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Set point control
in
the state space setting

Niels Kjolstad Poulsen
Department of Informatics and Mathematical Modelling
The Technical University of Denmark

2009-03-11 10.00

Abstract

This report is intented as a supplement or an extension to the material used in
connection to or after the courses Stochastic Adaptive Control (02421)
and Static and Dynamic Optimization (02711) given at the Depart-
ment of Informatics and Mathematical Modelling, The Technical
University of Denmark.

The focus is in this report related to the problem of handling a set point
or a constant reference in a state space setting. In principle just about any
(state space control) design methodology may be applied. Here the presen-
tation is based on LQ design, but other types such as poleplacement can be
applied as well.

This is the Monte Petriolo paper which is a compilation of results gathered
from the litterature. A major part of the results are collected from the basic
control litterature during a sabatical year at Oxford university and is further
compiled and reported in Monte Petriolo (Umbria, Italy).

1 Introduction

The focus in this report is set point control or control of a dynamic system with
a piece wise constant reference. This problem is sparsely handled in the literature
despite its practical application. This is obviously due to its lack of theoretical
contents and interest.

We will in this report try to give the simplest presentation and illustrate the exten-
tion including more general frameworks. For that matter we will in the first part
of the report assume that system is scalar (SISO or single input single output).



2 2 The standard regulation problem

The reference is in this report assumed to be constant or piece wise constant, which
off course include the standard step change in the reference. This problem has two
major interest. The first problem is the regulation problem in which the set point
is constant and the problem is to match the setpoint. The next focus area is the
closed loop properties in connection to setpoint changes. This is the servo problem
in connection to a step changes.

Related problem which are not addressed in this report are problems related to
constant (or piece wise constant) disturbances. Moreover, constraints in the control
actions (or related signals) or states are also omitted in this report. Obviously,
other types of variations (eg. harmonic) in the reference signal are also omitted
here.

In this report we will consider the problem of controlling a system given as:
Tiy1 = Az + Bu;  x0 = 1z
such that output

match a set point (w). Often is it not only the output that enters into the objective
function. In general we can focus on

zi = Cox; + Dyu;

The choice C, = I, D, = 0 is quite frequent. In the following n, will denote the
system order and the number of state, n, is the number of inputs and n, is the
number of outputs.

2 The standard regulation problem

The object in regulation is to reduce the influence from disturbances or simple to
keep the system close to the origin.

The standard regulation problem has several formulations. The most common ver-
sion is an LQ formulation in which the cost function is quadratic in the states and
the control actions. In the Hy formulation the cost function is also a quadratic cost,
but in an augmented output vector which contains elements of the errors (objective)
and the control actions (costs).

2.1 The LQ formulation

The standard LQ problem is to find an input sequence u; that take the system
Tip1 = Az + Buy 19 =1
from an initial state z¢ along a trajectory such that the cost index
N
J = Z a:iTQa:i + uiTRuZ-
i=0

is minimized. Eventually the horizon, N, is infinite i.e. N = co. The solution to
this problem (see [2]) can be formulated as a state feedback solution
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or as a time function
w; = —L®xg & =A-BL

depending only on the initial state and age (i.e. 7). In a deterministic setting the
two solutions are identical, but in an uncertain environment the first (the state feed
back version) is more robust with respect to uncertainty and noise. The results can
be found in Appendix D.1.

The LQ results are not restricted to the standard presentation given above. It can,
as indicated in Appendix D.2, also include cross terms in the cost function.

N v . |
7= stqu vl o= [ [ & 5[0
=0 i=0

The results are quite similar to the ones in (1) except off course for the dependence
on S.

2.2 Output control
Often the problem is to control the output of a system

yi = Cux;

with due respect to the control effort. This is often formulated as a (LQ) problem
in which the cost functions

N
J=> "yl +p*ul (2)
1=0

has to be minimized. Here p? is a design parameter. In the LQ framework this is
equivalent to
Q=0TC R=)p?

This problem also emerge if we want to minimize
N N
J = ny subject to Zuf <Cy
i=0 i=0
where C,, is the design parameter. In that case p? is a Lagrange multiplier. In prac-

tice the two approaches are much more related than expected by a first inspection.

The problem in (2) can also be formulated as a minimization of

N
J=3ll;
i=0

o8] eeld 2]

In general formulation of the Hs problem is a minimization of the cost function

N
J=lzl;
i=0

where

where
zi = Comy + Dyuy
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There is a tight connection between C,, D,, q and @, R, S. For example, the cost
function in (2) appears when

R HESNERIE

In general the Hy problem can be transformed into the LQ problem through:
S cr
ERREIES

On the other hand the Hy problem can emerge from the LQ problem if

Qs
o= &)

is factorized into

T
Q:[gZT:|Q[Cz Dz}

This factorization is by no means unique. A factor can for example either be in ¢
orin C, and D..

In continuous time the problem is to control the system
Ty = Axy + Buy To = T

such that the cost function

1 1 /T
J = 5x¥P1’T + B / xtTQ:ct + u;Rut dt
0

is minimized. The solution to this problem is in stationarity (7" — oo) given by:

ut = —Lx¢

where:
0=SA+ATS+Q—-SBR'BTS
and
L=R'BTg

If the cost function has a cross term
T
J=alPxp + / el Quy + 2T Qe + 22T Suy dt
0

then the solution is

ur = —Ril(BTS +ST)SCt

where:
0=5A+ATS +Q— (S:B+S)R~ (BT S, +sT)

The realtion between the LQ and Hs problem is the same in continuous time as in discrete time.

(8 3)=[F e o

As in the discrete time case this will typically be the case if the problem arise from a minimization

of
T
7= [ lwb @
0

which is a weighted (W) integral square of the output
Yt = Coxt + Doug

i.e. the Hy problem. O




3 Feed forward

Let us now turn the the focus area of this report, namely control of a system such
that its output vector match the reference vector. We assume that a set point w;
exists, is piecewise constant and the dimension equals n,.

