
A
d
a
p
ti
v
e
E
x
tr
e
m
u
m

C
o
n
tr
o
l

a
n
d

W

in
d
T
u
r
b
in
e
C
o
n
tr
o
l

X
in
M
a

M
a
y
1
9
9
7

C
op
y
ri
gh
t
c 

1
9
9
7
b
y
X
in
M
a

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Online Research Database In Technology

https://core.ac.uk/display/13701634?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


P
re
fa
c
e

T
h
is
th
es
is
is
su
b
m
it
te
d
in
p
ar
ti
al
fu
l�
ll
m
en
t
of
th
e
re
q
u
ir
em
en
ts
fo
r
th
e
d
eg
re
e

of
P
h
.D
.
in
en
gi
n
ee
ri
n
g.
T
h
e
th
es
is
h
as
b
ee
n
p
re
p
ar
ed
at
th
e
In
st
it
u
te
of
M
at
h
e-

m
at
ic
al
M
o
d
el
li
n
g
(I
M
M
),
th
e
T
ec
h
n
ic
a
l
U
n
iv
er
si
ty
of
D
en
m
ar
k
(D
T
U
).

T
h
is
th
es
is
co
n
si
st
s
of
tw
o
p
a
rt
s,
i.
e.
,
ad
ap
ti
ve
ex
tr
em
u
m

co
n
tr
ol
an
d
m
o
d
el
li
n
g

an
d
co
n
tr
ol
of
a
w
in
d
tu
rb
in
e.

T
h
e
�
rs
t
p
ar
t
of
th
e
th
es
is
d
is
cu
ss
es
d
es
ig
n
of
ad
ap
ti
ve
ex
tr
em
u
m
co
n
tr
ol
le
rs
fo
r

so
m
e
p
ro
ce
ss
es
w
h
ic
h
h
av
e
th
e
b
eh
av
io
u
r
th
at
th
e
p
ro
ce
ss
sh
ou
ld
h
av
e
as
h
ig
h

e�
ci
en
cy
as
p
os
si
b
le
.
T
h
e
m
ai
n
co
n
tr
ib
u
ti
on
is
th
e
d
ev
el
op
m
en
t
of
an
ad
ap
ti
ve

ex
tr
em
u
m
co
n
tr
ol
al
go
ri
th
m
b
as
ed
on
th
e
p
ar
am
et
er
es
ti
m
at
io
n
fo
r
th
e
p
ro
ce
ss
es

w
it
h
ou
tp
u
t
n
on
li
n
ea
ri
ty
.

T
h
e
se
co
n
d
p
ar
t
of
th
e
th
es
is
is
co
n
ce
rn
ed
w
it
h
m
o
d
el
li
n
g
an
d
co
n
tr
ol
of
a
w
in
d

tu
rb
in
e.
T
h
e
in
ve
st
ig
a
ti
o
n
of
co
n
tr
ol
d
es
ig
n
is
d
iv
id
ed
in
to
b
el
ow
ra
te
d
op
er
at
io
n

an
d
ab
ov
e
ra
te
d
op
er
at
io
n
.

T
h
e
b
eh
av
io
u
r
of
w
in
d
tu
rb
in
es
in
b
el
ow
ra
te
d
op
er
at
io
n
b
el
on
gs
to
th
e
p
ro
ce
ss

d
is
cu
ss
ed
in
th
e
�
rs
t
p
ar
t
of
th
e
th
es
is
,
w
h
ic
h
ca
n
b
e
co
n
si
d
er
ed
as
a
co
n
n
ec
ti
on

b
et
w
ee
n
tw
o
p
ar
ts
.

i

ii



A
ck
n
o
w
le
d
g
e
m
e
n
ts

It
is
p
le
a
su
re
fo
r
m
e
ta
k
e
th
e
op
p
or
tu
n
it
y
to
ex
p
re
ss
m
y
gr
at
ef
u
ln
es
s
to

ev
er
y
b
o
d
y
w
h
o
en
a
b
le
d
m
e
to
p
er
fo
rm
th
e
w
o
rk
p
re
se
n
te
d
in
th
is
th
es
is
.

F
ir
st
,
I
w
is
h
to
ex
p
re
ss
m
y
th
a
n
k
s
to
m
y
su
p
er
v
is
or
N
ie
ls
K
j�
st
ad
P
ou
ls
en

(I
M
M
)
an
d
H
en
ri
k
B
in
d
n
er
(R
is
�
N
at
io
n
a
l
L
ab
or
at
or
y
)
fo
r
th
ei
r
w
il
li
n
g
to

b
e
m
y
su
p
er
v
is
o
rs
an
d
th
ei
r
in
te
re
st
s
in
th
e
p
ro
je
ct
.
F
u
rt
h
er
,
I
th
an
k
th
em

fo
r
re
ad
in
g
th
e
�
rs
t
v
er
si
on
of
th
e
th
es
is
a
n
d
fo
r
g
iv
in
g
h
el
p
fu
l
co
m
m
en
ts
.

I
w
ou
ld
al
so
li
k
e
to
th
an
k
th
e
st
a
�
at
th
e
IM
M
,
m
y
fr
ie
n
d
s
A
n
ca
D
an
ie
ll
a

H
a
n
se
n
fo
r
en
jo
ya
b
le
d
a
il
y
co
m
p
an
y,
a
n
d
L
ar
s
H
en
ri
k
H
an
se
n
w
h
o
h
as
al
-

w
ay
s
ti
m
e
an
d
p
a
ti
en
ce
w
it
h
m
y
q
u
es
ti
on
s.
E
sp
ec
ia
ll
y
I
w
is
h
to
th
an
k
th
e

li
b
ra
ri
a
n
F
in
n
K
u
n
o
C
h
ri
st
en
se
n
fo
r
h
is
h
el
p
to
�
n
d
li
te
ra
tu
re
so
u
rc
es
.

I
g
re
at
ly
a
p
p
re
ci
a
te
th
e
su
p
p
or
t
b
y
m
y
p
ar
en
ts
an
d
m
y
p
ar
en
ts
-i
n
-l
aw
,
w
h
o

h
av
e
h
el
p
ed
m
e
to
ta
k
e
ca
re
o
f
m
y
so
n
d
u
ri
n
g
m
y
st
u
d
y.
I
w
ou
ld
al
so
li
ke

to
th
a
n
k
m
y
so
n
Jo
h
a
n
Z
ir
u
o
Y
e
fo
r
h
is
u
n
d
er
st
a
n
d
in
g
.

ii
i

iv F
in
al
ly
,
A
sp
ec
ia
l
ac
k
n
ow
le
d
ge
is
to
m
y
h
u
sb
an
d
T
ao
Y
e,
w
h
o
m
I
ca
n
n
ev
er

th
an
k
en
ou
gh
fo
r
h
is
su
p
p
or
t
a
n
d
en
co
u
ra
ge
m
en
t.

L
y
n
gb
y,
D
en
m
ar
k
,
M
ay
1
99
7
.

X
in
M
a



S
u
m
m
a
ry

T
h
is
th
es
is
is
d
iv
id
ed
in
to
tw
o
p
ar
ts
,
i.
e.
,
ad
ap
ti
v
e
ex
tr
em
u
m
co
n
tr
ol
an
d

m
o
d
el
li
n
g
a
n
d
co
n
tr
ol
of
a
w
in
d
tu
rb
in
e.

T
h
e
�
rs
t
p
ar
t
of
th
e
th
es
is
d
ea
ls
w
it
h
th
e
d
es
ig
n
o
f
ad
ap
ti
ve
ex
tr
em
u
m

co
n
tr
o
ll
er
s
fo
r
so
m
e
p
ro
ce
ss
es
w
h
ic
h
h
av
e
th
e
b
eh
av
io
u
r
th
at
p
ro
ce
ss
sh
ou
ld

h
av
e
as
h
ig
h
e�
ci
en
cy
as
p
os
si
b
le
.

F
ir
st
ly
,
it
is
as
su
m
ed
th
at
th
e
n
on
li
n
ea
r
p
ro
ce
ss
es
ca
n
b
e
d
iv
id
ed
in
to
a

d
y
n
a
m
ic
li
n
ea
r
p
ar
t
an
d
st
at
ic
n
o
n
li
n
ea
r
p
ar
t.
C
o
n
se
q
u
en
tl
y
th
e
p
ro
ce
ss
es

w
it
h
in
p
u
t
n
on
li
n
ea
ri
ty
an
d
ou
tp
u
t
n
on
li
n
ea
ri
ty
a
re
tr
ea
te
d
se
p
ar
at
el
y.

W
it
h
th
e
n
o
n
li
n
ea
ri
ty
at
th
e
in
p
u
t
it
is
ea
sy
to
se
t
u
p
a
m
o
d
el
w
h
ic
h
is

li
n
ea
r
in
p
ar
am
et
er
s,
an
d
th
u
s
d
ir
ec
tl
y
le
n
d
s
it
se
lf
to
p
ar
am
et
er
es
ti
m
at
io
n

an
d
a
d
a
p
ti
ve
co
n
tr
o
l.
T
h
e
ex
tr
em
u
m
co
n
tr
ol
la
w
is
d
er
iv
ed
b
as
ed
on
st
at
ic

o
p
ti
m
iz
a
ti
on
of
a
p
er
fo
rm
an
ce
fu
n
ct
io
n
.

F
or
a
p
ro
ce
ss
w
it
h
n
on
li
n
ea
ri
ty
a
t
o
u
tp
u
t
th
e
in
te
rm
ed
ia
te
si
gn
al
b
et
w
ee
n

th
e
li
n
ea
r
p
ar
t
a
n
d
n
on
li
n
ea
r
p
ar
t
p
la
y
s
an
im
p
or
ta
n
t
ro
le
.
If
it
ca
n
b
e

v

v
i

k
n
ow
n
,
th
e
on
ly
d
i�
er
en
ce
b
et
w
ee
n
th
e
ou
tp
u
t
n
on
li
n
ea
ri
ty
an
d
in
p
u
t
n
on
-

li
n
ea
ri
ty
is
th
at
it
s
ex
tr
em
u
m
co
n
tr
ol
la
w
w
il
l
b
e
d
et
er
m
in
ed
th
ro
u
gh
li
n
ea
r

d
y
n
am
ic
s.
If
th
e
in
te
rm
ed
ia
te
si
gn
al
is
n
ot
av
ai
la
b
le
,
th
e
em
p
h
as
is
w
il
l

b
e
la
id
on
th
e
p
ar
am
et
er
es
ti
m
at
io
n
ap
p
ro
ac
h
es
.
T
h
e
E
K
F
a
n
d
R
P
E
M

m
et
h
o
d
s
ar
e
d
ev
el
op
ed
fo
r
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
fo
r
a
n
on
li
n
ea
r

sy
st
em
.

T
h
e
se
co
n
d
p
ar
t
of
th
e
th
es
is
d
is
cu
ss
es
th
e
as
p
ec
ts
on
m
o
d
el
li
n
g
a
n
d
co
n
tr
ol

of
a
w
in
d
tu
rb
in
e.

S
p
ec
ia
l
at
te
n
ti
on
is
p
ai
d
to
m
at
h
em
at
ic
al
m
o
d
el
li
n
g
of
w
in
d
tu
rb
in
es
w
it
h

em
p
h
as
is
on
co
n
tr
ol
d
es
ig
n
.
T
h
e
m
o
d
el
s
h
av
e
b
ee
n
va
li
d
at
ed
b
y
ex
p
er
im
en
-

ta
l
d
at
a
o
b
ta
in
ed
fr
om
an
ex
is
ti
n
g
w
in
d
tu
rb
in
e.

T
h
e
e�
ec
ti
ve
w
in
d
sp
ee
d
ex
p
er
ie
n
ce
d
b
y
th
e
ro
to
r
of
a
w
in
d
tu
rb
in
e,
w
h
ic
h

is
of
te
n
re
q
u
ir
ed
b
y
so
m
e
co
n
tr
ol
m
et
h
o
d
s,
is
es
ti
m
at
ed
b
y
u
si
n
g
a
w
in
d

tu
rb
in
e
as
a
w
in
d
m
ea
su
ri
n
g
d
ev
ic
e.

T
h
e
in
ve
st
ig
at
io
n
of
co
n
tr
ol
d
es
ig
n
is
d
iv
id
ed
in
to
b
el
ow
ra
te
d
op
er
at
io
n
a
n
d

ab
ov
e
ra
te
d
op
er
at
io
n
.
B
el
ow
ra
te
d
p
ow
er
,
th
e
a
im
of
co
n
tr
ol
is
to
ex
tr
ac
t

m
ax
im
u
m
en
er
gy
fr
om
th
e
w
in
d
.
T
h
e
p
it
ch
an
gl
e
of
th
e
ro
to
r
b
la
d
es
is
�
x
ed

at
it
s
op
ti
m
al
va
lu
e
an
d
tu
rb
in
e
sp
ee
d
is
a
d
ju
st
ed
to
fo
ll
ow
th
e
ch
an
ge
s
in

w
in
d
sp
ee
d
.
A
b
ov
e
ra
te
d
p
ow
er
,
th
e
co
n
tr
ol
d
es
ig
n
p
ro
b
le
m
is
to
li
m
it
an
d

sm
o
o
th
th
e
ou
tp
u
t
el
ec
tr
ic
al
p
ow
er
.
T
h
e
p
it
ch
co
n
tr
o
l
is
in
ve
st
ig
at
ed
fo
r

b
o
th
co
n
st
an
t
sp
ee
d
a
n
d
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
es
.
T
h
e
m
in
im
iz
at
io
n

of
th
e
tu
rb
in
e
tr
an
si
en
t
lo
ad
s
is
fo
cu
ss
ed
in
b
ot
h
ca
se
s.



R
e
su
m
�e
(i
n
D
a
n
is
h
)

N
�
rv
�
re
n
d
e
a
fh
a
n
d
li
n
g
om
h
an
d
le
r
to
re
la
te
re
d
e
em
n
er
,
ad
ap
ti
v
e
ek
st
re
m
u
m
-

s�
ge
re
sa
m
t
m
o
d
el
le
ri
n
g
og
st
y
ri
n
g
af
v
in
d
m
�
ll
er
.

A
fh
a
n
d
li
n
g
en
s
f�
rs
te
d
el
ve
d
r�
re
r
a
d
ap
ti
ve
ek
st
re
m
u
m
s�
ge
re
.
M
�a
le
t
er
at

in
tr
o
d
u
ce
re
en
st
y
ri
n
gs
st
ra
te
g
i,
d
er
�g
er
et
sy
st
em
s
e�
ek
ti
v
it
et
.

F
�
rs
t
an
ta
ge
s
d
et
at
d
en
u
li
n
e�
re
p
ro
ce
s
b
es
t�a
r
a
f
en
li
n
e�
r
d
y
n
am
is
k
d
el

sa
m
t
en
u
li
n
e�
r
st
a
ti
sk
d
el
.
P
ro
ce
ss
er
m
ed
u
li
n
ea
ri
te
te
r
i
u
d
ga
n
ge
n
og
i

in
d
ga
n
g
en
h
a
r
d
er
es
sp
ec
i�
k
ke
eg
en
sk
ab
er
.

H
v
is
u
li
n
ea
ri
te
te
rn
e
er
re
la
te
re
t
ti
l
u
d
ga
n
ge
n
ka
n
sy
st
em
et
le
t
b
es
k
ri
ve
s
af

en
m
o
d
el
d
er
er
li
n
e�
r
i
p
ar
am
et
re
n
e
o
g
f�
lg
el
ig
le
t
in
d
g�
a
i
en
p
ar
am
et
er
-

es
ti
m
a
ti
o
n
og
ad
ap
ti
v
re
gu
le
ri
n
g.
D
en
ek
st
re
m
u
m
s�
ge
n
d
e
st
y
re
st
ra
te
gi
er

u
d
le
d
t
u
d
fr
a
st
at
is
ke
o
p
ti
m
er
in
g
sm
et
o
d
er
.

H
v
is
u
li
n
ea
ri
te
te
n
er
re
la
te
re
t
ti
l
in
d
g
an
g
en
a
f
sy
st
em
et
sp
il
le
r
d
et
p
ar
ti
el
le

si
gn
al
m
el
le
m
li
n
e�
r
og
u
li
n
e�
r
d
el
en
b
es
ty
d
el
ig
ro
ll
e.
E
r
d
et
te
si
gn
al
ke
n
d
t

el
le
r
m
�a
lt
b
es
t�a
r
d
en
ek
st
re
m
u
m
s�
ge
n
d
e
st
y
re
st
ra
te
g
i
af
en
op
ti
m
er
in
g
v
ia

v
ii

v
ii
i

d
en
li
n
e�
re
d
y
n
am
ik
.
E
r
d
et
te
si
gn
al
ik
ke
ti
lg
�
n
ge
li
gt
m
�a
en
es
ti
m
at
io
n
s-

b
as
er
et
m
et
o
d
e
an
ve
n
d
es
.
E
n
E
K
F
og
en
R
P
E
M

m
et
o
d
e
er
u
d
v
ik
le
t
fo
r

ti
ls
ta
n
d
s
og
p
ar
am
et
er
es
ti
m
at
io
n
.

A
fh
an
d
li
n
ge
n
s
an
d
en
d
el
ve
d
r�
re
r
m
o
d
el
le
ri
n
g
og
st
y
ri
n
g
af
v
in
d
m
�l
le
r.

I
m
o
d
el
le
ri
n
ge
n
er
d
er
fo
k
u
se
re
t
p�
a
an
ve
n
d
el
se
n
af
m
o
d
el
le
n
ti
l
re
gu
la
to
r

d
es
ig
n
.
M
o
d
el
le
n
er
b
le
ve
t
va
li
d
er
et
m
o
d
ek
sp
er
im
en
te
ll
e
d
at
a.

D
en
e�
ek
ti
ve
v
in
d
h
as
ti
gh
ed
er
en
m
o
d
el
le
ri
n
gs
te
k
n
is
k
st
�r
re
ls
e,
so
m
er
et

u
d
tr
y
k
fo
r
v
in
d
en
s
p�
av
ir
k
n
in
g
af
v
in
d
m
�l
le
n
og
an
ve
n
d
es
of
te
i
fr
em
ko
b
li
n
gs
-

d
el
en
fo
r
en
st
y
ri
n
g.
D
er
er
i
a
fh
an
d
li
n
ge
n
b
es
k
re
ve
t
og
d
is
k
u
te
re
t
m
et
o
d
er

ti
l
es
ti
m
at
io
n
a
f
d
en
e�
ek
ti
ve
v
in
d
h
as
ti
gh
ed
m
ed
v
in
d
m
�l
le
n
so
m
eg
en
tl
ig
t

m
�a
le
sy
st
em
.

S
ty
ri
n
g
af
en
v
in
d
m
�l
le
b
es
t�a
r
af
to
op
ga
ve
r.
U
n
d
er
n
om
in
el
v
in
d
h
as
ti
gh
ed

er
m
�a
le
t
at
op
ti
m
er
e
d
en
e�
ek
t
d
er
u
d
n
y
tt
es
fr
a
v
in
d
en
.
V
in
d
m
�l
le
n
s
b
la
d
-

v
in
ke
l
er
fa
st
l�a
st
v
ed
d
en
op
ti
m
al
e
u
d
n
y
tt
el
se
sg
ra
d
og
om
l�
b
st
al
le
t
ju
st
er
es

ti
l
at
f�
lg
e
va
ri
at
io
n
er
n
e
i
v
in
d
h
as
ti
gh
ed
en
.
O
v
er
n
om
in
el
v
in
d
h
as
ti
gh
ed

er
m
�a
le
t
at
b
eg
r�
n
se
d
en
op
ta
gn
e
e�
ek
t
ti
l
en
p
r�
sp
ec
i�
ce
re
t
st
�r
re
ls
e.

I
af
h
an
d
li
n
ge
n
b
eh
an
d
le
s
b
la
d
v
in
ke
lr
eg
u
le
ri
n
g
m
ed
b�
a
d
e
k
on
st
an
t
og
va
ri
-

ab
el
t
om
l�
b
st
al
.



ix

P
ar
ts
o
f
th
is
th
es
is
h
av
e
p
re
v
io
u
sl
y
b
ee
n
p
u
b
li
sh
ed
in

�
X
in
M
a.
M
od
el
li
n
g
a
n
d
C
on
tr
o
l
of
a
W
in
d
T
u
rb
in
e.
M
as
te
r'
s
th
es
is
,

N
o.
2
5/
93
,
IM
S
O
R
,
D
T
U
.

�
X
in
M
a
,
N
ie
ls
K
.
P
o
u
ls
en
an
d
H
en
ri
k
B
in
d
n
er
.
M
od
el
li
n
g
a
n
d
C
on
tr
ol

of
a
W
in
d
T
u
rb
in
e.
T
ec
h
n
ic
al
re
p
or
t,
IM
M
-r
ep
-1
99
4-
27
,
IM
M
,
D
T
U
.

�
X
in
M
a,
N
ie
ls
K
.
P
ou
ls
en
a
n
d
H
en
ri
k
B
in
d
n
er
.
E
st
im
at
io
n
of
W
in
d

S
pe
ed
in
C
on
n
ec
ti
o
n
to
a
W
in
d
T
u
rb
in
e.
T
ec
h
n
ic
al
re
p
or
t,
IM
M
-r
ep
-

1
99
5
-2
6
,
IM
M
,
D
T
U
.

�
X
in
M
a,
N
ie
ls
K
.
P
ou
ls
en
an
d
H
en
ri
k
B
in
d
n
er
.
A
P
it
ch
R
eg
u
la
te
d

V
ar
ia
bl
e
S
pe
ed
W
in
d
T
u
rb
in
e.
T
ec
h
n
ic
al
re
p
or
t,
IM
M
-r
ep
-1
99
5-
27
,

IM
M
,
D
T
U
.

�
X
in
M
a
a
n
d
N
ie
ls
K
.
P
ou
ls
en
.
A
da
pt
iv
e
E
xt
re
m
u
m
C
on
tr
ol
.
T
ec
h
n
ic
al

re
p
or
t,
IM
M
-r
ep
-1
99
6
-2
3,
IM
M
,
D
T
U
.

�
X
in
M
a,
N
ie
ls
K
.
P
ou
ls
en
a
n
d
H
en
ri
k
B
in
d
n
er
.
E
st
im
at
io
n
of
W
in
d

S
pe
ed
in
C
on
n
ec
ti
on
to
a
W
in
d
T
u
rb
in
e.
A
cc
ep
te
d
b
y
th
e
IA
S
T
E
D

In
te
rn
a
ti
on
al
C
o
n
fe
re
n
ce
on
C
on
tr
o
l,
M
ex
ic
o,
M
ay
,
19
9
7.

�
X
in
M
a,
N
ie
ls
K
.
P
o
u
ls
en
an
d
H
en
ri
k
B
in
d
n
er
.
E
xt
re
m
u
m
T
ra
ck
in
g

C
o
n
tr
ol
o
f
a
W
in
d
T
u
rb
in
e.
T
ec
h
n
ic
al
re
p
or
t,
to
ap
p
ea
r,
IM
M
,
D
T
U
.

x



C
o
n
te
n
ts

P
re
fa
c
e

i

A
ck
n
o
w
le
d
g
e
m
e
n
ts

ii
i

S
u
m
m
a
ry

v

R
e
su
m
�e
(i
n
D
a
n
is
h
)

v
ii

I

A
d
a
p
ti
v
e
E
x
tr
e
m
u
m

C
o
n
tr
o
l

1

G
lo
ss
a
ry

3

1

In
tr
o
d
u
c
ti
o
n

5

x
i

x
ii

C
O
N
T
E
N
T
S

2

M
o
d
e
ls
o
f
N
o
n
li
n
e
a
r
D
y
n
a
m
ic
P
ro
c
e
ss
e
s

1
7

2.
1

M
o
d
el
s
in
in
p
u
t-
ou
tp
u
t
fo
rm
u
la
e
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
1
9

2.
1.
1

N
on
li
n
ea
ri
ty
at
in
p
u
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
1
9

2.
1.
2

N
on
li
n
ea
ri
ty
at
o
u
tp
u
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
1

2.
1.
3

S
om
e
ge
n
er
al
n
on
li
n
ea
r
m
o
d
el
s
.
.
.
.
.
.
.
.
.
.
.
.
.
2
2

2.
2

M
o
d
el
s
in
st
at
e-
sp
ac
e
fo
rm
u
la
e
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
4

2.
2.
1

N
on
li
n
ea
ri
ty
at
in
p
u
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
4

2.
2.
2

N
on
li
n
ea
ri
ty
at
o
u
tp
u
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
5

2.
2.
3

A
ge
n
er
al
n
on
li
n
ea
r
st
at
e-
sp
ac
e
m
o
d
el
.
.
.
.
.
.
.
.
.
2
6

2.
3

S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
7

3

In
p
u
t
N
o
n
li
n
e
a
ri
ty

2
9

3.
1

A
d
ap
ti
ve
ex
tr
em
u
m
co
n
tr
ol
fo
r
H
am
m
er
st
ei
n
m
o
d
el
.
.
.
.
.
3
1

3.
1.
1

T
h
e
m
o
d
i�
ed
H
am
m
er
st
ei
n
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
3
1

3.
1.
2

E
x
tr
em
u
m
co
n
tr
ol
la
w
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
3
2

3.
1.
3

P
ar
am
et
er
es
ti
m
at
io
n

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
3
4



C
O
N
T
E
N
T
S

x
ii
i

3
.1
.4

T
h
e
ad
ap
ti
ve
ex
tr
em
u
m
co
n
tr
ol
a
lg
or
it
h
m

.
.
.
.
.
.
.
35

3.
2

C
a
se
st
u
d
ie
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
39

3.
3

C
o
n
ve
rg
en
ce
an
a
ly
si
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
44

3
.4

S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
47

4

O
u
tp
u
t
N
o
n
li
n
e
a
ri
ty

4
9

4
.1

B
a
si
c
ex
tr
em
u
m
co
n
tr
ol
la
w
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
50

4
.2

T
h
e
in
te
rm
ed
ia
te
si
gn
al
is
m
ea
su
ra
b
le
.
.
.
.
.
.
.
.
.
.
.
.
.
52

4
.3

T
h
e
in
te
rm
ed
ia
te
si
gn
al
is
n
ot
m
ea
su
ra
b
le
.
.
.
.
.
.
.
.
.
.
.
59

4.
3.
1

T
h
e
E
K
F
as
a
p
ar
am
et
er
es
ti
m
at
or
fo
r
th
e
n
on
li
n
ea
r

sy
st
em
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
60

4.
3.
2

T
h
e
R
P
E
M
ap
p
li
ed
to
th
e
in
n
ov
at
io
n
s
m
o
d
el
.
.
.
.
.
69

4.
3.
3

T
h
e
m
o
d
i�
ed
re
cu
rs
iv
e
p
re
d
ic
ti
on
er
ro
r
m
et
h
o
d
.
.
.
.
76

4.
4

S
u
m
m
a
ry
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
82

5

C
o
n
c
lu
si
o
n
s

8
5

B
ib
li
o
g
ra
p
h
y

8
9

x
iv

C
O
N
T
E
N
T
S

II

M
o
d
e
ll
in
g
a
n
d
C
o
n
tr
o
l
o
f
A

W
in
d
T
u
rb
in
e

9
5

G
lo
ss
a
ry

9
7

6

In
tr
o
d
u
c
ti
o
n

1
0
1

6.
1

A
w
in
d
tu
rb
in
e
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
10
2

6.
2

T
h
e
tu
rb
in
e
co
n
tr
o
l
p
ro
b
le
m
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
1
0
3

6
.3

O
u
tl
in
e
of
th
e
se
co
n
d
p
ar
t
of
th
e
th
es
is
.
.
.
.
.
.
.
.
.
.
.
.
.
10
7

7

S
im
u
la
ti
o
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

1
0
9

7.
1

In
tr
o
d
u
ct
io
n
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
10
9

7
.2

W
in
d
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
11
1

7.
2.
1

T
h
e
p
oi
n
t
w
in
d
sp
ee
d

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
11
2

7.
2.
2

T
h
e
w
in
d
ex
p
er
ie
n
ce
d
b
y
th
e
ro
to
r
.
.
.
.
.
.
.
.
.
.
.
11
5

7.
2.
3

T
h
e
ap
p
ro
x
im
at
ed
e�
ec
ti
ve
w
in
d
sp
ee
d

.
.
.
.
.
.
.
.
1
1
5

7
.3

A
er
o
d
y
n
am
ic
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
12
0

7.
3.
1

A
er
o
d
y
n
am
ic
p
ow
er
a
n
d
to
rq
u
e
.
.
.
.
.
.
.
.
.
.
.
.
.
12
2



C
O
N
T
E
N
T
S

x
v

7
.3
.2

3p
e�
ec
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
12
4

7
.3
.3

A
x
ia
l
fo
rc
e

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
12
5

7.
4

S
tr
u
ct
u
ra
l
d
y
n
am
ic
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
12
6

7
.5

D
ri
v
e
tr
ai
n

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
12
8

7.
6

G
en
er
at
or
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
13
0

7
.6
.1

C
o
n
st
a
n
t
sp
ee
d
p
ow
er
g
en
er
at
io
n
u
n
it
.
.
.
.
.
.
.
.
.
13
1

7.
6
.2

V
ar
ia
b
le
sp
ee
d
p
ow
er
g
en
er
at
or
u
n
it
.
.
.
.
.
.
.
.
.
.
13
4

7.
7

P
it
ch
a
ct
u
at
or

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
13
5

7.
8

A
n
en
ti
re
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
13
7

7
.9

V
al
id
at
io
n
o
f
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
13
7

7
.9
.1

V
a
li
d
at
io
n
of
T
3
P

m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
13
9

7.
9
.2

V
al
id
at
io
n
re
su
lt
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
14
0

7.
9.
3

A
n
ot
h
er
ex
p
er
im
en
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
14
2

7.
10
S
im
u
la
ti
on
o
f
th
e
u
n
co
n
tr
ol
le
d
w
in
d
tu
rb
in
e
.
.
.
.
.
.
.
.
.
.
14
3

7.
1
1
S
u
m
m
a
ry
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
14
5

x
v
i

C
O
N
T
E
N
T
S

8

D
e
si
g
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

1
4
7

8.
1

L
in
ea
r
st
at
e-
sp
ac
e
m
o
d
el
s
of
th
e
p
la
n
t
.
.
.
.
.
.
.
.
.
.
.
.
.
14
9

8.
1.
1

A
er
o
d
y
n
am
ic
to
rq
u
e
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
14
9

8.
1.
2

D
ri
v
e
tr
ai
n
an
d
ge
n
er
at
or
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
15
0

8.
1.
3

A
b
ov
e
th
e
ra
te
d
w
in
d
sp
ee
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
15
0

8.
1.
4

B
el
ow
th
e
ra
te
d
w
in
d
sp
ee
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
1
5
5

8
.2

N
oi
se
m
o
d
el
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
15
7

8
.3

A
co
m
p
os
it
e
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
15
8

8
.4

D
is
cr
et
e
ti
m
e
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
15
9

8.
5

S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
16
1

9

E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d
S
p
e
e
d

1
6
3

9.
1

T
h
e
N
ew
to
n
-R
ap
h
so
n
m
et
h
o
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
16
5

9.
2

T
h
e
K
al
m
an
�
lt
er
m
et
h
o
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
16
9

9.
3

T
h
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
m
et
h
o
d

.
.
.
.
.
.
.
.
.
.
.
.
.
.
17
2

9.
3.
1

A
b
ov
e
ra
te
d
w
in
d
sp
ee
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
17
3



C
O
N
T
E
N
T
S

x
v
ii

9
.3
.2

B
el
ow
ra
te
d
w
in
d
sp
ee
d

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
17
7

9.
4

A
co
m
p
a
ri
so
n
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
17
9

9.
5

T
es
t
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
18
1

9
.6

D
is
cu
ss
io
n
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
18
4

9.
7

S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
18
6

1
0
C
o
n
tr
o
l
A
b
o
v
e
R
a
te
d
P
o
w
e
r

1
8
7

10
.1
P
I
p
it
ch
co
n
tr
ol
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
19
0

10
.2
L
Q
G
p
it
ch
co
n
tr
o
l
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
19
5

10
.3
C
om
b
in
ed
va
ri
ab
le
sp
ee
d
an
d
p
it
ch
co
n
tr
o
l

.
.
.
.
.
.
.
.
.
.
20
2

1
0.
4
S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
20
7

1
1
C
o
n
tr
o
l
B
e
lo
w
R
a
te
d
P
o
w
e
r

2
1
1

11
.1
L
Q
G
sp
ee
d
co
n
tr
ol
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
21
4

11
.2
T
ra
ck
in
g
co
n
tr
ol
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
22
1

11
.3
Im
p
le
m
en
ta
ti
on
of
co
n
tr
ol
sy
st
em

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
22
7

11
.4
S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
23
0

x
v
ii
i

C
O
N
T
E
N
T
S

1
2
S
u
m
m
a
ry
a
n
d
C
o
n
c
lu
si
o
n
s

2
3
3

B
ib
li
o
g
ra
p
h
y

2
4
1

A

O
p
ti
m
iz
a
ti
o
n
B
a
ck
g
ro
u
n
d

2
4
3

A
.1

S
ea
rc
h
in
g
fo
r
an
ex
tr
em
u
m

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
24
4

A
.2

H
il
l-
cl
im
b
in
g
al
go
ri
th
m
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
24
6

A
.3

G
ra
d
ie
n
t
m
et
h
o
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
24
8

A
.4

T
h
e
N
ew
to
n
m
et
h
o
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
2
5
0

A
.5

G
au
ss
-N
ew
to
n
m
et
h
o
d
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
25
3

A
.6

L
in
e
se
ar
ch
te
ch
n
iq
u
e

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
25
4

A
.7

S
u
m
m
ar
y
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
25
8

B

C
o
n
v
e
rg
e
n
c
e
A
n
a
ly
si
s
fo
r
R
e
c
u
rs
iv
e
A
lg
o
ri
th
m
s

2
6
1

B
.1

B
as
ic
id
ea
s
of
O
D
E
a
p
p
ro
ac
h

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
26
2

B
.2

G
en
er
al
re
su
lt
s
of
O
D
E

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
26
6

B
.3

L
o
ca
l
co
n
v
er
ge
n
ce
of
re
cu
rs
iv
e
le
as
t
sq
u
ar
e
al
go
ri
th
m
.
.
.
.
.
26
8



C
O
N
T
E
N
T
S

x
ix

C

T
h
e
E
K
F
a
s
a
J
o
in
t
st
a
te
a
n
d
P
a
ra
m
e
te
r
E
st
im
a
to
r

2
7
1

C
.1

E
x
te
n
d
ed
K
al
m
a
n
�
lt
er

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
27
2

C
.2

T
h
e
sy
st
em

.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
27
3

C
.3

T
h
e
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
27
4

C
.4

J
oi
n
t
p
ar
am
et
er
an
d
st
at
e
es
ti
m
at
io
n
.
.
.
.
.
.
.
.
.
.
.
.
.
.
27
4

C
.5

C
o
n
ve
rg
en
ce
an
al
y
si
s
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
28
0

D

T
h
e
R
P
E
M
e
th
o
d
A
p
p
li
e
d
to
th
e
In
n
o
v
a
ti
o
n
s
M
o
d
e
l

2
8
5

D
.1
T
h
e
m
o
d
el
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
28
5

D
.2
T
h
e
al
go
ri
th
m
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
.
28
6

E

T
e
k
n
is
k
e
D
a
ta
fo
r
W
D
3
4
W
in
d
T
u
rb
in
e

2
9
1

P
a
r
t
I

A
d
a
p
ti
v
e
E
x
tr
e
m
u
m

C
o
n
tr
o
l

1



3

G
lo
ss
a
ry

N
o
ta
ti
o
n
s

A
,B
,C
,D

M
at
ri
ce
s
in
st
at
e-
sp
ac
e
m
o
d
el

F
,H
,M

M
at
ri
ce
s
in
st
at
e-
sp
ac
e
m
o
d
el

A
(q
�
1
)

A
-p
ol
y
n
om
ia
l
in
op
er
at
or
q�
1
fo
r
in
p
u
t-
ou
tp
u
t
m
o
d
el

B
(q
�
1
)

B
-p
ol
y
n
om
ia
l
in
op
er
at
or
q�
1
fo
r
in
p
u
t-
ou
tp
u
t
m
o
d
el

C
(q
�
1
)

C
-p
ol
y
n
om
ia
l
in
op
er
at
or
q�
1
fo
r
in
p
u
t-
ou
tp
u
t
m
o
d
el

e(
t)

W
h
it
e
n
oi
se

f

N
on
li
n
ea
r
fu
n
ct
io
n

g

G
ra
d
ie
n
t
m
at
ri
x

H

H
es
si
an
m
at
ri
x

K

K
al
m
an
ga
in
m
at
ri
x

K
x

S
ta
te
u
p
d
at
e
m
at
ri
x

K
�

P
ar
am
et
er
u
p
d
at
e
m
at
ri
x

P
(t
)

R
(t
)�
1

R
(t
)

H
es
si
an
ap
p
ro
x
im
at
io
n
in
G
au
ss
-N
ew
to
n
al
go
ri
th
m

u
(t
)

In
p
u
t
si
gn
al

u
p
(t
)

P
er
tu
rb
at
io
n
si
gn
al

V
(�)

C
ri
te
ri
on

x
(t
)

S
ta
te
v
ec
to
r

y
(t
)

O
u
tp
u
t
si
gn
al

w
(t
)

N
oi
se
se
q
u
en
ce

W
(t
)

G
ra
d
ie
n
t
of
th
e
es
ti
m
at
ed
st
at
e

^y
(t
)

P
re
d
ic
to
r
u
si
n
g
ru
n
n
in
g
es
ti
m
at
e



4 z
(t
)

In
te
rm
ed
ia
te
si
g
n
al

�(
t)

P
re
d
ic
ti
on
er
ro
r

�

P
ar
am
et
er
ve
ct
o
r

^ �(
t)

R
ec
u
rs
iv
e
es
ti
m
a
te
of
�

� 0

T
ru
e
va
lu
e
of
�

��

C
on
v
er
ge
n
t
p
oi
n
t
of
�

'
(t
)

V
ec
to
r
fo
rm
ed
fr
om
ob
se
rv
ed
d
a
ta

�
(t
)

G
ra
d
ie
n
t
of
th
e
p
re
d
ic
ti
on
er
ro
r

�

S
te
p
si
ze

�

C
ov
a
ri
a
n
ce
m
a
tr
ix
o
f
p
re
d
ic
ti
on
er
ro
r

^ �
(t
)

E
st
im
a
te
d
co
va
ri
an
ce
m
at
ri
x
of
p
re
d
ic
ti
on
er
ro
r

�

In
cr
em
en
t
o
p
er
at
or

A
b
b
re
v
ia
ti
o
n
s

E
K
F

E
x
te
n
d
ed
K
a
lm
an
F
il
te
r

L
H
P

L
ef
t
H
a
lf
P
la
n
e

O
D
E

O
rd
in
a
ry
D
i�
er
en
ti
al
E
q
u
a
ti
on

P
R
B
S

P
se
u
d
o
ra
n
d
om
B
in
ar
y
S
eq
u
en
ce

R
E
L
S

R
ec
u
rs
iv
e
E
x
te
n
d
ed
L
ea
st
S
q
u
a
re
s

R
L
S

R
ec
u
rs
iv
e
L
ea
st
S
q
u
a
re
s

R
M
L

R
ec
u
rs
iv
e
M
ax
im
u
m
L
ik
el
ih
o
o
d

R
P
E
M

R
ec
u
rs
iv
e
P
re
d
ic
ti
on
E
rr
or
M
et
h
o
d

C
h
a
p
te
r
1

In
tr
o
d
u
c
ti
o
n

In
m
os
t
co
n
tr
ol
p
ro
b
le
m
s,
th
e
ta
sk
of
a
re
gu
la
to
r
is
to
ke
ep
so
m
e
va
ri
ab
le
s

at
co
n
st
an
t
va
lu
es
,
or
to
m
ak
e
th
em
fo
ll
ow
re
fe
re
n
ce
si
gn
al
s.
In
ge
n
er
al
,
th
e

sy
st
em
is
as
su
m
ed
to
b
e
li
n
ea
r,
an
d
it
is
p
os
si
b
le
,
in
p
ri
n
ci
p
le
,
to
d
ri
ve
th
e

ou
tp
u
t
to
a
n
y
p
re
sc
ri
b
ed
va
lu
e.
W
it
h
su
ch
p
ro
b
le
m
s
th
e
re
fe
re
n
ce
va
lu
es

ar
e
of
te
n
ea
si
ly
d
et
er
m
in
ed
.
It
ca
n
b
e
th
e
d
es
ir
ed
al
ti
tu
d
e
of
an
ai
rp
la
n
e,

th
e
p
re
d
e�
n
ed
co
n
ce
n
tr
at
io
n
of
a
p
ro
d
u
ct
.
In
th
es
e
ca
se
s
th
e
co
n
tr
ol
ac
ti
on

is
to
op
ti
m
iz
e
a
co
st
fu
n
ct
io
n
b
y
in
vo
lv
in
g
a
n
es
ti
m
a
te
d
sy
st
em
m
o
d
el
.

