uy=Sinu ~ ), (2)

and u .(¢) is the vacuum part of the sine-Gordon
field u(x, t), u. only depending on time, i.e., %,
alone is a solution to Eq. (2).

Equation (1) clearly shows that the vacuum
“motion” through du . /dt influences the motion
of the soliton. If the vacuum is in its ground
state u, =sin™'y, then du./di=0 for all times,
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yielding the results of Refs. 3-9. On the other
hand, if the vacuum is started with . =0 and
du . /dt=0, du.,/dt starts up as xt and thus elim-
inates the direct action of the x term in Eq. (2),
yielding the results of Refs. 1 and 2. Other ini-
tial conditions of the vacuum would give other
initial motion of the soliton.

We have checked the results obtained above
numerically'® and found good agreement between
Eq. (1) and the numerically determined velocities
for the different initial conditions of the vacuum.
Various numerical definitions of the velocity
have been used and they all show the same quali-
tative agreement with the theory.!°
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