
1

P
r
e
fa
c
e

T
h
is
th
es
is
is
w
ri
tt
en
in
p
ar
ti
al
fu
l�
lm
en
t
o
f
th
e
re
q
u
ir
em
en
ts
fo
r
th
e
P
h
.D

d
eg
re
e
in
en
gi
n
ee
ri
n
g
fr
om
th
e
T
ec
h
n
ic
al
U
n
iv
er
si
ty
o
f
D
en
m
ar
k
(D
T
U
)

T
h
e
re
p
or
te
d
re
se
ar
ch
h
as
b
ee
n
ca
rr
ie
d
ou
t
at
th
e
D
ep
ar
tm
en
t
of
M
at
h
e

m
at
ic
al
M
o
d
el
li
n
g
(I
M
M
)
at
th
e
sa
m
e
u
n
iv
er
si
ty
in
th
e
p
er
io
d
fr
om
S
ep
te
m

b
er
,
19
95
,
th
ro
u
gh
S
ep
te
m
b
er
,
19
98
.
A
ss
o
ci
at
e
p
ro
fe
ss
or
N
ie
ls
K
j�
ls
ta

P
ou
ls
en
w
as
th
e
ac
ad
em
ic
ad
v
is
or
on
th
e
p
ro
je
ct
.

U
�
e
H
�g
sb
ro
T
h
y
ge
se
n

L
y
n
gb
y,
S
ep
te
m
b
er
3
0,
19
98
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2 A
ck
n
o
w
le
d
g
e
m
e
n
ts

I
w
ou
ld
li
k
e
to
ex
p
re
ss
m
y
gr
at
it
u
d
e
to
m
y
a
ca
d
em
ic
a
d
v
is
or
P
ro
fe
ss
or

N
ie
ls
K
j�
ls
ta
d
P
o
u
ls
en
fo
r
h
is
en
th
u
si
as
ti
c
su
p
p
o
rt
d
u
ri
n
g
th
e
p
ro
je
ct
.
O
u
r

n
u
m
er
ou
s
d
is
cu
ss
io
n
s
h
av
e
b
ro
ad
en
ed
m
y
v
ie
w
on
co
n
tr
ol
th
eo
ry
,
an
d
h
is

go
o
d
se
n
se
of
h
u
m
o
u
r
h
a
s
b
ee
n
an
in
va
lu
ab
le
h
el
p
in
ge
tt
in
g
m
e
th
ro
u
gh

ti
m
es
of
tr
ou
b
le
.

I
a
ls
o
w
is
h
to
th
an
k
st
u
d
en
ts
a
n
d
st
a
�
at
IM
M
fo
r
w
h
at
th
ey
h
av
e
ta
u
gh
t

m
e
an
d
fo
r
p
ro
v
id
in
g
a
n
in
sp
ir
in
g
an
d
p
le
as
an
t
w
o
rk
in
g
en
v
ir
on
m
en
t.
T
h
e

li
st
o
f
p
eo
p
le
is
to
o
lo
n
g
to
in
cl
u
d
e
h
er
e;
le
t
m
e
ju
st
m
en
ti
on
th
at
I
sh
ar
ed

an
o�
ce
w
it
h
D
r.
M
or
te
n
B
.
L
au
ri
ts
en
d
u
ri
n
g
th
e
�
rs
t
h
al
f
of
m
y
st
u
d
ie
s,

w
h
ic
h
le
d
to
m
an
y
in
te
re
st
in
g
d
is
cu
ss
io
n
s
on
st
o
ch
as
ti
c
co
n
tr
ol
th
eo
ry
.

I
h
av
e
sp
en
t
m
u
ch
ti
m
e
w
it
h
st
a�
an
d
st
u
d
en
ts
at
th
e
D
ep
ar
tm
en
t
of
M
at
h
-

em
at
ic
s.
P
ro
fe
ss
or
Ja
k
ob
S
to
u
st
ru
p
h
as
in


u
en
ce
d
m
y
v
ie
w
on
co
n
tr
ol
th
e-

or
y
si
g
n
i�
ca
n
tl
y,
an
d
h
as
co
n
ti
n
u
ed
to
d
o
so
af
te
r
h
e
le
ft
th
e
d
ep
ar
tm
en
t.

I
h
av
e
al
so
en
jo
ye
d
m
an
y
lo
n
g
d
is
cu
ss
io
n
s
ab
ou
t
m
a
th
em
at
ic
al
co
n
tr
ol
th
e-

or
y
w
it
h
D
r.
E
ri
c
B
er
an
,
D
r.
M
ar
c
C
ro
m
m
e,
D
r.
M
ik
ae
l
L
ar
se
n
an
d
D
r.

M
ik
e
L
in
d
R
a
n
k
.

I
am

g
ra
te
fu
l
to
P
ro
fe
ss
or
D
.
P
r�a
tz
el
-W
ol
te
rs
a
n
d
D
r.
J�o
rg
H
o�
m
an
n
,

w
it
h
w
h
om
I
h
ad
th
e
p
le
as
u
re
to
w
or
k
d
u
ri
n
g
a
n
d
im
m
ed
ia
te
ly
af
te
r
m
y

M
.S
c.
st
u
d
ie
s.
I
h
av
e
h
ad
gr
ea
t
b
en
e�
t
fr
om
th
e
co
n
tr
ol
th
eo
ry
an
d
th
e

m
a
th
em
a
ti
cs
w
h
ic
h
I
le
a
rn
ed
at
th
e
U
n
iv
er
si
ty
of
K
a
is
er
sl
au
te
rn
.

I
a
ls
o
w
is
h
to
ex
p
re
ss
m
y
g
ra
ti
tu
d
e
to
P
ro
fe
ss
o
r
R
o
b
er
t
S
ke
lt
on
,
w
h
o
co
n
-

v
in
ce
d
m
e
a
b
o
u
t
th
e
im
p
or
ta
n
ce
o
f
co
n
v
ex
o
p
ti
m
iz
at
io
n
in
co
n
tr
ol
th
eo
ry
.

I
sp
en
t
a
ye
a
r
in
h
is
gr
o
u
p
,
w
h
ic
h
w
as
at
P
u
rd
u
e
U
n
iv
er
si
ty
at
th
at
ti
m
e,

w
h
er
e
I
w
or
ke
d
w
it
h
h
im
o
n
h
is
F
in
it
e
S
ig
n
a
l-
to
-N
oi
se
R
at
io
m
o
d
el
s.
T
h
es
e

m
o
d
el
s
a
ls
o
a
p
p
ea
r
in
th
is
th
es
is
an
d
I
gr
at
ef
u
ll
y
a
ck
n
ow
le
d
ge
th
e
in
sp
ir
a-

ti
on
fr
om
h
im
.
D
u
ri
n
g
th
is
ye
ar
I
al
so
le
ar
n
ed
m
u
ch
fr
om
P
ro
fe
ss
or
M
ar
ti
n

C
or
le
ss
,
in
p
ar
ti
cu
la
r
L
y
ap
u
n
ov
th
eo
ry
,
a
n
d
fr
om
P
ro
fe
ss
or
M
ar
io
R
ot
ea
,

w
h
o
in
tr
o
d
u
ce
d
m
e
to
d
is
si
p
a
ti
o
n
th
eo
ry
.
I
al
so
en
jo
ye
d
m
a
n
y
st
im
u
la
ti
n
g

d
is
cu
ss
io
n
s
w
it
h
m
y
fe
ll
ow
st
u
d
en
ts
,
in
p
a
rt
ic
u
la
r
D
r.
G
ou
ju
n
S
h
i
an
d
D
r.

Ji
an
b
o
L
u
.

L
as
t
b
u
t
n
o
t
le
as
t,
I
th
a
n
k
D
r.
M
ar
c
C
ro
m
m
e
w
h
o
ca
re
fu
ll
y
re
ad
th
ro
u
gh

an
ea
rl
y
v
er
si
o
n
o
f
th
is
th
es
is
an
d
w
h
os
e
co
m
m
en
ts
im
p
ro
v
ed
th
e
�
n
al
re
su
lt

co
n
si
d
er
a
b
ly
.

P
re
v
io
u
s
p
u
b
li
c
a
ti
o
n
o
f
th
e
m
a
te
ri
a
l

P
ar
ts
of
th
e
m
at
er
ia
l
in
th
is
th
es
is
h
av
e
p
re
v
io
u
sl
y
b
ee
n
p
u
b
li
sh
ed
in
re
f

er
en
ce
s

[1
13
]
U
.H
.
T
h
y
ge
se
n
an
d
N
.K
.
P
ou
ls
en
.
M
in
-m
ax
co
n
tr
ol
of
n
on
li
n
ea
r
sy
s

te
m
s
w
it
h
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s.
T
ec
h
.
R
ep
.
23
,
D
ep
t

M
at
h
.
M
o
d
el
in
g,
T
ec
h
.
U
n
i.
D
en
m
ar
k
,
h
t
t
p
:
/
/
w
w
w
.
i
m
m
.
d
t
u
.
d
k

19
97
.
P
re
s.
a
t
th
e
6t
h
V
ie
n
n
es
e
W
O
C
D
G
N
L
D
A
S
,
V
ie
n
n
a
,
19
9
7
.

[1
14
]
U
.H
.
T
h
y
ge
se
n
an
d
N
.K
.
P
ou
ls
en
.
O
n
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n

in
li
n
ea
r
sy
st
em
s.
T
ec
h
n
ic
al
R
ep
or
t
1
,
D
ep
t.
M
at
h
.
M
o
d
el
in
g,
T
ec
h

U
n
i.
D
en
m
ar
k
,
h
t
t
p
:
/
/
w
w
w
.
i
m
m
.
d
t
u
.
d
k
,
1
99
7
.

[1
15
]
U
.H
.
T
h
y
ge
se
n
an
d
N
.K
.
P
ou
ls
en
.

R
ob
u
st
n
es
s
of
li
n
ea
r
sy
st
em

w
it
h
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s.
In
P
ro
ce
ed
in
gs
of
T
he
A
m
er

ic
an
C
on
tr
ol
C
on
fe
re
n
ce
,
p
ag
es
34
44
{3
44
5,
19
97
.

[1
16
]
U
.H
.
T
h
y
ge
se
n
an
d
N
.K
.
P
ou
ls
en
.
S
im
u
lt
an
eo
u
s
H
1

co
n
tr
ol
of

�
n
it
e
n
u
m
b
er
of
p
la
n
ts
.
T
ec
h
n
ic
al
R
ep
or
t
24
,
D
ep
t.
M
at
h
.
M
o
d
el
in
g

T
ec
h
.
U
n
i.
D
en
m
ar
k
,
h
t
t
p
:
/
/
w
w
w
.
i
m
m
.
d
t
u
.
d
k
,
19
97
.

[1
17
]
U
.H
.
T
h
y
ge
se
n
an
d
N
.K
.
P
ou
ls
en
.
S
im
u
lt
an
eo
u
s
ou
tp
u
t
fe
ed
b
ac
k
H
1

co
n
tr
ol
of
p
p
la
n
ts
u
si
n
g
sw
it
ch
in
g.
In
P
ro
ce
ed
in
gs
of
th
e
E
u
ro
pe
a

C
on
tr
o
l
C
o
n
fe
re
n
ce
,
1
9
97
.

O
th
er
p
ar
ts
ar
e
in
cl
u
d
ed
in
p
ap
er
s
w
h
ic
h
ar
e
in
th
e
p
ro
ce
ss
of
b
ei
n
g
re

v
ie
w
ed
fo
r
p
u
b
li
ca
ti
on
:

[1
09
]
U
.
H
.
T
h
y
ge
se
n
.
O
n
d
is
si
p
at
io
n
in
st
o
ch
as
ti
c
sy
st
em
s.
U
n
d
er
re

v
ie
w
fo
r
p
u
b
li
ca
ti
on
in
a
jo
u
rn
al
.
A
sh
or
t
ve
rs
io
n
is
su
b
m
it
te
d
to

co
n
fe
re
n
ce
,
19
98
.

[1
11
]
U
.H
.
T
h
y
ge
se
n
.
O
n
m
u
lt
i-
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s.
S
u
b
m
it
te

to
a
jo
u
rn
al
.
A
sh
or
t
ve
rs
io
n
is
su
b
m
it
te
d
to
a
co
n
fe
re
n
ce
,
19
98
.

F
in
al
ly
,
so
m
e
re
su
lt
s
ar
e
in
cl
u
d
ed
in
m
an
u
sc
ri
p
ts
in
p
re
p
ar
at
io
n
:

[1
12
]
U
.H
.
T
h
y
ge
se
n
.
O
n
th
e
co
n
d
it
io
n
al
ex
p
ec
ta
ti
on
of
�
rs
t
p
as
sa
ge
ti
m
es

M
an
u
sc
ri
p
t
in
p
re
p
ar
at
io
n
,
19
98
.

T
h
e
m
at
er
ia
l
p
u
b
li
sh
ed
in
th
e
re
fe
re
n
ce
s
[7
2,
10
8,
11
0]
is
n
ot
in
cl
u
d
ed
i

th
is
th
es
is
.



4 S
u
m
m
a
ry

T
h
e
to
p
ic
o
f
th
e
p
re
se
n
t
d
is
se
rt
at
io
n
is
ro
b
u
st
n
es
s
an
d
p
er
fo
rm
an
ce
is
su
es

in
n
o
n
li
n
ea
r
co
n
tr
ol
sy
st
em
s.

T
h
e
co
n
tr
ol
sy
st
em
s
in
o
u
r
st
u
d
y
ar
e
d
es
cr
ib
ed
b
y
n
o
m
in
al
m
o
d
el
s
co
n
si
st
-

in
g
of
n
o
n
li
n
ea
r
d
et
er
m
in
is
ti
c
or
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
s
in
a
E
u
-

cl
id
ea
n
st
a
te
sp
ac
e.
T
h
e
n
o
m
in
al
m
o
d
el
s
ar
e
su
b
je
ct
to
p
er
tu
rb
at
io
n
s
w
h
ic
h

ar
e
co
m
p
le
te
ly
u
n
k
n
ow
n
d
y
n
am
ic
sy
st
em
s,
ex
ce
p
t
th
at
th
ey
ar
e
k
n
ow
n
to

p
os
se
ss
ce
rt
a
in
p
ro
p
er
ti
es
o
f
d
is
si
p
at
io
n
.
A
d
is
si
p
a
ti
on
p
ro
p
er
ty
re
st
ri
ct
s

th
e
d
y
n
am
ic
b
eh
av
io
u
r
of
th
e
p
er
tu
rb
a
ti
o
n
to
co
n
fo
rm
w
it
h
a
b
ou
n
d
ed
re
-

so
u
rc
e;
fo
r
in
st
an
ce
en
er
gy
.
T
h
e
m
a
in
co
n
tr
ib
u
ti
o
n
of
th
e
d
is
se
rt
at
io
n
is
a

n
u
m
b
er
of
su
�
ci
en
t
co
n
d
it
io
n
s
fo
r
ro
b
u
st
p
er
fo
rm
a
n
ce
of
su
ch
sy
st
em
s.

S
in
ce
th
e
p
er
tu
rb
at
io
n
s
in
th
es
e
u
n
ce
rt
ai
n
m
o
d
el
s
p
os
se
ss
se
v
er
al
d
is
si
p
a-

ti
on
p
ro
p
er
ti
es
si
m
u
lt
an
eo
u
sl
y,
w
e
st
u
d
y
fu
n
d
am
en
ta
l
p
ro
p
er
ti
es
of
su
ch

m
u
lt
i-
d
is
si
p
a
ti
v
e
sy
st
em
s.
T
h
es
e
p
ro
p
er
ti
es
a
re
re
la
te
d
to
co
n
ve
x
it
y
an
d

to
p
o
lo
gy
o
n
th
e
sp
ac
e
of
su
p
p
ly
ra
te
s.
F
or
in
st
an
ce
,
w
e
gi
v
e
co
n
d
it
io
n
s

u
n
d
er
w
h
ic
h
th
e
av
ai
la
b
le
st
o
ra
ge
is
a
co
n
ti
n
u
o
u
s
co
n
ve
x
fu
n
ct
io
n
of
th
e

su
p
p
ly
ra
te
.

D
is
si
p
a
ti
on
th
eo
ry
in
th
e
ex
is
ti
n
g
li
te
ra
tu
re
ap
p
li
es
on
ly
to
d
et
er
m
in
is
ti
c

sy
st
em
s.
T
h
is
is
u
n
fo
rt
u
n
at
e
si
n
ce
ro
b
u
st
co
n
tr
ol
a
p
p
li
ca
ti
on
s
ty
p
ic
al
ly
al
so

co
n
ta
in
u
n
ce
rt
ai
n
ty
w
h
ic
h
is
b
et
te
r
m
o
d
el
le
d
in
a
p
ro
b
ab
il
is
ti
c
fr
am
ew
or
k
,

su
ch
as
m
ea
su
re
m
en
t
n
oi
se
.
T
h
is
m
ot
iv
at
es
an
ex
te
n
si
on
of
th
e
th
eo
ry

of
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s
to
st
o
ch
as
ti
c
sy
st
em
s.
T
h
is
d
is
se
rt
at
io
n

p
re
se
n
ts
su
ch
an
ex
te
n
si
on
:
W
e
p
ro
p
os
e
a
d
e�
n
it
io
n
an
d
ge
n
er
al
iz
e
fu
n
d
a-

m
en
ta
l
re
su
lt
s
fr
om
d
et
er
m
in
is
ti
c
d
is
si
p
a
ti
o
n
th
eo
ry
to
st
o
ch
as
ti
c
sy
st
em
s.

F
u
rt
h
er
m
or
e,
w
e
ar
gu
e
th
a
t
st
o
ch
a
st
ic
d
is
si
p
a
ti
o
n
is
a
n
at
u
ra
l
fu
n
d
am
en
t

fo
r
a
th
eo
ry
of
ro
b
u
st
p
er
fo
rm
an
ce
of
st
o
ch
a
st
ic
sy
st
em
s.
T
o
th
is
en
d
,
w
e

p
re
se
n
t
a
n
u
m
b
er
o
f
p
er
fo
rm
an
ce
re
q
u
ir
em
en
ts
to
st
o
ch
as
ti
c
sy
st
em
s
w
h
ic
h

ca
n
b
e
fo
rm
u
la
te
d
in
te
rm
s
of
d
is
si
p
a
ti
o
n
,
af
te
r
w
h
ic
h
w
e
gi
ve
su
�
ci
en
t

co
n
d
it
io
n
s
fo
r
th
es
e
re
q
u
ir
em
en
ts
to
b
e
ro
b
u
st
to
w
ar
d
s
m
u
lt
i-
d
is
si
p
at
iv
e

p
er
tu
rb
at
io
n
s.

A
�
n
al
co
n
tr
ib
u
ti
o
n
o
f
th
e
d
is
se
rt
at
io
n
co
n
ce
rn
s
th
e
p
ro
b
le
m
of
si
m
u
lt
a-

n
eo
u
s
H
1

co
n
tr
ol
of
a
�
n
it
e
n
u
m
b
er
of
li
n
ea
r
ti
m
e
in
va
ri
an
t
p
la
n
ts
.
T
h
is

p
ro
b
le
m
is
a
p
ro
to
ty
p
e
o
f
ro
b
u
st
ad
ap
ti
v
e
co
n
tr
o
l
p
ro
b
le
m
s.
W
e
sh
ow
th
at

th
e
op
ti
m
al
(m
in
im
ax
)
co
n
tr
ol
le
r
fo
r
th
is
p
ro
b
le
m
is
�
n
it
e
d
im
en
si
on
al
b
u
t

n
o
t
b
a
se
d
on
ce
rt
ai
n
ty
eq
u
iv
a
le
n
ce
,
a
n
d
w
e
d
is
cu
ss
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty

eq
u
iv
al
en
ce
co
n
tr
ol
le
r.

R
e
su
m
�e
(i
n
D
a
n
is
h
)

E
m
n
et
fo
r
d
en
n
e
af
h
an
d
li
n
g
er
ro
b
u
st
h
ed
o
g
y
d
el
se
(p
er
fo
rm
an
ce
)
a
f
ik
ke

li
n
e�
re
re
gu
le
ri
n
gs
sy
st
em
er
.

R
eg
u
le
ri
n
gs
sy
st
em
er
n
e
er
b
es
k
re
ve
t
af
n
om
in
el
le
m
o
d
el
le
r
b
es
t�a
en
d
e
a

ik
ke
-l
in
e�
re
d
et
er
m
in
is
ti
sk
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gu
re
1.
1.
H
er
e
�
is
a
gi
ve
n
d
y
n
am
ic
p
la
n
t
(a
m
a
th
em
a
ti
ca

m
o
d
el
of
a
p
h
y
si
ca
l
sy
st
em
)
an
d
K
is
th
e
co
n
tr
ol
le
r
(w
h
ic
h
is
al
so
a
m
a
th

em
at
ic
al
m
o
d
el
of
a
p
h
y
si
ca
l
sy
st
em
).
T
h
e
ob
je
ct
iv
e
is
to
d
es
ig
n
th
e
co
n

tr
ol
le
r
K
,
i.
e.
to
�
n
d
a
su
it
a
b
le
K
,
su
ch
th
at
th
e
in
te
rc
on
n
ec
ti
on
h
as
so
m

d
es
ir
ab
le
p
ro
p
er
ti
es
.
T
h
es
e
p
ro
p
er
ti
es
ty
p
ic
al
ly
d
es
cr
ib
e
h
ow
th
e
in
te
rc
o
n

n
ec
ti
on
re
sp
on
d
s
to
an
ex
og
en
ou
s
in
p
u
t
w
an
d
ar
e
q
u
an
ti
�
ed
th
ro
u
gh
th

ou
tp
u
t
z
.
T
h
e
co
n
tr
ol
le
r
a�
ec
ts
th
e
re
sp
on
se
b
y
ch
o
os
in
g
th
e
co
n
tr
ol
si
gn
a

u
.
T
h
e
co
n
tr
ol
le
r
h
as
a
t
le
as
t
p
ar
ti
al
ac
ce
ss
to
in
fo
rm
at
io
n
ab
ou
t
th
e
st
at

of
th
e
p
la
n
t,
q
u
an
ti
�
ed
b
y
th
e
m
ea
su
re
m
en
t
si
gn
al
y
.
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

w

K�

y

u

z

F
ig
u
re
1.
1
:
A
co
n
tr
o
l
p
ro
b
le
m

T
h
e
q
u
es
ti
o
n
s
ad
d
re
ss
ed
b
y
co
n
tr
ol
th
eo
ry
ar
e
a
n
al
ys
is
q
u
es
ti
on
s
an
d
sy
n
-

th
es
is
q
u
es
ti
on
s.
A
n
al
y
si
s
q
u
es
ti
on
s
in
ve
st
ig
at
e
p
ro
p
er
ti
es
of
th
e
in
te
rc
on
-

n
ec
ti
o
n
fo
r
a
gi
v
en
co
n
tr
ol
le
r
K
,
w
h
il
e
th
e
sy
n
th
es
is
q
u
es
ti
on
is
h
ow
to

ch
o
o
se
th
e
co
n
tr
ol
le
r
K

su
ch
th
a
t
th
e
in
te
rc
o
n
n
ec
ti
on
h
as
ce
rt
ai
n
p
ro
p
er
-

ti
es
.
T
h
e
m
ot
iv
at
io
n
fo
r
co
n
si
d
er
in
g
an
al
y
si
s
q
u
es
ti
on
s
is
tw
of
ol
d
:
F
ir
st
,

an
al
y
si
s
q
u
es
ti
on
s
a
re
m
os
t
of
te
n
m
u
ch
ea
si
er
to
a
n
sw
er
th
an
sy
n
th
es
is

q
u
es
ti
o
n
s,
b
u
t
go
o
d
an
sw
er
s
to
a
n
al
y
si
s
q
u
es
ti
o
n
s
o
ft
en
en
ab
le
th
e
co
n
tr
ol

th
eo
ri
st
to
�
n
d
a
n
sw
er
s
to
th
e
co
rr
es
p
on
d
in
g
sy
n
th
es
is
q
u
es
ti
on
s.
S
ec
on
d
,

th
e
co
n
tr
ol
en
gi
n
ee
r
m
ay
h
av
e
fo
u
n
d
a
ca
n
d
id
at
e
co
n
tr
ol
le
r
b
y
so
lv
in
g
on
e

sp
ec
i�
c
sy
n
th
es
is
q
u
es
ti
on
an
d
th
en
w
is
h
to
k
n
ow
if
th
is
co
n
tr
ol
le
r
p
ro
v
id
es

sa
ti
sf
a
ct
o
ry
a
n
sw
er
s
to
ot
h
er
a
n
al
y
si
s
q
u
es
ti
on
s.

In
o
rd
er
to
a
n
sw
er
an
al
y
si
s
a
s
w
el
l
as
sy
n
th
es
is
q
u
es
ti
on
s,
co
n
tr
ol
th
eo
ry

em
p
lo
y
s
se
ve
ra
l
d
is
ci
p
li
n
es
fr
om
th
e
�
el
d
of
ap
p
li
ed
m
at
h
em
at
ic
s.
Q
u
al
-

it
a
ti
ve
a
n
d
q
u
an
ti
ta
ti
v
e
th
eo
ry
fo
r
d
et
er
m
in
is
ti
c
a
n
d
st
o
ch
as
ti
c
d
y
n
am
ic

sy
st
em
s
is
es
se
n
ti
al
as
is
op
ti
m
iz
at
io
n
th
eo
ry
.
In
a
d
d
it
io
n
,
st
at
is
ti
ca
l
in
fe
r-

en
ce
or
d
et
er
m
in
is
ti
c
es
ti
m
at
io
n
th
eo
ry
is
n
ec
es
sa
ry
to
ad
d
re
ss
p
ro
b
le
m
s

w
h
er
e
th
e
m
ea
su
re
m
en
ts
y
co
n
ta
in
o
n
ly
in
co
m
p
le
te
in
fo
rm
at
io
n
ab
ou
t
th
e

st
a
te
of
th
e
p
la
n
t
�
.

T
h
e
re
su
lt
in
g
th
eo
ry
d
ep
en
d
s
gr
ea
tl
y
on
th
e
sp
ec
i�
cs
of
th
e
in
te
rc
on
n
ec
-

ti
on
in
�
g
u
re
1
.1
:
If
th
e
sy
st
em
s
ar
e
li
n
ea
r
o
r
n
o
n
li
n
ea
r,
d
et
er
m
in
is
ti
c
or

st
o
ch
a
st
ic
,
an
d
if
th
e
d
y
n
a
m
ic
sy
st
em
s
ar
e
d
es
cr
ib
ed
in
co
n
ti
n
u
ou
s
or
d
is
-

cr
et
e
ti
m
e.
T
h
e
n
ex
t
se
ct
io
n
d
es
cr
ib
es
th
es
e
d
i�
er
en
ce
s
in
so
m
e
fu
rt
h
er

d
et
a
il
,
a
s
w
el
l
as
cl
ar
i�
es
an
d
m
ot
iv
a
te
s
h
ow
th
e
p
re
se
n
t
d
is
se
rt
at
io
n
is

p
la
ce
d
in
th
is
d
is
co
u
rs
e.

1.
2

P
ar
ad
ig
m
an
d
st
at
e
of
th
e
ar
t

1

1
.2

P
a
ra
d
ig
m

a
n
d
st
a
te
o
f
th
e
a
rt

R
o
b
u
st
n
e
ss
o
r
p
e
rf
o
rm
a
n
c
e
?

W
h
il
e
m
os
t
co
n
tr
ol
th
eo
ri
st
s
an
d
en
gi
n
ee
rs
ag
re
e
th
at
ro
b
u
st
n
es
s
an
d
p
er

fo
rm
an
ce
ar
e
d
es
ir
ab
le
p
ro
p
er
ti
es
of
a
co
n
tr
ol
le
d
sy
st
em
,
an
d
th
at
as

re
su
lt
an
al
y
si
s
an
d
sy
n
th
es
is
m
u
st
ad
d
re
ss
th
es
e
is
su
es
,
th
er
e
is
m
u
ch
le
s

co
n
se
n
su
s
re
ga
rd
in
g
th
e
ex
ac
t
m
ea
n
in
g
of
th
es
e
p
ro
p
er
ti
es
an
d
th
ei
r
re
la

ti
on
.

P
er
fo
rm
an
ce
m
ea
su
re
s
th
e
q
u
al
it
y
of
th
e
co
n
tr
ol
le
d
sy
st
em
:
H
ow
fa
st
,
h
o w

ac
cu
ra
te
or
h
ow
e�
ec
ti
ve
is
th
e
sy
st
em
.
In
th
is
w
or
k
w
e
u
se
th
e
te
rm
p
er

fo
rm
an
ce
to
d
es
cr
ib
e
h
ow
a
co
st
,
ac
cu
m
u
la
te
d
d
u
ri
n
g
th
e
op
er
at
io
n
of
th

sy
st
em
,
d
ep
en
d
s
on
th
e
in
it
ia
l
st
at
e
of
th
e
sy
st
em
,
or
on
ex
og
en
ou
s
d
et
er

m
in
is
ti
c
or
st
o
ch
as
ti
c
d
is
tu
rb
an
ce
s.
T
h
e
lo
w
er
co
st
,
th
e
b
et
te
r
p
er
fo
rm
an
ce

T
h
e
is
su
e
of
ro
bu
st
n
es
s
ar
is
es
b
ec
au
se
th
e
m
at
h
em
at
ic
al
m
o
d
el
,
w
h
ic
h
i

th
e
ob
je
ct
of
th
e
m
at
h
em
at
ic
al
an
al
y
si
s,
n
ev
er
fu
ll
y
d
es
cr
ib
es
th
e
p
h
y
si
ca

co
n
tr
ol
sy
st
em
.
L
o
os
el
y,
ro
b
u
st
n
es
s
m
ea
n
s
th
at
th
e
m
at
h
em
at
ic
al
an
al
y
si

p
re
d
ic
ts
th
e
b
eh
av
io
u
r
of
th
e
p
h
y
si
ca
l
sy
st
em
w
it
h
su
�
ci
en
t
ac
cu
ra
cy
.
W

as
si
gn
a
m
u
ch
m
or
e
p
re
ci
se
m
ea
n
in
g
to
th
e
w
or
d
ro
b
u
st
n
es
s:
W
e
m
o
d
el
th

p
h
y
si
ca
l
sy
st
em
b
y
a
fa
m
il
y
of
m
at
h
em
at
ic
al
m
o
d
el
s
(t
y
p
ic
al
ly
ob
ta
in
ed
a

an
in
te
rc
on
n
ec
ti
on
of
a
n
om
in
al
m
o
d
el
an
d
an
u
n
k
n
ow
n
p
er
tu
rb
at
io
n
),
an

sa
y
th
at
a
p
ro
p
er
ty
is
ro
b
u
st
if
it
h
ol
d
s
fo
r
a
n
y
m
o
d
el
in
th
is
fa
m
il
y.

A
n
of
te
n
h
ea
rd
st
at
em
en
t
is
th
a
t
o
n
e
m
u
st
tr
ad
e
o�
ro
b
u
st
n
es
s
an
d
p
er

fo
rm
an
ce
:
F
or
in
st
an
ce
,
if
on
e
w
is
h
es
a
fa
st
re
sp
on
se
of
a
se
rv
o
sy
st
em

on
e
m
u
st
ac
ce
p
t
th
at
th
e
sy
st
em

is
se
n
si
ti
ve
to
p
ar
as
it
ic
d
y
n
am
ic
s.
W

d
o
n
ot
d
is
ag
re
e
th
at
su
ch
tr
ad
e-
o�
co
n
si
d
er
at
io
n
s
b
et
w
ee
n
se
n
si
ti
v
it
y
a
n

n
om
in
al
p
er
fo
rm
an
ce
ar
e
h
el
p
fu
l.
H
ow
ev
er
,
w
e
p
re
fe
r
to
d
is
cu
ss
th
e
is
su
e

H
ow
fa
st
a
re
sp
on
se
ca
n
w
e
o
b
ta
in
in
p
re
se
n
ce
of
p
ar
as
it
ic
d
y
n
am
ic
s?
T
h
u

th
e
ob
je
ct
iv
e
is
to
gu
ar
an
te
e
a
le
ve
l
of
p
er
fo
rm
an
ce
w
h
ic
h
is
ro
b
u
st
to
w
ar
d

a
gi
ve
n
fa
m
il
y
of
p
er
tu
rb
at
io
n
s.
In
su
m
m
ar
y,
th
e
q
u
es
ti
on
R
ob
u
st
n
es
s
o

pe
rf
or
m
an
ce
?
sh
ou
ld
b
e
an
sw
er
ed
:
R
ob
u
st
pe
rf
or
m
an
ce
!

L
in
e
a
r
o
r
n
o
n
li
n
e
a
r
th
e
o
ry
?