O
n
ot
h
er
o
cc
as
io
n
s,
it
ca
n
b
e
m
or
e
d
i�
cu
lt
to
�
n
d
th
e
su
it
ab
le
re
fe
re
n
ce

va
lu
es
or
th
e
b
es
t
o
p
er
a
ti
n
g
p
o
in
ts
o
f
a
p
ro
ce
ss
.
A
n
u
m
b
er
of
in
d
u
st
ri
al

p
ro
ce
ss
es
h
av
e
th
e
b
eh
av
io
u
r
th
at
th
e
p
ro
ce
ss
sh
ou
ld
h
av
e
a
s
h
ig
h
e�
ci
en
cy

as
p
os
si
b
le
,
th
ei
r
p
er
fo
rm
an
ce
ca
n
b
e
im
p
ro
ve
d
b
y
ad
ju
st
in
g
p
la
n
t
va
ri
-

ab
le
s
so
as
to
m
ax
im
iz
e
o
r
m
in
im
iz
e
th
e
p
er
fo
rm
an
ce
cr
it
er
io
n
.
T
o
tr
ac
k
a

5



6

C
h
a
p
te
r
1
.
In
tr
o
d
u
c
ti
o
n

va
ry
in
g
m
ax
im
u
m
or
m
in
im
u
m
is
ca
ll
ed
ex
tr
em
u
m
co
n
tr
ol
.
T
h
er
e
ar
e
se
v
-

er
a
l
ex
am
p
le
s
o
f
p
ra
ct
ic
al
sy
st
em
s
th
at
ex
h
ib
it
th
is
ty
p
e
of
b
eh
av
io
u
r,
e.
g.
,

p
ow
er
ge
n
er
at
io
n
sy
st
em
,
ch
em
ic
al
an
d
co
m
b
u
st
io
n
p
ro
ce
ss
es
.
O
n
e
ap
p
li
-

ca
ti
on
is
sp
ar
k
-i
g
n
it
io
n
au
to
m
o
ti
v
e
en
gi
n
e.
T
h
e
fu
el
co
n
su
m
p
ti
on
of
a
ca
r

d
ep
en
d
s,
am
on
g
o
th
er
th
in
gs
,
o
n
th
e
ig
n
it
io
n
a
n
gl
e.
T
h
e
ta
sk
of
ad
ap
ti
ve

ex
tr
em
u
m
co
n
tr
ol
is
to
ad
ju
st
sp
ar
k
ig
n
it
io
n
an
gl
e
a
n
d
o
p
er
at
e
th
e
en
gi
n
e
at

a
p
re
d
et
er
m
in
ed
op
ti
m
u
m
va
lu
e.
A
n
ot
h
er
ex
a
m
p
le
is
or
e-
gr
in
d
in
g,
w
h
er
e

th
e
gr
in
d
in
g
e�
ci
en
cy
w
il
l
va
ry
w
it
h
th
e
�
ll
in
g
d
eg
re
e
of
th
e
m
il
l,
w
h
ic
h

ca
n
b
e
co
n
tr
ol
le
d
th
ro
u
gh
th
e
in
co
m
in
g


ow
o
f
ra
w
m
at
er
ia
l.
T
h
e
op
ti
m
al

p
o
in
t
in
m
ax
im
iz
in
g
e�
ci
en
cy
m
ay
d
ep
en
d
on
th
e
q
u
a
li
ty
an
d
co
m
p
os
it
io
n

of
th
is
ra
w
m
at
er
ia
l.
F
or
a
w
in
d
tu
rb
in
e,
th
e
p
it
ch
an
gl
e
of
b
la
d
es
or
th
e

ro
to
r
sp
ee
d
of
w
in
d
tu
rb
in
e
is
ch
an
ge
d
d
ep
en
d
in
g
on
th
e
w
in
d
sp
ee
d
to
gi
ve

m
a
x
im
u
m
ou
tp
u
t
p
ow
er
.
T
h
is
is
al
so
an
ex
tr
em
u
m
co
n
tr
ol
p
ro
b
le
m
.

E
x
tr
em
u
m
co
n
tr
o
l
sy
st
em
s
h
av
e
on
e
m
a
jo
r
ch
ar
ac
te
ri
st
ic
in
co
m
m
on
.
In

th
e
ab
se
n
ce
of
d
is
tu
rb
a
n
ce
,
th
e
st
a
ti
c
re
sp
on
se
cu
rv
e
re
la
ti
n
g
th
e
ou
tp
u
ts

to
in
p
u
ts
is
n
on
li
n
ea
r
an
d
h
as
at
le
as
t
on
e
ex
tr
em
u
m
.
T
h
e
ob
je
ct
iv
e
of

ex
tr
em
u
m
co
n
tr
ol
is
to
ke
ep
th
e
p
ro
ce
ss
o
p
er
a
ti
n
g
a
t,
or
in
th
e
v
ic
in
it
y
o
f,

th
e
ex
tr
em
u
m
p
oi
n
t
o
f
th
e
p
er
fo
rm
an
ce
fu
n
ct
io
n
or
p
ro
ce
ss
ou
tp
u
t
d
es
p
it
e

ch
an
ge
s
in
th
e
p
ro
ce
ss
or
in


u
en
ce
of
d
is
tu
rb
an
ce
s.

A
co
m
m
o
n
as
su
m
p
ti
on
is
th
at
th
er
e
is
n
on
d
y
n
am
ic
s
in
th
e
sy
st
em
.
T
h
is
is

ca
ll
ed
st
at
ic
sy
st
em
.
In
p
ra
ct
ic
e,
th
is
co
n
d
it
io
n
ca
n
b
e
fu
l�
ll
ed
b
y
u
si
n
g
a

su
�
ci
en
tl
y
la
rg
e
sa
m
p
li
n
g
in
te
rv
al
.
B
u
t
th
e
re
su
lt
m
ay
b
e
a
sl
ow
o
p
ti
m
iz
a-

ti
o
n
.
In
m
an
y
ca
se
s,
h
ow
ev
er
,
st
at
ic
m
o
d
el
s
m
ay
b
e
a
d
eq
u
at
e,
an
d
st
o
ch
as
ti
c

a
p
p
ro
x
im
a
ti
on
m
et
h
o
d
s
ca
n
th
en
b
e
u
se
d
fo
r
op
ti
m
iz
at
io
n
to
h
an
d
le
n
oi
se

m
ea
su
re
m
en
ts
.

7

A
ct
u
al
ly
m
or
e
co
m
m
on
ca
se
s
in
p
ra
ct
ic
e
ar
e
th
e
in
p
u
t
si
gn
al
w
il
l
in


u
en
ce

th
e
sy
st
em

b
eh
av
io
u
r
at
su
b
se
q
u
en
t
ti
m
es
,
i.
e.
,
th
e
p
er
fo
rm
an
ce
h
as
n
ot

se
tt
le
d
at
n
ew
st
ea
d
y
-s
ta
te
va
lu
e
b
ef
or
e
th
e
n
ex
t
m
ea
su
re
m
en
t
is
ta
ke
n
.

T
h
is
is
so
ca
ll
ed
d
y
n
am
ic
sy
st
em
.
O
n
e
of
m
et
h
o
d
s
to
h
an
d
le
th
is
k
in
d
of

sy
st
em
is
to
d
er
iv
e
a
n
on
li
n
ea
r
d
y
n
am
ic
m
o
d
el
.

[B
la
ck
m
an
19
62
]
is
a
g
o
o
d
in
tr
o
d
u
ct
io
n
to
th
e
�
el
d
of
ex
tr
em
u
m
co
n
tr
ol
.

T
h
e
cl
as
si
�
ca
ti
on
u
se
d
in
th
is
p
ap
er
is
pe
rt
u
rb
at
io
n
sy
st
em
s,
sw
it
ch
in
g
sy
s-

te
m
s
an
d
se
lf
dr
iv
in
g
sy
st
em
s.
In
th
e
pe
rt
u
rb
at
io
n
sy
st
em
s,
th
e
e�
ec
t
at

ou
tp
u
t
fr
om
a
k
n
ow
n
si
gn
al
ad
d
ed
to
th
e
in
p
u
t
is
u
se
d
to
d
er
iv
e
in
fo
rm
a-

ti
on
ab
ou
t
th
e
sl
op
e
of
th
e
n
on
li
n
ea
ri
ty
.
T
h
e
in
fo
rm
at
io
n
is
th
en
u
se
d
to

d
ri
v
e
th
e
sy
st
em

an
d
ke
ep
th
e
sl
o
p
e
as
cl
o
se
to
ze
ro
a
s
p
o
ss
ib
le
.
In
a
so

ca
ll
ed
sw
it
ch
in
g
sy
st
em
,
th
e
in
p
u
t
is
d
ri
ve
n
b
y
a
co
n
st
an
t
sp
ee
d


ip
-

op
w
it
h

tw
o
st
at
es
.
If
th
e
ex
tr
em
u
m
is
p
as
se
d
,
th
e
d
ir
ec
ti
on
of
in
p
u
t
d
ri
ft
is
th
en

re
ve
rs
ed
ac
co
rd
in
g
to
so
m
e
�
x
ed
ru
le
s.
T
h
e
sy
st
em
ca
n
th
en
b
e
op
er
at
ed
in

th
e
n
ei
gh
b
ou
rh
o
o
d
of
th
e
ex
tr
em
u
m
.
T
h
e
se
lf
dr
iv
in
g
sy
st
em
s
u
se
m
ea
su
re
-

m
en
ts
of
th
e
ti
m
e
d
er
iv
at
iv
e
of
th
e
ou
tp
u
t
to
d
et
er
m
in
e
th
e
in
p
u
t.
If
th
e

p
ro
ce
ss
is
st
ar
te
d
in
th
e
co
rr
ec
t
d
ir
ec
ti
on
,
it
w
il
l
co
n
ti
n
u
e
u
n
ti
l
ex
tr
em
u
m

is
re
ac
h
ed
.

A
fo
u
rt
h
cl
as
s
of
m
et
h
o
d
s
th
at
is
n
ot
d
es
cr
ib
ed
in
[B
la
ck
m
an
19
62
]
h
as
b
ee
n

d
ev
el
op
ed
la
te
r
on
.
It
is
b
as
ed
on
u
si
n
g
a
p
ar
am
et
er
iz
ed
m
o
d
el
in
co
m
b
in
in
g

p
ar
am
et
er
id
en
ti
�
ca
ti
on
an
d
ex
tr
em
u
m
co
n
tr
ol
.
T
h
e
p
ro
je
ct
p
re
se
n
te
d
h
er
e

is
b
as
ed
on
th
is
ty
p
e
of
m
et
h
o
d
s.

S
in
ce
fe
w
er
id
ea
s
fo
r
ex
tr
em
u
m
co
n
tr
ol
h
av
e
em
er
ge
d
si
n
ce
60
's
.
It
is
th
en

st
il
lw
or
th
m
en
ti
on
in
g
th
e
th
re
e
ty
p
es
of
m
et
h
o
d
s
cl
as
si
�
ed
b
y
[B
la
ck
m
an
19
6

T
h
e
m
et
h
o
d
s
w
er
e
la
te
r
su
m
m
ar
iz
ed
b
y
[S
te
rn
b
y
80
b
].



8 Chapter 1. Introduction

Perturbation methods

The basic idea of perturbation methods is to add a periodic test signal to

the control signal, and observe its e�ect at the output. The task of an

extremum controller in the perturbation methods is to keep the gradient of

the nonlinearity at zero.

Input

Output

Figure 1.1. E�ect of input test signal at the output for a static nonlinearity.

The e�ect of an input test signal at output of a static nonlinearity is illus-

trated in Figure 1.1. The most commonly used test signal form is sinusoid.

However, if the system contains dynamics, the dynamics will then introduce

a phase lag � in the test signal component of the output. The result of

correlation will be multiplied by a factor cos �. This gives a sign error

in the correlation signal if � > 900. This situation can be avoided if a

corresponding phase lag is introduced to the test signal before correlation.

Another way is to use a perturbation signal of su�ciently low frequency.

The phase lag will then be small, so that the dynamics can be neglected.

But this give a long response time for the overall system.

With the perturbation signal technique, the correlating device must be given

a certain amount of time to produce an accurate slope signal. During this

9

time the control signal should be kept constant, so that the total input

varies with test signal only.

The perturbation methods may be the oldest extremum control method.

But it is also well suited to multi-input systems. In order to apply a gradient

method in search for an extremum, the partial derivatives of the static

response curve with respect to the di�erent inputs are needed. This can

be realized by using perturbation signals with di�erent frequencies for each

input.

Switching methods

Another basic idea for extremum control is the switching methods. The

input is driven at constant speed in the same direction until no further

improvement is registered. The drift direction is then reversed. Di�erent

algorithms of this type can be described in terms of their speci�c conditions

for altering the direction of input changes. The control law is thus a set of

switching conditions. The input may be changed continuously or in discrete

steps. The second one is called stepping method.

In a continuous sweep method, the sweep direction is reversed when the

output has decreased from its maximum value by a �xed amount �. The

design parameters are then the sweep rate and the value of �. If the output

is disturbed by noise, the method may give excessive switching unless the

value of � is su�ciently increased. But it will on the other hand increase the

hunting loss by increasing �. It is then necessary to compromise in choosing

�. Filtering is another possibility for reducing the noise sensitivity. The

problem is then that more dynamics are introduced into the system, and

the hunting loss will again be increased. Unnecessary switching may also

be caused by input dynamics. The switching conditions may be chosen
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in many ways. Since the derivative of the output should be zero at an

extremum point, it can be used to determine when to reverse the sweeping

direction. If a threshold is introduced, The switching did not occur until

the derivative was less than �� after passage of the maximum.

The stepping method gives the input signal

�u(t+ 1) = �u(t) sign(�y(t)) (1.1)

where u(t) and y(t) are input and output signal for a static system. With

this control law, the closed-loop system will then end up with input oscil-

lating a few steps around the extremum point. The method is also called

hill-climbing method which is given in Appendix A. There are two design

parameters to choose in such a system: the stepping period and step length.

The method converges quickly by a large step size, but on the other hand it

will cause a large deviation from the optimum. A variable step size might

then be useful, but it will increase the complexity of the algorithm. The

stepping period should be kept as small as possible in order to speed up the

system. But when dynamics are included in the model, the easiest way to

handle the system is to wait for the steady state between each input change.

Measurement noise will introduce a risk of stepping in the wrong direction.

The steady state deviations from the optimum will then be increased.

Self-driving method

In a self-driving system the available information at every instant is used to

produce a control signal that will drive the system towards an optimum.

For a static system

y(t) = f(u(t))

11

u

y

dy/dt

Integrator

Figure 1.2. Self driving system

The �rst order derivative of the output is then used to drive the input via

an integrator

u(t) =
Z

_y(t)dt (1.2)

The system has to be started manually, since _y = _u = 0 is always a station-

ary point. If the process is started in the correct direction with _u 6= 0, it

will continue in the same direction until _y = 0 and then stop. If the pro-

cess is started in the wrong direction, it can be detected by observing the

negative value of dy=dt. the problem can be handled by measuring du=dt,

then f 0(u) = dy=dt

du=dt
can be used in the control law instead of _y. Dynamics

will introduce the further problem to the system. One way to compensate

for the dynamics is to �lter the input signal. This �lter should be a good

guess of the system dynamics, and a possible control law is

u(t) =
Z

k
_y(t)

_u�(t)
dt (1.3)

where u� is �ltered input signal.

Adaptive extremum control methods

Until now only little information, such as the output or the slope of the

nonlinearity, is collected about the system. For the methods developed
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later on, the control action is calculated from a model obtained by some

kind of identi�cation. The input may be chosen as the estimated extremum

position. For this type of methods, each control action is preceded by an

identi�cation phase. Based on the estimates a control step is then taken,

and cycle is repeated. This is so-called adaptive extremum control method.

The idea is illustrated in Figure 1.3.

Outputs

Parameter
estimator

Extremum
controller

System

Disturbances

Parameters

Inputs

Figure 1.3. Block diagram of an adaptive extremum controller

The extremum control problem treated here will be assumed to have un-

known nonlinearities or at least partly unknown nonlinearities. Any a priori

knowledge about the system will be used in setting a model. This is espe-

cially true for nonlinear systems. It may provide possibilities for choosing

a model structure that allows a good description of the nonlinear phenom-

ena. To be able to use system identi�cation it is of course desirable to have

a model which is linear in its unknown parameters. With no such a priori

13

knowledge available, more general nonlinear models have to be used. In this

way it may be possible to handle quite complicated, but partially known

nonlinear systems.

One way to simplify the problem is to assume that the process can be

separated into the linear part and the nonlinear part in series. Models

with di�erent properties can be obtained if the nonlinear part is placed

before or after the linear part, or between two linear parts. Di�erent model

structures have been illustrated in Figure 1.4 - 1.6. If the nonlinear part is

placed before the linear part, it is called input nonlinearity. On the contrary,

it is output nonlinearity if the linear part is followed by nonlinearity. The

process with input nonlinearity behaves di�erently from the process with

output nonlinearity. An output nonlinearity is much more di�cult to handle

than input nonlinearity. The complexity of the problem will also depends

on which of the variables in the process can be measured. The process with

the nonlinear part between two linear parts is not considered in the report.

Nonlinear
Input Output

Linear

Figure 1.4. Process with input nonlinearity

OutputInput Intermediate

signal
NonlinearLinear

Figure 1.5. Process with output nonlinearity
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Input
Linear

IntermediateIntermediate
signal

Nonlinear
signal

Linear
Output

Figure 1.6. Process with nonlinear part between linear parts.

Only very few people have discussed what happened when there was an

output nonlinearity. Most of them assumed that the intermediate signal was

measurable. The problem will thus be simpli�ed. However, more research

is needed to �nd out how to handle the system in which the intermediate

signal is not available, which is also an emphasis of this project.

With an input nonlinearity a so called Hammerstein model is usually ob-

tained, which is a special case of the Uryson series. An output nonlinearity

can, however, be viewed as a special case of the Volterra series. This choice

of model structures will have a large in
uence on the behaviour of the model.

In case the model of the process dynamic is unknown, if the assumed struc-

ture is correct, an on-line parameter estimation method should be combined

with the on-line extremum control method. This leads to the model-based

adaptive extremum control method which generates the control action by

making use of a model obtained by some kinds of recursive identi�cation

methods. The recursive extended least squares method (RELS) and re-

cursive maximum likelihood method (RML) are normally good choices for

estimation problems. The current best estimates are used to determine the

new input value. By using a model and system identi�cation, it is also

possible to follow time variations in the process. For the control scheme in

Figure (1.3), it may be necessary to superimpose a perturbation signal on

the control signal to ensure identify ability of the parameters.

15

The adaptive control on the basis of the certainty equivalence principle

was developed by [Keviczky and Haber 74] �rst. In the paper a gener-

alized Hammerstein model was applied to derive the adaptive extremum

control law, and they suggested that a possible way to avoid identi�cation

problem was to add an extra disturbance signal to the input. Another pos-

sibility to separate the extremum control into identi�cation, optimization

and feed forward phases was applied by [Bamberger and Isermann 78]. An

analysis based on the di�erential equation approach of Ljung was made

by [Sternby 78]. In this paper a self-tuning regulator was extended for ex-

tremumcontrol of generalized Hammersteinmodel. It was shown by Sternby

that the parameter estimates might well converge to some wrong values.

The rest of this part of thesis will be organized as follows.

Chapter two gives the model descriptions for nonlinear processes. It is as-

sumed that the nonlinear system can be separated into linear dynamics and

nonlinear dynamics. For a process with nonlinearity at input, a Hammer-

stein type model is obtained. While a Wiener type model is derived for a

process with nonlinearity at output. Both input-output formulae and state-

space models are given in the chapter. Some general nonlinear models are

represented later on.

In chapter three an adaptive extremum control algorithm is derived for the

discrete-time system with input nonlinearity and (partly) unknown dynam-

ics. A Hammerstein type model can be used to describe the process with

nonlinearity at input. Since the model is linear in parameters, the RELS

or RML method can directly be used to estimate the parameters. The ex-

tremum control law based on the estimated model will then be derived. The
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[Haber and Keviczky 76] and [Vadstrup 85]. However, only discrete-time

systems are considered in this thesis.

The static response curve relating input to output in extremum control sys-

tems is inherently nonlinear. A general description of a nonlinear discrete-

time model is

y(t) = f(y(t � 1); y(t� 2); � � � ; u(t� d); u(t� d� 1); � � � ; �; t) + !(t) (2.1)

where f is a nonlinear function and assumed that an extremum value exists.

y(t), u(t) and !(t) denote the output, input and random disturbance signals

respectively. d is time delay, � is a vector of unknown parameters that may

change with time. The sequence fy(t)g might be some measurements of the

system output or a performance function.

Nonlinear systems have many di�erent types. For special classes of non-

linear systems where the linear dynamics and nonlinear dynamics can be

separated, the methods worked out for the identi�cation of linear discrete-

time systems can be extended to the nonlinear systems. If we assume that

the nonlinear part can be placed before or after the linear part, or between

two linear parts, the block schemes for these three most well-known forms

have been shown in chapter 1, the models with di�erent properties can be

obtained. If the nonlinear part is placed before the linear part, it is input

nonlinearity. Otherwise it is output nonlinearity if the nonlinearity is at

output.

The remainder of this chapter is organized as follows. Section 2.1 presents

the nonlinear dynamic models in simple input-output relationships. Sec-

tion 2.2 contains the state-space descriptions of nonlinear dynamic systems.

Both process with input nonlinearity and process with output nonlinearity

are represented. Particular interest in this chapter is given to the models

2.1 Models in input-output formulae 19

being linear in parameters, since identi�cation methods can easily be im-

plemented to estimate model parameters. A summary is given in section

2.3.

2.1 Models in input-output formulae

2.1.1 Nonlinearity at input

A block scheme of a process with input nonlinearity in input-output formu-

lae is illustrated in Figure 2.1, where the process is divided into a nonlinear

static part and a linear dynamic part in series. u(t) and y(t) are the input

and output signals, z(t) is an intermediate signal between the linear part

and nonlinear part.

y(t)
B q )-1(-dq
q-1A

(t)
)(

z(t)

linear

u(t)

nonlinear

g0+ g1 u(t) + g2 u2

Figure 2.1. Process with input nonlinearity

The nonlinear block can be represented by a second order polynomial for the

sake of simplicity, since a quadratic assumption is acceptable for extremum

controllers operating close to the optimum point.

z(t) = g0 + g1u(t) + g2u
2(t) (2.2)
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The linear block can be obtained by describing it as a linear di�erence

equation

A(q�1)y(t) = q�dB(q�1)z(t) (2.3)

where d is time delay, and

A(q�1) = 1 + a1q
�1 + � � �+ anaq
�na

B(q�1) = b0 + b1q
�1 + � � �+ bnbq
�nb (2.4)

are the polynomials in backward shift operator q�1.

Combining two models gives the representation for the whole process

A(q�1)y(t) = q�dB(q�1)[g0 + g1u(t) + g2u
2(t)]

= g0 �B + g1B(q�1)u(t� d) + g2B(q�1)u2(t � d)
(2.5)

where �B = B(1). This is a simple Hammerstein model that can be extended

to a generalized Hammerstein model

A(q�1)y(t) = b00 +B1(q
�1)u(t� d) +B2(q
�1)u2(t� d) (2.6)

where

A(q�1) = 1 + a1q
�1 + � � �+ anaq
�na

B1(q
�1) = b10 + b11q
�1 + � � �+ b1nb1q
�nb1 (2.7)

B2(q
�1) = b20 + b21q
�1 + � � �+ b2nb2q
�nb2

Thus we get a system equation which is linear in parameters and can directly

be written in regressive form

y(t) = 'T (t)� (2.8)

where � is the parameter vector, '(t) is a vector which includes previous

input and output signals.

2.1 Models in input-output formulae 21

The models of Hammerstein type have been used quite often in extremum

control systems. The Hammerstein representation is very popular since it is

a good picture of the reality, and linear in terms of the unknown parameters

of the system. Most identi�cation methods are based on the assumption

that the model is linear in parameters.

2.1.2 Nonlinearity at output

For the general description of the nonlinear model in input-output formula

(2.1), if the process has the nonlinearity at output, the model can then be

illustrated by Figure 2.2.

z(t)u(t)
B q )-1(-dq
q-1 (t)

A )(

linear

y(t)

nonlinear

g0+ g1z(t) + g2 z2

Figure 2.2. Process with output nonlinearity

For an output nonlinearity, the model of linear block can be written as

A(q�1)z(t) = q�dB(q�1)u(t) (2.9)

where

A(q�1) = 1 + a1q
�1 + � � �+ anaq
�na

B(q�1) = b0 + b1q
�1 + � � �+ bnbq
�nb (2.10)

The model of the nonlinear block is given by

y(t) = g0 + g1z(t) + g2z
2(t) (2.11)
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In Uryson model (2.20), function fk and gk depend only on u(t � d) and

y(t). If we wish to generalize it, another type of model, the Volterra model,

can also be used to model the process with output nonlinearity. For the

sake of simplicity, only model of second degree are presented

A1(q
�1)y(t) = g0 + B1(q
�1)u(t) +

lX
k=0

B2k(q
�1)u(t)u(t� k)

+

jX
k=0

A2k(q
�1)y(t)y(t � k) (2.23)

where

A1(q�1) = 1 + a11q
�1 + � � �+ a1na1q
�na

B1(q�1) = b10 + b11q
�1 + � � �+ b1nb1q
�nb1

A2k(q�1) = a2k1q
�1 + � � �+ aak(j�k)q�(j�k)

B2k(q�1) = b2k0 + b2k1q
�1 + � � �+ b2k(l�k)q�(l�k)

(2.24)

This is called the second order feedback Volterra model.

2.2 Models in state-space formulae

2.2.1 Nonlinearity at input

A simple Hammerstein model can also be represented in state-space form.

The description is illustrated in Figure 2.3.

The nonlinear block of the process can be represented by equation (2.2),

and the linear block is
x(t+ 1) = Ax(t) + Bz(t)

y(t) = Cx(t) +Dz(t)

(2.25)
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C Σ

y(t)

delay
UnitΣB

A

D

linear

x(t)
g0+ g1z(t) + g2 z2(t)

nonlinear

z(t)u(t)

Figure 2.3. Process with input nonlinearity in state-space form

where x(t) is a state vector. Matrices A, B, C andD are assumed to be time

invariant. These two models would give a state-space form of the simple

Hammerstein model

x(t+ 1) = Ax(t) + B[g0 + g1u(t) + g2u
2(t)]

y(t) = Cx(t) +D[g0 + g1u(t) + g2u
2(t)]

(2.26)

which can be generalized to

x(t+ 1) = Ax(t) + b0 + B1u(t) +B2u
2(t)

y(t) = Cx(t) + d0 +D1u(t) +D2u
2(t)

(2.27)

2.2.2 Nonlinearity at output

The process with output nonlinearity represented by a state-space model is

illustrated in �gure 2.4.

The model of the linear block is given by

x(t+ 1) = Ax(t) +Bu(t)

z(t) = Cx(t) +Du(t)

(2.28)
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g0

x(t)
+ g1z(t) + g2 z2(t)C Σdelay

UnitΣB

A

D

y(t)

linear

nonlinear

u(t) z(t)

Figure 2.4. Process with output nonlinearity in state-space form

The model of nonlinear block has been given by equation (2.11), therefore

we can attain the total model of nonlinear process by

x(t+ 1) = Ax(t) +Bu(t)

y(t) = g0 + g1[Cx(t) +Du(t)] + g2[Cx(t) +Du(t)]2

(2.29)

If it is assumed that matrix D = 0, the model can be written as

x(t+ 1) = Ax(t) +Bu(t)

y(t) = g0 + C1x(t) + C2x
2(t)

(2.30)

2.2.3 A general nonlinear state-space model

The state-space form for both process with input nonlinearity and process

with output nonlinearity can be represented by a general nonlinear state-

space model in equation (2.31) and (2.32), where � is parameter vector. It

is assumed that the noise sequences fw�(t)g and fe�(t)g are uncorrelated,

i.e., the matrix Qwe = 0. Matrices Qw(�) and Qe(�) depend on � in an

2.3 Summary 27

arbitrary way. It is also assumed that the matrix elements are di�erentiable

with respect to �.
x(t+ 1) = f(x(t); u(t); �(t)) +w�(t)

y(t) = h(x(t); �(t)) + e�(t) (2.31)

with

Efw�(t)w
T
� (s)g = Qw(�)�ts

Efe�(t)eT� (s)g = Qe(�)�ts

Efw�(t)e
T
� (s)g = Qwe(�)�ts

Efx(0)xT (0)g = �(�) (2.32)

2.3 Summary

To perform adaptive extremum control of nonlinear system, it is necessary

to make assumptions about the structure of the process to be controlled.

When the systems are unknown, they have to be identi�ed. Most identi�-

cation methods are based on the assumption that the model is linear in the

parameters. One class of systems is obtained by dividing the process into a

nonlinear static part and a linear dynamic part. Approximation theory can

be used to derive di�erent types of series expansion representations of non-

linear systems. The representations include Volterra, Wiener and Uryson

series. These three expansions have one thing in common: they can be used
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36 Chapter 3. Input Nonlinearity

Step 1: Apply input u(t) to the nonlinear system and measure the

output y(t).

Step 2: Use RELS or RML algorithm to estimate parameters for the

model (3.2).

Step 3: The extremum control law is

u(t+ 1) = �
^�B1(t)

2 ^�B2(t)

Step 4: Increment the time t! t+ 1 and return to Step 1.

Such a scheme has to be used with great care, since the control input de-

pends only on the estimated values. When u(t) is actively varying by large

amounts, i.e., when the self-tuning is in progress, the identi�ability prob-

lems do not arise. When the system is nominally tuned, the u(t) converges

to a constant value. This will reduce the excitation of the process and iden-

ti�ability may be lost, and the parameter estimates may converge to some

wrong values. The problem has been discussed by [Sternby 78]. The re-

port shows that direct application of the certainty equivalence principle to

adaptive extremum control of a Hammerstein type model may cause iden-

ti�cation problems. The estimates will converge to a certain hyper-surface

in the parameter space, but in most cases to other than the true parameter

values.

In practice the adaptive extremum control algorithm will need some mod-

i�cations. One way to avoid the identi�cation problem is to add an extra

3.1 Adaptive extremum control for Hammerstein model 37

perturbation signal to the input. The test perturbation signal can be a zero

mean random variable with small variance.

The extremum control law will thus be modi�ed by

u(t) = �
^�B1(t)

2 ^�B2(t)
+ up(t) (3.14)

where up(t) is a test perturbation signal.

A block scheme of an adaptive extremum controller incorporated with a test

perturbation signal is illustrated in Figure 3.1.

Inputs

Parameter
estimator

Extremum
controller

System

Disturbances

Parameters

OutputsPerturbation
Figure 3.1. Block diagramof an adaptive extremum controller incorporating

a test perturbation

Another problem encountered in the algorithm is that the controller is very

sensitive to the ^�B2(t). If it is close to zero, the controller will not work
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n
li
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e
a
ri
ty
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e
st
at
ic
ch
ar
ac
te
ri
st
ic
sh
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ld
b
e
ch
os
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ev
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y
st
ep
.
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e
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en
b
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at
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ex
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em
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b
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an
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n
a
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or
it
h
m
.
T
h
e
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en
ti
�
ca
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on
p
ro
b
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m
is

av
o
id
ed
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y
ap
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ly
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e
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er
si
st
en
tl
y
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ti
n
g
in
p
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T
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u
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on
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am
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s
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e
b
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n
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n
te
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st
ra
te
th
e
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er
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m
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r.
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e
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p
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ro
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b
ee
n

an
al
y
se
d
b
y
u
si
n
g
O
D
E
a
p
p
ro
ac
h
.

C
h
a
p
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r
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e
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ri
ty
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d
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y
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p
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n
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r
p
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b
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b
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p
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u
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p
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b
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b
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b
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b
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b
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b
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b
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at
io
n
w
h
en
th
e
in
te
rm
ed
ia
te

si
gn
al
is
n
ot
m
ea
su
ra
b
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p
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r
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ro
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ro
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d
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d
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h
er
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d
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c
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ro
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b
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d
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at
io
n
s,
th
e
m
o
d
el
w
il
l
b
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b
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=
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+
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+
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ro
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d
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ro
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=
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=
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c
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h
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at
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b
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�
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b
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p
er
tu
rb
at
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p
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.
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ro
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b
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b
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b
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b
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b
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b
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b
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ed
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b
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p
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t
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b
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b
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b
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b
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p
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+
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ro
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b
y

A
(q
�
1
)y
(t
)
=
q�
1
B
(q
�
1
)u
(t
)
+
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p
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d
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at
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ro
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b
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b
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b
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b
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p
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b
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b
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p
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at
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p
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b
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ro
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b
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p
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at
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=
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�
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=
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p
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=
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=
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b
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p
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p
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b
e
k
n
ow
n
,
th
e
on
ly
d
i�
er
en
ce
b
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ro
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b
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b
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b
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b
e
a
n
al
y
se
d
in
th
e
sa
m
e

w
ay
as
it
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p
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+
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=
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+
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=
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=
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m
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at
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b
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n
ea
r
pa
rt
ar
e
u
n
kn
ow
n
.
T
he
re
fo
re
w
e
ha
ve
to
es
ti
m
at
e
th
em
.
T
he

R
L
S
m
et
ho
d
ca
n
d
ir
ec
tl
y
be
u
se
d
to
es
ti
m
at
e
th
e
pa
ra
m
et
er
s.

