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Fluxon propagation in long Josephson junctions with external magnetic field

0. H. Olsen
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M. R. Samuelsen

Physics Laboratory I, The Technical University of Denmark, DK-2800 Lyngby, Denmark

{Received 9 February 1981; accepted for publication 31 March 1981)

The reflection of a single fluxon propagating in a Josephson line cavity influenced by an external
magnetic field is examined numerically. We find a single reflected fluxon, an antifluxon, collapse
of the incident fluxon, fission into a higher number of antifluxons or fluxons, and formation of
breatherlike waves depending on the velocity of the incident fluxon and the magnitude of the
external magnetic field. Approximations based on energy analysis describing the border lines

between regions of different processes are presented.

PACS numbers: 74.50. + r, 84.40.Mk

I. INTRODUCTION

Nonlinear solitary waves are currently being used in a
remarkable variety of contexts in almost every area of phys-
ics. In particular the sine-Gordon 27-kink solution is ubiqui-
tous in its application as a model for, e.g., dislocations in
crystals, domain walls in ferromagnets, and propagation of
flux quanta, fluxons, and in Josephson transmission lines.

The dynamics of fluxons on Josephson-junctions trans-
mission lines has been studied extensively. In particular we
mention the papers by McLaughlin and Scott' and Kaup
and Newell,” which contain many references. In Refs. 1 and
2 a perturbation theory for fluxons propagating on Joseph-
son lines with bias, impurities, and losses is formulated.
Some of the results from this theory were compared with
numerical solutions by Christiansenand Olsen.? Costabile e?
al.* have given an exact solution to the sine-Gordon equation
without perturbing terms for a finite line with open-end
boundary conditions. For a finite line with fixed end bound-
ary conditions corresponding to a short-circuited line De-
Leonardis et al.” obtained exact solutions using the same
method. A numerical investigation of the reflection of a sin-
gle fluxon on a semi-infinite Josephson line at a passive or an
active boundary has been performed by Christiansen and
Olsen.® They found a single reflected fluxon, an antifluxon,
absorption of the incident fluxon, or fission into an arbitrary
number of fluxons, depending on the boundary conditions.

Besides the 27-kink solution the sine-Gordon equation
possesses the breather solution which recently has attracted
considerable interest.”'” The breather can be considered as a
bound state of a fluxon and an antifluxon. Furthermore flux-
ons, antifluxons, and breathers possess the remarkable soli-
ton property. Unlike the fluxons and the antifluxons, the
breather does not require an activation energy, because its
rest energy can range from O to 2E,, where E, is the rest
energy of the fluxons or the antifluxons. Further, breathers
have an oscillatory degree of freedom, which increases their
physical potential. For a finite line Costabile et a/. have also
found exact breather solutions.'' In Ref. 12 the effect of a
boundary on a breather was examined numerically. Depend-
ing on the boundary condition (modeling either a passive or
an active termination) the breather was reflected into a
breather of decreased or increased energy.
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Fluxon propagation in long Josephson line cavities has
been used to explain the so-called zero field steps (without
external magnetic field) in the current-voltage characteris-
tics.'*'* The nth zero field step corresponds to a situation in
which n fluxons are propagating back and forth along the
junction, being reflected at the ends. Each reflection creates
a voltage pulse. Thus a single fluxon on a Josephson line at
length / produces a microwave signal of frequency u/2/,
where u is the velocity of the fluxon. Recently microwave
emission from long Josephson tunnel junctions dc-current
biased on zero-field steps and Fiske steps has been mea-
sured'® (the Fiske steps appear when an external magnetic
field is applied). It is remarkable that the even Fiske steps
coincide with the zero field steps. The measurements of the
radiation emitted from the long junctions biased on Fiske
steps show exactly the same features as the radiation from
zero field steps. Therefore, it was concluded that Fiske steps
in long junctions are due to propagating fluxons.

In the present paper we consider the reflection of a sin-
gle fluxon in a long Josephson line cavity at a boundary with
a condition which models the influence of an external mag-
netic field. Depending on the velocity () of the incident
fluxon and the magnitude (3 ) of the external magnetic field
we find a single reflected fluxon, collapse of the incident
fluxon; a single reflected antifluxon and fission into fluxons
and antifluxons. Further, we observe breatherlike solutions
as a result of the reflection.