Probably the most obvious way of introducing the reference (see eg. [1]) is to include
a feed forward term (M, n, X ny) in the control. That is to use control law

U; = Mwl — L!Ei
In this case the closed loop becomes
Tiy1 = P+ BMuw;

where
®=A-BL

The feed forward term, M, can be chosen such that the output match the reference
in stationarity, i.e.

y=[C(I—-®)"'B+D]|Mw
Let us denote the DC gain through the system as
k=C(I—-®)  'B+D

and assume that it is non zero (i.e. invertible). In the normal case where n, = n,
we can use:

M=k
If n, > n, we have an extra flexibility and can use
M =" (ksT)!

On the other hand if n, < n, we can’t fulfill our objective. If we will minimize the
distance between our objective (w) and our possibility (K Mw) then we can use:

M = (kTk)716T

It is well known that this solution is sensitive to modelling errors. If the DC gain
in the system model is wrong, then the closed loop will have a similar error.

In continuous time the discription is
& = Ax + Bu

y=Cx+ Du

and we have the same result just is the DC gain is given by

k=CA 'B+D
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4 Target values

Another very classical way of handling the set point is to consider the standard
problem as a deviation away from a stationary point. This method has been ex-
tensively been used in [3]. We will the denote this point as a target point. That is
to consider the problem as a redefinition of origin according to the reference. That
means the control is given by:

w; = ug — L(z; — o)
where the target point zg, wug has to be a stationary point i.e. to fulfill
xg = Axg + Bug
The target point also have to match the set point, i.e. to fulfill
w = Cxy + Dug

In total the stationary point should satisfy the following equation

IR

This indicates that both xg and wug is proportional to the set point and
Mw = ug + Lxg

where M was discussed in the previous section. This solution has, as the feed
forward method, a high sensitivity to modelling errors. The classical way of handling
this problem is use integral action as we will return to in Section 9. Here we will
pursuit another type of approach.

If we look at the problem of modelling errors, we can handle it in stationarity. One
way to tackle the problem is to include a (constant) disturbance in the input or the
output.

Tit1 = Az + B(u; +d)
Y = CiEl + D(uz + d)
The input disturbance has be estimated with an observer or a Kalman filter. In
that way, the disturbance will express the modelling error at DC.

Another, but similar, approach is to include en output disturbance and operate
with a design model

Ti+1 = AIl + B’U,l
yi = Cxzi+Du;+d
Also here the disturbance has to be estimated.
The two approaces can be merged into the general form

where G and H are matrices of appropriate dimensions. In that case we can find
the target values from:

et p L[ e[ ]



where d has to be estimated.

If we assume that the disturbance closely is constant we can model it by the following
model
div1 =di +& & € Nyg (0, Rg)

and augment the stochasic version of (3).

e P it e e Y

vy = |[C H}[S} + Du; +e;

then d (and state x) can be estimated by means of an observer or a Kalman filter.

In continuous time the system is described by

iac:,»LL'(:-l—Bu-l—Gd
dt
y=Czx+ Du+ Hd

and the target values can be determined by:

Lo oLl ]e=l7]

The state variable which is not neccesarely known can be estimated from

d
dt

alal=10 ][0 ]]2]

d=¢

the description

5 Optimal tracking

In this section we will extend the standard discrete time LQ control problem to
include a reference signal. This approach is based on the presentation and results
in [2]. In this presentation we wil restrict the approach and assume that the reference
signal is constant (ie. is a set point). Consider the problem of controlling a dynamic
system in discrete time

Ti4+1 = AIl + BUZ To = Iy (5)

such that the cost function

N-1

T =llyx = rnllp + Y 1Coi = rillg + [luill %
=0

is minimized.
In steady state (N — oo, r; = r) the solution is given by
u; = —Lx; + Kv

where )

L=[R+B"SB]” B"S4 K =[R+BTSB] ' BT
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and S is the solution to the algebraic Ricatti equation;
S=C"QC +ATSA— ATSB[R+ B"SB]” BTSA
and v found from
v=(-3")"1CcTQr where &= A-BL

Unless the system has (or has been imposed) a pure integration, this strategy will
result in a steady state error (for R > 0).

In continuous time the problem is to control the system
Tt = Azt + Bue o = xg

such that the cost function
2 T 2 2
T =lyr = rrlid+ [ 1Ca = rully + lurly ae
0

is minimized. In steady state (T' — oo, r¢ = r) the solution is given by
ut = — Lzt + Kv

where
L=R1BTs, K=R1'BT
and S is the solution to the algebraic Ricatti equation;
0=5SA+ATS+0TQC -~ SBR™'BTS
and v found from

v=0"TcTQr where d=A—-BL

Consider the problem of controlling a dynamic system in continuous time given by (20) such that
the cost function

T
J = |Car —rrl3 +/ et — rell?, dt
0

where
zt = Cxt + Duy

is minimized.
In steady state (T' — oo) the solution is given by
ut = —Lxy + Kv+ Mr

where
Ly = [DTQD] " (DTQC + BTS))

K. = [DTQD] 'BT M = [DTQD]"'DTQ
and S is the solution to the algebraic Ricatti equation;
0=5:A+ATS, +CTQC - (CTQD + SB)Y(DTQD) Y (DTQC + BT S,)

and v found from
v=0"T(C-DL)TQr

6 Internal model principle (IMP)

Yet another way of transforming the set point problem (and other type reference
problems) into a standard regulation problem is to use the socalled Internal Model
Principle (IMP). I that case a model of the set point variance is created and build
into an augmented system description.



