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Long and narrow Josephson tunnel junctions of mixed overlap

and inline character
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A model describing long Josephson junctions of mixed overlap and inline geometry is presented.
The shape of the first zero field step is calculated for this model using a perturbation approach.
The question of influence of external magnetic field on the maximum supercurrent is investigated
for overlap, inline, and mixed overlap-inline geometries. A linear dependence is found for the
inline model and for mixed overlap-inline junctions in agreement with experiments.

PACS numbers: 74.50. + r, 84.40.MKk, 85.25. + k

|. INTRODUCTION

Josephson junctions have recently attracted much theo-
retical and experimental interest'? because of their various
potential applications as, e.g., microwave generators in high
frequency integrated circuits,>* and data processing sys-
tems.®> Most of the experimental findings concerning Joseph-
son junctions such as the appearance of dc singularities in
the IV characteristics and the accompanied emitted radi-
ation have been explained in the framework of fluxon dy-
namics.® The fluxons are quantized magnetic vortices pres-
ent in Josephson junctions whose motion is assumed to be
governed by the perturbed sine-Gordon equation. The sin-
gularities in the IV characteristics are due to resonant mo-
tion of fluxons along a Josephson junction with reflections in
both ends.

Long Josephson junctions are often assumed to be of
either overlap or inline geometry, which however, both rep-
resent idealized situations. A real Josephson junction will
typically—owing to geometrical irregularities—be a mix-
ture of these two. The aim of the present work is to present a
simple model which makes it possible to examine junctions
of mixed type. For this model we investigate the influence of
an external magnetic field on the supercurrent. Experiments
show”® that the supercurrent for long junctions decreases
linearly for increasing external magnetic field. The theory
for the pure inline geometry predicts this result while the
theory for the overlap geometry junction predicts a nonlin-
ear dependence. However, the mixed overlap-inline model
yields the correct result in almost all cases. Further, we cal-
culate the form of the first zero field step obtained for this
model.

This paper is structured as follows: Sec. I describes the
models for overlap, inline, and mixed overlap-inline geome-
try junctions, and presents the shape of the first zero field
step. Section III contains expressions relating the supercur-
rent to the external magnetic field.

Il. MODELS

It is a well known assumption that the equation describ-
ing fluxon motion is the perturbed sine-Gordon equation®:

bux — ¢, =sing + a¢! + 7, 1)
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with appropriate boundary conditions. Here, ¢ (x,?) is the
space and time dependent phase difference between the two
superconduction films. The spatial variable x is measured in
units of the Josephson penetration depth A, = (#/2uqedJ)"*
and the time ¢ in units of the reciprocal plasma frequency
wq ', where w, = (2eJ /#C )*'2. Here, J is the maximum pair
current density, d the magnetic thickness of the barrier
(d =24, + t,), and C the capitance per unit area. The pa-
rameter @ describes dissipative effects, a = G (#/2eJC)"'/?,
where G is the shunt conductance per unit area. The damp-
ing parameter is related to the McCumber parameter B by
a= 1/\/FC_ . 7 represents a uniformly distributed bias cur-
rent and depends on /. and the geometry.

In the following we descirbe the models'® for overlap,
inline, and mixed overlap-inline geometry.

A. Overlap geometry

In the overlap geometry the bias current distribution is
uniform along the junction; thus, 7 = 9, = I,. /JwL, where
L and w are the length and width of the junction. One-di-
mensional motion of the fluxons requires the assumptions
I=L/A;»1 and w/A;«<]1. No self-fields are present at the
junction ends; therefore, the boundary conditions are

$.(0,8)=¢.(Lt) =0, (2)
and consequently, no energy input occurs at the ends. The
fluxon velocity is determined as a balance between the ener-
gy dissipation and the energy input through the bias current.
At the boundaries the fluxon is converted into an antifluxon
by an almost elastic reflection and a steady-state motion is
obtained at the average normalized voltage ¥, of the first
zero field step:

2mu —1/2
(s

Vi= —= = — —_
1 I ™
where u _ is the power balance velocity.