A
se
em
in
gl
y
n
ev
er
-e
n
d
in
g
co
n
tr
ov
er
sy
am
on
g
co
n
tr
ol
th
eo
ri
st
s
co
n
ce
rn
s
li
n

ea
r
v
er
su
s
n
on
li
n
ea
r
th
eo
ry
.
A
d
vo
ca
te
s
of
n
on
li
n
ea
r
th
eo
ry
em
p
h
as
iz
e
th
a

n
on
li
n
ea
r
m
o
d
el
s
p
ro
v
id
e
m
or
e
ac
cu
ra
te
d
es
cr
ip
ti
on
s
of
te
ch
n
ic
al
sy
st
em



14

C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

w
h
ic
h
m
ak
es
it
p
la
u
si
b
le
th
at
b
et
te
r
co
n
tr
ol
sy
st
em
s
ca
n
b
e
ob
ta
in
ed
w
it
h

n
on
li
n
ea
r
th
eo
ry
.
O
n
th
e
ot
h
er
h
an
d
,
n
on
li
n
ea
r
th
eo
ry
q
u
ic
k
ly
b
ec
om
es

so
in
vo
lv
ed
th
at
th
e
d
es
ig
n
er
ca
n
b
e
fo
rc
ed
to
ov
er
si
m
p
li
fy
th
e
p
ro
b
le
m
,

fo
r
in
st
a
n
ce
b
y
n
eg
le
ct
in
g
ce
rt
ai
n
d
y
n
am
ic
s,
an
d
in
th
es
e
si
tu
at
io
n
s
it
is

p
la
u
si
b
le
th
a
t
li
n
ea
r
th
eo
ry
is
m
or
e
e�
ec
ti
v
e.
A
ls
o,
in
in
d
u
st
ri
al
ap
p
li
ca
-

ti
on
s
it
ca
n
n
ot
b
e
n
eg
le
ct
ed
th
at
n
on
li
n
ea
r
co
n
tr
o
l
th
eo
re
ti
c
in
ve
st
ig
at
io
n
s

co
n
su
m
e
g
re
at
re
so
u
rc
es
w
h
ic
h
p
er
h
a
p
s
w
ou
ld
b
e
m
or
e
b
en
e�
ci
al
if
al
lo
-

ca
te
d
to
co
m
p
le
te
d
i�
er
en
t
p
ar
ts
of
th
e
d
es
ig
n
p
ro
je
ct
.
A
fa
ct
th
at
ke
ep
s

th
e
co
n
tr
ov
er
sy
go
in
g
is
th
a
t
so
m
e
�
el
d
s
of
ap
p
li
ca
ti
on
s
m
an
ag
e
q
u
it
e
w
el
l

w
it
h
li
n
ea
r
m
o
d
el
s
w
h
er
ea
s
n
on
li
n
ea
ri
ti
es
ar
e
es
se
n
ti
al
to
th
e
p
ro
b
le
m
s
of

o
th
er
�
el
d
s.

T
o
ol
s
fo
r
a
n
a
ly
si
s
an
d
d
es
ig
n
o
f
co
n
tr
ol
le
rs
fo
r
li
n
ea
r
p
la
n
ts
ar
e
w
el
l
d
ev
el
-

op
ed
an
d
im
p
le
m
en
te
d
in
co
m
m
er
ci
al
so
ft
w
a
re
p
a
ck
ag
es
su
ch
as
M
A
T
L
A
B
.

T
h
e
en
gi
n
ee
ri
n
g
ap
p
ea
l
o
f
fr
eq
u
en
cy
d
o
m
ai
n
te
ch
n
iq
u
es
is
a
n
im
p
or
ta
n
t

fa
ct
o
r,
as
is
th
e
fa
ct
th
at
it
is
p
os
si
b
le
to
gi
v
e
st
a
n
d
ar
d
iz
ed
re
ci
p
es
w
h
ic
h

w
or
k
fo
r
m
o
st
li
n
ea
r
p
ro
b
le
m
s.
T
h
er
e
is
a
n
ab
u
n
d
a
n
ce
of
m
et
h
o
d
ol
og
ie
s,

ra
n
g
in
g
fr
o
m
p
ar
am
et
er
tu
n
in
g
in
P
ID
-c
on
tr
o
ll
er
s
to
�
-s
y
n
th
es
is
[1
28
].
F
or

en
gi
n
ee
rs
w
h
o
w
is
h
to
p
o
se
th
ei
r
ow
n
n
on
-s
ta
n
d
a
rd
d
es
ig
n
cr
it
er
ia
,
th
e

fr
am
ew
o
rk
of
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s
is
an
o
p
ti
o
n
[2
0,
1
9]
.
Im
p
or
ta
n
t

op
en
p
ro
b
le
m
s
w
it
h
in
th
e
li
n
ea
r
p
a
ra
d
ig
m
,
w
h
ic
h
ar
e
to
p
ic
s
of
cu
rr
en
t

re
se
ar
ch
,
co
n
ce
rn
m
ix
ed
an
d
m
u
lt
i-
cr
it
er
ia
p
ro
b
le
m
s,
th
e
p
ro
b
le
m

of
d
e-

si
g
n
in
g
co
n
tr
ol
le
rs
of
�
x
ed
st
ru
ct
u
re
,
an
d
in
te
rd
is
ci
p
li
n
ar
y
to
p
ic
s
su
ch
as

si
m
u
lt
an
eo
u
s
d
es
ig
n
of
sy
st
em
an
d
co
n
tr
ol
le
r.

R
eg
ar
d
in
g
n
o
n
li
n
ea
r
co
n
tr
ol
th
eo
ry
si
gn
i�
ca
n
t
p
ro
g
re
ss
h
as
b
ee
n
m
ad
e
b
u
t

a
fu
ll
y
op
er
at
io
n
al
ge
n
er
al
th
eo
ry
is
st
il
l
fa
r
aw
ay
;
in
d
ee
d
it
is
p
la
u
si
b
le

th
at
su
ch
a
th
eo
ry
is
u
to
p
ia
n
.
T
h
e
�
el
d
of
L
y
a
p
u
n
ov
st
ab
il
it
y
[7
4,
59
]

il
lu
st
ra
te
s
th
e
h
u
rd
le
:
T
h
e
th
eo
ry
is
fa
ir
ly
co
m
p
le
te
fr
om
an
an
al
y
ti
ca
lp
oi
n
t

o
f
v
ie
w
,
b
u
t
th
e
p
ro
b
le
m
of
co
m
p
u
ti
n
g
L
ya
p
u
n
ov
fu
n
ct
io
n
s
fo
r
a
ge
n
er
al

sy
st
em
is
ov
er
w
h
el
m
in
g
.
T
h
e
sa
m
e
d
is
cu
ss
io
n
ap
p
li
es
to
op
ti
m
al
co
n
tr
ol
an
d

d
i�
er
en
ti
al
ga
m
es
w
h
er
e
it
is
k
n
ow
n
as
B
el
lm
an
's
cu
rs
e
of
di
m
en
si
on
al
it
y
:

T
h
e
co
m
p
u
ta
ti
on
al
co
m
p
le
x
it
y
g
ro
w
s
ex
p
o
n
en
ti
al
ly
w
it
h
th
e
d
im
en
si
on
of

th
e
u
n
d
er
ly
in
g
st
at
e
sp
ac
e.
D
es
p
it
e
in
cr
ea
se
d
co
m
p
u
ta
ti
on
al
p
ow
er
a
n
d

im
p
ro
v
ed
n
u
m
er
ic
al
m
et
h
o
d
s
[6
5,
11
]
w
e
ca
n
n
ot
ex
p
ec
t
to
b
e
ab
le
so
lv
e
al
l

co
n
tr
ol
p
ro
b
le
m
s
b
y
d
ir
ec
t
so
lu
ti
o
n
of
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
s
on
st
at
e

sp
a
ce
:
It
is
n
ot
u
n
u
su
al
fo
r
te
ch
n
ic
al
co
n
tr
ol
p
ro
b
le
m
s
to
h
av
e
75
st
at
es
as

in
[1
8]
.
O
n
e
m
ay
im
ag
in
e
th
e
e�
o
rt
re
q
u
ir
ed
to
co
m
p
u
te
,
im
p
le
m
en
t
an
d

u
n
d
er
st
a
n
d
a
n
on
li
n
ea
r
co
n
tr
ol
le
r
fe
ed
in
g
b
a
ck
a
st
a
te
of
th
is
d
im
en
si
on
.

A
s
a
co
n
se
q
u
en
ce
a
m
y
ri
a
d
o
f
sp
ec
ia
l
ca
se
s
h
av
e
b
ee
n
in
ve
st
ig
at
ed
an
d

1.
2

P
ar
ad
ig
m
an
d
st
at
e
of
th
e
ar
t

1

so
m
et
im
es
th
e
sp
ec
ia
l
st
ru
ct
u
re
en
ab
le
s
p
ro
gr
es
s.
F
or
in
st
an
ce
,
w
it
h
in
th

la
st
d
ec
ad
es
th
e
d
i�
er
en
ti
al
ge
om
et
ri
c
fr
am
ew
or
k
[5
1]
h
as
ev
ol
v
ed
.
T
h

as
so
ci
at
ed
to
ol
s
su
ch
a
s
fe
ed
-b
ac
k
li
n
ea
ri
za
ti
on
ar
e
va
lu
ab
le
,
al
th
ou
gh
th
e

ar
e
p
ro
n
e
to
ro
b
u
st
n
es
s
p
ro
b
le
m
s
an
d
re
q
u
ir
e
sp
ec
ia
l
st
ru
ct
u
re
.
B
ac
k
st
ep

p
in
g
[6
3]
an
d
ot
h
er
re
cu
rs
iv
e
d
es
ig
n
te
ch
n
iq
u
es
p
ro
v
id
e
a
m
et
h
o
d
ol
og
y
fo

sy
st
em
at
ic
d
es
ig
n
,
b
u
t
re
q
u
ir
es
co
n
si
d
er
ab
le
co
m
p
u
ta
ti
on
al
e�
or
t
an
d

ce
rt
ai
n
sk
il
l
of
th
e
d
es
ig
n
er
.
In
ve
rs
e
op
ti
m
al
it
y
[3
6]
is
a
n
ot
h
er
p
ro
m
is
in

co
n
ce
p
t;
w
it
h
th
is
ap
p
ro
ac
h
on
e
so
lv
es
th
e
li
n
ea
ri
ze
d
p
ro
b
le
m
at
�
rs
t
an

th
en
co
n
st
ru
ct
s
a
n
on
li
n
ea
r
co
n
tr
ol
la
w
su
ch
th
at
ce
rt
ai
n
ro
b
u
st
n
es
s
p
ro
p

er
ti
es
of
th
e
li
n
ea
ri
ze
d
sy
st
em
h
ol
d
gl
ob
al
ly
fo
r
th
e
n
on
li
n
ea
r
sy
st
em
.

W
it
h
th
is
st
at
e
of
th
e
ar
t,
re
se
ar
ch
er
s
an
d
en
gi
n
ee
rs
m
u
st
in
ea
ch
p
ro
je
c

ch
o
os
e
p
ra
gm
at
ic
al
ly
b
et
w
ee
n
th
e
li
n
ea
r
an
d
th
e
n
on
li
n
ea
r
p
ar
ad
ig
m
.
T
h
er

is
li
tt
le
d
ou
b
t
th
at
n
on
li
n
ea
r
th
eo
ry
is
b
ec
om
in
g
in
cr
ea
si
n
gl
y
im
p
or
ta
n
t
a

m
o
d
el
s
gr
ow
in
�
d
el
it
y
a
n
d
co
m
p
le
x
it
y,
as
d
es
ir
ed
op
er
at
in
g
re
gi
on
s
gr
ow

la
rg
er
,
an
d
as
b
et
te
r
co
n
tr
ol
le
r
h
ar
d
w
ar
e
a
ll
ow
s
m
or
e
co
m
p
le
x
co
n
tr
ol
le

al
go
ri
th
m
s
to
b
e
im
p
le
m
en
te
d
.
W
h
at
is
m
or
e,
m
an
y
co
n
ce
p
ts
an
d
id
ea

ar
e
cl
ea
re
r
fo
r
n
on
li
n
ea
r
sy
st
em
s
th
an
fo
r
li
n
ea
r
sy
st
em
s
w
h
er
e
m
at
ri
x
m
a

n
ip
u
la
ti
on
s
te
n
d
to
ob
sc
u
re
th
e
p
ic
tu
re
;
th
is
is
p
er
h
ap
s
m
os
t
ev
id
en
t
in
th

�
el
d
of
st
ab
il
it
y
a
n
d
of
op
ti
m
al
an
d
H
1

co
n
tr
ol
.
T
h
er
ef
or
e,
o
u
r
am
b
it
io

in
th
is
d
is
se
rt
at
io
n
is
to
d
ev
el
o
p
co
n
tr
ol
th
eo
ry
w
h
ic
h
is
b
as
ed
on
p
ri
n
ci
p
le

ap
p
li
ca
b
le
to
ge
n
er
al
n
on
li
n
ea
r
sy
st
em
s.

T
im
e
d
o
m
a
in
o
r
fr
e
q
u
e
n
c
y
d
o
m
a
in
?

W
it
h
in
th
e
li
n
ea
r
p
ar
ad
ig
m
,a
gr
ea
t
st
re
n
gt
h
of
co
n
tr
ol
th
eo
ry
is
th
e
ab
il
i t

to
co
m
b
in
e
co
n
si
d
er
at
io
n
s
in
fr
eq
u
en
cy
d
om
ai
n
an
d
ti
m
e
d
om
ai
n
.
U
n
fo
rt
u

n
at
el
y,
fr
eq
u
en
cy
d
om
ai
n
to
ol
s
a
re
le
ss
th
an
e�
ec
ti
ve
in
a
ge
n
er
al
n
on
li
n
ea

co
n
te
x
t
w
h
er
e
ev
en
th
e
el
em
en
ta
ry
co
n
ce
p
t
of
b
an
d
w
id
th
is
p
ro
b
le
m
at
ic

It
re
m
ai
n
s
a
fo
rm
id
ab
le
p
ro
je
ct
to
�
n
d
su
it
ab
le
su
b
st
it
u
te
s.

T
h
er
ef
or
e,
th
is
d
is
se
rt
at
io
n
co
n
si
d
er
s
sy
st
em
s
in
ti
m
e
d
om
ai
n
ex
cl
u
si
ve
ly

W
it
h
ou
t
m
ak
in
g
a
v
ir
tu
e
ou
t
of
n
ec
es
si
ty
,
a
n
a
d
va
n
ta
ge
of
ti
m
e
d
om
ai

te
ch
n
iq
u
es
is
th
at
th
ey
ap
p
ea
l
to
th
at
in
tu
it
io
n
fo
r
d
y
n
am
ic
sy
st
em
s
w
h
ic

en
gi
n
ee
rs
d
ev
el
op
b
y
st
u
d
y
in
g
p
h
y
si
ca
l
sy
st
em
s.
N
ot
on
ly
d
o
es
th
is
fa
ci
l

ta
te
th
e
st
u
d
y
an
d
te
ac
h
in
g
of
co
n
tr
ol
th
eo
ry
,
b
u
t
it
is
al
so
ad
va
n
ta
ge
ou
s
i

in
d
u
st
ri
al
en
v
ir
on
m
en
ts
w
h
er
e
a
sh
ar
p
d
is
ti
n
ct
io
n
b
et
w
ee
n
co
n
tr
ol
le
r
an

p
la
n
t
ca
n
n
ot
b
e
m
ai
n
ta
in
ed
,
an
d
w
h
er
e
th
e
co
n
tr
ol
en
gi
n
ee
r
w
or
k
s
in
a

in
te
rd
is
ci
p
li
n
ar
y
te
am
.
A
sp
le
n
d
id
ex
am
p
le
w
h
er
e
ex
p
er
ie
n
ce
fr
om
p
h
y
si
c

is
of
gr
ea
t
va
lu
e
in
co
n
tr
ol
th
eo
ry
is
th
e
�
el
d
of
L
y
a
p
u
n
ov
st
ab
il
it
y
[7
4
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

ca
lc
u
lu
s
of
va
ri
at
io
n
s
a
n
d
d
y
n
am
ic
op
ti
m
iz
at
io
n
[4
1,
3
],
w
h
ic
h
or
ig
in
at
el
y

co
n
ce
rn
ed
m
ec
h
an
ic
al
an
d
in
p
a
rt
ic
u
la
r
as
tr
on
om
ic
al
sy
st
em
s,
b
u
t
w
h
ic
h

in
th
e
la
st
d
ec
ad
es
h
av
e
b
ee
n
d
ev
el
op
ed
b
y
co
n
tr
ol
th
eo
ri
st
s
[1
2,
21
,
12
2]
.

D
e
te
rm
in
is
ti
c
o
r
st
o
ch
a
st
ic
re
p
re
se
n
ta
ti
o
n
o
f
u
n
c
e
rt
a
in
ty
?

T
h
e
ex
p
li
ci
t
co
n
si
d
er
at
io
n
of
u
n
ce
rt
ai
n
ty
li
es
at
th
e
co
re
of
co
n
tr
ol
th
eo
ry
.

U
n
ce
rt
ai
n
ty
m
ay
b
e
re
p
re
se
n
te
d
b
y
u
n
k
n
ow
n
p
ar
am
et
er
s,
u
n
k
n
ow
n
in
p
u
ts

o
r
u
n
ce
rt
ai
n
d
y
n
am
ic
a
l
el
em
en
ts
,
an
d
al
th
o
u
gh
m
u
ch
re
ce
n
t
w
or
k
[2
6,
60
,

6
8
,
6
9,
8
6,
9
8,
1
06
,
12
9,
13
2]
is
d
ev
ot
ed
to
m
ix
ed
p
ro
b
le
m
s
co
m
b
in
in
g
tw
o

or
m
or
e
ty
p
es
of
u
n
ce
rt
ai
n
ty
,
th
er
e
d
o
es
n
ot
y
et
ex
is
t
a
ge
n
er
al
op
er
at
io
n
al

fr
am
ew
or
k
w
it
h
in
w
h
ic
h
al
l
th
es
e
re
p
re
se
n
ta
ti
on
s
of
u
n
ce
rt
ai
n
ty
ca
n
b
e

em
b
ed
d
ed
.

M
o
d
el
s
o
f
u
n
ce
rt
ai
n
ty
ca
n
b
e
d
iv
id
ed
in
to
tw
o
gr
ou
p
s:
T
h
e
st
o
ch
as
ti
c
on
es
,

i.
e.
th
os
e
th
at
b
u
il
d
o
n
an
u
n
d
er
ly
in
g
p
ro
b
ab
il
it
y
sp
ac
e,
a
n
d
th
e
d
et
er
-

m
in
is
ti
c
on
es
,
w
h
ic
h
ty
p
ic
al
ly
re
su
lt
in
w
or
st
-c
as
e
co
n
si
d
er
at
io
n
s.
It
is
n
ot

u
n
co
m
m
o
n
fo
r
co
n
tr
ol
th
eo
ri
st
s
an
d
en
gi
n
ee
rs
to
h
av
e
a
ve
ry
�
rm
p
re
fe
r-

en
ce
fo
r
on
e
of
th
e
tw
o
gr
ou
p
s,
an
d
o
cc
a
si
o
n
al
ly
th
is
re
su
lt
s
in
a
tt
em
p
ts
to

d
em
o
n
st
ra
te
th
a
t
th
e
o
n
e
gr
ou
p
ca
n
co
ve
r
a
ll
m
o
d
el
s
o
f
u
n
ce
rt
ai
n
ty
.

T
h
is
d
is
se
rt
at
io
n
is
b
as
ed
on
th
e
p
ra
gm
at
ic
p
oi
n
t
of
v
ie
w
th
at
co
n
tr
ol
th
eo
ry

sh
ou
ld
,
to
th
e
w
id
es
t
ex
te
n
t
p
o
ss
ib
le
,
al
lo
w
fo
r
b
o
th
gr
ou
p
s
of
u
n
ce
rt
ai
n
ty
.

W
it
h
su
ch
a
th
eo
ry
at
h
an
d
,
th
e
co
n
tr
ol
en
gi
n
ee
r
ca
n
in
ea
ch
a
p
p
li
ca
ti
on

ch
o
os
e
to
u
se
d
et
er
m
in
is
ti
c
o
r
st
o
ch
as
ti
c
m
o
d
el
s,
or
b
ot
h
.
T
h
is
b
ec
om
es

in
cr
ea
si
n
gl
y
im
p
or
ta
n
t
as
co
n
tr
o
l
ob
je
ct
s
gr
ow
in
co
m
p
le
x
it
y,
si
n
ce
a
co
m
-

p
le
x
co
n
tr
ol
p
ro
b
le
m
m
ay
co
n
ta
in
b
ot
h
el
em
en
ts
w
h
ic
h
re
q
u
ir
e
st
o
ch
as
ti
c

d
es
cr
ip
ti
on
s
a
n
d
el
em
en
ts
w
h
ic
h
ar
e
su
it
ed
fo
r
d
et
er
m
in
is
ti
c
w
or
st
-c
as
e
co
n
-

si
d
er
at
io
n
s.

1
.3

T
w
o
re
ce
n
t
a
d
v
a
n
ce
s
in
c
o
n
tr
o
l
th
e
o
ry

In
th
is
se
ct
io
n
w
e
ou
tl
in
e
tw
o
re
ce
n
t
d
ev
el
o
p
m
en
ts
in
th
e
�
el
d
o
f
co
n
tr
ol
th
e-

or
y
w
h
ic
h
h
av
e,
to
o,
p
ro
v
id
ed
b
a
ck
gr
ou
n
d
fo
r
th
e
p
re
se
n
t
w
or
k
:
N
on
li
n
ea
r

H
1

co
n
tr
o
l
th
eo
ry
an
d
se
m
id
e�
n
it
e
p
ro
g
ra
m
m
in
g.
In
sh
or
t,
n
on
li
n
ea
r
H
1

th
eo
ry
is
an
an
al
y
ti
ca
l
fr
am
ew
or
k
fo
r
ad
d
re
ss
in
g
is
su
es
of
ro
b
u
st
n
es
s
of
n
on
-

li
n
ea
r
sy
st
em
s
to
w
ar
d
s
d
y
n
a
m
ic
u
n
ce
rt
ai
n
ty
.
S
em
id
e�
n
it
e
p
ro
gr
am
m
in
g
is

a
sp
ec
ia
l
ca
se
o
f
co
n
v
ex
o
p
ti
m
iz
a
ti
o
n
w
h
ic
h
ca
n
b
e
u
se
d
as
a
co
m
p
u
ta
ti
on
al

to
o
l
in
co
n
tr
ol
p
ro
b
le
m
s.

1.
3

T
w
o
re
ce
n
t
ad
va
n
ce
s
in
co
n
tr
ol
th
eo
ry

1

1
.3
.1

N
o
n
li
n
e
a
r
H
1

c
o
n
tr
o
l

O
n
e
of
th
e
im
p
o
rt
an
t
p
ro
d
u
ct
s
of
co
n
tr
ol
re
se
ar
ch
o
f
th
e
1
9
8
0
's
w
as
th
e
fo
r

m
u
la
ti
on
an
d
so
lu
ti
on
of
th
e
li
n
ea
r
H
1

co
n
tr
ol
p
ro
b
le
m
.
T
h
e
b
ac
k
gr
ou
n

fo
r
th
is
w
or
k
w
as
th
e
ro
b
u
st
n
es
s
of
L
Q
G
(L
in
ea
r
d
y
n
am
ic
s,
Q
u
ad
ra
ti
c
co
s

fu
n
ct
io
n
s,
G
au
ss
ia
n
n
oi
se
d
is
tr
ib
u
ti
on
s,
[6
6,
2]
)
co
n
tr
ol
le
rs
-
ro
b
u
st
n
es
s
i

h
er
e
in
th
e
se
n
se
of
th
e
cl
as
si
ca
l
ga
in
an
d
p
h
as
e
m
ar
gi
n
s.
It
w
as
k
n
ow
n
th
a

li
n
ea
r
q
u
ad
ra
ti
c
st
at
e
fe
ed
ba
ck
re
gu
la
to
rs
p
ro
v
id
e
u
n
iv
er
sa
l
ro
b
u
st
n
es
s
ga
i

m
ar
gi
n
s
of
(1 2
;1
)
an
d
p
h
as
e
m
ar
gi
n
s
of
�
6
0
d
eg
re
es
[1
,
93
];
an
im
p
re
s

si
ve
re
su
lt
w
h
ic
h
ca
n
b
e
ge
n
er
al
iz
ed
in
se
ve
ra
l
d
ir
ec
ti
on
s,
[1
18
,
12
0]
.
T
h
i

le
d
to
th
e
q
u
es
ti
on
if
si
m
il
ar
u
n
iv
er
sa
l
m
ar
gi
n
s
ex
is
te
d
fo
r
L
Q
G
co
n
tr
ol
le
r

w
h
er
e
th
e
st
at
e
is
n
ot
av
ai
la
b
le
fo
r
fe
ed
b
ac
k
.
U
n
fo
rt
u
n
at
el
y,
th
is
is
n
ot
th

ca
se
[2
7]
;
op
ti
m
al
co
n
tr
ol
le
rs
ar
e
n
ot
n
ec
es
sa
ri
ly
ro
b
u
st
.
T
h
is
m
ot
iv
a
te
d
th

fo
rm
u
la
ti
on
[1
27
]o
f
th
e
H
1

co
n
tr
ol
p
ro
b
le
m
.
H
er
e
th
e
d
es
ig
n
o
b
je
ct
iv
e
is
t

gu
ar
an
te
e
st
ab
il
it
y
in
p
re
se
n
ce
of
p
er
tu
rb
at
io
n
s
w
it
h
H
1

n
or
m
le
ss
th
an

sp
ec
i�
ed
n
u
m
b
er
;
th
is
d
e�
n
it
io
n
of
ro
b
u
st
n
es
s
im
p
li
es
ga
in
an
d
p
h
as
e
m
ar

gi
n
s,
b
u
t
is
m
or
e
ge
n
er
al
an
d
m
or
e
ap
p
ea
li
n
g
fr
om
a
m
at
h
em
at
ic
al
p
oi
n
t
o

v
ie
w
.
A
la
te
r
ge
n
er
al
iz
at
io
n
w
as
th
e
�
su
p
er
st
ru
ct
u
re
w
h
ic
h
a
ll
ow
s
se
ve
ra

u
n
ce
rt
ai
n
el
em
en
ts
a
t
d
i�
er
en
t
p
la
ce
s
in
th
e
cl
os
ed
-l
o
op
sy
st
em
;
se
e
[1
28

an
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
.

A
lt
h
ou
gh
th
e
H
1

fr
am
ew
or
k
or
ig
in
at
ed
in
th
e
fr
eq
u
en
cy
d
om
ai
n
,1
th

ce
le
b
ra
te
d
D
G
K
F
so
lu
ti
on
[2
9]
ex
p
lo
it
ed
th
e
fa
ct
th
at
th
e
H
1

n
or
m
of

tr
an
sf
er
fu
n
ct
io
n
is
al
so
th
e
L
2
-g
ai
n
of
th
e
as
so
ci
at
ed
in
p
u
t/
ou
tp
u
t
op
er
at
o

an
d
th
u
s
re
li
ed
on
ti
m
e-
d
om
ai
n
te
ch
n
iq
u
es
,
in
p
ar
ti
cu
la
r
co
m
p
le
ti
on
of
th

sq
u
ar
e
u
n
d
er
an
in
te
gr
al
.
T
h
is
so
lu
ti
on
h
in
te
d
to
w
a
rd
s
tw
o-
p
la
ye
r
ze
ro
-s
u
m

d
i�
er
en
ti
al
ga
m
es
,
th
u
s
su
gg
es
ti
n
g
th
at
it
w
ou
ld
b
e
p
os
si
b
le
to
ex
te
n
t
th

H
1

p
ro
b
le
m
to
n
on
li
n
ea
r
sy
st
em
s.
A
n
ea
rl
y
d
ev
el
o
p
m
en
t
in
th
is
d
ir
ec
ti
o

w
a
s
[6
];
th
e
te
x
tb
o
ok
[9
]
co
n
ta
in
s
a
la
rg
e
n
u
m
b
er
of
su
ch
re
su
lt
s,
m
ai
n
l

as
ex
te
n
si
on
s
to
th
e
li
n
ea
r
th
eo
ry
an
d
fo
cu
si
n
g
on
d
i�
er
en
t
p
at
te
rn
s
o

in
fo
rm
at
io
n
av
ai
la
b
le
to
th
e
p
la
ye
rs
.

F
u
rt
h
er
in
si
gh
t
in
to
th
e
n
on
li
n
ea
r
H
1

p
ro
b
le
m
w
a
s
a
ch
ie
ve
d
in
[1
19
,
1
2
0

b
y
st
re
ss
in
g
th
e
co
n
n
ec
ti
on
to
th
e
th
eo
ry
of
d
is
si
p
at
iv
e
sy
st
em
s
[1
24
]
a
n

to
th
at
of
H
am
il
to
n
ia
n
d
y
n
am
ic
s
[3
].
T
h
is
al
so
b
ro
u
gh
t
th
e
�
el
d
in
to
u
c

w
it
h
th
at
of
p
as
si
v
e
sy
st
em
s
w
h
ic
h
h
as
p
la
ye
d
a
ce
n
tr
al
r^o
le
in
m
o
d
er

co
n
tr
ol
th
eo
ry
;
b
ou
n
d
ed
L
2
-g
ai
n
an
d
p
as
si
v
it
y
co
n
st
it
u
te
b
y
n
ow
th
e
m
os

ca
re
fu
ll
y
in
ve
st
ig
at
ed
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.

1
T
h
e
sy
m
b
o
l
H
1

re
fe
rs
to
th
e
H
a
rd
y
sp
a
ce
[5
0]
o
f
tr
a
n
sf
er
fu
n
ct
io
n
s
G

:
C

!

C
m

�

w
h
ic
h
a
re
a
n
a
ly
ti
ca
l
in
th
e
ri
g
h
t
h
a
lf
p
la
n
e,
eq
u
ip
p
ed
w
it
h
th
e
su
p
re
m
u
m
n
o
rm
k
G
k
1

=

su
p
!
2
R

��
G
(i
!
).
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

A
t
th
e
ti
m
e
of
w
ri
ti
n
g,
th
er
e
ex
is
ts
a
w
el
l-
es
ta
b
li
sh
ed
so
lu
ti
on
to
th
e
st
at
e

fe
ed
-b
ac
k
n
on
li
n
ea
r
H
1

co
n
tr
ol
p
ro
b
le
m

in
te
rm
s
of
a
H
am
il
to
n
-J
ac
ob
i-

Is
aa
cs
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
a
ti
on
or
in
eq
u
al
it
y,
w
h
ic
h
re
su
lt
s
fr
om
ap
p
ly
-

in
g
d
y
n
am
ic
p
ro
gr
am
m
in
g
to
th
e
d
i�
er
en
ti
al
g
am
e.
N
ev
er
th
el
es
s,
is
su
es

re
la
te
d
to
th
e
sm
o
ot
h
n
es
s
an
d
p
ro
p
er
n
es
s
o
f
th
e
va
lu
e
fu
n
ct
io
n
s
h
av
e
ye
t

to
b
e
w
or
ke
d
ou
t;
h
er
e
th
e
n
ot
io
n
of
v
is
co
si
ty
so
lu
ti
on
s
[2
3]
to
p
ar
ti
al
d
i�
er
-

en
ti
a
l
eq
u
a
ti
on
s
h
as
p
ro
v
ed
e�
ec
ti
ve
[7
,
1
05
].
A
ls
o,
th
e
n
u
m
er
ic
al
b
u
rd
en
of

a
ct
u
al
ly
co
m
p
u
ti
n
g
b
ou
n
d
s
o
n
va
lu
e
fu
n
ct
io
n
s
is
st
il
l
p
ro
h
ib
it
iv
e
ex
ce
p
t
fo
r

p
ro
b
le
m
s
w
it
h
v
er
y
lo
w
-d
im
en
si
o
n
al
st
a
te
sp
ac
es
;
u
p
to
fo
u
r,
sa
y,
d
ep
en
d
in
g

on
th
e
sy
st
em
a
t
h
a
n
d
.
T
h
u
s
B
el
lm
an
's
cu
rs
e
o
f
d
im
en
si
on
al
it
y
al
so
ap
p
li
es

to
th
es
e
p
ro
b
le
m
s.
A
s
th
e
p
ar
ad
ig
m
of
ro
b
u
st
co
n
tr
o
l
in
cl
u
d
es
a
u
se
of
h
ig
h
-

or
d
er
d
y
n
a
m
ic
w
ei
gh
ts
w
e
co
n
cl
u
d
e
th
at
th
er
e
is
a
n
ee
d
fo
r
h
eu
ri
st
ic
s
a
n
d

su
b
-o
p
ti
m
a
l
st
ra
te
gi
es
w
h
ic
h
ca
n
d
ea
l
w
it
h
h
ig
h
er
-d
im
en
si
on
al
p
ro
b
le
m
s.