The model
Tig1 =Ti + &

where &; is a white noise sequence, is a suitable model for set points variation
(with unknown changes and unknown instants of changes). In that case the total
description becomes

Lo LAl e [ ]

-t n[7]

One obvious problem in this approach is that the system description is not contro-
lable. That often results often results in problems when using standard software for
solving the Ricatti equation. The solution exists due to the fact that the uncontrol-
lable part of the state space is not visible in the cost function. The solution

ectn 7]

can be compared with the solution in section 5.

In continuous time the system

d
—xy = Azt + B =
at Tt Tt Ut o = Zg
has to be controlled such the output is close to the reference. The model
d
Eﬁ = ﬁt

where &; is white noise is a suitable model for a setpoint signal. The total model can be given as:

d [ x A 0 T B 0
AR R AR R
and the task is to minimize the error
vete 2]
t

(in some sense and with respect to the control power). The solution is

amt w7

which is a feedback from the state and a feedforward from the set point signal. ]

7 Control moves

In this section we will discuss control formulated in terms control moves. This
can be regarded as if the decision variable is the velocity of the control. It can be
extended to include the derivative of the control action to any order.

If an optimal control strategy from section 5 or 6 is applied on a system (without
an integral action) then a non zero set point will result in a steady state error.
This is due a conflict between steady state error and steady state control action.
One remedy is to discharge the DC component of the control action in the cost
function. The most direct and simples way of doin this is to consider the control
moves (control velocity) rather than the control action itself.
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7.1 Velocity control

The problem of controlling a dynamic system
Tiy1 = Ax; + Bu;

y; = C;

such that the output is close to a certain (constant) set point, r, has some challenges.
In order to avoid the problem of a steady state error we can formulate the objective
in terms of the control moves v;. If the control moves are constant between samples
then:

u; = z; + Tsv;  where 241 = 2z; + Tv;

and the description of the system can be written as:

2] P ) "

e teol]]

This is more or less the same as introducing (a discrete time) integration in front
of the system. The problem is then to control the system in (6) according to the
method described in section 5 and 6. In that case the cost is changed and the
control related cost in the objective function is shifted in frequency and the weight
is put on the control velocity. The control action can also be

7.2 Acceleration control

The method can be extended and the problem formulated such that the decision
variable is the acceleration, a;, then (if the acceleration is constant between sam-

ples):
wu; = z; + Tsv; + %Tfai
where 1
Zig1 = 2; + Tsv; + ETSQCM Vg1 = v; + Tsa;
and the system can be written as:

T A B BT [ 2] %BTS2
z =0 1 T z | +| 3T |a (7)
N P 0 O 1 L v |, T,
e
yi:[COO] z
LV 1y

This is the same as introducing two integration in front of the system.
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7.3 General velocity control

These ideas can be extended to just about any order. Let us illustrate this in a
forth order case. Let u be the control action and let u4 be the forth order derivative.

Then (if uy4 is constant between samples):

1 1 1
u=z+Tsus + QTEW + =T3us3 + —Tuy

6 ° 24°°
where
z z 4+ Tsuy + %Tqu + %Tgug + ﬁTSLIUAl
U1 _ uy + Tsus + %TEU3 + %T3u4
U us + Touz + 3T2uy
us i+l us + TSU4

or stated otherwise:

1 1 1 4
U7 0 1 TS —T2 U7 —T3
= 278 + 5 Ug
U 0 0 1 T, U 51
us i+l 0 0 0 1 us i TS
The total system description becomes:
x A B BT %BTS2 %BTS?’ x iBTSf1
z 0 1 T %Tf %TS?’ z ﬁTf
U =10 0 1 T, 5T? up |+ %Tf Uy
ug 0 0 0 1 TS ug 5T52
us i1 0 0 0 0 1 us i TS
x
z
U2
usg

This method can be extented to any order.

7.4 Generelized velocity control

In the previuous sections we solved the problem of matching the set point by means
of using a higher order derivative as the decision variable. In this section we will
use a combinations of higher order derivatives as decision variables. That means
the control decision is a blend of different frequencies.

7.4.1 partl

Let us first focus on the problem when we use the control move, v; and the control
level, ;, as decision variable. In that case:

U; = ﬁl + z; + TSUZ' where Zi+l = %4 + TS’Ui

or simply:
x | A B T B BT, U
z i 10 1 z |, 0 T v |,
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7.4.2 Part 2

If the decision variables are the acceleration, the level of the control move (velocity)
and the control level, then we can introduce

Vit1 =0 + 0 + Tsa;
1,
zit1 = zi + Ts(vi + 0;) + ETS a;

where @; and v; are perturbations on the control and control move respectively. The
decision consists of the vector

Q <

In that case:

- - 1

Consequently, the acceleration model in (7) can be transformed into

T A B BT, T B BT, %BTS2 m
z =0 1 T z +1 0 T %Tf U (8)
L 0 O 1 v |, 0 1 T, a |,
T
yi:[COO] z
vl
7.4.3 Part 3

The method can, as the simple method from the previous sections, be extended to
any finite order. For n = 4 we have the resulting system description:

x A B BT, iBr? 1lBT? x
z 0 1 T %Tf %TS?’ z
ul = 0 0 1 TS §TS2 ul
uo 0 0 0 1 TS ug
ws J,., LO 0 0 0 1 us |,
B BT, iBT? 1BT? LBT! i
0 T, 172 %Tf ~ T i
+l0 1 T, irz  lrs iy
0 0 1 T, 112 i
0 0 0 1 T, Uy
X
z
yi=[C 000 0]]|w
U2
us

In continuous time the problem is to control the system

d
—T
dtt

Axi + Bug Ty = x,

y = Cux¢
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such that the output match the reference.

