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Josephson junction analog and quasiparticle-pair current

C.K. Bak and N.F. Pedersen

Physics Laboratory I, The Technical University of Denmark, DK-2800 Lyngby, Denmark

(Received 13 October 1972)

A close analogy exists between a Josephson junction and a phase-locked loop. A new type of
electrical analog based on this principle is presented. It is shown that the inclusion in this
analog of a low-pass filter gives rise to a current of the same form as the Josephson quasi-
particle-pair current. A simple picture of the quasiparticle-pair current, which gives the
right dependences, is obtained by assuming a junction cutoff frequency to be at the energy

gap.

It is well known'~3 that the total current density in a
Josephson tunnel junction may be written as®

J =J, sing +0,(V)V +0,(V)(cos )V )

where d¢/dt=2eV/h, ¢ being the phase, and V the vol-
tage across the junction. The first term in Eq. (1)
represents the supercurrent, the second is the quasi-
particle current, and the third is the quasiparticle-pair
interference current. Recently there has been great
interest in electrical®% and mechanical® analogs that can
simulate the Josephson junction. We present here a
new scheme for an analog which is simple to build, and
which can be operated at much higher frequencies than
previously reported. A new and important feature of
this analog is that it has inherent in it the cos¢ con-
ductivity of Eq. (1).

The analog is shown in Fig. 1; it is basically a phase-
locked loop. The voltage-controlled oscillator (VCO)
produces a voltage at an angular frequency w, +kV,,
where w, is the carrier frequency, V, is the input vol-
tage, and k is a constant for the particular VCO. The
output of the VCO and a signal at the carrier angular
frequency w, are fed to the two inputs of a mixer.
Using a low-pass filter with a cutoff angular frequency
w,, the voltage V=1V, sin(kV,t) at the difference fre-
quency is extracted.

If the effect of the filter at frequency £V, is neglected
for the moment, the output of the current amplifier
(transconductance G) is then

I=I sing, @)

where I, =GV, and d¢/dt=kV,. Thus, the total current
I, (Fig. 1) drawn by the loop input is

I,=I,sin¢ +V,/R. ®3)

For input current I; <I,, the phase of the VCO will lock
to the carrier such that I, =1, sin¢. Equation (3)
represents the usual Josephson element shunted by a
quasiparticle resistance R. It will now be demon-
strated that the inclusion of a filter transfer function
causes a conductivity term similar to the cos¢$ conduc-
tivity in Eq. (1).

To do this we will calculate the small-sigral input
admittance of the loop operating in the “zero-voltage”
mode, i.e., the VCO phase locked to the carrier. An
input current I, <I, superimposed with a small rf cur-
rent I, at angular frequency w is applied, and by
breaking the loop at point P the loop gain A=1/I, is
calculated. The termination at P with a current gene-
rator I,, as shown in Fig. 1 assures that the mean
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phase ¢ will remain unchanged. For small phase
deviations Eq. (2) may be rewritten

I=I,sin(¢ + [ &V, dt)=I, sing +1I, coso [ kV, dt,

where sing =1, /I,. To calculate the loop gain at w ,
the ac part I, is taken to be

I,,=I,cos¢ [ £V, dt,

which in the usual jw formalism is

I, =I(cos@)kRI,/jw ,

where V, =RI, has been inserted. By introducing a
filter transfer function (1 +jw /w,)™*, the loop gain at
angular frequency w is

A=w,(cos¢)(jw Q1

where w, =kRI,. Separating real and imaginary parts
yields

+jw/wc)",

w, __cos¢ .w1 cos ¢
w, 1+ /w,) o 1+(w/w, "

The Nyquist diagram’ is illustrated in Fig. 2. From
the shape of the curve we may conclude, according to
Nyquist,’ that phase~locked loops containing not more
than one upper cutoff frequency will be stable upon
closing the loop. The closed-loop input admittance Y
=Y'(1 +A), where Y’ =1/R is the open-loop input
admittance. The effect of the filter is to push the gain
curve away from the imaginary axis, which thus intro-
duces a negative conductance component. The full ex-
pression for Y is then

A==

w1 COS ¢ l 1w, cosp @)
o R|1 +(w/w, )] *RTR w, 1+ Ww/w )"

FIG, 1. Block diagram of the phase-iocked loop. VCO, voltage
controlled oscillator; MIX, mixer; LPF, low-pass filter; G,
current generator,
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FIG. 2, Nyquist diagram. A
plot of the open-loop gain A in
the complex plane with w as a
parameter.
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In comparing Eq. (4) with the Josephson equation

[Eq. (1)], the following things are readily apparent. The
first term in Eq. (4) represents an inductance and can
be identified with the supercurrent term in Eq. (1). The
second term represents the quasiparticle conductivity,
and the third term in Eq. (4) is identified as the quasi-
particle-pair current in Eq. (1). The minus sign is im-
portant since it has been shown®? that o, is actually
negative.

At this point it is tempting to give a simple physical
picture of the quasiparticle-pair current as being due to
a cutoff frequency in the junction.? It has been shown
theoretically'®!! and experimentally'2=14 that the ac
Josephson current has a singularity at the energy gap

2A and decays logarithmically above it (the Riedel peak).

If we set w,=24/% and w, =k[,R=2A/%, we find from
Eq. (4) that

0,/0,==[1+ (fiw /24)].

Using f=10 GHz and 2A/h =500 GHz as in Ref. 8, we
find 0,/0,~ -~ 0.99, which compares well to the reported
value ~0.9+0.1. In the limit A—0 (T— T,), we find
0,/0,—~ 0 as theory predicts.®

The analog can be improved in several ways. A non-
linear R could be used to simulate the changes in the
quasiparticle resistance at the energy gap. A shunt
capacitor outside the loop [i.e., an extra term jwC in
Eq. (4)] would give rise to the plasma resonance.® 15
A shunt resistor outside the loop would give an Ohmic
current path as observed in low-resistance point con~
tacts. Finally, at least in principle, a low-pass filter
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which gives the right shape of the Riedel peak and the
decay above the energy gap might be used. This in turn
would change the cos¢ conductivity of Eq. (4) slightly.

We have built two of these analogs!® with the following
characteristics: (a) f,=5 kHz, f, =100 Hz, and k=100
Hz/V; (b) f,=65 MHz, £,=100 kHz, and k=40 kHz/V.
For the high~frequency one we can display the I-V curve
on an oscilloscope. The rf-induced steps show the
regular Bessel function behavior with applied power,
and we have been able to see the plasma resonance® %
by including a capacitor.

A new scheme for a Josephson junction analog has been
presented, and it is shown that the appearance of the
cos¢ conductivity is a consequence of having a high-
frequency rolloff in the ac Josephson current. We are
thus led to believe that, because of high-frequency
cutoff in the supercurrent, a quasiparticle-pair con-
ductivity may well occur also in point contacts and
weak links.

The authors wish to thank Professor Dr. K. Szrmark,
Professor Dr. Sidney Shapiro, Dr. J. Mygind, and

U. K. Poulsen for numerous discussions that contri-
buted greatly to this work.
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