A
n
ot
h
er
re
m
ai
n
in
g
ob
st
ac
le
fo
r
th
e
p
ra
ct
ic
a
l
a
p
p
li
ca
ti
on
of
n
on
li
n
ea
r
H
1

co
n
tr
o
l
th
eo
ry
is
th
e
d
es
ig
n
of
st
at
e
es
ti
m
at
o
rs
in
th
e
si
tu
at
io
n
w
h
er
e
th
e

st
at
e
is
n
o
t
d
ir
ec
tl
y
m
ea
su
ra
b
le
,
ra
th
er
th
e
co
n
tr
ol
le
r
is
a
ca
u
sa
l
m
ap
fr
om
a

m
ea
su
re
d
si
gn
al
y
to
th
e
co
n
tr
o
l
si
gn
al
u
.
W
h
il
e
st
a
ti
c
or
�
n
it
e-
d
im
en
si
on
al

co
n
tr
o
ll
er
s
m
ay
b
e
op
ti
m
a
l
in
sp
ec
ia
l
si
tu
at
io
n
s,
[1
2
0,
12
1]
,
it
d
o
es
n
ot
in

ge
n
er
a
l
su
�
ce
to
m
ak
e
u
se
of
a
st
at
e
o
b
se
rv
er
o
f
th
e
sa
m
e
d
im
en
si
on
as

th
e
co
n
tr
ol
o
b
je
ct
[1
20
].
In
fa
ct
,
ge
n
er
al
ou
tp
u
t
fe
ed
b
ac
k
p
ro
b
le
m
s
ar
e
ve
ry

d
i�
cu
lt
an
d
n
ot
fu
ll
y
re
so
lv
ed
;
n
o
t
w
it
h
re
sp
ec
t
to
th
eo
re
ti
ca
l
an
al
y
si
s
an
d

ce
rt
ai
n
ly
n
ot
w
it
h
re
sp
ec
t
to
p
ra
ct
ic
al
im
p
le
m
en
ta
ti
on
s.
T
h
e
m
os
t
ge
n
er
al

fr
am
ew
o
rk
fo
r
ap
p
ro
ac
h
in
g
th
es
e
p
ro
b
le
m
s
is
th
a
t
o
f
th
e
in
fo
rm
at
io
n
st
at
e,

se
e
[5
5]
an
d
,
in
th
e
co
n
te
x
t
o
f
st
o
ch
as
ti
c
op
ti
m
al
co
n
tr
ol
p
ro
b
le
m
s
on
�
n
it
e

st
at
e
sp
ac
es
,
[1
6]
.
W
it
h
th
is
te
ch
n
iq
u
e
th
e
ou
tp
u
t
fe
ed
b
ac
k
p
ro
b
le
m
is
�
rs
t

re
d
u
ce
d
to
a
st
at
e
fe
ed
b
ac
k
p
ro
b
le
m
.
T
h
e
st
at
e
in
th
is
re
d
u
ce
d
p
ro
b
le
m
is

th
e
in
fo
rm
a
ti
on
st
at
e
w
h
ic
h
is
a
re
al
-v
a
lu
ed
fu
n
ct
io
n
on
st
at
e
sp
ac
e
(t
er
m
ed

th
e
co
st
-t
o-
go
fu
n
ct
io
n
b
y
ot
h
er
au
th
or
s,
e.
g
.
[2
5,
12
0,
9]
)
an
d
h
en
ce
th
e

n
ew
p
ro
b
le
m
re
q
u
ir
es
in
�
n
it
e-
d
im
en
si
on
a
l
d
y
n
a
m
ic
p
ro
gr
am
m
in
g.

In
so
m
e
si
tu
at
io
n
s
th
e
in
fo
rm
at
io
n
st
at
e
ca
n
b
e
re
st
ri
ct
ed
to
a
�
n
it
e-

d
im
en
si
o
n
a
l
fu
n
ct
io
n
sp
a
ce
w
h
ic
h
fa
ci
li
ta
te
s
th
e
p
ro
b
le
m
,
se
e
e.
g.
[5
6]
or

ch
a
p
te
r
4
in
th
is
d
is
se
rt
at
io
n
.
In
ot
h
er
si
tu
at
io
n
s
on
e
ca
n
a
pr
io
ri
gu
ar
an
te
e

th
at
a
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
h
o
ld
s
[5
4,
14
].
T
h
is
re
d
u
ce
s
th
e
co
m
-

p
le
x
it
y
o
f
th
e
so
lu
ti
on
so
th
at
on
ly
tw
o
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
s
m
u
st

b
e
so
lv
ed
;
o
n
e
o�
-l
in
e
(w
h
ic
h
g
ov
er
n
s
th
e
or
ig
in
al
p
ro
b
le
m
w
it
h
fu
ll
st
at
e

in
fo
rm
a
ti
on
)
an
d
on
e
o
n
-l
in
e
(w
h
ic
h
g
ov
er
n
s
th
e
st
a
te
es
ti
m
at
io
n
p
ro
b
le
m
).

W
h
il
e
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
s
th
u
s
si
m
p
li
�
es
co
n
tr
ol
p
ro
b
le
m
s,
it

ca
n
b
e
ar
gu
ed
th
at
ce
rt
a
in
ty
eq
u
iv
al
en
ce
ar
ch
it
ec
tu
re
s
la
ck
th
e
m
os
t
in
-

1.
3

T
w
o
re
ce
n
t
ad
va
n
ce
s
in
co
n
tr
ol
th
eo
ry

1

tr
ig
u
in
g
fe
at
u
re
of
co
n
tr
ol
w
it
h
in
co
m
p
le
te
in
fo
rm
at
io
n
:
T
h
at
ad
d
it
io
n
a

in
fo
rm
at
io
n
ca
n
b
e
ob
ta
in
ed
b
y
p
ro
p
er
u
se
of
th
e
co
n
tr
ol
si
gn
al
.
T
h
is
i

th
e
e�
ec
t
of
p
ro
b
in
g,
or
du
al
it
y.

1
.3
.2

S
e
m
id
e
�
n
it
e
p
ro
g
ra
m
m
in
g
a
n
d
L
M
Is

A
fr
am
ew
or
k
w
h
ic
h
h
as
at
tr
ac
te
d
m
u
ch
at
te
n
ti
on
am
on
g
co
n
tr
ol
re
se
ar
ch
er

re
li
es
on
n
u
m
er
ic
al
so
lu
ti
on
of
a
sp
ec
ia
l
ty
p
e
o
f
co
n
ve
x
op
ti
m
iz
at
io
n
p
ro
b

le
m
s,
n
am
el
y
se
m
id
e�
n
it
e
pr
og
ra
m
s.
T
h
es
e
op
ti
m
iz
at
io
n
p
ro
b
le
m
s
co
n
si
s

of
op
ti
m
iz
in
g
a
li
n
ea
r
fu
n
ct
io
n
al

in
f
x

c0
x

ov
er
al
l
x
2
R
n
w
h
ic
h
sa
ti
sf
y
a
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
y
(L
M
I)
co
n
st
ra
in
t

A
(x
)
�
0;

(o
r

A
(x
)
<
0
)

w
h
er
e
c
2
R
n
is
a
�
x
ed
co
-v
ec
to
r
a
n
d
A
:
R
n
!
R
m
�
m

is
an
a�
n
e
fu
n
ct
io

ta
k
in
g
sy
m
m
et
ri
c
m
at
ri
x
va
lu
es
.
S
u
ch
se
m
id
e�
n
it
e
p
ro
gr
am
s
ar
e
co
n
ve
x

an
d
it
is
fe
as
ib
le
to
so
lv
e
th
em
n
u
m
er
ic
al
ly
;p
ow
er
fu
l
p
ol
y
n
om
ia
l-
ti
m
e
al
g
o

ri
th
m
s
b
as
ed
on
in
te
ri
or
-p
o
in
t
m
et
h
o
d
s
ex
is
t
[8
2]
.
S
ee
al
so
[1
3]
fo
r
fu
rt
h
e

re
fe
re
n
ce
s.

T
h
e
su
rp
ri
si
n
g
fa
ct
is
th
at
a
la
rg
e
n
u
m
b
er
of
p
er
fo
rm
an
ce
re
q
u
ir
em
en
t

in
li
n
ea
r
co
n
tr
ol
th
eo
ry
ca
n
b
e
fo
rm
u
la
te
d
as
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s

se
e
[1
9]
.
T
h
u
s
se
m
id
e�
n
it
e
p
ro
gr
am
m
in
g
ca
n
b
e
u
se
d
to
so
lv
e
es
p
ec
ia
ll

an
al
y
si
s
p
ro
b
le
m
s
b
u
t
al
so
so
m
e
of
th
e
cl
as
si
c
d
es
ig
n
p
ro
b
le
m
s,
n
ot
ab
l

H
2
an
d
H
1

sy
n
th
es
is
.
T
h
e
si
m
p
le
st
ex
am
p
le
is
th
e
w
el
l-
k
n
ow
n
st
ab
il
it

re
su
lt
[7
4]
th
at
,
gi
ve
n
a
re
al
m
at
ri
x
A

2
R
n
�
n
,
th
e
ex
is
te
n
ce
o
f
a
re
a

sy
m
m
et
ri
c
L
ya
pu
n
ov
m
at
ri
x
P
=
P
0
su
ch
th
at

� �
P

0

0

P
A
+
A
0 P

� <
0

is
n
ec
es
sa
ry
an
d
su
�
ci
en
t
fo
r
A
to
h
av
e
al
l
ei
ge
n
va
lu
es
in
th
e
op
en
le
f

h
al
f
of
th
e
co
m
p
le
x
p
la
n
e.
In
ch
ap
te
rs
3
an
d
6
w
e
d
em
on
st
ra
te
th
at
li
n
ea

m
at
ri
x
in
eq
u
al
it
ie
s
p
ro
v
id
e
th
e
n
at
u
ra
l
to
o
l
to
d
ea
l
w
it
h
ro
b
u
st
n
es
s
an
al
y

si
s
in
li
n
ea
r
sy
st
em
s
w
h
er
e
u
n
ce
rt
ai
n
ty
is
re
p
re
se
n
te
d
b
y
m
u
lt
i-
di
ss
ip
a
ti
v

pe
rt
u
rb
at
io
n
s
a
n
d
�
n
it
e
si
gn
al
-t
o-
n
oi
se
ra
ti
os
.

2
M
ea
n
in
g
,
w
e
m
in
im
iz
e
a
co
n
v
ex
fu
n
ct
io
n
a
l
ov
er
a
co
n
v
ex
se
t.
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

T
h
e
li
m
it
a
ti
on
o
f
th
e
L
M
I
a
p
p
ro
ac
h
es
to
co
n
tr
ol
de
si
gn
is
th
at
fo
r
th
e
m
a-

jo
ri
ty
of
co
n
tr
o
ll
er
d
es
ig
n
p
ro
b
le
m
s
it
is
d
i�
cu
lt
o
r
im
p
os
si
b
le
to
m
ak
e
th
e

p
ro
b
le
m
co
n
v
ex
b
y
va
ri
a
b
le
su
b
st
it
u
ti
o
n
s.
R
at
h
er
,
th
e
re
su
lt
in
g
p
ro
b
le
m
s

ar
e
b
i-
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s
w
h
ic
h
in
ge
n
er
a
l
ar
e
n
on
-c
on
ve
x
.
N
u
m
er
-

ic
al
so
lu
ti
o
n
of
b
i-
li
n
ea
r
m
at
ri
x
in
eq
u
a
li
ti
es
is
a
to
p
ic
of
cu
rr
en
t
re
se
ar
ch
;

se
e
[1
3]
a
n
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
.

F
in
it
e-
d
im
en
si
on
al
co
n
v
ex
op
ti
m
iz
at
io
n
,
an
d
in
p
ar
ti
cu
la
r
li
n
ea
r
m
at
ri
x

in
eq
u
a
li
ti
es
,
ca
n
al
so
b
e
em
p
lo
ye
d
as
a
co
m
p
u
ta
ti
on
al
to
ol
fo
r
n
on
li
n
ea
r

co
n
tr
o
l
p
ro
b
le
m
s.
C
on
si
d
er
as
an
ex
am
p
le
th
e
p
ro
b
le
m
of
�
n
d
in
g
a
n
on
-

n
eg
a
ti
v
e
fu
n
ct
io
n
V
:
R
n
!
R

w
h
ic
h
sa
ti
s�
es
th
e
H
am
il
to
n
-J
ac
ob
i
in
eq
u
al
-

it
y
on
R
n

su
p

w
2
R
m

@
V @

x
(x
)f
(x
)
+

@
V @

x
(x
)g
(x
)w
�
jw
j2
+
jh
(x
)j
2
�
0

:

T
h
e
ex
is
te
n
ce
of
su
ch
a
st
or
ag
e
fu
n
ct
io
n
V
im
p
li
es
(a
n
d
is
u
n
d
er
ce
rt
ai
n

co
n
d
it
io
n
s
eq
u
iv
al
en
t
to
)
th
a
t
th
e
sy
st
em

_x
(t
)
=
f
(x
(t
))
+
g
(x
(t
))
w
;

z
(t
)
=
h
(x
(t
))

h
a
s
L
2
-g
a
in
le
ss
th
an
or
eq
u
al
to
1.
H
er
e
f
(x
)
2
R
n

an
d
g
(x
)
2
R
n
�
m
.

T
h
e
se
t
of
th
os
e
fu
n
ct
io
n
s
V
w
h
ic
h
sa
ti
s�
es
th
is
in
eq
u
al
it
y
is
co
n
ve
x
;
in

fa
ct
th
e
in
eq
u
al
it
y
is
eq
u
iv
al
en
t
to

" @
V
@
x
f
+
jh
j2

1 2
@
V
@
x
g

1 2
(
@
V
@
x
g
)0

�
I

# �
0

:

(1
.1
)

A
co
m
p
u
ta
ti
on
al
st
ra
te
gy
fo
r
th
is
in
�
n
it
e-
d
im
en
si
on
al
co
n
ve
x
fe
as
ib
il
it
y

p
ro
b
le
m
is
to
se
a
rc
h
fo
r
a
V
of
th
e
fo
rm

V
(x
)
=

N X i=
1

�
iV
i(
x
)

w
h
er
e
V
i
a
re
b
as
is
fu
n
ct
io
n
s,
an
d
re
q
u
ir
e
th
at
th
e
in
eq
u
al
it
y
(1
.1
)
an
d
V
�
0

h
ol
d
s
on
ly
a
t
a
�
n
it
e
se
t
of
p
oi
n
ts
x
j
,
j
=
1;
::
:;
M
.
In
se
rt
in
g
V
=
P i
�
iV
i

in
(1
.1
)
an
d
ev
al
u
at
in
g
at
x
j
le
ad
s
to
M

li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s
in
�
i

" P
N i=
1
�
i

@
V
i

@
x
f
+
jh
j2

1 2
P N i=

1
�
i

@
V
i

@
x
g

1 2
(P N i
=
1
�
i

@
V
i

@
x
g
)0

�
I

#� � � � � x=
x
j

�
0
;
j
=
1;
::
:;
M

1.
4

P
ro
b
le
m
fo
rm
u
la
ti
on

2

w
h
ic
h
m
u
st
h
ol
d
s
to
ge
th
er
w
it
h
w
it
h
th
e
M

co
n
st
ra
in
ts

N X i=
1

�
iV
i(
x
j
)
�
0

:

T
h
u
s
L
M
I
so
lv
er
s
su
ch
as
[3
8,
32
]
m
ay
b
e
u
se
d
to
se
ar
ch
fo
r
st
or
ag
e
fu
n
c

ti
on
s
V
,
an
d
h
en
ce
to
co
m
p
u
te
th
e
L
2
ga
in
o
f
n
on
li
n
ea
r
sy
st
em
s.
It
ca

b
e
ar
gu
ed
th
at
ot
h
er
n
u
m
er
ic
al
m
et
h
o
d
s
b
as
ed
on
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
a

ti
on
s
w
ou
ld
b
e
at
le
as
t
as
e�
ec
ti
ve
fo
r
th
is
p
ar
ti
cu
la
r
p
ro
b
le
m
of
L
2
ga
i

an
al
y
si
s,
b
u
t
th
is
d
is
se
rt
at
io
n
co
n
ta
in
s
n
u
m
er
ou
s
ex
am
p
le
s
o
f
n
on
li
n
ea

an
al
y
si
s
p
ro
b
le
m
s
w
h
ic
h
ca
n
b
e
so
lv
ed
b
y
co
n
v
ex
op
ti
m
iz
at
io
n
b
u
t
n
o

w
it
h
eq
u
at
io
n
s.
A
d
m
it
te
d
ly
,
re
al
is
ti
c
co
n
tr
ol
p
ro
b
le
m
s
q
u
ic
k
ly
le
ad
to
s

la
rg
e
p
ro
b
le
m
s
th
at
th
e
ex
is
ti
n
g
n
u
m
er
ic
al
to
ol
s
fo
r
se
m
id
e�
n
it
e
p
ro
gr
am

w
il
l
b
e
in
e�
ec
ti
ve
,
b
u
t
as
th
es
e
to
ol
s
ar
e
im
p
ro
v
in
g
ra
p
id
ly
w
e
ex
p
ec
t
th
a

th
e
ap
p
ro
ac
h
m
ay
h
av
e
p
ra
ct
ic
al
ap
p
li
ca
b
il
it
y
in
th
e
n
ot
so
fa
r
fu
tu
re
.

1
.4

P
ro
b
le
m

fo
rm
u
la
ti
o
n

C
on
si
d
er
th
e
co
n
tr
ol
p
ro
b
le
m
d
ep
ic
te
d
in
�
gu
re
1
.2
.
T
h
e
p
ro
b
le
m
is
to
�
n

a
co
n
tr
ol
le
r
K

in
so
m
e
se
t
w
h
ic
h
m
ap
s
m
ea
su
re
m
en
ts
y
to
co
n
tr
ol
si
gn
al

u
su
ch
a
s
to
a
ch
ie
ve
so
m
e
d
es
ig
n
sp
ec
i�
ca
ti
on
s
on
th
e
ou
tp
u
t
z
.
�
(�

is
a
p
la
n
t
w
h
ic
h
m
ay
b
e
n
on
li
n
ea
r
an
d
st
o
ch
as
ti
c.
T
h
e
ex
og
en
ou
s
in
p
u

w
,
th
e
p
ar
am
et
er
s
�,
th
e
d
y
n
am
ic
p
er
tu
rb
at
io
n
�
an
d
th
e
st
at
ic
n
on
li
n
ea

fu
n
ct
io
n
�
re
p
re
se
n
t
u
n
ce
rt
ai
n
ty
.
A
ll
th
es
e
u
n
ce
rt
ai
n
el
em
en
ts
ar
e
u
n
k
n
ow

b
u
t
k
n
ow
n
to
b
el
on
g
to
so
m
e
sp
ec
i�
ed
se
t.
A
d
d
it
io
n
al
u
n
ce
rt
ai
n
ty
m
ay
b

in
tr
o
d
u
ce
d
b
y
st
o
ch
as
ti
c
d
is
tu
rb
an
ce
s
in
te
rn
al
to
�
(�
).

W
it
h
th
e
cu
rr
en
t
st
at
e
of
th
e
ar
t,
th
is
co
n
tr
ol
p
ro
b
le
m
is
m
u
ch
to
o
am

b
it
io
u
s.
T
h
e
fa
r
m
or
e
m
o
d
es
t
ob
je
ct
iv
e
of
th
is
d
is
se
rt
at
io
n
is
si
m
p
ly
t

d
ev
el
op
a
fr
am
ew
or
k
w
it
h
in
w
h
ic
h
th
is
co
n
tr
ol
p
ro
b
le
m
ca
n
b
e
fo
rm
u
la
te
d

F
u
rt
h
er
m
or
e,
to
a
p
p
ro
ac
h
va
ri
ou
s
su
b
p
ro
b
le
m
s,
fo
r
in
st
an
ce
b
y
ex
cl
u
d
in

so
m
e
of
th
e
u
n
ce
rt
ai
n
el
em
en
ts
an
d
co
n
si
d
er
in
g
an
al
y
si
s
p
ro
b
le
m
s
ra
th
e

th
an
sy
n
th
es
is
p
ro
b
le
m
s.

A
s
a
st
ar
ti
n
g
p
oi
n
t
th
e
th
eo
ry
of
d
is
si
p
at
iv
e
sy
st
em
s
(i
n
th
e
se
n
se
o

W
il
le
m
s
[1
24
]
an
d
H
il
l
an
d
M
oy
la
n
,
e.
g.
[4
6]
)
w
as
ad
op
te
d
.
S
ee
se
ct
io
n
2.

on
p
ag
e
28
b
el
ow
fo
r
an
in
tr
o
d
u
ct
io
n
an
d
fu
rt
h
er
re
fe
re
n
ce
s
to
d
is
si
p
at
io

th
eo
ry
.
T
h
is
is
a
n
at
u
ra
l
ch
oi
ce
in
th
at
p
ro
b
le
m
s
of
ro
b
u
st
p
er
fo
rm
an
ce
ar

ea
si
ly
fo
rm
u
la
te
d
in
te
rm
s
of
d
is
si
p
at
io
n
.
F
u
rt
h
er
m
or
e,
d
is
si
p
at
io
n
th
eo
r
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

�

w

u

y

z

� �
(�
)

K

F
ig
u
re
1.
2
:
T
h
e
u
lt
im
at
e
co
n
tr
ol
p
ro
b
le
m

a
ss
is
te
d
m
a
jo
r
th
eo
re
ti
ca
l
ac
h
ie
ve
m
en
ts
re
a
ch
ed
d
u
ri
n
g
th
e
�
rs
t
h
al
f
of
th
e

n
in
et
ie
s
in
th
e
�
el
d
of
n
on
li
n
ea
r
H
1

co
n
tr
o
l,
w
h
ic
h
ca
n
in
d
ee
d
b
e
se
en
as

o
n
e
of
th
e
su
b
p
ro
b
le
m
s
m
en
ti
on
ed
ab
ov
e
(s
ee
se
ct
io
n
1
.3
.1
ab
ov
e)
.

O
u
r
re
se
a
rc
h
co
n
ce
n
tr
at
ed
on
th
re
e
su
b
p
ro
b
le
m
s:

1.
T
h
e
p
ro
b
le
m
ar
is
in
g
b
y
on
ly
co
n
si
d
er
in
g
a
d
y
n
am
ic
p
er
tu
rb
at
io
n
�

w
h
ic
h
is
k
n
ow
n
to
p
o
ss
es
s
se
v
er
al
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.

2.
T
h
e
p
ro
b
le
m
ar
is
in
g
w
h
en
on
ly
co
n
si
d
er
in
g
u
n
ce
rt
ai
n
p
ar
am
et
er
s
an
d

ro
b
u
st
n
es
s
in
th
e
H
1

se
n
se
.

3.
T
h
e
p
ro
b
le
m
o
f
in
co
rp
o
ra
ti
n
g
st
o
ch
as
ti
c
n
o
is
e
si
gn
al
s
in
a
d
is
si
p
at
io
n
-

b
as
ed
fr
am
ew
or
k
fo
r
ro
b
u
st
n
es
s.

T
h
e
�
rs
t
it
em
le
d
to
th
e
st
u
d
y
o
f
m
u
lt
i-
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s,
se
e

ch
ap
te
r
2
,
an
d
to
th
e
st
u
d
y
of
ro
b
u
st
n
es
s
to
w
a
rd
s
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
r-

b
a
ti
on
s,
se
e
ch
ap
te
r
3
.
T
h
e
se
co
n
d
it
em
is
th
at
o
f
a
d
ap
ti
ve
H
1

co
n
tr
ol
or

ro
b
u
st
a
d
a
p
ti
ve
co
n
tr
ol
;
a
to
p
ic
w
h
ic
h
h
as
b
ee
n
re
se
ar
ch
ed
in
te
n
si
ve
ly
ov
er

th
e
p
as
t
fe
w
y
ea
rs
b
y
se
ve
ra
l
gr
ou
p
s.
C
h
ap
te
r
4
p
re
se
n
ts
so
m
e
n
ew
co
n
tr
i-

b
u
ti
on
s
to
th
is
to
p
ic
,
es
p
ec
ia
ll
y
re
ga
rd
in
g
th
e
r^o
le
of
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
,

w
h
ic
h
w
er
e
ob
ta
in
ed
b
y
m
ak
in
g
th
e
fu
rt
h
er
si
m
p
li
�
ca
ti
on
th
at
th
e
p
ar
am
-

et
er
�
b
el
on
gs
to
a
k
n
ow
n
,
�
n
it
e
se
t.
F
in
a
ll
y,
th
e
la
st
it
em
m
ot
iv
at
ed
th
e

n
ot
io
n
o
f
d
is
si
p
at
iv
e
st
o
ch
as
ti
c
sy
st
em
s,
a
cl
a
ss
of
sy
st
em
s
w
h
ic
h
is
d
e�
n
ed

an
d
in
ve
st
ig
at
ed
in
ch
a
p
te
r
5,
an
d
th
e
in
ve
st
ig
a
ti
o
n
of
a
cl
as
s
of
ro
b
u
st

1.
5

O
u
tl
in
e
of
th
e
d
is
se
rt
at
io
n

2

st
o
ch
as
ti
c
co
n
tr
ol
p
ro
b
le
m
s,
n
am
el
y
th
os
e
w
h
ic
h
in
vo
lv
e
m
u
lt
i-
d
is
si
p
at
iv

p
er
tu
rb
at
io
n
s,
se
e
ch
a
p
te
r
6
.

1
.5

O
u
tl
in
e
o
f
th
e
d
is
se
rt
a
ti
o
n

T
h
e
d
is
se
rt
at
io
n
is
d
iv
id
ed
in
to
tw
o
p
ar
ts
.
T
h
e
�
rs
t
co
n
ce
rn
s
de
te
rm
i n

is
ti
c
m
od
el
s.
T
h
is
m
ea
n
s
th
at
th
e
n
om
in
al
m
o
d
el
s
ar
e
d
et
er
m
in
is
ti
c,
i.
e

or
d
in
ar
y,
d
i�
er
en
ti
al
eq
u
at
io
n
s,
an
d
th
at
u
n
ce
rt
ai
n
ty
is
re
p
re
se
n
te
d
b
y
p
er

tu
rb
at
io
n
s
w
h
ic
h
b
el
on
g
to
a
sp
ec
i�
ed
se
t.
T
h
e
p
ri
m
ar
y
n
ov
el
ty
of
th
i

p
ar
t
is
th
e
st
u
d
y
of
sy
st
em
s,
in
p
ar
ti
cu
la
r
p
er
tu
rb
at
io
n
s,
w
h
ic
h
ar
e
d
is
si

p
at
iv
e
w
it
h
re
sp
ec
t
to
se
ve
ra
l
su
p
p
ly
ra
te
s.
A
lt
h
ou
gh
d
is
si
p
at
iv
e
sy
st
em

ar
e
w
el
l-
st
u
d
ie
d
ob
je
ct
s
[1
24
,
53
,
1
2
2]
,
m
u
lt
i-
d
is
si
p
at
iv
e
sy
st
em
s
h
av
e
n
o

b
ee
n
d
is
cu
ss
ed
p
re
v
io
u
sl
y.

In
p
ar
t
I,
ch
a
p
te
r
2
o
n
m
u
lt
i-
di
ss
ip
at
iv
e
dy
n
am
ic
sy
st
em
s
is
d
ev
ot
ed
t

fu
n
d
am
en
ta
lp
ro
p
er
ti
es
of
th
es
e
sy
st
em
s;
th
es
e
p
ro
p
er
ti
es
co
n
ce
rn
co
n
v
ex
it

an
d
co
n
ti
n
u
it
y
as
so
ci
at
ed
w
it
h
th
e
su
p
p
ly
ra
te
s.
C
h
ap
te
r
3
on
ro
bu
st
n
es

to
w
ar
ds
m
u
lt
i-
di
ss
ip
at
iv
e
pe
rt
u
rb
at
io
n
s
d
ev
el
op
s
su
�
ci
en
t
co
n
d
it
io
n
s
fo

ro
b
u
st
st
ab
il
it
y
a
n
d
p
er
fo
rm
an
ce
of
sy
st
em
s
su
b
je
ct
to
su
ch
p
er
tu
rb
at
io
n
s

T
h
e
co
n
d
it
io
n
s
in
vo
lv
e
ce
rt
ai
n
w
ei
gh
ts
,
o
r
m
u
lt
ip
li
er
s,
as
so
ci
at
ed
w
it
h
th

d
is
si
p
at
io
n
p
ro
p
er
ti
es
an
d
th
e
re
su
lt
s
ar
e
sh
ow
n
u
si
n
g
st
at
e-
sp
ac
e
ti
m
e

d
om
ai
n
te
ch
n
iq
u
es
in
th
e
tr
ad
it
io
n
of
L
ya
p
u
n
ov
[7
4,
5
9]
.
T
h
e
re
su
lt
s
h
av

so
m
e
co
n
se
rv
at
iv
en
es
s
in
h
er
en
t
w
h
ic
h
is
il
lu
st
ra
te
d
b
y
a
si
m
p
le
ex
am
p
l

w
h
er
e
n
on
-c
on
se
rv
at
iv
e
co
n
d
it
io
n
s
ca
n
b
e
ob
ta
in
ed
u
si
n
g
an
in
p
u
t-
ou
tp
u

ap
p
ro
ac
h
.
C
h
ap
te
r
4
on
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
o
l
as
su
m
es
th
at
th
e
p
la
n

to
b
e
co
n
tr
ol
le
d
is
u
n
k
n
ow
n
,
b
u
t
b
el
on
gs
to
a
gi
ve
n
�
n
it
e
co
ll
ec
ti
on
.
T
h
is

p
ro
to
ty
p
e
of
an
ad
ap
ti
v
e
H
1

co
n
tr
ol
p
ro
b
le
m
an
d
co
n
ta
in
s
th
e
p
ro
b
le
m
o

du
al
it
y
w
h
ic
h
re
m
a
in
s
a
h
u
rd
le
in
st
o
ch
as
ti
c
ad
ap
ti
ve
co
n
tr
ol
.
W
e
o
b
ta
in
a

im
p
li
ci
t
so
lu
ti
on
s
in
te
rm
s
of
a
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
,
an
d
d
is
cu
ss
th

st
ru
ct
u
re
of
it
s
so
lu
ti
on
as
w
el
l
a
s
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
.

P
ar
t
II
co
n
ce
rn
s
st
oc
ha
st
ic
m
od
el
s
w
h
er
e
th
e
n
om
in
al
sy
st
em
s
ar
e
d
es
cr
ib
e

b
y
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
s
in
th
e
se
n
se
of
It
^o.
T
h
e
ai
m
of
th
is
p
a
r

is
to
d
ev
el
op
to
ol
s
fo
r
p
ro
b
le
m
s
w
h
ic
h
in
cl
u
d
e
b
o
th
st
o
ch
as
ti
c
an
d
d
et
er

m
in
is
ti
c
re
p
re
se
n
ta
ti
on
s
of
u
n
ce
rt
ai
n
ty
.
T
o
th
is
en
d
,
w
e
d
ev
el
op
in
ch
ap
te
r

a
th
eo
ry
of
di
ss
ip
at
io
n
in
st
oc
ha
st
ic
sy
st
em
s,
g
en
er
al
iz
in
g
th
e
fr
am
ew
or
k
o

W
il
le
m
s
[1
24
].
W
e
sh
ow
th
at
d
is
si
p
at
iv
e
st
o
ch
as
ti
c
sy
st
em
s
ar
e
as
w
el

b
eh
av
ed
as
th
ei
r
d
et
er
m
in
is
ti
c
co
u
n
te
rp
ar
ts
;
fo
r
in
st
an
ce
d
is
si
p
at
io
n
h
a
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C
h
ap
te
r
1.
In
tr
o
d
u
ct
io
n

im
p
li
ca
ti
o
n
s
fo
r
st
a
b
il
it
y
a
n
d
is
p
re
se
rv
ed
u
n
d
er
in
te
rc
on
n
ec
ti
on
s
of
sy
s-

te
m
s.
T
h
is
is
ex
p
lo
it
ed
in
ch
ap
te
r
6
on
ro
bu
st
n
es
s
of
st
oc
ha
st
ic
sy
st
em
s,

w
h
er
e
p
er
fo
rm
an
ce
as
w
el
l
as
u
n
ce
rt
ai
n
ty
is
d
es
cr
ib
ed
in
te
rm
s
of
st
o
ch
as
-

ti
c
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.
E
x
am
p
le
s
in
cl
u
d
e
H
2

p
er
fo
rm
an
ce
as
w
el
l
as

d
is
tu
rb
a
n
ce
s
w
it
h
�
n
it
e
si
gn
al
-t
o-
n
oi
se
ra
ti
os
in
th
e
se
n
se
o
f
S
k
el
to
n
[1
03
].

