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Multivariate matrix—exponential distributions

Mogens Bladt* and Bo Friis Nielsen

April 28, 2008

Abstract

In this article we consider the distributions of non—negative random
vectors with a rational Laplace transform. Hence the Laplace trans-
forms are fractions between two multidimensional polynomials. These
distributions are in the univariate case known as matrix—exponential
distributions, since their densities can be written as linear combina-
tions of the elements in the exponential of a matrix. For this reason
we shall refer to multivariate distributions with rational Laplace trans-
form as multivariate matrix—exponential distributions (MVME). The
marginal distributions of an MVME are univariate matrix—exponential
distributions.

We prove a characterization which states that a distribution is an
MVME if, and only if, all positive linear combinations of the coordi-
nates have a univariate matrix—exponential distribution. This theorem
is analog to a well known characterization theorem for the multivari-
ate normal distribution, however, the proof is different and involves
theory for rational function based on continued fractions and Hankel
determinants.
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1 Introduction

In one dimension, matrix—exponential distributions are defined as distribu-
tions on R, with a rational Laplace transform, which in turn is equivalent
to its density being a weighted sum of the elements of a matrix—exponential,
thereby their name.

In this paper we define a class of distributions which we shall refer to as
multivariate matrix—exponential distributions (MVME). They are defined in
a natural way, inspired by the definition of univariate matrix—exponential dis-
tributions, as the distributions on R’} having a rational (multidimensional)
Laplace transform. A multidimensional rational function is the fraction be-
tween two multidimensional polynomials. The marginal distributions are
hence univariate matrix—exponential distributions. The corresponding ran-
dom variables are in general dependent.

The main purpose of this article is to characterize the MVME distri-
butions in terms of one-dimensional matrix—exponential distributions. The
main result states that a multivariate distribution is an MVME if and only if
any non—negative, non—null linear combination of the coordinates are again
matrix—exponentially distributed. This theorem is stated and proven in sec-
tion 4.

Much of the analysis depends on the theories of one-dimensional matrix—
exponential distributions and that of rational functions. We provide the nec-
essary background on univariate matrix—exponential distributions in Section
2 as well as a historical review of two subclasses of MVME which were defined
previously by Assaf et al. (1984) and Kulkarni (1989) respectively. We also
re—formulate Kulkarni’s definition in terms of the structure of certain projec-
tions which is more in line with our characterization theorem. In Section 3
we discuss some theory of rational functions in terms of continued fractions,
the theory of which turns out to provide a rich and powerful methodology for
the analysis of multidimensional rational functions, in which Hankel matri-
ces of certain reduced moments will play a particularly important role. The
article is concluded in Section 5.

2 Preliminaries

In this section we provide some necessary background from the theory of
one—dimensional matrix—exponential distributions. Thereafter we review two



classes of multivariate phase—type distributions, which are special cases of the
MVME distributions.

The class proposed by Kulkarni (1989) is of particular interest, and we
provide a characterization for this subclass in terms of the structure of the
intensity matrices of certain projections.

For ease of exposition we shall only consider absolutely continuous distri-
butions.

2.1 Univariate matrix—exponential distributions

Definition 2.1 A non-negative random variable X is said to have a matriz—
exponential distribution if the Laplace transform L(s) = E [exp(—sX)] is a
rational function in s.

We explicitly state the parameterization of the Laplace transform as

Jis" TN+ fos T 4 L+
™+ 18"+ L G

L(s) = IE [exp(—sX)] = ,

where f,,, = g. The following result is standard (see e.g. Asmussen & Bladt
(1997) page 315 for a proof).

Lemma 2.1 A random variable is matriz—exponentially distributed if and
only if there exists a triple (8, D,d) such that the density f(x) of X can be
expressed as

f(z) = Be""d

Here, B is a row vector of dimension m, d is a column vector of the same
dimension, and D is an m X m matriz, possibly with complex elements.

The triple (3, D, d) is called a representation of the matrix exponential distri-
bution. The Laplace transform of X can be determined from a representation
(8,D,d) as

L(s) =B (s — D)~"d, (1)

where [ is the identity matrix of dimension m. Any matrix—exponential
distribution has infinitely many representations. The dimension of D is called
the order of the representation. If the rational function L(s) of Equation (1)
cannot be reduced, we say that m is the minimal order or degree of the
distribution (Asmussen & Bladt (1997)).



The non—centralized moments of a matrix—exponentially distributed ran-
dom variable are easily derived by successive differentiation in the Laplace

transform ' '
M; = E(X)=i3(-D)"""Pa i=01,.. .