The paper is structured as follows: In Sec. II we review
the model and derive the boundary condition. Section 111
contains our numerical results. In Sec. IV we show the re-
sults in a u-f3-plane and explain some resuits by means of an
approximation based on energy considerations. Further, in
Sec. V we comment on the results.

Il. THE MODEL

The motion of fluxons in the oxide barrier (and in the
London penetration layers) in a long and narrow Josephson
junction is given by the sine-Gordon equation

¢xx - ¢n = Sin¢’ (21)
where (x,t )is thespace and time dependent phase difference
between the two superconducting films. The spatial variable
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x is measured in units of the Josephson penetration depth
Ay = (f/u2edj,)"’? and the time ¢ in units of the reciprocal
plasma frequency w, ', , = (2¢j,/#C)"/>. Here — e is the
electronic charge, 2777 is Planck’s constant, y,, is the perme-
ability of free space, /; is the maximal Josephson current
density through the barrier, d is the magnetic thickness of
thebarrier (24 + ¢,), and Cis the capacitance per unit area of
the junction (€,€,/1,).

We have neglected losses, since the effect of losses in the
presence of bias is to determine the velocity of the fluxons by
power balance.'

The surface current density in the London penetration
layer in one of the films is given by

ix ZA’JjJ¢x (22]
and therefore the magnetic field in the oxide layer is given by
Hy =ix 2/{'Jjj¢x' (23)

Applying an external magnetic field parallel to the bar-
rier and perpendicular to the length of the junction corre-
sponds to fixing the magnetic field at the two ends {x = 0 and
x = I} of the junction to the value of the external field H,,,,

Hix=0=H/{x=1)=H,,,. {2.4)
We introduce the dimensionless external magnetic field
B =H,, /4,j,, leading to the boundary condition

ext

$.(01)=¢,(L1)=p (2.5)
as the effect of the external magnetic field.

In experiments'® with Fiske steps the value of B is of the
order one.

1li. NUMERICAL RESULTS

In order to study the behavior of a single fluxonin a
Josephson line cavity of dimensionless length / we solve the
initial value problem,

¢xx - ¢u = sin¢,
$.01)=¢,(Lt)=B, —2<B<2

3.1
¢ (x,0) = F(x,0), G-
é,(x,0) = F,(x,0),

FIG. 1. Reflection of a single fluxon at the left end of a junction. Numerical
solution of (3.1) with B = 1.995, x, = 10, u = 0.5, and 0<1<50. The results
are displayed in terms of @, for 0<x<20. The velocity of the reflected fluxon
equals the velocity of the incident fluxon.
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where the boundary conditions model the external magnetic
field and the initial conditions are given by

Flx,t) = 4 tan " 'exp[&,(8) + x ]
+ 4tan " exp [y(u)x + ut — x4)]
+ 4tan_lexp[§2(ﬂ) - l+x ]) (32)

£(B8)=1n{2/8)[1 + (1 — B7/4)' %1},

&8)=n{(2/8)[1 - (1 —B*/4)]"},

u) = 1/(1 —u?)'2
Herethe first and last terms in the expression for F (x,¢ ) repre-
sent parts of static fluxons such that the boundary conditions
are satisfied and the energy in the cavity for ¢ = 0 is mini-
mized. The middie term represents a fluxon with initial loca-
tion and velocity x, and u, respectively. The fluxon is Lo-
rentz contracted, ¥{u) is the Lorentz factor. Throughout this
paper we have chosen / = 20, corresponding to the size of a
realistic junction.‘?

The numerical results are obtained by means of a com-
puter program based on the method of characteristics and
displayed in terms of ¢, (x,?).

Figure 1 shows the propagation of a single fluxon in a
line cavity. The parameters in (3.1) are chosen to be
B =1.995, x, = 10, u = 0.5, and 0<¢<50. The fluxon is re-
flected into a fluxon with a velocity equal to the velocity of
the incident fluxon. This event can be explained as a sym-
metric, three-soliton interaction, one static at x=~0 and the
other two propagating in opposite directions. The fluxon
will then run back and forth along the junction being reflect-
ed at the ends. Similar results are obtained for u = 0.5, x,

= 10, and B> 1.09. The same qualitative behavior is found
for O<u £0.71. In the next section we give a simple explana-
tion based on energy considerations.