T
h
e
p
er
sp
ec
ti
v
e
of
th
is
fr
am
ew
o
rk
is
th
at
it
al
lo
w
s
a
m
o
d
u
la
r
ap
p
ro
ac
h
to

ro
b
u
st
n
es
s
a
n
a
ly
si
s,
u
si
n
g
co
n
v
ex
op
ti
m
iz
at
io
n
a
s
a
n
u
m
er
ic
al
to
ol
.

C
on
cl
u
d
in
g
re
m
ar
k
s
an
d
su
g
ge
st
io
n
s
fo
r
fu
tu
re
w
or
k
a
re
gi
ve
n
in
ch
ap
te
r
7.

A
p
p
en
d
ix
A
co
n
ce
rn
s
au
to
n
o
m
ou
s
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
s
an
d
d
e-

ri
ve
s
a
fo
rm
u
la
fo
r
th
e
co
n
di
ti
on
a
l
ex
pe
ct
at
io
n
o
f
�
rs
t
pa
ss
ag
e
ti
m
es
.
T
h
e

co
n
d
it
io
n
in
g
is
h
er
e
o
n
a
sp
ec
i�
ed
p
ar
t
of
th
e
ta
rg
et
se
t
b
ei
n
g
re
ac
h
ed
b
e-

fo
re
th
e
re
m
a
in
d
er
.
S
u
ch
co
n
d
it
io
n
a
l
ex
p
ec
ta
ti
on
s
ar
e
n
at
u
ra
l
p
er
fo
rm
an
ce

m
ea
su
re
s
fo
r
co
n
tr
o
l
sy
st
em
s
in
ce
rt
a
in
ap
p
li
ca
ti
on
s.
N
ev
er
th
el
es
s,
th
e
m
a-

te
ri
a
l
is
so
m
ew
h
at
p
er
ip
h
er
al
to
th
e
ro
b
u
st
p
er
fo
rm
an
ce
q
u
es
ti
on
s
w
h
ic
h

ar
e
th
e
m
ai
n
to
p
ic
of
th
e
d
is
se
rt
at
io
n
;
h
en
ce
it
h
a
s
b
ee
n
p
la
ce
d
in
ap
p
en
d
ix
.

A
p
p
en
d
ix
B
co
n
ta
in
s
a
fe
w
te
ch
n
ic
al
it
ie
s.
T
h
es
e
ar
e
lo
n
g
b
u
t
el
em
en
ta
ry

co
m
p
u
ta
ti
on
s
n
ee
d
ed
in
p
ro
of
s
in
th
e
b
o
d
y
of
th
e
d
is
se
rt
at
io
n
.
A
p
p
en
d
ix
C

co
n
ta
in
s
ta
b
le
s
of
fr
eq
u
en
tl
y
u
se
d
sy
m
bo
ls
an
d
a
cr
on
ym
s.

T
h
e
ap
p
en
d
ic
es
a
re
fo
ll
ow
ed
b
y
a
b
ib
li
og
ra
p
h
y
an
d
an
in
d
ex
.

1
.6

P
re
re
q
u
is
it
e
s
o
f
th
e
re
a
d
e
r

P
ar
t
I
in
th
is
d
is
se
rt
at
io
n
as
su
m
es
th
at
th
e
re
a
d
er
h
as
h
ad
so
m
e
ex
p
os
u
re

to
sy
st
em

th
eo
ry
,
li
n
ea
r
H
1

co
n
tr
ol
an
d
n
on
li
n
ea
r
d
et
er
m
in
is
ti
c
op
ti
m
al

co
n
tr
o
l,
e.
g
.
a
t
th
e
le
v
el
of
[6
7,
1
28
].
P
ar
t
II
as
su
m
es
in
ad
d
it
io
n
so
m
e

fa
m
il
ia
ri
ty
w
it
h
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
a
ti
on
s,
e.
g
.
[8
3]
.

P
a
r
t
I

D
e
te
r
m
in
is
ti
c
m
o
d
e
ls
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C
h
a
p
te
r
2

M
u
lt
i-
d
is
si
p
a
ti
v
e
d
y
n
a
m
ic

sy
st
e
m
s

W
e
co
n
si
d
er
d
et
er
m
in
is
ti
c
d
y
n
am
ic
sy
st
em
s
w
it
h
st
at
e
sp
ac
e

re
p
re
se
n
ta
ti
on
s
w
h
ic
h
a
re
d
is
si
p
at
iv
e
in
th
e
se
n
se
of
W
il
le
m
s
[1
24
]

w
it
h
re
sp
ec
t
to
se
ve
ra
l
su
p
p
ly
ra
te
s.
T
h
is
p
ro
p
er
ty
is
of
in
te
r-

es
t
in
ro
b
u
st
n
es
s
an
al
y
si
s
an
d
in
m
u
lt
i-
ob
je
ct
iv
e
co
n
tr
ol
.
W
e

sh
ow
th
at
u
n
d
er
ce
rt
ai
n
as
su
m
p
ti
on
s,
th
e
d
is
si
p
at
ed
su
p
p
ly

ra
te
s
fo
rm

a
cl
os
ed
co
n
ve
x
co
n
e.
F
u
rt
h
er
m
or
e
w
e
sh
ow
co
n
-

ve
x
it
y
an
d
se
m
i-
co
n
ti
n
u
it
y
p
ro
p
er
ti
es
o
f
th
e
av
ai
la
b
le
st
or
ag
e

an
d
re
q
u
ir
ed
su
p
p
ly
as
fu
n
ct
io
n
s
of
th
e
su
p
p
ly
ra
te
.

2
.1

In
tr
o
d
u
c
ti
o
n

D
y
n
am
ic
sy
st
em
s
w
h
ic
h
ar
e
d
is
si
p
at
iv
e
in
th
e
se
n
se
of
W
il
le
m
s
[1
24
]
ap
p
ea

in
se
ve
ra
l
ar
ea
s
of
co
n
tr
ol
th
eo
ry
.
R
ou
gh
ly
sp
ea
k
in
g,
a
sy
st
em
is
d
is
si
p
at
iv

if
it
is
u
n
ab
le
to
p
ro
d
u
ce
a
sp
ec
i�
ed
q
u
an
ti
ty
,
su
ch
as
en
er
gy
.
T
h
e
fr
am
e

w
or
k
is
ap
p
li
ca
b
le
to
la
rg
e-
sc
al
e
sy
st
em
s
an
d
ro
b
u
st
n
es
s
p
ro
b
le
m
s
b
ec
au
s

d
is
si
p
at
iv
it
y
is
p
re
se
rv
ed
u
n
d
er
in
te
rc
on
n
ec
ti
on
s
of
sy
st
em
s
an
d
b
ec
au
s

d
is
si
p
at
iv
it
y
fo
r
au
to
n
om
ou
s
sy
st
em
s
im
p
li
es
st
ab
il
it
y.
In
d
ee
d
,
th
e
fr
am
e

w
or
k
is
a
n
at
u
ra
l
ex
te
n
si
on
of
L
ya
p
u
n
ov
th
eo
ry
to
in
p
u
t/
ou
tp
u
t
sy
st
em
s

A
lt
h
ou
gh
th
e
n
ot
io
n
of
d
is
si
p
at
iv
it
y
is
a
q
u
it
e
ge
n
er
al
on
e,
m
os
t
at
te
n
ti
o
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C
h
ap
te
r
2.
M
u
lt
i-
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s

h
a
s
b
ee
n
g
iv
en
to
tw
o
sp
ec
ia
l
ca
se
s:
p
as
si
ve
sy
st
em
s
an
d
sy
st
em
s
w
it
h

b
ou
n
d
ed
L
2
g
ai
n
.

In
th
is
ch
ap
te
r
w
e
co
n
si
d
er
d
et
er
m
in
is
ti
c
d
y
n
a
m
ic
sy
st
em
s
w
h
ic
h
a
re
d
is
si
-

p
at
iv
e
in
th
e
se
n
se
of
[1
24
]
w
it
h
re
sp
ec
t
to
se
ve
ra
l
su
p
p
ly
ra
te
s.
S
u
ch
m
u
lt
i-

d
is
si
p
at
iv
e
sy
st
em
s
ar
e
in
te
re
st
in
g
fr
om
a
co
n
tr
ol
p
er
sp
ec
ti
ve
fo
r
tw
o
re
a-

so
n
s:
It
m
ay
b
e
a
de
si
gn
o
bj
ec
ti
ve
th
at
a
sy
st
em
sh
o
u
ld
b
e
m
u
lt
i-
d
is
si
p
at
iv
e,

fo
r
in
st
a
n
ce
th
at
th
e
cl
os
ed
lo
op
h
as
sm
al
l
ga
in
an
d
th
at
th
e
co
n
tr
ol
le
r
is

p
a
ss
iv
e.
S
ec
on
d
ly
,
u
n
ce
rt
ai
n
d
y
n
am
ic
el
em
en
ts
in
th
e
sy
st
em
m
ay
b
e
m
o
d
-

el
ed
a
s
m
u
lt
i-
di
ss
ip
at
iv
e
pe
rt
u
rb
at
io
n
s.
F
or
in
st
a
n
ce
,
co
n
si
d
er
a
m
ec
h
an
ic
al

sy
st
em

co
n
ta
in
in
g
tw
o
p
ar
as
it
ic
s,
ea
ch
of
w
h
ic
h
is
p
as
si
ve
an
d
h
as
sm
al
l

L
2
ga
in
.
T
h
is
re
su
lt
s
in
a
to
ta
l
of
fo
u
r
d
is
si
p
at
io
n
p
ro
p
er
ti
es
w
h
ic
h
th
e

p
ar
a
si
ti
cs
sa
ti
sf
y
to
ge
th
er
.
S
u
ch
in
fo
rm
at
io
n
ca
n
b
e
u
se
d
to
sh
ow
ro
b
u
st

st
a
b
il
it
y
an
d
p
er
fo
rm
an
ce
of
th
e
ov
er
a
ll
sy
st
em
.

A
lt
h
ou
gh
m
u
ch
li
te
ra
tu
re
h
as
b
ee
n
d
ev
ot
ed
to
th
e
to
p
ic
of
sy
st
em
s
w
h
ic
h

ar
e
d
is
si
p
a
ti
v
e
w
.r
.t
on
e
su
p
p
ly
ra
te
,
it
a
p
p
ea
rs
th
at
si
m
u
lt
an
eo
u
s
d
is
si
p
a-

ti
on
p
ro
p
er
ti
es
h
av
e
n
o
t
b
ee
n
st
u
d
ie
d
.
In
th
is
co
n
tr
ib
u
ti
on
w
e
sh
ow
th
at

co
n
ve
x
it
y
p
ro
p
er
ti
es
a
p
p
ea
r
n
ic
el
y
w
h
en
se
ve
ra
l
su
p
p
ly
ra
te
s
ar
e
co
n
si
d
er
ed

at
on
ce
;
fo
r
in
st
a
n
ce
,
th
e
se
t
o
f
su
p
p
ly
ra
te
s
w
.r
.t
.
w
h
ic
h
a
sy
st
em
is
d
is
si
-

p
a
ti
v
e
is
a
co
n
ve
x
co
n
e,
an
d
fo
r
a
�
x
ed
in
it
ia
l
st
at
e,
th
e
av
ai
la
b
le
st
or
ag
e

is
a
co
n
ve
x
lo
w
er
se
m
i-
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
o
f
th
e
su
p
p
ly
ra
te
(s
ee
b
el
ow

fo
r
d
e�
n
it
io
n
s
an
d
ex
ac
t
st
at
em
en
ts
).
T
h
es
e
p
ro
p
er
ti
es
ar
e
im
p
or
ta
n
t
b
ot
h

fr
o
m
an
a
n
al
y
ti
ca
l
an
d
a
co
m
p
u
ta
ti
on
a
l
p
oi
n
t
o
f
v
ie
w
.

T
h
e
ch
a
p
te
r
is
or
g
an
iz
ed
as
fo
ll
ow
s:
In
se
ct
io
n
2
.2
w
e
su
m
m
ar
iz
e
so
m
e

d
e�
n
it
io
n
s
an
d
p
ro
p
er
ti
es
as
so
ci
a
te
d
w
it
h
d
is
si
p
at
iv
e
sy
st
em
s,
m
os
tl
y
fo
l-

lo
w
in
g
[1
24
].
S
ec
ti
on
2.
3
p
re
se
n
ts
o
u
r
n
ew
re
su
lt
s
fo
r
sy
st
em
s
w
h
ic
h
ar
e

d
is
si
p
at
iv
e
w
it
h
re
sp
ec
t
to
se
ve
ra
l
su
p
p
ly
ra
te
s
w
h
il
e
se
ct
io
n
2.
4
o�
er
s
so
m
e

co
n
cl
u
si
o
n
s.

2
.2

P
re
li
m
in
a
ri
e
s

W
e
co
n
si
d
er
d
y
n
a
m
ic
sy
st
em
s
�
d
e�
n
ed
b
y
or
d
in
a
ry
d
i�
er
en
ti
al
eq
u
at
io
n
s

in
st
at
e-
sp
ac
e:

�
:

_x
(t
)

=

f
(x
(t
);
w
(t
))

z
(t
)

=

g
(x
(t
);
w
(t
))

(2
.1
)

H
er
e,
th
e
sy
st
em
h
as
in
p
u
t
w
(t
)
2
W

,
ou
tp
u
t
z
(t
)
2
Z

an
d
st
at
e
x
(t
)
2
X
,

an
d
th
e
sp
ac
es
X
;W

an
d
Z

a
re
E
u
cl
id
ea
n
.
W
e
re
st
ri
ct
th
e
in
p
u
t
si
gn
al

2.
2

P
re
li
m
in
ar
ie
s

2

w
(�
)
to
a
si
gn
al
sp
ac
e
W

w
h
ic
h
is
ch
os
en
su
ch
th
at
th
e
d
i�
er
en
ti
al
eq
u
at
io

d
e�
n
es
a
st
at
e
tr
an
si
ti
on
m
ap
�
(x
;t
;w
(�
))
:
If
x
(�
)
so
lv
es
th
e
eq
u
at
io
n
,
th
e

x
(t
)
=
�
(x
(0
);
t;
w
(�
))
.

A
ss
o
ci
at
ed
w
it
h
th
e
sy
st
em
w
e
h
av
e
a
su
pp
ly
ra
te
s
:
W

�
Z

!

R

w
h
ic

d
es
cr
ib
es
a


o
w
of
so
m
e
q
u
an
ti
ty
in
to
th
e
sy
st
em
.
W
h
en
th
e
in
it
ia
l
st
at

x
0
an
d
th
e
in
p
u
t
w
(�
)
is
cl
ea
r
fr
om
th
e
co
n
te
x
t
w
e
u
se
th
e
sh
or
th
an
d

s(
t)
:=
s(
w
(t
);
g
(�
(x
0
;t
;w
(�
))
;w
(t
))
)

:

W
e
d
o
n
ot
w
is
h
to
d
w
el
l
o
n
te
ch
n
ic
al
it
ie
s
re
ga
rd
in
g
ex
is
te
n
ce
,
u
n
iq
u
en
es

an
d
re
gu
la
ri
ty
of
st
at
e
tr
a
je
ct
or
ie
s
an
d
su
p
p
li
es
.
W
e
h
en
ce
si
m
p
ly
as

su
m
e
th
at
th
e
in
p
u
t
sp
ac
e
W

is
ch
os
en
su
ch
th
a
t
�
(x
0
;t
;w
(�
))
is
a
w
e

d
e�
n
ed
se
m
i-
gr
ou
p
,
co
n
ti
n
u
ou
s
in
t,
co
n
si
st
en
t
w
it
h
x
0
,
ca
u
sa
l
in
w
(�
)
an

su
ch
th
at
al
l
re
su
lt
in
g
si
gn
al
s
a
re
m
ea
su
ra
b
le
lo
ca
ll
y
b
ou
n
d
ed
fu
n
ct
io
n
s

of
ti
m
e.
F
u
rt
h
er
m
or
e
W

m
u
st
b
e
cl
os
ed
u
n
d
er
sw
it
ch
in
g
to
gu
a
ra
n
te

th
at
th
e
p
ri
n
ci
p
le
of
op
ti
m
al
it
y
h
ol
d
s.
T
h
es
e
as
su
m
p
ti
on
s
ar
e
fo
r
in
st
an
c

m
et
if
f
:
X

�
W

!

T
X

is
L
ip
sc
h
it
z
co
n
ti
n
u
ou
s,
g
:
X

�
W

!

Z

an

s
:
W

�
Z

!
R

ar
e
lo
ca
ll
y
b
o
u
n
d
ed
an
d
m
ea
su
ra
b
le
,
an
d
if
W

is
th
e
se
t
o

p
ie
ce
w
is
e
co
n
ti
n
u
ou
s
lo
ca
ll
y
b
ou
n
d
ed
si
gn
al
s.

W
e
re
m
ar
k
th
at
on
e
co
u
ld
av
oi
d
th
e
d
i�
er
en
ti
al
eq
u
at
io
n
s
al
l
to
ge
th
er
an

d
e�
n
e
th
e
d
y
n
am
ic
sy
st
em
b
y
�
,
se
e
[1
24
].
O
n
e
ca
n
al
so
d
e�
n
e
d
is
si
p
at
io

fo
r
in
p
u
t-
ou
tp
u
t
sy
st
em
s,
se
e
[4
7]
.

O
u
r
n
ot
io
n
of
d
is
si
p
at
io
n
is
th
e
or
ig
in
al
on
e
of
W
il
le
m
s
[1
24
]:

D
e
�
n
it
io
n
1
:
A
d
y
n
am
ic
sy
st
em
�
is
sa
id
to
b
e
di
ss
ip
at
iv
e
w
it
h
re
sp
ec

to
th
e
su
p
p
ly
ra
te
s
if
th
er
e
ex
is
t
a
st
or
a
ge
fu
n
ct
io
n
V

:
X

!

� R
+

su
c

th
at
fo
r
al
l
ti
m
e
in
te
rv
a
ls
[0
;T
],
in
it
ia
l
co
n
d
it
io
n
s
x
0
an
d
in
p
u
ts
w
2
W

th

di
ss
ip
at
io
n
in
eq
u
al
it
y V

(x
(T
))
�
V
(x
(0
))
+

Z T 0

s(
t)
d
t

(2
. 2

h
ol
d
s.

2

W
e
u
se
th
e
fo
ll
ow
in
g
fo
rm
u
la
ti
on
s
in
te
rc
h
an
ge
ab
ly
:
�
is
d
is
si
p
at
iv
e
w
.r
.t

s;
�
d
is
si
p
at
es
s;
s
is
d
is
si
p
at
ed
b
y
�
.

T
h
e
re
ad
er
is
en
co
u
ra
ge
d
to
al
w
ay
s
ke
ep
th
e
en
er
gy
in
te
rp
re
ta
ti
on
in
m
in
d

s
d
en
ot
es
an
(a
b
st
ra
ct
)
en
er
gy


ow
in
to
th
e
sy
st
em

an
d
V

d
en
ot
es
th

en
er
gy
st
or
ed
in
th
e
sy
st
em
.

1
A
fu
n
ct
io
n
is
sa
id
to
b
e
lo
ca
ll
y
b
o
u
n
d
ed
if
th
e
im
a
g
e
o
f
a
n
y
b
o
u
n
d
ed
se
t
is
b
o
u
n
d
ed
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C
h
ap
te
r
2.
M
u
lt
i-
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s

W
e
re
m
ar
k
th
at
J
am
es
h
as
p
ro
p
os
ed
a
sl
ig
h
tl
y
d
i�
er
en
t
d
e�
n
it
io
n
in
[5
3]

w
h
er
e
th
e
st
or
ag
e
fu
n
ct
io
n
is
re
q
u
ir
ed
to
b
e
lo
ca
ll
y
b
o
u
n
d
ed
.
It
is
th
en

p
os
si
b
le
to
re
st
ri
ct
at
te
n
ti
o
n
to
lo
w
er
se
m
i-
co
n
ti
n
u
ou
s
st
or
ag
e
fu
n
ct
io
n
s

w
h
ic
h
ar
e
sh
ow
n
to
b
e
ex
a
ct
ly
th
e
n
on
-n
eg
at
iv
e
v
is
co
si
ty
so
lu
ti
on
s
in
th
e

se
n
se
of
[2
3]
to
th
e
d
i�
er
en
ti
al
fo
rm
u
la
ti
on
of
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y

8
w
2
W

:
V
x
(x
)f
(x
;w
)
�
s(
w
;g
(x
;w
))

(2
.3
)

w
h
ic
h
m
u
st
h
ol
d
fo
r
a
ll
x
2
X
.
T
h
e
tw
o
d
e�
n
it
io
n
s
co
in
ci
d
e
w
h
en
th
e
sy
st
em

is
lo
ca
ll
y
co
n
tr
ol
la
b
le
;
th
en
al
l
st
or
ag
e
fu
n
ct
io
n
s
a
re
co
n
ti
n
u
o
u
s
[4
7,
7]
.

In
m
an
y
si
tu
at
io
n
it
is
p
os
si
b
le
to
u
se
th
e
st
or
ag
e
fu
n
ct
io
n
as
a
L
y
ap
u
n
ov

fu
n
ct
io
n
to
sh
ow
va
ri
ou
s
st
ab
il
it
y
p
ro
p
er
ti
es
[1
2
4]
.
F
or
in
st
an
ce
,
as
su
m
e

th
at
V
at
ta
in
s
a
n
is
ol
at
ed
lo
ca
lm
in
im
u
m
at
so
m
e
p
o
in
t
x
0
a
n
d
is
co
n
ti
n
u
ou
s

in
a
n
ei
gh
b
ou
rh
o
o
d
of
x
0
a
n
d
th
at
w
(�
)
is
ch
os
en
su
ch
th
a
t
s(
�)
�
0,
th
en

x
(�
)
=
x
0
is
a
L
ya
p
u
n
ov
st
ab
le
so
lu
ti
o
n
.

v

�
2

�
1

z

w

y

F
ig
u
re
2.
1:
F
ee
d
b
ac
k
in
te
rc
on
n
ec
ti
o
n
o
f
d
is
si
p
at
iv
e
sy
st
em
s

If
a
co
ll
ec
ti
o
n
o
f
d
is
si
p
at
iv
e
sy
st
em
co
m
p
o
n
en
ts
a
re
co
n
n
ec
te
d
in
a
su
it
ab
le

fa
sh
io
n
,
th
en
th
e
re
su
lt
in
g
sy
st
em

w
il
l
b
e
d
is
si
p
a
ti
ve
as
w
el
l;
as
st
or
ag
e

fu
n
ct
io
n
on
e
ca
n
u
se
th
e
su
m

o
f
th
e
st
or
ag
e
in
ea
ch
co
m
p
on
en
t.
T
h
is

st
at
em
en
t
se
em
s
o
b
v
io
u
s
if
on
e
ke
ep
s
th
e
en
er
g
y
in
te
rp
re
ta
ti
on
in
m
in
d
;

h
ow
ev
er
th
er
e
ar
e
a
fe
w
te
ch
n
ic
al
re
q
u
ir
em
en
ts
[1
2
4]
.
T
h
e
si
m
p
le
st
su
ch

st
a
te
m
en
t
is
a
s
fo
ll
ow
s:
A
ss
u
m
e
th
at
th
e
sy
st
em
�
1
in
�
gu
re
2.
1
d
is
si
p
at
es

th
e
su
p
p
ly
ra
te
s 1
(v
;y
)
+
s 2
(w
;z
)
an
d
th
at
�
2
d
is
si
p
at
es
�
s 2
(w
;z
),
th
en

th
e
in
te
rc
o
n
n
ec
ti
on
(�
1
;�
2
),
w
h
ic
h
is
a
sy
st
em
w
it
h
in
p
u
t
v
an
d
ou
tp
u
t

y
,
d
is
si
p
at
es
s 1
(v
;y
).
H
er
e
w
e
h
av
e
as
su
m
ed
th
a
t
th
e
in
te
rc
on
n
ec
ti
on
is
a

w
el
l
d
e�
n
ed
d
y
n
am
ic
sy
st
em
w
it
h
a
st
at
e
sp
ac
e
re
p
re
se
n
ta
ti
on
.
In
fa
ct
a

re
p
ea
te
d
u
se
of
th
is
si
m
p
le
st
at
em
en
t
is
su
�
ci
en
t
fo
r
ou
r
p
u
rp
os
es
.

S
om
et
im
es
it
is
u
se
fu
l
to
co
n
si
d
er
st
ri
ct
d
is
si
p
at
io
n
in
eq
u
al
it
ie
s,
i.
e.
to
as
k

if
th
e
sy
st
em

is
d
is
si
p
at
iv
e
w
.r
.t
.
s(
w
;z
)
�
�
(x
)
fo
r
so
m
e
su
it
ab
le
n
on
-

n
eg
a
ti
v
e
fu
n
ct
io
n
�
.
T
h
is
is
p
ar
ti
cu
la
rl
y
re
le
va
n
t
w
h
en
on
e
is
in
te
re
st
ed
in

2.
2

P
re
li
m
in
ar
ie
s

3

ti
m
e
co
n
st
an
ts
as
so
ci
at
ed
w
it
h
th
e
sy
st
em
,
in
ro
b
u
st
n
es
s
w
.r
.t
.
p
er
tu
rb
a

ti
on
s
in
d
y
n
am
ic
s
or
in
su
p
p
ly
ra
te
,
or
in
st
ro
n
ge
r
st
ab
il
it
y
p
ro
p
er
ti
es
th
a

L
ya
p
u
n
ov
st
ab
il
it
y.
In
p
ar
ti
cu
la
r
w
e
fo
ll
ow
[9
9]
an
d
sa
y
th
at
th
e
sy
st
em
i

st
ri
ct
ly
ou
tp
u
t
d
is
si
pa
ti
ve
w
.r
.t
.
th
e
su
p
p
ly
ra
te
s
i�
it
is
d
is
si
p
at
iv
e
w
.r

s
�
�j
z
j2
fo
r
so
m
e
co
n
st
an
t
�
>
0.
T
h
is
p
ro
p
er
ty
is
of
in
te
re
st
in
L
2
st
ab
il
it

an
d
p
er
fo
rm
an
ce
an
al
y
si
s.

T
h
e
a
v
a
il
a
b
le
st
o
ra
g
e
a
n
d
th
e
re
q
u
ir
e
d
su
p
p
ly

A
d
is
si
p
at
iv
e
sy
st
em
w
il
l
in
ge
n
er
al
h
av
e
m
an
y
d
i�
er
en
t
st
or
ag
e
fu
n
ct
io
n

fo
r
ea
ch
su
p
p
ly
ra
te
,
b
u
t
tw
o
a
re
of
sp
ec
ia
l
in
te
re
st
.
F
ir
st
w
e
fo
ll
ow
[1
24

an
d
d
e�
n
e
th
e
av
ai
la
bl
e
st
or
ag
e

V
a
(x
)
=

su
p

w
(�
);
T

Z T 0

�
s(
t)
d
t

w
h
er
e
th
e
in
te
gr
al
is
al
on
g
th
e
tr
a
je
ct
or
y
st
ar
ti
n
g
in
x
an
d
co
rr
es
p
on
d
in

to
w
(�
).
It
is
ea
sy
to
se
e
[1
24
]
th
at
th
e
av
ai
la
b
le
st
or
ag
e
is
�
n
it
e
ev
er
y
w
h
er

if
an
d
on
ly
if
th
e
sy
st
em
is
d
is
si
p
at
iv
e,
in
w
h
ic
h
ca
se
it
is
in
it
se
lf
a
st
or
ag

fu
n
ct
io
n
an
d
sa
ti
s�
es
V
a
(x
)
�
V
(x
)
fo
r
a
n
y
ot
h
er
st
or
ag
e
fu
n
ct
io
n
V
(�
)

F
u
rt
h
er
m
or
e,
th
e
av
ai
la
b
le
st
or
ag
e
h
as
in
�
m
u
m
0
(t
o
se
e
th
is
,
le
t
V
b
e

st
or
ag
e
fu
n
ct
io
n
,
th
en
so
is
V
(x
)
�
in
f �
V
(�
)
w
h
ic
h
im
p
li
es
V
a
(x
)
�
V
(x
)
�

in
f �
V
(�
)
an
d
h
en
ce
in
f x
V
a
(x
)
=
0)
.
O
n
th
e
ot
h
er
h
an
d
,
th
e
in
�
m
u
m
n
ee
d

n
ot
b
e
at
ta
in
ed
;
co
n
si
d
er
as
an
ex
am
p
le
a
sy
st
em
of
tw
o
el
ec
tr
on
s
m
ov
in

fr
ic
ti
on
le
ss
in
sp
ac
e
su
b
je
ct
to
an
ex
te
rn
al
in
p
u
t
fo
rc
e
u
.
T
h
e
su
p
p
ly
i

th
e
en
er
gy
d
el
iv
er
ed
b
y
u
,
th
e
u
n
iq
u
e
st
or
ag
e
fu
n
ct
io
n
is
th
e
en
er
gy
in
th

sy
st
em
.
M
in
im
u
m
st
or
ag
e
is
fo
u
n
d
in
th
e
li
m
it
as
th
e
el
ec
tr
on
s
co
m
e
t

re
st
in
�
n
it
el
y
fa
r
fr
om
ea
ch
ot
h
er
.

S
ec
on
d
ly
,
w
e
d
e�
n
e
th
e
re
qu
ir
ed
su
pp
ly
as
th
e
le
as
t
p
o
ss
ib
le
su
p
p
ly
w
h
i c

ca
n
b
ri
n
g
th
e
sy
st
em
fr
om
a
st
at
e
of
m
in
im
al
av
ai
la
b
le
st
or
ag
e
to
th
e
d
es
ir
e

te
rm
in
al
st
at
e.
M
or
e
p
re
ci
se
ly
:

V
r
(x
)
=

in
f

x
(�
);
w
(�
);
T

Z T 0

s(
t)
d
t

w
h
er
e
th
e
tr
a
je
ct
or
y
x
(�
)
m
u
st
b
e
co
n
si
st
en
t
w
it
h
w
(�
)
an
d
fu
rt
h
er
m
or

sa
ti
sf
y
V
a
(x
(0
))
=
0
an
d
x
(T
)
=
x
.
W
h
en
n
o
su
ch
tr
a
je
ct
or
y
ex
is
ts
w

d
e�
n
e
V
r
(x
)
=
1
.
T
h
e
re
q
u
ir
ed
su
p
p
ly
sa
ti
s�
es
V
r
(x
)
�
V
(x
)
fo
r
an

st
or
ag
e
fu
n
ct
io
n
V
w
h
ic
h
h
as
b
ee
n
n
or
m
al
iz
ed
so
th
at
V
(x
)
=
0
w
h
en
ev
e
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V
a
(x
)
=
0.
F
u
rt
h
er
m
o
re
,
if
V
r
(x
)
is
�
n
it
e
ev
er
y
w
h
er
e
(i
.e
.
th
e
sy
st
em
is

d
is
si
p
at
iv
e,
th
er
e
ex
is
ts
a
t
le
as
t
on
e
p
oi
n
t
o
f
m
in
im
u
m
av
ai
la
b
le
st
or
ag
e
a
n
d

an
y
st
a
te
is
re
ac
h
ab
le
fr
o
m
su
ch
a
p
o
in
t)
th
en
V
r
(x
)
is
in
it
se
lf
a
st
o
ra
ge

fu
n
ct
io
n
.

W
e
re
m
a
rk
th
a
t
it
is
p
os
si
b
le
to
gi
ve
a
m
or
e
g
en
er
al
d
e�
n
it
io
n
w
h
ic
h
d
o
es

n
ot
as
su
m
e
th
e
ex
is
te
n
ce
of
a
p
oi
n
t
of
m
in
im
u
m
av
a
il
ab
le
st
or
ag
e;
w
e
sh
al
l

n
ot
p
u
rs
u
e
th
is
.
A
ls
o,
th
e
re
ac
h
a
b
il
it
y
as
su
m
p
ti
o
n
w
il
l
b
e
u
se
d
fr
eq
u
en
tl
y

in
th
e
fo
ll
ow
in
g.
In
so
m
e
si
tu
at
io
n
s
w
h
er
e
it
d
o
es
n
ot
h
ol
d
it
m
ay
b
e

a
d
va
n
ta
ge
o
u
s
to
re
d
e�
n
e
th
e
st
at
e
sp
ac
e
o
f
th
e
sy
st
em
to
co
n
ta
in
ex
ac
tl
y

th
o
se
st
at
es
w
h
ic
h
ar
e
re
ac
h
ab
le
.

