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PHYSICS OF FLUIDS VOLUME 13, NUMBER 1 JANUARY 2001

A particle model of rolling grain ripples under waves
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A simple model for the formation ablling grain rippleson a flat sand bed by the oscillatory flow
generated by a surface wave is presented. An equation of motion is derived for the individual
ripples, seen as “patrticles,” on the otherwise flat bed. The model accounts for the initial appearance
of the ripples, the subsequent coarsening of the ripples, and the final equilibrium state. The model
is related to the physical parameters of the problem, and an analytical approximation for the
equilibrium spacing of the ripples is developed. It is found that the spacing between the ripples
scales with the square-root of the nondimensional shear $thesShields parameteon a flat bed.

The results of the model are compared with measurements, and reasonable agreement between the
model and the measurements is demonstrated20@1 American Institute of Physics.

[DOI: 10.1063/1.1332390

I. INTRODUCTION ripples (see also plate 3 in Ref).1The length of the trian-
gular cross section is smatlypically smaller than 1 ciand

In the coastal zone where the water is relatively shallowmuch smaller than the spacing between the ridges, which
a ubiquitous phenomenon is the formation of ripples in theagain is typically smaller than the spacing between the vor-
sand. These ripples have been described in the seminal wotkx ripples. As the crest of the rolling grain ripples is rather
of Bagnold; who called themvortex ripples The vortex  sharp, a separation zone can be induced in the lee side of the
ripples have been studied recently from a pattern-formingipple (a separation zone is an area where the flow is in the
point of view?* Bagnold also described another kind of opposite direction of the main flgw This has also been
ripple that was created from an initially flat bed, as a tran-found from numerical simulations of the flow over triangular
sient phenomenon before the creation of vortex ripplesridges®
These ripples were created by the rolling back and forth of  Bagnold assumed that there were no separation zones
individual grains on the flat bed, and were callegling  behind the rolling grain ripples, and this has led to the adop-
grain ripples It is this latter class of ripples which is the tion of the term rolling grain ripples for ripples without sepa-
topic of this article. ration. It seems as if another type of ripple can emerge from

The most well-known type of ripple created by oscilla- 3 flat bed. These ripples initially have a sinusoidal shape, and
tory motion is the vortex ripple, so called because of thethys no flat bed between them. The ripples grow and become
strong vortices created by the sharp crest of the ripplessharper until they are steep enough to induce separation,
These are the ripples one encounters when swimming alonghereafter they grow to become vortex ripples. From the
a sandy beach. The shape of the ripples is approximatelyythor's own experimentand from Ref. 6, the formation of
triangular, with sides being at the angle of repose of the sandhe ripples seems to depend on the initial preparation of the
The length of the ripples scales with the amplitude of thepeq. If the grains are small and the bed well packed, the
oscillatory motion of the water near the bed,The dynam- rolling grain ripples as described by Bagnold appear
ics of the vortex ripples and the creation of a stable eqUi|ib7(“Bagno|d-type rolling grain ripplesy. If, however, the
rium pattern have been recently descrifed. grains are large or the flat bed is carefully prepared, so as not

In contrast to the vortex ripples, the rolling grain ripples g pe packed, i.e., by letting the grains settle through the
have not(to the author's knowledgebeen observed in the water, a mode with sinusoidal ripples can be obsefved.
field, and have only been studied in controlled laboratoryrpese “sinusoidal rolling grain ripples” have been described
experiments, where it is possible to have a completely flaby a hydrodynamic instability of the wave boundary layer.
bed as initial condition. In this article, the term “rolling The idea was originally formulated by Sledthut was de-
grain ripple” refers to the ridges with triangular cross SeCtiO”veIoped in great detail in a series of papers by Blondeaux,
occurring on an otherwise flat béfig. 1 and Fig. 2which 44 and Vittori®=12 This kind of ripple is not described by
is in agreement with Bagnold’s definition of the rolling grain {1e model which will be developed here.
The model to be presented is a “particle model” in the
dElectronic mail: ken@isva.dtu.dk sense that it sees each ripple as a “particle” that interacts
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FIG. 2. A sketch of a ripple on the flat bed with related quantitiess the
position of the ripple, A; is the areah is the height, andp is the angle of
repose of the sand.