B
a
se
d
o
n
th
e
es
ti
m
at
ed
pa
ra
m
et
er
s,
th
e
ex
tr
em
u
m
co
n
tr
ol
la
w
is
gi
ve
n
by

u
(t
)
=
�

^g 1
(t
)(
1
+
a
)

2
^g 2
(t
)b

+
u
p
(t
)

(4
.1
7)

w
he
re
u
p
(t
)
is
pe
rt
u
rb
a
ti
on
si
gn
a
l.
T
he
ex
tr
em
u
m
co
n
tr
ol
la
w
is
de
te
rm
in
ed

by
bo
th
th
e
li
n
ea
r
dy
n
a
m
ic
s
an
d
n
o
n
li
n
ea
r
dy
n
am
ic
s.
T
he
pe
rt
u
rb
at
io
n
si
g-

n
a
l
is
ac
tu
al
ly
n
o
t
n
ec
es
sa
ry
in
th
is
ca
se
,
si
n
ce
th
e
n
o
is
e
o
n
th
e
in
te
rm
ed
ia
te

si
gn
al
e 1
(t
)
a
ct
s
as
a
pe
rt
u
rb
at
io
n
si
gn
al
an
d
im
p
ro
ve
s
th
e
id
en
ti
�
ab
il
it
y.

T
he
es
ti
m
at
ed
pa
ra
m
et
er
s
ar
e
sh
o
w
n
in
F
ig
u
re
4
.1
w
he
re
th
(1
)
=
^g 0
,
th
(2
)
=

^g 1
an
d
th
(3
)
=
^g 2
.
F
ig
u
re
4.
2
gi
ve
s
th
e
in
p
u
t
u
(t
),
o
u
tp
u
t
y
(t
)
an
d
in
te
r-

m
ed
ia
te
si
gn
a
l
z
(t
).
T
h
e
es
ti
m
at
ed
pa
ra
m
et
er
s
co
n
ve
rg
e
to
th
e
tr
u
e
va
lu
e

ve
ry
fa
st
.
T
he
ou
tp
u
t
ac
hi
ev
es
th
e
m
a
xi
m
u
m
va
lu
e
a
ft
er
2
0
se
c.
S
im
u
la
ti
on

sh
ow
s
go
od
co
n
ve
rg
en
ce
p
ro
pe
rt
y
of
ad
o
pt
iv
e
ex
tr
em
u
m
co
n
tr
ol
al
go
ri
th
m
.

4
.2

T
h
e
in
te
rm
e
d
ia
te
si
g
n
a
l
is
m
e
a
su
ra
b
le

5
5

0
10

20
30

40
50

60
70

80
90

10
0

40608010
0

th(1)

0
10

20
30

40
50

60
70

80
90

10
0

0510 th(2)

0
10

20
30

40
50

60
70

80
90

10
0

−
0.

4

−
0.

20

th(3)

S
am

pl
es

F
ig
u
re
4.
1.
T
h
e
es
ti
m
at
ed
p
ar
am
et
er
s.

0
10

20
30

40
50

60
70

80
90

10
0

01020 Input u(t)

0
10

20
30

40
50

60
70

80
90

10
0

05010
0

15
0

Intermediate signal z(t)

0
10

20
30

40
50

60
70

80
90

10
0

10
0

20
0

30
0

Output y(t)

S
am

pl
es

F
ig
u
re
4.
2.
In
p
u
t,
ou
tp
u
t
an
d
in
te
rm
ed
ia
te
si
gn
al

3
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C
h
a
p
te
r
4
.
O
u
tp
u
t
N
o
n
li
n
e
a
ri
ty

E
x
a
m
p
le
4
.2
B
ot
h
li
n
ea
r
dy
n
am
ic
s
a
n
d
n
on
li
n
ea
r
dy
n
am
ic
s
ar
e
u
n
kn
ow
n

C
on
si
de
r
th
e
pr
oc
es
s
in
ex
a
m
pl
e
4.
1,
if
w
e
as
su
m
e
th
a
t
bo
th
pa
ra
m
et
er
s
in

li
n
ea
r
pa
rt
an
d
n
on
li
n
ea
r
pa
rt
ar
e
u
n
kn
ow
n
,
th
e
id
en
ti
�
ca
ti
on
fo
r
li
n
ea
r

dy
n
a
m
ic
s
a
n
d
n
o
n
li
n
ea
r
dy
n
am
ic
s
w
il
l
th
en
be
im
pl
em
en
te
d
se
pa
ra
te
ly
.

T
he
m
od
el
u
se
d
to
es
ti
m
a
te
pa
ra
m
et
er
s
in
li
n
ea
r
pa
rt
ca
n
be
w
ri
tt
en
in

re
gr
es
si
on
fo
rm
(4
.1
1)
-
(4
.1
2)
,
th
e
re
gr
es
si
on
ve
ct
o
r
an
d
pa
ra
m
et
er
ve
ct
or

a
re

'
1
(t
)
=
[�
z
(t
�
1
);
u
(t
�
1)
]T

^ � 1
=
[^a
;
^ b]
T

an
d
th
e
m
od
el
u
se
d
to
es
ti
m
at
e
pa
ra
m
et
er
s
in
n
on
li
n
ea
r
pa
rt
is
gi
ve
n
in

(4
.1
3)
-
(4
.1
4
).

T
he
ex
tr
em
u
m
co
n
tr
o
l
la
w
is
id
en
ti
ca
l
in
fo
rm
w
it
h
ex
am
pl
e
4.
1,
ho
w
ev
er

pa
ra
m
et
er
s
a
an
d
b
ar
e
re
pl
ac
ed
by
es
ti
m
a
te
d
va
lu
es

u
(t
)
=
�

^g 1
(t
)(
1
+
^a
(t
))

2
^g 2
(t
)^ b
(t
)

+
u
p
(t
)

(4
.1
8)

w
he
re
th
e
pe
rt
u
rb
at
io
n
si
gn
al
u
p
(t
)
is
P
R
B
S
si
gn
al
w
hi
ch
w
il
l
en
su
re
th
e

id
en
ti
�
a
bi
li
ty
o
f
pa
ra
m
et
er
� 1
.
T
he
n
oi
se
si
gn
al
on
th
e
in
te
rm
ed
ia
te
si
gn
al

e 1
(t
)
w
il
l
en
su
re
th
e
id
en
ti
�
a
bi
li
ty
o
f
pa
ra
m
et
er
� 2
.

S
im
u
la
ti
o
n
s
ar
e
sh
ow
n
in
F
ig
u
re
4.
3
-
F
ig
u
re
4.
5
.
T
h
e
es
ti
m
at
ed
pa
ra
m
e-

te
rs
in
li
n
ea
r
pa
rt
ar
e
gi
ve
n
in
F
ig
u
re
4
.3
w
he
re
th
1
(1
)
=
^a
a
n
d
th
1(
2)
=
^ b.

T
he
es
ti
m
a
te
d
pa
ra
m
et
er
s
in
n
on
li
n
ea
r
pa
rt
ar
e
gi
ve
n
F
ig
u
re
4.
4
w
he
re

th
2
(1
)
=

^g 0
,
th
2(
2)
=

^g 1
an
d
th
2(
3)
=

^g 3
.
T
h
e
in
pu
t
u
(t
),
ou
tp
u
t
y
(t
)

an
d
in
te
rm
ed
ia
te
si
gn
al
z
(t
)
ar
e
gi
ve
n
in
F
ig
u
re
4.
5
.

4
.2

T
h
e
in
te
rm
e
d
ia
te
si
g
n
a
l
is
m
e
a
su
ra
b
le

5
7

0
10

20
30

40
50

60
70

80
90

10
0

−
1

−
0.

50

S
am

pl
es

th1(1)

0
10

20
30

40
50

60
70

80
90

10
0

0.
51

1.
52

2.
53

S
am

pl
es

th1(2)

F
ig
u
re
4.
3.
T
h
e
es
ti
m
at
ed
p
ar
am
et
er
s.

0
10

20
30

40
50

60
70

80
90

10
0

809010
0

S
am

pl
es

th2(1)

0
10

20
30

40
50

60
70

80
90

10
0

0510

S
am

pl
es

th2(2)

0
10

20
30

40
50

60
70

80
90

10
0

−
0.

50

S
am

pl
es

th2(3)

F
ig
u
re
4.
4.
T
h
e
es
ti
m
at
ed
p
ar
am
et
er
s.
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C
h
a
p
te
r
4
.
O
u
tp
u
t
N
o
n
li
n
e
a
ri
ty

0
10

20
30

40
50

60
70

80
90

10
0

0102030 Input u(t)

0
10

20
30

40
50

60
70

80
90

10
0

05010
0

15
0

Intermediate signal z(t)

0
10

20
30

40
50

60
70

80
90

10
0

10
0

15
0

20
0

25
0

Output y(t)

S
am

pl
es

F
ig
u
re
4.
5.
In
p
u
t,
ou
tp
u
t
an
d
in
te
rm
ed
ia
te
si
gn
al

T
h
e
si
m
u
la
ti
on
re
su
lt
s
sh
o
w
th
e
go
od
co
n
ve
rg
en
ce
pr
op
er
ti
es
of
th
e
es
ti
m
a-

to
r.
T
he
pe
rt
u
rb
at
io
n
s
o
n
th
e
in
pu
t
si
gn
al
ar
e
ca
u
se
d
by
u
p
(t
).
S
in
ce
th
e

es
ti
m
at
ed
pa
ra
m
et
er
s
co
n
ve
rg
e
to
th
e
tr
u
e
va
lu
es
ve
ry
fa
st
,
th
e
ex
tr
em
u
m

co
n
tr
ol
le
r
be
ha
ve
s
as
w
el
l
a
s
th
e
co
n
tr
ol
le
r
in
ex
a
m
pl
e
4.
1.

3

4
.3

T
h
e
in
te
rm
e
d
ia
te
si
g
n
a
l
is
n
o
t
m
e
a
su
ra
b
le

5
9

4
.3

T
h
e
in
te
rm
e
d
ia
te
si
g
n
a
l
is
n
o
t
m
e
a
su
ra
b
le

If
th
e
in
te
rm
ed
ia
te
si
gn
al
z
(t
)
ca
n
n
ot
b
e
m
ea
su
re
d
,
th
e
p
ro
b
le
m
w
il
l
b
e

ve
ry
co
m
p
le
x
.
It
h
as
b
ee
n
sh
ow
n
b
y
eq
u
at
io
n
(2
.1
2)
th
at
th
e
m
o
d
el
fo
r
th
e

p
ro
ce
ss
w
it
h
ou
tp
u
t
n
on
li
n
ea
ri
ty
w
il
l
b
e
n
on
li
n
ea
r
in
p
ar
am
et
er
s.
It
is
th
en

ve
ry
d
i�
cu
lt
to
es
ti
m
at
e
p
ar
am
et
er
s
in
th
is
ca
se
.
T
h
er
ef
or
e
a
st
at
e-
sp
ac
e

m
o
d
el
is
ta
k
en
in
to
ac
co
u
n
t
fo
r
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
.

F
or
th
is
ty
p
e
of
p
ro
ce
ss
es
,
so
m
et
im
es
n
o
u
n
iq
u
e
so
lu
ti
on
to
th
e
es
ti
m
at
io
n

p
ro
b
le
m
ex
is
ts
,
b
ec
au
se
on
ly
ce
rt
ai
n
co
m
b
in
at
io
n
s
of
p
ar
am
et
er
s
ar
e
id
en
-

ti
�
ab
le
.
T
h
e
p
ar
am
et
er
id
en
ti
�
ab
il
it
y
re
st
ri
ct
s
th
e
n
u
m
b
er
o
f
p
ar
am
et
er
s

w
h
ic
h
ca
n
b
e
es
ti
m
at
ed
si
m
u
lt
an
eo
u
sl
y.
In
th
is
se
ct
io
n
it
is
as
su
m
ed
th
at

th
e
co
rr
ec
t
m
o
d
el
st
ru
ct
u
re
is
av
ai
la
b
le
,
an
d
th
e
es
ti
m
at
io
n
p
ro
b
le
m
ca
n
b
e

so
lv
ed
b
y
an
al
y
zi
n
g
th
e
p
ar
am
et
er
id
en
ti
�
ab
il
it
y.

D
i�
er
en
t
es
ti
m
at
io
n
al
go
ri
th
m
s
w
il
l
b
e
d
is
cu
ss
ed
in
th
is
se
ct
io
n
.
T
h
e
ex
-

te
n
d
ed
K
al
m
an
�
lt
er
(E
K
F
)
m
et
h
o
d
an
d
re
cu
rs
iv
e
p
re
d
ic
ti
on
er
ro
r
m
et
h
o
d

(R
P
E
M
)
se
em
to
b
e
d
es
ir
ab
le
to
th
e
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
fo
r
a

li
n
ea
r
p
ro
ce
ss
,
w
h
il
e
th
es
e
ap
p
ro
ac
h
es
w
il
l
b
e
in
ve
st
ig
at
ed
fo
r
a
n
on
li
n
ea
r

sy
st
em
.
A
m
o
d
i�
ed
re
cu
rs
iv
e
p
re
d
ic
ti
on
er
ro
r
m
et
h
o
d
b
as
ed
on
a
li
n
e-
se
ar
ch

st
ra
te
gy
is
d
ev
el
op
ed
.
T
h
e
p
er
fo
rm
an
ce
an
d
ro
b
u
st
n
es
s
of
d
i�
er
en
t
on
-

li
n
e
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
st
ra
te
gi
es
fo
r
th
e
n
on
li
n
ea
r
st
at
e-
sp
ac
e

m
o
d
el
w
il
l
b
e
in
ve
st
ig
at
ed
b
y
si
m
u
la
ti
on
ex
am
p
le
s.

A
re
li
ab
le
p
ro
ce
ss
m
o
d
el
is
th
e
b
as
is
fo
r
d
ev
el
op
m
en
t
o
f
th
e
m
o
d
el
b
as
ed

co
n
tr
o
l
sc
h
em
es
.
T
h
e
ex
tr
em
u
m
co
n
tr
ol
st
ra
te
gy
re
li
es
h
ea
v
il
y
on
es
ti
m
at
ed

m
o
d
el
.
T
h
er
ef
or
e
th
e
em
p
h
as
is
of
th
is
se
ct
io
n
w
il
lb
e
gi
ve
n
to
th
e
es
ti
m
at
io
n

p
ro
b
le
m
w
h
ic
h
is
a
ls
o
th
e
m
os
t
d
i�
cu
lt
p
ar
t
in
ex
tr
em
u
m
co
n
tr
ol
al
go
ri
th
m
.
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C
h
a
p
te
r
4
.
O
u
tp
u
t
N
o
n
li
n
e
a
ri
ty

4
.3
.1

T
h
e
E
K
F
a
s
a
p
a
ra
m
e
te
r
e
st
im
a
to
r
fo
r
th
e
n
o
n
-

li
n
e
a
r
sy
st
e
m

T
h
e
a
lg
o
ri
th
m

T
h
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
(E
K
F
)
is
an
ap
p
ro
x
im
at
e
�
lt
er
fo
r
n
on
li
n
ea
r

sy
st
em
s,
b
a
se
d
on
�
rs
t-
or
d
er
li
n
ea
ri
za
ti
on
.
It
s
u
se
fo
r
jo
in
t
p
ar
am
et
er
a
n
d

st
a
te
es
ti
m
at
io
n
p
ro
b
le
m

fo
r
li
n
ea
r
sy
st
em
s
w
it
h
u
n
k
n
ow
n
p
ar
am
et
er
s
is

w
el
l
k
n
ow
n
an
d
w
id
el
y
sp
re
ad
.
T
h
e
a
lg
or
it
h
m
an
d
co
n
ve
rg
en
ce
a
n
al
y
si
s

h
av
e
b
ee
n
gi
v
en
b
y
L
ju
n
g
in
[L
ju
n
g
79
b
],
w
h
ic
h
is
su
m
m
ar
iz
ed
in
A
p
p
en
d
ix

C
.

T
h
e
jo
in
t
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
ca
n
of
co
u
rs
e
b
e
u
n
d
er
st
o
o
d
as

a
st
a
te
es
ti
m
at
io
n
p
ro
b
le
m
fo
r
a
n
on
li
n
ea
r
sy
st
em
,
w
h
er
e
th
e
u
n
k
n
ow
n
p
a-

ra
m
et
er
s
ar
e
th
ou
g
h
t
of
ra
n
d
om
va
ri
a
b
le
s.
T
h
er
ef
or
e
it
is
a
fa
ir
ly
n
at
u
ra
l

th
in
g
to
in
cl
u
d
e
th
e
u
n
k
n
ow
n
p
ar
a
m
et
er
s
in
th
e
st
a
te
v
ec
to
r.
B
as
ed
on

ob
se
rv
a
ti
on
s
o
f
o
th
er
ra
n
d
om
va
ri
ab
le
s
th
at
ar
e
co
rr
el
at
ed
w
it
h
p
ar
am
et
er
s,

w
e
m
ay
in
fe
r
in
fo
rm
at
io
n
a
b
ou
t
th
ei
r
va
lu
es
.
S
in
ce
th
e
u
n
ob
se
rv
ed
st
at
e

ve
ct
o
r
is
as
su
m
ed
to
b
e
co
rr
el
a
te
d
w
it
h
th
e
ou
tp
u
t
o
f
th
e
sy
st
em
,
th
e
va
lu
e

of
th
e
st
at
e
ve
ct
or
ca
n
b
e
es
ti
m
at
ed
b
a
se
d
on
th
e
o
b
se
rv
at
io
n
of
ou
tp
u
t.

In
th
is
se
ct
io
n
th
e
p
er
fo
rm
a
n
ce
of
th
e
E
K
F
al
go
ri
th
m
u
se
d
as
a
jo
in
t
st
a
te

an
d
p
ar
a
m
et
er
es
ti
m
at
io
n
m
et
h
o
d
fo
r
a
n
o
n
li
n
ea
r
sy
st
em

ra
th
er
th
an
a

li
n
ea
r
sy
st
em
w
il
l
b
e
in
ve
st
ig
at
ed
.

F
ir
st
of
al
l
w
e
su
p
p
os
e
th
at
th
e
sy
st
em

d
y
n
am
ic
s
ca
n
b
e
d
es
cr
ib
ed
b
y
a

ge
n
er
a
l
n
on
li
n
ea
r
st
a
te
-s
p
ac
e
m
o
d
el
gi
ve
n
in
eq
u
at
io
n
(
2.
31
)
-
(
2.
32
)
in

te
rm
s
of
a
p
a
ra
m
et
er
v
ec
to
r
�
w
h
ic
h
is
co
n
si
d
er
ed
to
b
e
a
ra
n
d
om
ve
ct
or
w
it
h

4
.3

T
h
e
in
te
rm
e
d
ia
te
si
g
n
a
l
is
n
o
t
m
e
a
su
ra
b
le

6
1

a
ce
rt
ai
n
p
ri
or
d
is
tr
ib
u
ti
on
.
M
at
ri
ce
s
Q
w
(�
)
a
n
d
Q
e
(�
)
in
n
on
li
n
ea
r
m
o
d
el

(2
.3
1)
-
(2
.3
2)
ar
e
as
su
m
ed
to
b
e
in
d
ep
en
d
en
t
o
f
�,
b
u
t
a
re
ch
os
en
�
x
ed

in
so
m
e
ad
h
o
c
w
ay
in
th
e
re
m
ai
n
d
er
of
th
is
se
ct
io
n
.
T
h
is
co
rr
es
p
on
d
s
to

th
e
fa
ct
th
at
n
oi
se
ch
ar
ac
te
ri
st
ic
s
ar
e
in
d
ep
en
d
en
t
of
th
e
st
at
e,
i.
e.
,
w
�
(t
)
=

w
(t
),
e �
(t
)
=
e(
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ra
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ra
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re
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ra
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at
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at
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at
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ra
m
et
er
s
w
er
e
co
m
pu
te
d
in
a
pa
ra
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at
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at
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m
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p
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at
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f
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at
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at
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n
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b
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at
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at
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at
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at
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at
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ra
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at
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at
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ra
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at
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=
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at
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p
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re
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d
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at
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b
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b
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p
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p
or
t.

A
re
cu
rs
iv
e
G
au
ss
-N
ew
to
n
al
go
ri
th
m
w
h
ic
h
m
in
im
iz
es
p
re
d
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p
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d
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P
E
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at
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p
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at
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b
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b
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p
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b
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at
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.
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p
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d
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em
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n
b
y
L
ju
n
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in
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n
g
an
d
S
�od
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st
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m
83
].
T
h
en
th
e
q
u
es
ti
on

is
w
h
et
h
er
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re
su
lt
h
ol
d
s
fo
r
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n
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li
n
ea
r
sy
st
em
.
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h
e
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o
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m

A
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e
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it
h
m
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ed
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es
ti
m
at
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o
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o
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et
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b
y
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d
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n
er
ro
r
cr
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er
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n

V
(�
)
=

1 2
E
�T
(t
;�
)�
�
1
�(
t;
�)
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.3
7)
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g
iv
en
in
A
p
p
en
d
ix

D
.
In
th
is
se
ct
io
n
th
e
m
et
h
o
d
ob
ta
in
ed
fo
r
a
li
n
ea
r

sy
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em
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A
p
p
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ix
D
w
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l
b
e
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d
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ed
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r
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n
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n
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n
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r
sy
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.

A
ge
n
er
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n
o
n
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n
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r
st
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e
m
o
d
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gi
v
en
b
y
eq
u
a
ti
on
s
(2
.3
1)
-
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.3
2)
,

w
h
er
ea
s
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e
R
P
E
M

w
il
l
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p
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a
n
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li
n
ea
r
in
n
ov
a
ti
on
s
m
o
d
el
,
w
h
ic
h
is

w
ri
tt
en
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x
(t
+
1)

=

f
(x
(t
)
+
K
x
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(t
))
�(
t)
;u
(t
);
�(
t)
)

y
(t
)

=

h
(x
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);
�(
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)
+
�(
t)

(4
.3
8)

w
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h

E
�(
t)
�T
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)
=
�
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A
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m
p
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n
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u
ra
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m
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e
re
cu
rs
io
n
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R
P
E

al
g
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m
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o
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m
en
t
u
p
d
at
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n
d
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u
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at
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b
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ra
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b
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t
th
ey
w
il
l

n
o
t
e�
ec
t
th
e
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n
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].
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e
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b
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at
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b
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b
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+
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+
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d d
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+
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d d
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d d
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+
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d d
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+
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d d
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d d
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at
ri
ce
s
A
(^x
(t
jt)
;�
),
M
(^x
(t
jt)
;u
(t
);
�)
an
d
C
(^x
(t
jt)
;�
)
a
re
d
e�
n
ed
b
y

A
(^x
(t
jt)
;�
)

=

@ @
x
f
(x
(t
jt)
;u
(t
);
�)
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� � �=�
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� � �=�
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+
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at
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+
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b
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+
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W
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+
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=
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�
k
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+
1
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+
1jt
)

�
k
x
(�
)D
(^x
(t
+
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d d
�
k
x
(�
)]
�(
t
+
1
)

(4
.4
7)
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+
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=
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=
d
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+
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w
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l
b
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+
1)
=
C
(^x
(t
+
1jt
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W
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+
1
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+
D
(^x
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+
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p
ra
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e
th
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D
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p
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h
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h
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)
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m
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^ �
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^ �(
t
�
1)
)

M
t
=
M
(^x
(t
�
1jt
�
1
);
u
(t
�
1
);
^ �(
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p
ro
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d
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b
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p
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p
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p
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�0 is optimal stepsize, which results in the smallest criterion for a given

search direction. Di�erent stepsize will result in di�erent parameters and

di�erent prediction error.

In general, minimum point of the cost function (4.54) can not be solved by

analytically, therefore a numerical method for estimating a value �0 must be

used. A quadratic interpolation method is chosen to estimate the optimal

step size �0, which has been given in Appendix A.6. The �0 is obtained

by minimizing an approximating polynomial of V (�; t) in � of degree two.

Since an one sample criterion is used, the criterion can easily be computed

for each stepsize.

The principle of the approach is illustrated in Figure 4.10.

V(

V3

α

α1 α0 α2 α3

)

V1

V2
V0

Figure 4.10. Optimal stepsize

Let �1, �2 and �3 be given distinct values of �, the V (�1), V (�2) and V (�3)

can be calculated according to criterion (4.54), and the optimal �0 can be

obtained by
�0 =

1
2

(�22 � �23)V1 + (�23 � �21)V2 + (�21 � �22)V3

(�2 � �3)V1 + (�3 � �1)V2 + (�1 � �2)V 3

(4.58)

4.3 The intermediate signal is not measurable 79

where V j = V (�j)(j = 1; 2; 3).

A line search strategy which ensures that new parameter vector ^�(t) does

not result in a large criterion than the value obtained from previous vector

V (� = 0) can handle the nonlinear estimation problem.

The modi�ed RPEM

A recursive line search prediction error method is given as follows.

1. ^x(tjt� 1) = f(^x(t� 1jt� 1); u(t� 1); ^�(t � 1))

W (tjt� 1) = AtW (t� 1jt� 1) +Mt

2. ^y(t) = h(^x(tjt� 1); u(t); ^�(t� 1))

�(t) = y(t) � ^y(t)

 (t) = CtW (tjt� 1) +Dt

3. ^�(t) = ^�(t� 1) + 
(t)[�(t)�T (t) � ^�(t� 1)]

S(t) =  T (t)P (t� 1) (t) + �(t)^�(t)

K�(t) = P (t� 1) (t)S�1(t)

4. line search algorithm to �nd optimal stepsize �0.

Choose �1 = 0, �2 = 0:4 and �3 = 0:7,

For j = 1 : 3

^�j(t) = ^�(t� 1) + �j(t)K�(t)�(t)

�^�j(t) = ^�j(t)� ^�(t � 1)

^xj(t� 1jt� 1) = ^x(t� 1jt� 2) + kx(^�j(t))�(t� 1)

^xj(tjt� 1) = f(^xj (t� 1jt� 1); u(t� 1); ^�j(t))
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M
.
T
h
e
ro
bu
st
n
es
s
o
f
th
e
m
od
i�
ed
al
go
ri
th
m
is
hi
gh
er
,
si
n
ce

to
o
lo
n
g
an
d
to
o
sh
or
t
u
pd
at
in
g
st
ep
s
du
ri
n
g
tr
a
n
si
en
ts
a
re
a
vo
id
ed
.
B
u
t

th
e
m
od
i�
ed
R
P
E
M

w
il
l
in
cr
ea
se
th
e
co
m
pl
ex
it
y
an
d
co
m
pu
ta
ti
on
al
co
st
s.

A
n
yw
ay
th
e
ex
a
m
pl
e
in
di
ca
te
s
th
at
th
e
re
cu
rs
iv
e
li
n
e
se
ar
ch
pr
ed
ic
ti
on
er
ro
r

m
et
h
od
is
p
re
fe
ra
bl
e
fo
r
a
n
on
li
n
ea
r
sy
st
em
w
it
h
n
on
li
n
ea
ri
ty
at
ou
tp
u
t.
3

4
.4

S
u
m
m
a
ry

W
h
en
th
e
in
te
rm
ed
ia
te
si
gn
al
b
et
w
ee
n
li
n
ea
r
p
a
rt
an
d
n
on
li
n
ea
r
p
ar
t
of

th
e
n
on
li
n
ea
r
m
o
d
el
is
m
ea
su
ra
b
le
,
th
e
p
ro
b
le
m

w
il
l
b
e
si
m
p
li
�
ed
.
T
h
e

id
en
ti
�
ca
ti
on
ca
n
th
en
b
e
im
p
le
m
en
te
d
fo
r
li
n
ea
r
p
ar
t
an
d
n
on
li
n
ea
r
p
ar
t

4
.4

S
u
m
m
a
ry

8
3

se
p
ar
at
el
y.
In
th
is
ca
se
th
e
on
ly
d
i�
er
en
ce
b
et
w
ee
n
th
e
o
u
tp
u
t
n
on
li
n
ea
ri
ty

an
d
in
p
u
t
n
on
li
n
ea
ri
ty
is
th
at
in
p
u
t
fo
r
th
e
p
ro
ce
ss
w
it
h
ou
tp
u
t
n
on
li
n
ea
ri
ty

is
n
ot
d
et
er
m
in
ed
d
ir
ec
tl
y
b
u
t
th
ou
gh
th
e
li
n
ea
r
d
y
n
am
ic
s.

W
h
en
th
e
in
te
rm
ed
ia
te
si
gn
al
b
et
w
ee
n
li
n
ea
r
p
ar
t
an
d
n
on
li
n
ea
r
p
ar
t
is
n
ot

m
ea
su
ra
b
le
,
th
e
p
ar
am
et
er
es
ti
m
at
io
n
b
ec
om
es
ve
ry
co
m
p
le
x
.
S
in
ce
th
e

ex
tr
em
u
m
co
n
tr
ol
la
w
re
li
es
h
ea
v
il
y
on
th
e
es
ti
m
at
ed
m
o
d
el
,
th
e
es
ti
m
at
io
n

p
ro
b
le
m
is
th
en
th
e
ke
y
p
o
in
t
of
im
p
le
m
en
ta
ti
o
n
o
f
th
e
co
n
tr
ol
la
w
.

S
om
e
of
th
e
co
n
cl
u
si
on
s
re
ac
h
ed
in
th
is
ch
ap
te
r
ar
e
b
as
ed
o
n
w
el
l-
es
ta
b
li
sh
ed

th
eo
ry
,
ot
h
er
s
ar
e
b
as
ed
on
si
m
u
la
ti
on
st
u
d
ie
s,
si
n
ce
n
on
li
n
ea
r
sy
st
em
s
ar
e

d
i�
cu
lt
to
d
ea
l
w
it
h
st
ri
ct
ly
th
eo
re
ti
ca
ll
y.
C
le
ar
ly
,
si
m
u
la
ti
on
st
u
d
ie
s
d
o

n
ot
p
ro
v
e
th
at
on
e
st
ra
te
gy
is
in
ge
n
er
al
b
et
te
r
th
an
an
ot
h
er
,
b
u
t
th
ey
ca
n

sh
ow
th
at
on
e
a
p
p
ro
ac
h
is
p
re
fe
ra
b
le
to
an
ot
h
er
fo
r
a
cl
as
s
of
p
ro
b
le
m
s.

F
or
th
e
sy
st
em
w
it
h
k
n
ow
n
n
oi
se
st
ru
ct
u
re
an
d
w
ea
k
n
on
li
n
ea
ri
ty
,
th
e
E
K
F

as
a
jo
in
t
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
or
w
or
k
s
w
el
l.
H
ow
ev
er
,
fo
r
th
e
sy
st
em

w
it
h
u
n
k
n
ow
n
d
y
n
am
ic
s
an
d
u
n
k
n
ow
n
n
oi
se
st
ru
ct
u
re
,
th
e
m
et
h
o
d
m
ay
gi
ve

b
ia
se
d
es
ti
m
at
es
,
an
d
it
d
o
es
n
ot
se
ld
om
d
iv
er
ge
if
th
e
in
it
ia
l
es
ti
m
at
es
a
re

n
ot
su
�
ci
en
tl
y
go
o
d
.
T
h
e
re
as
on
fo
r
d
iv
er
g
en
ce
ca
n
b
e
in
te
rp
re
te
d
th
a
t
th
e

e�
ec
t
on
th
e
K
al
m
an
ga
in
K
x

of
a
ch
an
ge
in
�
is
n
ot
ta
ke
n
in
to
ac
co
u
n
t.

T
h
is
la
ck
of
co
u
p
li
n
g
b
et
w
ee
n
K
x
(t
)
a
n
d
�
in
th
e
al
go
ri
th
m
m
ay
le
a
d
to

d
iv
er
ge
n
ce
of
th
e
es
ti
m
at
es
.

E
x
am
p
le

4.
3
si
m
u
la
te
s
of
th
e
b
eh
av
io
u
r
of
th
e
E
K
F
es
ti
m
at
or
an
d
ex
-

tr
em
u
m
co
n
tr
ol
le
r
on
a
n
on
li
n
ea
r
sy
st
em
w
it
h
k
n
ow
n
n
oi
se
va
ri
an
ce
s.
T
h
e

E
K
F
al
go
ri
th
m
an
d
ex
tr
em
u
m
co
n
tr
o
l
la
w
w
or
k
w
el
l
in
th
is
ca
se
.
H
ow
ev
er
,

th
e
E
K
F
al
go
ri
th
m
a
s
a
st
at
e
a
n
d
p
ar
am
et
er
es
ti
m
at
or
is
m
or
e
se
n
si
ti
ve

w
h
en
it
is
ap
p
li
ed
to
a
n
on
li
n
ea
r
sy
st
em
ra
th
er
th
an
a
li
n
ea
r
sy
st
em
.
F
or
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C
h
a
p
te
r
4
.
O
u
tp
u
t
N
o
n
li
n
e
a
ri
ty

a
n
o
n
li
n
ea
r
sy
st
em
,
th
e
st
at
e
u
p
d
a
te
m
at
ri
x
K
x
(t
)
in
th
e
al
go
ri
th
m
is
ca
l-

cu
la
te
d
b
y
u
si
n
g
a
li
n
ea
ri
ze
d
m
o
d
el
w
h
ic
h
is
a
ct
u
al
ly
an
ap
p
ro
x
im
at
io
n
of

th
e
tr
u
e
m
o
d
el
.
T
h
e
a
p
p
ro
x
im
at
io
n
w
il
l
m
ak
e
th
e
al
g
o
ri
th
m
m
or
e
se
n
si
ti
ve
.

T
h
e
p
o
or
m
o
d
el
p
a
ra
m
et
er
es
ti
m
at
es
w
il
l
m
ak
e
th
e
al
go
ri
th
m
to
d
iv
er
ge
,

si
n
ce
[d
K
x
=
d
�]
�(
t)
is
n
o
t
a
cc
ou
n
te
d
fo
r
in
th
e
al
go
ri
th
m
.

In
or
d
er
to
im
p
ro
ve
th
e
gl
ob
a
l
co
n
ve
rg
en
ce
re
su
lt
s,
th
e
R
P
E
M

is
ap
p
li
ed

fo
r
an
in
n
ov
a
ti
on
s
m
o
d
el
.
T
h
e
[d
=
d
�
� K
x
(�
)]
�(
t)
is
in
cl
u
d
ed
in
th
e
R
P
E
al
go
-

ri
th
m
.
In
ex
a
m
p
le
4.
4
a
tw
o
st
ep
R
P
E
al
go
ri
th
m
is
ap
p
li
ed
to
an
in
n
ov
at
io
n
s

m
o
d
el
.
T
h
e
es
ti
m
at
or
an
d
re
gu
la
to
r
w
o
rk
w
el
l
if
th
e
in
it
ia
l
as
su
m
p
ti
on

a
b
ou
t
es
ti
m
at
ed
p
a
ra
m
et
er
s
an
d
st
at
es
a
re
go
o
d
en
o
u
gh
.
T
h
e
R
P
E
M
b
as
ed

o
n
th
e
in
n
ov
a
ti
o
n
s
st
at
e-
sp
ac
e
m
o
d
el
m
ea
n
s
th
at
th
e
al
go
ri
th
m
in
p
ri
n
ci
p
le

is
b
as
ed
o
n
th
e
a
ss
u
m
p
ti
o
n
th
at
th
e
st
at
e
u
p
d
a
ti
n
g
m
a
tr
ix
K
x
is
co
n
st
an
t,
at

le
a
st
as
y
m
p
to
ti
ca
ll
y.
H
ow
ev
er
,
fo
r
a
n
o
n
li
n
ea
r
sy
st
em
K
x
w
il
l
va
ry
ra
p
id
ly

a
s
th
e
in
p
u
ts
a
n
d
th
e
op
er
at
io
n
al
p
oi
n
t
ch
an
ge
,
at
le
a
st
w
h
en
th
e
es
ti
m
at
io
n

h
a
s
n
ot
co
n
v
er
g
ed
a
n
d
ex
tr
em
u
m
p
oi
n
t
h
a
s
n
ot
b
ee
n
re
ac
h
ed
.
If
K
x
is
p
o
or
,

th
e
su
b
se
q
u
en
t
W
(t
+
1)
an
d
 
(t
+
1)
w
il
l
h
av
e
a
te
n
d
en
cy
to
b
e
in
co
rr
ec
t.

T
h
e
es
ti
m
at
or
w
il
l
b
e
b
ia
se
d
o
r
d
iv
er
ge
.

B
o
th
th
e
E
K
F
al
g
or
it
h
m
as
jo
in
t
st
at
e
an
d
p
ar
am
et
er
es
ti
m
at
io
n
m
et
h
o
d

an
d
th
e
R
P
E
M
ca
n
b
e
su
cc
es
sf
u
ll
y
ap
p
li
ed
to
a
n
u
m
b
er
of
es
ti
m
at
io
n
p
ro
b
-

le
m
s.