We shall also need the so—called reduced moments,
M; .
Mi:T, ZIO,l,... . (2)
7!
Define recursively,
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Then the first m — 1 moments are given by

i

M = Z(_Ujfm—jwi—j .

=0

JFrom the Cayley—Hamilton theorem we have

zm:giDm_i =0,
=0

where D can be taken from any representation. Since D is invertible, multi-
plying the equation with D~(m*7+1) we obtain that

D gmei( =) (D) = B gy (— 1) (= D)~ — o,
=0 i=0

Pre-multiplying with 8 and post-multiplying with d we get

i o M
Zgi(_l)jﬂiﬂ_

pars (i+5)!
We state this result in a slightly modified form in the following lemma.

Lemma 2.2 The reduced moments of a matrix—exponential distribution sat-
18fy

m—1

Pt = ) g—(—l) T gy for > 0.
i=0 7™



We notice that the rational distribution is hence characterized by m — 1 re-
duced moments together with the m coefficients g, ..., g;,—1. In turn, this
is equivalent to the distribution being characterized by 2m — 1 reduced mo-
ments.

2.2 Two classes of multivariate phase—type distribu-
tions

There exist a vast amount of definitions concerning multivariate distributions
of either exponential or gamma type in the literature (see e.g. Kotz, Bal-
akrishnan & Johnson (2000)). Such distributions either have exponentially,
or gamma distributed marginals. This has resulted in a rather extensive
amount of distributions many of which are related or only differ from each
other vaguely. A number of these distributions have a rational multidimen-
sional Laplace transform. Also, the class of phase-type distributions, which
generalize certain gamma type distributions, has been extended to a multi-
variate setting, first by Assaf et al. (1984) and later Kulkarni (1989). The
latter class, which contains the former as a special case, provides an elegant
construction of multivariate phase-type distributions in terms of a single un-
derlying Markov jump process. Furthermore, it has a natural generalization
to multivariate matrix—exponential distributions.

Assaf et al. (1984) introduced a class of multivariate phase-type dis-
tributions, denoted by MPH in the following, by considering the hitting
times to different (possibly overlapping) subsets of the state-space. More
specifically, we consider a phase-type generator (sub—intensity matrix) 7" of
dimension m and let {J;}:>o denote the underlying Markov jump process.
Let I';, © = 1,2,...,n denote absorbing subsets of the state space. Let X;
denote the first hitting time of {J;}+>o to I';. Then the n—dimensional vector
X = (Xjy, ..., X,) is said to have a phase-type distribution in the class MPH.

A rephrasing of the definition of MPH says that reward for X, is accu-
mulated with rate 1 in states belonging to I'f, where I'{ is the complement
of I'y. Based on this interpretation, Kulkarni (1989) introduced the class
MPH?*, which is a generalization of the MPH class. In the class MPH* re-
ward for X; is accumulated in state j with rate Kj;;. There is no restriction
on the phase-type generator 7. If the total sojourn time in state j before
absorption is denoted by Y; we define an n dimensional random vector X
element-wise by X; = Z;”’:l K;;Y;.



The following theorem gives an alternative characterization in terms of
all non—negative projections and is not given explicitly in Kulkarni (1989).

Theorem 2.1 A distribution in MPH* can be characterized by < a, X > be-
ing phase—type distributed with representation (c, T'(a)) with T'(a) = A(Ka)™'T,
where A(b) is the diagonal matriz with b in the diagonal.

Proof: Let X denote a random variable with a distribution in MPH*. Then
the ith component X; of X can be written as

Here N, denotes the number of visits to the transient state k in the m -+ 1-
dimensional continuous time Markov chain with m transient states and 1
absorbing state. Thus this Markov chain defines a continuous time phase—
type distribution. We denote the transient part of the generator matrix by
T'. The random variables Z;;, are the £’th sojourn in state j, while K;; are
non-negative real constants. Considering the distributions of the family of
projections given by < a, X > we obtain

<aX>= Zaii Z(Zn:f(ijai>z

= 7j=1 k=1 j=1 i=1

with Z; = ]Jj:kl Zji. Before we proceed we have to introduce a technical
condition. We will assume in the following that Ka > 0. If this condition
is not true one can still proceed albeit some care is needed to get a proper
phase—type representation. See Kulkarni (1989), Section 2, for how to handle
this situation. Under the condition Ka > 0 we see that < a, X > is phase—
type distributed with generator matrix (A(Ka))~" 7. The argument is easily
seen to apply in the reverse order as well.

O



3 Continued fractions
By a continued fraction we understand an expression on the form

&1

do +
Co
dy +

C
dy + —>

ds + ...