Velocity control: If we want to use the control velocity
d
%ut =

rather than the control signal itself as the decision variable then the system can be described as:

S)-[ 2[E] e
e o[c]

Acceleration control: If we want to use the control acceleration

d
—ut = —vt =a
at t at t
as the decision variable then the system can be described as:
d x A B 0 x 0
— u = 0O 0 1 u + 0 | at
| 0 0 0 v, L1t
x
y = [ cC 0 O ] u
v

t

General velocity control: As in descrete time these idears can be generalized to any order. Let
the decision variable be

v=u
where "
um = &
dtn
Then for n = 4 we have the description:
x A B 0 0 O T 0
u 0 1 0 O u 0
u® =10 0 0 1 0 u® | 4|0 |
dt | @ 0 0 0 0 1 u® 0
u® 0 0 0 0 O u® 1
x
U
y=[C 0 0 0] u®
w®@
u®

Generalized velocity control:

If we will use a high order derivative as well as pertubations of its integrals, we can use the following
agmentation scheme. The for n = 4 we have the description:

T A B 0 0 0 z B 0 0 0 0 @
d u 0 0 1 0 0 u 01 0 0 0 a
“lu® =0 0 0 1 0 v '+ 0 0 1 0 0 a®
at | @ 0 0 0 0 1 u® 0 00 1 0 a®
u® 0 0 0 0 O NE) 0 0 0 0 1 a@

X

u

y=[C 0 0 0] u®

e

NE)
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8 Frequency weighting

The reason for introducing velocity control and its related is to let the control
signal enters into the performance in such a way that the resulting controller can
compensate for the setpoint change in an appropriate manner.

Now assume the the signals in the performance index are filtered version of the
original signals, such as the output, y;, control u;.

N f
= fTOfT 01 O Yy
=[G %] ()]

where '
yl = Hy(q)ye ol = Hu(q)u

These frequency weights or filters has a state space representation such as:
ZZT,‘;:I+1 = AyZC:ty + Byyt CC?_’_l = AUZC? —|— B“ut

yl =Cva? + DYy, wf = CYa + D"y

If the system is given by:
Ti4+1 = AZCZ + B’U,l

y = Cx; + Du;

then the system description can be augmented to include the filtered versions of the
signals:

T A 0 0 T B
zY = | BYC AY 0 zY + | BYD | u
¥ 1 0 0 Av ], BY

For the filthered output we have

ytf = DYCux + CYzY + DY Duy
Tt
Y
= (pvCc Cv 0 DYD )|
Tt
Ut

In a similar way is
T
ul=(0 0 C* D*) u
Ut

If the augmented state vector

is introduced the we can write:

w1 (Dvec cv o DYD\[z
«f |7\ 0 o ¢+ D¢ uy
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Instead of minimizing the original cost we can minimize

N
7_ T T Q1 Q2 Tt
J=F t:O(«fCt Ut)|:Q1I'2 Q2:|<ut)
where
[ Q1 Q12 } _
Qly Q>
cT(pv)T 0
(c)” 0 01 O DvC CY¥ 0 DYD
0 (ot Oy, 03 0 0o Cc+ D¢
DD (D)

Now the continuous time version of the problem just mentioned. Assume the the signals in the
performance index are filtered version of the original signals, such as the output, y¢, control us.

T f
= FTFT O1 Oz vy
"‘E{/t_o@t )| o oﬂ(w‘ “

vl = Hy(P)ye  ul = Hu(p)us
These frequency weights or filters has a state space representation such as:
d ] d
—a¥ = AY2Y + BY —z% = A¥%z} 4+ B"u
dt ¢ e ¢ ‘

y[ =CYz}{ + DYy u{ = C"%z} + D"uy

where

If the system is given by:

d
—x¢ = A B
at Tt Tt + Buy

yt = Cx¢ + Duy

then the system description can be augmented to include the filtered versions of the signals:

d T A 0 0 T B
— | xY =| BYC AY 0 Y + | BYD | us

For the filthered output we have

ytf = DYCzx¢+ CYzY + DYDuy
Tt
Y
= (DvC CY 0 D¥YD) t
Ty
Ut

In a similar way is

If the augmented state vector

is introduced the we can write:
v/ | _(pbvc cv o DD Tt
ul | 0 0o Cc+ Du ut

Instead of minimizing the original cost we can minimize

7 T Q1 Q2 z
7=e{ [0 G ()«
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where
{ Q1 Q2 } _
QIQ Q2

cT(pv)T 0

(% 0 01 Oz DvCc CcY 0 DYD
0 (cnT {0{2 OQH 0 o ¢+ D

DT(pv)T  (DY)T

9 Integral action

Within the control area there are a few methods to avoid a steady state errors.
One of the standard tricks in control is to introduce an integral action. In the state
space setting it involves a state which integrate the error, ie.

Zit1 = % + (i — yi)

That results in an augmented system given by

H R A

et 1]

= O

£

If the controller is given by
Ui—U()—L|: ,TZ:—:TO :|
then the closed loop is given by
T | A-BL, —-BL, T B B o 0
R R | RS R A R B Y
1+1 7

This can also be formulated as:

ui:Mn-—L[ T :|

2

which results in

(- [ )

e=[-C 0]{§]i+r

The problem is to determine M such that the response is optimal.

Within the control area there are a few methods to avoid a steady state errors. One of the standard
tricks in control is to introduce an integral action. In the state space setting it involves a state
which integrate the error, ie.