~0.06* The grains which have become loosened from the

bed start to move back and forth on the flat bed, and after a
FIG. 1. An example of a rippled bed viewed from above, with rolling grain While the grains come to rest in parallel bands. In the lee side
ripples(bottom) and vortex ripples invading from the top. The experimental of each band the bed is shielded from the full force of the

setup is a wave tank 60 cm wide and approximately 50 cm deep, containing g,y creating a “shadow zone” where the grains move more

sand with & median diameter of 0.2 mm. slowly than in the upstream side of the bands.

Due to this shadow zone, more grains end up in the

with its neighboring particles. A heuristic equation of motion bands .than leave the bands, .and they grow until _they fo_rm
is written for each particle, taking into account the move-smaII ridges, the rolling grain ripples. When the rolling grain

ment of the particle and the presence of the neighboring pa'r_ipples are fully developed, no grains will be pulled loose

ticles. When two particles collide, they merge and form afrom the bed in the space between them, and they are stable.

new, larger particle. This continues until a steady state i%owever, in reality the rolling grain ripples are dominated

achieved y invading vortex rippled,which is the reason why they
After a more detailed description of the rolling grain have not been observed in nature.

ripples in Sec. Il, the heuristic model is developed in Sec. Ill.

It turns out, fortunately, that the parameters entering thidll. A SIMPLE MODEL

model can be connected to measurable quantit®sc. The above scenario can be formulated mathematically
llIA). In Sec. Il B the model is solved numerically and ana-p,y, \yriting an equation of motion for each grain/particle. In
lytically, and comparison with experimental measurementspe following an equation of motion for the particles is de-
of rolling grain ripples is made in Sec. Il C. The results areéyg|gped. In the beginning the particles represent the grains,
discussed in Sec. IV and conclusions can be found in Sec. \j;;t as the single grains quickly merge, the particles most of
the time represent the ripples. First, the velocity of each par-
Il. THE ROLLING GRAIN RIPPLES ticle is found, assuming that the particle is alone on the flat
bed, and then the influence of the shadow zones from neigh-
boring patrticles is taken into account.
ConsiderN particles rolling on top of a rough, solid
ace. Each particle is characterized by its posik¥pand

An example of a flat bed with rolling grain ripples co-
existing with vortex ripples is seen in Fig. 1. In the middle of
the picture the ripples have not yet formed and the bed is stiléurf

flat, while on the top vortex ripples are seen to invade the fla];[S heighth; (see Fig. 2 As the ripples are triangular, the

bed. Th_e vortex ripples are typmglly nucleated from thearea of each particld; and their heights are related as
boundaries or from a perturbation in the bed. In the lower

part of the picture the rolling grain ripples have formed on h;= VA, tang, 2

ghnetgztczetﬂé?:t Eged.seen as the small bands of loose gralzzlﬁ%e¢ is the angle of repose of the saf@bproximately
The flow over the bed created by the surface wave is '

oscillating back and forth in a harmonic fashion. This flow

creates a shear stress on the bed), which in nondimen- Qorest
sional form reads
(1)
o(t)y=——F—, 1
V= s~ 1igd W

wherep is the density of watesis the relative density of the
sand(for quartz sand in wates=2.65), g is the gravity, and
d is the mean diameter of the grairgis usually called the
Shields parametéﬁWhen the shear stress exceeds a CrItICa‘:IG. 3. Geometrical illustration of the quantities involved in the derivation
value 6., the grains start to move. For a turbulent boundaryo the “1/height” law. g is the flux of sand over the cresixh, is the
layer the value of the critical Shields parameter ds  amount of sand needed to move the ripple forward a distance
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u stream,u; i§ the velqcity of the.p.article outside the shadow
zone, and is a function determining the nature of the slow-
/ Shadow zone / ing down of the particle motion. A simple linear function is
! ! used, as shown in Fig. 4. The exact form of the funcfio
_______ fu not crucial, as will become evident later; the important pa-
hl 7 ; rameter is the extent of the shadow zone as determined by
: as.
5‘ It is now possible to write the equations of motion for
A f(ax) ' the particles as a system of coupled ordinary differential
equationg ODEs9
. d u(0)f xi—x-1 u(t) )f xi— X1 u(t) )
x.: —_—
"okt Cagh o w7 ahiy fu(D)],
~ ~ > ~ w4
. . . . positive half period negative half period
FIG. 4. An illustration of the shadow zone of one ripple, in the part of the (4)
wave period where the flow is from the left to the right. Below is seen the
function f(Ax) used to describe how a particle is slowed down when itfor j=1,... N, whereug(t)zugsin(wt). The motion of a