O
u
r
d
e�
n
it
io
n
of
th
e
re
q
u
ir
ed
su
p
p
ly
d
i�
er
s
sl
ig
h
tl
y
fr
om
th
e
on
e
of
W
il
le
m
s

[1
24
]:
In
th
is
re
fe
re
n
ce
in
�
m
u
m
is
ta
ke
n
ov
er
tr
a
je
ct
or
ie
s
w
h
ic
h
st
ar
t
in
a

�
x
ed
,
sp
ec
i�
ed
p
oi
n
t
x
(0
)
=
x
�

w
it
h
V
a
(x
�
)
=
0
.
In
co
n
tr
as
t,
w
e
al
lo
w

x
(0
)
to
va
ry
a
s
lo
n
g
a
s
V
a
(x
(0
))
h
ol
d
s.
W
e
b
el
ie
v
e
ou
r
d
e�
n
it
io
n
is
m
or
e

su
it
ab
le
w
h
en
m
u
lt
ip
le
p
o
in
ts
o
f
ze
ro
av
ai
la
b
le
st
or
ag
e
ex
is
t,
fo
r
in
st
an
ce

se
v
er
al
eq
u
il
ib
ri
u
m
p
o
in
ts
.
A
co
n
se
q
u
en
ce
of
ou
r
d
e�
n
it
io
n
is
th
at
an
y
x

w
h
ic
h
sa
ti
s�
es
V
a
(x
)
=
0
al
so
sa
ti
s�
es
V
r
(x
)
=
0
.

S
om
et
im
es
w
e
u
se
th
e
n
ot
at
io
n
V
a
(x
;s
)
a
n
d
V
r
(x
;s
)
to
st
re
ss
w
h
ic
h
su
p
p
ly

ra
te
w
e
ar
e
re
fe
rr
in
g
to
.
W
e
re
m
ar
k
th
at
th
e
av
ai
la
b
e
st
or
ag
e
an
d
th
e

re
q
u
ir
ed
su
p
p
ly
ar
e
v
is
co
si
ty
so
lu
ti
o
n
s
to
d
i�
er
en
ti
al
d
is
si
p
at
io
n
eq
u
al
it
ie
s

co
rr
es
p
o
n
d
in
g
to
th
e
in
eq
u
al
it
y
(2
.3
),
p
ro
v
id
ed
th
at
th
ey
a
re
co
n
ti
n
u
ou
s

a
n
d
u
n
d
er
ce
rt
ai
n
as
su
m
p
ti
on
s
[7
].
S
ee
a
ls
o
th
e
ex
am
p
le
in
se
ct
io
n
5.
7
on

p
a
ge
11
6
b
el
ow
.

2
.3

P
ro
p
e
rt
ie
s
o
f
m
u
lt
i-
d
is
si
p
a
ti
v
e
d
y
n
a
m
ic

sy
st
e
m
s

In
th
is
se
ct
io
n
w
e
co
n
si
d
er
a
sy
st
em
�
o
f
th
e
fo
rm
(2
.1
)
w
h
ic
h
is
d
is
si
p
at
iv
e

w
it
h
re
sp
ec
t
to
m
o
re
th
an
on
e
su
p
p
ly
ra
te
.
W
e
in
ve
st
ig
at
e
th
e
se
t
of
su
p
p
ly

ra
te
s
w
h
ic
h
a
re
d
is
si
p
at
ed
b
y
th
e
sy
st
em
an
d
w
e
sh
ow
se
ve
ra
l
p
ro
p
er
ti
es

w
h
ic
h
ar
e
re
la
te
d
to
th
e
co
n
ve
x
it
y
of
th
is
se
t.

It
w
as
n
o
te
d
a
lr
ea
d
y
in
[1
24
]
th
at
th
e
st
o
ra
ge
fu
n
ct
io
n
s
fo
r
a
d
y
n
am
ic
al

sy
st
em
w
it
h
re
sp
ec
t
to
a
si
n
g
le
su
p
p
ly
ra
te
fo
rm
a
co
n
ve
x
se
t.
F
o
r
m
u
lt
i-

d
is
si
p
at
iv
e
sy
st
em
s
th
is
fa
ct
ex
te
n
d
s
ea
si
ly
to
th
e
fo
ll
ow
in
g:

P
ro
p
o
si
ti
o
n
2
:

L
et
V
b
e
a
li
n
ea
r
sp
ac
e
of
fu
n
ct
io
n
s
X

!

R

an
d
le
t
S

b
e
a
li
n
ea
r
sp
a
ce
of
su
p
p
ly
ra
te
s
W

�
Z

!

R
.
T
h
en
th
os
e
p
ai
rs
(V
;s
)
fo
r

2.
3

P
ro
p
er
ti
es
of
m
u
lt
i-
d
is
si
p
at
iv
e
d
y
n
am
ic
sy
st
em
s

3

w
h
ic
h
V
is
a
st
or
ag
e
fu
n
ct
io
n
w
.r
.t
.
th
e
su
p
p
ly
ra
te
s
fo
rm
a
co
n
ve
x
co
n
e

i.
e.

f(
V
;s
)
2
V
�
S
j
V
�
0
an
d
(V
;s
)
sa
ti
sf
y
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
(2
.2
)

is
a
co
n
ve
x
co
n
e.
F
u
rt
h
er
m
or
e
th
is
se
t
is
cl
os
ed
w
it
h
re
sp
ec
t
to
p
o
in
tw
is

(i
n
X
)
co
n
ve
rg
en
ce
of
st
or
ag
e
fu
n
ct
io
n
s
V
a
n
d
lo
ca
l
u
n
if
o
rm
co
n
ve
rg
en
c

(o
ve
r
W

�
Z
)
of
su
p
p
ly
ra
te
s
s.

4

R
eg
ar
d
in
g
th
e
la
st
cl
os
ed
n
es
s
st
at
em
en
t,
on
e
co
u
ld
h
av
e
co
n
si
d
er
ed
se
ve
ra

d
i�
er
en
t
to
p
ol
og
ie
s
on
th
e
sp
ac
e
S
of
su
p
p
ly
ra
te
s.
T
h
ro
u
gh
ou
t,
w
e
sh
a

re
st
ri
ct
at
te
n
ti
on
to
th
e
to
p
ol
og
y
co
rr
es
p
on
d
in
g
to
lo
ca
l
u
n
if
or
m
co
n
ve
r

ge
n
ce
ov
er
W

�
Z
;
th
is
m
o
d
e
of
co
n
ve
rg
en
ce
ap
p
ea
rs
to
b
e
m
os
t
u
se
fu
l
i

ap
p
li
ca
ti
on
s.
W
e
re
ca
ll
th
e
st
an
d
ar
d
d
e�
n
it
io
n
:

D
e
�
n
it
io
n
3
:
W
e
sa
y
th
a
t
s i
!
s
lo
ca
ll
y
u
n
if
or
m
ly
if
,
fo
r
ev
er
y
co
m
p
a
c

su
b
se
t


of
W

�
Z

a
n
d
ev
er
y
�
>

0,
th
er
e
ex
is
ts
an
N

>

0
su
ch
th
a

su
p
(w
;z
)2


js
i(
w
;z
)
�
s(
w
;z
)j
<
�
fo
r
i
>
N
.

2

W
e
re
m
ar
k
th
at
if
s i
!
s
lo
ca
ll
y
u
n
if
or
m
ly
,
th
en
su
p
t2
[0
;T
]
js
i(
t)
�
s(
t)
j
!

fo
r
an
y
�
n
it
e
T
a
n
d
a
n
y
tr
a
je
ct
or
y
w
h
ic
h
sa
ti
fy
ou
r
st
an
d
in
g
as
su
m
p
ti
o

th
at
al
l
si
gn
al
s
ar
e
lo
ca
ll
y
b
ou
n
d
ed
fu
n
ct
io
n
s
of
ti
m
e.

T
h
e
p
ro
of
of
p
ro
p
os
it
io
n
2
is
a
q
u
it
e
st
ra
ig
h
tf
or
w
ar
d
ex
er
ci
se
of
th
e
m
ac
h
in

er
y
of
d
is
si
p
at
io
n
th
eo
ry
;
w
e
in
cl
u
d
e
it
fo
r
th
e
co
n
ve
n
ie
n
ce
o
f
th
e
re
a
d
er
.

P
ro
o
f:
[o
f
th
e
p
ro
p
os
it
io
n
]
T
o
o
se
e
th
at
th
e
se
t
is
a
co
n
ve
x
co
n
e,
le

th
e
sy
st
em

b
e
d
is
si
p
at
iv
e
w
.r
.t
.
th
e
su
p
p
ly
ra
te
s
s 1
an
d
s 2
w
it
h
st
or
ag

fu
n
ct
io
n
s
V
1
an
d
V
2
,
re
sp
ec
ti
ve
ly
.
W
e
m
u
st
th
en
sh
ow
th
at
�
1
V
1
+
�
2
V

is
a
st
or
ag
e
fu
n
ct
io
n
w
it
h
re
sp
ec
t
to
�
1
s 1
+
�
2
s 2
fo
r
an
y
�
1
;�
2
�
0.
T

th
is
en
d
,
le
t
th
e
in
it
ia
l
st
at
e
x
(0
),
th
e
in
p
u
t
w
(�
)
a
n
d
th
e
�
n
al
ti
m
e
T
b

ar
b
it
ra
ry
;
th
en
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
ie
s

V
i(
x
(T
))
�
V
i(
x
(0
))
+

Z T 0

s i
(t
)
d
t

h
ol
d
fo
r
i
=
1;
2.
M
u
lt
ip
ly
th
es
e
in
eq
u
al
it
ie
s
w
it
h
�
1
;�
2
�
0
a
n
d
ad
d
th

tw
o
to
ob
ta
in 2 X i=

1
�
iV
i(
x
(T
))
�

2 X i=
1

�
iV
i(
x
(0
))
+

Z T 0

2 X i=
1

�
i
s i
(t
)
d
t

w
h
ic
h
sa
y
s
th
a
t
�
1
V
1
+
�
2
V
2
is
a
st
or
ag
e
fu
n
ct
io
n
w
it
h
re
sp
ec
t
to
�
1
s 1
+
�
2
s 2
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T
o
se
e
th
at
th
e
se
t
is
cl
os
ed
,
le
t
V
i
!

V
p
oi
n
tw
is
e
in
X

an
d
le
t
s i
!

s

lo
ca
ll
y
u
n
if
or
m
ly
ov
er
W

�
Z
.
C
on
si
d
er
an
ar
b
it
ra
ry
tr
a
je
ct
or
y
su
ch
th
at

V
i(
x
(T
))
�
V
i(
x
(0
))
+

Z T 0

s i
(t
)
d
t
:

T
h
en
w
e
h
av
e
R T 0

s i
(t
)
d
t
!

R T 0

s(
t)
d
t
d
u
e
to
lo
ca
l
u
n
if
or
m
co
n
ve
rg
en
ce

of
s i
si
n
ce
al
l
si
gn
al
s
b
y
a
ss
u
m
p
ti
on
ar
e
b
ou
n
d
ed
o
n
th
e
b
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40 Chapter 2. Multi-dissipative dynamic systems

may obtain a cross-section of this cone by �xing �2 = 1 and examine

which values � and �1 result in a supply rate and a storage function which

satisfy the dissipation inequality. A little manipulation yields that this set

is characterized as

� �
1

2
; (2�� 1)�1 � �2 :

This set is depicted in �gure 2.2. It has the structure which was predicted

by the previous results: It is convex and closed as is its projection on the

�1-axis. Furthermore, the available storage and the required supply are

continuous functions of �1, convex and concave, respectively. In addition

the set has the special feature of being unbounded since s1 is sign de�nite.
2

2.4 Chapter conclusion

For a dissipative dynamic system, we have asked the question: With respect

to which supply rates is the system dissipative? We have shown elementary

properties associated with these dissipated supply rates: They form a con-

vex cone which is also closed under additional assumptions. Furthermore

we have investigated continuity properties of the available storage and the

required supply, seen as functions of the supply rate. For the important

special case of convex polytopes of supply rates, we have shown that these

functions are continuous.

Many of our results have been shown under the assumption that the sets

of zero available storage are independent of the supply rate under con-

sideration. An interesting topic of future research would be to relax this

assumption.

Our original motivation for this study was the situation where a dynamic

system contains perturbations which are known to be multi-dissipative.

In this situation the inherent convexity can be employed to obtain quite

sharp conditions for robust stability and performance by means of convex

optimization: we optimize over the set of supply rates with respect to which

the nominal system is dissipative. In the special case of linear systems

and quadratic supply rates the dissipation inequalities are linear matrix

inequalities and the numerical tool is semide�nite programming. Some

results along these lines follow in chapter 3 below.

2.4 Chapter conclusion 4
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Figure 2.2: A cross-section of the cone of supply rates and storage function

which satisfy the dissipation inequality.
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le
d
is
si
p
at
io
n

p
ro
p
er
ti
es
of
p
er
tu
rb
at
io
n
s
in
co
n
tr
ol
sy
st
em
s.
T
h
e
se
ct
io
n
m
er
el
y
su
m
m
a-

ri
ze
s
so
m
e
id
ea
s
-
so
m
e
w
el
l
k
n
ow
n
,
o
th
er
s
se
em
in
gl
y
n
ew
-
an
d
d
o
es
n
ot

p
re
se
n
t
n
ew
re
su
lt
s.

F
or
a
si
n
g
le
d
y
n
am
ic
p
er
tu
rb
at
io
n
w
(�
)
=
�
z
(�
),
ty
p
ic
al
d
is
si
p
at
io
n
p
ro
p
-

er
ti
es
ar
e
re
la
te
d
to
g
ai
n
an
d
p
h
a
se
p
ro
p
er
ti
es
.
F
o
r
in
st
an
ce
,
li
n
ea
r
p
os
it
iv
e

re
a
l
p
er
tu
rb
at
io
n
s
-
or
m
o
re
g
en
er
al
ly
n
on
li
n
ea
r
p
as
si
v
e
p
er
tu
rb
at
io
n
s
-
ar
e

d
is
si
p
a
ti
v
e
w
.r
.t
.
th
e
su
p
p
ly
ra
te
s(
w
;z
)
=
hw
;z
i.
S
im
il
ar
ly
�
h
as
L
2
-g
ai
n

(o
r
H
1

n
o
rm
)
le
ss
th
an
or
eq
u
a
l
to


>
0
if
a
n
d
on
ly
if
�
is
d
is
si
p
at
iv
e

w
.r
.t
.
th
e
su
p
p
ly
ra
te
s(
w
;z
)
=


2
jz
j2
�
jw
j2
-
th
is
ca
n
b
e
ge
n
er
al
iz
ed
to

an
y
L
p
in
d
u
ce
d
n
o
rm
fo
r
�
n
it
e
p
.

W
h
en
th
e
p
er
tu
rb
at
io
n
re
p
re
se
n
ts
p
ar
a
si
ti
c
d
y
n
a
m
ic
s,
fo
r
in
st
an
ce
os
ci
ll
a-

to
ry
m
o
d
es
in
a
m
ec
h
a
n
ic
a
l
or
el
ec
tr
ic
a
l
sy
st
em
,
th
e
p
as
si
v
it
y
fo
ll
ow
s
fr
om

3.
1

M
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s

4

th
e
fa
ct
th
at
su
ch
os
ci
ll
at
io
n
s
ca
n
n
ot
p
ro
d
u
ce
p
h
y
si
ca
l
en
er
gy
.
M
o
re
ge
n

er
al
ly
,
p
h
y
si
ca
l
co
n
se
rv
at
io
n
la
w
s
gi
v
e
ri
se
to
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.
C
on

se
rv
at
io
n
of
m
as
s,
vo
lu
m
e,
fr
ee
th
er
m
o
d
y
n
am
ic
en
er
gy
,
or
m
om
en
tu
m
ca

b
e
ca
st
as
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.

B
ou
n
d
s
on
st
at
ic
(m
em
or
y
le
ss
)
n
on
li
n
ea
ri
ti
es
ca
n
al
so
b
e
ex
p
re
ss
ed
in
te
rm

of
d
is
si
p
at
io
n
p
ro
p
er
ti
es
,
al
th
ou
gh
th
e
in
fo
rm
at
io
n
th
at
�
is
st
at
ic
is
lo
st

S
p
ec
i�
ca
ll
y,
le
t
w
(t
)
a
n
d
z
(t
)
b
e
sc
al
ar
an
d
le
t
�
b
e
gi
ve
n
b
y

w
(t
)
=
(�
z
)(
t)
=
�
(z
(t
))

w
h
er
e
�
:
R

!

R

is
k
n
ow
n
to
sa
ti
sf
y
th
e
in
eq
u
al
it
y
 
(z
;�
(z
))
�
0
,
th
e

ob
v
io
u
sl
y
�

is
d
is
si
p
at
iv
e
w
.r
.t
.
th
e
su
p
p
ly
ra
te
s(
w
;z
)
=

 
(z
;w
).
A

p
ar
ti
cu
la
r
p
op
u
la
r
cl
as
s
of
b
ou
n
d
s
ar
e
th
e
li
n
ea
r
se
ct
o
r
bo
u
n
ds
w
h
ic
h
a
r

co
m
m
on
in
th
e
�
el
d
of
ab
so
lu
te
st
ab
il
it
y,
se
e
[5
9]
a
n
d
th
e
re
fe
re
n
ce
s
th
er
ei
n

F
or
in
st
an
ce
,
if
th
e
gr
ap
h
of
�
li
es
b
et
w
ee
n
th
e
li
n
es
w
=
a
z
an
d
w
=
b

fo
r
k
n
ow
n
re
al
n
u
m
b
er
s
a
<
b
th
en
th
e
co
rr
es
p
on
d
in
g
fu
n
ct
io
n
 
m
ay
b

ta
ke
n
as
th
e
q
u
ad
ra
ti
c
fo
rm

 
(z
;w
)
=
(w
z
)

� �
1

a
+
b
2

a
+
b
2

�
a
b

��
w z
�

:

(3
.1

It
is
im
p
or
ta
n
t
to
ex
am
in
e
h
ow
m
u
ch
co
n
se
rv
a
ti
ve
n
es
s
on
e
in
tr
o
d
u
ce
s
b

n
eg
le
ct
in
g
th
at
th
e
p
er
tu
rb
at
io
n
is
st
at
ic
.

W
h
en
th
e
su
p
p
ly
ra
te
s
i

q
u
ad
ra
ti
c,
a
p
ar
ti
al
an
sw
er
to
th
is
q
u
es
ti
on
is
ob
ta
in
ed
b
y
ex
am
in
in
g
w
h
ic

li
n
ea
r
ti
m
e
in
va
ri
a
n
t
sy
st
em
s
d
is
si
p
at
e
s.

T
h
e
ab
ov
e
ex
am
p
le
s
il
lu
st
ra
te
h
ow
on
e
m
ay
es
ta
b
li
sh
si
n
gl
e
d
is
si
p
at
io

p
ro
p
er
ti
es
of
p
er
tu
rb
at
io
n
s.
O
u
r
p
ri
m
e
ex
am
p
le
of
a
m
u
lt
i-
d
is
si
p
at
iv
e
d
y

n
am
ic
p
er
tu
rb
at
io
n
co
n
ce
rn
s
p
ar
as
it
ic
d
y
n
am
ic
s
w
h
ic
h
ar
e
b
ou
n
d
ed
an

p
as
si
ve
:

E
x
a
m
p
le
1
2
:
[M
o
d
el
li
n
g
of
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s]

C
on
si
d
e

th
e
sp
ri
n
g-
m
as
s
sy
st
em

in
�
gu
re
3.
1,
w
h
ic
h
is
a
si
m
p
le
m
o
d
el
of
a
on
e

d
im
en
si
on
al
p
os
it
io
n
re
gu
la
to
r
sy
st
em
.
T
h
e
fo
rc
e
u
is
th
e
ou
tp
u
t
of
an
li
n
ea

ti
m
e
in
va
ri
a
n
t
co
n
tr
ol
le
r.
W
e
co
n
si
d
er
th
e
sm
al
l
m
as
s
as
an
u
n
m
o
d
el
le

p
ar
as
it
ic
,
an
d
th
e
p
ar
am
et
er
s
as
so
ci
at
ed
w
it
h
it
to
b
e
ve
ry
u
n
ce
rt
ai
n
.

T
h
e
ov
er
al
l
in
te
rc
on
n
ec
ti
on
of
th
e
sm
al
l
m
as
s
an
d
th
e
re
m
ai
n
in
g
sy
st
em

m
ay
b
e
w
ri
tt
en
in
th
e
fo
rm
of
�
gu
re
3.
2.
T
h
e
er
ro
r
si
gn
al
z
is
th
en
th

ve
lo
ci
ty
_y
of
th
e
la
rg
e
m
as
s
w
h
il
e
th
e
d
is
tu
rb
an
ce
w
is
th
e
fo
rc
e
ac
ti
n
g
fr
om

sm
al
l
m
as
s
on
th
e
la
rg
e
m
as
s.
W
it
h
th
is
fo
rm
u
la
ti
on
,
�
is
gi
ve
n
b
y

�
(s
)
=

(k
+
cs
)m
s

m
s2
+
cs
+
k

:
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.
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s
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w
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s
m
u
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d
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at
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p
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at
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n
s
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�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

m
M

u

y

F

x

k c

F
ig
u
re
3.
1
:
A
p
os
it
io
n
re
gu
la
to
r
w
it
h
p
ar
as
it
ic
d
y
n
am
ic
s

T
h
e
tr
an
sf
er
fu
n
ct
io
n
�
is
p
o
si
ti
ve
re
al
,
i.
e.
d
is
si
p
at
iv
e
w
.r
.t
.
th
e
su
p
p
ly

ra
te
�
s 1
(z
;w
)
=
z
w
,
si
n
ce
th
is
su
p
p
ly
ra
te
co
rr
es
p
on
d
s
to
th
e
m
ec
h
an
ic
al

en
er
gy
su
p
p
li
ed
to
th
e
p
ar
as
it
ic
.
It
is
al
so
sm
al
l
ga
in
,
i.
e.
d
is
si
p
at
iv
e
w
.r
.t
.

th
e
su
p
p
ly
ra
te
�
s 2
(z
;w
)
=


2
z
2
�
w
2
fo
r


�
k�
k 1
�
k
m
=
cp 1
+
c2
=
k
m
.

�

z

�

w

F
ig
u
re
3.
2:
S
y
st
em
an
d
p
er
tu
rb
a
ti
o
n
in
fe
ed
-b
ac
k

O
n
e
ca
n
ea
si
ly
im
ag
in
e
si
tu
at
io
n
s
w
h
er
e
p
h
y
si
ca
l
co
n
si
d
er
at
io
n
s
or
a
fe
w

si
m
p
le
ex
p
er
im
en
ts
p
ro
v
id
e
a
re
as
on
ab
le
b
ou
n
d
on


b
u
t
w
h
er
e
w
e
n
ev
-

er
th
el
es
s
d
o
n
o
t
w
is
h
to
es
ti
m
at
e
m
;c
an
d
k
.
In
d
ee
d
,
in
m
an
y
si
tu
at
io
n
s

w
e
d
o
n
o
t
w
is
h
to
sp
ec
if
y
th
e
o
rd
er
o
f
�
.
In
th
es
e
si
tu
at
io
n
s,
th
e
on
ly

in
fo
rm
at
io
n
a
b
ou
t
�
w
e
w
is
h
to
m
ak
e
u
se
of
in
th
e
su
b
se
q
u
en
t
an
al
y
si
s
is

th
e
tw
o
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.

2

S
ee
a
ls
o
[3
3]
fo
r
a
d
is
cu
ss
io
n
of
th
is
ex
a
m
p
le
in
th
e
co
n
te
x
t
of
in
te
gr
al

q
u
ad
ra
ti
c
co
n
st
ra
in
ts
.

A
n
ot
h
er
w
ay
m
u
lt
ip
le
d
is
si
p
at
io
n
p
ro
p
er
ti
es
ar
is
e
is
w
h
en
th
e
in
p
u
t
z
an
d

th
e
ou
tp
u
t
w
to
th
e
p
er
tu
rb
at
io
n
�
ca
n
b
e
p
a
rt
it
io
n
ed
as

z
=

0 B @z 1 . . . z p
1 C A

an
d
w
=

0 B @w
1 . . . w

p

1 C A

3.
1

M
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s

4

an
d
th
e
p
er
tu
rb
at
io
n
�
is
b
lo
ck
d
ia
go
n
al
,
i.
e.

w
=
�
z
,

w
i
=
�
iz
i;
i
=
1;
::
:p

:

T
h
is
b
lo
ck
st
ru
ct
u
re
o
cc
u
rs
w
h
en
ea
ch
p
er
tu
rb
at
io
n
�
i
is
as
so
ci
at
ed
w
it
h

d
i�
er
en
t
p
h
y
si
ca
l
co
m
p
on
en
t
in
th
e
sy
st
em
(i
f
ea
ch
b
lo
ck
d
ia
go
n
al
el
em
e n

�
i
is
b
ou
n
d
ed
in
H
1

-n
or
m
,
th
en
th
e
re
su
lt
in
g
p
ro
b
le
m
is
�
-a
n
al
y
si
s)
.
I

is
cl
ea
r
th
at
th
e
to
ta
l
p
er
tu
rb
at
io
n
�

in
h
er
it
s
th
e
d
is
si
p
at
io
n
p
ro
p
er
ti
e

of
ea
ch
p
er
tu
rb
at
io
n
el
em
en
t
�
i.
T
h
is
m
ay
q
u
ic
k
ly
le
a
d
to
a
q
u
it
e
la
rg

n
u
m
b
er
of
d
is
si
p
at
io
n
p
ro
p
er
ti
es
of
�
as
a
re
al
is
ti
c
co
n
tr
ol
p
ro
b
le
m
ty
p
ic
al
l

w
il
l
co
n
ta
in
u
n
ce
rt
ai
n
el
em
en
ts
in
m
an
y
d
i�
er
en
t
p
la
ce
s
in
th
e
co
n
tr
ol
lo
op

W
e
co
n
cl
u
d
e
th
is
se
ct
io
n
w
it
h
an
ex
am
p
le
d
em
on
st
ra
ti
n
g
h
ow
o
n
e
m
a

es
ta
b
li
sh
n
ec
es
sa
ry
an
d
su
�
ci
en
t
co
n
d
it
io
n
s
fo
r
th
e
ro
b
u
st
n
es
s
of
a
sy
st
em

co
n
ta
in
in
g
a
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
:

E
x
a
m
p
le
1
3
:
[A
n
on
-c
on
se
rv
at
iv
e
ro
b
u
st
n
es
s
co
n
d
it
io
n
]C
on
ti
n
u
in
g
ex
am

p
le
12
ab
ov
e,
th
e
su
it
ab
le
an
al
y
si
s
q
u
es
ti
on
is
:
W
h
en
is
�
ro
b
u
st
ly
st
ab
l

to
w
ar
d
s
p
er
tu
rb
at
io
n
s
�

w
h
ic
h
a
re
li
n
ea
r
ti
m
e
in
va
ri
an
t
an
d
d
is
si
p
at
iv

w
it
h
re
sp
ec
t
to
�
s i
fo
r
i
2
f1
;2
g
?
H
er
e
w
e
co
n
st
ru
ct
n
ec
es
sa
ry
an
d
su
f

�
ci
en
t
co
n
d
it
io
n
s
th
ro
u
gh
fr
eq
u
en
cy
d
om
ai
n
co
n
si
d
er
at
io
n
s.
F
ir
st
,
re
sc
al

th
e
sy
st
em
su
ch
th
at
th
at


=
1.
T
h
e
re
q
u
ir
em
en
t
th
a
t
�
is
li
n
ea
r
ti
m

in
va
ri
an
t,
p
as
si
ve
an
d
sm
al
l
ga
in
th
en
is
eq
u
iv
al
en
t
to
th
e
tr
an
sf
er
fu
n
ct
io

�
(s
)
m
ap
p
in
g
th
e
cl
os
ed
ri
gh
t
h
al
f
of
th
e
co
m
p
le
x
p
la
n
e
in
to
th
e
se
t
A
i

�
gu
re
3.
3,
i.
e. 8

s
2
� C
+

:
�
(s
)
2
A
=
fs
2
C

j
R
e
s
�
0
^
js
j
�
1
g

(3
.2

T
h
e
in
te
rc
on
n
ec
ti
on
is
u
n
st
ab
le
if
an
d
on
ly
if
th
e
cl
os
ed
lo
op
h
as
a
p
ol
e
i

th
e
cl
os
ed
ri
gh
t
h
al
f
p
la
n
e,
i.
e.
th
er
e
ex
is
ts
an
s
2
� C
+

su
ch
th
at

�
(s
)�
(s
)
=
1

:

S
o
th
e
in
te
rc
on
n
ec
ti
on
is
st
ab
le
fo
r
a
ll
�
su
ch
th
at
(3
.2
)
h
ol
d
s
if
an
d
on
l

if
�
m
ap
s
th
e
cl
os
ed
ri
gh
t
h
al
f
p
la
n
e
in
to
th
e
re
gi
on
B
in
�
gu
re
3.
3,
i.
e.

8
s
2
� C
+

:
�
(s
)
2
B
:=
fs
2
C

j
1 s
2=
A
g

(3
.3

=
fs
2
C

j
R
e
s
<
0
_
js
j
<
1g

:

A
n
al
te
rn
at
iv
e
ch
ar
ac
te
ri
za
ti
on
of
th
e
se
t
B
is

B
=
fs
2
C

j
9
�
>
0
:
js
+
�
j
<
ji
+
�
jg

:
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p
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p
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p
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d
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ra
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d
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contains �x; notice that �x is an interior point in A . Assume that 
 is chosen

such that A is closed; this is possible since �x is a strict local minimum.

Assume that �i and �v are small enough, i.e. �+
P
i di+dv�v < 
. Let 
0

be any neighbourhood of �x contained in V �1([�; 
 �
P
i di�i � dv�v)) \ A ;

Now assume that x0 2 
0. According to item 2 in theorem 15 x(t) remains

in V �1([0; 
]) at least up to a �nite escape time. Now apply lemma16 to see

that x(t) remains in the bounded set A � 
 for t 2 [0;1). The performance

bound follows from the dissipation inequality since V (x(t)) � V (�x).

In the proofs above the dissipation inequality does not need to hold every-

where but only along the possible trajectories. This is particularly useful

when studying local behaviour. Developments along these lines are reported

in [113].

3.3 Linear systems and quadratic supply rates

In this section we specialize the previous discussion to the case of linear

systems � de�ned by ordinary di�erential equations in state-space:

� :

_x(t) = Ax(t) +Bw(t)

z(t) = Cx(t) +Dw(t)

: (3.5)

For systems consisting of a nominal part in feed-back with a multi-dissipative

perturbation, we show that stability and various performance properties

can be described by linear matrix inequalities (LMIs) which describes some

dissipativity property of the nominal part. Such linear matrix inequalities

can be veri�ed directly numerically with commercially available packages

such as [32, 38]. The connection between dissipativity for linear-quadratic

systems and LMIs was noted already in [124] and has received much inter-

est during the last few years [19] due to e�cient numerical algorithms for

solving LMI problems [82].

3.3.1 Robust stability

Consider the connection in �gure 3.6 (a) where � is the nominal sys-

tem and � is a perturbation in a set �; both are assumed to be causal,

linear, �nite dimensional, and time invariant systems. We say that the

3.3 Linear systems and quadratic supply rates 5

con�guration (�;�) is robustly stable if for every � 2 � the con�gu

ration is well posed (i.e, the dynamics of the closed loop can be writte

( _x(t); _�(t)) = �A(x(t); �(t)) for some linear �A), and if furthermore z(�) 2 L2

For a deterministic linear time invariant systems with quadratic suppl

rates (i.e, when s(w; z) = (w0 z0)Q(w0 z0)0), there is no loss of general

ity [124] in assuming the storage function V to be quadratic (V (x) = x0P

with P = P 0 � 0), in which case the di�erential dissipation inequality (2.3

becomes [124]

8x 2X; w 2W : (x0 w0)�
�
x
w

�
� 0

where � is shorthand for

� =
�
PA+ A0P PB

B0P 0

�
�

�
0 C0

I D0
�

Q
�
O I

C D

�

This is a linear matrix inequality (LMI) in P .

(a) (b)

v

�

y

w zz

�

w

� �

Figure 3.6: The two problems considered: (a) Robust stability. (b) Robus

H2 performance.

Lemma 18: Assume that every � 2 � is linear, time invariant, an

dissipative w.r.t. �s, and that � is strictly output dissipative with respec

to the supply rate s. Then the feed-back con�guration (�;�) is robustl

stable. 2

Remark 19: If � is dissipative w.r.t. s but not strictly output dissi

pative, and if the interconnection is well posed (which in this case is no

guaranteed by the dissipativity), and if the storage functions are (quadrati
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Proof: Given a solution pair P; di; �, the function x
0Px acts as a storage

function for � with respect to the supply rate
P
i disi� �jzj

2 and since any

� 2� is dissipative w.r.t. �
P
i disi (proposition 2 on page 32 above) we

have shown robust stability (lemma 18).

It is also easy to see that feasibility of (3.9) implies feasibility of (3.8): In

fact, given solutions �P; �di to (3.9), one may �nd su�ciently small � > 0

such that �P; �di; � solves (3.8).

A similar result was derived independently in the recent contribution [126].