A
m
o
d
i�
ed
R
P
E
al
g
or
it
h
m
b
as
ed
on
li
n
e-
se
ar
ch
st
ra
te
gy
is
d
ev
el
op
ed
in

se
ct
io
n
4.
3.
3.
In
th
is
al
g
or
it
h
m
th
e
li
n
e-
se
ar
ch
p
er
fo
rm
s
in
th
e
co
m
p
u
te
d

se
a
rc
h
d
ir
ec
ti
on
to
�
n
d
an
op
ti
m
a
l
st
ep
si
ze
d
u
ri
n
g
ea
ch
it
er
at
io
n
.
E
x
am
p
le

4.
5
sh
ow
s
th
a
t
th
e
m
o
d
i�
ed
R
P
E
al
go
ri
th
m

g
iv
es
a
b
et
te
r
p
er
fo
rm
an
ce

th
an
th
e
o
ri
gi
n
al
R
P
E
al
go
ri
th
m
.
T
h
e
ro
b
u
st
n
es
s
of
m
o
d
i�
ed
al
go
ri
th
m
is

in
cr
ea
se
d
,
si
n
ce
to
o
lo
n
g
an
d
to
o
sh
or
t
st
ep
s
a
re
av
o
id
ed
.

C
h
a
p
te
r
5

C
o
n
c
lu
si
o
n
s

P
ro
b
le
m
s
of
ex
tr
em
u
m

co
n
tr
o
l
h
av
e
b
ee
n
fr
eq
u
en
tl
y
st
u
d
ie
d
b
y
a
g
o
o
d

n
u
m
b
er
of
au
th
or
s.
T
h
e
re
as
on
m
ay
b
e
th
e
p
os
si
b
il
it
y
to
d
es
cr
ib
e
se
ve
ra
l

in
te
re
st
in
g
p
ra
ct
ic
al
p
ro
b
le
m
s.
T
h
er
e
ar
e,
e.
g.
,
in
d
u
st
ri
al
p
ro
ce
ss
es
w
h
er
e

th
e
o
b
je
ct
of
co
n
tr
ol
is
to
m
ax
im
iz
e
so
m
e
p
h
y
si
ca
l
va
ri
ab
le
su
ch
as
a
n
ef
-

�
ci
en
cy
.
If
th
er
e
ex
is
ts
so
m
e
op
ti
m
al
va
lu
e
fo
r
th
e
co
n
tr
o
l
va
ri
ab
le
gi
v
in
g

m
ax
im
al
va
lu
e
fo
r
th
e
ou
tp
u
t,
th
en
th
e
p
ro
b
le
m
is
o
f
th
is
ty
p
e.

T
o
p
er
fo
rm

ad
ap
ti
ve
ex
tr
em
u
m

co
n
tr
ol
of
n
on
li
n
ea
r
sy
st
em
s,
it
is
n
ec
es
-

sa
ry
to
m
ak
e
a
ss
u
m
p
ti
on
s
ab
ou
t
th
e
st
ru
ct
u
re
of
th
e
p
ro
ce
ss
.
O
n
e
of
cl
as
s

of
sy
st
em
s
is
ob
ta
in
ed
b
y
d
iv
id
in
g
th
e
p
ro
ce
ss
in
to
a
n
on
li
n
ea
r
st
at
ic
p
ar
t

an
d
li
n
ea
r
d
y
n
am
ic
p
ar
t.
A
p
p
ro
x
im
at
io
n
th
eo
ry
is
u
se
d
to
d
er
iv
e
d
i�
er
en
t

ty
p
es
of
se
ri
es
ex
p
an
si
on
re
p
re
se
n
ta
ti
on
s
of
n
on
li
n
ea
r
sy
st
em
s.
T
h
e
re
p
re
-

se
n
ta
ti
on
s
in
cl
u
d
e
V
ol
te
rr
a,
W
ie
n
er
an
d
U
ry
so
n
se
ri
es
.
T
h
ey
ca
n
b
e
u
se
d
to

m
o
d
el
th
e
p
ro
ce
ss
es
w
h
er
e
th
e
li
n
ea
r
d
y
n
am
ic
s
is
fo
ll
ow
ed
b
y
a
n
on
li
n
ea
ri
ty
.
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C
h
a
p
te
r
5
.
C
o
n
c
lu
si
o
n
s

T
h
e
U
ry
so
n
se
ri
es
ca
n
al
so
in
cl
u
d
e
th
e
n
on
li
n
ea
ri
ty
at
th
e
in
p
u
t.
A
sp
e-

ci
al
ca
se
of
U
ry
so
n
se
ri
es
is
re
p
re
se
n
te
d
b
y
H
am
m
er
st
ei
n
m
o
d
el
s,
w
h
ic
h
a
re

co
m
m
on
co
n
�
gu
ra
ti
on
s
co
n
si
d
er
ed
in
th
e
ex
tr
em
u
m
co
n
tr
ol
sy
st
em
s.
T
h
e

st
at
e-
sp
a
ce
m
o
d
el
s
ca
n
a
ls
o
b
e
em
p
lo
ye
d
to
d
es
cr
ib
e
n
on
li
n
ea
r
p
ro
ce
ss
es
.

F
or
a
sy
st
em
w
it
h
in
p
u
t
n
on
li
n
ea
ri
ty
,
if
th
e
sy
st
em
s
a
re
u
n
k
n
ow
n
,
th
ey
h
av
e

to
b
e
id
en
ti
�
ed
.
M
os
t
id
en
ti
�
ca
ti
o
n
m
et
h
o
d
s
ar
e
b
as
ed
on
th
e
as
su
m
p
ti
on

th
at
th
e
m
o
d
el
is
li
n
ea
r
in
p
ar
am
et
er
s.
A
H
a
m
m
er
st
ei
n
m
o
d
el
of
th
e
p
ro
ce
ss

w
it
h
th
e
in
p
u
t
n
o
n
li
n
ea
ri
ty
h
as
th
is
k
in
d
o
f
p
ro
p
er
ty
.
A
n
on
-l
in
e
re
cu
r-

si
ve
es
ti
m
a
ti
on
al
go
ri
th
m
,e
.g
.,
th
e
re
cu
rs
iv
e
ex
te
n
d
ed
le
as
t
sq
u
ar
es
(R
E
L
S
)

m
et
h
o
d
is
ap
p
li
ed
to
id
en
ti
fy
th
e
p
ar
am
et
er
s
of
th
e
m
o
d
el
.
T
h
e
ex
tr
em
u
m

co
n
tr
ol
la
w
is
d
er
iv
ed
b
y
m
ax
im
iz
in
g
or
m
in
im
iz
in
g
th
e
st
at
ic
re
sp
on
se
o
f

p
ro
ce
ss
ou
tp
u
t,
w
h
ic
h
w
il
l
ke
ep
th
e
p
ro
ce
ss
o
p
er
at
in
g
at
,
or
in
th
e
v
ic
in
-

it
y
of
,
th
e
ex
tr
em
u
m
p
o
in
t
o
f
th
e
p
er
fo
rm
a
n
ce
fu
n
ct
io
n
or
p
ro
ce
ss
ou
tp
u
t

d
es
p
it
e
o
f
th
e
in


u
en
ce
of
th
e
d
is
tu
rb
an
ce
s.
A
te
st
p
er
tu
rb
at
io
n
si
gn
al
is

n
ec
es
sa
ry
to
en
su
re
th
e
p
ar
am
et
er
id
en
ti
�
a
b
il
it
y,
w
h
ic
h
h
as
b
ee
n
p
ro
ve
d
b
y

an
al
y
zi
n
g
co
n
v
er
g
en
ce
p
ro
p
er
ti
es
b
y
u
si
n
g
O
D
E
ap
p
ro
ac
h
.
T
w
o
ex
am
p
le
s

h
av
e
b
ee
n
g
iv
en
to
sh
ow
th
e
go
o
d
co
n
ve
rg
en
ce
p
ro
p
er
ti
es
of
th
e
es
ti
m
at
or

an
d
go
o
d
b
eh
av
io
u
r
of
th
e
ex
tr
em
u
m
co
n
tr
ol
le
r.

F
o
r
th
e
p
ro
ce
ss
w
it
h
ou
tp
u
t
n
o
n
li
n
ea
ri
ty
,
tw
o
d
i�
er
en
t
ca
se
s
h
av
e
b
ee
n
d
is
-

cu
ss
ed
a
cc
or
d
in
g
to
th
at
th
e
in
te
rm
ed
ia
te
si
gn
al
ca
n
b
e
m
ea
su
re
d
or
n
ot
.

D
i�
er
en
t
m
o
d
el
s
an
d
es
ti
m
at
io
n
m
et
h
o
d
s
w
il
l
b
e
u
se
d
at
d
i�
er
en
t
ca
se
s.

If
th
e
in
te
rm
ed
ia
te
si
gn
al
ca
n
b
e
m
ea
su
re
d
,
th
e
R
E
L
S
al
go
ri
th
m
is
em
p
lo
ye
d

to
es
ti
m
at
e
th
e
p
ar
am
et
er
s
fo
r
li
n
ea
r
p
a
rt
an
d
n
on
li
n
ea
r
p
ar
t
se
p
ar
at
el
y.

T
h
e
on
ly
d
i�
er
en
ce
b
et
w
ee
n
th
e
ou
tp
u
t
n
on
li
n
ea
ri
ty
an
d
in
p
u
t
n
on
li
n
ea
ri
ty

is
th
at
it
s
ex
tr
em
u
m
co
n
tr
o
l
la
w
w
il
ln
o
t
b
e
d
et
er
m
in
ed
d
ir
ec
tl
y,
b
u
t
th
ro
u
gh

8
7

li
n
ea
r
d
y
n
am
ic
s.
T
h
e
si
m
u
la
ti
on
ex
am
p
le
s
sh
ow
th
e
go
o
d
b
eh
av
io
u
r
of
th
e

es
ti
m
at
or
an
d
co
n
tr
ol
le
r.

If
th
e
in
te
rm
ed
ia
te
si
gn
al
is
n
ot
m
ea
su
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shut down [Leithead et al., 1991]. A typical power curve is shown in Figure

6.2.

Rated

Wind speed [m/s]

power

Power

Cut-in Rated Cut-out

Figure 6.2. Typical power curve

The control design objectives are summarized as follows

� maximization of energy capture in partial load.

� limiting and smoothing of electrical power in full load.

� minimization of the turbine transient loads and thereby maximization

of the turbine life in both partial and full load.

The control strategies are divided into below rated operation (partial load)

and above rated operation (full load). The measurement of the wind speed

can be used to determine whether the wind turbine is operating above or

below the rated wind speed.

The turbine can be operated in one of two modes, �xed speed and variable

speed. In �xed speed mode, the turbine is directly connected to the public

grid and the rotor is constrained to nearly constant speed, see Figure 6.3.

In variable speed mode, the generator is connected to the grid via a power

conversion unit which might be a recti�er-inverter system and rotor speed

is allowed to vary, see Figure 6.4.
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Figure 6.3. A constant speed wind turbine
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Figure 6.4. A variable speed wind turbine

There are two fundamental ways of controlling the operation of a wind

turbine, either actively or passively.

Passive pitch control relies on the inherent mechanical properties of the

turbine blades causing stalling at rated wind speed. The majority of wind

turbines in Denmark are stall controlled. A stall controlled turbine is de-

signed with a �xed pitch blade angle. Near rated wind speed the rotor

blades are designed to stall to smooth power through their insensitivity

to 
uctuations in wind speed, but the wind turbine structures experience
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an
d
h
ig
h
-s
p
ee
d
sh
af
t.
T
h
e
si
m
u
la
ti
on
m
o
d
el

1
0
9
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C
h
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r
7
.
S
im
u
la
ti
o
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

sh
o
u
ld
in
cl
u
d
e
co
n
tr
ib
u
ti
on
fr
om
ea
ch
co
m
p
on
en
t,
si
n
ce
ea
ch
fe
at
u
re
co
n
-

tr
ib
u
te
s
to
th
e
�
n
al
ov
er
al
l
d
y
n
am
ic
p
er
fo
rm
an
ce
of
th
e
co
m
p
le
te
sy
st
em
.

T
h
e
m
o
d
el
fo
r
ea
ch
p
ar
t
m
ay
b
e
si
m
p
li
�
ed
w
it
h
ou
t
si
gn
i�
ca
n
t
re
d
u
ct
io
n

in
th
e
ac
cu
ra
cy
o
f
re
p
re
se
n
ta
ti
on
.
F
u
rt
h
er
m
o
re
,
it
is
n
ec
es
sa
ry
to
d
er
iv
e
a

w
in
d
m
o
d
el
fo
r
th
e
si
m
u
la
ti
on
of
th
e
w
in
d
tu
rb
in
e
p
er
fo
rm
an
ce
.

T
h
e
�
rs
t
st
ag
e
in
th
e
m
o
d
el
li
n
g
p
ro
ce
ss
is
to
m
o
d
el
th
e
in
d
iv
id
u
al
sy
st
em

co
m
p
o
n
en
t.
F
ig
u
re
7.
1
il
lu
st
ra
te
s
th
e
b
as
ic
m
o
d
el
st
ru
ct
u
re
of
a
w
in
d
tu
r-

b
in
e
a
n
d
th
e
in
te
ra
ct
io
n
s
b
et
w
ee
n
th
e
d
i�
er
en
t
d
y
n
am
ic
co
m
p
on
en
ts
in
th
e

m
o
d
el
.
B
o
th
co
n
st
a
n
t
sp
ee
d
an
d
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
es
ar
e
m
o
d
el
le
d
.

In
th
e
�
gu
re
th
e
g
en
er
a
to
r
re
ac
ti
on
to
rq
u
e
is
o
n
ly
u
se
d
fo
r
a
va
ri
ab
le
sp
ee
d

w
in
d
tu
rb
in
e.

th
e 

ro
to

r
A

er
o

dy
na

m
ic

s
D

ri
ve

T
ra

in
dy

na
m

ic
s

A
ct

ua
to

r
dy

na
m

ic
s

G
en

er
at

or
to

rq
ue

sp
ee

d

to
rq

ue

sp
ee

d

Pi
tc

h

de
m

an
d

Pi
tc

h
ac

tu
at

io
n

Po
w

er

G
ri

d

St
ru

ct
ur

al
D

yn
am

ic
s D

is
pl

ac
em

en
t

A
xi

al
fo

rc
e

C
ha

r.
W

in
d

T
or

qu
e

re
fe

re
nc

e

W
in

d 
on

 

F
ig
u
re
7.
1.
B
as
ic
st
ru
ct
u
re
of
a
w
in
d
tu
rb
in
e
m
o
d
el

T
h
e
d
y
n
am
ic
b
eh
av
io
u
r
of
th
e
m
o
d
el
w
il
l
b
e
ve
ri
�
ed
to
d
em
on
st
ra
te
th
at
th
e

si
m
u
la
ti
on
ap
p
ro
x
im
a
te
s
th
e
re
al
it
y.
T
h
e
w
in
d
tu
rb
in
e
m
o
d
el
le
d
is
W
D
34
.

S
in
ce
w
e
ca
n
n
o
t
ge
t
ac
ce
ss
to
th
e
ex
p
er
im
en
ta
l
d
a
ta
fo
r
th
e
va
ri
ab
le
sp
ee
d

w
in
d
tu
rb
in
e,
o
n
ly
th
e
co
n
st
an
t
sp
ee
d
tu
rb
in
e
m
o
d
el
w
il
l
b
e
va
li
d
at
ed
.

7
.2

W
in
d
m
o
d
e
l

1
1
1

7
.2

W
in
d
m
o
d
e
l

In
or
d
er
to
u
n
d
er
st
an
d
th
e
d
y
n
am
ic
p
er
fo
rm
an
ce
o
f
a
w
in
d
tu
rb
in
e,
it
is

n
ec
es
sa
ry
to
h
av
e
th
e
k
n
ow
le
d
g
e
of
w
in
d
ch
ar
ac
te
ri
st
ic
s.

T
h
e
w
in
d
s,
in
th
e
m
ac
ro
-m
et
eo
ro
lo
gi
ca
l
se
n
se
,
ar
e
m
ov
em
en
ts
of
ai
r
m
as
se
s

in
th
e
at
m
os
p
h
er
e.
T
h
es
e
la
rg
e
m
ov
em
en
ts
ar
e
ge
n
er
at
ed
p
ri
m
ar
il
y
b
y
d
i�
er
-

en
ce
s
in
th
e
te
m
p
er
at
u
re
w
it
h
in
th
e
a
tm
os
p
h
er
e
w
h
ic
h
ar
e
d
u
e
to
d
i�
er
en
ti
al

so
la
r
h
ea
ti
n
g
[F
re
ri
s,
19
90
].
T
h
e
lo
w
er
re
gi
on
of
th
e
at
m
os
p
h
er
e,
is
of
in
te
r-

es
t
fo
r
w
in
d
tu
rb
in
e
op
er
at
io
n
.
M
ov
em
en
t
of
a
ir
in
th
is
re
gi
on
is
in


u
en
ce
d

b
y
fr
ic
ti
on
al
fo
rc
e,
la
rg
e
ob
st
ru
ct
io
n
s
on
th
e
su
rf
ac
e
of
th
e
ea
rt
h
an
d
te
m
-

p
er
at
u
re
gr
ad
ie
n
t
in
th
e
ve
rt
ic
al
d
ir
ec
ti
on
.

T
h
e
w
in
d
sp
ee
d
is
d
es
cr
ib
ed
as
a
sl
ow
ly
va
ry
in
g
av
er
ag
e
w
in
d
sp
ee
d
su
p
er
-

im
p
os
ed
b
y
a
ra
p
id
ly
va
ry
in
g
tu
rb
u
le
n
t
w
in
d
sp
ee
d
.

v w
in
d
=
v m
+
�
v w
in
d

(7
.1
)

T
h
e
av
er
ag
e
w
in
d
sp
ee
d
v m
is
in


u
en
ce
d
b
y
th
e
w
ea
th
er
an
d
ge
og
ra
p
h
ic

co
n
d
it
io
n
s.
It
ca
n
b
e
es
ti
m
at
ed
b
y
av
er
ag
in
g
th
e
�
lt
er
ed
p
o
in
t
w
in
d
m
ea
-

su
re
m
en
ts
th
ro
u
gh
a
lo
w
-p
as
s
�
lt
er
,
w
it
h
a
p
er
io
d
of
10
m
in
u
te
s.
T
h
e

tu
rb
u
le
n
t
w
in
d
sp
ee
d
�
v w
in
d

w
il
l
b
e
m
o
d
el
le
d
in
th
e
fr
eq
u
en
cy
ra
n
ge
of

8:
3
�1
0�
4
�
10
H
z,
se
e
[K
n
u
d
se
n
,
19
89
].

T
h
e
d
ir
ec
ti
on
of
th
e
w
in
d
w
il
l
n
ot
b
e
d
is
cu
ss
ed
,
si
n
ce
th
e
w
in
d
tu
rb
in
e
co
n
-

si
d
er
ed
in
th
is
re
p
or
t
is
d
es
ig
n
ed
fo
r
u
p
w
in
d
op
er
at
io
n
.
It
is
th
en
as
su
m
ed

th
at
th
e
ro
to
r
of
th
e
tu
rb
in
e
is
a
li
gn
ed
to
th
e
w
in
d
d
ir
ec
ti
on
b
y
a
ct
iv
e
y
aw
in
g

co
n
tr
ol
.



11
2

C
h
a
p
te
r
7
.
S
im
u
la
ti
o
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

F
or
a
w
in
d
tu
rb
in
e,
it
is
u
su
a
l
to
m
ea
su
re
th
e
w
in
d
sp
ee
d
b
y
a
n
an
em
om
et
er

si
tu
at
ed
on
th
e
to
p
o
f
n
ac
el
le
.
T
h
e
m
ea
su
re
d
w
in
d
sp
ee
d
is
ca
ll
ed
p
oi
n
t
w
in
d

sp
ee
d
.
A
lt
h
ou
gh
th
er
e
is
n
o
su
ch
th
in
g
as
th
e
w
in
d
sp
ee
d
ex
p
er
ie
n
ce
d
b
y

th
e
w
in
d
tu
rb
in
e,
si
n
ce
th
e
ro
to
r
is
su
b
je
ct
to
a
sp
at
ia
ll
y
d
is
tr
ib
u
te
d
w
in
d

�
el
d
w
h
ic
h
va
ri
es
in
ti
m
e,
th
e
tu
rb
in
e
m
ay
b
e
co
n
si
d
er
ed
to
ex
p
er
ie
n
ce
an

e�
ec
ti
ve
w
in
d
sp
ee
d
w
h
ic
h
,
in
so
m
e
se
n
se
,
is
an
av
er
ag
e
ov
er
th
e
ro
to
r
d
is
c.

T
h
e
h
ig
h
fr
eq
u
en
ci
es
o
f
th
e
e�
ec
ti
v
e
w
in
d
sp
ee
d
ex
p
er
ie
n
ce
d
b
y
th
e
ro
to
r

w
il
l
b
e
d
a
m
p
ed
co
m
p
ar
in
g
w
it
h
th
e
fr
eq
u
en
ci
es
o
f
th
e
p
oi
n
t
w
in
d
sp
ee
d
.

T
h
is
se
ct
io
n
w
il
l
d
e�
n
e
a
m
o
d
el
d
es
cr
ib
in
g
th
e
b
eh
av
io
u
r
o
f
th
e
e�
ec
ti
ve

tu
rb
u
le
n
t
w
in
d
sp
ee
d
on
th
e
ro
to
r.
F
ir
st
of
al
l,
a
p
ow
er
sp
ec
tr
u
m

fo
r
th
e

p
o
in
t
w
in
d
sp
ee
d
is
ch
o
se
n
an
d
si
m
p
li
�
ed
.
S
ec
on
d
ly
,
b
y
�
lt
er
in
g
th
e
p
ow
er

sp
ec
tr
u
m
of
th
e
p
oi
n
t
w
in
d
sp
ee
d
w
it
h
a
�
lt
er
fu
n
ct
io
n
,
th
e
p
ow
er
sp
ec
tr
al

d
en
si
ty
fu
n
ct
io
n
fo
r
th
e
e�
ec
ti
ve
w
in
d
sp
ee
d
ex
p
er
ie
n
ce
d
b
y
th
e
ro
to
r
ca
n

b
e
fo
u
n
d
.
F
in
al
ly
,
a
li
n
ea
r
m
o
d
el
w
h
ic
h
h
as
ap
p
ro
x
im
at
el
y
th
e
sa
m
e
sp
ec
-

tr
u
m
w
il
l
b
e
ob
ta
in
ed
.
In
th
is
re
p
or
t
th
e
tu
rb
u
le
n
t
w
in
d
sp
ee
d
is
as
su
m
ed

co
n
st
a
n
t
ov
er
th
e
w
h
ol
e
ro
to
r.

7
.2
.1

T
h
e
p
o
in
t
w
in
d
sp
e
e
d

T
h
e
m
o
d
el
o
f
th
e
w
in
d
sp
ee
d
at
m
ea
su
re
m
en
t
p
o
in
t
is

v w
in
d
=
v m
+
v p

(7
.2
)

w
h
er
e
v p
is
th
e
tu
rb
u
le
n
t
p
o
in
t
w
in
d
sp
ee
d
.

7
.2

W
in
d
m
o
d
e
l

1
1
3

T
h
e
tu
rb
u
le
n
t
p
oi
n
t
w
in
d
sp
ee
d
is
d
es
cr
ib
ed
b
y
p
ow
er
sp
ec
tr
u
m
g
iv
en
b
y

[H
�j
st
ru
p
,
19
82
]

f
�S
p
(f
)

v
2 �0

=

0:
5f
i

1
+
2:
2f

5 3 i

�(
h
i
�L

)
2 3

+

10
5
f r
u

(1
+
3
3f
r
u
)5 3

�
(1
�
h h

i
)2

(1
+
15
h h

i
)2 3

(7
.3
)

f i
an
d
f r
u
ar
e
d
e�
n
ed
a
s

f i
=

f
�h
i

v m

(7
.4
)

f r
u
=

f
�h
v
m

1
+
1
5
h h

i

(7
.5
)

L
is
t
of
S
y
m
b
o
l

v m

th
e
m
ea
n
w
in
d
sp
ee
d

[m
/
s]

v �
0

fr
ic
ti
on
ve
lo
ci
ty

[m
/s
]

h

m
ea
su
ri
n
g
h
ei
gh
t

[m
]

h
i

h
ei
gh
t
of
co
n
v
ec
ti
ve
b
ou
n
d
ar
y
la
ye
r

[m
]
h
i
=
1
00
0
m

L

M
on
on
-O
b
u
k
h
ov
le
n
gt
h

[m
]

f

fr
eq
u
en
cy

f
=

! 2
�

[H
z]

T
h
e
a
b
ov
e
sp
ec
tr
u
m
co
n
si
st
s
of
tw
o
p
ar
ts
.
T
h
e
�
rs
t
p
ar
t
co
rr
es
p
on
d
s
to
th
e

th
er
m
al
tu
rb
u
le
n
ce
(l
ow
fr
eq
u
en
cy
)
an
d
th
e
se
co
n
d
p
ar
t
co
rr
es
p
on
d
s
to
th
e

m
ec
h
an
ic
al
tu
rb
u
le
n
ce
(h
ig
h
fr
eq
u
en
cy
).

If
th
e
ve
rt
ic
al
te
m
p
er
at
u
re
gr
ad
ie
n
t
is
a
b
ou
t
�1
0
o
C
=
k
m
,
th
e
ai
r
m
as
s
w
il
l

n
ei
th
er
m
ov
e
u
p
n
or
m
ov
e
d
ow
n
,
th
is
is
ca
ll
ed
n
eu
tr
al
co
n
d
it
io
n
.
If
th
e

ve
rt
ic
al
te
m
p
er
at
u
re
gr
ad
ie
n
t
is
le
ss
th
an
�1
0
o
C
=
k
m
,
th
e
ai
r
m
as
s
w
il
l

m
ov
e
u
p
,
it
is
an
u
n
st
ab
le
at
m
os
p
h
er
e;
O
th
er
w
is
e
it
is
a
st
ab
le
at
m
os
p
h
er
e

if
th
e
gr
ad
ie
n
t
is
m
or
e
th
an
�1
0
o
C
=
k
m
.
T
h
e
u
n
st
ab
le
,
n
eu
tr
al
an
d
st
ab
le

co
n
d
it
io
n
h
ap
p
en
ab
ou
t
6%
,
60
%
an
d
34
%
of
ti
m
e
[P
et
er
se
n
et
al
.,
19
80
].

T
h
er
ef
or
e
w
e
ch
o
os
e
th
e
n
eu
tr
al
co
n
d
it
io
n
fo
r
th
e
m
o
d
el
.
F
or
a
n
eu
tr
al
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C
h
a
p
te
r
7
.
S
im
u
la
ti
o
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

co
n
d
it
io
n
th
e
�
rs
t
p
a
rt
of
th
e
m
o
d
el
ca
n
b
e
n
eg
le
ct
ed
,
w
h
ic
h
m
ea
n
s
th
at
th
e

h
ig
h
fr
eq
u
en
cy
p
a
rt
is
d
om
in
a
n
t.
T
h
e
ab
ov
e
fu
n
ct
io
n
ca
n
th
en
b
e
re
d
u
ce
d

to

f
�S
p
(f
)

v
2 �0

=

10
5
f r
u

(1
+
33
f r
u
)5 3

�
(1
�
h h

i
)2

(1
+
1
5
h h

i
)2 3

(7
.6
)

In
[H
�j
st
ru
p
,
19
82
],
th
e
m
o
d
el
va
ri
an
ce
is
ob
ta
in
ed
b
y
in
te
gr
at
io
n
of
(7
.6
)

ov
er
p
o
si
ti
ve
fr
eq
u
en
ci
es
o
n
ly

�
2 p
=

Z 1 0

S
p
(f
)d
f
=

1
0
5

22

(1
�
h h

i
)2

(1
+
15
h h

i
)

2 3

v
2 �0

(7
.7
)

A
cc
or
d
in
g
to
[L
ar
se
n
et
al
.,
19
9
2]
,
fo
r
a
n
eu
tr
a
l
co
n
d
it
io
n

v �
0
v m

=

�

ln
(h
=
r l
)

(7
.8
)

w
h
er
e
�
is
vo
n
K
�a
rm
�an
co
n
st
a
n
t
(�
0
:4
),
h
is
th
e
m
ea
su
ri
n
g
h
ei
gh
t,
r l
is

th
e
ro
u
g
h
n
es
s
le
n
gt
h
.
T
ab
le
7
.1
sh
ow
s
ro
u
gh
n
es
s
cl
a
ss
an
d
co
rr
es
p
on
d
in
g

ro
u
gh
n
es
s
le
n
g
th
fo
r
d
i�
er
en
t
la
n
d
sc
a
p
es
[P
et
er
se
n
et
al
.,
19
80
].
A
re
as
on
-

a
b
le
ch
o
ic
e
fo
r
th
e
ro
u
gh
n
es
s
le
n
gt
h
is
b
et
w
ee
n
cl
a
ss
1
an
d
2.

R
ou
gh
n
es
s
cl
as
s

T
y
p
e
of
la
n
d
sc
ap
e

R
o
u
gh
n
es
s
le
n
gt
h
r l

0

S
ea

1
m
m

1

O
p
en
co
u
n
tr
y

1
cm

2

F
ar
m
la
n
d

5
cm

3

S
m
al
l
to
w
n

30
cm

T
ab
le
7.
1.
R
ou
gh
n
es
s
cl
as
s
an
d
ro
u
gh
n
es
s
le
n
gt
h
fo
r
d
i�
er
en
t
la
n
d
sc
ap
e

B
y
ch
o
o
si
n
g
th
e
ro
u
gh
n
es
s
le
n
gt
h
p
ro
p
er
ly
,
it
is
th
en
p
os
si
b
le
to
ac
h
ie
ve

th
e
sp
ec
tr
a
l
d
en
si
ty
fu
n
ct
io
n
an
d
th
e
va
ri
an
ce
of
th
e
p
oi
n
t
w
in
d
sp
ee
d
b
y

in
se
rt
in
g
th
e
fr
ic
ti
o
n
ve
lo
ci
ty
v �
0
in
to
(7
.6
)
an
d
(7
.7
).
It
ca
n
b
e
ea
si
ly
fo
u
n
d

7
.2

W
in
d
m
o
d
e
l

1
1
5

th
at
th
e
sp
ec
tr
u
m

an
d
va
ri
an
ce
of
th
e
p
oi
n
t
w
in
d
d
ep
en
d
on
th
e
av
er
ag
e

w
in
d
sp
ee
d
.

7
.2
.2

T
h
e
w
in
d
e
x
p
e
ri
e
n
c
e
d
b
y
th
e
ro
to
r

It
is
im
p
os
si
b
le
to
m
ea
su
re
th
e
w
in
d
sp
ee
d
on
th
e
ro
to
r,
si
n
ce
th
e
w
in
d

sp
ee
d
va
ri
es
ov
er
th
e
d
is
c
sw
ep
t
b
y
th
e
ro
to
r.
T
h
e
w
in
d
ex
p
er
ie
n
ce
d
b
y
th
e

ro
to
r
ca
n
b
e
co
n
si
d
er
ed
as
an
av
er
ag
e
of
th
e
sp
at
ia
l
tu
rb
u
le
n
ce
,
w
h
ic
h
w
il
l

b
e
m
o
d
el
le
d
b
y
d
y
n
am
ic
al
ly
�
lt
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7.3 Aerodynamics

A wind turbine is a device for converting kinetic energy from the wind to

electrical energy. The rotor blades of the turbine sweep through a complex

three dimensional wind �eld which varies both in time and over the rotor

disc.

tower

wind

blade

hub nacelle R

ω r

wind speed

Figure 7.6. Side view and front view of rotor

Figure 7.6 is the side view and front view of rotor disc. The wind turbine

is operated facing against the wind by active yawing system.

All wind turbines, whatever their design, extract the pressure energy in the

following way. The turbine �rst causes the approaching wind to slow down

gradually, which results in a rise in the static pressure. Across the turbine

swept surface there is a drop in static pressure, such that, the air is below the

atmospheric pressure level. As the air proceeds downstream, the pressure

climbs back to the atmospheric value, causing a further slowing down of

the wind. Thus, between the far upstream and far wake conditions, there

is no change in static pressure, but a reduction in ordered kinetic energy

7.3 Aerodynamics 121

[Freris, 1990]. The principle of energy extraction process is illustrated in

Figure 7.7.
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Figure 7.7. The principle of energy extraction process
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Figure 7.8. Aerodynamic forces at a rotor blade section

How much the extracted energy is converted into usable energy depends

upon the particular turbine design. The change of the pressure induced an

aerodynamic force which is usually separated into a lift FL and a drag FD

component. The components FL and FD are in turn transformed into a pair

of axial and tangential forces F1 and F2. Only the tangential component F2

produces the driving torque around the rotor shaft. The axial force F1 has
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7.3.2 3p e�ect

As well as the disc averaged torque Tw, the rotor experiences various low

speed torque harmonic associated with the rotational frequency (nP) of the

blades. For a three bladed wind turbine, the most important disturbances

are 3P and 1P peaks with the 3P peak much more pronounced than the 1P

peak.

The spectral peaks are caused by the wind speed turbulence, the wind gra-

dient and shadow of the tower. The wind speed depends on the altitude

above ground, which causes the wind speed to be faster at top of the disc

swept by the rotor than at the lowest part. This is the gradient e�ect.

The tower shadow phenomenon is that when one of the blades sweeps in

front of the supporting tower, the torque induced on the blade will be re-

duced. [Leithead et al., 1992] indicates that the 1P peak is predominantly

deterministic and 3P peak is predominantly stochastic.

The 1P peak modelled by a simple sinusoid with amplitude A is given by

[Wilkie et al., 1990]

TnP = A sin(!rt) (7.18)

The 1P-e�ect is not included in the report.

A suitable model of the 3P peak is given by a lightly damped second order

function with white noise as input [Flensborg and S�rensen, 1995]

T3P (s)

e(s)

=

k3PTw(3!r)2

s2 + 2�(3!r)s+ (3!r)2

(7.19)

The spectrum of the model has a peak at 3!r. The amplitude k3P and

damping ratio � are determined empirically by comparing the model output

with the data sequences obtained from the existing WD34 wind turbine.
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The total rotor torque experienced by the rotor is then modi�ed by

Tr = Tw + T3P (7.20)

7.3.3 Axial force

The force, induced by the wind on the rotor, causes the bending movement

of the tower in axial direction. The movement is depicted in Figure 7.11.

t

tv Fwind

ω t

h

Figure 7.11. The bending movement of the tower

!t in the �gure is the angular velocity of the bending movement and ht is

the height of the tower. The driving force Ft, assumed acting on the centre

of the rotor, is given by [Andersen et al., 1980]

Ft =
1

2
��R2v2Ct(�; �) (7.21)

where v is the e�ective wind speed experienced by the rotor, which di�ers

from the wind in front of the rotor due to the tower motion. Therefore v

has to be modi�ed by considering the contribution of the tower movement.

v = vwind � !tht (7.22)
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The contribution of the tower movement is signi�cant for high wind speeds.

0
0.1

0.2
0.3

0.4
0.5

0

5
10

15
20

25
30

0

0.5

1

1.5

Pitch angle [deg] Tip speed ratio []

C
t [

]

Figure 7.12. Ct surface for WD34 (Negative values are replaced by zeros)

The force coe�cient Ct(�; �) is a strongly non-linear function of the pitch

angle � and the tip speed ratio �. The Ct surface for WD34 is plotted in

Figure 7.12, where negative values are replaced by zeros.

7.4 Structural dynamics

The axial force on the rotor causes the tower to bend. This may cause the

fatigue damage of turbines. The tower bending dynamics have an in
uence

on the stability of control loops and have thus to be taken into account

in the design of controller, i.e., the controller will be designed so as not to

excite the tower bending.
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The dynamic behaviour of the tower is modelled in a simple way. The one

degree of freedom modelled in the tower is an axial de
ection of the nacelle.

The tower can be considered as a rigid body with a spring and a damper,

as illustrated in Figure 7.13

τ

Ft
k

D

t

tl

t

mt

ω

Figure 7.13. Structural dynamics

The tower model is given by [Bongers et al., 1990]

mt
�lt +Dt
_lt + ktlt = Ft (7.23)

where lt is tower displacement. We also have the relation lt = �tht and

_�t = !t. �t is the angle of tower bending movement.

The structure dynamics can then be rewritten as

mtht��t +Dtht _�t + ktht�t = Ft (7.24)

The resonance frequency of the tower motion is 6.9 rad/s for the WD34

wind turbine.

The list of symbol is given below
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List of Symbol

lt nacelle displacement [m]

mt mass of nacelle and rotor [kg]

kt tower sti�ness [kg/s2]

Dt tower damping [kg/s]

Ft axial force [N]

�t angle of tower movement [deg]

!t angular velocity of tower movement [rad/sec]

ht height of tower [m]

7.5 Drive train

The drive train converts the input aerodynamic torque on the rotor into the

torque on the low-speed shaft which is scaled down through the gearbox and

then induce a torque on the high speed shaft. The drive train transmission

system has been illustrated in Figure 7.14.