enters the shadow zone of another partielgh is the total length of the

chadow zone. particle is thus made up of three parts:the motion of the

single undisturbed particléii) the effect of the shadow from
the patrticle to the lefti(— 1), which might affect particléin

The ripple moves back and forth more slowly than athe first half period, andiii) the effect of the shadow of the
single grain, according to the “1/height” law. This law is particle to the right (+ 1) in the second half period.
well known in the study of dunes in the des@xr subaque- When lengths are scaled by the diameter of the grains
ous dunes® and can be illustrated by a simple geometricaland time by the frequency, it is possible to identify the
argument. Suppose that there is a flux of sand over the cretitiree relevant dimensionless parameters of the model:

of a ripple or a dune|. (Fig. 3). To make the ripple move Q)
a distancedx, an amount of sandhéx is needed. As the
sediment flux is the amount of sand per unit time, the veloc-(..)
ity of the ripple isUippie=dcresd N 1/. If the height of the

initial particles(the single grainsis assumed to be equal to (i)
the grain diameted, the velocity of the particles can be

ag, the length of the shadow zone divided by the
height;

aq/d, the amplitude of the motion of a single grain,
divided by the grain diametem{=wU,); and

\i/d, the initial distance between the graink;
=L/N, whereL is the length of the domain arid is

related to that of the single grains as the initial number of grains.

d
”i:h_iug sin(wt), (3 A. Relation to physical quantities
whereUy is the velocity amplitude of the motion of a single  Even though the model seems quite heuristic, the param-
grain andw is the angular frequency of the oscillatory mo- €ters entering the modely/d, A;/d, andas, can be related
tion. to physical parameters describing the flow and the properties

In the wake of each particle/ripple there is a shadowof the grains. The line of arguments presented here closely
zone(Fig. 4), which is the area behind the particle where thefollows those used to derive the_ flux of sand on a flat bed
absolute value of the shear stress is smaller than it would bdhe bed loajl as can be found in Ref. 14, or in Ref. 18.
on a flat bed. The length of the shadow zone is therefor&irst, the velocity of a single grain will be derived, from
larger than the length of the separation bubble formed by th#hichag/d can be inferred. Thereafter, the initial number of
particle (note that the shadow zone would be present even i§rains in motion is found, from which follows; /d. Finally,
the absence of separatjorif the shadow zone is much the length of the shadow zong, is discussed.
smaller than the amplitude of water motion, the flow in the ;. The velocity of the grains
lee side of the ripple can be assumed to have sufficient time
to become fully developed. The fully developed flow over a
triangle is similar to that past a backward facing step in
steady flow, which has been extensively studisée, e.g.,
Tjerry!)). In that case the relevant quantities, i.e., the lengt
of the separation bubble, the length of the wake, etc., scal
with the height of the step. As a first assumption, the shadow  F4=31CppA|u,|u,, (5
zone is therefore assumed to have a length which is propor-
tional to the height of the particleth; . If a particle enters whereA is the area of the grain ar@y is a drag coefficient.
the shadow zone of another particle, it is slowed down acThe numerical sign is used to obtain the right sign of the
cording to the distance between the particles. This meanferce. The velocity profile in the vicinity of the bed is sup-
that the actual velocity of a particle isf (Ax), whereAx is  posed to be logarithmic. As shown in Ref. 19, this is a rea-
the distance between the grain and the nearest neighbor ugenable assumption except when the flow reverses. However,