Example 23: [The conservativeness of the su�cient condition] Continuing

example 13 above, the two supply rates dissipated by the perturbation �

are �s1 = zw and �s2 = jzj2 � jwj2 corresponding to

Q1 =
�
0 �1

�1 0
�

; Q2 =
�
1 0

0 �1
�

:

The su�cient condition of remark 22 is that � is strictly output dissipative

with respect to a combination of s1 and s2, i.e. with respect to

s�(w; z) = (w z)
�
1 ��

�� �1
��
w
z

�

(3.10)

for some � � 0. Here we have taken d2 = 1 which is possible due to the

conicity, and d1 = �. This will be the case if and only if

(1 ��(s))
�
1 ��

�� �1
��
1

�(s)
�

> 0

holds for all s in the closed right half �C+ of the complex plane. For �! 0,

we retrieve the condition that � has L2-gain less than 1, while for �!1

the permittable circle approaches the entire left half plane, and thus we

get the condition that � is strictly negative real. For high order plants,

the latter condition is often di�cult or even impossible to obtain, while

the former may impose too severe constraints on bandwidth. Also taking

� 2 (0;1) into account obviously increases the possibility of reaching a

good design.

In comparison, the su�cient and necessary condition of equation (3.4) re-

quires the existence of a function � : �C+ ! R+ such that the inequality

holds. In other words, the su�cient conditions of theorem 21 and remark 22

are conservative in that they do not allow frequency dependent weights di.

3.3 Linear systems and quadratic supply rates 5

Notice however that linearity and time invariance of � is essential to th

derivation of equation (3.4), whereas theorem 21 holds also for nonlinea

and time-varying � provided that the interconnection is well posed. 2

Example 24: [A graphic interpretation] Continuing the preceding exam

ple, we can also give a graphic interpretation of the su�cient condition tha

� is strictly output dissipative w.r.t. s� for some � � 0: Let S�� denot

the circle in the complex plane which is centered in �� 2 R and whos

boundary contains the point i - see �gure 3.7. Then � is strictly outpu

dissipative w.r.t. s� if and only � maps the right half of the complex plan

into the interior of the circle S��. Combining with the maximum modu

lus theorem, the su�cient condition of remark 22 is that � is stable an

its Nyquist plot is contained in such a circle S�� for some � � 0. Thi

graphic criterion is reminiscent of the circle criterion for absolute stability

see e.g. [59], except that we need only �nd one suitable circle in a certai

family.
Permitted disk

1
Re

Im

−α

Figure 3.7: Permitted area for �(�C+ ) with �(s) independent of s

A further understanding of the conservativeness of theorem 21 and re

mark 22 is obtained from the following observation: If � dissipates s� fo

some � � 0, then (�;�) is stable for any perturbation � which maps th

right half of the complex plane into the circle S�. Notice that any suc

circle S� contains the original set A of �gure 3.3 on page 48. The conserva

tiveness of theorem 21 is thus illustrated by the di�erence between the se

A and the sphere S� which covers A. This interpretation is not restricte

to this particular example, but applies to theorem 21 and remark 22 i

general. 2
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al
it
ie
s
in
th

sp
ec
ia
l,
b
u
t
ve
ry
im
p
or
ta
n
t,
ca
se
of
li
n
ea
r
sy
st
em
s
an
d
q
u
ad
ra
ti
c
su
p
p
l

ra
te
s.
F
or
n
on
li
n
ea
r
sy
st
em
s
th
e
is
su
e
of
n
u
m
er
ic
al
m
et
h
o
d
s
is
m
or
e
cr
it
ic
a

se
e
th
e
n
ot
e
b
el
ow
.

3
.5

N
o
te
s
a
n
d
re
fe
re
n
c
e
s

C
o
m
p
a
ri
so
n
to
th
e
IQ
C
fr
a
m
e
w
o
rk

C
on
si
d
er
a
p
er
tu
rb
at
io
n
�
w
h
ic
h
m
ap
s
z
(�
)
to
w
(�
)
an
d
w
h
ic
h
is
d
is
si
p
a
ti
v

w
it
h
re
sp
ec
t
to
a
su
p
p
ly
ra
te
s(
z
;w
)
w
h
ic
h
is
q
u
ad
ra
ti
c,
i.
e.
s(
z
;w
)
=

(w
0
z
0 )
Q
(w
0
z
0 )
0 .
A
ss
u
m
e
th
at
th
e
av
ai
la
b
le
st
or
ag
e
is
0
at
ti
m
e
0
;
th
en
th

si
gn
al
s
sa
ti
sf
y
th
e
in
te
gr
al
qu
ad
ra
ti
c
co
n
st
ra
in
t
(I
Q
C
)

Z T 0

(w
0 (
t)
z
0 (
t)
)Q
(w
0 (
t)
z
0 (
t)
)0
d
t
�
0

fo
r
al
l
ti
m
es
T
.
T
h
e
co
n
ve
rs
e
al
so
h
ol
d
s:
If
th
e
IQ
C
h
ol
d
s
fo
r
al
l
in
p
u
t

z
(�
),
an
d
if
th
e
st
at
e
sp
ac
e
of
th
e
p
er
tu
rb
at
io
n
�
is
re
ac
h
ab
le
,
th
en
�
i

d
is
si
p
at
iv
e
w
.r
.t
.
s
w
it
h
av
ai
la
b
le
st
or
ag
e
0
at
ti
m
e
0.

W
it
h
th
is
p
er
sp
ec
ti
ve
,
it
is
re
as
on
ab
le
to
co
m
p
ar
e
o
u
r
fr
am
ew
or
k
of
m
u
lt

d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s
to
th
at
of
in
te
gr
al
q
u
ad
ra
ti
c
co
n
st
ra
in
ts
.
C
le
ar
l

th
e
m
ot
iv
at
io
n
b
eh
in
d
th
e
tw
o
fr
am
ew
or
k
s
ar
e
id
en
ti
ca
l
a
s
is
th
e
id
ea
o
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C
h
a
p
te
r
3
.
R
ob
u
st
n
es
s
to
w
a
rd
s
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s

m
od
u
la
ri
ty
:
re
d
u
ci
n
g
a
la
rg
e
co
m
p
le
x
p
ro
b
le
m

to
a
co
ll
ec
ti
on
of
sm
al
le
r

an
d
m
or
e
m
an
ag
a
b
le
su
b
p
ro
b
le
m
s,
v
iz
.
p
er
fo
rm
in
g
d
is
si
p
at
io
n
(o
r
IQ
C
)

an
al
y
si
s
o
n
co
m
p
o
n
en
ts
.
T
h
e
te
ch
n
iq
u
es
u
se
d
a
re
q
u
it
e
d
i�
er
en
t,
th
ou
gh
.

T
h
e
IQ
C
fr
a
m
ew
o
rk
,
in
th
e
se
n
se
of
[7
7,
57
],
m
ak
es
h
ea
v
y
u
se
of
fr
eq
u
en
cy
-

d
om
ai
n
te
ch
n
iq
u
es
.
A
lt
h
ou
gh
it
is
fe
as
ib
le
to
p
os
e
IQ
C
s
fo
r
sp
ec
i�
c
n
on
-

li
n
ea
r
p
er
tu
rb
at
io
n
s,
se
e
fo
r
in
st
an
ce
[5
7]
,
th
e
re
su
lt
in
g
co
n
d
it
io
n
s
on
th
e

n
om
in
a
l
sy
st
em

ar
e
in
fr
eq
u
en
cy
d
o
m
ai
n
an
d
n
o
re
su
lt
s
ar
e
gi
v
en
as
to

h
ow
to
ve
ri
fy
th
es
e
co
n
d
it
io
n
s
fo
r
n
o
n
li
n
ea
r
n
o
m
in
a
l
sy
st
em
s.
T
h
e
su
�
-

ci
en
t
co
n
d
it
io
n
s
a
re
le
ss
co
n
se
rv
a
ti
v
e
th
an
th
e
o
n
es
w
e
h
av
e
ob
ta
in
ed
in

th
is
ch
ap
te
r
in
th
at
th
ey
m
ak
e
u
se
of
fr
eq
u
en
cy
d
ep
en
d
en
t
m
u
lt
ip
li
er
s
co
r-

re
sp
on
d
in
g
to
ou
r
w
ei
gh
ts
d
i
(c
.f
.
ex
a
m
p
le
s
13
a
n
d
23
ab
ov
e)
.
In
or
d
er
to

m
ak
e
u
se
of
th
es
e
ex
tr
a
d
eg
re
es
o
f
fr
ee
d
om
in
th
e
li
n
ea
r
ca
se
on
e
n
ee
d
s
to

co
n
si
d
er
in
�
n
it
e-
d
im
en
si
on
al
co
n
v
ex
op
ti
m
iz
at
io
n
p
ro
b
le
m
s
as
so
ci
at
ed
w
it
h

th
e
ch
oi
ce
o
f
m
u
lt
ip
li
er
s;
th
is
is
th
e
m
a
jo
r
n
u
m
er
ic
al
ch
al
le
n
ge
.
In
co
m
-

p
a
ri
so
n
th
e
h
u
rd
le
in
o
u
r
fr
am
ew
or
k
of
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s
is

th
e
co
m
p
u
ta
ti
on
o
f
st
or
ag
e
fu
n
ct
io
n
s
fo
r
n
on
li
n
ea
r
n
om
in
al
sy
st
em
s,
w
h
ic
h

al
so
ca
n
b
e
ca
st
as
an
in
�
n
it
e-
d
im
en
si
on
a
l
co
n
ve
x
op
ti
m
iz
at
io
n
p
ro
b
le
m
.

A
n
ot
h
er
a
p
p
ro
ac
h
to
in
te
g
ra
l
q
u
ad
ra
ti
c
co
n
st
ra
in
ts
is
fo
u
n
d
in
[9
5,
96
,
97
].

T
h
es
e
p
ap
er
s
u
se
ti
m
e-
d
om
ai
n
te
ch
n
iq
u
es
a
n
d
th
e
ap
p
ro
ac
h
is
cl
os
er
to

th
is
ch
ap
te
r
th
an
is
[7
7,
57
].
O
n
ly
li
n
ea
r
n
o
m
in
al
sy
st
em
s
ar
e
co
n
si
d
er
ed

as
a
re
in
te
gr
a
l
q
u
ad
ra
ti
c
co
n
st
ra
in
ts
co
rr
es
p
o
n
d
in
g
to
L
2
-g
ai
n
o
f
th
e
p
er
-

tu
rb
a
ti
on
s.

N
u
m
e
ri
c
a
l
m
e
th
o
d
s
fo
r
o
p
ti
m
a
l
c
o
n
tr
o
l
p
ro
b
le
m
s

In
or
d
er
to
ve
ri
fy
if
a
gi
v
en
sy
st
em

d
is
si
p
at
es
a
gi
ve
n
su
p
p
ly
ra
te
on
e

n
ee
d
s
to
co
n
si
d
er
th
e
op
ti
m
al
co
n
tr
ol
p
ro
b
le
m
w
h
ic
h
d
e�
n
es
th
e
av
ai
la
b
le

st
or
a
ge
or
th
e
re
q
u
ir
ed
su
p
p
ly
.
E
x
ce
p
t
fo
r
sy
st
em
s
w
it
h
lo
w
d
im
en
si
on
al

st
a
te
sp
a
ce
s
or
a
p
ar
ti
cu
la
r
st
ru
ct
u
re
,
th
is
is
a
n
ov
er
w
h
el
m
in
g
n
u
m
er
ic
al

ch
al
le
n
g
e
w
h
ic
h
is
th
e
m
a
jo
r
ob
st
ac
le
to
th
e
p
ra
ct
ic
a
l
u
se
of
th
e
re
su
lt
s
in

th
is
ch
ap
te
r.

A
m
on
g
th
e
n
u
m
er
ic
al
m
et
h
o
d
s
fo
r
op
ti
m
a
l
co
n
tr
o
l
p
ro
b
le
m
s,
th
os
e
b
as
ed

on
d
y
n
am
ic
p
ro
g
ra
m
m
in
g
ra
th
er
th
a
n
th
e
m
ax
im
u
m
p
ri
n
ci
p
le
ar
e
m
os
t

n
at
u
ra
l:
In
fa
ct
th
e
op
ti
m
al
tr
a
je
ct
or
ie
s
ar
e
of
le
ss
in
te
re
st
w
h
er
ea
s
a
p
-

p
ro
x
im
at
io
n
s
of
th
e
va
lu
e
fu
n
ct
io
n
s
m
ay
se
rv
e
a
s
st
or
ag
e
fu
n
ct
io
n
s.

F
o
r
a
�
x
ed
su
p
p
ly
ra
te
,
st
or
ag
e
fu
n
ct
io
n
s
m
ay
b
e
a
p
p
ro
x
im
at
ed
b
y
d
is
-

cr
et
iz
at
io
n
o
f
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y,
[5
2,
65
]
or
b
y
a
sp
ec
tr
al

3.
5

N
ot
es
an
d
re
fe
re
n
ce
s

6

m
et
h
o
d
w
h
er
e
a
st
or
ag
e
fu
n
ct
io
n
is
so
u
gh
t
in
a
g
iv
en
�
n
it
e-
d
im
en
si
on
a

sp
ac
e
[1
1]
.
A
n
al
te
rn
at
iv
e
is
a
re
cu
rs
iv
e
sc
h
em
e
d
u
e
to
L
u
ke
s
[7
3,
12
0,
7
8

fo
r
co
m
p
u
ti
n
g
th
e
T
ay
lo
r
ex
p
an
si
on
of
th
e
va
lu
e
fu
n
ct
io
n
ar
ou
n
d
an
is
ol
at
e

eq
u
il
ib
ri
u
m
p
oi
n
t.

T
h
e
su
�
ci
en
t
co
n
d
it
io
n
s
fo
r
ro
b
u
st
n
es
s
p
re
se
n
te
d
in
th
is
ch
ap
te
r
re
q
u
ir

�
n
d
in
g
a
st
or
ag
e
fu
n
ct
io
n
an
d
a
su
pp
ly
ra
te
si
m
u
lt
an
eo
u
sl
y
w
h
ic
h
ad
d
s
a

ex
tr
a
tw
is
t
to
th
e
op
ti
m
al
co
n
tr
ol
p
ro
b
le
m
.
O
n
e
ap
p
ro
ac
h
is
to
re
st
ri
c

th
e
st
or
ag
e
fu
n
ct
io
n
to
a
�
n
it
e
d
im
en
si
on
al
sp
ac
e
an
d
em
p
lo
y
co
n
v
ex
op
ti

m
iz
at
io
n
te
ch
n
iq
u
es
,
op
ti
m
iz
in
g
ov
er
th
e
st
or
ag
e
fu
n
ct
io
n
an
d
th
e
d
-w
ei
gh
t

si
m
u
lt
an
eo
u
sl
y.
F
or
in
p
u
t
a�
n
e-
q
u
ad
ra
ti
c
sy
st
em
s,
th
e
L
M
I
b
as
ed
p
ro
ce

d
u
re
d
es
cr
ib
ed
on
p
ag
e
2
0
m
ay
ea
si
ly
b
e
m
o
d
i�
ed
to
se
ar
ch
si
m
u
lt
an
eo
u
sl

fo
r
th
e
st
or
ag
e
fu
n
ct
io
n
V
an
d
th
e
se
t
of
w
ei
gh
ts
d
i,
d
l
re
q
u
ir
ed
b
y
th
eo

re
m
15
.
A
lt
h
ou
gh
th
e
co
n
ve
x
it
y
m
a
ke
s
a
co
n
ve
rg
en
ce
an
al
y
si
s
fe
as
ib
le
,
th

si
ze
of
th
e
op
ti
m
iz
at
io
n
p
ro
b
le
m
s
gr
ow
s
ex
p
on
en
ti
al
ly
w
it
h
th
e
n
u
m
b
er
o

st
at
es
;
th
is
is
B
el
lm
an
's
cu
rs
e
of
d
im
en
si
on
al
it
y.
M
or
e
h
eu
ri
st
ic
ap
p
ro
ac
h
e

m
ay
b
e
u
se
fu
l.
F
or
in
st
an
ce
w
e
p
re
se
n
te
d
in
[1
1
3]
an
ex
am
p
le
w
h
er
e
th

d
-w
ei
gh
ts
�
rs
t
w
h
er
e
�
x
ed
co
n
si
d
er
in
g
on
ly
th
e
li
n
ea
ri
za
ti
on
of
th
e
sy
st
em

af
te
rw
ar
d
s
h
ig
h
er
or
d
er
te
rm
s
w
er
e
in
cl
u
d
ed
u
si
n
g
a
L
u
ke
s'
sc
h
em
e.

S
ta
te
fe
e
d
-b
a
ck
c
o
n
tr
o
ll
e
r
d
e
si
g
n

W
e
b
ri
e

y
co
m
m
en
t
on
th
e
p
ro
b
le
m
of
�
n
d
in
g
a
st
at
e
fe
ed
b
ac
k
co
n
tr
ol
l e

u
(t
)
=
�
(x
(t
))
su
ch
th
at
th
e
re
su
lt
in
g
cl
os
ed
lo
op
sy
st
em
sa
ti
s�
es
th
e
su
f

�
ci
en
t
co
n
d
it
io
n
d
er
iv
ed
in
th
is
ch
ap
te
r.

F
or
a
�
xe
d
su
p
p
ly
ra
te
,
th
e
p
ro
b
le
m
of
co
n
tr
ol
fo
r
d
is
si
p
at
io
n
re
q
u
ir
es
p
ra
c

ti
ca
ll
y
th
e
sa
m
e
to
ol
s
as
th
e
p
ro
b
le
m
of
d
is
si
p
at
io
n
an
al
y
si
s
as
is
ev
id
en

in
[1
20
].
T
h
is
re
fe
re
n
ce
tr
ea
ts
th
e
sp
ec
ia
l
p
ro
b
le
m
of
L
2
-g
ai
n
an
al
y
si
s
an

n
on
li
n
ea
r
H
1

co
n
tr
ol
,
b
u
t
th
e
d
is
cu
ss
io
n
ap
p
li
es
to
b
ro
ad
cl
as
se
s
of
su
p
p
l

ra
te
s:
In
st
ea
d
of
op
ti
m
al
co
n
tr
ol
p
ro
b
le
m
s
w
e
co
n
si
d
er
d
i�
er
en
ti
al
ga
m
es

an
d
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y
is
re
p
la
ce
d
b
y
a
H
am
il
to
n
-J
ac
ob

Is
aa
cs
eq
u
at
io
n
.
In
b
o
th
ca
se
s
th
e
H
am
il
to
n
ia
n
d
y
n
am
ic
s
p
ro
v
id
es
in
fo
rm
a

ti
on
ab
ou
t
ex
is
te
n
ce
of
a
va
lu
e
fu
n
ct
io
n
.
T
h
e
is
su
e
of
sm
o
ot
h
n
es
s
of
st
or
ag

fu
n
ct
io
n
s
b
ec
om
es
m
or
e
p
ro
b
le
m
at
ic
si
n
ce
co
n
tr
ol
st
ra
te
gi
es
ar
e
fo
u
n
d
fr
om

th
e
p
ar
ti
al
d
er
iv
a
ti
ve
s
of
th
e
va
lu
e
fu
n
ct
io
n
s;
se
e
[7
,
10
5]
.
L
o
ca
l
ap
p
ro
x

m
at
io
n
s
to
va
lu
e
fu
n
ct
io
n
s
m
ay
b
e
fo
u
n
d
b
y
L
u
k
es
'
sc
h
em
e,
[1
20
,
7
8]
.

T
o
em
p
lo
y
th
e
su
�
ci
en
t
co
n
d
it
io
n
s
in
th
is
ch
ap
te
r,
w
e
n
ee
d
to
�
n
d
a
co
n

tr
ol
la
w
,
a
st
or
ag
e
fu
n
ct
io
n
,
an
d
a
su
pp
ly
ra
te
.
In
th
e
re
fe
re
n
ce
[1
13
]
w
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C
h
a
p
te
r
3
.
R
ob
u
st
n
es
s
to
w
a
rd
s
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s

su
gg
es
te
d
to
�
x
th
e
su
p
p
ly
ra
te
in
a
�
rs
t
st
ep
(w
h
ic
h
co
n
si
d
er
ed
on
ly
th
e

li
n
ea
ri
za
ti
on
o
f
th
e
sy
st
em
)
an
d
th
en
ap
p
ly
L
u
k
es
'
sc
h
em
e.

A
n
a
lt
er
n
at
iv
e
is
th
e
fo
ll
ow
in
g
va
lu
e-
p
o
li
cy
it
er
a
ti
o
n
:
In
th
e
va
lu
e
st
ep
,
fo
r

a
�
xe
d
co
n
tr
ol
le
r,
w
e
�
n
d
a
su
p
p
ly
ra
te
an
d
a
st
o
ra
ge
fu
n
ct
io
n
su
ch
th
at

th
e
d
i�
er
en
ti
al
d
is
si
p
a
ti
o
n
in
eq
u
al
it
y
h
o
ld
s.
T
h
is
an
al
y
si
s
p
ro
b
le
m
ca
n
fo
r

in
st
a
n
ce
b
e
so
lv
ed
w
it
h
co
n
ve
x
op
ti
m
iz
at
io
n
as
ou
tl
in
ed
a
b
ov
e.
T
h
en
,
in
th
e

po
li
cy
st
ep
w
e
�
x
th
e
su
p
p
ly
ra
te
an
d
th
e
st
o
ra
g
e
fu
n
ct
io
n
a
n
d
co
m
p
u
te

th
e
m
ax
im
u
m

d
is
si
pa
ti
on
co
n
tr
ol
le
r,
i.
e.
th
e
co
n
tr
ol
la
w
w
h
ic
h
at
ea
ch

p
oi
n
t
in
st
a
te
sp
ac
e
m
ax
im
iz
es
th
e
w
or
st
-c
a
se
d
is
si
p
at
io
n
.
T
h
is
is
a
fa
m
il
y

of
st
at
ic
m
in
-m
a
x
p
ro
b
le
m
s.
T
h
en
th
e
va
lu
e
st
ep
an
d
th
e
p
o
li
cy
st
ep
ar
e

it
er
at
ed
.
It
is
ea
sy
to
sh
ow
m
on
ot
on
ic
it
y
of
su
ch
a
n
al
go
ri
th
m
;
u
n
d
er

su
it
ab
le
h
y
p
ot
h
es
is
th
is
im
p
li
es
co
n
ve
rg
en
ce
.
W
e
h
av
e
in
[1
14
]
gi
ve
n
th
e

d
et
a
il
s
in
su
ch
an
al
go
ri
th
m
fo
r
th
e
ca
se
of
li
n
ea
r
sy
st
em
s
an
d
q
u
ad
ra
ti
c

su
p
p
ly
ra
te
s
an
d
d
em
on
st
ra
te
d
it
on
a
n
u
m
er
ic
a
l
ex
a
m
p
le
.

F
or
a
li
n
ea
r
sy
st
em
an
d
a
q
u
a
d
ra
ti
c
su
p
p
ly
ra
te
it
is
p
o
ss
ib
le
to
gi
ve
a
co
n
ve
x

p
a
ra
m
et
ri
za
ti
on
of
li
n
ea
r
co
n
tr
ol
le
rs
(s
ta
ti
c
st
a
te
fe
ed
b
ac
k
or
fu
ll
or
d
er

o
u
tp
u
t
fe
ed
b
ac
k
)
w
h
ic
h
m
a
ke
th
e
sy
st
em

d
is
si
p
at
iv
e;
th
is
tr
ic
k
ap
p
ea
re
d

�
rs
t
in
[1
5]
fo
r
th
e
st
at
e
fe
ed
b
ac
k
p
ro
b
le
m
,s
ee
al
so
[3
7,
12
6]
.
T
h
is
m
ot
iv
at
es

a
tw
o
-s
te
p
it
er
at
iv
e
p
ro
ce
d
u
re
w
h
er
e
th
e
�
rs
t
st
ep
op
ti
m
iz
es
th
e
su
p
p
ly

ra
te
w
h
il
e
th
e
se
co
n
d
�
n
d
s
a
co
n
tr
ol
le
r
w
h
ic
h
m
ak
es
th
e
cl
os
ed
lo
op
sy
st
em

d
is
si
p
a
ti
v
e
w
.r
.t
.
th
e
cu
rr
en
t
su
p
p
ly
ra
te
.
A
si
m
il
a
r
p
ro
ce
d
u
re
is
su
gg
es
te
d

in
th
e
re
ce
n
t
re
fe
re
n
ce
[1
26
];
se
e
al
so
[1
2
5]
.

R
eg
ar
d
in
g
ou
tp
u
t
fe
ed
b
a
ck
co
n
tr
ol
of
n
on
li
n
ea
r
p
la
n
ts
,
it
is
p
ri
n
ci
p
le
p
os
-

si
b
le
to
co
m
b
in
e
a
se
ar
ch
ov
er
th
e
d
-w
ei
gh
ts
w
it
h
th
e
in
fo
rm
at
io
n
st
at
e

ap
p
ro
ac
h
[5
5]
to
d
i�
er
en
ti
al
ga
m
es
.
T
h
e
re
su
lt
in
g
p
ro
b
le
m
s
ar
e
in
g
en
-

er
al
d
et
er
ri
n
gl
y
co
m
p
le
x
a
n
d
w
it
h
th
e
p
re
se
n
t
st
at
e
of
th
e
ar
t
h
eu
ri
st
ic

ap
p
ro
ac
h
es
sh
ou
ld
b
e
m
or
e
fr
u
it
fu
l;
fo
r
in
st
an
ce
,
�
rs
t
so
lv
in
g
th
e
li
n
ea
ri
ze
d

p
ro
b
le
m
a
n
d
th
en
ap
p
ly
in
g
L
u
k
es
sc
h
em
e.

T
o
w
a
rd
s
a
n
o
n
c
o
n
se
rv
a
ti
v
e
c
o
n
d
it
io
n

T
h
e
te
ch
n
iq
u
e
in
th
is
ch
ap
te
r
is
es
se
n
ti
al
ly
th
e
fo
ll
ow
in
g:
If
V
(x
)
is
a

st
o
ra
g
e
fu
n
ct
io
n
fo
r
�
w
it
h
re
sp
ec
t
to
s
+
P i
d
is
i
an
d
V
a
(�
;�
s i
)
ar
e
st
or
ag
e

fu
n
ct
io
n
s
fo
r
�
w
.r
.t
.
�
s i
,
th
en
V
(x
)+
P i
d
iV
a
(�
;�
s i
)
is
a
st
or
ag
e
fu
n
ct
io
n

fo
r
th
e
in
te
rc
on
n
ec
ti
on
(�
;�
)
w
.r
.t
.
s.
O
n
e
w
ay
to
ge
n
er
al
iz
e
th
is
is
to

�
n
d
a
fu
n
ct
io
n
� V
(x
;�
i)
su
ch
th
at
th
e
av
a
il
ab
le
st
or
ag
e
of
(�
;�
)
is
le
ss

th
a
n
� V
p
ro
v
id
ed
th
at
V
a
(�
;�
s i
)
�
�
i.
T
h
is
le
ad
s
to
a
le
ss
co
n
se
rv
at
iv
e

3.
5

N
ot
es
an
d
re
fe
re
n
ce
s

6

co
n
d
it
io
n
si
n
ce
w
e
d
o
n
ot
re
q
u
ir
e
� V
to
b
e
in
th
e
fo
rm
V
(x
)
+
P i
d
i�
i
.
I

fa
ct
th
is
co
n
d
it
io
n
is
n
on
co
n
se
rv
at
iv
e
in
a
ce
rt
ai
n
se
n
se
,
an
d
ca
n
b
e
ve
ri
�
e

b
y
p
er
fo
rm
in
g
d
is
si
p
at
io
n
an
al
y
si
s
of
an
ex
te
n
d
ed
p
la
n
t.
W
e
d
o
n
ot
p
u
rs
u

th
is
fu
rt
h
er
at
th
is
p
oi
n
t
b
u
t
w
il
l
re
tu
rn
to
th
e
st
o
ch
as
ti
c
an
al
og
y
of
th

id
ea
in
p
ar
t
II
of
th
is
d
is
se
rt
at
io
n
;
se
e
p
ag
e
1
33
.
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C
h
a
p
te
r
3
.
R
ob
u
st
n
es
s
to
w
a
rd
s
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s

C
h
a
p
te
r
4

S
im
u
lt
a
n
e
o
u
s
H
1

C
o
n
tr
o
l

W
e
co
n
si
d
er
th
e
p
ro
b
le
m
of
�
n
d
in
g
on
e
ou
tp
u
t
fe
ed
b
ac
k
co
n
-

tr
ol
le
r
w
h
ic
h
ac
h
ie
v
es
H
1

p
er
fo
rm
an
ce
w
h
en
co
n
n
ec
te
d
to
an
y

on
e
of
p
li
n
ea
r
ti
m
e
in
va
ri
a
n
t
p
la
n
ts
.
T
h
is
is
a
p
ro
to
ty
p
e
of
a
n

ad
ap
ti
ve
H
1

co
n
tr
ol
p
ro
b
le
m
.
W
e
fo
rm
u
la
te
th
e
p
ro
b
le
m
as
a

n
on
-l
in
ea
r
H
1

p
ro
b
le
m
an
d
sh
ow
th
at
th
e
m
in
im
ax
co
n
tr
ol
le
r

is
�
n
it
e
d
im
en
si
on
al
b
u
t
n
ot
b
as
ed
on
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
.

S
y
n
th
es
is
of
th
e
m
in
im
ax
co
n
tr
ol
le
r
in
vo
lv
es
so
lv
in
g
a
p
a
rt
ia
l

d
i�
er
en
ti
al
eq
u
at
io
n
,
n
am
el
y
a
st
at
e
fe
ed
b
ac
k
H
am
il
to
n
-J
ac
ob
i-

Is
aa
cs
eq
u
at
io
n
.
W
e
in
v
es
ti
ga
te
th
e
st
ru
ct
u
re
of
th
e
so
lu
ti
on

an
d
d
er
iv
e
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r
w
h
ic
h

h
as
a
sw
it
ch
in
g
ar
ch
it
ec
tu
re
.

4
.1

In
tr
o
d
u
c
ti
o
n

R
ob
u
st
n
es
s
in
p
re
se
n
ce
of
b
ot
h
p
ar
am
et
ri
c
an
d
d
y
n
am
ic
p
er
tu
rb
at
io
n
s
i

an
im
p
or
ta
n
t
p
ro
b
le
m
w
h
ic
h
p
os
es
g
re
at
th
eo
re
ti
ca
l
d
i�
cu
lt
ie
s.
In
ap
p
li
ca

ti
on
s,
p
ar
am
et
ri
c
u
n
ce
rt
ai
n
ty
is
ty
p
ic
al
ly
e�
ec
ti
ve
a
t
lo
w
fr
eq
u
en
ci
es
,
an

is
of
te
n
h
ig
h
ly
st
ru
ct
u
re
d
.
O
n
th
e
ot
h
er
h
an
d
,
le
ss
st
ru
ct
u
re
d
d
y
n
am
i

p
er
tu
rb
at
io
n
s
al
w
ay
s
a�
ec
t
h
ig
h
fr
eq
u
en
cy
b
eh
av
io
u
r
[1
28
,
p
.
21
6]
.

W
it
h
a
lo
w
le
ve
l
of
p
ar
am
et
ri
c
u
n
ce
rt
ai
n
ty
an
d
w
it
h
a
H
1

b
o
u
n
d
ed
d
y

n
am
ic
p
er
tu
rb
at
io
n
,
li
n
ea
r
co
n
tr
ol
le
rs
m
ay
su
�
ce
,
w
h
ic
h
th
en
ca
n
b
e
d
e

si
gn
ed
u
si
n
g
�
sy
n
th
es
is
[1
28
,
5]
or
q
u
ad
ra
ti
c
st
ab
il
iz
at
io
n
[1
30
,
3
9,
15
];
se
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

al
so
[3
4]
.
F
or
la
rg
er
le
ve
ls
o
f
p
ar
am
et
ri
c
u
n
ce
rt
ai
n
ty
on
e
w
ou
ld
ex
p
ec
t
th
at

im
p
ro
ve
m
en
t
ca
n
b
e
ac
h
ie
v
ed
b
y
u
si
n
g
n
on
li
n
ea
r
co
n
tr
ol
le
rs
w
h
ic
h
in
cl
u
d
e

an
ad
ap
ta
ti
on
m
ec
h
a
n
is
m
.
T
h
is
m
o
ti
va
te
s
th
e
�
el
d
of
ad
ap
ti
v
e
H
1

co
n
tr
ol
.