In Fig. 2 we show an incident fluxon which collapses
because of the external magnetic field. The parameter values
in (3.1) are chosen tobe 8 = 0.8, x, = 10, u = 0.5, and
0<t<50. As result of the collapse an oscillating mode starts,
# (0,¢) oscillates from 27 + 4 tan~ 'expé,(3)
to 27 + 4 tan~ 'exp&,{3 ), corresponding to the values on a

FIG. 2. Incident fluxon collapses as a result of the external magnetic field.
Numerical solution of (3.1} with 8 = 0.8, x, = 10, u = 0.5, and 0<s<50.
The results are displayed in terms of ¢, for 0<x<20. After the collapse an

oscillating mode starts.
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FIG. 3. Refiection of a single fluxon at the left end of a junction. Numerical
solution of (3.1} with 8 = 0.2, x, = 10, ¥ = 0.5, and 0<#<50. The results are
displayed in terms of ¢, for 0<x<20. The reflected fluxon oscillates and
produces radiation.

static fluxon where ¢, is equal to 3.

Figure 3 shows the reflection of a fluxon at the left end
of a line cavity. The parameter values in (3.1) are £ = 0.2,
xo = 10, u = 0.5, and 0<¢<50. The reflection event differs
from the event in Fig. 1, i.e., a three-soliton interaction does
not explain this phenomenon because the fluxon seems to be
reflected into an antifluxon but eventually enters a fluxon
mode. The velocity of the reflected fluxon is approximately
equal to the velocity of the incident fluxon. Further, we re-
mark the oscillatory behavior of the reflected fluxon result-
ing in radiation.

In Fig. 4 we show an incident fluxon which is converted
into an almost static antifluxon. In this case the parameter
values in (3.1) are chosen to be 8 = 0.096, x, = 10, u = 0.5,
and 0<¢<50. The antifluxon either travels to the right at a
small velocity or enters a fluxon mode traveling with a veloc-
ity which approximately equals the velocity of the incident
fluxon (actually the velocity is smaller because of the radi-
ation). A phaseplane analysis shows that no static antifluxon
exists in this situation. The antifluxon in Fig. 4 is found to
convert into a fluxon at =~90. For £ 50.095 and u = 0.5 all

>

FIG. 4. Incident fluxon is reflected into an almost static antifiuxon. Nu-
merical solution of (3.1) with 8 = 0.096, x, = 10, # = 0.5, and 0<¢<50. The
results are displayed in terms of ¢, for 0<x<20. Eventually the antifluxon
enters a fluxon mode.
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FIG. 5. Reflection of an incident fluxon into an amplified antifluxon. Nu-

merical solution of (3.1) with 8 =0.2, x, = 10, u = 0.5, and 0<¢<50. The
results are displayed in terms of @, for 0<x<20. Simulation of the first zero
field step or the second Fiske step.

fluxons are found to be reflected into antifluxons. Again a
simple energy analysis explains this behavior (see next
section).

In Fig. 5 we show an incident fluxon which is reflected
into an amplified antifluxon at the left end of a line cavity.
The parameter values in (3.1)are S = — 0.2, x, = 10,

u = 0.5, and 0<#<50. At the right end the antifluxon is re-
flected into a reduced fluxon. Very little radiation is ob-
served. This behavior continues ad infinitum and describes
therefore the first zero field step or equivalently the second
Fiske step (the value of ¢ at the boundaries increases 4 as a
result of a reflection). For #« = 0.5and — 1.14558 <0 we
find an amplified antifluxon, while for smaller values of B the
incident fluxon is fissioned into two or more antifluxons.

Finally, in this section we present results for incident
fluxons at large velocities. In Fig. 6 the incident fluxon is
reflected into three fluxons. The parameter values are
B =19,x,=10, u = 0.9, and 0<r<60. When the fluxons
reach the right end of the cavity radiation is observed.