The velocity of the grain can be found by considering
the force balance on a single grain lying on the flat bed. The
grain is subject to a drag force proportional to the square of
he relative flow velocityu, =u,,—ugy, whereu,y, is the ve-
é)city near the bed and, is the velocity of the grain
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T : 350
T z
. -
0 6h 16h = 800
FIG. 5. A sketch of the shear stress,on the bed during a steady flow over
a backward facing step with height
250
during reversal the velocities are small anyway and the ac- 200
curacy is of minor importance. The logarithmic profile over a
rough bed can be written de.g., Ref. 14
Us Oy FIG. 6. Zoom of the movement of the particles in the first two wave periods.
uy)= ?In Pk (6)  ay/d=35,\;=3.23, anda,=10.0.

wherex=0.41 is the von Keman constantu;=/7/p is the

friction velocity, andky is the Nikuradse roughness length. It 6
is then possible to find the near bed velocity as the velocity N~ (60— 06c). (12)
aty~1/2d K

If 6< 6., then there are no grains in motion ame 0. n can
Unp= EUr , @) also be viewed as the initial density of grains, and by assum-

where the constanf can be determined from Ed6) by ing a square packing of the grains the initial distance be-

assumingky=d. Opposing the drag on the grain is the fric- tween the grains becomes

tion of the bed

N 1 13
Fr=—puW, 8 97 T
f M (8) d \/ﬁd
whereu is a friction coefficient andV=pg(s—1)d3#/6 is
the immersed weight of the grain. By making a balance of _ [ T (14)
forces,F4+F;=0, the velocity of the grain can be found 6(6—6.)
/ 6, ) 3. The length of the shadow zone
Ug=¢url 1=V 5] | © The last parametat, which characterizes the length of
the shadow zone, is estimated by exploring the analogy with
where ; . .
the backward facing step, which was suggested in Sec. Il. In
4u the backward facing step there is a zone with flow separation
0C23CD§2 (100 which extends approximately 6 step heights from the step;

see Fig. 5. After approximately 16 step heights there is a
is the critical Shields parameter. Usually=tan¢~0.651 point where the shear stress has a small maximum. The

length of the shadow zone should be longer than the separa-
2. The initial spacing of grains tion zone, but shorter than the point of the maximum in the

. . ie. <16.
Now that the velocity of the grains has been calculated,Shear stress, I.e.,6as<16

it still remains to determine the number of grains per area
in motion. To this end, a small volume of moving sand at the
top of the flat bed is considered. The balance of the forces In the following section the behavior of the model is
acting on this volume is written as examined. To study the detailed behavior the set of coupled
ordinary differential equationé&) is integrated numerically.
=76t Te- 1D It will be demonstrated that the model reaches a steady state,
The interpretation of the terms is as follows: The parameteand an analytical expression for the spacing between the
T, IS the shear stress on the top of the bed load layer. It isipples in the steady state is developed.
assumed that this is equal to the shear stress on a fixed flat The numerical simulations in this section are based on a
bed. 7 is the stress arising from the intergranular collisions,simple example wittag/d=35 and\;/d=3.23 andas is set
giving rise to “grain stresses® modeled asg=nuW. Itis  to 10. As initial condition all particles have an area of 1.0
assumed that the intergranular stress absorbs all the stressl0%, to add some perturbation. The initial number of par-
except the critical stress. ; this is the so-called “Bagnold ticles N in this example is 800.
hypothesis.™® Making Eq.(11) nondimensional by dividing In the first few periods a lot of grains are colliding and
with p(s—1)gd, the number of grains in motion is found as merging(Fig. 6). As the ripples are formed and grow bigger,

B. Numerical and analytical solutions of the model
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2500 T 200 — T 200 —
hogld Aeq/d b)
150
2000
100 t » 1
1500
- 50 r 50 r b
g p
1000 0 —— 0 ——
? 1152 253354455 1152 253354455
E A/d A/d
500 . . I T
FIG. 8. The spacing between the rolling grain ripples at equilibrium as a
function of the initial density of grains. The basic example is shown with the
0 circles: ag/d=35 andas=10.0. In(a) the value ofay/d is varied, for
0 5 10 15 20 25 30 35 pluses:ay/d=20, crossesay/d=50. In (b) ay is varied; plusesus=7,
T crosseswg=13.