A
n
a
tu
ra
l
ap
p
ro
a
ch
to
a
d
ap
ti
ve
H
1

co
n
tr
ol
is
to
ex
te
n
d
th
e
st
at
e
w
it
h

th
e
u
n
k
n
ow
n
p
ar
am
et
er
s,
th
u
s
ob
ta
in
in
g
a
H
1

co
n
tr
ol
p
ro
b
le
m
fo
r
a
n
ew

n
on
li
n
ea
r
p
la
n
t.
T
h
en
,
on
e
m
ay
ap
p
ly
th
e
d
i�
er
en
ti
al
g
am
e
te
ch
n
iq
u
es
[9
,

1
20
,
55
]
to
n
on
li
n
ea
r
H
1

co
n
tr
ol
.
T
h
is
ap
p
ro
ac
h
h
as
b
ee
n
p
u
rs
u
ed
in
fo
r

in
st
an
ce
[2
2,
2
5]
.
In
th
es
e
re
fe
re
n
ce
s
u
n
ce
rt
ai
n
ty
is
re
st
ri
ct
ed
to
sp
ec
ia
l

p
ar
ts
of
th
e
sy
st
em
su
ch
th
at
th
e
m
in
im
ax
co
n
tr
ol
le
r
is
�
n
it
e
d
im
en
si
on
al

an
d
b
as
ed
on
ce
rt
a
in
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
s
su
ch
as
th
e
on
e
in
[1
4]
.

In
v
ie
w
o
f
th
is
,
a
n
im
m
ed
ia
te
q
u
es
ti
on
is
:
W
it
h
a
d
y
n
am
ic
ga
m
e
ap
p
ro
ac
h

to
ad
ap
ti
v
e
H
1

co
n
tr
ol
,
is
ce
rt
ai
n
ty
eq
u
iv
a
le
n
ce
an
d
�
n
it
e-
d
im
en
si
on
al

m
in
im
ax
co
n
tr
ol
le
rs
th
e
g
en
er
ic
si
tu
at
io
n
,
o
r
a
sp
ec
ia
l
ca
se
?
T
o
st
u
d
y
th
is

q
u
es
ti
on
w
e
co
n
si
d
er
th
e
sp
ec
ia
l
si
tu
at
io
n
w
h
er
e
th
e
u
n
k
n
ow
n
p
ar
am
et
er
a

pr
io
ri
is
re
st
ri
ct
ed
to
a
k
n
ow
n
,
�
n
it
e
se
t.
S
u
ch
p
ro
b
le
m
s
o
f
si
m
u
lt
an
eo
u
s

co
n
tr
ol
ca
n
b
e
co
n
si
d
er
ed
a
s
a
p
ro
to
ty
p
e
o
f
a
d
ap
ti
ve
co
n
tr
ol
p
ro
b
le
m
s
-

se
e
e.
g.
[4
4]
.
O
u
r
co
n
cl
u
si
on
is
n
eg
at
iv
e:
C
er
ta
in
ty
eq
u
iv
al
en
ce
ca
n
n
ot

b
e
ex
p
ec
te
d
to
h
ol
d
in
ad
ap
ti
v
e
H
1

co
n
tr
ol
p
ro
b
le
m
s.
F
u
rt
h
er
m
or
e,
th
e

m
in
im
ax
co
n
tr
ol
le
r
m
u
st
ru
n
a
li
n
ea
r
H
1

�
lt
er
fo
r
ea
ch
p
os
si
b
le
va
lu
e
of

th
e
p
ar
a
m
et
er
.
T
h
er
ef
or
e
w
e
ex
p
ec
t
th
e
m
in
im
ax
co
n
tr
ol
le
r
to
b
e
in
�
n
it
e-

d
im
en
si
on
al
w
h
en
th
er
e
is
a
co
n
ti
n
u
u
m
of
p
o
ss
ib
le
p
ar
am
et
er
va
lu
es
.

N
ex
t,
w
e
sh
ow
th
at
th
e
he
u
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r
gu
ar
an
te
es

H
1

p
er
fo
rm
an
ce
,
p
ro
v
id
ed
th
at
th
e
m
in
im
ax
co
n
tr
ol
in
p
u
t
is
u
n
iq
u
el
y

d
e�
n
ed
fo
r
al
m
o
st
al
l
ti
m
es
.
T
h
is
w
ea
k
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le

em
p
h
as
iz
es
th
e
fo
ll
ow
in
g
p
o
in
t:
T
h
e
im
p
or
ta
n
t
is
su
e
is
n
ot
if
th
e
be
st
(i
.e
,

m
in
im
ax
)
co
n
tr
ol
le
r
is
b
as
ed
o
n
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
,
b
u
t
if
a
ce
rt
ai
n
ty

eq
u
iv
a
le
n
ce
b
a
se
d
co
n
tr
ol
le
r
is
go
od
en
ou
gh
,
i.
e,
gu
ar
an
te
es
th
at
th
e
H
1

d
es
ig
n
o
b
je
ct
iv
e
is
m
et
.

B
es
id
es
b
ei
n
g
p
ro
to
ty
p
es
of
ad
ap
ti
ve
co
n
tr
ol
p
ro
b
le
m
s,
si
m
u
lt
an
eo
u
s
co
n
-

tr
ol
p
ro
b
le
m
s
h
av
e
b
ee
n
th
e
su
b
je
ct
of
co
n
si
d
er
ab
le
in
d
ep
en
d
en
t
re
se
ar
ch
.

L
in
ea
r
co
n
tr
ol
le
rs
a
re
in
ve
st
ig
at
ed
in
[1
7,
19
];
in
g
en
er
al
n
on
li
n
ea
r
co
n
tr
ol

le
ad
s
to
im
p
ro
ve
m
en
t.
S
w
it
ch
in
g
co
n
tr
ol
is
st
u
d
ie
d
in
[7
9,
80
,
81
]
a
n
d
th
e

re
fe
re
n
ce
s
th
er
ei
n
:
T
h
es
e
co
n
tr
ol
le
rs
co
n
si
st
of
a
b
a
n
k
of
li
n
ea
r
lo
w
-l
ev
el

co
n
tr
ol
le
rs
a
n
d
a
h
ig
h
-l
ev
el
lo
gi
ca
l
sw
it
ch
,
w
h
ic
h
co
n
n
ec
ts
on
e
of
th
e
lo
w
-

le
v
el
co
n
tr
o
ll
er
s
to
th
e
p
la
n
t.
O
n
e
w
ay
of
d
es
ig
n
in
g
th
e
sw
it
ch
is
to
�
n
d
th
at

es
ti
m
at
or
w
h
ic
h
su
p
p
li
es
th
e
b
es
t
�
t
w
it
h
ob
se
rv
at
io
n
s,
an
d
th
en
sw
it
ch
in

th
e
co
rr
es
p
on
d
in
g
co
n
tr
ol
le
r.
T
h
is
te
ch
n
iq
u
e
ap
p
ea
rs
in
[8
1,
79
,
49
].

4.
1

In
tr
o
d
u
ct
io
n

7

In
th
is
ch
ap
te
r
w
e
p
oi
n
t
ou
t
th
at
th
is
te
ch
n
iq
u
e,
w
h
en
ap
p
li
ed
to
th
e
p
ro
b

le
m
of
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
ol
,
m
u
st
b
e
m
o
d
i�
ed
so
th
at
th
e
sw
it
ch
co
m

p
ar
es
n
ot
ju
st
es
ti
m
at
io
n
er
ro
rs
b
u
t
al
so
a
co
n
tr
ol
er
ro
r
as
so
ci
at
ed
w
it

ea
ch
co
n
tr
ol
le
r.
T
h
e
re
su
lt
in
g
sw
it
ch
in
g
co
n
tr
ol
le
r
is
ex
ac
tl
y
th
e
h
eu
ri
st
i

ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r.

A
p
ro
b
le
m
w
it
h
sw
it
ch
in
g
ar
ch
it
ec
tu
re
s
is
ch
at
te
ri
n
g.
C
h
at
te
ri
n
g
is
ra
p
i

sw
it
ch
in
g
b
ac
k
an
d
fo
rt
h
,
or
th
at
u
n
iq
u
e
(c
la
ss
ic
al
)
so
lu
ti
on
s
to
th
e
d
y
n
am
i

eq
u
at
io
n
s
se
iz
e
to
ex
is
t,
d
ep
en
d
in
g
on
on
es
p
oi
n
t
of
v
ie
w
.
M
o
d
i�
ca
ti
on
o

th
e
sw
it
ch
to
av
oi
d
ch
at
te
ri
n
g
ar
e
su
gg
es
te
d
in
[7
9]
;
in
th
is
ch
ap
te
r
w

su
gg
es
t
an
al
te
rn
at
iv
e
b
as
ed
on
a
sm
o
ot
h
ap
p
ro
x
im
at
io
n
of
th
e
sw
it
ch
.

T
h
e
ch
ap
te
r
is
or
ga
n
iz
ed
as
fo
ll
ow
s:
S
ec
ti
on
4.
2
fo
rm
u
la
te
s
th
e
si
m
u
lt
an
eo
u

H
1

co
n
tr
ol
p
ro
b
le
m
.
S
ec
ti
on
4.
3
d
ea
ls
w
it
h
th
e
ex
te
n
d
ed
st
at
e
fe
ed
b
ac

p
ro
b
le
m

w
h
il
e
se
ct
io
n
4.
4
d
ev
el
op
s
th
e
�
lt
er
fo
r
th
e
w
or
st
-c
as
e
ex
te
n
d
e

st
at
e
es
ti
m
at
e.
S
ec
ti
on
4.
5
d
is
cu
ss
es
th
e
th
e
m
in
im
ax
co
n
tr
ol
le
r.
S
ec
ti
on
4.

co
n
ce
rn
s
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r.
F
in
al
ly
se
ct
io
n
4.

o�
er
s
so
m
e
co
n
cl
u
si
on
s.

N
o
ta
ti
o
n

If
P
is
a
tw
o-
p
or
t
p
la
n
t
w
it
h
d
is
tu
rb
an
ce
in
p
u
t
w
,
co
n
tr
ol
in
p
u
t
u
,
m
e a

su
re
m
en
ts
y
an
d
er
ro
r
si
gn
al
z
,
an
d
K

is
a
co
n
tr
ol
le
r
w
it
h
in
p
u
t
y
an

ou
tp
u
t
u
,
th
en
(P
;K
)
d
en
ot
es
th
e
cl
os
ed
-l
o
op
sy
st
em

w
it
h
in
p
u
ts
w
an

ou
tp
u
ts
z
(s
ee
�
gu
re
4.
1
b
el
ow
).

W
e
u
se
th
e
st
an
d
ar
d
n
ot
io
n
of
L
2
-g
ai
n
s,
se
e
[1
19
]
an
d
p
ag
e
17
ab
ov
e:

D
e
�
n
it
io
n
2
9
:
[L
2
-g
ai
n
]
T
h
e
L
2
-g
ai
n
of
a
st
at
e-
sp
ac
e
sy
st
em
�
(m
ap
p
in

in
p
u
ts
w
(�
)
to
ou
tp
u
ts
z
(�
)
th
ro
u
gh
st
at
es
�
(�
))
is
d
en
ot
ed
k�
k
a
n
d
is
th

in
�
m
u
m
of
al
l
n
u
m
b
er
s


>
0
su
ch
th
a
t

8
� 0
:
9
M
(�
0
)
:
8
t f
>
t 0
;
w
2
L
2
([
t 0
;t
f
])
:

Z t f t 0

jz
(t
)j
2
d
t
�


2

Z t f t 0

jw
(t
)j
2
d
t
+
M
(�
0
)

:

H
er
e
z
(�
)
is
th
e
ou
tp
u
t
co
rr
es
p
on
d
in
g
to
th
e
in
p
u
t
w
(�
)
an
d
th
e
in
it
ia
l
st
a
t

�
(t
0
)
=
� 0
.
If
n
o
su
ch


ex
is
ts
w
e
w
ri
te
k�
k
=
1
.

2

W
e
co
n
si
d
er
on
ly
m
ea
su
ra
b
le
lo
ca
ll
y
b
ou
n
d
ed
in
p
u
ts
an
d
as
su
m
e
th
at
a

sy
st
em
s
m
ap
su
ch
in
p
u
ts
to
m
ea
su
ra
b
le
lo
ca
ll
y
b
o
u
n
d
ed
st
at
es
an
d
ou
tp
u
ts
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

4
.2

P
ro
b
le
m

st
a
te
m
e
n
t

W
e
co
n
si
d
er
sy
st
em
s
of
th
e
fo
rm

_x
(t
)

=

A
�
x
(t
)
+
B
�
u
(t
)
+
G
�
w
(t
)

y
(t
)

=

C
�
x
(t
)
+
v
(t
)

z
(t
)

=

� H
�
x
(t
)

u
(t
)

�

�

2

f1
;:
::
;p
g

4 =
�

(4
.1
)

H
er
e,
x
is
th
e
st
at
e
of
th
e
sy
st
em
,
u
is
a
co
n
tr
ol
in
p
u
t,
w
is
an
p
ro
ce
ss

d
is
tu
rb
a
n
ce
,
y
is
th
e
m
ea
su
re
d
si
gn
al
,
v
is
th
e
m
ea
su
re
m
en
t
n
oi
se
,
z
is
th
e

ge
n
er
al
iz
ed
er
ro
r
si
g
n
al
.
A
ll
si
gn
al
s
ta
k
e
va
lu
es
in
E
u
cl
id
ea
n
sp
ac
es
.

T
h
e
m
at
ri
ce
s
(A
�
;B
�
;G
�
;C
�
;H
�
)
ar
e
k
n
ow
n
fu
n
ct
io
n
s
of
th
e
u
n
k
n
ow
n
p
a-

ra
m
et
er
�.
W
it
h
P
�
w
e
d
en
ot
e
th
e
li
n
ea
r
sy
st
em

fr
om
(w
;v
;u
)
to
(z
;y
)

ob
ta
in
ed
b
y
�
x
in
g
�.

(w
;v
)

u

yz

�

�

�

-

P
� K

F
ig
u
re
4
.1
:
S
im
u
lt
a
n
eo
u
s
C
on
tr
o
l
P
ro
b
le
m

P
ro
b
le
m

o
f
S
im
u
lt
a
n
e
o
u
s
H
1

C
o
n
tr
o
l
w
it
h
S
ta
b
il
it
y
:
G
iv
en
a
co
n
-

st
a
n
t


>
0,
�
n
d
a
ca
u
sa
l
co
n
tr
o
l
la
w
K

:
y
(�
)
!

u
(�
)
su
ch
th
at
fo
r
an
y

p
ar
a
m
et
er
�
2
�
,
th
e
cl
os
ed
-l
o
op
sy
st
em
(P
�
;K
)
fr
om
(w
;v
)
to
z
h
as
L
2
-

ga
in
le
ss
th
a
n


an
d
in
ad
d
it
io
n
(P
�
;K
)
is
in
te
rn
al
ly
st
ab
le
in
th
e
se
n
se

th
at
w
(�
)
2
L
2
([
0;
1
))
,
v
2
L
2
([
0;
1
))
im
p
li
es
th
a
t
x
(t
)
!
0
as
t
!
1
.
�

W
e
ad
o
p
t
th
e
fo
ll
ow
in
g
st
a
n
d
ar
d
as
su
m
p
ti
on
s
o
n
th
e
sy
st
em
m
at
ri
ce
s:

A
ss
u
m
p
ti
o
n
3
0
:

1.
F
o
r
a
n
y
i
2
�
,
th
e
tr
ip
le
(C
i;
A
i;
B
i)
is
d
et
ec
ta
b
le
an
d
st
ab
il
iz
ab
le
.

2.
F
o
r
a
n
y
i
2
�
,
th
e
tr
ip
le
(H
i;
A
i;
G
i)
is
ob
se
rv
ab
le
an
d
co
n
tr
ol
la
b
le
. 2

4.
2

P
ro
b
le
m
st
at
em
en
t

7

T
h
e
st
an
d
ar
d
d
is
cu
ss
io
n
re
ga
rd
in
g
th
es
e
as
su
m
p
ti
on
s
ap
p
li
es
[1
28
]:
T
h

�
rs
t
p
ar
t
is
n
ec
es
sa
ry
fo
r
th
e
ex
is
te
n
ce
of
an
in
te
rn
al
ly
st
ab
il
iz
in
g
co
n

tr
ol
le
r.
T
h
e
se
co
n
d
p
ar
t
is
m
ai
n
ly
a
te
ch
n
ic
al
re
gu
la
ri
ty
a
ss
u
m
p
ti
on
,
w
h
ic

gu
ar
an
te
es
th
at
an
y
cl
os
ed
-l
o
op
sy
st
em
w
it
h
�
n
it
e
L
2
-g
ai
n
m
u
st
b
e
in
te
r

n
al
ly
st
ab
le
an
d
fu
rt
h
er
m
or
e
th
at
ce
rt
ai
n
lo
ss
fu
n
ct
io
n
s
ar
e
p
os
it
iv
e
d
e�
n
it
e

A
s
in
li
n
ea
r
H
1

co
n
tr
ol
fo
r
a
�
x
ed
p
la
n
t,
th
e
se
co
n
d
as
su
m
p
ti
on
ca
n
b

re
la
x
ed
q
u
it
e
a
b
it
b
u
t
to
ke
ep
th
e
ex
p
os
it
io
n
si
m
p
le
,
w
e
sh
al
l
n
ot
d
o
th
is

A
d
d
in
g
th
e
p
ar
am
et
er
d
y
n
am
ic
s

_ �(
t)
=
0

(4
.2

w
e
ob
ta
in
a
n
on
-l
in
ea
r
sy
st
em
d
es
cr
ip
ti
on
in
th
e
ex
te
n
de
d
st
at
e
(x
0 ;
�)
0
b

co
m
b
in
in
g
(4
.2
)
an
d
(4
.1
).
W
e
th
en
at
ta
ck
th
e
p
ro
b
le
m
of
n
on
-l
in
ea
r
H
1

co
n
tr
ol
fo
r
th
is
sy
st
em

u
si
n
g
th
e
di
�
er
en
ti
al
ga
m
e
te
ch
n
iq
u
es
fo
r
o
u
tp
u

fe
ed
b
ac
k
d
es
ig
n
p
re
se
n
te
d
in
[9
,
1
2
0]
.
T
o
b
e
sp
ec
i�
c,
w
e
co
n
si
d
er
th
e
d
if

fe
re
n
ti
al
m
in
-m
ax
p
ro
b
le
m

m
in
K

su
p

w
(�
);
x
(�
);
�

� Z 1 0
�
s �
(t
)
d
t
�

1 2
x
(0
)0
N
�
x
(0
)
�
�
��

(4
.3

w
h
er
e
w
e
h
av
e
u
se
d
th
e
sh
or
th
an
d

s i
=

1 2


2
jw
j2
+

1 2


2
jy
�
C
ix
j2
�

1 2
ju
j2
�

1 2
jH
ix
j2

:

(4
.4

H
er
e,
th
e
su
p
re
m
u
m
is
su
b
je
ct
to
th
e
d
y
n
am
ic
s
(4
.2
)
an
d
(4
.1
),
an
d
th

m
in
im
iz
at
io
n
is
su
b
je
ct
to
th
e
ca
u
sa
li
ty
re
st
ri
ct
io
n
o
n
th
e
co
n
tr
ol
le
r
K

N
ot
ic
e
th
at
th
e
in
it
ia
l
co
n
d
it
io
n
x
(0
)
is
ch
os
en
b
y
th
e
m
ax
im
iz
in
g
p
la
ye
r

If
th
is
m
in
im
ax
p
ro
b
le
m
h
as
�
n
it
e
u
p
p
er
va
lu
e
fo
r
so
m
e
ch
o
ic
e
o
f
N
i
an

�
i,
th
en
th
er
e
ex
is
ts
a
co
n
tr
ol
le
r
(v
iz
.,
th
e
m
in
im
ax
co
n
tr
ol
le
r)
w
h
ic
h
gu
ar

an
te
es
th
at
th
e
cl
os
ed
lo
op
fr
om
(w
(�
);
v
(�
))
to
z
(�
)
h
as
L
2
-g
ai
n
le
ss
th
a

or
eq
u
al
to


.
T
h
e
co
n
ve
rs
e
al
so
h
ol
d
s.

In
th
is
m
in
im
ax
p
ro
b
le
m
�
i
�
0
re
p
re
se
n
ts
p
ri
or
in
fo
rm
at
io
n
ab
ou
t
�;
o
u

p
ri
or
es
ti
m
at
e
of
�
is
ar
g
m
in
i
�
i
(a
ss
u
m
in
g
a
u
n
iq
u
e
m
in
im
u
m
p
oi
n
t)
.
F
o

si
m
p
li
ci
ty
an
d
w
it
h
ou
t
lo
ss
of
ge
n
er
al
it
y
w
e
a
ss
u
m
e
m
in
i
�
i
=
0.

S
im
il
ar
ly
,
N
i
>
0
re
p
re
se
n
ts
ou
r
co
n
�
d
en
ce
in
th
e
p
ri
or
es
ti
m
at
e
x
(0
)
=

0,
gi
ve
n
th
at
�
=
i.
T
h
e
ch
oi
ce
of
N
i
in


u
en
ce
s
th
e
tr
an
si
en
ts
o
f
th

st
at
e
es
ti
m
at
or
b
u
t
n
ot
st
ea
d
y
-s
ta
te
b
eh
av
io
u
r
su
ch
a
s
th
e
cl
os
ed
-l
o
op
L
2

ga
in
.
T
h
e
st
an
d
ar
d
d
is
cu
ss
io
n
fr
om

li
n
ea
r
H
1

th
eo
ry
[4
2]
ap
p
li
es
;
th

si
tu
at
io
n
co
rr
es
p
on
d
s
to
th
e
in
it
ia
li
za
ti
on
of
va
ri
an
ce
s
in
K
al
m
an
�
lt
er
s
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

F
or
si
m
p
li
ci
ty
,
w
e
ar
e
go
in
g
to
as
su
m
e
th
at
th
e
es
ti
m
at
or
st
ar
ts
in
st
ea
d
y

st
at
e;
se
e
se
ct
io
n
4
.4
b
el
ow
.

In
th
e
fo
ll
ow
in
g
se
ct
io
n
s
w
e
a
p
p
ro
ac
h
th
is
m
in
-m
ax
p
ro
b
le
m
s,
fo
ll
ow
in
g
th
e

ge
n
er
a
l
p
ro
ce
d
u
re
o
f
[9
]
cl
os
el
y
as
fa
r
a
s
p
os
si
b
le
.
It
is
in
te
re
st
in
g
to
se
e

th
a
t
n
o
p
ro
b
le
m
s
ar
e
ca
u
se
d
b
y
th
e
fa
ct
th
a
t
o
u
r
st
a
te
sp
ac
e
R
n
�
f1
;:
::
;p
g

is
hy
br
id
,
i.
e.
h
as
a
co
n
ti
n
u
o
u
s
a
s
w
el
l
a
s
a
d
is
cr
et
e
p
ar
t.
T
h
e
m
ai
n
st
ep
s

in
th
e
p
ro
ce
d
u
re
ar
e:

1.
T
h
e
fu
ll
in
fo
rm
at
io
n
p
ro
b
le
m
w
h
er
e
x
a
n
d
�
is
av
ai
la
b
le
to
th
e
co
n
-

tr
ol
le
r
o
n
-l
in
e.
T
h
is
p
ro
b
le
m
re
d
u
ce
s
to
p
st
a
n
d
ar
d
li
n
ea
r
H
1

p
ro
b
-

le
m
s;
se
ct
io
n
4.
3
.

2.
T
h
e
p
ro
b
le
m
o
f
es
ti
m
at
in
g
x
a
n
d
�
u
si
n
g
th
e
m
ea
su
re
d
si
gn
al
y
(�
).

T
h
e
so
lu
ti
on
is
a
ba
n
k
o
f
li
n
ea
r
st
at
e
es
ti
m
a
to
rs
,
on
e
fo
r
ea
ch
p
ar
am
-

et
er
va
lu
e,
w
h
ic
h
ru
n
in
p
a
ra
ll
el
.
T
h
e
�
n
a
l
st
a
te
es
ti
m
at
e
is
fo
u
n
d
b
y

co
m
p
ar
in
g
re
si
d
u
al
s
a
ss
o
ci
a
te
d
w
it
h
th
es
e
es
ti
m
at
or
s;
se
ct
io
n
4.
4.

3.
In
[9
],
a
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
[1
4]
is
ve
ri
�
ed
at
th
is
p
oi
n
t.

In
ou
r
ca
se
,
th
e
h
y
p
ot
h
es
is
fo
r
th
is
p
ri
n
ci
p
le
is
n
ot
m
et
.
In
st
ea
d
,
w
e

re
d
u
ce
th
e
p
ro
b
le
m
to
a
�
n
it
e-
d
im
en
si
on
a
l
fu
ll
in
fo
rm
at
io
n
m
in
im
ax

co
n
tr
ol
p
ro
b
le
m
.
O
u
r
p
ro
ce
d
u
re
is
si
m
il
a
r
to
th
e
in
fo
rm
at
io
n
st
at
e

m
ac
h
in
er
y
[5
5]
.
T
h
e
m
in
im
a
x
co
n
tr
ol
le
r
is
th
en
ch
ar
ac
te
ri
ze
d
b
y
a

H
am
il
to
n
-J
ac
ob
i-
Is
aa
cs
eq
u
at
io
n
.
W
e
d
is
cu
ss
th
is
eq
u
at
io
n
an
d
th
e

st
ru
ct
u
re
of
it
s
so
lu
ti
o
n
;
se
ct
io
n
4.
5
.

4.
F
in
al
ly
w
e
in
v
es
ti
ga
te
th
e
he
u
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r;

se
ct
io
n
4.
6
.

4
.3

C
o
n
tr
o
l
w
it
h
k
n
o
w
n
e
x
te
n
d
e
d
st
a
te

W
e
ad
d
re
ss
th
e
su
b
p
ro
b
le
m
w
h
er
e
y
=
(x
;�
).
A
tr
iv
ia
l
b
u
t
h
el
p
fu
l
ob
se
r-

va
ti
on
is
th
at
th
is
ex
te
n
d
ed
st
at
e
fe
ed
ba
ck
p
ro
b
le
m
re
d
u
ce
s
to
a
st
an
d
ar
d

li
n
ea
r
H
1

p
ro
b
le
m
fo
r
ea
ch
pa
ra
m
et
er
�.
F
ol
lo
w
in
g
[1
28
],
w
e
co
n
si
d
er
th
e

p
co
n
tr
o
l
a
lg
eb
ra
ic
R
ic
ca
ti
eq
u
at
io
n
s

A
0 iX
i
+
X
iA
i
+
X
i

� 1 

2
G
iG
0 i
�
B
iB
0 i

� X
i
+
H
0 iH
i
=
0

(4
.5
)

w
h
ic
h
w
e
ex
p
li
ci
tl
y
as
su
m
e
h
av
e
th
e
n
ee
d
ed
so
lu
ti
o
n
s:

4.
4

T
h
e
es
ti
m
at
io
n
p
ro
b
le
m

7

A
ss
u
m
p
ti
o
n
3
1
:

F
or
ea
ch
i
=

1;
::
:;
p
,
th
e
al
ge
b
ra
ic
R
ic
ca
ti
eq
u
a

ti
on
(4
.5
)
ad
m
it
s
a
so
lu
ti
on
X
i
su
ch
th
a
t
A
i
�
B
iB
0 i
X
i
+

1 

2

G
iG
0 iX
i
i

as
y
m
p
to
ti
ca
ll
y
st
ab
le
.
In
ad
d
it
io
n
X
i
is
p
os
it
iv
e
se
m
i-
d
e�
n
it
e.

2

R
e
m
a
rk
3
2
:
F
or
th
e
re
le
va
n
t
th
eo
ry
of
R
ic
ca
ti
eq
u
at
io
n
s
as
(4
.5
)
w
e
re
fe

to
[1
28
].
W
e
n
ot
e
if
su
ch
a
n
X
i
ex
is
ts
,
it
m
u
st
b
e
u
n
iq
u
e.
F
u
rt
h
er
m
or
e
X

m
u
st
b
e
p
os
it
iv
e
d
e�
n
it
e
si
n
ce
(H
i;
A
i)
is
a
ss
u
m
ed
ob
se
rv
ab
le
.

2

W
el
l
k
n
ow
n
re
su
lt
s
fr
om
li
n
ea
r
H
1

th
eo
ry
th
u
s
im
m
ed
ia
te
ly
gi
ve
s:

P
ro
p
o
si
ti
o
n
3
3
:
[c
.f
.

[1
28
,
th
eo
re
m

16
.9
],
[9
,
th
eo
re
m

4.
8]
]
L
et
th

p
la
n
t
(4
.1
),
(4
.2
)
sa
ti
sf
y
as
su
m
p
ti
on
3
0.
T
h
en
th
er
e
ex
is
ts
a
ca
u
sa
l
co
n
tr
o

la
w
(�
(�
);
x
(�
))
!
u
(�
)
su
ch
th
at
th
e
cl
os
ed
-l
o
op
sy
st
em
fr
om
w
(�
)
to
z
(�
)
i

in
te
rn
al
ly
st
ab
le
an
d
h
as
L
2
-g
ai
n
le
ss
th
an


,
if
a
n
d
on
ly
if
as
su
m
p
ti
on
3

h
ol
d
s.
In
th
is
ca
se
,
on
e
su
ch
co
n
tr
o
l
la
w
is
th
e
m
in
im
ax
co
n
tr
ol

u
(t
)
=
�
B
0 �
X
�
x
(t
)

:

(4
.6

T
h
e
as
so
ci
at
ed
co
st
-t
o-
go
is

P
(x
t;
�)

4 =
su
p
w
(�
)

Z 1 t

1 2
jz
(�
)j
2
�

1 2


2
jw
(�
)j
2
d
�
=

1 2
x
0 tX
�
x
t

(4
. 7

w
h
er
e
th
e
su
p
re
m
u
m
is
su
b
je
ct
to
th
e
in
it
ia
l
co
n
d
it
io
n
x
(t
)
=
x
t
an
d
th

d
y
n
am
ic
eq
u
at
io
n
s
(4
.1
,4
.2
,4
.6
)
go
ve
rn
in
g
th
e
cl
os
ed
lo
op
.

4

4
.4

T
h
e
e
st
im
a
ti
o
n
p
ro
b
le
m

In
th
is
se
ct
io
n
w
e
d
e�
n
e
th
e
p
ro
b
le
m
of
es
ti
m
at
in
g
th
e
ex
te
n
d
ed
st
at
e
an

d
er
iv
e
th
e
d
y
n
am
ic
�
lt
er
of
th
e
es
ti
m
at
or
.
A
s
in
[9
,
2
5,
12
0]
,
w
e
d
e�
n

th
e
co
st
-t
o-
co
m
e
fu
n
ct
io
n
(t
er
m
ed
th
e
in
fo
rm
at
io
n
st
at
e
b
y
ot
h
er
au
th
or
s

e.
g.
[5
5]
) R

(x
t;
i;
t)
=

in
f

w
(�
);
x
(�
)

� Z
t

0

s i
(�
)
d
�
+

1 2
x
0 (
0)
N
ix
(0
)� +
�
i

(4
. 8

w
h
er
e
s i
is
as
in
(4
.4
).
T
h
e
in
�
m
iz
at
io
n
in
(4
.8
)
is
su
b
je
ct
to
th
e
co
n
st
ra
in
t

x
(t
)

=

x
t

;

_x
(�
)

=

A
ix
(�
)
+
B
iu
(�
)
+
G
iw
(�
)
;

0
�
�
�
t
:



76

C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

T
h
e
co
st
-t
o
-g
o
is
th
e
w
or
st
-c
as
e
lo
ss
ov
er
th
e
ti
m
e
in
te
rv
al
[0
;t
],
gi
ve
n
y
(�
)

an
d
u
(�
)
an
d
as
su
m
in
g
th
at
x
(t
)
=
x
t
a
n
d
th
at
�
=
i.

F
ol
lo
w
in
g
th
e
n
o
ta
ti
on
in
[1
20
],
w
e
d
en
ot
e
b
y
S
(x
;i
;t
)
th
e
w
or
st
-c
as
e
to
-

ta
l
co
st
ov
er
th
e
ti
m
e
in
te
rv
al
[0
;1
)
co
n
si
st
en
t
w
it
h
th
e
ob
se
rv
at
io
n
s
of

u
(�
);
y
(�
)
fo
r
�
2
[0
;t
]
an
d
su
ch
th
at
x
(t
)
=
x
,
�
=
i,
an
d
su
b
je
ct
to
fu
ll

in
fo
rm
a
ti
o
n
co
n
tr
o
l
fo
r
�
�
t.
H
en
ce

S
(x
;i
;t
)
=
R
(x
;i
;t
)
�
P
(x
;i
)

:

W
e
ca
n
n
ow
d
e�
n
e
th
e
w
or
st
-c
as
e
ex
te
n
d
ed
st
at
e
es
ti
m
at
e:

� ^x
(t
)
^ �
(t
)

� =
a
rg
m
in
x
;i
S
(x
;i
;t
)

:

(4
.9
)

T
h
e
ex
te
n
d
ed
st
a
te
es
ti
m
at
e
is
in
st
ru
m
en
ta
l
to
th
e
m
in
im
ax
co
n
tr
ol
le
r:
A

ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r
[1
4,
9,
12
0]
a
p
p
li
es
th
e
fu
ll
in
fo
rm
at
io
n
co
n
-

tr
o
l
la
w
(4
.6
)
w
it
h
th
e
st
at
e
x
;�
su
b
st
it
u
te
d
w
it
h
^x
;
^ �.
W
it
h
ou
t
ce
rt
ai
n
ty

eq
u
iv
a
le
n
ce
,
w
e
d
em
on
st
ra
te
in
th
e
fo
ll
ow
in
g
se
ct
io
n
th
at
th
e
p
ro
b
le
m
ca
n

b
e
tr
a
n
sf
o
rm
ed
in
to
on
e
w
h
er
e
th
e
ex
te
n
d
ed
st
at
e
es
ti
m
at
e
^x
;
^ �
is
th
e
co
n
-

tr
o
ll
ed
va
ri
ab
le
.