In Fig. 7 the incident fluxon is reflected into a breather-
like wave. The parameter values are 8 = 1.02, x, = 10,

FIG. 6. Incident fluxon is fissioned into three fluxons. Numerical solution
of (3.1) with 8 = 1.9, x, = 10, u = 0.9, and 0<¢<60. The results are dis-
played in terms of ¢ for 0<x<20.
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FIG. 7. As aresult of the reflection, a breatherlike wave is formed. Numeri-
cal solution of (3.1} with B = 1.02, x, = 10, ¥ = 0.95, and 0<¢<60. At the
right end the breather is divided into two fluxons.

u = 0.95, and 0<r<60. At the right end the breather is re-
flected as two fluxons. Thus at the left end ¢ increases 27
while at the right end the increase is 4.

In Fig. 8 we have shown a u-f3 diagram, where u is the
velocity of the incident fluxon and f3 is the magnitude of the
external magnetic field. The figure illustrates the regions in
which one of five processes take place: reflection of the inci-
dent fluxon into a fluxon (region I, illustrated in Figs. 1 and
3), collapse of the incident fluxon (region II, illustrated in
Fig. 2), reflection of the incident fluxon into an antifluxon
which is either reduced (5 > 0) or amplified (3 < 0) (region
I11, illustrated in Fig. 4 for 3 < 0), fission of the incident
fluxon into more than one antifluxon (region 1V}, and finally
conversion of the incident fluxon into breatherlike waves or
fission into a higher number of fluxons (region V, illustrated
in Figs 6 and 7). The full border lines between the regions are
determined numerically, while the dot-dashed border line
illustrates region V, where some highly nonlinear phenom-
ena take place. In the next section the border lines will be
discussed.

IV.ENERGY ANALYSIS

For the finite Josephson line we may introduce the di-
mensionless Hamiltonian

1
H(t)zjo(%gbi-k%(bf-l—l—cosqﬂ)dx. 4.1

Integrating by parts we get

i _ j Bl — borsing )dx

dt
— 6.(0,£)8,(0,) + ¢, (Lt ), {L:t)
= —B,(0,) + B, (Lt). (4.2)

Thus the rate of change of the total energy of the system is
equal to the effect absorbed or delivered by the external mag-
netic field. When 8 = 0 the total energy is constant.

The energies inside the junction of the static fluxons
placed at the boundaries can easily be found {insertion of,
e.g., the left term in the expression for F(x,t), (3.2) in (4.1)]

Hy, =4{1 - [1—(B/2Y]"?}. (4.3)

6250 J. Appl. Phys., Vol. 52, No. 10, October 1981
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FIG. 8. Incident fluxon with the initial velocity u strikes the boundary at
x = 0 with the boundary condition ¢ (0,7 ) = 3. The resulting process de-

pends on u and f3, as illustrated. In region I the fluxon is reflected into a
fluxon, in region II the fluxon collapses, in region K11 the fluxon is reflected
into a single antifluxon, in region IV the fluxon is fissioned into antifluxons,
while in region V the fluxon is fissioned into fluxons or forms breatherlike
waves. The full curves are numerically determined, the dashed curves are
obtained by energy analysis, and the dot-dashed curve shows the border line
for region V.

Further we define

H, =8—H, =41+ [1-(8/27]""} (4.4)
as the difference between the energy of a static fluxon and
H,, . The energy of the incident fluxon is given by

H, = 8y(u). (4.5)
When we only consider the reflection at the left end of the
cavity the change of energy is given by

AH= —PBAS|,_,. (4.6)

In order to explain the behavior of the upper border line
between regions I and II in Fig. 8 we note that

A¢ | _o =8 tan“((Z/B){l +[1-— (B/Z)Z]”z})

= —4sin B /2)
corresponds to a change from a static fluxon of energy H,, a
static fluxon of energy H,,, both satisfying the boundary
condition ¢, |, _, = 3. A condition that the fluxon survives
the reflection at x = 0 (and is reflected into a fluxon) can then
be formulated,

AH= —PA¢ |, _ <H, —Hy, =H;,+ H, —Hy,.

(4.7)

Insertion of (4.3)-{4.5) into (4.7) yields
u)<u,) =gB), (4.8a)
O. H. Olsen and M. R. Samueisen 6250

Downloaded 24 Jul 2009 to 192.38.67.112. Redistribution subject to AIP license or copyright; see http://jap.aip.org/jap/copyright.jsp



where
glB)=[1—(B/21"* +(B/2sin~ (B /2). (4.8b)

Here u = u,(8) yields a theoretical determination of the up-
per border line between regions I and II. The numerically
determined border line differs less than 1% from the theo-
retical (4.8). The expression (4.8), however, does not explain
the intersection point between the upper and lower border
lines between regions I and II.