It is convenient to use the more compact notation

Cl| CQ| Cg|

do+ — 4
O dy T Jdy T |ds

A continued fraction is said to be finite if the sum above contains a finite
number of terms. Of particular interest for our analysis are the C—continued
fractions, which are expressions on the form

18" ces™|  c3s™|

1
+|1+|1+|1

If we consider the moment generating function M (s) of a matrix—exponentially
distributed random variable, then it has a power series expansion

M(s) =1+ 18 + p1as® + ...,

where p;’s are defined in (2).

Please note that u; > 0 for all . According to Perron (1957) Satz 3.5, any
power series (Taylor series) with constant term 1 corresponds uniquely to a
C—continued fraction. If furthermore the series is a power series expansion
of a rational function, then the corresponding continued fraction is finite
(Perron (1957), Satz 3.7). Particularly tractable are the regular C—continued
fraction, where r; = 1 for all 4.

Lemma 3.1 Let M(s) be the moment generating function of a matriz—exponentially
distributed random wvariable. Then the power series expansion of M(s) =
1+ 118 + pos® + ... corresponds uniquely to a reqular C—continued fraction.



Proof: We already know from Perron (1957) that there is a unique and
finite C—continued fraction, so all we need to prove is that r; = 1 for all 7.
To this end we write

Bo(s) = 1+ s + pas® .. = 1+ 2
s) = s sS4 ... = ,
0 H1 H2 Bi(5)
where

o8| 38" ¢, 8™ |

Bl(S) =1+

[ + [ —l—...—!—T.
The first non—vanishing term of the power expansion By(s) —1 is p1s. Hence
ry = 1. Thus

H1s 1
- By(s) —1 1 + pis + phs? + ...
where u; = p;/pn # 0 for all &. Then the first non—vanishing term in the

power series expansion of Bj(s) — 1 is again of first order. Continuing this
way until B, (s) = 1 proves the result.

Bl(S)

Y

O

For any continued fraction we may approximate it by a lower order n,
where n < v for the finite case,

&—d _|_C_1|_|_C_2|_|_C_3|_|_ _|_C_n|
D, " dy Uy lds T |dn

The finite fraction C,,/D,, is called an approximant to the continued fraction.
The following recursion scheme holds for the approximants of different orders

Cn = dnCn—1+CnCn—2
Dn - ann—1+CnDn—2 5

with the boundary conditions C_1 =1,Cy =dy and D_1 =0, Dy = 1. If we
apply these recursive equation to regular C—continued fractions we get that
the polynomials C,,(s) and D, (s) (in the variable s) satisfy

n
C’n(s) = 1 + E Sj E Ci1+1Cig42 "+ * Cij—i-j
Jj=1

0<iy <i2<...<i;<n—j

n
D,(s) = 1+§ s’ E Ciy+1Cig+2 * " " Cij+j | »
j=1

1<i1 <io<...<i;<n—j

8



where we assume the sums over empty sets are zero. Thus we may write

Can(s) 1+ p1s + apas® + -+ apyps”
Dgn(s) = 1+ ﬁmlS + ﬁn,282 + -+ ﬁnmsn
Con-1(s) = 14+ y,15+ %,232 + o Yns”
Dy, (s) 1+ 6,18+ 0pos> + -+ 4 Sppas"
In particular, we have that 3, , = cocs - - copn and 7, = 163+ - - C2p—1 Which
shall turn out to be useful expressions.

We now consider the moment generating function M(s) and its power
series expansion in terms of the reduced moments. The power expansion of
the k’th order approximant is C(s)/Dg(s). Then the first k£ terms of both
power expansions coincide (see Perron (1957), Satz 3.2). Hence we may write

Ci(s)

Di(s)
where fi; are some constants. Now inserting the above expression for Cj/(s)
and Dy (s) with £ = 2n and k = 2n — 1 we get that

=14 18 + pas” + . + s + fiprs™ +

ceey

I+ apis+ - apns"

1+ Buas+ - Bans”
T4+ypas+ - ypns”

L4+ 6p18+ - Oppo1s"t

We can now solve for the constants o, ;, By, Yn: and 0,5, ¢ = 1,...,n,7 =

1,...,n — 1 by multiplying the numerators of the fractions onto their right

hand sides and equating the coefficient to the terms s', i = n+1,n+2, ..., 2n.
We get the following system of equations

= 14 s+ -+ pons™ + fignsr 57+ (3)

= 1454+ o185 + f/Qns% + ...