(3)

B. Inline geometry

The dynamic picture in the inline case is quite different.
The bias current is distributed antisymmetrically and thus
7 = 0. Instead self-fields occur in both ends giving rise to the
boundary conditions
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$.(08)= — . (Lt)=x 4)

where k = «, = (I,.)/(2wJA;). In this case the self-field pro-
vides an energy input of

AE=T, (5)
2
as a result of a reflection of a fluxon into an antifluxon. This
is because the reflection corresponds to a phaseshift of 4.
The energy is measured in units of the fluxon rest energy
E, = 8fiJwA ,/2e.

Thus, for the inline case the physical mechanism is that
the fluxon gets a kick at one junction end, and its velocity
decays towards zero as it propagates towards the other end
where it gets another kick to maintain a steady-state motion.
Integrating the fluxon trajectory the result for the average
velocity u,, and the normalized voltage of the zero field step
is given by

sinh (al /2)
TR _ (@l 72) . (6)
2al [( tanh (al/ /2u,,) )2_ 1]1/2
tanh (al /2)

Again, V, = 2#/1)u,, and ko, = 1, /24,wJ. For al—0 Eq.
{6) becomes identical to Eq. (3).

C. Mixed overlap-inline geometry

In the mixed overlap-inline geometry model we assume
the junction to be a mixture of the two former geometries.
Let a fraction y of the total bias current /,_ be of overlap type
and thus the fraction (1 — y) of inline type. Then % in Eq. (1)
becomes

N = Yo (7a)
and « in Egs. (4) and (5)

x=<1—y)xo=(1—y)i7é‘i. (7b)

In order to determine the shape of the zero field step in the
mixed overlap-inline geometry model we follow the proce-
dure in Ref. 11 where the result in Eq. (6) was obtained by
application of a perturbation approach. The dynamic pic-
ture in the mixed case is different from the former examples.
As aresult of the reflection the fluxon gets an energy increase
due to the “inline function” of the bias current given by Egs.
(5) and (7b). While the fluxon travels in junction the velocity
decreases towards the power balance velocity given by Egs.
(3) and (7a). The fluxon trajectories are symmetric with re-
spect to / /2. In order to calculate the trajectories we intro-
duce the notation'’

u = tanh a,
(8)
z=uylu) =P,
where u = u(x,t) is the velocity of the fluxon, y(u) the Lor-

entz factor (1 — %)~ '/2, and P, the normalized momentum
of the fluxon. From Eq. (8) it follows that
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Yu) = cosh a,
z =sinha,
z,, = /4, )

)

u, =tanha_.

The equation of motion for a single fluxon in the perturbed
sine-Gordon model is®

dP, ™
— = —aP,+ —. 10
dt 7T g (10
Now, the energy resulting from a reflection can be written
Viuy) — viu,) = AE, (11a)
or
cosha, — cosha, = AE, (11b)

where AE is given by Egs. (5) and (7b); u, is the velocity of the
incoming fluxon and u, the velocity of the reflected anti-
fluxon. Integration of Eq. (10) yields the momentum of the
fluxon as a function of the time which can be solved to give
the time of flight

sinha, —sinha_

t,=In , 12
"2 sinha, —sinha (12

for the fluxon.
One more integration of Eq. (10) yields the trajectory
for the fluxon which introduces the length of the junction

a,+a,
/ cosh 5
X o, -8 T% o £ (13
u, a, a,+a,_
cosh

Here u , is given by Eqgs. (3) and (7a).

The two unknowns a, and a, can now be found by solu-
tion of the two Egs. (11) and (13). The voltage of the zero field
step is given by the average velocity u,, defined by
u,, = 1/t,,. Because of the complexity of the equations we
have not been able to find a closed expression for this quanti-
ty. However, a numerical solution has been performed. This
is shown in Fig. 1(a) for @/ = 1 and Fig. 1(b) for a/ = 2. The
lower curves are obtained from Eq. (3) corresponding to
y = 1 (pure overlap case) while the upper curves are obtained
from Eq. (6) corresponding to y = O (pure inline case). It is
seen that as long as y is larger than 0.5 the first zero field step
is very close to the pure overlap case. Finally, we remark that
we have not been able to follow the zero field steptou,, =0
in the numerical solution (where the zero field step must
start for y#0).