FIG. 7. The development of the particles until steady state is reached. The

lines show the positions of the particles at the end of each period. The equilibrium spacing is therefore found to be proportional
to V6— 6. with the constant of proportionality being made
up of e, v, and various geometrical factors. All the quan-

the evolution slows down, until a steady state is reachedities rela.ted to the.dynamical evolution of the ripples, ie.,

(Fig. 7). The spacing between the ripples in the steady statie velocity of the ripples, the shape of the functidiAx),

shows some scatter around the average value, which is al§8¢- do not enter into the expression.

observed in experiments. The variation in the average spac- ) ) .

ing at the steady state.,, for realizations with different ~C- Comparison with experiments

initial random seed turned out to be on the order &1/ The only parameter that has not been accurately deter-

whereNg, is the final number of ripples. mined isa. The value of this parameter can be estimated by
To study the behavior of the average spacing of thecomparison with measurements.

ripples, a number of simulations are made where the param- |n 1976, Sleath made a series of experiments, measuring

eters are varied one at a time. Each run is started from thghe spacing between rolling grain rippleShe ripples were

initially disordered state. formed on a flat tray oscillating in still water using sand of
Changingay/d only results in a minor change in the two different grain sizes: 0.4 and 1.14 mm. To compare with

spacing of the ripplefFig. 8(@]. The final spacing between the experiments the value éfmust be calculatedi reflects

the ripples does depend on the length of the shadow zonge number of grains in motion, and it is assumed that the

as; the longer the shadow zone, the larger the wavelength qjrains which are set in motion when the shear stress on the

the ripples[Fig. 8b)]. This can be used to estimate the av-ped is at a maximum are kept in motion throughout the wave

erage equilibrium spacing between the ripples. When the disseriod. Therefore, the maximum value of the Shields param-

tance between two ripples is longer than the shadow zone @fter during the periodd,.y, is used. To evaluaté,,.,, the
the ripples, they are no longer able to interact. This gives

(15 350

Neq™ @sheqs . . : : ; ; ; —

where subscripéq denotes an average value at equilibrium.
However, if the spacing between two ripples is just barely
shorter than Eq(15), they will be able to interact and even-
tually they will merge. One can therefore expect to find spac-
ings up to\ gg= 2asheq. Assuming that the average length is

300

250

2001

in between the two bounds, one gets Eg
<

Neg= vasheq, 1<y<2, (16) 1sor 7
wherey can be found by comparing the results from the full 1ol .
simulations with Eq(16). The height of the ripples at equi-
librium can be found by splitting the initial number of par- sof .
ticles evenly onto the equilibrium ripples. Then the average
area at equilibrium isAqq=X\eq/Nid? and from Eq.(2) it T R T ry T I
follows that the height ishe,/d=ytang Ngq/Nj, which 9

gives an average equilibrium spacing i ) )
FIG. 9. Comparison between the measured wave lengths of rolling grain

N azd tand 6 tand ripples(circles (Ref. 7, with results from the moddpluses, and from Eq.
—eq_ 'yz s _ a272 [o— 0. (17) (16) with y=1.40 (the ling. The value ofay is 15.0. The critical Shields
d Ni s T ¢ parameter is 0.04 and=0.65.
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shear stress on the bed has to be estimated. The maximuange 0.0756<0.3 were used. This gave the value @f
shear stress on the bed, ., during a wave period can be =15.0, in agreement with the qualitative arguments in Sec.
found using the concept of a constant friction factgr® A 3.