Jr

J

Low speed shaft High speed shaft
Gear
box

θ Tr r Tls

Ths

Ks

g Tgθ

θls

gearn

g

Figure 7.14. Drive train dynamics

Jr in the �gure represents the inertia of the rotor, low speed shaft and

gearbox. The inertia of high speed shaft and generator is represented by Jg .
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The sti�ness of blades, hub, main shaft and gearbox has been transformed

as a total sti�ness on the low speed shaft Ks.

The transmission from rotor torque Tr to generator mechanical torque Tg

is described by the following equations.

The dynamic equation for the rotor and low speed shaft is

Jr��r = Tr � Tls (7.25)

and

Tls = Ks(�r � �ls) (7.26)

The torque and shaft rotation are transmitted through the gearbox to induce

the torque of high speed shaft
Ths = �gear

Tls

ngear

(7.27)

where �gear is the e�ciency of the gearbox. The shaft angle or the generator

shaft angle will be

�g = ngear�ls (7.28)

The dynamic equation for the high speed shaft is

Jg ��g = Ths � Tg (7.29)

The model equations of drive train can be reformulated in terms of the

angular velocities

Jr _!r = Tr � Tls (7.30)

Jg _!g = �gear
Tls

ngear
� Tg (7.31)
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According to [Kostenko and Piotrovsky, 1969], an asynchronous machine

can act as a generator, a motor or an electrical brake. If the speed is

negative relative to the magnetic �eld, i.e., !g < 0 and S > 1, the machine

will use the power from �eld to stop the rotor and therefore acts as an

electrical brake. If the rotor speed is positive and less than the �eld speed,

i.e., 0 < !g <
!0
np
and 0 < S < 1, the machine will act as a motor and try to

change the rotor speed to a constant value. If the rotor speed is higher than

the �eld speed, i.e., !g >

!0
np

and S < 0, the machine will be a generator

and produce power.

When the asynchronous machine operates as a generator, a mechanical

torque Tg is delivered to the generator shaft. Due to di�erent losses only

part of this torque, the electromagnetic torque Tem is obtained and con-

verted into electric energy. The electromagnetic torque as a function of the

slip is given by

Tem =

m1U
2
1

R2
S

!0
np
[(R1 +
R2
S

)2 +X2]

(7.35)

where R1 and R2 are the resistances of the stator winding and rotor winding,

X is the total inductive reactance of the stator winding and rotor winding.

Suppose the stator of the induction machine is connected to a circuit with a

given voltage U1, and the phase number of the stator is m1. The torque-slip

curve with U1 = const: is drawn in Figure 7.15.

When the machine is operating close to nominal values, the electromagnetic

torque can be modelled by a constant torque-speed curve slope, i.e., the

curve in Figure 7.15 can be approximated to the dashed line.

As a generator, the delivered mechanical power from high speed shaft to

the generator is Tg!g. Due to the di�erent losses, only part of this power is
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em

0 1 S

Motor BrakeGenerator

T

Figure 7.15. Torque-slip curve

transformed to electrical power. If the e�ciency of the generator is �, the

produced electrical power will be
Pe = � Tg!g (7.36)

If the losses in conversion of the electromagnetic power Pem into electrical

power are neglected, the produced electrical power will be

Pe = Tem!g (7.37)

which means that Tg = Tem=�, and Tg can thus be modelled by

Tg � Dg(!g � !0
np

) (7.38)

with

Dg =

Pe;0

�!g;0(!g;0 � !0
np
)

(7.39)

where Pe;0 is rated value of produced electrical power and !g;0 is nominal

generator speed. Using this model, the asynchronous generator acts like

a viscous damper. For an asynchronous generator, parameter Dg is nor-

mally large, which means that the generator speed has a very sti� dynamic

connection to the synchronous speed.
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The value of Dg gives a very sti� dynamics, it is vital to the dynamics of

the system. A compensation method given by [Schmidtbauer, 1994] is to

modify Dg with use of feedback. Dg will be decreased to Dg=(1 +Kc=np),

if we use proportional feedback Kc of the generator torque. The damping

of the system will be increased, if the feedback gain Kc is increased.

However, if the generator is equipped with a power conversion equipment,

the feedback of the rotor velocity or position will be eliminated. This means

that the converter makes the generator torque independent of the system

dynamics since we get Dg = 0.

7.6.2 Variable speed power generator unit

By connecting a frequency converter between the generator and the grid,

the coupling between the rotational speed and frequency of the grid can

be eliminated, i.e., the generator speed will be independent of the grid fre-

quency. By control of the �ring angle of the frequency converter it is possible

to control the electrical torque in the generator. The converter allows the

turbine to be run at variable speed and makes the torque control in the

generator possible and thereby a reduction of the stress on the drive train

and gearbox. Figure 7.16 shows the con�guration of a frequency converter.

The frequency converter is used to transform the constant frequency and

constant voltage of the grid to variable frequency and voltage on the gen-

erator side. The main components are an AC/DC converter, a DC-link

and a DC/AC converter. When power is 
owing from the generator, the

AC/DC converter acts like a recti�er, and the DC/AC converter acts like an

inverter. The DC-link can be used to attenuate voltage 
uctuations. More
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Grid

DC

fref

G AC/DC DC/AC

Generator

ConverterFrequency

UDC

I

Figure 7.16. The main components of the frequency converter

details of a frequency converter are given by [Bl�abjeg and Petersen, 1994]

and [Tsiolis, 1994].

The fundamental dynamics of the frequency converter are very complex

and nonlinear, but considerably faster than the fundamental drive train

dynamics and therefore can be neglected in the modelling. This means that

the generator torque will be equal to its reference value

Tg = Tg;ref (7.40)

7.7 Pitch actuator

The pitch actuator consists of a mechanical and hydraulic system which is

used to turn the blades of the wind turbine along their longitudinal axis.

By varying the pitch angle, the aerodynamic torque input to the rotor is

altered and hence the output power.

Because the inertia of the blades is large and the actuator should not

consume a great deal of power, the actuator has limited capabilities. Its dy-

namics are non-linear with saturation limits on both pitch angle and pitch
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rate. The actuator dynamics are depicted in Figure 7.17. When the pitch

angle and pitch rate are less than the saturation limits, the pitch dynamics

exhibits linear behaviour.

.

Κβ τβ/ +
-

βref
1/S

1/τβ

ββ

Figure 7.17. Pitch actuator

The actuator model describes the dynamic behaviour between the pitch

demand from the pitch controller to the actuation of this demand. The

actuator can be modelled as a �rst order system

G(S) =

�(S)

�ref (S)
=

K�

1 + ��S

(7.41)

where �ref is reference control input and � is actuator output (pitch angle).

The model can be rewritten as
_� = � 1
��

� +
K�

��
�ref (7.42)

According to data from the WD34 wind turbine, the saturation level of the

pitch angle is �20 � 870, and the saturation level of pitch rate is �100=s.

These limits should not be reached during the normal operation in order to

avoid not only the fatigue damage and wear of the pitch actuator, but also

the loss of performance.
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7.8 An entire model

The most signi�cant dynamics of the wind turbine have been modelled

with emphasis on control design. All dynamic components of the model

are given in section 7.2 - 7.7. An entire nonlinear simulation model of the

wind turbine can then be derived by connecting the individual sub-models.

The interconnections between the di�erent dynamic components have been

shown in Figure 7.1.

The simulation model is implemented in SIMULINK, which will then be

validated using measurements from the WD34 wind turbine in next section.

7.9 Validation of model

The validation will be mainly based on a comparison between output power

from simulation model and data obtained from an existing WD34 wind

turbine.

The data sequences from the WD34 wind turbine given by Ris� National

Laboratory are collected in an open loop experiment, in which the reference

signal to the pitch system was altered continuously as a square signal, and

pitch angle, output electrical power and wind speed are measured. The

collected data are obtained in an experiment of 20 minutes with a sample

rate of 32 Hz. A part of data is plotted in Figure 7.18, where the pitch angle

is a square signal with a period of 40 seconds. The wind speed is measured

by an anemometer situated on the top of nacelle.
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Figure 7.18. Data obtained from the WD34 wind turbine

The operating point of the experiment is given by the average values of the

obtained measurements

vm = 13:38 m=s

�0 = 11o

!r;0 = 3:68 rad=s

(7.43)

where !r;0 is the nominal rotor speed of the turbine.

However, as already explained in section 7.3, the wind speed is slowed

down behind the rotor swept surface by the rotor. When the anemometer is

situated on the top of nacelle behind the rotor swept surface as it is in the

experiment, the wind speed at measurement point is lower than the wind

speed at a point in front of the rotor.

The block scheme of the validation of the turbine model is depicted in

Figure 7.19. The simulation model developed in the previous sections is
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tested by using �ltered wind measurements as disturbance input and pitch

angle measurements as control input. The output power from the simulation

model will be compared with power measurements from the existing WD34

wind turbine.

measurement

Wind speed

powerPitch angle

Spatial
filter

Simulation
model

Output 

Figure 7.19. Validation of the wind turbine model

The measurements of the wind speed are the point wind speed, which are

strongly in
uenced by the turbine. To correct for wind speed discrep-

ancy and blade shadow, the wind speed experienced by the rotor will be

constructed by �ltering the point wind speed, which will be used as a dis-

turbance input to the turbine model. The power spectrum of the spatial

�lter is given by ( 7.10), which can be approximated by a �rst order low

pass �lter

H(s) =

1

1 + 1:4715s

(7.44)

The �lter transfer function is derived at the operating point (7.43).

7.9.1 Validation of T3P model

First of all, the parameters of the T3P model have to be determined by the

data sequences. The 3P-e�ect depends signi�cantly on the speci�c wind

turbine and site. This makes it necessary to determine the parameters of

the model based on validation of the 3P-e�ect on the power measurements
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R
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u
re
7.
21
.
P
ow
er
sp
ec
tr
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p
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d
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d
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.
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d
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b
y
th
e
d
i�
er
en
ce
�
P
.

5
0

1
0

0
1

5
0

2
0
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0
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0
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0
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d
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b
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d
el
.
T
h
e
m
ea
su
re
m
en
ts
of
th
e
w
in
d
sp
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b
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p
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b
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ro
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p
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b
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ra
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d
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b
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b
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b
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b
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ro
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d
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at
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b
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b
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ro
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b
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d
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p
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d
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d
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at
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b
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at
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b
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e

1
4
3

5
0

1
0

0
1

5
0

2
0
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d
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d
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p
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d
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at
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b
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d
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d
p
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d
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p
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b
ot
h
1P
an
d
2P
-e
�
ec
t
d
u
e

to
th
e
u
n
b
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b
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p
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b
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0
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0
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0
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p
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w
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p
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d
in
g
to
th
is
w
in
d
se
q
u
en
ce
is
sh
ow
n
in
F
ig
u
re
7.
24
.

T
h
e
ke
y
p
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b
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p
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]
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m
ax
(h
t!
t
)
[c
m
]

40
8
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m
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b
ta
in
ed
w
h
il
e
si
m
u
la
ti
n
g
th
e
u
n
co
n
tr
ol
le
d
w
in
d
tu
r-

b
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.
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ra
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b
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b
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d
el
s.
B
ot
h

th
e
co
n
st
an
t
sp
ee
d
tu
rb
in
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d
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b
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b
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b
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b
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d
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d
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os
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d
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h
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d
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d
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d
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b
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d
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ra
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b
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s.
S
ec
ti
on
8.
1
gi
ve
s
a
li
n
ea
r
st
at
e-
sp
ac
e

m
o
d
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d
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d
ge
n
er
a
to
r
d
y
n
am
ic
s
w
il
l
b
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b
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ra
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ab
le
sp
ee
d
w
in
d
tu
rb
in
e,
op
ti
m
al
en
er
gy
is
ac
h
ie
ve
d
b
y
ke
ep
in
g

th
e
ti
p
-s
p
ee
d
ra
ti
o
at
it
s
op
ti
m
al
va
lu
e.
T
h
e
tu
rb
in
e
m
u
st
th
en
tr
ac
k
th
e

va
ri
at
io
n
s
of
th
e
w
in
d
sp
ee
d
,
w
h
ic
h
d
em
an
d
s
la
rg
e
va
ri
at
io
n
s
of
to
rq
u
e
an
d

sp
ee
d
.
T
h
e
m
o
d
el
of
3p
-e
�
ec
t
w
il
l
n
ot
b
e
in
cl
u
d
ed
in
th
e
d
es
ig
n
m
o
d
el
in

th
is
ca
se
.

B
el
ow
ra
te
d
w
in
d
sp
ee
d
,
th
e
ge
n
er
at
or
re
fe
re
n
ce
to
rq
u
e
is
va
ri
ed
to
re
gu
la
te

th
e
ge
n
er
at
or
sp
ee
d
an
d
th
e
p
it
ch
an
gl
e
is
�
x
ed
at
it
s
op
ti
m
al
va
lu
e.
It
is

th
en
n
ot
n
ec
es
sa
ry
to
in
cl
u
d
e
p
it
ch
d
y
n
am
ic
s
in
th
e
d
es
ig
n
m
o
d
el
.
T
h
er
ef
or
e

th
e
p
la
n
t
is
a
si
n
gl
e-
in
p
u
t
si
n
gl
e-
ou
tp
u
t
sy
st
em
.
T
h
e
m
o
d
el
ca
n
b
e
d
es
cr
ib
ed
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�
1
n
g
e
a
r

�
K
s

J
r

1 J
r

@
T
w

@
!
r

0

�
g
e
a
r
K
s

n
g
e
a
r
J
g

0

0

3 7 7 52 6 6 4�
� �

�
!
r

�
!
g

3 7 7 5

+
2 6 6 4
0 0 �

1 J
g

3 7 7 5�
T
g
;r
e
f
+

2 6 6 4
0

1 J
r

@
T
w

@
v

0

3 7 7 5�
v w
in
d

(8
.1
5)

a
n
d
ou
tp
u
t
eq
u
a
ti
on
s
ar
e

" �
!
g

�
T
g

# =
" 0

0

1

0

0

0
#2 6 6 4�
� �

�
!
r

�
!
g

3 7 7 5+
" 0 1
# �

T
g
;r
e
f

(8
.1
6)

T
h
e
m
o
d
el
ca
n
b
e
re
p
re
se
n
te
d
b
y
(8
.1
1
)
w
it
h
x
p

=

[�
� �
;
�
!
r
;
�
!
g
]T
,

u
=
�
T
g
;r
e
f
,
y
=
[�
!
g
;
�
T
g
]T
a
n
d
L
p
2
=
0
.

10
−

3
10

−
2

10
−

1
10

0
10

1
10

2
−

10
0

−
500

F
re

qu
en

cy
 (

ra
d/

se
c)

Gain dB

10
−

3
10

−
2

10
−

1
10

0
10

1
10

2
0

18
0

36
0

F
re

qu
en

cy
 (

ra
d/

se
c)

Phase deg

F
ig
u
re
8.
4
.
B
o
d
e
p
lo
t
fo
r
a
va
ri
a
b
le
sp
ee
d
w
in
d
tu
rb
in
e
m
o
d
el
:
fr
om
ge
n
er
-

a
to
r
re
fe
re
n
ce
to
rq
u
e
�
T
g
;r
e
f
to
ge
n
er
at
or
sh
a
ft
sp
ee
d
�
!
g
.

8
.2

N
o
is
e
m
o
d
e
ls

1
5
7

B
o
d
e
d
ia
gr
am
is
gi
ve
n
fo
r
a
fr
eq
u
en
cy
fu
n
ct
io
n
fr
om
ge
n
er
at
or
to
rq
u
e
re
f-

er
en
ce
to
ge
n
er
at
or
sp
ee
d
in
F
ig
u
re
8.
4
at
an
o
p
er
at
in
g
p
o
in
t

v m
=
7
m
=
s

�
o
p
t
=
0:
5
o

!
r;
0
=
3:
04
ra
d
=
s

(8
.1
7)

8
.2

N
o
is
e
m
o
d
e
ls

T
h
e
w
in
d
m
o
d
el
ca
n
b
e
re
p
re
se
n
te
d
b
y
a
se
co
n
d
or
d
er
st
at
e-
sp
ac
e
m
o
d
el

" �
_v w
in
d

�
�v w
in
d

# =
"
0

1

�
1
p
1
p
2

�
p
1

+
p
2

p
1
p
2

#"
�
v w
in
d

�
_v w
in
d

# +
"
0 k

p
1
p
2

# e w

�
v w
in
d
=
[
1
0
]" �

v w
in
d

�
_v w
in
d

#

(8
.1
8)

w
h
er
e
e w
is
a
ze
ro
m
ea
n
w
h
it
e
n
oi
se
w
it
h
u
n
it
va
ri
an
ce
.
If
th
e
st
at
e
is

ch
os
en
as
x
w

=
[�
v w
in
d
�
_v w
in
d
]T
,
th
e
ab
ov
e
m
o
d
el
ca
n
b
e
w
ri
tt
en
as
a

n
oi
se
m
o
d
el

_x
w

=

A
w
x
w

+
B
w
e w

�
v w
in
d

=

C
w
x
w

(8
.1
9)

In
a
d
es
ig
n
m
o
d
el
of
3P
-e
�
ec
t,
th
e
an
gu
la
r
v
el
o
ci
ty
o
f
ro
to
r
an
d
ro
to
r
to
rq
u
e

sh
ou
ld
b
e
co
n
si
d
er
ed
co
n
st
an
t,
i.
e.
,
!
r
=
!
r;
0
a
n
d
T
w

=
T
w
;0

�
T
3
P
(s
)

e 3
P
(s
)

=

k
3
P
T
w
;0
(3
!
r;
0
)2

s2
+
2�
(3
!
r;
0
)s
+
(3
!
r;
0
)2

(8
.2
0)

th
e
3
P
-e
�
ec
t
w
il
l
th
en
b
e
m
o
d
el
le
d
b
y
st
at
e-
sp
ac
e
eq
u
at
io
n
s

" �
_ T
3
P

�
� T
3
P

# =
"

0

1

�

(3
!
r
;0
)2

�

2�
(3
!
r
;0
)

#"
�
T
3
P

�
_ T
3
P

# +
"

0

k
3
P
T
w
;0
(3
!
r
;0
)2

# e
3
P



15
8

C
h
a
p
te
r
8
.
D
e
si
g
n
M
o
d
e
l
o
f
th
e
W
in
d
T
u
rb
in
e

�
T
3
P

=
[
1
0
]" �

T
3
P

�
_ T
3
P

#

(8
.2
1)

w
h
ic
h
in
tu
rn
ca
n
b
e
re
p
re
se
n
te
d
b
y

_x
3
P

=

A
3
P
x
3
P

+
B
3
P
e 3
P

�
T
3
P

=

C
3
P
x
3
P

(8
.2
2)

w
h
er
e
e 3
P

is
a
ze
ro
m
ea
n
w
h
it
e
n
o
is
e
w
it
h
u
n
it
va
ri
an
ce
,
an
d
it
is
u
n
co
r-

re
la
te
d
w
it
h
n
oi
se
se
q
u
en
ce
e w
.
T
h
e
�
T
3
P

m
o
d
el
ca
n
on
ly
b
e
in
cl
u
d
ed

in
th
e
d
es
ig
n
m
o
d
el
,
w
h
en
th
e
an
g
u
la
r
v
el
o
ci
ty
of
ro
to
r
ca
n
b
e
co
n
si
d
er
ed

co
n
st
an
t.
S
in
ce
th
er
e
ar
e
su
b
st
an
ti
al
va
ri
at
io
n
s
in
th
e
ro
to
r
sp
ee
d
w
h
en
a

va
ri
a
b
le
sp
ee
d
w
in
d
tu
rb
in
e
is
em
p
lo
ye
d
b
el
ow
th
e
ra
te
d
w
in
d
sp
ee
d
,
th
e

�
T
3
P

m
o
d
el
w
il
l
n
o
t
b
e
in
cl
u
d
ed
in
th
e
d
es
ig
n
m
o
d
el
in
th
is
ca
se
.

8
.3

A

c
o
m
p
o
si
te
m
o
d
e
l

A
co
m
p
os
it
e
m
o
d
el
ca
n
b
e
b
u
il
t
in
w
h
ic
h
th
e
p
la
n
t
m
o
d
el
(8
.1
1)
an
d
n
oi
se

m
o
d
el
s
(8
.1
9
)
a
n
d
(8
.2
2
)
ar
e
u
n
i�
ed
in
to
on
e
si
n
g
le
st
at
e-
sp
ac
e
m
o
d
el

2 6 4
_x
p
(t
)

_x
w
(t
)

_x
3
P
(t
)

3 7 5=
2 6 4A

p

L
p
1
C
w

L
p
2
C
3
P

0

A
w

0

0

0

A
3
P

3 7 52 6 4x
p
(t
)

x
w
(t
)

x
3
P
(t
)

3 7 5

+
2 6 4B

p 0 0

3 7 5u(
t)
+

2 6 4
0

0

B
w

0

0

B
3
P

3 7 5" e
w
(t
)

e
3
P
(t
)

#
(8
.2
3)

y
(t
)
=
[
C
p

0

0
]2 6 4x

p
(t
)

x
w
(t
)

x
3
P
(t
)

3 7 5+
D
p
u
(t
)

8
.4

D
is
c
re
te
ti
m
e
m
o
d
e
l

1
5
9

B
el
ow
th
e
ra
te
d
w
in
d
sp
ee
d
,
th
e
m
o
d
el
of
3P
-e
�
ec
t
w
il
l
b
e
om
it
te
d
in
th
e

d
es
ig
n
m
o
d
el
.

If
w
e
ch
o
os
e
x
(t
)
=
[x
p
(t
)
x
w
(t
)
x
3
P
(t
)]
T

a
n
d
e
(t
)
=
[e
w
(t
)
e 3
P
(t
)]
T
,
th
e

co
m
p
os
it
e
m
o
d
el
ca
n
b
e
re
w
ri
tt
en
as

_x
(t
)

=

A
c
x
(t
)
+
B
c
u
(t
)
+
L
c
e
(t
)

y
(t
)

=

C
c
x
(t
)
+
D
c
u
(t
)

(8
.2
4)

T
h
e
m
ai
n
ad
va
n
ta
ge
of
st
at
e-
sp
ac
e
m
o
d
el
is
th
at
a
p
ri
or
i
k
n
ow
le
d
ge
a
b
ou
t

th
e
sy
st
em
in
a
n
at
u
ra
l
w
ay
ca
n
b
e
in
cl
u
d
ed
in
th
e
m
o
d
el
.
S
in
ce
w
e
h
av
e
a

w
el
l-
k
n
ow
n
p
h
y
si
ca
l
st
ru
ct
u
re
an
d
p
h
y
si
ca
l
m
o
d
el
of
th
e
d
ri
ve
tr
ai
n
sy
st
em
,

th
e
m
o
d
el
sh
ou
ld
b
e
w
el
l
su
it
ed
fo
r
th
e
co
n
tr
ol
le
r
d
es
ig
n
p
u
rp
os
e.

8
.4

D
is
c
re
te
ti
m
e
m
o
d
e
l

A
d
ig
it
al
co
n
tr
ol
le
r
is
n
or
m
al
ly
im
p
le
m
en
te
d
,
w
h
ic
h
sa
m
p
le
s
th
e
p
la
n
t
ou
t-

p
u
t
an
d
ca
lc
u
la
te
s
a
co
n
tr
ol
in
p
u
t
w
h
ic
h
is
�
x
ed
d
u
ri
n
g
th
e
sa
m
p
le
p
er
io
d
.

In
th
is
se
ct
io
n
th
e
sa
m
p
le
ra
te
w
il
l
b
e
d
is
cu
ss
ed
an
d
th
e
d
is
cr
et
e-
ti
m
e
m
o
d
el

w
il
l
b
e
fo
rm
u
la
te
d
.

G
en
er
al
ly
,
th
e
p
er
fo
rm
an
ce
of
a
d
ig
it
al
co
n
tr
ol
le
r
im
p
ro
ve
s
w
it
h
in
cr
ea
si
n
g

sa
m
p
le
ra
te
,
b
u
t
co
st
m
ay
a
ls
o
b
e
in
cr
ea
se
d
w
it
h
fa
st
er
sa
m
p
li
n
g.
T
h
e

se
le
ct
io
n
of
th
e
b
es
t
sa
m
p
le
ra
te
fo
r
a
d
ig
it
al
co
n
tr
ol
sy
st
em
is
a
co
m
p
ro
m
is
e.

T
h
e
sa
m
p
li
n
g
th
eo
re
m
st
at
es
th
at
in
or
d
er
to
re
co
n
st
ru
ct
an
u
n
k
n
ow
n
b
an
d
-

li
m
it
ed
co
n
ti
n
u
ou
s
si
gn
al
fr
om
sa
m
p
le
s
of
th
at
si
gn
al
,
th
e
sa
m
p
le
ra
te
m
u
st

b
e
at
le
as
t
tw
ic
e
as
fa
st
as
th
e
h
ig
h
es
t
fr
eq
u
en
cy
co
n
ta
in
ed
in
th
e
u
n
k
n
ow
n

si
gn
al
.
In
p
ra
ct
ic
e,
th
e
si
gn
al
w
il
l
n
ev
er
b
e
b
an
d
li
m
it
ed
,
h
ow
ev
er
,
so
m
e
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o
f
th
e
si
g
n
al
ca
n
b
e
co
n
si
d
er
ed
in
si
gn
i�
ca
n
t
a
b
ov
e
a

ce
rt
a
in
fr
eq
u
en
cy
.

B
as
ed
on
th
e
sa
m
p
li
n
g
th
eo
re
m
,
th
e
sa
m
p
le
ra
te
d
en
ot
ed
b
y
f s
m
u
st
b
e
at

le
as
t
tw
ic
e
th
e
re
q
u
ir
ed
cl
os
ed
-l
o
o
p
b
an
d
w
id
th
o
f
th
e
sy
st
em
f b
,
i.
e.
,

f s f b
>
2

(8
.2
5)

T
h
is
is
a
fu
n
d
am
en
ta
l
lo
w
er
b
ou
n
d
o
n
th
e
sa
m
p
le
ra
te
.

H
ow
ev
er
,
[F
ra
n
k
li
n
et
al
.,
19
90
]
in
d
ic
at
es
th
at
th
e
th
eo
re
ti
ca
l
lo
w
er
b
ou
n
d

w
ou
ld
b
e
ju
d
ge
d
fa
r
to
o
sl
ow
fo
r
an
a
cc
ep
ta
b
le
ti
m
e
re
sp
o
n
se
.
H
e
su
gg
es
ts

th
at
th
e
d
es
ir
ed
sa
m
p
li
n
g
ra
te
sh
ou
ld
b
e

6
�

f s f b
�
40

(8
.2
6)

F
or
th
e
co
n
st
an
t
sp
ee
d
W
D
34
w
in
d
tu
rb
in
e,
th
e
d
ri
ve
tr
ai
n
re
so
n
an
ce
fr
e-

q
u
en
cy
of
6
.1
3
ra
d
/
s
(�
1
H
z
)
is
d
o
m
in
at
ed
fr
eq
u
en
cy
,
a
sa
m
p
le
ra
te
of
10

H
z
in
th
e
cu
rr
en
t
u
se
d
P
I-
co
n
tr
o
ll
er
h
a
s
b
ee
n
ch
os
en
b
y
V
es
ta
s.
T
h
is
sa
m
p
le

ra
te
d
w
il
l
al
so
b
e
u
se
d
in
L
Q
G
co
n
tr
ol
le
r
fo
r
th
e
co
n
st
an
t
sp
ee
d
p
it
ch
co
n
-

tr
ol
le
d
w
in
d
tu
rb
in
e
in
or
d
er
to
m
a
k
e
an
u
n
b
ia
se
d
co
m
p
ar
is
on
.
H
ow
ev
er
,
fo
r

a
va
ri
ab
le
sp
ee
d
p
it
ch
co
n
tr
ol
le
d
w
in
d
tu
rb
in
e,
d
u
e
to
a
ve
ry
li
gh
tl
y
d
am
p
ed

re
so
n
an
ce
at
fr
eq
u
en
cy
of
21
.4
ra
d
/
s
(3
.4
H
z)
,
a
sa
m
p
le
ra
te
of
33
.3
3
H
z
(t
h
e

sa
m
p
le
ti
m
e
is
0.
03
s)
is
ch
o
se
n
to
a
tt
en
u
at
e
th
e
d
ri
v
e
tr
ai
n
re
so
n
an
ce
.

T
h
en
a
co
n
ti
n
u
o
u
s
m
o
d
el
ca
n
b
e
tr
an
sf
or
m
ed
to
a
d
is
cr
et
e-
ti
m
e
m
o
d
el

x
(t
+
1
)

=

A
d
x
(t
)
+
B
d
u
(t
)
+
w
(t
)

y
(t
)

=

C
d
x
(t
)
+
D
d
u
(t
)

(8
.2
7)

8
.5

S
u
m
m
a
ry

1
6
1

8
.5

S
u
m
m
a
ry

T
h
e
d
es
ig
n
m
o
d
el
s
fo
r
w
in
d
tu
rb
in
es
h
av
e
b
ee
n
d
er
iv
ed
in
th
is
ch
ap
te
r.
In

th
e
ca
se
of
fu
ll
lo
ad
,
m
o
d
el
s
fo
r
a
co
n
st
an
t
sp
ee
d
tu
rb
in
e
a
n
d
a
va
ri
ab
le

sp
ee
d
tu
rb
in
e
ar
e
fo
rm
u
la
te
d
se
p
ar
at
el
y.
In
p
ar
ti
al
lo
ad
,
on
ly
a
va
ri
ab
le

sp
ee
d
tu
rb
in
e
w
it
h
�
x
ed
p
it
ch
is
m
o
d
el
le
d
.
B
ot
h
th
e
w
in
d
m
o
d
el
a
n
d
th
e

3P
-e
�
ec
t
ar
e
co
n
si
d
er
ed
as
n
oi
se
m
o
d
el
s.
T
h
e
T
3
P

m
o
d
el
is
in
cl
u
d
ed
on
ly
in

fu
ll
lo
ad
,i
n
w
h
ic
h
th
er
e
ar
e
n
ot
si
gn
i�
ca
n
t
va
ri
at
io
n
s
in
th
e
ro
to
r
sp
ee
d
.
T
h
e

sa
m
p
le
ra
te
s
fo
r
d
ig
it
al
co
n
tr
ol
sy
st
em
s
ar
e
d
et
er
m
in
ed
an
d
a
ge
n
er
al
iz
ed

d
is
cr
et
e-
ti
m
e
st
at
e-
sp
ac
e
m
o
d
el
is
d
er
iv
ed
.
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E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d

S
p
e
e
d

U
si
n
g
a
w
in
d
tu
rb
in
e
fo
r
p
ro
d
u
ct
io
n
of
el
ec
tr
ic
al
en
er
gy
re
q
u
ir
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164 Chapter 9. Estimation of The Wind Speed

a direct measurement of e�ective wind speed impossible. However, it is

also impossible to predict the true wind speed passing through the rotor

disc by measuring it by an anemometer, because the discrepancy between

the measured wind speed and true speed on the rotor is considerably large.

Even if it were possible, the presence of the turbine disturbs the wind speed

and the measurement would need to be made at separate site where the

wind speed correlated almost exactly with the wind speed experienced by

the turbine. Hence direct measurement of wind speed is of limited value

in regulating the wind turbine [Leithead et al., 1990]. The idea is then to

estimate the e�ective wind speed experienced by the rotor by using a wind

turbine as a wind measuring device.

Below the rated wind speed, the wind turbine will be adjusted to capture

as much as possible of the energy from the wind. If a tracking controller is

employed to keep the wind turbine running at optimal tip speed ratio where

the turbine can achieve maximumpower, the estimated wind speed is often

used to determine the optimal control action. In this case the accurate

estimated wind speed is a prerequisite for an appropriate control system

design. Above the rated wind speed, a controller can be used to smooth the

power generated by the wind turbine. If a gain scheduled LQG controller is

applied to compensate for nonlinearities of the process, the estimated wind

speed is often chosen as a scheduling variable to determine the operating

point where the controller can be calibrated each sample.

An input and output signal from the turbine are required by an estimator,

no matter which estimation method is used, see Figure 9.1. The plant

considered here is aWD34 constant speed wind turbine with PI pitch control

above rated wind speed and �xed pitch angle below rated wind speed. The

9.1 The Newton-Raphson method 165

v

Plant

Estimator

u y

^

Figure 9.1. Block scheme of estimator

input signal of the turbine is pitch demand and the output measurement is

electrical power.

In the following sections the Newton-Raphson method, Kalman �lter method

and extended Kalman �lter method will be developed for wind speed esti-

mation based on the model of the wind turbine. The performance of the

algorithms will be investigated by simulations. An identical wind sequence

is used for all simulations. Afterwards, some experimental data are used to

test the estimation approaches. An interesting discussion concerning wind

speed estimation is given at the end of chapter.

9.1 The Newton-Raphson method

The Newton type methods have been given in Appendix A. The reason to

use the Newton-Raphson method is that the method has particularly fast

convergence properties in most cases

[Dennis and Schnabel, 1983].
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b
e
cl
ea
rl
y
se
en
fr
om
F
ig
u
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at
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b
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b
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d
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e
n
o
m
in
a
l
p
oi
n
t.
H
en
ce
,
th
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b
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at
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p
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p
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p
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ro
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ro
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b
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ra
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it
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ro
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p
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b
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ro
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b
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at
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p
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p
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er
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b
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at
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b
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at
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at
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b
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at
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ra
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b
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at
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b
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d
ra
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ra
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ra
te
d
ae
ro
d
y
n
am
ic
to
rq
u
e

T
w
;0
is
at
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b
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=
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0
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b
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b
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b
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b
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at
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ro
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b
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=
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�
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=
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m
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h
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at
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b
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�
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�
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=
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p
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b
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b
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ra
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e
ou
tp
u
t
p
ow
er
p
ro
d
u
ce
d
b
y

th
e
tu
rb
in
e
is
40
0
K
W
.

1
0

1
5

2
0

2
5

05

1
0

1
5

2
0

2
5

W
in

d
 s

p
e

e
d

 [
m

/s
]

Pitch angle [deg]

1
0

1
5

2
0

2
5

1
.6

1
.82

2
.2

2
.4

2
.6

2
.8

x
 1

0
4

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/dv [NmS/m]

1
0

1
5

2
0

2
5

−
2

−
1

.5−
1

−
0

.50
x
 1

0
4

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/db [Nm/deg]

1
0

1
5

2
0

2
5

−
1

5

−
1

0

−
505

x
 1

0
4

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/dwr [NmS/rad]

F
ig
u
re
9.
7.
S
ch
ed
u
le
ta
b
le
of
op
er
at
in
g
p
o
in
t
to
p
ro
d
u
ce
40
0
K
W

el
ec
-

tr
ic
al
p
ow
er
.
(d
T
w
=
d
v
=
@
T
w
=
@
v
,
d
T
w
=
d
b
=
@
T
w
=
@
�
a
n
d
d
T
w
=
d
w
r
=

@
T
w
=
@
!
r
)



17
6

C
h
a
p
te
r
9
.
E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d
S
p
e
e
d

T
h
e
w
in
d
m
o
d
el
is
al
so
ch
an
ge
d
w
it
h
th
e
av
er
ag
e
w
in
d
sp
ee
d
.
T
h
e
p
ar
am
-

et
er
s
in
th
e
w
in
d
m
o
d
el
ca
n
b
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d
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b
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c
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=
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=
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+
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=
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=
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d
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h
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h
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p
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at
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ra
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b
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at
io
n
er
ro
r

ar
e
gi
ve
n
in
F
ig
u
re
9.
8.
T
h
e
m
ea
n
va
lu
e
an
d
st
an
d
ar
d
d
ev
ia
ti
on
ar
e
0.
08
5

an
d
0.
12
36
re
sp
ec
ti
ve
ly
.
It
is
ob
v
io
u
s
th
at
th
e
es
ti
m
at
io
n
er
ro
r
w
il
l
n
ot
b
e

in
cr
ea
se
d
w
h
en
th
e
w
in
d
sp
ee
d
is
fa
r
fr
om
th
e
n
om
in
al
w
in
d
sp
ee
d
.