A somewhat similar analysis can be applied to explain
the border line between regions I and I11, i.e., the border line
between regions where a fluxon is reflected into a fluxon and
a fluxon is reflected into an antifluxon. If the incident fluxon
is reflected into an antifluxon at the left end of the line ¢
changes — 4. After the reflection the energy must exceed
the energy of a static antifluxon (i.e., 8). A condition for re-
flection of a fluxon into an antifluxon can then be
formulated,

H,>A4H +8 =47 + 38, (4.9a)
or after rearranging,
uzuyfB)
={mB 1+ (7/4B1}"/*/[1 + (7/2)8] for B>0. .
(4.9b)

The condition (4.9a) is trivially fulfilled for <0 (for 8 =0
the situation corresponds to the well known fluxon-anti-
fluxon solution). The expression ¥ = u, (8 ) yields a theoreti-
cal determination of the border line. In Fig. 8 the function
u, (B)is shown as the dashed curve. A good agreement is
observed for 3 < 0.2. For increasing values of 3 the deviation
between the full and the dashed curve increases. This is due
to radiation (i.e., energy dispersion), which is observed at
large velocities of the incident fluxon; therefore, the analysis
above fails.

An explanation of the border line between regions I11
and IV, i.e., the border line between regions where a fluxon is
reflected into a single fluxon and a fluxon is reflected into
antifluxons, has not been found. We have, however, found a
simple approximation to the border line. An expression for
the velocity of the reflected antifluxon can be written down,
namely,

Hen = 87(Uen) = 8Y(u) — 47P, (4.10a)

where H,q is the energy of the resulting antifluxon propa-
gating with the velocity ,.q . After rearranging we get

1 1/2
Upen = [1 - > } , (4.10b)
[Au) — (7/2)8 ]
which is in good agreement with the results obtained from
numerical experiments for 8> — 0.5. If fission takes place
the following condition must be fulfilled:

— 4nB>8, (4.11)

stating that the energy delivered by the external magnetic
field exceed the energy of a static antifluxon. Thus, a simple
approximation to the border lineisf# = — 4/7~ — 1.27.In
Fig. 8 the dashed line corresponds to this simple approxima-
tion. A better approximation would require a detailed un-
derstanding of the fission process.
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The border line for region V (the dot-dashed curve in
Fig. 8) is only qualitative correct. In this region some highly
nonlinear processes take place which we have not been able
to explain by means of energy analysis approximation. This
region, however, deserves a detailed examination because it
is likely to find the mechanism of the Fiske steps in this
region (see, e.g., Fig. 7). In particular the first Fiske step may
be generated by a mode in which a fluxon propagates (e.g., to
the left). At the left end of the line the fluxon collapses and a
part of its energy is reflected in the form of a breather, which
in turn launches a new fluxon at the right end.

Finally, we remark that the lower border line between
regions I and II still remains to be explained.

V. CONCLUSION

In the present paper we have examined the influence of
an external magnetic field on a propagating fluxon. The ex-
ternal magnetic field is modeled by a certain boundary
condition.

Depending on the magnitude of the external magnetic
field and the velocity of the incident fluxon, we find (Fig. 8)
that the fluxon either is reflected into a fluxon (region I),
collapses (region II), is reflected into an antifluxon (region
III), is fissioned into antifluxons (region IV) and fluxons or
forms breatherlike waves {region V). Satisfactory explana-
tions based on energy analysis have been found for the upper
border line between regions I and II and for the border line
between regions II and III. A simple approximation to the
border line between regions III and IV is also given. The
lower border line between regions II and III still remains to
be explained. Furthermore, region V needs a detailed investi-
gation because the mechanism of the Fiske steps are to be
found here.

The results described for a fluxon also hold for an anti-
fluxon if B is replaced by — .

A more realistic model appears if loss and bias are taken
into account in the sine-Gordon equation. Thus, the first and
second Fiske steps and the first zero field step (which only
require the presence of a single fluxon) have been
simulated. '®
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