S R=Tt — Yt

dt
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That results in an augmented system given by
d [ z A 0 T B 0
slr]=l VL]0 Je [0 ]
T
w=lc 0] %]
t
If the controller is given by

T — T
ut:uo—L[ t 0}
2t — 20

then the closed loop is given by
d [ x [ A-BL, -BL. T B B 0 0
&{ZL_[ el 1 P P B e O e I e I

This can also be formulated as:

which results in
i T | A-BL, —-BL. T n BM
dt | =z |, - -C 1 z |, 1 T
e= [ -C 0 } { r i| +7r
S

The problem is to determine M such that the response is optimal. (]

10 Conclusion

In this paper we have reviwed different control methods for handling set points in
a state space setting. The methods covers area from feed forward and target values
to frequency weights and integral action. The paper is held in discrete time, but
the results is also given in continuous time.
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A Quadratic optimization I
Consider the problem of minimizing a quadratic cost function
h h T
A 11 N2 } { }
[ ] |: h,{Q hgg u

= .I'Thlll' + 2$Th12u + uThgg’u,

J

It is quite elementary to find the derivative of the cost function

d
—ud = 227 has + 2u” oy (9)

and the stationary point must fulfill
h?zl' + hoou =0

The stationary point

_ —13T
U= —hgy Ny

is a minimum to the cost function if hos is possitive definite. Furthermore, the
minimum of the cost function is quadratic in x. If we use (9) and complete the
square then:

J* = ,TThll,T — (u*)Thggu*
= ,TT (hll — h12h2721h,{2) X
= 278z

where

S = hyy — highyy hL,

B Quadratic forms II

Let us now consider the more complex problem of minimizing
h h T T
_ T T 11 hi2 T T
I - M R A | R

or simply:

J=a2Thiiz+ 227 hisu + uT hosu + gf:v + iu + o

A standard result gives the minimum as
2ZCT}L12 + 2uTh22 + gg =0 (10)

or

_ 1
u=—hy [z + 3 9u)

Applying (10) gives the optimal cost:
T = a2Thnzr+gle+ o — (u*) hou®
= ol (hi1 — hazhyy M)z + (95 — g hay W) + 0 — igghizlgu
= CCT;L11$C+§1TJC+6
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where

hii = hi— h12h2_21 thg
i = gs—hi2hy gu

. 1 _

o = 00— nghplgu

C Feed forward

This appendix is a straith forward extention of section 3 and is valid both in a
descrete and continuous time framework.

In closed loop and in stationarity we have
7=Ku

where K € R™ >« ig the DC gain through the system. Our objective is to find @
such that

In the feedforward strategy we use

where M € R"u*ny,

C.1 The balanced problem

If n, = n, and if K is nonsingular then it is trivial that
i=K 'w

or

M=K"

C.2 The overflexible problem

Firstly, let n, > mny. That means we have a surplus of flexibility to achieve our
objective. We can then choice to find that stationary control which has the lowest
size (and still achieve our objective). This can be formulated as minimizing

J=-u"a

N~

subject to
w=Ku

The Lagrange function for this problem is

1
Jp = 511% + M(Ka — w)
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which is stationary wrt. @ for
W' +NTK=0 orfor u=-K%'\
In order to achieve our objective we must have
A= —(KKT)"lw

or
=K' (KKT)'w

This results in

M=K'(KK")™!

C.3 The restricted problem

Let us then focus on the situation where n, < n, ie. when we have less control
flexibility. In that case we can’t achieve our objective (g = w) but have to find a
(or a M) such that the distance between the objective and the possible is minimized.
In other word we will find an @ such that

1
J==eT¢e where e=w-—Ku
is minimized. This is obtained for
I=—-<"K=—(w—-Ka)TK =0

or if
o= (KTK)"'KTw

This results in:

M= (KTK)'KT

D The Discrete Time LQ control problem

In this section we will review the results related to control of a linear time invariant
dynamic system
Ti+1 = AIl + BUZ To = Iy (11)

such that a quadratic cost function is minimized.

D.1 The Standard DLQ Control Problem
Let us first focus on the standard problem. In this context we will control the
system in (11) such that the (standard LQ) cost function

N-1
J = x%ParN + Z x;‘FQxZ + U?Rui (12)
i=0

is minimized. The Bellman equation will in this case be

Vi(z;) = min [2] Qz; + uf Ru; + Vi (wig1)] (13)
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with the end point constraints
Vn(zn) = 25 Pay
If we test the candidate function
Vi(z;) = o] Siw;
then the inner part of the minimization in (13) will be

I = [ LL‘T T ] Q + ATSZ'+1A ATSZ'+1B xX;
B @ i BTSHlA R+ BTSH_LB (7

The minimum for the this function is according to Appendix A given by
wi=—Lir; L= [R+BTS;11B]" BS;14
and the candidate function is in fact a solution to the Bellman equation in (13) if
Si=Q+A"S A~ A"Si B[R+ B"Si1B]  BTS; A Sy =P
If the gain, L;, is used in the recursion for .S;
S;=Q+ ATS; (A~ BL;) Sy =P

As a simple implication from the proof we have that

Volzg) = J* = xOTSoxo

which is usefull in connection to an interpretation of S.

D.2 DLQ and cross terms

In order to connect the (very) related LQ formulation and Hs formulation we will
augment the standard problem with cross terms in the cost function. Assume that
a discrete time (LTT) system is given as in (11) and the cost function (instead of
(12)) is:
N-1
J = x]Tvaer + Z xlTQxZ + uiTRul- + 2xiTSui
i=0

N-1
J=ahPay+ 3 [af o 1| & 3|5
N P i % ST R Uu;

The situation becomes a bit more complicated. The cross terms especially occurs if
the control problem is formulated as a problem in which (the square of) an output
signal

or

yi = Cx; + Du,

is minimized, i.e.
N-1
_ 2
J = E lyilw
i=0

In that case . or
ERINFICRD
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The Bellman equation becomes in the special case

V;(:Ci):min{[a:f u?}{gp IS{}{z%}‘FV;-H(le)]

Uq 1
VN(JJN) = LL‘%P,TN
and again we will try the follwoing candidate function

This can be solved head on or by transforming the problem into the standard one.