0
2

0
4

0
6

0
8

0
1

0
0

1
2

0
1

4
0

1
6

0
1

8
0

2
0

0
1

2

1
4

1
6

1
8

2
0

2
2

T
im

e
 [
s
]

Wind speed [m/s]

0
2

0
4

0
6

0
8

0
1

0
0

1
2

0
1

4
0

1
6

0
1

8
0

2
0

0
−

0
.4

−
0

.20

0
.2

0
.4

T
im

e
 [
s
]

Estimation error [m/s]

F
ig
u
re
9.
8.
T
h
e
u
p
p
er
sh
ow
s
th
e
e�
ec
ti
ve
w
in
d
sp
ee
d
v
(s
ol
id
)
an
d
th
e

es
ti
m
at
e
of
th
e
w
in
d
sp
ee
d
^v
(d
as
h
ed
).
T
h
e
lo
w
er
p
lo
t
sh
ow
s
th
e
es
ti
m
at
io
n

er
ro
r

9
.3
.2

B
e
lo
w

ra
te
d
w
in
d
sp
e
e
d

B
el
ow
ra
te
d
w
in
d
sp
ee
d
,
if
th
e
w
in
d
sp
ee
d
ca
n
b
e
es
ti
m
at
ed
,
it
ca
n
b
e
u
se
d

as
a
sc
h
ed
u
li
n
g
va
ri
ab
le
to
d
et
er
m
in
e
th
e
p
it
ch
an
gl
e
re
fe
re
n
ce
fo
r
a
co
n
st
an
t

sp
ee
d
w
in
d
tu
rb
in
e,
w
h
en
th
e
tu
rb
in
e
is
d
es
ig
n
ed
in
su
ch
a
w
ay
th
at
th
e

ae
ro
d
y
n
am
ic
to
rq
u
e
is
se
n
si
ti
ve
to
th
e
p
it
ch
an
gl
e.
It
ca
n
al
so
b
e
u
se
d

to
d
et
er
m
in
e
th
e
op
ti
m
al
ro
to
r
an
gu
la
r
ve
lo
ci
ty
fo
r
a
va
ri
ab
le
sp
ee
d
w
in
d

tu
rb
in
e
to
a
ch
ie
ve
m
ax
im
u
m
p
ow
er
.
S
in
ce
th
e
ex
is
ti
n
g
W
D
34
w
in
d
tu
rb
in
e

is
d
es
ig
n
ed
fo
r
a
�
x
ed
p
it
ch
an
gl
e
b
el
ow
ra
te
d
w
in
d
sp
ee
d
,
w
h
ic
h
m
ea
n
s

th
at
n
o
co
n
tr
ol
ac
ti
on
is
av
ai
la
b
le
,
th
e
es
ti
m
at
or
w
il
l
b
e
im
p
le
m
en
te
d
fo
r
a



17
8

C
h
a
p
te
r
9
.
E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d
S
p
e
e
d

�
x
ed
p
it
ch
W
D
34
w
in
d
tu
rb
in
e.
T
h
e
si
m
il
a
r
m
et
h
o
d
s
ca
n
b
e
d
ev
el
op
ed
fo
r

a
va
ri
a
b
le
p
it
ch
or
a
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
e.

T
h
e
ae
ro
d
y
n
am
ic
to
rq
u
e
(9
.1
9)
at
th
e
w
or
k
in
g
p
oi
n
t
1
ca
n
b
e
w
ri
tt
en
b
y

T
r
=
T
w
;0
+
�
T
w
;1
+
�
T
3
P

(9
.2
8)

w
h
er
e

�
T
w
;1
=

@
T
w
@
v

? ? ? ? v 1
�
v
+

@
T
w

@
!
r

? ? ? ? v 1
�
!
r
�
d
T
w

(1
)

(9
.2
9)

w
h
er
e

d
T
w

(1
)
=

@
T
w
@
v

? ? ? ? v 1
�
v 1
�
(T
w
;1
�
T
w
;0
)

(9
.3
0)

T
h
e
p
a
ra
m
et
er
s
T
w
;1
,
@
T
w
=
@
v
,
an
d
@
T
w
=
@
!
r

ca
n
b
e
fo
u
n
d
b
y
se
ar
ch
in
g

sc
h
ed
u
li
n
g
ta
b
le
b
y
th
e
es
ti
m
at
ed
w
in
d
sp
ee
d
.
T
h
e
sc
h
ed
u
li
n
g
ta
b
le
is

sh
ow
n
in
F
ig
u
re
9
.9
.

0
5

1
0

1
5

−
505

1
0

1
5

x
 1

0
4

W
in

d
 s

p
e

e
d

 [
m

/s
]

Tw [Nm]

0
5

1
0

1
5

0

0
.51

1
.52

x
 1

0
4

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/dv [NmS/m]

0
5

1
0

1
5

−
1

0
0

0

−
5

0
00

5
0

0

1
0

0
0

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/db [Nm/deg]

0
5

1
0

1
5

−
1

5
0

0
0

−
1

0
0

0
0

−
5

0
0

00

5
0

0
0

W
in

d
 s

p
e

e
d

 [
m

/s
]

dTw/dwr [NmS/rad]

F
ig
u
re
9.
9
.

S
ch
ed
u
le
ta
b
le
of
w
or
k
in
g
p
oi
n
t.

(d
T
w
=
d
v

=

@
T
w
=
@
v
,

d
T
w
=
d
b
=
@
T
w
=
@
�
an
d
d
T
w
=
d
w
r
=
@
T
w
=
@
!
r
.)

9
.4

A

c
o
m
p
a
ri
so
n

1
7
9

T
h
e
st
at
e-
sp
ac
e
m
o
d
el
an
d
th
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
a
lg
or
it
h
m
ca
n
b
e

w
ri
tt
en
in
th
e
sa
m
e
w
ay
as
eq
u
at
io
n
s
(9
.2
4)
-(
9.
26
)
a
n
d
(9
.2
7)
.

T
h
e
si
m
u
la
ti
on
is
p
er
fo
rm
ed
at
th
e
av
er
ag
e
w
in
d
sp
ee
d
of
7
m
/s
.
T
h
e

es
ti
m
at
io
n
re
su
lt
s
a
re
gi
ve
n
in
F
ig
u
re
9.
10
.
T
h
e
m
ea
n
va
lu
e
an
d
st
an
d
ar
d

d
ev
ia
ti
on
of
th
e
es
ti
m
at
io
n
er
ro
r
ar
e
0.
00
25
an
d
0.
03
02
re
sp
ec
ti
v
el
y.

0
2

0
4

0
6

0
8

0
1

0
0

1
2

0
1

4
0

1
6

0
1

8
0

2
0

0
56789

T
im

e
 [
s
]

Wind speed [m/s]

0
2

0
4

0
6

0
8

0
1

0
0

1
2

0
1

4
0

1
6

0
1

8
0

2
0

0
−

0
.1

−
0

.0
50

0
.0

5

0
.1

0
.1

5

T
im

e
 [
s
]

Estimation error [m/s]

F
ig
u
re
9.
10
.
T
h
e
u
p
p
er
sh
ow
s
th
e
e�
ec
ti
ve
w
in
d
sp
ee
d
v
(s
ol
id
)
an
d
th
e

es
ti
m
at
e
of
th
e
w
in
d
sp
ee
d
^v
(d
as
h
ed
).
T
h
e
lo
w
er
p
lo
t
sh
ow
s
th
e
es
ti
m
at
io
n

er
ro
r

9
.4

A

c
o
m
p
a
ri
so
n

A
co
m
p
ar
is
on
of
th
e
th
re
e
es
ti
m
at
io
n
m
et
h
o
d
s
ar
e
d
iv
id
ed
in
to
tw
o
op
er
-

at
io
n
al
m
o
d
es
,
i.
e.
,
a
b
ov
e
ra
te
d
w
in
d
sp
ee
d
an
d
b
el
ow
ra
te
d
w
in
d
sp
ee
d
.

T
h
e
re
su
lt
s
th
at
w
er
e
ob
ta
in
ed
in
p
re
v
io
u
s
se
ct
io
n
s
b
y
th
e
th
re
e
d
i�
er
en
t

es
ti
m
at
io
n
m
et
h
o
d
s
ar
e
li
st
ed
in
T
ab
le
9.
3
at
av
er
ag
e
w
in
d
sp
ee
d
of
16
m
/s

an
d
T
ab
le
9.
4
at
av
er
ag
e
w
in
d
sp
ee
d
of
7
m
/s
.



18
0

C
h
a
p
te
r
9
.
E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d
S
p
e
e
d

e
=
v
�
^v

N
ew
to
n

K
a
lm
a
n

E
x
te
n
d
ed

K
al
m
an

m
ea
n
va
lu
e

-0
.0
0
20

0.
17
23

0.
01
42

S
ta
n
d
ar
d
d
ev
ia
ti
o
n

0.
25
30

0.
22
58

0.
12
36

T
ab
le
9.
3.
A
t
av
er
ag
e
w
in
d
sp
ee
d
of
1
6
m
/s
.

e
=
v
�
^v

N
ew
to
n

K
a
lm
a
n

E
x
te
n
d
ed

K
al
m
an

m
ea
n
va
lu
e

-0
.0
0
29

-0
.0
3
43

0.
00
25

S
ta
n
d
ar
d
d
ev
ia
ti
o
n

0.
07
09

0.
07
36

0.
03
02

T
a
b
le
9.
4.
A
t
av
er
a
ge
w
in
d
sp
ee
d
of
7
m
/s
.

T
h
e
N
ew
to
n
-R
ap
h
so
n
m
et
h
o
d
w
it
h
th
e
a
ss
u
m
p
ti
o
n
P
r
=
P
e
=
�
p
ro
v
id
es
a

sm
a
ll
m
ea
n
va
lu
e
of
es
ti
m
at
io
n
er
ro
r
in
b
ot
h
ca
se
s,
b
u
t
it
gi
v
es
a
la
rg
e

va
ri
an
ce
.
T
h
e
re
as
on
is
th
at
th
e
ro
to
r
p
ow
er
P
r
is
n
o
t
m
ea
su
ra
b
le
an
d
th
e

as
su
m
p
ti
on
P
r
=
P
e
=
�
le
ad
s
to
th
e
es
ti
m
at
io
n
er
ro
r.
H
ow
ev
er
,
th
e
N
ew
to
n
-

R
ap
h
so
n
m
et
h
o
d
is
th
e
m
os
t
si
m
p
le
m
et
h
o
d
.
It
is
n
o
t
b
as
ed
on
th
e
m
o
d
el

of
th
e
w
h
o
le
sy
st
em
an
d
it
is
n
ot
n
ec
es
sa
ry
to
k
n
ow
th
e
av
er
ag
e
w
in
d
sp
ee
d
.

T
h
e
K
al
m
a
n
�
lt
er
m
et
h
o
d
g
iv
es
b
ot
h
la
rg
e
va
ri
a
n
ce
a
n
d
m
ea
n
va
lu
e
of

es
ti
m
a
ti
on
er
ro
r
in
th
e
th
re
e
m
et
h
o
d
s,
b
ec
au
se
th
e
li
n
ea
r
m
o
d
el
u
se
d
in
th
e

K
al
m
an
�
lt
er
d
es
ig
n
is
�
x
ed
a
t
n
om
in
al
op
er
at
in
g
p
oi
n
t.
It
ca
n
b
e
cl
ea
rl
y

se
en
fr
om
th
e
si
m
u
la
ti
o
n
s,
th
e
es
ti
m
at
io
n
er
ro
r
is
in
cr
ea
se
d
w
h
en
th
e
w
in
d

sp
ee
d
d
ev
ia
te
s
fr
om
th
e
n
om
in
a
l
w
in
d
sp
ee
d
,
w
h
er
e
th
e
d
i�
er
en
ce
b
et
w
ee
n

th
e
li
n
ea
r
m
o
d
el
a
n
d
ac
tu
al
sy
st
em
in
cr
ea
se
s.
T
h
e
K
al
m
an
�
lt
er
al
go
ri
th
m

y
ie
ld
s
le
ss
�
lt
er
in
g
ac
cu
ra
cy
th
an
th
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
al
go
ri
th
m
,

9
.5

T
e
st

1
8
1

b
u
t
it
o�
er
s
co
m
p
u
ta
ti
on
al
ad
va
n
ta
ge
.
T
h
e
K
al
m
an
g
ai
n
ca
n
b
e
ca
lc
u
la
te
d

o�
-l
in
e.

T
h
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
is
a
sp
ec
ia
l
k
in
d
of
op
en
-l
o
op
ad
ap
ta
ti
on
or

ch
an
ge
of
es
ti
m
at
or
p
ar
am
et
er
s,
w
h
ic
h
gi
v
es
th
e
b
es
t
p
er
fo
rm
an
ce
in
th
e

th
re
e
m
et
h
o
d
s.
T
h
e
m
et
h
o
d
ac
h
ie
v
es
th
e
sm
al
le
st
va
ri
an
ce
s
in
b
ot
h
ca
se
s.

T
h
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
m
et
h
o
d
h
as
th
e
ad
va
n
ta
ge
th
at
th
e
li
n
ea
r
m
o
d
el

u
se
d
in
th
e
K
al
m
an
�
lt
er
d
es
ig
n
ca
n
b
e
ca
li
b
ra
te
d
fo
r
op
er
at
in
g
p
oi
n
t
b
y

m
on
it
or
in
g
th
e
es
ti
m
at
ed
w
in
d
sp
ee
d
.
T
h
er
ef
or
e
th
e
ch
an
ge
s
in
p
ro
ce
ss

ga
in
ca
n
b
e
co
n
si
d
er
ed
b
y
th
e
es
ti
m
at
or
,
an
d
th
e
es
ti
m
at
io
n
er
ro
r
w
il
l
n
ot

b
e
in
cr
ea
se
d
w
h
en
th
e
w
in
d
sp
ee
d
d
ev
ia
te
s
fr
om
th
e
n
om
in
al
w
in
d
sp
ee
d
.

B
ot
h
th
e
K
al
m
an
�
lt
er
m
et
h
o
d
an
d
th
e
ex
te
n
d
ed
K
al
m
an
�
lt
er
m
et
h
o
d

re
q
u
ir
e
a
go
o
d
m
o
d
el
of
th
e
sy
st
em
.
E
ve
n
th
ou
gh
th
e
ex
te
n
d
ed
K
al
m
an

�
lt
er
gi
ve
s
th
e
b
es
t
p
er
fo
rm
an
ce
,
b
ec
au
se
of
th
e
co
m
p
u
ta
ti
on
ti
m
e
re
q
u
ir
ed

b
y
th
e
m
et
h
o
d
a
n
d
li
m
it
ed
av
ai
la
b
le
re
so
u
rc
es
,
th
e
N
ew
to
n
a
n
d
K
al
m
an

�
lt
er
m
et
h
o
d
s
ar
e
st
il
l
go
o
d
ch
oi
ce
s
fo
r
im
p
le
m
en
ta
ti
on
on
a
re
al
tu
rb
in
e.

9
.5

T
e
st

T
h
e
d
at
a
se
q
u
en
ce
s
fr
om
th
e
W
D
34
w
in
d
tu
rb
in
e
w
er
e
co
ll
ec
te
d
in
an
op
en
-

lo
op
ex
p
er
im
en
t,
in
w
h
ic
h
th
e
p
it
ch
a
n
gl
e
of
ro
to
r
b
la
d
es
w
a
s
�
x
ed
a
t
1o
,
th
e

w
in
d
sp
ee
d
a
n
d
p
ow
er
o
u
tp
u
t
w
er
e
m
ea
su
re
d
.
T
h
e
w
in
d
w
as
m
ea
su
re
d
b
y

an
an
em
om
et
er
w
h
ic
h
is
a
t
6
8
m
in
fr
o
n
t
of
th
e
tu
rb
in
e,
at
th
e
sa
m
e
h
ei
gh
t

as
th
e
h
u
b
.



182 Chapter 9. Estimation of The Wind Speed

A comparison of the experimental data and the estimated data is very dif-

�cult. First of all, the measured wind speed has to be �ltered to obtain the

wind speed experienced by the rotor. The �lter function is an approxima-

tion. Secondly, the distance between the measurement point and rotor of

the turbine may cause a time delay and discrepancy between the measured

wind speed and the true wind speed at the wind turbine, especially the high

frequency components in the wind. Thirdly, the power measurements are

corrupted by 1P, 2P and 3P-
uctuations, which have to be �ltered out. The

model of 3P-e�ect is not included in the design model in this test.

Pitch angle

filter
LP

Comparison

Wind

measurements

Effective

wind speed

Estimator
Estimated

wind speed

Filtered power

measurements

Figure 9.11. Block scheme of the comparison

The block scheme of the comparison of the experimental result and esti-

mated wind speed is illustrated in Figure 9.11. The e�ective wind speed

experienced by the turbine is derived by dynamically �ltering the measure-

ments of the point wind speed. The �lter function was given in ( 7.45). The

pitch angle and power measurements will be used as an input and output

signal to the estimator. Since there are evident contents of 1P, 2P and 3P-

e�ect in the power measurements, which depend signi�cantly on the speci�c

wind turbine and site, the power measurements have to be �ltered by band-

stop �lters with bandwidth of 0:15�(n!r;0) and a fourth order Butterworth

low-pass �lter with cut-o� frequency of 8 rad/s to discard high frequency

9.5 Test 183

components. The block scheme of pre�ltering the power measurements is

shown in Figure 9.12.

measurements

Power 

measurementsfilter
1P

filter
2P

filter
3P

filter
LP Filtered power

Figure 9.12. Pre�ltering of power measurements

The test is carried out by using the Kalman �lter method. The simulation

result is plotted in Figure 9.13. The estimated wind speed given in the �gure

seems to agree with the �ltered measurements. The time delay between the

estimated wind speed and �ltered wind measurements can be obviously

seen. This is caused by the distance between the measurement point and

the turbine. The two data sequences deviate in some areas, it may caused

by the distance or the precision of the �lter function.
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Figure 9.13. The �ltered measurements v (solid) and the estimate of the

wind speed ^v (dashed)
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en
ce
,
th
e
w
in
d
sp
ee
d
is
n
ot
ob
se
rv
ab
le
in
th
e

n
on
li
n
ea
r
m
o
d
el
.
In
p
ra
ct
ic
e,
th
is
b
ec
om
es
a
p
ro
b
le
m
w
h
en
th
e
ti
p
-s
p
ee
d

ra
ti
o
is
cl
os
e
to
th
e
p
oi
n
t
w
h
er
e
th
e
ae
ro
d
y
n
a
m
ic
to
rq
u
e
h
as
a
m
ax
im
u
m

w
it
h
re
sp
ec
t
to
w
in
d
sp
ee
d
.

F
ig
u
re
9.
1
4
sh
ow
s
a
P
r
�
v
cu
rv
e
fo
r
th
e
W
D
34
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e

a
t
th
e
p
it
ch
an
g
le
of
1o
.
F
ig
u
re
9
.1
5
gi
v
es
th
e
P
r
�
v
cu
rv
es
fo
r
th
e
W
D
34

co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e
a
t
p
it
ch
an
g
le
of
5
o
;1
0o
;1
5o
;2
0o
.

0
5

1
0

1
5

2
0

2
5

−
1

0
00

1
0

0

2
0

0

3
0

0

4
0

0

5
0

0

6
0

0

v 
[m

/s
]

Pr [KW]

F
ig
u
re
9.
1
4.
A
P
r
�
v
cu
rv
e
fo
r
th
e
W
D
34
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e

w
h
en
th
e
p
it
ch
an
gl
e
is
1
o
.

9
.6

D
is
c
u
ss
io
n

1
8
5

0
5

1
0

1
5

2
0

2
5

−
4

0
0

−
2

0
00

2
0

0

4
0

0

6
0

0

8
0

0

1
0

0
0

1
2

0
0

v 
[m

/s
]

Pr [KW]

F
ig
u
re
9.
15
.
P
r
�
v
cu
rv
es
fo
r
th
e
W
D
34
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e
w
it
h

d
i�
er
en
t
p
it
ch
a
n
gl
es
.
(|

�
=
5o
;
-
-
�
=
10
o
;
-�
�
=
15
o
;
��
�
=
20
o
)

It
ca
n
b
e
fo
u
n
d
th
at
th
e
q
u
ad
ra
ti
c
p
ar
t
of
th
e
cu
rv
e
in
F
ig
u
re
9
.1
4
a
p
p
ea
rs

at
h
ig
h
w
in
d
sp
ee
d
(v
>
15
m
/s
).
T
h
e
w
in
d
sp
ee
d
w
h
er
e
th
e
ae
ro
d
y
n
am
ic

p
ow
er
h
as
m
ax
im
u
m
p
ow
er
is
18
m
/s
.
T
h
e
es
ti
m
at
io
n
p
ro
b
le
m
w
il
l
o
cc
u
r

w
h
en
th
e
w
in
d
sp
ee
d
is
cl
os
e
to
18
m
/s
.
H
ow
ev
er
,
si
n
ce
th
e
w
in
d
tu
rb
in
e

is
eq
u
ip
p
ed
w
it
h
ac
ti
ve
p
it
ch
co
n
tr
ol
le
r,
th
e
op
er
at
in
g
p
oi
n
t
of
th
e
tu
rb
in
e

w
il
l
b
e
m
ov
ed
to
th
e
cu
rv
es
in
F
ig
u
re
9.
15
,
w
h
ic
h
h
av
e
a
u
n
iq
u
e
w
in
d
sp
ee
d

fo
r
a
gi
ve
n
ae
ro
d
y
n
am
ic
p
ow
er
.
In
sh
or
t,
fo
r
p
it
ch
co
n
tr
ol
le
d
w
in
d
tu
rb
in
es

th
e
es
ti
m
at
io
n
p
ro
b
le
m
w
il
l
n
ot
o
cc
u
r
b
ec
au
se
th
ey
ar
e
al
w
ay
s
op
er
at
in
g
in

th
e
n
on
-s
ta
ll
re
gi
on
.

B
y
in
ve
st
ig
at
io
n
,
m
os
t
w
in
d
tu
rb
in
es
p
ro
d
u
ce
d
b
y
V
es
ta
s
h
av
e
th
e
si
m
il
a
r

P
r
�v
cu
rv
es
w
it
h
th
e
li
tt
le
d
i�
er
en
ce
s
in
w
in
d
sp
ee
d
w
h
er
e
th
e
ae
ro
d
y
n
am
ic

p
ow
er
h
as
m
ax
im
u
m
va
lu
e.

In
p
ra
ct
ic
e,
th
e
tu
rb
in
e
w
il
l
se
ld
om

go
in
to
th
e
ar
ea
w
h
er
e
th
e
p
ea
k
of

ae
ro
d
y
n
am
ic
p
ow
er
o
cc
u
rs
if
th
e
sw
it
ch
in
g
fr
om
b
el
ow
ra
te
d
w
in
d
sp
ee
d
to
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6

C
h
a
p
te
r
9
.
E
st
im
a
ti
o
n
o
f
T
h
e
W
in
d
S
p
e
e
d

ab
ov
e
ra
te
d
w
in
d
sp
ee
d
or
ve
rs
e
v
ic
e
ar
e
p
ro
p
er
ly
d
es
ig
n
ed
.
In
or
d
er
to

in
cr
ea
se
th
e
ro
b
u
st
n
es
s
of
th
e
co
n
tr
ol
le
r,
th
e
op
er
at
in
g
p
oi
n
t
cl
os
ed
to
th
e

sw
it
ch
in
g
p
oi
n
t
ca
n
b
e
�
x
ed
fo
r
th
e
co
n
tr
ol
le
r,
an
d
ga
in
sc
h
ed
u
li
n
g
w
it
h

th
e
es
ti
m
at
ed
w
in
d
sp
ee
d
as
a
sc
h
ed
u
li
n
g
va
ri
a
b
le
w
il
l
o
n
ly
b
e
im
p
le
m
en
te
d

w
h
en
th
e
p
it
ch
is
la
rg
er
th
an
5o
.

A
s
it
h
a
s
b
ee
n
su
gg
es
te
d
b
y

[E
ke
lu
n
d
,
19
97
],
an
a
lt
er
n
at
iv
e
a
p
p
ro
ac
h
is

to
d
e�
n
e
th
e
op
er
at
io
n
al
st
ra
te
gy
in
th
e
to
rq
u
e-
ro
to
r
sp
ee
d
p
la
n
e.
A
n
y

co
n
tr
ol
st
ra
te
g
y
is
eq
u
iv
a
le
n
t
to
a
cu
rv
e
in
th
is
p
la
n
e.
O
n
ly
a
n
es
ti
m
at
e
of

ae
ro
d
y
n
a
m
ic
to
rq
u
e
is
re
q
u
ir
ed
ra
th
er
th
an
an
es
ti
m
a
te
o
f
w
in
d
sp
ee
d
.

9
.7

S
u
m
m
a
ry

T
h
re
e
d
i�
er
en
t
es
ti
m
at
io
n
m
et
h
o
d
s
h
av
e
b
ee
n
p
re
se
n
te
d
in
th
is
se
ct
io
n
.
A
n

a
n
a
ly
si
s
an
d
co
m
p
ar
is
on
o
f
th
re
e
m
et
h
o
d
s
ar
e
m
ad
e
b
as
ed
on
th
e
si
m
u
la
ti
on

re
su
lt
s.
T
h
e
es
ti
m
a
ti
o
n
m
et
h
o
d
s
ar
e
te
st
ed
b
y
ex
p
er
im
en
ta
l
d
at
a,
an
d
th
e

es
ti
m
at
ed
w
in
d
sp
ee
d
sh
ow
s
a
go
o
d
ag
re
em
en
t
w
it
h
th
e
�
lt
er
ed
m
ea
su
re
-

m
en
ts
o
f
th
e
p
oi
n
t
w
in
d
sp
ee
d
.
T
h
e
re
su
lt
s
in
d
ic
at
e
th
at
es
ti
m
at
io
n
o
f
th
e

w
in
d
sp
ee
d
is
a
u
se
fu
l
m
et
h
o
d
fo
r
th
e
co
n
tr
ol
le
r
d
es
ig
n
,
if
it
re
q
u
ir
es
th
e

k
n
ow
le
d
g
e
o
f
th
e
w
in
d
sp
ee
d
.
H
ow
ev
er
,
th
e
p
ro
b
le
m
m
ay
o
cc
u
r
at
sw
it
ch
in
g

ar
ea
,
w
h
ic
h
re
q
u
ir
e
ca
re
fu
ll
y
d
es
ig
n
of
th
e
sw
it
ch
in
g
fr
om
ab
ov
e
ra
te
d
w
in
d

sp
ee
d
to
b
el
ow
ra
te
d
w
in
d
sp
ee
d
or
ve
rs
e
v
ic
e.

C
h
a
p
te
r
1
0

C
o
n
tr
o
l
A
b
o
v
e
R
a
te
d

P
o
w
e
r

T
h
e
em
p
h
as
is
of
th
is
ch
ap
te
r
is
gi
ve
n
to
th
e
d
es
ig
n
of
co
n
tr
ol
sy
st
em
s
a
b
ov
e

ra
te
d
p
ow
er
.
D
es
ig
n
of
co
n
tr
ol
sy
st
em
s
fo
r
a
co
n
st
an
t
sp
ee
d
an
d
va
ri
ab
le

sp
ee
d
w
in
d
tu
rb
in
e
is
tr
ea
te
d
se
p
ar
at
el
y.

T
h
e
co
n
tr
ol
ob
je
ct
iv
es
fo
r
w
in
d
tu
rb
in
es
ou
tl
in
ed
in
th
e
in
tr
o
d
u
ct
io
n
n
ee
d

to
b
e
cl
ar
i�
ed
m
or
e
p
re
ci
se
ly
.
T
h
e
lo
ad
tr
an
si
en
ts
ex
p
er
ie
n
ce
d
b
y
th
e
w
in
d

tu
rb
in
e
ar
e
of
tw
o
ty
p
es
.
F
ir
st
ly
,
th
e
w
in
d
,
a
s
a
d
is
tu
rb
an
ce
in
p
u
t
to
th
e
tu
r-

b
in
e,
re
su
lt
s
in
la
rg
e
os
ci
ll
at
io
n
s
in
d
ri
ve
tr
ai
n
to
rq
u
e
an
d
el
ec
tr
ic
al
p
ow
er
.

T
h
e
co
n
tr
ol
sy
st
em
sh
ou
ld
at
te
m
p
t
to
re
d
u
ce
th
es
e
to
a
m
in
im
u
m
an
d
re
-

d
u
ce
th
e
st
re
ss
on
th
e
p
ow
er
tr
ai
n
co
m
p
on
en
ts
.
V
ar
ia
ti
on
s
in
lo
ad
s
ca
n
n
ot

b
e
co
m
p
le
te
ly
el
im
in
at
ed
b
u
t
re
d
u
ci
n
g
th
ei
r
m
ag
n
it
u
d
e
is
d
es
ir
ab
le
.
T
o

1
8
7



18
8

C
h
a
p
te
r
1
0
.
C
o
n
tr
o
l
A
b
o
v
e
R
a
te
d
P
o
w
e
r

w
h
at
ex
te
n
t
th
es
e
b
en
e�
ts
ar
e
ac
co
m
p
li
sh
ed
d
ep
en
d
s
on
th
e
co
n
tr
ol
sy
s-

te
m
a
n
d
th
e
ch
ar
ac
te
ri
st
ic
s
of
th
e
p
la
n
t.
S
ec
o
n
d
ly
,
th
er
e
ar
e
va
ri
at
io
n
s
in

th
e
st
ru
ct
u
re
lo
ad
s.
If
th
e
co
n
tr
ol
sy
st
em

op
er
at
es
p
er
fe
ct
ly
,
th
e
tu
rb
in
e

st
ru
ct
u
re
st
a
te
s
w
il
l
tr
a
ck
th
ei
r
st
ea
d
y
st
at
e
va
lu
es
.
O
f
co
u
rs
e,
th
e
co
n
-

tr
ol
sy
st
em
d
o
es
n
ot
p
er
fo
rm
p
er
fe
ct
ly
an
d
tu
rb
in
e
ex
p
er
ie
n
ce
s
ad
d
it
io
n
al

tr
an
si
en
t
st
ru
ct
u
ra
l
lo
ad
s,
th
e
co
n
tr
ol
le
r
sh
ou
ld
at
te
m
p
t
to
re
d
u
ce
th
es
e
to

a
m
in
im
u
m
.
In
ad
d
it
io
n
,
th
e
w
in
d
tu
rb
in
e
is
su
b
je
ct
to
3
P
-e
�
ec
t
d
u
e
to

ro
ta
ti
on
al
sa
m
p
li
n
g
o
f
th
e
w
in
d
�
el
d
.
T
h
e
co
n
tr
ol
le
r
sh
ou
ld
n
ot
ca
u
se
th
es
e

to
b
e
ag
g
ra
va
te
d
.

T
h
e
co
n
tr
ol
sy
st
em
m
u
st
in
cr
ea
se
re
je
ct
io
n
of
th
e
d
is
tu
rb
an
ce
s
ca
u
se
d
b
y

w
in
d
sp
ee
d
va
ri
a
ti
on
s,
an
d
al
so
re
je
ct
sl
ow
ex
te
rn
al
d
is
tu
rb
an
ce
s
su
ch
as

ch
an
ge
s
in
m
ea
n
w
in
d
sp
ee
d
b
y
re
d
u
ci
n
g
th
e
st
ea
d
y
st
at
e
er
ro
rs
.
A
t
th
e

sa
m
e
ti
m
e,
th
e
co
n
tr
ol
le
r
sh
ou
ld
re
d
u
ce
th
e
ex
te
n
t
of
co
n
tr
ol
ac
ti
on
an
d

p
re
ve
n
t
to
o
h
ig
h
a
co
n
tr
o
l
d
em
a
n
d
[L
ei
th
ea
d
et
al
.,
19
92
].
A
tr
ad
e-
o�
h
as

to
b
e
m
ad
e
b
et
w
ee
n
d
i�
er
en
t
o
b
je
ct
iv
es
.

T
h
e
is
su
e
as
to
w
h
et
h
er
st
ru
ct
u
ra
l
re
so
n
a
n
ce
s
sh
o
u
ld
b
e
av
oi
d
ed
is
n
ot

co
n
si
d
er
ed
h
er
e
an
d
so
n
o
av
oi
d
in
g
ac
ti
on
is
in
co
rp
o
ra
te
d
in
th
e
op
er
at
io
n
al

st
ra
te
gy
.
H
ow
ev
er
,
th
e
to
w
er
m
ot
io
n
w
il
l
b
e
n
ot
ed
in
si
m
u
la
ti
on
s.

P
it
ch
c
o
n
tr
o
l

T
h
e
w
in
d
tu
rb
in
e
is
su
b
je
ct
to
st
o
ch
as
ti
c
va
ry
in
g
lo
a
d
s
w
h
ic
h
a
re
in
d
u
ce
d

b
y
w
in
d
sp
ee
d
va
ri
a
ti
on
s
b
ot
h
in
ti
m
e
a
n
d
ov
er
th
e
d
is
c
sw
ep
t
b
y
th
e
ro
to
r.

T
h
e
to
rq
u
e
in
d
u
ce
d
on
th
e
ro
to
r
b
y
th
e
w
in
d
is
d
ep
en
d
en
t
on
th
e
p
it
ch

an
gl
e
of
th
e
b
la
d
es
.
T
h
is
m
ak
es
it
p
os
si
b
le
to
co
n
tr
ol
th
e
en
er
gy
ab
so
rb
ed

b
y
th
e
tu
rb
in
e
b
y
ch
a
n
gi
n
g
th
e
p
it
ch
a
n
gl
e
of
th
e
b
la
d
es
.

1
8
9

In
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
es
,
th
e
ro
to
r
d
ir
ec
tl
y
d
ri
ve
s
th
e
g
ri
d
-c
on
n
ec
te
d

ge
n
er
at
or
an
d
h
en
ce
m
u
st
ro
ta
te
at
an
ap
p
ro
x
im
at
e
�
x
ed
m
u
lt
ip
le
of
th
e

gr
id
fr
eq
u
en
cy
.
T
h
e
co
n
st
an
t
sp
ee
d
tu
rb
in
e
is
ch
ar
ac
te
ri
ze
d
b
y
st
i�
sy
st
em

d
y
n
am
ic
s,
w
it
h
a
la
rg
e
ro
to
r
in
er
ti
a.
W
h
en
th
e
w
in
d
sp
ee
d
ri
se
s
ab
ov
e
ra
te
d
,

th
e
co
n
tr
ol
ta
sk
fo
r
co
n
st
an
t
sp
ee
d
p
it
ch
-r
eg
u
la
te
d
tu
rb
in
es
is
to
va
ry
th
e

p
it
ch
an
gl
e
of
th
e
b
la
d
es
su
it
ab
ly
to
re
gu
la
te
th
e
p
ow
er
ou
tp
u
t
to
th
e
ra
te
d

va
lu
e,
w
h
il
e
m
in
im
iz
in
g
th
e
lo
ad
tr
an
si
en
ts
a
n
d
th
er
eb
y
re
d
u
ci
n
g
fa
ti
gu
e.

H
ow
ev
er
,
th
e
ta
sk
of
p
ow
er
sm
o
ot
h
in
g
re
q
u
ir
es
fa
st
va
ri
at
io
n
s
of
th
e
p
it
ch

an
gl
e
of
b
la
d
es
w
h
ic
h
re
su
lt
in
la
rg
e
m
ec
h
an
ic
al
lo
ad
s
on
th
e
b
la
d
es
an
d

re
d
u
ce
d
li
fe
ti
m
e
of
tu
rb
in
es
.
T
h
er
ef
or
e
th
e
co
n
tr
ol
d
es
ig
n
sh
ou
ld
b
e
b
as
ed

o
n
a
tr
a
d
e-
o
�
b
et
w
ee
n
th
e
p
ow
er
sm
o
ot
h
in
g
an
d
p
it
ch
m
ov
em
en
ts
.

A
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e
is
a
si
n
gl
e
in
p
u
t
an
d
si
n
gl
e
ou
tp
u
t
sy
st
em
.

C
o
m
b
in
e
d
v
a
ri
a
b
le
sp
e
e
d
a
n
d
p
it
ch
c
o
n
tr
o
l

In
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
es
,
th
e
ge
n
er
at
or
is
d
ec
ou
p
le
d
fr
om
th
e
g
ri
d
b
y

th
e
p
ow
er
el
ec
tr
on
ic
s
an
d
ro
to
r
m
ay
ro
ta
te
a
t
a
n
y
sp
ee
d
.
A
va
ri
a
b
le
sp
ee
d

m
ac
h
in
e
h
as
tw
o
p
os
si
b
le
m
ea
n
s
of
co
n
tr
ol
.
P
ow
er
el
ec
tr
on
ic
s
co
n
tr
ol
li
n
g

th
e
el
ec
tr
ic
al
li
n
k
to
th
e
gr
id
,
p
ro
v
id
es
a
va
ri
ab
le
sp
ee
d
e�
ec
t.
T
h
e
p
it
ch

m
ec
h
an
is
m
,
if
av
ai
la
b
le
,
al
te
rs
th
e
e�
ec
ti
ve
ro
to
r
ae
ro
d
y
n
am
ic
e�
ci
en
cy
.

T
h
e
u
su
al
p
h
il
os
op
h
y
fo
r
d
es
ig
n
in
g
a
co
n
tr
ol
sy
st
em
fo
r
ab
ov
e
ra
te
d
op
er
a-

ti
on
is
to
u
se
a
fa
st
co
n
tr
ol
ac
ti
on
on
ge
n
er
at
or
re
fe
re
n
ce
to
rq
u
e
an
d
a
sl
ow
er

co
n
tr
ol
ac
ti
on
on
p
it
ch
an
gl
e
to
m
in
im
iz
e
ac
tu
at
or
ac
ti
v
it
y.