0 = Mnt+1 + ,Ul/an,n + M2ﬁn,n—l + ...+ Mnﬁn,l
Hn+2 + ,u26n,n + ,U/3ﬂn,n—1 + ...+ ,U/n—l—lﬁn,l

0 = Hon + Mnﬁn,n + Mn—i—lﬁn,n—l + ...+ M2n—lﬁn,l~
This is the same as

—Hn+1 = ,Ullﬂn,n + /J/2ﬂn,n—1 + ...+ ,unﬂn,l
—Mny2 = ,U/2ﬂn,n + /J/3ﬂn,n—1 + ...+ ,un—l—lﬂn,l

—HMon = Mn/@n,n + Mn—i—lﬁn,n—l + ...+ M2n—1/6n,1-

9



By Cramérs rule,

H1r o o-ee —Hpg1 o - n
2 o —fn42 - [l
Hn o e —HMan <o Hon-—1
ﬁn,i:
1o 2 e Hn
R N

Mn  Hpt1 -0 H2p—1
In particular, for 3, ,, we get that

_ (_qpyn¥nrt
Brpn = (—1) ot

where ¢, and ¢ are the Hankel determinants defined by

1o 2 e Hn M2 H3 - Hn
b = R N | and ¢, = M3 M4 e P (4)
MHn  Hpy1 oo H2n—1 M Hpy1 oo H2n—2

for all n = 1,2, 3... for ¢, and for n = 2, 3, ... for 1,,. Thus
6n,n¢n = (_1)n—1wn+1'

Con—1(s)
Dapn—1(s) "

’Vn,n,lvbn = (_l)n_l¢n , L= 1a 27 g e

Similarly, equating for we get that

Inserting the expression 3, ,, = cacy - - - Cop and Yy, = €13+ - - Con—1 We get
that

CoCq -+ ConQp, = (—1)n¢n+1

ciczCop1tly = (=1)""'¢,.

We can extract the following information from these equations. If the mo-
ment generating function is an n’th order rational function, then the corre-
sponding continued fraction has at most 2n non—zero terms ¢y = 1, ¢y, ¢a, ..., Cop,

10



and ¢, = 0 for v > 2n. Then ¢,+; = 0 by the second equation and conse-
quently 1,12 = 0 by the first. Hence all higher order Hankel determinants
¢, =0 for v > n and ¥, = 0 for v > n+ 1. Furthermore, we can retrieve the
constants ¢y, ¢, ..., in terms of the Hankel matrices by defining ¢y = 1 and

_¢n+1¢n—1 c :_¢n+1¢n
wngbn ) T wn-i-lgbn

whenever the coefficients are non—zero.

The term o, can similarly be calculated by considering the same equa-
tions as earlier but equating the terms of s, i = n,n + 2, ...,2n — 1 instead
of s, i=n+1,n+2,..2n. Thus we get that

cL = ¢1, Cop =

L m M2 o Hn
M1 M2 M3 Hntl
a _ Hn  Hny1 Hny2 oo H2n—1
m fe B3 - o
N AR

MHn  Hpy1 oo H2n—1
If the moment generating function is a rational function of order n, then a, ,

is the coefficient to s™ in the numerator and must be zero. Hence we have
also proved that the Hankel determinant

L m K2 e Hn
H, M1 2 M3 o Hngl

Hn  MUnt1 MBnt2 o Hon—1
is 0 when n is the order of the rational function. The rank of the matrix
corresponding to H,, is n—1 since the lower right sub—determinant is different
from zero according to the analysis above. Hence H,,_; # 0 and by a similar
argument we conclude that all H,, # 0 when m < n. Thus the order of the
matrix—exponential distribution can be checked through the verification of
the determinants to be the first time they are different from zero.

We collect these results in the following theorem, which shall turn out to
play an important role in the proof for our main characterization theorem.

11



Theorem 3.1 Consider a matriz—ezponential distributed random variable X
with reduced moments pu; = IE(X?)/i!. Then the rational moment generating

function of X can be written as a finite and reqular C-continued fraction
1 + ﬁ + CLS| + + CLn|
i 1 e

The coefficients ¢; can be calculated in terms of the Hankel determinants (4)
as follows:

¢n+1¢n—1 c :_¢n+1wn
Unbn T i

where ¢g = 1. The Hankel determinants ¢,, = 0 for m > n and v,, = 0 for
m>n-+1.

cL= @1, Cop = —

Example 3.1 Consider a distribution of a random variable X having a ra-
tional moment generating function M(s) given by

fis+ g2

M(s) = 222792
(S) S2+91$+92

The moment generating function has a power series expansion
M(s)=1+ Z,uisi.
i=1

We now consider the continued fraction corresponding to the power expan-
sion. Since it is a power expansion of a rational function, the corresponding
continued fraction is finite. In the case of a regular C'-continued fraction,
where all non—trivial terms are of the form a;s, we need 7 = 4 terms in order
to express the given rational function in terms of a continued fraction.