D.2.1 Using transformation technique

If R is invertible then we can intoduce a new decision variable, v;, given by:
U; = V; — R_lgTLL'i

The instanuous loss term (first term in the Bellman equation) can be expressed as:

[ =] u?]{g‘% iHif]_ﬁQxiﬂ;Rw

where -
Q=Q—-SR'ST
In similar way we find for the dynamics

Ti+1 = A.IZ + B’U,l
= (A— BR'S)x; + By
= /_lxl + Buv;

where

A=A-BR'S
For the future cost to go (the second term in the Bellman equation) we have:
Vitr(ziz1) = :EiT+1Si+1Ii+l = (Az; + Bv))"'S; 41 (Ax; + Bu;)

We have now transformed the problem to the standard form and the inner mini-
mization in the Bellman equation

Vi(z;) = min [z} Qz; + uf Ru; + Vi1 (wig1)]
is then simply:

I = [xT UT] Q + ATSH_}A ATSH_lB xX;
v v BTSi_HA R + BTSi_HB (7

with the solution
vi=—Liw; Li=[R+B"S;1B]” B"S;,4
The candidate function is a solution to the Bellman equation if
S, = Q+ATS; . A—ATS; B [R + BTSZ'-HB} - BTS; 1A (14)
= ATS;1(A—BL)+Q
This means that

U; = — [f/z + Rilg] xX; Ez = [R + BTSiJrlB} -t BTSiJrlA
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D.2.2 Direct method

If R is not invertible then we are forced to use a more direct approach which results
in the following inner minimization (minimization of the inner part in the Bellman

equation):

I=[27 ul] Q+ATSi A S+ ATSi 4B [
¢ B ST-FBTSiJrlA R"’BTSfL'JrlB Uj

with the solution
U; = —LiIi Ll = [R + BTSiJrlB] ! [ST + BTSiJrlA]

and a Riccati equation

Si=Q+ATS; 1A [S + ATSH-lB] [R + BTSH-lB} -t [ST + BTSZ'-HA} (15)

Notice, that (14) is the standard Riccati equation, whereas (15) contains (directly)

the cross term S. The transformation method do require that R is invertible.

D.3 Optimal tracking

In this section we will extend the standard discrete time LQ control problem to
include a reference signal. Later on in this presentation, we wil restrict the approach
and assume that the reference signal is constant (ie. is a set point). Consider the
problem of controlling a dynamic system in discrete time given by (11) such that

the cost function
N-1

J=llyn —rnlp + Y 10z —7illg + lluill%
=0

is minimized. This equivalent to the LQ cost function

N-1
J=(Czy — TN)TP(C:EN —ry)+ Z (Cx; — Ti)TQ(O{Ei — 1)+ u;TFRui
i=0

is to be minimized.

The Bellman equation will in case be
Vi(x;) = Hzl}»n [(Cxl - Ti)TQ(CIi —r) + uiTRul- + Vi+1(ari+1)]
with the end point constraints
Vn(zy) = (Cxy —ry)TP(Cxy —ry)
If we test the candidate function
Vi(x;) = al Sixi — 20w + 0y
where
Sy =CTPC owvny=CTPry on= T%PTN
then the inner part of the minimization in (17) will be
I = (Czi—r)"Q(Cx;i — ;) +ul Ru;
+(Ax; + Bui)TSfL'Jrl(Axi + Bu;) — Qqu(AIi + Bu;) + 0i41
= 2] (CTQC + ATSi1 A)x; +ul (R + BT Sij1B)u; + 1 Qri
+2w;prTSi+1Bui — 2(7“?@0 + viTJrlA):ci — 2vﬁlBui + 091

(16)
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The minimum for the this function is according to Appendix B given by
U; = — [R + BTSiJrlB} -t [BTSiJrlA Ty — BTUZ'JFJ

and the candidate function is in fact a solution to the Bellman equation in (17) if

S, = CTQC+ A"S; A— ATS; B[R+ B"S;1B] ' BTS;1A
v; = ATviJrl + CTQTZ' - ATSiJrlB [R + BTSiJrlB} -t BTUZ'+1
o; = 0Oj41+ T“Z-TQH — UZHB [R + BTSi-HB} - BTv; 44

If we introduce the gains

L; = [R+ B"S;i;1B] - BTS; 1A K; = [R+ B"S;1B] BT

then the control law can be written as

u; = =Lz + Kiviqq

and the Ricatti equations becomes

S; = CTQC+ A”S;11(A - BL)) Sy =P
vi = (A—=BL)"vis1 +CTQr oy = CTPry
oi = o1+ 1] Qri — vl BKivi on =rnPry

In steady state (N — oo, r; = r) the solution is given by
u; = —Lx; + Kv

where . .
L=[R+B"SB] B'S5A K =[R+B"SB] B

and S is the solution to the algebraic Ricatti equation;
S=CTQC+ A"SA— ATSB[R+ BTSB] " BSA
and v found from
v=(-3")"1CcTQr where &= A-BL

Unless the system has (or has been imposed) a pure integration, this strategy will
result in a steady state error (for R > 0).

D.4 Reference control with cross term

In this section we will extend the result from the previous section a bit further.
Consider the problem of controlling a dynamic system in discrete time given as in
(11) such that the cost function

N
J = Cry —rl3+ 3 llzi —rilly
1=0
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where

is minimized. This equivalent to the (standard LQ) cost function

J = (CwN —rN)TP(C_'xN —T‘N) (18)
N
=0

is to be minimized. The Bellman equation will in this case be

Vi(x;) = min [(C’JJZ + Du; — )T Q(Cxs + Duy — 1) + Vi+1($i+1)] (19)

with the end point constraints
Vn(zy) = (Can —ry)TP(Can —ry)
If we test the candidate function
Vi(z;) = :viTSixi — QUZ-T,TZ' + 0y

where - - -
SN:CTPC UN:CTPT‘N UN:T%PTN

then the inner part of the minimization in (19) will be

I = (Cz;i+ Du; — )" Q(Cx; + Du; — ;)
+(Az; 4+ Buy)" Sip1(Ax; + Bu;) — 20l (Az; + Bu,) + oy
= 27(CTQC + ATSA)x +rTQr +uT(DTQD + BT SB)u
+ 227(CTQD + ATSB)u; — 207 QD + o7, Byus — 207, Azi + 0114

