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A detailed numerical study of a long Josephson tunnel junction modeled by a perturbed sine-
Gordon equation demonstrates the existence of a variety of bunched soliton configurations.
Thus, on the third zero-field step of the ¥ -I characteristic, two simultaneous adjacent frequen-
cies are generated in a narrow bias current range. The analysis of the soliton modes provides an

explanation of recent experimental observations.

The fundamental concept of soliton excitations was
used by Fulton and Dynes! to explain the appearance
of zero-field steps (ZFS) in the voltage-current
characteristic of long Josephson junctions. Thus the
simultaneous excitation of N solitons gives rise to the
Nth ZFS. Recent numerical studies”> have demon-
strated that two solitons can travel in a congealed
state (‘“‘bunched fluxons’’). The results are in agree-
ment with experimental measurements and ascertain-
ments made by Dueholm ef al.* These authors also
reported on measurements for higher-order ZFS’s
showing a fine structure in the form of branching and
small hysteresis loops accompanied by simultaneous
emission of signals at two frequencies in the X band
with a separation of — 50 MHz. This is illustrated in
Fig. 1 obtained with a bias point on the third ZFS.
The experimental recordings show the second har-
monic of the fundamental frequency f,=u/2L where
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FIG. 1. Frequency display of experimentally observed mi-
crowave radiation from niobium oxide—lead Josephson junc-
tion. Trace a and trace b are obtained for y =0.14 and
0.115, respectively.

u is the soliton velocity and L is the length of the
junction. Trace (a) shows a single frequency signal
as observed on the major portion of the step and
trace (b) shows the appearance of two simultaneous
signals observed in a narrow range of bias currents.’
It was suggested* that this complex behavior could be
explained by different bunching configurations of the
solitons.

In this Communication we demonstrate that the
different bunching configurations result from the per-
turbed sine-Gordon model® given by

b — Dy —sind=ad,— Bbx—7v . (1

Here ¢ is magnetic flux normalized to #/2e, x is lon-
gitudinal distance normalized to the Josephson
penetration depth A, and ¢is time normalized with
respect to the Josephson ‘‘plasma’’ frequency wy.’
The y term® represents a uniformly distributed bias
current normalized to the maximum zero voltage
(Josephson) current Ip. The terms in « and 8
represent quasiparticle loss and surface resistance
loss, respectively. Throughout the computations we
have maintained ‘‘open-circuit’’ boundary conditions,
i.e., ¢5(0,t) =¢,(L,t) =0.. For the junction dis-
cussed here a=0.05, 8=0.02, and L =6 as in Ref.
3. As initial conditions we used soliton configura-
tions consisting of either (i) three solitons moving
with equal velocities or (ii) two solitons moving with
the same velocity and an antisoliton moving in the
opposite direction, leading to the third ZFS in both
cases. The velocities were chosen sufficiently high to
obtain soliton confinement on the junction by
Lorentz contraction. The resulting steady-state oscil-
lations were usually independent of the details of the
initial conditions. We have used an implicit finite
difference scheme with a corrector loop for the non-

7460 ©1981 The American Physical Society
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FIG. 2. Numerical computations of ¢,(L,?) showing different soliton modes for (a) y=0.42, (b) y=0.4, and (c) y=0.2. The
corresponding second (+) and third (A) harmonic powers vs time are shown in (d), (e), and (f).

linear term and averaging of the second space deriva-
tive over two time steps. The time and space steps
used were 0.025 and 0.05, respectively. The accuracy
of our computations was checked by halving time and
space steps.

Typical numerical results for ¢, at one end of the
junction are shown in Figs. 2(a) —2(c) after 5000
time units for different values of y. In Fig. 2(a)
(y=0.42) the three solitons propagate with velocity
u in a bunch producing the fundamental frequency
fi=u/2L. For decreasing v’s [Fig. 2(b), y =0.4] we
enter a narrow region in which two solitons remain
bunched and the third travels alone with a slightly
different velocity (u + Au) giving rise to two fre-
quencies with a separation Af = Au/2L [demonstrat-
ed below in Fig. 2(e)]. Approximately one half
period of the time evolution in this case is presented
in Fig. 3. For a further decrease in y the bunching

configuration of Fig. 2(a) is recovered. This config-
uration then gradually changes into the uniform oscil-
lation shown in Fig. 2(c) (y=0.2). The fundamental
frequency in this mode equals 3f,. In Figs. 2(d)—
2(f) we show the corresponding harmonic power con-
tent of ¢,(L,t) as function of time. We have
analyzed 100 subsequent time intervals of length 50
time units between t =0 and ¢ =5000. In all three
cases initial conditions of type (ii) were used. Figure
2(d) shows the second harmonic for y =0.42. After

a transient the second harmonic assumes a constant
value corresponding to the formation of a stable
bunch of three solitons [cf. Fig. 2(a)]. In Fig. 2(e)
(y=0.4) the three-soliton bunch is unstable —the
single soliton is never captured by the two-soliton
bunch. Owing to the coexistence of two slightly dif-
ferent frequencies on the junction, the second har-
monic is seen to vary periodically in time with a fre-
quency 23 MHz, in good agreeement with the experi-

FIG. 3. A 2+1 bunched soliton solution in Eq. (1) with
a=0.05, 8=0.02, y=0.4, L =6. Approximately one-half
period of ¢,(x,t) is plotted for 5000 < ¢ < 5006.



7462 RAPID COMMUNICATIONS
T a4 b e ]
4
L 00007 g
a0l e @Owodpooooooc“”o 1
A F 0 © ° 1
= F ° E
= | 1
<
\ + o E
251 .
N
0 0.2 0.4 06
Y=1/I,

FIG. 4. Calculated third ZFS [(¢,(L,t)) vs y]. The y
intervals a —c correspond to soliton configurations shown in

Figs. 2(a)—(2¢).

mental result shown in Fig. 1. The maximum power
is obtained with the relative positions of the solitons
shown in Fig. 2(b). Figure 2(f) shows the vanishing
second harmonic (crosses) and the finite third har-
monic (triangles), corresponding to 3/ for y=0.2.
Finally, Fig. 4 shows the calculated time average of

¢,(L,t), proportional to the dc junction voltage,
versus vy, proportional to the bias current. Hence the
figure is the calculated third ZFS in the V-I charac-
teristic of the junction. Experimentally*® structures
were often observed in the higher-order ZFS’s
(N =4) which were interpreted as manifestations of
transitions between different multisoliton modes.
Here, the apparent structure in the ZFS which is
barely visible in Fig. 4 at the transition from the
three-soliton bunch [Fig. 2(a)] to the (2 +1)-soliton
configuration [Fig. 2(b)] is of the same order of mag-
nitude as our numerical resolution.

We conclude that our analysis of the soliton modes
explains the appearance of two simultaneous frequen-
cies in agreement with experimental observations.
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