By the remark above, we obtain the coefficients a;,7 = 1, ..., 4 as follows:

ay = Q1=

4y = _1/12% _ K2
191 251

a4 = Cbotn _ paps — 3
a1 b2

CPsdr _ pu(papa — )
G212 (Ml,us - M%)Mz

Qy

12



Then

as a98 a3s A48 as
M(s):1+l| 25| | a8 4|:1+ .
|1 |1 11 11 . ass
_‘_7
ass
1+
1"‘@48

Substituting the expressions for pu; into the a; we get after a little algebra,
that ,
M(s) = o2 9
908" + 918+ 92

where

fo = papa — p3 — g+ 2 piopis — i
fT= =g+ pspn + s —

g5 = s — [

g = pepa— 4

91 = —Hifta+ pafia.
Here we recognize in special
Lo peo
fo=1m p2 ps ,9’5:'5; 52 98:‘52 Zi'
M2 H3 M4

Thus, if X has two—dimensional rational function as moment generating func-
tion (or equivalently as Laplace transform), then fJ = 0.

4 Multivariate matrix—exponential distribu-
tions

We define multivariate matrix—exponential distributions as a natural exten-
sion of the univariate case.

Definition 4.1 A non-negative random vector X = (X1, ..., X,,) of dimen-
sion n 1s said to have multivariate matriz—exponential distribution if the joint
Laplace transform L(s) = E [exp(— < s,X >)] is a multi-dimensional ratio-
nal function, that is, a fraction between two multi—dimensional polynomials.
Here < -,- > denotes the inner product in R" and s = (s1,...,8,). This
class of distributions is denoted MVME.

13



Our main theorem characterizes the class of MVME.

Theorem 4.1 A vector X = (Xy,...,X,) follows a multivariate matriz—
exponential distribution if and only if < a,X >=>""  a;X; has a univariate
matriz—exponential distribution for all non—negative vectors a # 0.

Proof: Suppose that X has multivariate matrix—exponential distribution.
Then using

E [exp(—s < a,X >)] = [E [exp(— < sa, X >)]

we conclude that the left hand side is a rational function of s since the right
hand side is, by definition, rational in sa.

Now suppose that < a, X > has a rational Laplace transform , and hence
also moment generating function, for all non—negative a # 0. The dimen-
sions of the representations for < a, X > are bounded by some m. Assume
the contrary. The dimension of any distribution will be unaffected by nor-
malizing a by ae. Since a is non—negative we can restrict the attention to the
compact set (simplex) {a > 0 : ae = 1}. If the dimension is unbounded, then
there exists a sequence a,, — ag in the simplex such that the corresponding
dimension goes to infinity, contradicting the assumption that < ay, X > has
a rational Laplace transform. In what follows we shall assume that the di-
mensions of the representations are always of order m, though they may not
be minimal.

Let p;(a) = E(< a,X >%)/i! denote the reduced moments of < a, X >
as a function of a. Then p;(a) is a sum of i—dimensional (multidimensional)
monomials in a. jFrom Theorem 3.1 we get that the moment generating
function of < a, X > can be written as a finite regular C—continued fraction
of order at most 2m. The Hankel determinants are again sums of monomi-
als in a, so the coefficients in the continued fraction are rational functions
in a. Hence, collapsing the continued fraction to a rational function, we
conclude that the moment generating function, and hence its Laplace trans-
form, is indeed a rational function in a. The Hankel determinant ¢, (a) may
vanish, but at most on a set of measure zero. The continuity of the multi-
dimensional Laplace transform ensures that the coefficients of the univariate
Laplace transform on the null set is obtained as a limit of the coefficients of
the univariate Laplace transform outside this set.

It follows, that the functions f;(a) and g;(a) are also rational functions
in a.

14



Corollary 4.1 Let X = (X3, ..., X,,) have a MVME distribution and let A
be a non—negative m x n matriz. Then Y = AX has a MVME distribu-
tion. In particular, all marginal distributions are again matriz—ezponentially
distributed.

Proof: According to Theorem 4.1, Y is MVME if and only if < b, Y >
has a matrix—exponential distribution for all non—negative b # 0. Now
< b,AX >=< bA, X > and hence has a matrix—exponential distribution.

O

Theorem 4.2 Let X = (X1,...,X,,) follow a multivariate matriz—ezponential
distribution Then we may write its moment generating function for < a, X >
as B B B

fila)s™ ™t + fo(a)s™ 2+ .+ frua(@)s + 1

go(a)s™ + gi(a)s™ ! + ..+ Gm-r(a)s + 17

where the terms f;(a) and §;(a) are sums of monomials in a of order m — i.