_ 1 2
Tmax= 3P fwliax: (18)  |v. DISCUSSION OF THE RESULTS

with U being the maximum near-bed velocity. The friction From the comparison of the model with measurements
factor can be estimated using the empirical reldfton the model confidently reproduces the experiments.
(even though the number of particles changesan experi-
: (19 Y > o .
mental situation, however, new grains might be lifted from
whelre?hz_ Umax® ?hnd Ky=d. ¢ Shield ers in th As the part of the flat bed between the ripples is covered by
n this way Ihe range o 1€10S parameters In e X3 shadow zones of the particles, these stretches will be
tor to9—0.42. For the hiah Shield ters th li shielded from the full force of the flow, and only very slowly
eter tov="9.42. or the hig I€ldS parameters the rolling, ey grains be loosened here. This small addition of new
10 develop int tex riooles. In th h ains will result in a slow growth of the rolling grain
0 develop Into vortex ripples. In these cases, the measur ples, and they eventually grow into vortex ripples. This
ripple spacing then reflects the spacing between the rollin
grain rlpples before they developed into vortex rlpﬂlgs. measurementsput not covered by the present model.
In Fig. 9 the experimental results are compared with runs
value will be shown shortlyand N=10000. By fitting all
the runs to Eq(16) it was found thaty=1.40. The results In conclusion, a model has been created which explains
First, it is seen that Eq17) predicts the results from the of the type described by Bagnold. The final distance between
full model Eq. (4) well. The correspondence between thethe ripples is proportional ta/0— .. The model has been
systematic discrepancies, which will be discussed.
There are a few points with small ripple spacing for ACKNOWLEDGMENTS
s_uremerlts havz ?h Sh|e|d? pfaram_eter \t/eryhr)e;ir_ th? Critic@jegaard, Dr. Enrico Foti, Professor Jgrgen Fredsge, and Dr.
(i.e., just around the onset of grain motipwhich implies Vachtang Putkaradze for useful discussions.
pen.me.nt Were not Of. a u.mform Size, rathef' th?y were part O.flR. A. Bagnold, “Motion of waves in shallow water, interaction between
a distribution of grain sizes, and the grain size reported is \yayes and sand bottoms,” Proc. R. Soc. London, Set8A 1 (1946.
eter is calculated using the median of the distribution, but_under water,” Phys. Rev. B0, R3487(1999.
3M. A. Scherer, F. Melo, and M. Marder, “Sand ripples in an oscillating
fractions of the distribution, thus creatingéa,, a fso, etc. K. H. Andersen, M.-L. Chabanol, and M. v. Hecke, “Dynamical models
When 65 is smaller than the critical Shields parameteyg for sand ripples beneath surface waves,” arXiv.org/abs/
: : : : : : : K. H. Andersen, “Ripples beneath surface waves and topics in shell mod-
implies that grains with a diameter smaller truiyg will be in els of turbulence,” Ph.D. thesis, the Niels Bohr Institute, University of
dsg is used in the calculation of the equilibrium ripple spac- °E. Foti, personal communication.
ing, the distance between the gralswill be overestimated |3 F: A- Sleath, "On rolling-grain ripples,” J. Hydraul. Rel, 69 (1976.
. e - OTN€ £1ig Mech. 218 1 (1990.
polydispersity is expected to be strongest. An overestimatior’g, vittori and P. Blondeaux, “Sand ripples under sea waves. II. Finite-
which is exactly what is seen in Fig. 9 109G, vittori and P. Blondeaux, “Sand ripples under sea waves. Ill: Brick-
) L . pattern ripple formation,” J. Fluid Mect239, 23 (1991).
There are also three points from the experiments taken at
very large Shields parameters that are not well predicted byayer case,” Coastal En@5, 227 (1995.
the model. As already mentioned, these points are probabljE. Foti and P. Blondeaux, “Sea ripple formation: The heterogeneous sedi-
. . . . A. Shields,Anwendung der Aehnlichkeitsmechanik und der Turbulenz-
is therefore reasonable to assume that vortex rlpples invade orschung auf die Geschiebebeweguhtitt. Preuss. Versuchsanstalt, Ber-
full |ength_ 143, Fredsge and R. Deigaamdiechanics of Coastal Sediment Transport
To find a reasonable value aof; Eq. (17) was fitted to (World Scientific, Singapore, 1932

o8 In the model the number of grains in motion is constant
a0
fy=0.04 —
v 4( K
the bed and added to the initial number of grains in motion.
periments was found to be from the critical Shields params;,
grain ripples were reported to be very unstable and quicklz%{)
Ylow growth is very well illustrated by recent
of the model usingxs=15.0 (the reason for this particular V. CONCLUSION
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