The minimum for the this function is according to Appendix B given by
ui = —[DTQD + BTSB] " ((DTQC + BTSA) z; — BTv; - DTQr;)

If we apply the results in Appendix B then we can see that the candidate function
is in fact a solution to the Bellman equation in (25) if

S, = ATSA+CTQC - (CTSD+ ATSB)[DTQD + BTSB] " (DTQC + BT54)
v = ATviy — (CTSD+ ATSB)[DTQD + BTSB] ™ (B vi11 + DTQr;)
oi = oi1+77Qr— (rTQD + 0%, B)[DTQD + BTSB] " (D" Qr; + BT v
The initial (or rather terminal) conditions are:

Sy =CTPC wvn=CT"Pry on= TQZYPTN

If we introduce the gains

L; = [DTQD + BTSB] ' (DTQC + BTSA)

K; = [D"QD + B"SB] ' BT M; = [DTQD + BTSB]"'DTQ

then the control law can be written as




26 E The Continuous Time LQ Control

and the Ricatti equations becomes

S; ATS(A—- BL)+0TQC - CTSDL
vi = (A—BL)"v+ L"DQr
gi1 +77Qr — (’TQD + L B) [DTQD + B*SB] " (DTQr; + B v;1)

i

In steady state (" — oo, r; = r) the solution is given by
uy = —Lxy + Kv+ Mr

where
L=[DTQD + B"SB]~'(DTQC + BTSA)

K = [D"QD+ B"SB] "' BT M = [DTQD + B"SB]"'DTQ
and S is the solution to the algebraic Ricatti equation;
S=ATSA+CTQC — (CTSD + ATSB)[DTQD + BTSB] "' (DTQC + BTSA)
and v found from

v=I[I-®T)'LTDQr where &= A- BL

E The Continuous Time LQ Control

In this section we will review the results given in the previous sections but in
continuous time. We will start with the standard LQ problem and then in order to
connect with the Hs formulation review the LQ problem with a cross term in the
cost function. The problem is to control the LTI system given in continuous time

d
%= Axy + Buy To = Xy (20)

such that some objectives are meet.

E.1 The Standard CLQ Control problem

Consider the problem of controlling a continuous time LTT system in (20) such that
the performance index

T
J = azE Py +/ el Quy + 2T Quy dt
0
is minimized. The Bellman equation is for this situation

d d
_EtVt(It) = n}lin {xtTQ:rt + ufRut + Ea:Vt(:z:t) (Axy + Buy)

with
VT = .”L%PSCT

as boundary condition. For the candidate function

Vt(iﬂt) = ZU;‘FStUCt
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this (Bellman) equation becomes

—:C;‘FS’txt = min [xtTth + u;‘FRut +2 :C;‘FStA:vt +2 xtTStBut]

This is fulfilled for

Uy = —RilBTStl't

The candidate function is indead a Bellman function if S; is the solution to the
Riccati equation

—S,=8A+ATS, +Q—-S,BR'BTS, Sr=P

In terms of the gain
L =R 'B"S,

the Riccati equation can also be expressed as

-8, = SA+ATS, +Q - LTRL,
-8 = S (A-BL)+ATS;+Q=(A—-BL)"S; + S A+Q
S, = S,(A—BLy)+ (A—BL)"S, +Q+ LTRL,

It can be shown that
J = I'gSQI'Q

E.2 CLQ and cross terms

Let us now focus on the problem where performance index has a cross term, i.e.
where

T
J = x%P:cT + / xtTth + a:tTth + 2xtTSut dt
0

As in the discrete time case this will typically be the case if the problem arise from

a minimization of .
7= [ b d
0

which is a weighted (W) integral square of the output
Yyt = Cxy + Duy

i.e. the Hy problem. In that case

9 5)-[5 wie o

The Bellman equation is now for this situation

_%ﬂ/;(xt) =Ir11Litn [[ al ul ] [ SC% i } [ zi ] + %x%(xt) (Az; + Buy)
(21)
with
VT = LL‘%P&L‘T
as boundary condition. Again we can go directly for a solution, but if R is invertible,
we can tranform the problem to the standard form.
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E.2.1 Using transformation technique

If we use the same method as in the discrete time and introduce a new decision
variable, v; through
Ut = V¢ — R_lgT.I't

then instantanuous loss term is rewritten to

S _
[xtT utT ][S% R][zz]_xtTth—i—vtTth

where -
Q=Q—-SR's"
Furthermore the dynamics is transformed to
ACCt + But = (A — BRilgT)It + th = Ailft + B’Ut

where -
A= (A-BR'ST)

The Bellman equation is now in the newly introduced variable

d _ d _
_Eﬂ/}(:vt) = n}}in xl Qs + vl Ru; + E:CV}(:E,:) (Axt + th)

with
VT = .”L%PSCT

as boundary condition. For the candidate function
Vt(iﬂt) = ZU;‘FStUCt
this Bellman equations becomes
—xfgtxt = H})in [xf@xt + vtTth +2 fotAxt +2 fotht]
The solution to this problem is
v =—Lwx; L, =R 'BTS,

where

—S; =8A+ATS;, + Q- S;BR™'BTS, Sr=P (22)

The last equation ensures that the candidate function indeed is a solution. The
total solution is consequently given as

Uy = —(I/t + RilgT)(Et I/t = RilBTSt

or simpy as
Uy = —Ril(BTSt + gT)CCt

Notice, that (22) is the same Riccati equation that arise from the standard problem
except for the transformation of A and Q. Furthermore L is the same as arise from
the standard problem.



E.3 Reference control 29

E.2.2 Direct method

If R is not invertible then (21) must be solved directly. For the candidate function
Vi(we) = ZU;ZTStUCt
the Bellman equation, (21), becomes

_gctTS't:vt = n%in [:v;‘FQ:Et + utTRut + 2I?Sut +2 :C;‘FStA:vt + 2 :C;‘FStBut}

which is minimized for

Uy = —Ril(BTSt + ST).I't

where

—S, =S A+ ATS, +Q - (S\B+S)R"YBTS, +sT) Sp=P (23)

It is quite easy to check that (for R being invertible) the solutions to (23) and (22)
are identical.