Proof: ;From Theorem 4.1 we know that the moment generating function
of < a,X > can be written as

fi@)s™ 4 fo(a)s™ 2 + .+ fr i (@)s + fr(a)
go(a)s™ + gi(a)s™ 1t + ... + gn_1(a)s + g5, (a)

Y

where ff(a) and g;(a) are sums of monomials of order m(m + 1) —i. To
see this, we notice that the order of the monomials in gj(a) is given by the
sum of the indices of the diagonal elements of 1,1 in (4) which amounts
to m(m + 1). Here f(a) = ¢* (a) are of order m(m + 1) — m = m?. The
assertion of the theorem is equivalent to divisibility of all coefficients f(a)
and g7 (a) by f7(a).

In order to prove the divisibility we proceed as follows. Dividing through
the numerator and denominator by f*(a) we obtain an expression

1(2)s™ ! + fo(a)s™ 2+ ...+ frui(a)s + 1
do(a)s™ + gi(a)s™ L + ..+ Gmoa(a)s+1

15



where f;(a) and §;(a) are now rational functions in a. This equation is similar
to (3) with aym = 0, oy = f—i(a) and B,,; = gm—;(a) which is solved by
considering (4).!

Write g;(a) = P,—;(a)+ E,,,—;(a) where P,,_;(a) is a sum of all, if any, m—
i’th order monomials appearing in the expression for g;(a) while E,,_;(a) =
() — Pri(a). Let f1,,(a) = (ttms1(a), - fisn(a))'s 6 = G(a) the Hankel
matrix (4) now depending of a, P,,(a) = (Py(a),..., Pi(a)) and E,,(a) =
(En(a), ..., Ei(a)). Then

1y (@) = Om(a)Pr(a) + o (a)En(a).

Consider the j'th equation. Here fi,,,+;(a) is a sum of monomials of order
m + j as are the corresponding terms of ¢,,(a)P,,(a). Since ¢,(a)E,,(a) is
rational in a and do not contain monomial terms of order m+ j, we conclude
by coefficient matching that

om(a)E,(a) = 0.

Since ¢,,(a) is non-singular we get that E,(a) = 0 and hence all g;(a)
are sums of monomials. From (5) we also see that the f;(a) are sums of
monomials by multiplying both sides of the equation with the numerator
and matching coefficients.

O

Corollary 4.2 The number of free (reduced) moments for m,n = 2 is at
most 7 (out of 9 potential).

Proof: Define reduced cross-moments, ;; = IB(XiX})/(i!j!). In partic-
ular, k;0 andkg,; are the usual i'th order reduced moments of X; and X,
respectively. Then

=y alay k.
=0
;From Theorem 4.2 we know that py — p? divides pz — pipe and pgpg — p
respectively. Thus there are constants ¢; ;, such that

ps — papie = (croon + copasz) (p2 — pi) (6)
papn — i3 = (c20a] + criaras + co0a3) (2 — ) - (7)

1Bo:check
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By coefficient matching in (6) we get

K30 — K1,0820 = C10 (KJ2,0 - ’f%,o)

K2,1 — R1,0R1,1 — Ro,ike,0 = Co (Féz,o - fiig) +Cip ffl 1 — K1,0R0, 1)
Ro,3 — Ro,1ko2 = Cp1 (Féo,2 - fig,l)

K12 — Ko,1K1,1 — K1,0Kk02 = Ci10 (Ko,z - /@3,1) + o1 /‘€1 1 — Ko1k1 o)

When k9 # /-fio and Koo # /ﬁal we see that k12 and kg are uniquely given
in terms of the other x’s . Equation (7) establishes a connection between x4 o
and ko1, which is compatible with the restrictions of (6).

1\IOW7 Koo = Hio = K30 = Hio and Ko = 53,1 = K3 = “8717 which
completes the proof.

O

Inspired by Theorem 4.1 we propose the following definition of a multi-
variate phase—type distribution.

Definition 4.2 A vector X = (Xy,..., X,,) has a multivariate phase—type
distribution (MVPH) if < a,X > has a (univariate) phase—type distribution
for all non—negative a # 0.

The following definition is a natural extension of the MPH* structure to
matrix—exponential distributions.

Definition 4.3 Let MME" be the subclass of MVME, where < a,X > has
representation ('y, (A(Ka))_lT, t), where v, K and T are constant vector

and matrices, and t = — (A(Ka))™' Te. We say that the triple (v, T, K) is
a MME* representation of the multivariate distribution.

It is an open problem whether MME* is a strict subset or equals the class of
MVME. However,

Theorem 4.3 There exists MVME distributions where the MVME order is
strictly less than the MME* order.