lll. INFLUENCE OF EXTERNAL MAGNETIC FIELD ON
THE SUPERCURRENT

In this section we calculate expressions which describe
the influence of an external magnetic field on the maximum
supercurrent. The supercurrent is the zero-voltage current,
i.e., the solution to Eq. (1) with the condition ¢,(x,t) = 0.
Applying an external magnetic field to a long Josephson

0. H. Olsen and M. R. Samueisen 6523
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FIG. 1. First zero field step for mixed
overiap-inline geometry. Normalized
current 7, vs average velocity u,, (vol-
tage). Parameters: a/ = 1 (a) and al =2
{b). y = O corresponds to pure inline ge-
ometry and y = 1 corresponds to pure
overlap geometry.

{a)
10 R

Mo

FIG. 2. Supercurrent 7,,,, vs the applied magnetic field «,,,. Parameters:
! =10 (a), / = 20 (b). y = O corresponds to pure inline geometry and y = 1
corresponds to pure overlap geometry.
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junction will reduce the magnitude of the supercurrent
which can be forced through the junction.”® The expressions
are given for the three models in the former section.

For the inline junction an external magnetic field will
change the boundary conditions in Eq. (4) to

¢x(0’t) = - ¢x(l’t) + 2Kext =K +Kext’ (14)

where «,,, is the applied magnetic field normalized to A,J.
The magnetic field can be regarded as a part of a stationary
fluxon from the end into the junction. Since the maximum
value of ¢, for a stationary fluxon is two, the relation for a
long inline junction between the maximum supercurrent and
the applied magnetic field then is

Kmax Zz_Kext’ (153)

or

Toax _ 4 2y
wLJ ! 1
which is a straight line in agreement with experiments.’

For a long overlap junction the maximum supercurrent
can be found by solving Eq. (1) with ¢,(0,z) =«,,, and
&,(x,t) = 0. The trivial solution is

dolx,t) = —sin~!'n (mod 27). (16)
Integration of Eq. (1) using &, (x,z ) = O yields

%«»i =g —cosd — ndo+ cosdo=F(#).  (17)

Here, F(¢ ) can be considered as a potential having stable
points in ¢, =¢,+ 2n7 and unstable points in
¢, =7 — @y + 2nm. Now, if the left side of Eq. (17) exceeds
the energy gab F(¢,) — F {¢,) the phase will start to increase.
Thus, the expression for the maximum supercurrent is'?

2
(f-;x—l) = 1—-77.2mx ~ Nmax Si“—lm' (18)

Here, we have assumed that the junction is half infinite.
The relation Eq. (18) between «,,, and 7, is certainly

, (15b)

nmax =
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not linear in contrary to experiments. [The upper curves in
Figs. 2(a) and 2(b)].

The mixed overlap-inline case is obtained by replacing
Koxy With K, + Ko(1 — p) and 7, With 7 ., p in Eq. (18),
[see Eq. (7)]. In Figs. 2(a) and 2(b) we show the supercurrent
versus external magnetic field given by the mixed overlap-
inline model. The parameters are / = 10 [Fig. 2(a)] and
1 =120 [Fig. 2(b)]. It is seen that for y $0.9 the curves are
almost straight lines in agreement with experiments. The
lower curves in Figs. 2(a) and 2(b) show Eq. (15b).

IV. CONCLUSION

In the present paper we have presented a model for long
Josephson junctions of mixed overlap-inline geometry based
on a mixture of the well-known models for pure overlap and
inline geometry junctions.

Firstly, we have examined the shape of the first zero of
field step for this model using a perturbation method. The
shape only differs slightly from the result obtained from the
pure overlap geometry model if the mixing parameter is larg-
er than 0.5.

Secondly, relations describing the maximum supercur-
rent in the presence of an external magnetic field have been
presented for pure overlap, pure inline, and mixed overlap-
inline geometry models. The mixed overlap-inline geometry
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model shows a linear relation if the mixing parameter is less
than 0.9.
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