[L
ei
th
ea
d
an
d
C
on
n
or
,
19
94
]

A
b
ov
e
ra
te
d
w
in
d
sp
ee
d
,
a
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
e
is
a
tw
o
in
p
u
t
an
d

tw
o
ou
tp
u
t
sy
st
em
w
it
h
in
te
ra
ct
io
n
b
et
w
ee
n
th
e
tw
o
co
n
tr
ol
ac
ti
on
s.
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C
h
a
p
te
r
1
0
.
C
o
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Turbine
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Regulator
LQ

Kalman
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^

Peβ

x

Figure 10.5. The LQG control for the wind turbine

where E denotes expectation used with respect to the stochastic uncer-

tainties, and Qy and Qu are non-negative de�nite scalars. The choice of

the weighting parameters depends on the relative importance of the output

power quality or pitch variations. The trade-o� can be made between the

output performance and control e�ect. Since the limitation of pitch rate is

easily reached, the weighting matrices should be chosen to prevent too high

a control demand.

A suitable model for a constant speed wind turbine has been given in Chap-

ter 8. An additional state will be included to deal with stationary non-zero

errors

xi(t+ 1) = xi(t) + (r(t)� y(t)) (10.4)

This is an integral state. The r(t) in the equation is an externally prescribed

reference signal. Since the linear state-space model describes the deviations

from a nominal operating point, then the reference r(t) is zero and the

augmented discrete-time state-space model will be"
x(t+ 1)

xi(t + 1)
#

=

"
Ad 0

�Cd I
#"
x(t)

xi(t)
#

+
"
Bd

0

#
u(t) +w(t)

y(t) = [ Cd 0 ]
"
x(t)

xi(t)
#

+ e(t)

(10.5)
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and

xi(t+ 1) = [ 0 I ]
"
x(t)

xi(t)
#

(10.6)

where y = �Pe and u = ��ref . Denoting �x(t) = [x(t) xi(t)]T and Ci =

[ 0 I ], the augmented model will be represented by

�x(t+ 1) = �Ad�x(t) + �Bdu(t) +w(t)

y(t) = �Cd�x(t) + �Ddu(t) + e(t)

xi(t+ 1) = Ci�x(t)

(10.7)

with �Dd = 0 for a constant speed turbine. The cost function (10.3) will

then be modi�ed by

J(N;x(t)) = Ef
N�1X

j=0
fQy(�Pe(t+ j))2 + Qu(��ref (t + j))2

+xTi (t+ j)Qixi(t+ j)gg (10.8)

= E
8<

:
N�1X

j=0
f�xT(t+ j)Qx�x(t+ j) +Qu(��ref (t+ j))2g

9=
;

where Qx = �CT
dQy
�Cd +CT
i QiCi. The solution of the LQ optimal control

problem can be derived by iterating the Riccati Di�erence Equation (RDE)

Lj = (�BT
dPj
�Bd +Qu)�1 �BT
dPj
�Ad

Pj+1 = �AT
dPj
�Ad �

�AT
dPj
�Bd(�B
T
dPj
�Bd +Qu)
�1 �BT
dPj
�Ad +Qx

j = 0; � � �N � 1

(10.9)

and the feedback control law is
u(t) = ��LN�1�x(t) (10.10)

Since the state is not directly available for measurement, the approach is to

construct an observer and interconnect the control law with the estimated
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state

u(t) = �[L Li]
"
^x(t)

^xi(t)
#

(10.11)

The Kalman estimation method given in section 9.2 can be used to estimate

the state.

The control strategy with di�erent weights on the the pitch reference is

illustrated by the step responses in Figure 10.6. The step input to the

turbine is wind speed which changes from 16 m/s to 17 m/s at 1 sec.
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Figure 10.6. Step responses of output power Pe and pitch angle � obtained

by LQG controller with di�erent weight on pitch reference. Qy = 1, Qu =

4:3 � 1011 (|), 20 � 1011 (- -), 1010 (-�). The dotted line in the upper plot is

the power output in open-loop.

With high weight on the control action the turbine follows the power ref-

erence slowly (dashed line). However, the large control action excites the

tower bending movements and leads to the vibrations on pitch control action

and turbine dynamics (dash-dot line). In practice, the large pitch action

is not allowed to avoid heavy mechanical loads. A compromise is made
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between power smoothing and load alleviation by choosing Qy = 1 and

Qu = 4:3 �1011. The step response with these weighting parameters is given

by the solid line. It can be found that the output power has been sup-

pressed and the amplitude of overshoot is decreased by the LQG regulator

compared to the PI-controller with the similar pitch action.

Gain scheduling

An e�ective control algorithm must re
ect both the plant dynamic char-

acteristics as well as the anticipated working environment. The control

problem is therefore divided into two time scales corresponding to slow mean

wind speed changes and rapid turbulent wind speed variations. Changes in

mean wind speed cause the mean pitch angle of the blade to alter to main-

tain the mean power output at its rated value. These mean pitch positions

are treated as steady state operating points, which can be determined by

searching scheduling table 9.7 with the average wind speed obtained by

�ltering the measured point wind speed through a low-pass �lter with a

period of 10 minutes.

Regulator Process+
Reference

Gain
schedule

Paramters
Regulator 

condition
Operating

yu

-

Figure 10.7. Block diagram of a gain scheduling system

Secondly, the aerodynamic behaviour is highly nonlinear. When a linear

representation of rotor aerodynamic torque is employed, the partial deriva-

tives @Tw=@v, @Tw=@� and @Tw=@!r of the aerodynamic torque with respect
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It can be found that the standard deviation of output power is reduced

by the LQG controller compared to the PI-controller. This corresponds to

the decrease of the variations in generator reaction torque. By keeping the

generator torque variations small, the shaft loads are reduced and thereby

the turbine life will be increased. As the PI-controller, the LQG controller

does not give the signi�cant increases in tower bending movements.

10.3 Combined variable speed and pitch con-

trol

The purpose of this section is to investigate the control system of a variable

speed wind turbine which employs pitch regulation and generator reaction

torque regulation in high wind speeds.

Turbine

v

Regulator
LQ

Kalman
estimator

y

x̂

u

Figure 10.9. The LQG control for the wind turbine

Variable speed pitch regulation presents a multivariable control problem as

an additional generator torque control loop is added to the existing pitch

control loop. The ability to vary the rotor speed of a wind turbine increases

the operational 
exibility. Figure 10.9 shows the block scheme of combined
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variable speed and pitch control of a wind turbine by implementing the

LQG control method.

The dynamics of the generator and frequency converter have been discussed

in section 7.6. The linear design model for a variable speed wind turbine

given in Chapter 8 has the pitch reference and generator torque reference

as inputs and the angular velocity and reaction torque of the generator as

outputs

u =
"
��ref

�Tg;ref
#

y =
"
�!g

�Tg
#

(10.12)

The model is augmented by including integral actions to give zero steady-

state errors. The model can be represented by ( 10.7). The performance

criterion is speed wind turbine

J(N;x(t)) = Ef
N�1X

j=0
fyT(t+ j)Qyy(t+ j)

+uT(t+ j)Quu(t+ j) + xTi (t+ j)Qixi(t+ j)gg (10.13)

= Ef
N�1X

j=0
f�xT(t+ j)Qx�x(t+ j) + 2�xT(t+ j)Qxuu(t+ j)

+uT(t+ j)Q0
uu(t+ j)gg (10.14)

where matrices Qx = �CT
dQy
�Cd + CT
i QiCi, Qxu = �CT
dQy
�Dd and Q0
u =

�DT
dQy
�Dd +Qu, and

Qy =
"
qy1 0

0 qy2
#

Qu =
"
qu1 0

0 qu2
#

Qi =
"
qi1 0

0 qi2
#

(10.15)

The choice of the weighting matrices Qy and Qu depend on the relative

importance of the output power quality or input restrictions. qu1 and qu2

in matrix Qu can be chosen such that the the pitch position and pitch rate

should be restricted and the rotor speed will be remained within prede�ned

limitation. Qi will be chosen to punish the stationary error.
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It means that the rapid 
uctuations in output power which lead to the

fatigue of the turbine components have been smoothed.
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Figure 10.11. Simulation of the variable speed wind turbine.

mean(Pe) [KW] mean(Tg) [Nm] mean(!g) [rad/s] max(ht!t) [cm]

399.73 3935.38 105.70 4.18

SD(Pe) [KW] SD(Tg) [Nm] SD(!g) [rad/s] max(ht�t) [cm]

3.97 0.1143 1.05 4.09

max(�) [deg] min(�) [deg] SD(�) max( _�) [deg/s]

19.59 0.01 3.77 5.04

Table 10.3. Statistics obtained from simulating the variable speed pitch

control wind turbine. Mean wind speed is 16 m/s.

The research studies reveal that the fast torque control has been used to

alleviate the transient. When the wind speed rises above rated, the varying

10.4 Summary 207

rotor speed will alleviate the drive train torque changes. The slower pitch

control has been used to minimize the long term drifts in wind speed and

keep the rotor speed excursions within limits.

Due to the indirect grid connection, the drive train is lightly damped which

may result in mechanical vibrations. The vibrations can be seen from the

small oscillations in generator speed in Figure 10.11, which consequently

induce the 
uctuations on the rotor speed.

10.4 Summary

The most important results obtained from the simulations of the wind tur-

bine with di�erent controllers are illustrated in Figure 10.12. The values

are plotted relative to the constant speed PI pitch controlled (CS PI) wind

turbine.
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Figure 10.12. Chart for comparison (The comparison is relative to the CS

PI-controlled wind turbine.

From the investigations of the constant speed and variable speed wind tur-

bine with di�erent control methods, the following conclusions can be made.
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Figure 11.2. Energy capture capability.

It should be noted that the increased energy is in the aerodynamic power.

The frequency converter will introduce some losses. However, it will not be

considered in this project.

In this chapter two control schemes will be investigated, i.e., the LQG speed

control and the tracking control, which are given in section 11.1 and 11.2

respectively. Some implementation considerations are given in section 11.3.

A summary is made in section 11.4.

11.1 LQG speed control

Control without pitch action through the generator reaction torque can be

implemented for below rated operation. The turbine in this case is caused

to track a prede�ned optimal tip speed ratio as close as possible. The aim

of control is to cause the wind turbine to extract energy from the wind as

e�ciently as possible, and meanwhile reduce the transient loads.

11.1 LQG speed control 215

Obviously, there is a contradiction between two control objectives and it

is necessary to choose a suitable compromise. A trade-o� can be made by

the LQG control method. The two objectives are taken into account by

minimizing the performance function

J(N; t) = E
8<

:
N�1X

j=0
fQ1�Pr(t + j) + Q2(�Tg;ref (t+ j))2g

9=
; (11.1)

where �Pr is the power loss due to not keeping the optimal tip speed ratio.

�Tg;ref is the deviation of generator torque reference from its optimal value.

The trade-o� between two control objectives can be realized by suitably

choosing the parameters Q1 and Q2. If the scalar weighting parameter Q2

is relatively small, the controller will emphasis on the maximization of power

capture and will use large torque variations to realize it. With relatively

high value of Q2, the reduction of load variations becomes more important.

When the pitch angle is �xed at its optimal value, the aerodynamic power

loss can be written as

�Pr =
1

2
��R2v3�Cp (11.2)

and

�Cp = Cp;max(�opt)� Cp(�) (11.3)

The Cp(�) curve can be approximated by a second order polynomial when

� is close to the optimal [Ekelund, 1994a]

Cp(�) = Cp;max � a0(� � �opt)2 (11.4)

where a0 is sensitivity of the quadratic curve, �opt is the optimal tip-speed

ratio where Cp has maximumvalue, and ���opt = �� is the tracking error.

With this assumption the power loss will be a function of ��

�Pr =
1

2
��R2v3a0(��)
2 (11.5)
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estimator
Kalman Low pass

filterλopt R.
1

ωr,ref

P-controller

ωr

v

-

^

Turbine

Gain

error outputu

+

Figure 11.7. The tracking controller

A tracking controller scheme with the Kalman estimator is presented in

Figure 11.7. Using the estimated wind speed, the rotor speed reference can

be found based on the knowledge of the optimal tip speed ratio

!r;ref =

^v
�optR

(11.10)

In addition to the generator shaft speed and the electrical power measure-

ments, the measurements of the rotor speed are required. The tracking

error, between the rotor speed measurement and rotor speed reference, is

an input to a simple proportional controller. A low-pass �lter is used to

eliminate the high frequency disturbances from the wind gusts and tower

shadow.

The design parameters for the tracking controller depicted in Figure 11.7 are

the gain of the proportional controller and the cut-o� frequency of the low-

pass �lter, which determine how close the controller can track the optimal

tip speed ratio and make the trade-o� between the energy capture and

dynamic loads.

11.2 Tracking control 223

An alternative method is based on the observation that tracking optimal

tip-speed ratio can be reformulated as a problem in the torque-speed plane.

The possibility is to use a measured quantity of the drive train, normally

the rotor speed as an indirect measure of the instantaneous wind speed.

[Ekelund, 1994b], [Novak and Ekelund, 1994] and [Novak et al., 1995] use

the generator speed and torque. The controller scheme is given in Figure

11.8.

ωK

r,ref

Turbine
error outputu

ωr

-

+

estimator
Kalman Low pass

filterx
T̂r

P-controller

ω

Figure 11.8. The tracking controller

In Figure 11.8, the aerodynamic torque, rather than the wind speed, is

estimated using the linearized aerodynamic torque expression. Since we

have the relation for the aerodynamic torque

Tr;max =
1

2
��R5�3optCp;max!

2
r;opt (11.11)

The rotor speed reference can then be calculated from

!r;ref =
s

1

1
2��R

5�3optCp;max
q
^Tr = K!

q
^Tr (11.12)

The reference signal will be compared with the measured one. The error

signal will be taken as an input to the proportional controller which drive
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d
w
in
d
tu
rb
in
e,
b
el
ow
a
ce
rt
ai
n
ra
te
d

w
in
d
sp
ee
d
,
th
e
ge
n
er
at
ed
p
ow
er
is
le
ss
th
an
th
e
tu
rb
in
e
ra
ti
n
g
an
d
n
o

co
n
tr
ol
ac
ti
on
is
re
q
u
ir
ed
.
W
h
en
th
e
w
in
d
sp
ee
d
ri
se
s
ab
ov
e
ra
te
d
,
th
e

p
ow
er
ou
tp
u
t
is
re
gu
la
te
d
at
th
e
ra
te
d
p
ow
er
va
lu
e
b
y
ad
ju
st
in
g
th
e
p
it
ch

an
gl
e
of
th
e
ro
to
r
b
la
d
es
.
H
en
ce
it
is
n
ec
es
sa
ry
to
st
ar
t
u
p
an
d
sh
u
t
d
ow
n

th
e
co
n
tr
ol
le
r
au
to
m
at
ic
al
ly
as
th
e
w
in
d
sp
ee
d


u
ct
u
at
es
.
C
on
se
q
u
en
tl
y,

th
e
d
es
ig
n
of
sw
it
ch
in
g
fr
om
b
el
ow
ra
te
d
to
ab
ov
e
or
v
ic
e
ve
rs
a
sh
ou
ld
b
e

tr
ea
te
d
w
it
h
so
m
e
ca
re
to
av
oi
d
p
ro
lo
n
g
tr
an
si
en
t
a
n
d
to
m
in
im
iz
e
th
e
lo
ad
s

on
th
e
w
in
d
tu
rb
in
e.

T
h
e
tr
an
si
en
ts
as
so
ci
at
ed
w
it
h
th
e
w
in
d
tu
rb
in
e
co
n
tr
ol
le
r
st
ar
t-
u
p
m
ay
b
e

at
tr
ib
u
te
d
to
so
m
e
fo
rm
of
w
in
d
u
p
w
it
h
in
th
e
co
n
tr
ol
le
r
w
h
en
op
er
at
in
g
b
e-

lo
w
ra
te
d
.
T
h
er
ef
or
e
st
ar
t-
u
p
st
ra
te
gy
fo
r
re
d
u
ci
n
g
th
e
sw
it
ch
in
g
tr
an
si
en
t

is
co
n
si
d
er
ed
w
it
h
in
an
ti
-w
in
d
u
p
co
n
te
x
t.
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h
a
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r
1
1
.
C
o
n
tr
o
l
B
e
lo
w
R
a
te
d
P
o
w
e
r

W
h
en
th
e
w
in
d
sp
ee
d
fa
ll
s
b
el
ow
ra
te
d
,
th
e
ac
tu
a
to
r
w
il
l
b
e
sa
tu
ra
te
d
,
th
e

co
n
tr
o
l
fe
ed
b
ac
k
lo
op
w
il
l
b
e
b
ro
ke
n
a
n
d
p
la
n
t
w
il
l
n
o
lo
n
ge
r
re
sp
o
n
d
to

th
e
co
n
tr
ol
le
r.
H
ow
ev
er
,
th
e
p
u
re
in
te
g
ra
to
r
in
th
e
co
n
tr
ol
le
r,
in
tr
o
d
u
ce
d
to

in
d
u
ce
th
e
co
rr
ec
t
st
ea
d
y
st
a
te
er
ro
r
b
eh
av
io
u
r,
co
n
ti
n
u
es
to
b
e
d
ri
ve
n
b
y

th
e
co
n
tr
ol
er
ro
r
a
n
d
it
s
ou
tp
u
t
in
cr
ea
se
s
in
m
ag
n
it
u
d
e
or
w
in
d
u
p
.
C
on
se
-

q
u
en
tl
y,
w
h
en
th
e
co
n
tr
o
ll
er
re
tu
rn
s
to
u
n
sa
tu
ra
te
d
o
p
er
at
io
n
,
th
e
tr
an
si
en
t

w
il
l
b
e
in
cr
ea
se
d
w
h
ic
h
ca
n
le
ad
to
a
lo
ss
o
f
p
er
fo
rm
a
n
ce
an
d
in
st
ab
il
it
y.

A
co
m
m
o
n
sw
it
ch
in
g
a
p
p
ro
ac
h
to
th
e
co
n
tr
ol
le
r
is
si
m
p
ly
to
fr
ee
ze
co
n
tr
ol
le
r

in
te
g
ra
l
a
ct
io
n
w
h
en
b
el
ow
ra
te
d
op
er
at
io
n
is
d
et
ec
te
d
,
i.
e.
,
w
h
en
th
e
p
it
ch

a
n
gl
e
d
em
an
d
fa
ll
s
b
el
ow
a
sp
ec
i�
ed
th
re
sh
o
ld
va
lu
e,
th
e
ac
cu
m
u
la
ti
on
su
m

in
th
e
in
te
g
ra
l
ca
lc
u
la
ti
on
is
su
sp
en
d
ed
.
T
h
is
ap
p
ro
a
ch
is
im
p
le
m
en
te
d
in

th
is
p
ro
je
ct
an
d
p
re
ve
n
ts
th
e
p
u
re
in
te
gr
at
o
r
in
th
e
co
n
tr
ol
le
r
fr
om
ad
op
ti
n
g

an
in
ap
p
ro
p
ri
a
te
st
at
e
d
u
ri
n
g
b
el
ow
-r
at
ed
op
er
at
io
n
.
H
ow
ev
er
,
it
h
as
b
ee
n

in
d
ic
a
te
d
b
y

[L
ei
th
an
d
L
ei
th
ea
d
,
1
99
7
]
th
a
t
th
e
ap
p
ro
ac
h
is
n
ot
al
w
ay
s

e�
ec
ti
ve
in
p
re
ve
n
ti
n
g
la
rg
e
st
ar
t-
u
p
tr
an
si
en
ts
an
d
th
e
p
o
or
p
er
fo
rm
an
ce

w
il
l
o
cc
u
r
w
h
en
th
er
e
is
lo
w
-f
re
q
u
en
cy
d
y
n
am
ic
s
in
th
e
co
n
tr
ol
le
r.

[L
ei
th
ea
d
et
al
.,
19
92
]
p
ro
p
o
se
s
an
al
te
rn
a
ti
ve
st
ar
t-
u
p
te
ch
n
iq
u
e
w
h
er
eb
y

a
m
in
o
r
fe
ed
b
a
ck
lo
o
p
is
in
tr
o
d
u
ce
d
w
it
h
in
th
e
co
n
tr
o
ll
er
w
h
ic
h
sw
it
ch
es
in

to
p
er
m
it
th
e
co
n
tr
ol
le
r
to
co
n
ti
n
u
e
op
er
at
in
g
b
el
ow
-r
a
te
d
w
in
d
sp
ee
d
.
T
h
e

m
in
or
fe
ed
b
a
ck
lo
op
m
im
ic
s
th
e
ac
ti
on
of
th
e
p
h
y
si
ca
l
w
in
d
tu
rb
in
e
th
ro
u
gh

th
e
in
cl
u
si
on
of
a
tr
a
n
sf
er
fu
n
ct
io
n
w
h
ic
h
m
o
d
el
s
it
s
d
y
n
am
ic
s.

T
h
e
d
y
n
am
ic
s
of
th
e
w
in
d
tu
rb
in
e
d
ri
ve
tr
a
in
in
tr
o
d
u
ce
a
la
g
b
et
w
ee
n

ch
a
n
ge
s
in
th
e
w
in
d
sp
ee
d
an
d
co
rr
es
p
on
d
in
g
ch
an
ge
s
in
p
ow
er
ou
tp
u
t,

i.
e.
,
w
h
en
th
e
w
in
d
sp
ee
d
ri
se
s
ab
ov
e
ra
te
d
,
th
er
e
is
a
la
g
b
ef
or
e
p
ow
er

ou
tp
u
t
re
sp
on
d
s
a
n
d
co
n
tr
ol
ac
ti
on
is
re
su
m
ed
.
[L
ei
th
an
d
L
ei
th
ea
d
,
19
97
]

1
1
.3

Im
p
le
m
e
n
ta
ti
o
n
o
f
c
o
n
tr
o
l
sy
st
e
m

2
2
9

in
d
ic
at
es
th
at
th
e
sw
it
ch
in
g
p
er
fo
rm
an
ce
m
ig
h
t
b
e
im
p
ro
ve
d
b
y
a
n
ti
ci
p
at
-

in
g
th
e
tr
an
si
en
t
fr
om

b
el
ow
-r
at
ed
to
ab
ov
e
ra
te
d
p
ow
er
ge
n
er
at
io
n
an
d

th
er
eb
y
co
m
p
en
sa
ti
n
g
fo
r
th
e
d
y
n
am
ic
s
of
th
e
d
ri
ve
tr
ai
n
.
It
w
as
su
gg
es
te
d

to
ac
h
ie
ve
th
e
p
re
d
ic
ti
ve
ac
ti
on
b
y
in
cl
u
d
in
g
a
�
lt
er
w
it
h
su
it
ab
le
p
h
as
e
le
ad

co
m
b
in
ed
w
it
h
th
e
m
in
or
fe
ed
b
ac
k
lo
o
p
.

F
or
a
p
it
ch
re
gu
la
te
d
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
e,
sw
it
ch
in
g
fr
om

sp
ee
d

co
n
tr
ol
v
ia
re
fe
re
n
ce
to
rq
u
e
in
b
el
ow
ra
te
d
w
in
d
sp
ee
d
to
sp
ee
d
co
n
tr
ol
v
ia

p
it
ch
d
em
an
d
an
d
ge
n
er
at
or
to
rq
u
e
co
n
tr
ol
v
ia
re
fe
re
n
ce
to
rq
u
e
in
ab
ov
e

w
in
d
sp
ee
d
,
re
su
lt
s
in
co
n
tr
ol
er
ro
rs
h
av
in
g
d
is
co
n
ti
n
u
ou
s.
T
h
e
va
ri
ou
s

co
n
tr
ol
le
r
te
rm
s
m
u
st
b
e
im
p
le
m
en
te
d
in
su
ch
a
w
ay
th
at
th
es
e
d
is
co
n
ti
n
u
ou
s

d
o
n
ot
a�
ec
t
th
e
p
er
fo
rm
an
ce
of
th
e
sy
st
em
.

[L
ei
th
ea
d
an
d
C
on
n
or
,
19
94
]
g
iv
es
a
sw
it
ch
in
g
ap
p
ro
ac
h
to
th
e
co
n
tr
ol
le
r

fo
r
a
va
ri
ab
le
sp
ee
d
p
it
ch
re
gu
la
te
d
w
in
d
tu
rb
in
e
b
as
ed
on
th
e
m
in
or
fe
ed
-

b
ac
k
lo
op
.
B
el
ow
ra
te
d
w
in
d
sp
ee
d
,
th
e
ge
n
er
at
or
to
rq
u
e
re
fe
re
n
ce
ac
ts
on

th
e
er
ro
r
in
ro
to
r
sp
ee
d
v
ia
th
e
co
n
tr
ol
le
r.
T
h
e
m
in
or
fe
ed
b
ac
k
is
o
p
er
at
io
n
al

an
d
p
it
ch
d
em
an
d
is
se
t
to
a
p
re
d
e�
n
ed
op
ti
m
al
va
lu
e.
A
b
ov
e
ra
te
d
w
in
d

sp
ee
d
,
th
e
m
in
or
of
fe
ed
b
ac
k
is
in
op
er
at
iv
e,
b
ot
h
p
it
ch
an
gl
e
an
d
to
rq
u
e

re
fe
re
n
ce
ac
t
on
th
e
er
ro
r
in
p
ow
er
v
ia
th
e
co
n
tr
ol
le
r.
S
w
it
ch
in
g
b
et
w
ee
n

b
el
ow
an
d
ab
ov
e
ra
te
d
w
in
d
sp
ee
d
is
ac
ti
va
te
d
b
y
p
it
ch
d
em
a
n
d
ch
an
gi
n
g

si
gn
.

T
h
e
to
p
ic
of
sw
it
ch
in
g
b
et
w
ee
n
d
i�
er
en
t
co
n
tr
o
l
sc
h
em
es
is
n
ot
d
is
cu
ss
ed
in

th
is
th
es
is
.
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1
1
.4

S
u
m
m
a
ry

T
h
er
e
a
re
tw
o
fu
n
d
am
en
ta
l
ty
p
es
of
w
in
d
tu
rb
in
es
,
n
am
el
y,
co
n
st
an
t
sp
ee
d

w
in
d
tu
rb
in
es
a
n
d
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
es
.
In
p
ar
ti
al
lo
ad
it
is
n
ot

fe
a
si
b
le
to
ac
h
ie
v
e
m
ax
im
u
m
p
ow
er
w
it
h
a
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e,

si
n
ce
th
e
co
n
st
an
t
sp
ee
d
w
in
d
tu
rb
in
e
m
ak
es
it
im
p
o
ss
ib
le
to
co
n
tr
ol
th
e

ti
p
sp
ee
d
ra
ti
o.
A
st
ra
ig
h
tf
or
w
a
rd
m
et
h
o
d
o
f
re
gu
la
ti
n
g
th
e
tu
rb
in
e
b
el
ow

ra
te
d
p
ow
er
is
b
y
a
ct
iv
e
fe
ed
b
ac
k
co
n
tr
ol
b
as
ed
on
th
e
ro
to
r
sp
ee
d
.

T
h
e
ab
il
it
y
to
va
ry
th
e
ro
to
r
sp
ee
d
of
a
w
in
d
tu
rb
in
e
o�
er
s
se
ve
ra
l
ad
va
n
-

ta
ge
s
b
el
ow
ra
te
d
w
in
d
sp
ee
d
.
F
ir
st
ly
,
th
e
ca
p
tu
re
d
en
er
gy
fr
om
th
e
w
in
d

d
ep
en
d
s
on
th
e
ti
p
-s
p
ee
d
ra
ti
o
�
,
th
e
va
ri
ab
le
sp
ee
d
w
in
d
tu
rb
in
es
ca
n
b
e

u
se
d
to
re
g
u
la
te
th
e
ro
to
r
sp
ee
d
so
th
at
�
w
il
l
at
ta
in
(o
r
b
e
in
th
e
n
ei
gh
-

b
or
h
o
o
d
of
)
it
s
op
ti
m
al
va
lu
e
an
d
h
en
ce
o
p
ti
m
iz
e
en
er
gy
ca
p
tu
re
.
S
ec
on
d
ly
,

a
va
ri
ab
le
sp
ee
d
tu
rb
in
e
o
�
er
s
th
e
ad
d
it
io
n
al
p
ow
er
tr
ai
n
co
m
p
li
an
ce
a
n
d

as
so
ci
a
te
d
lo
a
d
s
al
le
v
ia
ti
on
.

T
h
e
L
Q
G
co
n
tr
ol
le
r
an
d
th
e
tr
ac
k
in
g
co
n
tr
o
ll
er
se
em
to
b
e
p
er
fo
rm
in
g
si
m
-

il
ar
ly
.
H
ow
ev
er
,
if
th
e
m
ai
n
co
n
ce
rn
is
fo
cu
ss
ed
on
p
ow
er
m
ax
im
iz
at
io
n
,

th
e
L
Q
G
co
n
tr
o
l
sc
h
em
e
h
a
s
a
b
et
te
r
p
er
fo
rm
an
ce
th
an
th
e
tr
ac
k
in
g
co
n
-

tr
o
l
sc
h
em
e.
O
n
th
e
ot
h
er
h
an
d
,
th
e
tr
ac
k
in
g
co
n
tr
ol
le
r
is
m
or
e
e�
ec
ti
ve

to
m
in
im
iz
e
th
e
lo
ad
tr
an
si
en
ts
.
S
in
ce
b
ot
h
co
n
tr
o
ll
er
s
ar
e
b
as
ed
on
a
li
n
-

ea
ri
ze
d
m
o
d
el
at
a
sp
ec
i�
c
w
or
k
in
g
p
o
in
t,
a
g
ai
n
sc
h
ed
u
li
n
g
is
re
q
u
ir
ed
to

co
m
p
en
sa
te
fo
r
n
on
li
n
ea
ri
ty
in
th
e
p
ro
ce
ss
a
n
d
th
e
ch
an
ge
s
of
op
er
at
in
g

p
oi
n
t.

H
ow
ev
er
,
th
e
L
Q
G
an
d
tr
ac
k
in
g
co
n
tr
ol
le
r
le
ad
to
m
ax
im
u
m
p
ow
er
ou
t-

p
u
t
on
ly
w
h
en
th
e
co
n
tr
ol
le
r
ga
in
is
co
rr
ec
tl
y
a
d
ju
st
ed
,
i.
e.
,
th
e
op
ti
m
u
m

ti
p
-s
p
ee
d
ra
ti
o
,
th
e
m
ax
im
u
m
va
lu
e
o
f
C
p
-c
u
rv
e
a
n
d
tu
rb
in
e
d
y
n
am
ic
s
a
re

1
1
.4

S
u
m
m
a
ry

2
3
1

k
n
ow
n
.
S
om
e
of
th
es
e
p
ar
am
et
er
s
m
ay
ch
an
ge
d
u
ri
n
g
op
er
at
io
n
,
w
h
ic
h
w
il
l

le
ad
to
p
ow
er
lo
ss
.

A
n
an
ot
h
er
d
ra
w
b
ac
k
is
th
e
p
o
or
d
y
n
am
ic
re
sp
on
se
.
D
u
e
to
th
e
la
rg
e
in
-

er
ti
a
of
th
e
ro
to
r,
th
e
an
gu
la
r
sp
ee
d
of
ro
to
r
ca
n
n
ot
fo
ll
ow
fa
st
w
in
d
sp
ee
d

ch
an
ge
s.
A
s
a
co
n
se
q
u
en
ce
,
th
e
m
ea
n
C
p
-v
al
u
e
d
ro
p
s
sl
ig
h
tl
y
b
el
ow
it
s
m
ax
-

im
u
m
.
It
h
as
b
ee
n
p
oi
n
te
d
ou
t
b
y
W
.
E
.
L
ei
th
ea
d
in
[L
ei
th
ea
d
,
19
89
b
]
th
at

th
e
d
y
n
am
ic
s
of
a
w
in
d
tu
rb
in
e
p
re
ve
n
t
th
e
fu
ll
b
en
e�
ts
of
va
ri
a
b
le
sp
ee
d

op
er
at
io
n
b
ei
n
g
re
al
iz
ed
an
d
th
e
co
n
tr
ol
ac
ti
on
ca
n
n
ot
op
er
at
e
su
�
ci
en
tl
y

fa
st
to
co
p
e
w
it
h
fa
st
ch
an
ge
s
in
w
in
d
sp
ee
d
.
T
h
e
e�
ec
t
of
tu
rb
u
le
n
ce
an
d

d
y
n
am
ic
s
is
to
d
is
p
la
ce
th
e
op
er
at
in
g
st
at
e
o
f
th
e
tu
rb
in
e
fr
om
th
e
C
p
;m
a
x

cu
rv
e.
A
s
th
e
d
is
p
la
ce
m
en
t
o
f
th
e
st
a
te
fr
o
m

C
p
:m
a
x

cu
rv
e
in
cr
ea
se
s
th
e

en
er
gy
ca
p
tu
re
d
ec
re
as
es
.
T
h
e
ex
te
n
t
of
th
is
re
d
u
ct
io
n
is
d
ep
en
d
en
t
o
n
th
e

d
y
n
am
ic
s
of
th
e
w
in
d
tu
rb
in
e,
th
e
q
u
al
it
y
o
f
th
e
co
n
tr
ol
sy
st
em
an
d
d
eg
re
e

of
tu
rb
u
le
n
ce
of
th
e
w
in
d
.
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h
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S
u
m
m
a
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a
n
d
C
o
n
c
lu
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o
n
s

T
h
e
a
im
of
th
is
p
ro
je
ct
is
to
in
ve
st
ig
at
e
th
e
e�
ec
ts
of
d
i�
er
en
t
co
n
tr
o
l
sy
s-

te
m
s
fo
r
a
w
in
d
tu
rb
in
e.
T
h
e
in
ve
st
ig
at
io
n
s
ar
e
d
iv
id
ed
in
to
b
el
ow
ra
te
d

op
er
at
io
n
an
d
ab
ov
e
ra
te
d
op
er
at
io
n
.
It
is
cl
ea
r
th
at
th
e
w
in
d
tu
rb
in
e
d
y
-

n
am
ic
s
an
d
co
n
tr
ol
ob
je
ct
iv
es
ch
an
ge
la
rg
el
y
b
et
w
ee
n
d
i�
er
en
t
m
o
d
es
of

op
er
at
io
n
.

A
n
on
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d
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p
it
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it
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ra
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it
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ra
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at
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d
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b
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at
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h
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b
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p
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p
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As a ideal condition, a stopping rule for the iteration (A.8) is that the

current error is small enough
kxk � x�k < �1 (A.9)

However, it cannot be used in real application, since x� is not known. In-

stead we have to use an approximation to this condition

kxk+1 � xkk < �1 (A.10)

Another rule is the current value of f(x) is near enough to the minimal

value f(x�). Using the same approximation, we have

f(xk)� f(xk+1) < �2 (A.11)

Since g(xk)! 0, if xk converge to x� for k !1, the stopping criterion can

also be

kg(xk)k < �3 (A.12)

A.2 Hill-climbing algorithm

If we assume that a dynamic system is described by a one-dimensional

simple form

f(x(t)) = y� � a0(x(t)� x�)2 (A.13)

where f can be taken as a performance function or the system output. y�

is the maximum attainable value of f , x� is the optimal value of adjustable

input x(t) which maximizes or minimizes the nonlinear function. The rela-

tion between f and the x(t) is assumed to be quadratic, and a0 is sensitivity
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of the quadratic curve. The parameters y�, x� and a0 which characterize

the performance function or the system dynamics are normally unknown.

The quadratic curve is illustrated in Figure A.1.

y

x* x(t)

f(x(t))

*

Figure A.1. Performance function for a single parameter extremum problem

A quadratic assumption of f is important, since it is in most cases acceptable

for extremum controllers operating close to the optimum point.

The simplest hill-climbing algorithm is to move from an initial position to

the optimum point by �xed length steps. The principle of the algorithm is

shown in Figure A.2.

x

f(x)

hh

x

3

f2

f

x x

f

1 2 3

1

Figure A.2. Hill-climbing algorithms



24
8

A
p
p
e
n
d
ix
A
.
O
p
ti
m
iz
a
ti
o
n
B
a
ck
g
ro
u
n
d

w
h
er
e
f i
=
f
(x
i
),
i
=
1
;2
;3
.
F
ro
m
p
os
it
io
n
x
(t
)
=
x
1
,
a
m
ov
em
en
t
x
2
=

x
1
+
h
is
m
ad
e,
th
e
va
lu
es
f 1
an
d
f 2
ar
e
co
m
p
ar
ed
b
y
ca
lc
u
la
ti
n
g
p
er
fo
rm
an
ce

fu
n
ct
io
n
(A
.1
3)
w
h
ic
h
is
as
su
m
ed
k
n
ow
n
.
If
f 2
is
la
rg
e
th
an
f 1
,
x
2
=
x
1
+
h

is
ta
ke
n
a
s
th
e
va
lu
e
o
f
x
(t
+
1)
,
o
th
er
w
is
e
x
2
=
x
1
�
h
is
ad
op
te
d
.
T
h
e

p
ro
ce
ss
is
co
n
ti
n
u
ed
u
n
ti
l
th
e
ex
tr
em
u
m
is
re
a
ch
ed
.
T
h
e
al
go
ri
th
m
ca
n
b
e

co
n
si
d
er
ed
as
a
sp
ec
ia
l
ca
se
of
al
go
ri
th
m
(A
.8
),
w
h
er
e
th
e
st
ep
si
ze
is
h
an
d

th
e
se
a
rc
h
d
ir
ec
ti
on
is
�1
.