Proof: The proof is based on the non—existence of a three dimensional
MME* representation of Krishnamoorthy and Parthasarathy’s Multivariate
Exponential for n = 3. For a discussion of this distribution see section 48.3.3
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in Kotz, Balakrishnan & Johnson (2000) (with o = 1). The distribution is
defined through it’s joint Laplace transform

1+ RA(s)|

where R is a correlation matrix. To find a representation for m = 3 in
MME*(3) we first parameterize

1
R=1p
-

S =D
— 33 2

Then

do = aiazas(142ptn —p* — 1% —n?)
G = (a1a2(1 = p?) + araz(1 — 72) + azas(1 — n?))
g2 = (a1 +as+asz)
fi =0
fa =0
and the Laplace transform of < X,a > is given by

1
$3Go + 21+ sga + 1

Suppose now that we have a MME* representation (7,7, K) for this distri-
bution in MME*. It is immediately clear that we must have K = I. From
equality of the Laplace transforms we must have

-1
T = 2 _ 2 _ 2
1+2pmn —p*—7°—n
Ty T | _ 1
Ty To 14 2ptn — p? — 12 —1?
Ty T | _ 1
Ty T3 14 2pmn — p? — 12 — 12
Ty Tos | _ 1
T3y Ti3 14 2ptn — p? — 12 —1?
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1—772

T = —
1 14 2pmn — p? — 12 — n?
1 — 72
Ty = —
22 1420ty — p? — 72 — 1?
1 — 2
Ty = — 2p 2 2
1+2pmn—p*—71%—n
VATRRAT Tio Tis Ty Tis
+ - + -~ 0 (8
(71 72) Ty, Ty 1 Ty Ths Y2 Ty, T ()
Ty Tis Tio Tis Ty T
+ - + =0
4w | P 1y 1 | T T T
Ty To3 Ty T3 Ty Tao
+ + - = 0
Cot )| gy | P2 1y T | T T T

YT+ T +Tiz) = 0
Yo(Tor + Top +Toz) = 0
Y3(Ts1 + Ty + Ts3) =
We must have at least one 7; # 0. Due to the symmetry we can without loss
of generality take v; # 0. We then have Ty + T2 + T13 = 0. Now denote the
coefficients of ; in the i"th equation of (8) by C;;. We get
Cu = TuTy —ToTo — Tl + Ti3Th
Cia = TuTy —TioTo + TiuTss — TizTxn
Co1 = Tulsy —Ti3Ts1 + ThoT33 — T13T30
Coz = TuTss — TizTs + T Tz — ThoT3
Cso = TTsz — TogTse + TnT33 — Tas3T3
Csz3 = TyTsy — TogTsy — TorT3o + TooT31 -

By insertion of T7; = —T}5 — T}3 in the first four equations we get
Cn = —To(Toy + Toy + Ts)
Ciro = —(Twe+ Ti3)(To1 + Tog + T3)
Coy = —Ti3(T51 + Tog + T53)
Coz = —(The + Th3)(Ts1 + T2 + T33)
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As v9C19 = 73C55 = 0 we must have

1C1 = MTe(Toy + Toe +To3) =0
11Co = Ti3(Ts + T +T33) =0 .

We cannot have both T, and Ti3 equal to zero as we cannot have both
To1 4+ Too +To3 = 0 and T3 + T30 + T33 = 0. Now again due to the symmetry
we can assume without loss of generality that T73 = 0 and T + 1o+ T3 = 0
while T12 7é 0 and T31 + T32 + T33 7é 0 to give

Csy = —To3(T5 + T + T53)
Cs3 = —(Toy + Tog)(Ts1 + Taa + T33) .

Since Ty + Ty + Th3 = 0 we have 3 = 0, and as we cannot have both T3
and Tsz equal to zero we conclude that v = 0. Now finally we must have

T T33 1

T T = = g
11733 1—n2 1—=p%> 142pmm—p>—72—1n?

Y

which is only fulfilled when 7 = pn. Examination of this case reveals that for
this special parameter setting we can find a representation in MPH* with

0> 1
1

1 1
— 5 0
1

2
=1 % ~waom 1
0

It should be clear that it is possible to get a representation in MME* whenever
one of the three equations 7 = pn, p = 71, or n = p7 is true as the previous
choice of vy =1 over 75 =1 or 73 = 1 was arbitrary.