E.3 Reference control

In this section we will extend the standard discrete time LQ control problem to
include a reference signal. Consider the problem of controlling a dynamic system
in continuous time given by (20) such that the cost function

T
T =l = rrlfp+ [ 1w = rully+ il de
0
is minimized. This equivalent to the (standard LQ) cost function
T
J = (Caxr —rp)' P(Cap — rr) —|—/ (Cxy — )T Q(Cay — 7¢) +ul Ruy dt (24)
0

is to be minimized. The Bellman equation will in this case be

d d
—aﬂ/t(:zrt) = n}lin {(C’xt - rt)TQ(C:rt — 1) + utTRut + Earvt(:ct)(A:rt + Buy)
(25)

with the end point constraints
Vr(zr) = (Cxp —rp)T P(Cop —rr)
If we test the candidate function
Vi(zy) = ol Siay — 208wy + oy

where
ST = CTPC vr = CTPTT or = T‘%:PTT

then the inner part of the minimization in (25) will be

1

(Cxy —1)TQ(Cay — 74) + ul Ruy + 2 {xTS - ’UT} (Az + Bu)
= 27(CTQC + AS + SATYx +rTQr + u" Ru
2 [TTQC + 0T Az +2(2"S —v")Buy
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The minimum for the this function is according to Appendix A given by
U = —RilBT [St Tt — Ut]

The candidate function is in fact a solution to the Bellman equation in (25) if

-8, = SA+ATS, +CTQC - S,BR'BTS, Sr=cCTpC
—i = (A—BR'BTS)Tv+CTQr vp = CT Prp
¢ = r7Qr—o"BR'BTv or = rpPrr

If we introduce the gains

L, =R 'BTS, K, =R 'BT

then the control law can be written as

uy = —Lyzy + Koy

and the Ricatti equations becomes

-8 = SiA+ATS,+CTQC — LTRL, Sy =cTpC
- = (A- BLt)Tv +CTQr vp = CT Prp
-6 = r'Qr —vT"KI'RK v, or =1 Pryp

In steady state (T" — oo, r = r) the solution is given by
uy = —Lxy + Kv

where

L=R1'BTS, K=R'B"
and S is the solution to the algebraic Ricatti equation;
0=SA+ATS+cTQC - SBR™'BTS
and v found from

v=0TCTQr where ®=A—BL

E.4 Reference control with cross term
In this section we will extend the results related to reference control and include

a possible cross term. Consider the problem of controlling a dynamic system in
continuous time given by (20) such that the cost function

T
J = HC(ET_TT”%J‘F/ ”Zt_rt”é dt
0

where
Zt = CZZ?t + Dut

is minimized. This equivalent to the (standard LQ) cost function

T
J = (Caxr— rT)TP(C'xT —rr) +/ (Cxt + Duy — rt)TQ(C:Et + Duy — 1) dt (26)
0
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is to be minimized.

The Bellman equation will in case be

d d
—aﬂ/t(:zrt) = n}lin (Cxy + Duy — Tt)TQ(CIt + Duy — 1) + axV,g(a:t)(Axt + But)}
(27)

with the end point constraints
Vi(zr) = (Cxp — rp)T P(Cxp — 1)
If we test the candidate function
Vi(zy) = ol Siay — 208wy + oy

where - - -
ST = CTPC v = CTPTT or = T‘%:PTT

then the inner part of the minimization in (27) will be
I = (Cxy+ Duy — rt)TQ(C:rt + Dup — 1) + 2 {xTS - vT} (Az + Bu)

= 25(CTQC + AS + SATYx + 7T Qr + u" DT QDu
+ 2:7CTQDuy — 2rf QDuy
— 20rTQC +v" Az 4+ 2(2"S — v") By,
= 2T(CTQC + AS + SAT)z +rTQr — 2 [TTQC +T Az,
+u” DT QDu + 227 CTQDuy — 2r QDuy 4 2(z7S — vT) Buy
The minimum for the this function is according to Appendix A given by

u, = —[DTQD] ' ((DTQC + BTS,) &y — BT v, — DTQr,)

The candidate function is in fact a solution to the Bellman equation in (25) if

-8, = SA+ATS, +CTQC - (CTQD + SB)(DTQD)(DTQC + BTS,)
-0 = (A-B(D'QD)"Y(DTQC + B*S,) v+ CTQr — (CTQD + SB)(DTQD)*DTQr
—6 = r'Qr— (" B+r"QD)(DTQD)" (B v + DT Qr)

The terminal conditions are:
Sr=CT'PC  vp=CTPry  op= T%PTT

If we introduce the gains

L= [DTQD] " (DTQC + BTS;)
K,=[D"QD] ‘BT M, = [DTQD]'DTQ

then the control law can be written as

Uy = —LtCCt + Kt’Ut + Mt’l’t

and the Ricatti equations becomes



32 E The Continuous Time LQ Control

-8 = SiA+ATS, +CTQC — LT(DTQD)L, Sp=CTPC
— = (A—-BL)"v+(C—-DL)TQr vr = CT Pry
-6 = r'Qr— (/K] +r M) (D" QD) (K + M) or = r¥ Pry

In steady state (T — oo, r = r) the solution is given by
u = —Lx; + Kv+ Mr

where .
L= [DTQD] (DTQC + BTS;)

K,=[D"QD] 'B” M, = [DTQD]'DTQ
and S is the solution to the algebraic Ricatti equation;
0=S5A+A"S, +CTQC — (CTQD + SB)(D"QD) ' (DTQC + B*S;)
and v found from

v=0T(C-DL)TQr where ®=A-BL