S
in
ce
th
e
in
p
u
t
si
g
n
al
w
il
l
m
ov
e
b
a
ck
w
ar
d
an
d
fo
rw
a
rd
ei
th
er
si
d
e
o
f
th
e

o
p
ti
m
u
m
ev
en
tu
al
ly
,
x
(t
)
w
il
l
li
e
in
a
n
ei
gh
b
ou
rh
o
o
d
of
th
e
op
ti
m
al
va
lu
e
x
�

a
t
la
st
.
If
w
e
d
ec
re
as
e
th
e
st
ep
le
n
gt
h
h
,
x
(t
)
w
il
l
b
e
cl
os
er
to
th
e
op
ti
m
al

va
lu
e,
b
u
t
th
e
co
n
ve
rg
en
ce
sp
ee
d
w
il
l
b
e
sl
ow
d
ow
n
.
If
w
e
in
cr
ea
se
th
e
st
ep

le
n
gt
h
h
,
th
e
ou
tp
u
t
w
il
l
h
av
e
a
su
b
st
an
ti
al
d
is
ta
n
ce
b
et
w
ee
n
th
e
ex
tr
em
u
m
,

a
lt
h
ou
gh
th
e
co
n
v
er
ge
n
ce
sp
ee
d
is
fa
st
.

T
h
e
al
go
ri
th
m
ca
n
m
ak
e
st
ep
s
in
th
e
w
ro
n
g
d
ir
ec
ti
on
b
ec
au
se
of
th
e
p
re
se
n
ce

of
th
e
n
o
is
e
in
th
e
sy
st
em
.

A
.3

G
ra
d
ie
n
t
m
e
th
o
d

T
h
e
gr
a
d
ie
n
t
a
lg
o
ri
th
m
o
r
th
e
st
ee
p
es
t
d
es
ce
n
t
al
g
o
ri
th
m
al
lo
w
s
th
e
h
il
l-

cl
im
b
in
g
ra
te
to
b
e
ad
ju
st
ed
ac
co
rd
in
g
to
th
e
si
ze
o
f
th
e
gr
ad
ie
n
t.
A
t
ea
ch

it
er
a
ti
o
n
th
e
se
ar
ch
d
ir
ec
ti
on
is
m
o
d
i�
ed
a
lo
n
g
th
e
op
p
os
it
e
d
ir
ec
ti
on
of
th
e

gr
a
d
ie
n
t,
i.
e.
,
h
k
=
�f
0 (
x
k
),
w
h
ic
h
is
ca
ll
ed
th
e
st
ee
p
es
t
d
ec
en
t
d
ir
ec
ti
on
.

In
th
is
ca
se
th
e
ad
ju
st
m
en
t
ru
le
fr
om
x
k
+
1
to
x
k
is
gi
v
en
b
y

A
.3

G
ra
d
ie
n
t
m
e
th
o
d

2
4
9

x
k
+
1
=
x
k
�
�
k
g
(x
k
)

(A
.1
4)

w
h
er
e
g
(x
k
)
is
th
e
gr
ad
ie
n
t
d
e�
n
ed
in
(A
.4
)
an
d
�
k
>
0
is
a
ga
in
p
ar
am
et
er

w
h
ic
h
co
n
tr
ol
s
th
e
co
n
ve
rg
en
ce
ra
te
.
T
h
e
gr
ad
ie
n
t
m
et
h
o
d
re
li
es
on
a
�
rs
t

or
d
er
ap
p
ro
x
im
at
io
n
to
th
e
ob
je
ct
iv
e
fu
n
ct
io
n
in
a
n
ei
gh
b
ou
ri
n
g
p
oi
n
t
x
k
+
1

to
x
k f

(x
k
+
1
)

=

f
(x
k
)
+
(x
k
+
1
�
x
k
)T
g
(x
k
)
+
O
(k
x
k
+
1
�
x
k
k2
)

=

f
(x
k
)
�
�
k
g
(x
k
)T
g
(x
k
)
+
O
(�
2 k
)

(A
.1
5)

If
th
e
st
ep
si
ze
�
k
>
0
is
ad
eq
u
at
el
y
sm
al
l,
th
e
�
rs
t
tw
o
te
rm
s
in
th
e
fu
n
ct
io
n

w
il
l
d
om
in
at
e
ov
er
th
e
la
st
,
i.
e.
,
th
e
th
ir
d
te
rm
is
in
si
gn
i�
ca
n
t.
It
is
th
en

al
w
ay
s
p
o
ss
ib
le
to
ob
ta
in
a
re
d
u
ct
io
n
of
th
e
ob
je
ct
iv
e
fu
n
ct
io
n

f
(x
k
+
1
)
<
f
(x
k
)

A
co
n
st
an
t
st
ep
si
ze
is
q
u
it
e
of
te
n
se
le
ct
ed
,
w
h
er
ea
s
a
n
u
m
b
er
o
f
m
et
h
o
d
s

ca
n
b
e
ap
p
li
ed
to
se
le
ct
th
e
st
ep
si
ze
�
k
,
si
n
ce
th
e
co
n
ve
rg
en
ce
ra
te
re
li
es
on

it
.
A
li
n
e
se
ar
ch
m
et
h
o
d
gi
ve
n
in
se
ct
io
n
A
.6
w
il
l
in
ge
n
er
al
gi
ve
th
e
m
os
t

ra
p
id
co
n
ve
rg
en
ce
.

T
h
e
ad
va
n
ta
ge
of
th
e
gr
ad
ie
n
t
al
go
ri
th
m
is
th
at
th
e
si
ze
of
th
e
ad
ju
st
m
en
t

at
ea
ch
st
ep
is
d
ep
en
d
en
t
u
p
on
th
e
si
ze
o
f
th
e
gr
ad
ie
n
t.
T
h
e
ad
ju
st
m
en
t
st
ep

is
la
rg
e
w
h
en
th
e
al
go
ri
th
m
is
fa
r
fr
om
th
e
ex
tr
em
u
m
an
d
re
d
u
ce
s
w
h
en
th
e

ex
tr
em
u
m
is
cl
os
e.
B
u
t
th
e
al
go
ri
th
m
re
q
u
ir
es
a
k
n
ow
le
d
ge
of
th
e
gr
ad
ie
n
t

fu
n
ct
io
n
an
d
it
m
ig
h
t
b
e
se
n
si
ti
ve
to
th
e
n
oi
se
.
T
h
e
gr
ad
ie
n
t
m
et
h
o
d
h
a
s

li
n
ea
r
co
n
ve
rg
en
ce
(c
on
ve
rg
en
ce
of
or
d
er
1)
,
i.
e.

ke
k
+
1
k<
c 1
ke
k
k
w
it
h
c 1
<
1;
x
k

cl
os
e
to
x
�

(A
.1
6)



25
0

A
p
p
e
n
d
ix
A
.
O
p
ti
m
iz
a
ti
o
n
B
a
ck
g
ro
u
n
d

w
h
er
e
e k
=
x
k
�
x
� .
T
h
e
g
ra
d
ie
n
t
m
et
h
o
d
is
m
u
ch
fa
st
er
th
an
th
e
�
x
ed

st
ep
le
n
gt
h
m
et
h
o
d
s.

A
.4

T
h
e
N
e
w
to
n
m
e
th
o
d

W
h
er
ea
s
th
e
gr
ad
ie
n
t
m
et
h
o
d
re
li
es
on
a
�
rs
t
or
d
er
ap
p
ro
x
im
at
io
n
to
th
e

o
b
je
ct
iv
e
fu
n
ct
io
n
,
th
e
n
ew
to
n
m
et
h
o
d
is
d
et
er
m
in
ed
as
a
m
in
im
iz
er
of
a

se
co
n
d
or
d
er
ex
p
an
si
o
n
of
th
e
ob
je
ct
iv
e
fu
n
ct
io
n
at
cu
rr
en
t
it
er
at
io
n
x
k

f
(x
)
=
f
(x
k
)
+
(x
�
x
k
)T
f
0 (
x
k
)
+

1 2
(x
�
x
k
)T
f
00 (
x
k
)(
x
�
x
k
)

(A
.1
7)

T
h
e
id
ea
is
n
ow
a
t
it
er
at
io
n
x
k
to
m
in
im
iz
e
th
e
o
b
je
ct
iv
e
fu
n
ct
io
n
f
(x
).
If

th
e
H
es
si
an
H
(x
k
)
is
p
os
it
iv
e
d
e�
n
it
e,
f
(x
)
w
il
l
h
av
e
a
u
n
iq
u
e
m
in
im
iz
er
at

a
p
o
in
t
w
h
er
e
f
0 (
x
)
=
0
,
i.
e.

g
(x
k
)
+
H
(x
k
)(
x
�
x
k
)
=
0

w
h
ic
h
le
ad
s
to

x
k
+
1
=
x
k
�
H
(x
k
)�
1
g
(x
k
)

(A
.1
8)

T
h
is
is
a
ls
o
a
sp
ec
ia
l
ca
se
o
f
ge
n
er
al
al
go
ri
th
m
(A
.8
),
w
h
en
th
e
st
ep
si
ze

�
k

=
1
a
n
d
th
e
se
ar
ch
d
ir
ec
ti
on
h
k

=
�H
(x
k
)�
1
g
(x
k
)
w
h
ic
h
is
ca
ll
ed
a

N
ew
to
n
d
ir
ec
ti
on
.

A
m
ax
im
u
m
p
o
in
t
w
il
l
b
e
fo
u
n
d
if
H
(x
k
)
is
n
eg
at
iv
e
d
e�
n
it
e
fo
r
al
l
k
.

In
ca
se
H
(x
k
)
st
ay
s
p
os
it
iv
e
d
e�
n
it
e
fo
r
al
l
k
an
d
if
st
ar
ti
n
g
p
oi
n
t
is
su
f-

�
ci
en
t
cl
os
e
to
a
m
in
im
iz
er
,
th
e
m
et
h
o
d
w
il
l
u
su
a
ll
y
co
n
ve
rg
e
v
er
y
ra
p
id
ly

to
w
a
rd
s
to
m
in
im
u
m
p
oi
n
t.
M
or
e
p
re
ci
se
ly
,
th
e
N
ew
to
n
m
et
h
o
d
co
n
ve
rg
es

A
.4

T
h
e
N
e
w
to
n
m
e
th
o
d

2
5
1

q
u
ad
ra
ti
ca
ll
y
to
w
ar
d
x
� ,
i.
e.
,

ke
k
+
1
k<
c 2
ke
k
k2
;
x
k

cl
os
e
to
x
�

(A
.1
9)

T
h
e
d
is
ad
va
n
ta
ge
of
th
e
N
ew
to
n
op
ti
m
iz
at
io
n
al
go
ri
th
m
is
th
at
it
re
q
u
ir
es

a
k
n
ow
le
d
ge
of
b
ot
h
th
e
g
ra
d
ie
n
t
an
d
se
co
n
d
or
d
er
d
er
iv
at
iv
e
of
th
e
p
er
-

fo
rm
an
ce
fu
n
ct
io
n
.
T
h
es
e
m
ay
b
e
d
i�
cu
lt
to
�
n
d
ev
en
th
ou
gh
th
ey
ar
e

k
n
ow
n
to
ex
is
t.
B
u
t
th
e
m
os
t
se
ve
re
d
ra
w
b
ac
k
is
th
e
m
et
h
o
d
la
ck
o
f
gl
o
b
al

co
n
v
er
ge
n
ce
.
W
h
en
x
k
is
fa
r
fr
om
th
e
so
lu
ti
on
,
f
00 (
x
k
)
m
ay
n
ot
b
e
p
o
si
ti
v
e

d
e�
n
it
e.
In
th
is
ca
se
th
e
it
er
at
io
n
m
ay
co
n
ve
rg
e
to
a
sa
d
d
le
p
o
in
t
or
a
m
a
x
-

im
iz
er
si
n
ce
th
e
it
er
at
io
n
is
id
en
ti
ca
l
to
th
e
on
e
u
se
d
fo
r
so
lv
in
g
f
0 (
x
)
=
0.

A
n
y
st
at
io
n
ar
y
p
oi
n
t
o
f
f
is
a
so
lu
ti
on
to
th
e
sy
st
em
.

T
h
e
�
rs
t
m
o
d
i�
ca
ti
on
is
th
e
N
ew
to
n
m
et
h
o
d
w
it
h
li
n
e
se
ar
ch
,
th
er
ef
o
re
th
e

it
er
at
io
n
is
m
o
d
i�
ed
b
y x

k
+
1
=
x
k
�
�
k
H
(x
k
)�
1
g
(x
k
)

(A
.2
0)

w
h
er
e
th
e
st
ep
si
ze
�
k
is
d
et
er
m
in
ed
b
y
li
n
e
se
a
rc
h
a
lg
or
it
h
m
w
h
ic
h
w
il
l
b
e

gi
ve
n
in
se
ct
io
n
A
.6
.

A
n
ot
h
er
id
ea
is
to
ta
ke
th
e
ad
va
n
ta
ge
of
th
e
sa
fe
co
n
v
er
ge
n
ce
p
ro
p
er
ti
es

of
th
e
gr
ad
ie
n
t
m
et
h
o
d
w
h
en
ev
er
th
e
N
ew
to
n
m
et
h
o
d
ge
ts
in
to
tr
ou
b
le
.

T
h
e
gr
ad
ie
n
t
m
et
h
o
d
is
se
le
ct
ed
,
w
h
en
x
k
is
fa
r
fr
om
th
e
co
n
ve
rg
en
ce
p
oi
n
t

w
h
er
e
th
e
H
es
si
an
m
ay
n
o
t
b
e
p
o
si
ti
ve
d
e�
n
it
e.
T
h
e
N
ew
to
n
m
et
h
o
d
is
se
-

le
ct
ed
,
w
h
en
x
k
is
cl
os
e
to
th
e
co
n
ve
rg
en
ce
p
o
in
t
w
h
er
e
th
e
g
ra
d
ie
n
t
m
et
h
o
d



25
2

A
p
p
e
n
d
ix
A
.
O
p
ti
m
iz
a
ti
o
n
B
a
ck
g
ro
u
n
d

co
n
v
er
g
es
sl
ow
ly
.
T
h
e
q
u
ad
ra
ti
c
co
n
v
er
ge
n
ce
ca
n
b
e
o
b
ta
in
ed
w
h
en
th
e
se
-

q
u
en
ce
ge
ts
cl
o
se
to
x
� .

A
m
u
ch
m
or
e
ap
p
ea
li
n
g
m
o
d
i�
ca
ti
on
o
f
th
e
or
ig
in
a
lN
ew
to
n
m
et
h
o
d
is
of
te
n

re
fe
rr
ed
as
th
e
D
am
p
ed
N
ew
to
n
m
et
h
o
d
w
h
er
e
w
e
co
m
b
in
e
th
e
gr
ad
ie
n
t

m
et
h
o
d
an
d
th
e
N
ew
to
n
m
et
h
o
d
in
th
e
fo
ll
ow
in
g
w
ay
.
T
h
e
gr
ad
ie
n
t
m
et
h
o
d

an
d
N
ew
to
n
m
et
h
o
d
a
re
sh
ow
n
to
ge
th
er
h
er
e

G
ra
d
ie
n
t
m
e
th
o
d

N
e
w
to
n
m
e
th
o
d

S
ol
ve
Ih
k
=
�f
0 (
x
)

S
ol
ve
f
00 (
x
k
)h
k
=
�f
0 (
x
k
)

x
k
+
1
=
x
k
+
�
k
h
k

x
k
+
1
=
x
k
+
�
k
h
k

w
h
er
e
I
is
th
e
id
en
ti
ty
m
a
tr
ix
.

T
h
e
id
ea
of
a
D
am
p
ed
N
ew
to
n
m
et
h
o
d
is
to
co
m
b
in
e
th
e
tw
o
m
et
h
o
d
s
b
y

ad
d
in
g
a
m
u
lt
ip
le
of
th
e
id
en
ti
ty
m
at
ri
x
to
f
00 (
x
k
).

D
a
m
p
e
d
N
e
w
to
n
it
e
ra
ti
o
n

S
o
lv
e
(f
00 (
x
k
)
+
�
I)
h
k
=
�f
0 (
x
k
),
�
�
0

A
d
ju
st
�

If
x
k
+
h
k
a
cc
ep
ta
b
le
th
en
x
k
+
1
=
x
k
+
h
k
.

A
.5

G
a
u
ss
-N
e
w
to
n
m
e
th
o
d

2
5
3

It
is
ea
si
ly
se
en
th
is
ty
p
e
o
f
m
et
h
o
d
is
a
co
m
p
ro
m
is
e
b
et
w
ee
n
th
e
gr
ad
ie
n
t

m
et
h
o
d
an
d
N
ew
to
n
m
et
h
o
d
.
In
ca
se
f
00 (
x
k
+
�
I)
is
n
ot
sa
fe
ly
p
o
si
ti
ve

d
e�
n
it
e,
�
w
il
l
b
e
in
cr
ea
se
d
.
If
�
is
la
rg
e,
h
k

w
il
l
b
e
cl
os
e
to
th
e
gr
a-

d
ie
n
t
d
ir
ec
ti
on
,
w
h
er
ea
s
a
sm
al
l
�
y
ie
ld
s
a
n
ea
rl
y
N
ew
to
n
d
ir
ec
ti
on
.
If

�
is
u
p
d
at
ed
in
ea
ch
it
er
at
io
n
,
th
e
m
et
h
o
d
is
ca
ll
ed
L
ev
en
b
er
g-
M
aq
u
ar
d
t

m
et
h
o
d
.
T
h
e
d
et
ai
ls
fo
r
ch
o
os
in
g
�
is
gi
ve
n
b
y
[F
ra
n
d
se
n
et
al
.
95
]
an
d

[D
en
n
is
an
d
S
ch
n
ab
el
,
19
83
].

A
.5

G
a
u
ss
-N
e
w
to
n
m
e
th
o
d

T
h
e
so
-c
al
le
d
G
au
ss
-N
ew
to
n
m
et
h
o
d
is
an
it
er
at
iv
e
m
et
h
o
d
to
m
in
im
iz
e
th
e

cr
it
er
io
n

V
(x
)
=

m X t=
1

(f
(t
;x
))
2

(A
.2
1)

W
e
as
su
m
e
th
at
f
ca
n
b
e
ap
p
ro
x
im
at
ed
b
y
a
�
rs
t
or
d
er
T
ay
lo
r
se
ri
es
,
w
h
ic
h

is
gi
ve
n
b
y

� f
(t
;x
)
=
f
(t
;x
k
)
+
(x
�
x
k
)T
f
0 (
t;
x
k
)

(A
.2
2)

th
e
a
p
p
ro
x
im
at
ed
cr
it
er
io
n
is
th
en

L
(x
)
=

m X t=
1

(
� f
(t
;x
))
2

(A
.2
3)

so
w
e
h
av
e
V
(x
)
�
L
(x
)

T
h
e
gr
ad
ie
n
t
a
t
x
k
in
th
e
N
ew
to
n
m
et
h
o
d
is

g
(x
k
)
=
L
0 (
x
k
)
=

m X t=
1

2
� f
(t
;x
k
)f
0 (
t;
x
k
)

(A
.2
4)
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si
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n
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R
(x
k
)
=

m X t=
1

2f
0 (
t;
x
k
)f
0 (
t;
x
k
)

(A
.2
5)

R
(x
k
)
is
ca
ll
ed
th
e
G
a
u
ss
-N
ew
to
n
H
es
si
a
n
a
n
d
it
is
ob
v
io
u
sl
y
p
os
it
iv
e
se
m
id
ef
-

in
it
e.
T
h
e
G
au
ss
-N
ew
to
n
it
er
a
ti
o
n
is
d
er
iv
ed
as
a
m
in
im
iz
er
o
f
L
(x
)

x
k
+
1
=
x
k
�
�
k
R
(x
k
)�

1
g
(x
k
)

(A
.2
6)

In
p
ra
ct
ic
e
th
e
it
er
at
io
n
sh
o
u
ld
b
e
co
m
p
le
m
en
te
d
w
it
h
a
li
n
e-
se
ar
ch
fo
r

d
et
er
m
in
in
g
th
e
st
ep
si
ze
�
k
.
It
is
cl
ea
r
th
at
th
e
N
ew
to
n
an
d
G
au
ss
-N
ew
to
n

m
et
h
o
d
s
ar
e
id
en
ti
ca
l,
w
h
en
th
e
se
co
n
d
o
rd
er
d
er
iv
at
iv
e
ca
n
b
e
n
eg
le
ct
ed
.

T
h
e
G
au
ss
-N
ew
to
n
h
as
th
e
a
tt
ra
ct
iv
e
p
ro
p
er
ty
th
a
t
it
re
q
u
ir
es
on
ly
a
�
rs
t

or
d
er
d
er
iv
a
ti
ve
.
T
h
e
lo
ca
l
co
n
ve
rg
en
ce
o
f
th
e
m
et
h
o
d
is
in
ge
n
er
al
on
ly

li
n
ea
r
(�
rs
t
or
d
er
),
w
h
ic
h
is
th
eo
re
ti
ca
ll
y
sl
ow
er
th
a
n
th
e
N
ew
to
n
m
et
h
o
d
.

B
u
t
ex
p
er
ie
n
ce
s
sh
ow
th
at
it
is
o
ft
en
fa
st
er
in
p
ra
ct
ic
e.
In
p
ar
ti
cu
la
r
w
h
en

it
is
u
se
d
fa
r
fr
o
m
th
e
m
in
im
u
m
.
A
n
ot
h
er
p
ro
b
le
m
in
th
e
G
au
ss
-N
ew
to
n

m
et
h
o
d
is
th
at
th
e
R
(x
k
)
m
ay
b
e
si
n
gu
la
r
or
il
l-
co
n
d
it
io
n
in
g.
It
ca
n
b
e

so
lv
in
g
b
y
ad
d
in
g
a
sm
al
l
d
ia
go
n
al
m
at
ri
x
to
th
e
H
es
si
an
.

A
.6

L
in
e
se
a
rc
h
te
ch
n
iq
u
e

In
so
m
e
ca
se
s
th
e
gr
ad
ie
n
t
m
et
h
o
d
o
r
N
ew
to
n
m
et
h
o
d
w
il
l
b
e
co
m
p
le
m
en
te
d

b
y
a
li
n
e
se
a
rc
h
,
b
ec
au
se
th
e
al
go
ri
th
m

is
d
er
iv
ed
fr
om

a
�
rs
t
or
d
er
or

se
co
n
d
o
rd
er
ap
p
ro
x
im
at
io
n
to
th
e
ob
je
ct
iv
e
fu
n
ct
io
n
.
T
h
e
ap
p
ro
x
im
at
io
n

A
.6

L
in
e
se
a
rc
h
te
ch
n
iq
u
e

2
5
5

w
il
l
u
su
al
ly
b
e
va
li
d
on
ly
in
a
ce
rt
ai
n
n
ei
gh
b
or
h
o
o
d
ar
ou
n
d
th
e
cu
rr
en
t

it
er
at
io
n
.
T
h
e
fu
ll
st
ep
�
k
=
1
m
ig
h
t
b
ri
n
g
th
e
n
ew
it
er
at
io
n
to
a
lo
ca
ti
on

th
at
is
fa
r
fr
om
th
e
p
oi
n
t
p
re
d
ic
te
d
b
y
th
e
ap
p
ro
x
im
at
io
n
.

T
h
e
id
ea
of
li
n
e
se
ar
ch
m
et
h
o
d
s
is
:
w
h
en
a
g
ra
d
ie
n
t
d
ir
ec
ti
on
or
a
N
ew
to
n

d
ir
ec
ti
on
h
as
b
ee
n
d
et
er
m
in
ed
,
w
e
h
av
e
to
d
ec
id
e
h
ow
lo
n
g
th
e
st
ep
in
th
is

d
ir
ec
ti
on
sh
ou
ld
b
e.
A
fr
eq
u
en
tl
y
u
se
d
m
et
h
o
d
fo
r
d
et
er
m
in
in
g
st
ep
si
ze
�
k

is
to
es
ti
m
at
e
a
lo
ca
l
m
in
im
iz
er
of
f
(x
k
+
�
h
k
)
re
ga
rd
ed
as
a
fu
n
ct
io
n
of
�

f
(x
k
+
�
k
h
k
)
=
m
in
�
>
0
f
(x
k
+
�
h
k
)

(A
.2
7)

In
tr
o
d
u
ce
th
e
n
ot
at
io
n

'
(�
)
=
f
(x
k
+
�
h
k
)

(A
.2
8)

th
en
on
e
m
et
h
o
d
of
d
et
er
m
in
in
g
�
k
is
to
es
ti
m
at
e
a
lo
ca
l
m
in
im
iz
er
of
'
,

so
th
at
�
k
sa
ti
s�
es

'
0 (
�
)
=
0

(A
.2
9)

In
ge
n
er
al
,
(A
.2
9)
is
a
n
on
li
n
ea
r
eq
u
at
io
n
an
d
d
i�
cu
lt
to
so
lv
e
an
al
y
ti
-

ca
ll
y.
T
h
er
ef
o
re
so
m
e
n
u
m
er
ic
al
m
et
h
o
d
s
fo
r
es
ti
m
at
in
g
a
va
lu
e
of
�
w
h
ic
h

sa
ti
s�
es
(A
.2
7)
m
u
st
b
e
u
se
d
.
M
os
t
li
n
e
se
ar
ch
es
ar
e
it
er
at
iv
e
p
ro
ce
d
u
re
s

w
h
ic
h
ar
e
te
rm
in
at
ed
w
h
en
th
e
cu
rr
en
t
es
ti
m
at
e
of
�
k
sa
ti
s�
es
a
gi
ve
n
se
t

of
co
n
ve
rg
en
ce
cr
it
er
ia
.
L
in
e
se
ar
ch
es
ar
e
th
er
ef
or
e
u
su
al
ly
n
ot
ex
ac
t.

T
h
e
m
et
h
o
d
s
w
h
ic
h
ar
e
u
se
d
fr
eq
u
en
tl
y
fo
r
es
ti
m
at
in
g
�
k
ar
e
b
as
ed
u
p
on
th
e

id
ea
of
ap
p
ro
x
im
at
in
g
'
d
e�
n
ed
b
y
(A
.2
8)
b
y
a
p
ol
y
n
om
ia
li
n
�
of
d
eg
re
e
tw
o
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ap
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ro
x
im
at
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y.
T
h
e
ap
p
ro
x
im
at
io
n
of
'
b
y
p
o
ly
n
om
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ls
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d
eg
re
es
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o
an
d

th
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e
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ca
ll
ed
q
u
a
d
ra
ti
c
in
te
rp
o
la
ti
on
a
n
d
cu
b
ic
in
te
rp
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at
io
n
re
sp
ec
ti
ve
ly
.

O
n
ly
th
e
q
u
a
d
ra
ti
c
in
te
rp
ol
a
ti
on
is
gi
v
en
h
er
e.

Q
u
a
d
ra
ti
c
in
te
rp
o
la
ti
o
n

L
et
a
1
,
a
2
an
d
a
3
b
e
g
iv
en
d
is
ti
n
ct
va
lu
es
of
�
,
th
e
co
rr
es
p
o
n
d
in
g
'
is
'
(a
1
),

'
(a
2
)
an
d
'
(a
3
).
T
h
e
q
u
ad
ra
ti
c
p
o
ly
n
o
m
ia
l
�
fo
r
w
h
ic
h

�
(a
i)
=
'
(a
i)
(i
=
1;
2;
3
)

(A
.3
0)

th
en
th
e
so
-c
al
le
d
L
ag
ra
n
ge
in
te
rp
ol
at
in
g
p
ol
y
n
o
m
ia
l
of
d
eg
re
e
tw
o
is
gi
ve
n

b
y

�
(�
)
=

(�
�
a
2
)(
�
�
a
3
)

(a
1
�
a
2
)(
a
1
�
a
3
)'

1
+

(�
�
a
1
)(
�
�
a
3
)

(a
2
�
a
1
)(
a
2
�
a
3
)'

2
+

(�
�
a
1
)(
�
�
a
2
)

(a
3
�
a
1
)(
a
3
�
a
2
)'

3

(A
.3
1)

w
h
er
e
'
i
=

'
(a
i)
(i
=

1;
2;
3)
.
D
i�
er
en
ti
at
in
g
�
,
an
d
so
lv
in
g
th
e
li
n
ea
r

eq
u
at
io
n

�
0 (
�
)
=
0

(A
.3
2)

w
e
ob
ta
in
fo
r
th
e
cr
it
ic
al
p
o
in
t
^�
of
'
,

^�
=

1 2
(a
2 2
�
a
2 3
)'
1
+
(a
2 3
�
a
2 1
)'
2
+
(a
2 1
�
a
2 2
)'
3

(a
2
�
a
3
)'
1
+
(a
3
�
a
1
)'
2
+
(a
1
�
a
2
)'
3

(A
.3
3)

D
i�
er
en
ti
at
in
g
�
a
se
co
n
d
ti
m
e,
�
00 (
^�
)
>
0
if
a
n
d
on
ly
if

(a
2
�
a
3
)'
1
+
(a
3
�
a
1
)'
2
+
(a
1
�
a
2
)'
3

(a
2
�
a
3
)(
a
3
�
a
1
)(
a
1
�
a
2
)

<
0

(A
.3
4)

A
.6

L
in
e
se
a
rc
h
te
ch
n
iq
u
e

2
5
7

H
en
ce
^�
is
a
m
in
im
iz
er
of
�
if
an
d
on
ly
if
ab
ov
e
co
n
d
it
io
n
h
ol
d
s.

(a
0+

h)

ϕ ϕ1

a1
a2

a3

ϕ2ϕ3

(a
0)

(a
0-

h)
F
ig
u
re
A
.3
.
Q
u
ad
ra
ti
c
in
te
rp
ol
at
io
n

In
p
ar
ti
cu
la
r,
if
a
1
=
a
0
�
h
,
a
2
=
a
0
,
an
d
a
3
=
a
0
+
h
,
w
h
er
e
h
>
0
is
gi
ve
n
,

an
d
a
0
is
a
va
lu
e
of
�
,
th
en

^�
=
a
0
�

h
('
3
�
'
1
)

2(
'
3
�
2
'
2
+
'
1
)

(A
.3
5)

an
d
^�
is
a
m
in
im
iz
er
of
�
if
an
d
on
ly
if

'
3
�
2'
2
+
'
1
>
0

(A
.3
6)

It
is
in
tu
it
iv
el
y
ob
v
io
u
s
th
at
if
'
is
tw
ic
e
co
n
ti
n
u
ou
sl
y
d
i�
er
en
ti
ab
le
in
a

n
ei
gh
b
ou
rh
o
o
d
of
a
m
in
im
iz
er
�
� ,
an
d
a
1
,
a
2
,
a
3
ar
e
su
�
ci
en
tl
y
cl
os
e
to
�
� ,

th
en
^�
is
li
ke
ly
to
b
e
a
cl
os
e
ap
p
ro
x
im
a
ti
o
n
to
�
� .
T
h
e
a
b
ov
e
li
n
e
se
ar
ch

p
ro
ce
d
u
re
s
on
ly
re
q
u
ir
e
th
e
ev
al
u
at
io
n
of
'
,
n
ot
th
e
�
rs
t
d
er
iv
at
iv
e
of
it
.

In
p
ra
ct
ic
e,
th
e
ab
ov
e
m
et
h
o
d
co
m
p
ri
se
s
a
b
ra
ck
et
in
g
se
ct
io
n
,
an
in
te
rp
ol
at
-

in
g
se
ct
io
n
an
d
a
re
�
n
in
g
se
ct
io
n
.
In
th
e
b
ra
ck
et
in
g
se
ct
io
n
,
th
re
e
d
is
ti
n
ct

va
lu
es
a
1
<
a
2
<
a
3
o
f
�
ar
e
fo
u
n
d
su
ch
th
at
th
e
m
in
im
iz
er
�
�
of
'
li
es
b
e-

tw
ee
n
a
1
a
n
d
a
3
.
In
th
e
in
te
rp
ol
at
io
n
se
ct
io
n
,
^�
is
co
m
p
u
te
d
fr
om
(A
.3
3)
if

(A
.3
4)
is
sa
ti
s�
ed
.
In
th
e
re
�
n
in
g
se
ct
io
n
,
a
n
ew
se
t
o
f
in
te
rp
ol
at
in
g
p
oi
n
ts
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p
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O
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B
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3
an
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,
if
^�
is
n
ot
a
su
�
ci
en
tl
y
go
o
d
es
ti
m
at
e
of

�
� ,
an
d
in
te
rp
ol
at
io
n
se
ct
io
n
is
re
-e
n
te
re
d
.
T
h
e
in
te
rp
ol
at
in
g
an
d
re
�
n
in
g

se
ct
io
n
ar
e
u
se
d
re
p
ea
te
d
ly
u
n
ti
l
^�
is
re
ga
rd
ed
a
s
a
su
�
ci
en
tl
y
go
o
d
es
ti
-

m
at
e
of
�
� .
D
et
a
il
s
o
f
th
e
b
ra
ck
et
in
g
se
ct
io
n
a
n
d
th
e
re
�
n
in
g
se
ct
io
n
ar
e

gi
v
en
b
y
[W
ol
fe
78
].
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S
u
m
m
a
ry

T
h
is
a
p
p
en
d
ix
g
iv
es
an
in
tr
o
d
u
ct
io
n
of
u
n
co
n
st
ra
in
ed
op
ti
m
iz
at
io
n
te
ch
-

n
iq
u
es
a
s
a
b
a
ck
gr
ou
n
d
k
n
ow
le
d
ge
to
th
e
ex
tr
em
u
m
co
n
tr
ol
p
ro
b
le
m
.
In

th
e
ch
ap
te
r
th
e
h
il
l-
cl
im
b
in
g
m
et
h
o
d
,
gr
ad
ie
n
t
m
et
h
o
d
,
N
ew
to
n
an
d
G
au
ss
-

N
ew
to
n
m
et
h
o
d
ar
e
in
tr
o
d
u
ce
d
.
T
h
e
gr
ad
ie
n
t
m
et
h
o
d
o
r
N
ew
to
n
ty
p
e

m
et
h
o
d
s
ca
n
b
e
in
co
rp
o
ra
te
d
w
it
h
li
n
e
se
a
rc
h
.

T
h
e
gr
ad
ie
n
t
m
et
h
o
d
h
as
a
li
n
ea
r
�
n
al
co
n
ve
rg
en
ce
,
w
h
ic
h
is
sl
ow
er
th
an
th
e

N
ew
to
n
m
et
h
o
d
th
at
h
as
a
se
co
n
d
or
d
er
co
n
ve
rg
en
ce
.
T
h
e
si
ze
of
ad
ju
st
m
en
t

in
th
e
g
ra
d
ie
n
t
m
et
h
o
d
at
ea
ch
it
er
a
ti
o
n
is
d
ep
en
d
en
t
u
p
on
th
e
si
ze
of
th
e

gr
a
d
ie
n
t.
T
h
e
ad
ju
st
m
en
t
is
la
rg
e
an
d
th
e
al
go
ri
th
m
co
n
ve
rg
es
fa
st
w
h
en

x
k

is
fa
r
fr
om

th
e
co
n
ve
rg
en
ce
p
o
in
t.
T
h
e
a
d
ju
st
m
en
t
is
sm
al
l
an
d
th
e

al
go
ri
th
m
co
n
ve
rg
es
sl
ow
ly
w
h
en
x
k
is
cl
os
e
to
th
e
co
n
v
er
ge
n
ce
p
oi
n
t.

T
h
e
N
ew
to
n
m
et
h
o
d
is
si
m
p
le
a
n
d
cl
ea
r
an
d
th
u
s
ea
sy
to
im
p
le
m
en
t,
th
e

m
et
h
o
d
co
n
ve
rg
es
q
u
ad
ra
ti
ca
ll
y
fr
o
m
go
o
d
st
a
rt
in
g
g
u
es
s
if
f
00 (
x
� )
is
p
os
i-

ti
ve
d
e�
n
it
e.
B
u
t
th
e
N
ew
to
n
m
et
h
o
d
la
ck
s
of
gl
o
b
al
co
n
ve
rg
en
ce
fo
r
m
an
y

p
ro
b
le
m
s.
It
re
q
u
ir
es
se
co
n
d
o
rd
er
d
er
iv
at
iv
e
of
f
,
b
es
id
es
f
00 (
x
k
)
m
ay
n
ot

b
e
p
os
it
iv
e.
T
h
e
N
ew
to
n
m
et
h
o
d
ca
n
b
e
m
o
d
i�
ed
b
y
co
m
b
in
in
g
th
e
li
n
e

se
a
rc
h
w
h
er
e
th
e
st
ep
si
ze
�
k
w
il
l
b
e
d
et
er
m
in
ed
a
t
ea
ch
st
ep
.
F
or
a
sp
ec
ia
l

A
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S
u
m
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a
ry

2
5
9

cr
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