O

Example 4.1 (Marshall and Olkin’s Bivariate Exponential)
The bivariate Marshall Olkin distribution Marshall & Olkin (1967) and Kotz,

Balakrishnan & Johnson (2000) pp.362-369 is already in Assaf et al. (1984)
as Example 5.1 p.699. The joint density for x1 # x5 is given by

Fla1,20) = Aa( A1+ Apg)e~Mithiz)m=do)zz for 0 < 2y < 1y
b M(Ag 4+ Apg)e Mm—Gethi)ze for 0 < gy < a4
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There is a singularity on the line x1 = x5
f(flf,ﬂ?) = >\12€—)\12m .
The joint density has Laplace transform

()\1 + )\2 + )\12 + S1 + 82)()\1 + )\12)()\2 + )\12) + 8182)\12
()\1 + >\2 + >\12 + 81 + 82)()\1 + )\12 + 81)()\2 + )\12 + 82)

with MPH*(3) representation

—()\1 + )\2 + )\12) )\2 )\1 1 1
(1a070)a 0 _()\1 +>\12> 0 5 1 0
0 0 —(>\2 + )\12) 0 1

O

Example 4.2 (Kibbles’s Bivariate Exponential)

This distribution is originally due to Kibble (1941) and is described in Kotz,
Balakrishnan & Johnson (2000) p.350 and pp.350-377 as Moran and Down-
ton’s Bivariate Exponential. It was used in O’Cinneide (1990) to demonstrate
that the order statistics of the components of an MPH* distributed vector
X do not necessarily have a rational Laplace transform. The distribution
belongs to a more general system of mixtures, where the components are
ME or MVME distributed and the mixing is due to a discrete multivariate
distribution of ME type. The density is given by

[e.e]

_ —(narAem (Mim1Agpa)*!

o) =Ae(l=ple ) S E

=1

We can express f(z1, z2) more compactly as f(z1, 2) = MLy (2v/A 121 Aapts)
o

by using the modified Bessel function of the first kind Ip(z) = > 272 (ﬁ) '

The parameterization in Kotz, Balakrishnan & Johnson (2000) page 371 is

obtained with p = p, 6; = A\p, and 05 = Agp.

The Laplace transform of < a, X > is
PA1 A2
a1a252 + (CL2>\1 + al)\g)s +p>\1)\2
The MME* representation of this distribution is

(o] [0 0])
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Finally we show how the multivariate matrix—exponential distribution
may naturally arise in applications such as renewal theory.

Lemma 4.1 Let A; and R; be the age and residual life time respectively in

a stationary renewal process with inter-arrival time density f(x). The joint

distribution of Ay and Ry is given by %
0 xJ(x

Proof: The joint distribution of (A4;, R;) in a renewal process is given by
t
P(Ry >z, A <) :/ (1-Ft+z—u)dU(u) ,
t—y
see e.g. Yanushkevichius (1995). We obtain the result, inserting 1/IEX as

the stationary renewal density and differentiating.

O

Theorem 4.4 In a stationary renewal process with matrix—exponentially dis-
tributed inter—arrival times with representation (a, C'), the joint distribution
of age and residual life is a MME* with representation

<<%0>[€ _CC]’{SSD ’ )

where m 1s the dimension of C.

Proof: We denote the density of the ME distribution with representation
(e, C) by f(x). The corresponding mean is denoted by . Using Theo-
rem 4.1 we see that for a; > 0 and ay > 0, the random variable 7 =< a, X >,
has density g(z) given by

1 [ar - 1
g(z) = —/ " acexp <C’ (xl + w))cdxl—
K1 Jo a2 az

For ay # as we get

1 1
T = e G B G R A G
M1 1—5 aq as as J as

“ a0 (@)




which is also the density of the ME distribution with the representation given
by (9). This can be seen by direct evaluation of the latter. For a; = ay we
zf(z/a)

get g(z) = ~a - Again, by direct verification, we also obtain this density

by evaluating (9) for a; = as.

O

5 Conclusions

In this article we have analyzed the general class of multivariate matrix—
exponential distributions (MVME) defined as distributions with a rational
multi-dimensional Laplace transform. This class of distributions generalizes
several classes of multivariate exponential and Gamma distributions, which
we shall treat in more detail in a forthcoming paper.

A main characterization theorem proves that distributions of MVME
type are those which projections in any direction are univariate matrix—
exponential distributions. An intimate connection to the theory of Hankel
matrices, continued fractions, and the moment problem is used in the proof
of this main theorem. Based on the theory of continued fractions we prove
an important result concerning the order of matrix—exponential distributions
and the vanishing of the Hankel determinant of the reduced moments. This
result has previously been pointed out by van de Liefvoort (1990), however,
we have not been able to pinpoint a proof in the literature.

Multivariate distributions may appear in a variety of situations, and since
particularly phase-type distributions and matrix—exponential distributions,
have turned out to be useful in the modeling of complex stochastic models,
it is natural to consider such distributions in a broader generality. A trivial
example where an MVME appears naturally is the joint distribution of the
age and residual lifetime in a stationary renewal process.
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