In
or
d
er
to
d
er
iv
e
th
e
d
y
n
a
m
ic
s
o
f
th
e
ex
te
n
d
ed
st
at
e
es
ti
m
at
e
w
e
sp
li
t
th
e

es
ti
m
at
io
n
in
to
tw
o
p
ar
ts
:
F
ir
st
a
co
n
d
it
io
n
a
l
st
at
e
es
ti
m
at
e
w
h
ic
h
es
ti
-

m
a
te
s
x
co
n
d
it
io
n
ed
on
a
ss
u
m
p
ti
o
n
s
o
n
�,
an
d
se
co
n
d
th
e
(u
n
co
n
d
it
io
n
al
)

p
a
ra
m
et
er
es
ti
m
at
e.
T
o
b
e
sp
ec
i�
c,
th
e
co
n
d
it
io
n
a
l
st
at
e
es
ti
m
at
e
is

�(
i;
t)
=

a
rg
m
in x
S
(x
;i
;t
)

(4
.1
0)

a
n
d
is
th
e
w
o
rs
t-
ca
se
st
at
e
es
ti
m
a
te
b
as
ed
on
th
e
a
ss
u
m
p
ti
on
th
at
th
e
tr
u
e

p
a
ra
m
et
er
eq
u
a
ls
i.
C
or
re
sp
on
d
in
g
ly
th
e
w
or
st
ca
se
p
ar
am
et
er
es
ti
m
at
e
is

^ �
(t
)
=

ar
g
m
in i
S
(�
(i
;t
);
i;
t)

:

(4
.1
1)

W
it
h
th
is
fo
rm
u
la
ti
on
th
e
st
a
te
es
ti
m
at
e
is
^x
(t
)
=
�(
^ �(
t)
;t
).
D
et
er
m
in
in
g

�(
i;
t)
fo
r
�
x
ed
i
is
a
p
u
re
ly
li
n
ea
r
p
ro
b
le
m
w
h
ic
h
ca
n
b
e
so
lv
ed
as
in
[9
,
12
8]
:

A
ss
u
m
p
ti
o
n
3
4
:
F
or
ea
ch
i
=
1;
::
:;
p
,
th
e
�
lt
er
al
ge
b
ra
ic
R
ic
ca
ti
eq
u
a-

ti
on

Y
iA
0 i
+
A
iY
i
+
G
iG
0 i
+
Y
i(

1 

2
H
0 i
H
i
�
C
0 iC
i)
Y
i
=
0

(4
.1
2)

a
d
m
it
s
a
p
o
si
ti
v
e
se
m
i-
d
e�
n
it
e
so
lu
ti
o
n
Y
i
su
ch
th
at
A
0 i+
(
1 

2

H
0 i
H
i�
C
0 iC
i)
Y
i

is
as
y
m
p
to
ti
ca
ll
y
st
a
b
le
.

2

4.
4

T
h
e
es
ti
m
at
io
n
p
ro
b
le
m

7

B
y
d
u
al
it
y
o
f
re
m
a
rk
3
2
,
su
ch
a
Y
i
w
il
l
b
e
u
n
iq
u
e
an
d
p
os
it
iv
e
d
e�
n
it
e

D
e�
n
e
Q
i
:=


2
Y
�
1
i

.
th
en
Q
i
sa
ti
s�
es

A
0 iQ
i
+
Q
iA
i
+

1 

2
Q
iG
iG
0 iQ
i
+
H
0 iH
i
�


2
C
0 iC
i
=
0

:

F
or
ea
se
of
n
ot
at
io
n
w
e
as
su
m
e
th
at
th
e
ga
m
e
(4
.3
)
h
as
b
ee
n
ch
os
en
su
c

th
at
Q
i
=
N
i
fo
r
al
l
i
=
1
;:
::
;p
;
th
u
s
th
e
�
lt
er
s
st
ar
t
in
st
ea
d
y
-s
ta
te
.
S
e

th
e
d
is
cu
ss
io
n
on
p
ag
e
74
a
b
ov
e,
an
d
ap
p
en
d
ix
B
.2
.

T
h
e
im
p
li
ca
ti
on
of
as
su
m
p
ti
on
34
is
th
at
th
e
co
st
-t
o-
go
is
al
w
ay
s
w
el
l
d
e

�
n
ed
an
d
fo
r
ea
ch
i
h
a
s
a
m
in
im
u
m
ov
er
x
w
h
ic
h
is
at
ta
in
ed
a
t
a
u
n
iq
u

p
oi
n
t.
F
or
th
e
sa
m
e
to
h
ol
d
fo
r
S
(x
;i
;t
)
w
e
n
ee
d
S
(x
;i
;t
)
to
b
e
st
ri
ct
l

co
n
ve
x
in
x
,
i.
e:

A
ss
u
m
p
ti
o
n
3
5
:
F
or
ea
ch
i
=
1
;:
::
;p
,
th
e
co
u
p
li
n
g
co
n
d
it
io
n

Q
i
�
X
i
>
0

h
ol
d
s.

2

S
u
m
m
ar
iz
in
g,
li
n
ea
r
H
1

th
eo
ry
gi
ve
s
u
s
th
e
fo
ll
ow
in
g
p
ro
p
os
it
io
n
:

P
ro
p
o
si
ti
o
n
3
6
:
L
et
th
e
p
la
n
t
(4
.1
),
(4
.2
)
sa
ti
sf
y
a
ss
u
m
p
ti
on
30
.
T
h
er

ex
is
t
ca
u
sa
l
co
n
tr
ol
le
rs
K
i
:
y
(�
)
!

u
(�
)
su
ch
th
at
(P
i;
K
i)
a
re
in
te
rn
al
l

st
ab
le
an
d
h
av
e
L
2
-g
ai
n
le
ss
th
an


if
an
d
on
ly
if
as
su
m
p
ti
on
s
31
,
3
4
an

35
h
ol
d
.
A
ss
u
m
e
in
ad
d
it
io
n
th
at
N
i
=
Q
i,
th
en
�(
i;
t)
is
w
el
l
d
e�
n
ed
fo

al
l
t
an
d
al
l
u
2
L
2
([
0;
t]
),
y
2
L
2
([
0;
t]
)
an
d
ca
n
b
e
co
m
p
u
te
d
on
-l
in
e
a

th
e
so
lu
ti
on
to
th
e
O
D
E

_ �(
i;
t)
=

(4
.1
3

� A i
+


�
2
G
iG
0 iX
i
�
B
iB
0 iX
i

� ��
(i
;t
)

+


2
(Q
i
�
X
i
)�
1
C
0 i
�
(y
(t
)
�
C
i�
(i
;t
))

+
(Q
i
�
X
i)
�
1
Q
iB
i
�
(u
(t
)
+
B
0 iX
i�
(i
;t
))

w
it
h
in
it
ia
l
co
n
d
it
io
n
�(
i;
0)
=
0.
F
u
rt
h
er
m
or
e
th
e
co
n
d
it
io
n
al
w
or
st
-c
a
s

lo
ss
S
(�
(i
;t
);
i;
t)
is
co
m
p
u
te
d
on
-l
in
e
as
th
e
so
lu
ti
on
to
th
e
O
D
E

d d
tS

(�
(i
;t
);
i;
t)
=

1 2


2
jy
(t
)
�
C
i�
(i
;t
)j
2
�

1 2
ju
(t
)
+
B
0 i
X
i�
(i
;t
)j
2

(4
.1
4

w
it
h
th
e
in
it
ia
l
co
n
d
it
io
n
S
(�
(i
;0
);
i;
0)
=
�
i.

4



78 Chapter 4. Simultaneous H1 Control

All statements in the proposition can be found in [9, theorem 5.5] (see

also [128, theorem 16.4]) except the dynamic equations for � and S. Never-

theless, these equations can easily be derived using the method of [9, 120];

the calculations can be found in appendix B.2.

The structure of the single estimator �(i; �) is illustrated in �gure 4.2 where

we have omitted the subscript i and used the notation

E := 
�2G0X

F := �B0X

K := (Q�X)�1QB

L := 
2(Q�X)�1C0

The block diagram (and the ODEs) for the conditioned state estimate �(i; t)

is identical to estimator in the standard central H1 controller [128, p.

435], except for the last term (Qi � Xi)�1QiBi (u(t) +B0iXi�(i; t)) (the

block K in the block diagram). This term vanishes when the control signal

is conditionally minimax (i.e, ~u = 0 as will happen when ^�(t) = i and

certainty equivalence control is used; see below) and is therefore not present

in the central H1 controller for a single linear plant. The way ~u a�ects the

dynamics of the conditional state estimate corresponds to a parametrization

of all H1 suboptimal controllers [128, p. 420] (we will elaborate further

on this connection in remark 38 below).

We see from equation (4.14) that S(�(i; t); i; t) is an integrated residual

associated with the model Pi. The estimation error y(t)�Ci�(i; t) appears

also in residuals of stochastic system identi�cation, but the subtraction of

the control error u(t) + B0iXi�(i; t) is a new feature due to the minimax

setting. Notice that �BiXi�(i; t) is an estimate of the full information

minimax control (4.6).

In the remainder of the chapter we will use the shorthands

�i(t) := �(i; t) and Si(t) := S(�(i; t); i; t) :

The total cost function S(x; i; t) can be computed as

S(x; i; t) =
1

2
(x� �i(t))
0(Qi �Xi)(x� �i(t)) + Si(t)

after which the cost-to-come function can be computed as

R(x; i; t) = S(x; i; t) + P (x; i) :

4.5 The minimax controller 7
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Figure 4.2: Block diagram of each conditional worst-case state estimator

The subscripts i are omitted.

4.5 The minimax controller

Having derived the minimax estimator in the previous section the �rst thin

to verify is if the certainty equivalence (CE) principle of [14] can be applie

as in [9, 120]. This principle states that if the worst-case extended stat

estimate (^x(t); ^�(t)) is always well de�ned by equation (4.9) on page 76 i

the sense that the minimum exists and is attained at a unique point, the

the minimax control strategy associated with the game (4.3) on page 73 i

u(t) = �B0^�(t)X^�(t)^x(t) : (4.15

This is a certainty equivalence controller since it applies the state feedbac

law (4.6) to the estimates ^x; ^�. In general, a CE principle is one whic

states that a CE controller is optimal (in this case minimax). If a CE

controller is applied without a justifying CE principle, then we emphasiz

this by calling it a heuristic certainty equivalence controller.

We know from proposition 36 that the conditional state estimates �(i; t

are always well de�ned by equation (4.10), which implies that the minima
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p
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p
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r
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p
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p
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b
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.
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p
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d
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(�
)
a
n
d
al
l
T
-
h
en
ce
in
p
ar
ti
cu
la
r
in
th
e
li
m
i

T
!
1

-
a
n
d
th
u
s
im
p
li
es
th
at
U
(�
(0
);
S
(0
))
�
 
(�
(0
);
S
(0
))
.

R
e
m
a
rk
4
2
:

In
th
e
ca
se
of
a
si
n
gl
e
p
la
n
t,
p
=
1,
w
e
m
ay
ta
ke
 
=

m
in
i
S
i
=
S
1
.
T
h
e
co
rr
es
p
o
n
d
in
g
st
or
ag
e
fu
n
ct
io
n
is
id
en
ti
ca
ll
y
0,
an
d
th

re
su
lt
in
g
m
ax
im
u
m
d
is
si
p
at
io
n
co
n
tr
ol
le
r
is
u
=
�
B
0 i
X
i�
i.
T
h
u
s
w
e
re
co
v
e

th
e
ce
n
tr
al
co
n
tr
ol
le
r
fr
om
li
n
ea
r
H
1

th
eo
ry
[1
28
,
p
.
4
19
].

2

T
h
e
n
ex
t
q
u
es
ti
on
is
if
th
e
lo
w
er
va
lu
e
fu
n
ct
io
n
U
,
or
co
st
b
ou
n
d
in
g
fu
n
c

ti
on
s
co
rr
es
p
on
d
in
g
to
gu
ar
an
te
ed
co
st
st
ra
te
gi
es
,
m
u
st
n
ec
es
sa
ri
ly
sa
ti
sf

th
e
H
am
il
to
n
-J
ac
ob
i-
Is
aa
cs
eq
u
at
io
n
(4
.1
9)
,
or
th
e
re
la
te
d
in
eq
u
al
it
y.
H
er

m
at
te
rs
ar
e
co
m
p
li
ca
te
d
b
y
th
e
o
b
se
rv
at
io
n
th
at
it
is
n
ot
re
as
on
ab
le
to
ex

p
ec
t
U
to
b
e
d
i�
er
en
ti
a
b
le
ev
er
y
w
h
er
e.
W
it
h
in
th
e
la
st
d
ec
ad
e,
th
e
n
ot
io

of
vi
sc
os
it
y
so
lu
ti
on
s
[2
3,
35
]
to
eq
u
at
io
n
s
su
ch
as
(4
.1
9)
h
as
b
ec
om
e
th

st
an
d
ar
d
to
o
l
w
it
h
w
h
ic
h
to
ap
p
ro
ac
h
th
es
e
is
su
es
of
n
on
-d
i�
er
en
ti
ab
il
it
y

T
h
e
fo
ll
ow
in
g
d
e�
n
it
io
n
is
ta
ke
n
fr
om
[2
3]
a
n
d
sp
ec
ia
li
ze
d
2
to
th
e
ca
se
o

�
rs
t
or
d
er
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
s:

D
e
�
n
it
io
n
4
3
:

W
e
sa
y
th
at
�
(�
;S
)
is
a
vi
sc
os
it
y
su
pe
rs
ol
u
ti
on
to
th

H
am
il
to
n
-J
ac
ob
i-
Is
aa
cs
eq
u
at
io
n
H
(�
;S
;�
�
;�
S
)
=

0
if
�
is
lo
w
er
se
m

co
n
ti
n
u
ou
s
an
d
H
(� �
;
� S
;�
�
;�
S
)
�
0
h
ol
d
s
fo
r
ev
er
y
� �,
� S
an
d
ev
er
y
�
(�
;S

w
h
ic
h
is
C
1

an
d
sa
ti
s�
es
�
�
�
,
�
(� �
;
� S
)
=
�
(� �
;
� S
).

W
e
sa
y
th
at
�
is
a
vi
sc
os
it
y
su
bs
ol
u
ti
on
if
�
is
u
p
p
er
se
m
i-
co
n
ti
n
u
ou
s
an

H
(� �
;
� S
;�
�
;�
S
)
�
0
h
ol
d
s
fo
r
ev
er
y
� �,
� S
an
d
ev
er
y
�
(�
;S
)
w
h
ic
h
is
C
1

an

sa
ti
s�
es
�
�
�
,
�
(� �
;
� S
)
=
�
(� �
;
� S
).

W
e
sa
y
th
a
t
�
is
a
vi
sc
os
it
y
so
lu
ti
on
if
it
is
b
ot
h
a
su
b
so
lu
ti
on
an
d

su
p
er
so
lu
ti
on
.

2

If
�
is
a
v
is
co
si
ty
su
p
er
so
lu
ti
on
,
th
en
w
e
al
so
sa
y
th
a
t
�
so
lv
es
th
e
in
eq
u
al
it

H
(�
;S
;�
�
;�
S
)
�
0
in
th
e
v
is
co
si
ty
se
n
se
.
N
ot
ic
e
th
at
v
is
co
si
ty
so
lu
ti
on
s
a
r

b
y
d
e�
n
it
io
n
co
n
ti
n
u
ou
s,
an
d
th
at
a
d
i�
er
en
ti
ab
le
fu
n
ct
io
n
�
is
a
v
is
co
si
t

so
lu
ti
on
if
an
d
o
n
ly
if
it
is
a
cl
as
si
ca
l
so
lu
ti
on
.
W
e
re
fe
r
to
[2
3]
fo
r
fu
rt
h
e

d
is
cu
ss
io
n
of
v
is
co
si
ty
so
lu
ti
on
s.

It
is
b
y
n
ow
a
st
an
d
ar
d
ex
er
ci
se
to
sh
ow
th
a
t
va
lu
e
fu
n
ct
io
n
s
sa
ti
sf
y
H
am
il
to

Ja
co
b
-I
sa
ac
s
eq
u
at
io
n
s
in
th
e
v
is
co
si
ty
se
n
se
.
It
co
m
p
li
ca
te
s
m
at
te
rs
,
h
ow

ev
er
,
th
at
th
e
in
p
u
ts
u
,
y
ar
e
n
ot
re
st
ri
ct
ed
to
b
ou
n
d
ed
se
ts
.
S
ee
p
ag
e
11

fo
r
an
ex
am
p
le
w
h
er
e
th
e
va
lu
e
fu
n
ct
io
n
d
o
es
n
ot
so
lv
e
th
e
P
D
E
si
n
ce
n
ea
r

op
ti
m
al
co
n
tr
ol
s
ar
e
u
n
b
o
u
n
d
ed
.
M
os
t
co
n
tr
ib
u
ti
on
s,
e.
g.
[7
0]
,
co
n
si
d
er
on
l

2
T
o
se
e
th
a
t
o
u
r
d
e�
n
it
io
n
co
in
ci
d
es
w
it
h
th
a
t
in
[2
3]
,
su
b
st
it
u
te
F

=
�
H
.
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

p
ro
b
le
m
s
w
h
er
e
th
e
co
n
tr
ol
s
ar
e
re
st
ri
ct
ed
to
co
m
p
ac
t
se
ts
.
T
h
e
re
ce
n
t
re
f-

er
en
ce
[7
]
ex
p
li
ci
tl
y
as
su
m
es
th
at
n
ea
r-
op
ti
m
al
co
n
tr
ol
s
ar
e
b
o
u
n
d
ed
b
ef
or
e

p
ro
v
in
g
th
at
va
lu
e
fu
n
ct
io
n
s
ar
e
v
is
co
si
ty
so
lu
ti
on
s,
b
u
t
d
o
es
n
ot
d
is
cu
ss

h
ow
to
ve
ri
fy
th
e
a
ss
u
m
p
ti
on
fo
r
a
gi
v
en
sy
st
em
.

F
or
o
u
r
sy
st
em
,
w
e
a
re
a
b
le
to
sh
ow
th
at
th
e
va
lu
e
fu
n
ct
io
n
is
in
d
ee
d
a

v
is
co
si
ty
so
lu
ti
on
.
T
h
e
ke
y
el
em
en
t
is
,
ro
u
g
h
ly
sp
ea
k
in
g,
th
at
co
n
tr
ol
s

le
ad
in
g
to
fa
st
tr
a
je
ct
or
ie
s
al
so
le
ad
to
la
rg
e
ru
n
n
in
g
co
st
s,
as
w
il
l
b
e
m
ad
e

p
re
ci
se
in
th
e
p
ro
of
:

P
ro
p
o
si
ti
o
n
4
4
:

A
ss
u
m
e
th
at
U
is
�
n
it
e
ev
er
y
w
h
er
e
an
d
co
n
ti
n
u
ou
s.

T
h
en
U
so
lv
es
th
e
H
am
il
to
n
-J
ac
ob
i-
Is
aa
cs
eq
u
at
io
n

H
(�
;S
;�
�
;�
S
)
=
0

in
th
e
v
is
co
si
ty
se
n
se
.

4

P
ro
o
f:
W
e
sh
ow
th
a
t
U
is
a
su
b
so
lu
ti
o
n
on
ly
;
th
e
ot
h
er
st
at
em
en
t
fo
ll
ow
s

si
m
il
a
rl
y.
L
et
� �
an
d
� S
b
e
a
�
x
ed
in
it
ia
l
co
n
d
it
io
n
an
d
le
t
�
b
e
a
C
1

fu
n
ct
io
n
su
ch
th
at
�
(� �
;
� S
)
=
U
(� �
;
� S
)
a
n
d
�
�
U
.
N
ot
ic
e
th
at
th
is
im
p
li
es

th
at
P i
�
S
i
(� �
;
� S
)
=
1.
H
en
ce
H
(�
;S
;�
�
;�
S
)
is
�
n
it
e
an
d
sm
o
o
th
on
a

n
ei
g
h
b
ou
rh
o
o
d
o
f
(� �
;
� S
).

O
u
r
p
ro
of
is
b
y
co
n
tr
a
d
ic
ti
o
n
:
A
ss
u
m
e
th
at
H
(� �
;
� S
;�
�
;�
S
)
<

0
.
T
h
en

th
er
e
ex
is
ts
a
n
ei
g
h
b
ou
rh
o
o
d


of
� �,
� S
a
n
d
�;
�
>
0
su
ch
th
at
P i
�
S
i

>
2�

an
d
H
(�
;S
;�
�
;�
S
)
<
�
�
on


.

N
ow
le
t
T
>
0
b
e
ar
b
it
ra
ry
,
le
t
� T



th
e
ti
m
e
of
�
rs
t
ex
it
ti
m
e
fr
om


,
an
d

le
t
T



=
m
in
fT
;
� T


g.

L
et
th
e
m
in
im
iz
in
g
p
la
ye
r
u
se
th
e
sm
o
ot
h
fe
ed
b
a
ck
st
ra
te
gy
y
=
y
�
(�
;�
�
;�
S
).

L
et
�
>
0
b
e
su
ch
th
a
t
th
e
�
-b
al
l
a
ro
u
n
d
� �,
� S
is
co
n
ta
in
ed
in


.
L
et
c
>
0

b
e
su
ch
th
at

�
+
�j
u
�
u
�
j2
>
cj
(
_ �;
_ S
)j

h
o
ld
s
fo
r
a
ll
�,
S
in


an
d
al
lu
.
S
u
ch
a
c
ex
is
ts
si
n
ce


is
b
o
u
n
d
ed
an
d
si
n
ce

_ �,
_ S
,
a
re
a�
n
e-
q
u
ad
ra
ti
c
in
u
.
T
h
is
in
eq
u
al
it
y
m
ak
es
p
re
ci
se
th
e
st
at
em
en
t

th
at
co
n
tr
ol
s
le
a
d
in
g
to
fa
st
tr
a
je
ct
o
ri
es
al
so
le
a
d
to
la
rg
e
ru
n
n
in
g
co
st
s.

T
h
u
s,
fo
r
an
y
st
ra
te
gy
fo
r
th
e
m
ax
im
iz
in
g
p
la
y
er
,
w
e
h
av
e

�
(�
(T


);
S
(T


))
�
�
(� �
;
� S
)

=

Z T 
 0

K
(�
;S
;�
�
;�
S
;u
;y
�
)
d
t

�

�
Z T 
 0

�
+
�j
u
�
u
�
(�
;�
�
;�
S
)j
2
d
t

4.
5

T
h
e
m
in
im
ax
co
n
tr
ol
le
r

8

�

�
Z T 
 0

cj
(
_ �;
_ S
)j
d
t

�

�
c
��
<
0

w
h
ic
h
h
ol
d
s
fo
r
an
y
p
ol
ic
y
fo
r
th
e
m
ax
im
iz
in
g
p
la
y
er
.
T
h
is
im
p
li
es
th
at

su
p
u
(�
)

in
f
y
(�
)

�
(�
(T


);
S
(T


))
<
�
(� �
;
� S
)

:

C
om
b
in
in
g
th
is
w
it
h
�
�
U
w
e
o
b
ta
in

su
p
u
(�
)

in
f
y
(�
)

U
(�
(T


);
S
(T


))
<
U
(� �
;
� S
)

w
h
ic
h
co
n
tr
ad
ic
ts
th
e
d
y
n
am
ic
p
ro
gr
am
m
in
g
p
ri
n
ci
p
le
.
W
e
co
n
cl
u
d
e
th
a

th
e
h
y
p
ot
h
es
is
H
(� �
;
� S
;�
�
;�
S
)
<

0
ca
n
n
ot
h
ol
d
;
in
ot
h
er
w
or
d
s,
U

is

su
b
so
lu
ti
on
in
th
e
v
is
co
si
ty
se
n
se
.

R
e
m
a
rk
4
5
:
In
th
e
li
gh
t
o
f
re
m
ar
k
42
,
it
is
in
st
ru
ct
iv
e
to
co
n
si
d
er
m
in
i
S

as
a
ca
n
d
id
at
e
so
lu
ti
on
to
to
th
e
H
am
il
to
n
-J
ac
ob
i-
Is
aa
cs
eq
u
at
io
n
(4
.1
9)

F
ir
st
,
m
in
i
S
i
is
a
v
is
co
si
ty
su
pe
rs
ol
u
ti
on
as
ca
n
re
ad
il
y
b
e
v
er
i�
ed
.
H
en
c

w
e
ca
n
d
ed
u
ce
a
gu
ar
an
te
ed
co
st
st
ra
te
gy
fo
r
y
:
a
t
ea
ch
in
st
an
t
y
is
ch
os
e

su
ch
th
at
m
in
i
S
i
is
n
on
-i
n
cr
ea
si
n
g.

S
ec
on
d
,
m
in
i
S
i
is
n
ot
in
ge
n
er
a
l
a
v
is
co
si
ty
su
b
so
lu
ti
on
an
d
th
er
ef
or
e
d
o
e

n
ot
in
ge
n
er
al
h
el
p
u
s
d
er
iv
e
gu
ar
an
te
ed
co
st
st
ra
te
gi
es
fo
r
u
.

T
h
ir
d
,
m
in
i
S
i
is
a
ge
n
er
al
iz
ed
so
lu
ti
on
to
(4
.1
9)
in
th
e
se
n
se
th
at
th

eq
u
at
io
n
h
ol
d
s
fo
r
al
m
os
t
al
l
�;
S
(v
iz
.
w
h
en
ev
er
^ �
=
ar
g
m
in
i
S
i
is
w
e

d
e�
n
ed
).
T
h
is
p
ro
p
er
ty
is
im
p
or
ta
n
t
in
th
e
fo
ll
ow
in
g
se
ct
io
n
w
h
er
e
w

d
is
cu
ss
a
w
ea
k
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
co
n
ce
rn
in
g
th
e
he
u
ri
st
ic
ce
r

ta
in
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r.

2

A

th
e
o
re
m

a
n
d
a
c
o
n
je
c
tu
re
o
n
th
e
st
ru
c
tu
re
o
f
U

C
on
si
d
er
th
e
ca
n
on
ic
al
eq
u
at
io
n
s
go
ve
rn
in
g
th
e
H
am
il
to
n
ia
n
d
y
n
am
ic
s
as

so
ci
at
ed
w
it
h
U
:

_ � i
=

@
H

@
�
i

;

_ �
i
=
�

@
H

@
� i

;

_ S
i
=

@
H

@
�
i

;

_�
i
=
�

@
H

@
S
i

=
0

:

(4
.2
0

It
is
w
el
lk
n
ow
n
(s
ee
e.
g.
[1
20
])
th
a
t
if
th
e
lo
w
er
va
lu
e
fu
n
ct
io
n
U
is
C
1
,
th
e

th
e
tr
a
je
ct
or
ie
s
(�
;S
;�
;�
)
co
rr
es
p
on
d
in
g
to
th
e
sa
d
d
le
p
o
in
t
st
ra
te
gi
es
u
�
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

y
�
,
so
lv
e
th
e
ca
n
on
ic
al
eq
u
a
ti
on
s.
H
en
ce
th
e
co
-s
ta
te
�
is
co
n
st
an
t
al
on
g
th
e

sa
d
d
le
p
oi
n
t
tr
a
je
ct
o
ri
es
.
N
ow
u
�
(�
;�
;�
)
a
n
d
y
�
(�
;�
;�
)
a
re
li
n
ea
r
in
(�
;�
)

fo
r
�
x
ed
�
w
h
ic
h
im
p
li
es
th
at
th
e
tr
a
je
ct
or
ie
s
al
so
so
lv
e
a
li
n
ea
r
sy
st
em
.

F
u
rt
h
er
m
o
re
th
is
li
n
ea
r
sy
st
em
is
th
e
ca
n
on
ic
a
l
eq
u
at
io
n
s
as
so
ci
at
ed
w
it
h

th
e
w
ei
gh
te
d
li
n
ea
r-
q
u
ad
ra
ti
c
ga
m
e

Z
(�
(0
);
S
(0
);
�
)
=
su
p
u
(�
)

in
f
y
(�
)

X i

�
iS
i(
1
)

(4
.2
1)

w
h
er
e
�
=
�
.

T
h
is
�
ts
w
it
h
th
e
fo
ll
ow
in
g
o
b
se
rv
a
ti
o
n
:
If
a
co
n
tr
ol
le
r
K

is
su
ch
th
at

(�
;K
)
d
is
si
p
a
te
s
_ S
i
fo
r
i
=
1;
::
:;
p
,
th
en
(�
;K
)
a
ls
o
d
is
si
p
at
es
P i
�
i
_ S
i

fo
r
a
n
y
n
o
n
-n
eg
a
ti
ve
w
ei
g
h
ts
�
i
w
it
h
P i
�
i
=
1
(p
ro
p
os
it
io
n
2
on
p
ag
e
32
).

T
h
is
le
ad
s
u
s
to
b
el
ie
v
e
th
at
th
e
m
in
im
a
x
co
n
tr
o
ll
er
at
ea
ch
in
st
an
t
ch
o
os
es

a
n
eq
u
iv
al
en
t
li
n
ea
r-
q
u
ad
ra
ti
c
g
am
e,
gi
v
en
b
y
�
=
�
,
an
d
p
la
y
s
th
e
m
in
im
ax

co
n
tr
o
l
of
th
a
t
ga
m
e.
In
fa
ct
w
e
h
av
e
th
e
fo
ll
ow
in
g
th
eo
re
m
:

T
h
e
o
re
m

4
6
:

A
ss
u
m
e
th
at
Z
is
�
n
it
e
ev
er
y
w
h
er
e
an
d
C
1
,
an
d
th
at
a

d
i�
er
en
ti
ab
le
fu
n
ct
io
n
�
�
(�
;S
)
ex
is
ts
su
ch
th
at

Z
(�
;S
;�
�
(�
;S
))
=
m
in �

Z
(�
;S
;�
)

:

H
er
e
m
in
im
iz
at
io
n
is
ov
er
�
i

�

0
w
it
h
P i
�
i

=

1.

T
h
en
U
(�
;S
)
=

m
in
�
Z
(�
;S
;�
).
F
u
rt
h
er
m
or
e,
th
e
co
n
tr
ol
la
w

u
U
(�
;S
)
=
u
�
(�
;U
�
(�
;S
);
U
S
(�
;S
))

g
u
a
ra
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i
(T
)

:

S
in
ce
^ �(
t)
w
as
as
su
m
ed
to
b
e
w
el
l
d
e�
n
ed
fo
r
a
lm
os
t
al
l
t
2
[0
;T
]
w
e
h
av
e

d d
t

m
in i
S
i(
t)
=

d d
tS

^ �
(t
)(
t)
=

1 2


2
jy
(t
)
�
C
^ �
(t
)�
^ �
(t
)j

2
�
0

fo
r
al
m
o
st
a
ll
t
2
[0
;T
]
d
u
e
to
th
e
co
n
tr
o
l
la
w
(4
.2
2)
an
d
h
en
ce

m
in i
S
i(
T
)
�
m
in i
S
i(
0)
�
0

fr
om
w
h
ic
h
th
e
re
su
lt
fo
ll
ow
s.

T
o
sh
ow
in
te
rn
al
st
ab
il
it
y
w
e
fo
ll
ow
th
e
p
ro
of
of
p
ro
p
os
it
io
n
39
.

T
h
is
re
su
lt
ca
n
b
e
te
rm
ed
a
w
ea
k
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
ci
p
le
:
W
h
er
ea
s

th
e
C
E
p
ri
n
ci
p
le
in
[1
4]
re
q
u
ir
es
th
at
th
e
ex
te
n
d
ed
st
at
e
es
ti
m
at
e
is
al
w
ay
s

u
n
iq
u
e
a
n
d
co
n
cl
u
d
es
th
at
th
e
m
in
im
ax
co
n
tr
o
ll
er
is
b
as
ed
o
n
ce
rt
ai
n
ty

3
V

is
a
ls
o
v
is
co
si
ty
su
b
so
lu
ti
o
n
b
u
t
in
g
en
er
a
l
n
o
t
a
su
p
er
so
lu
ti
o
n
w
h
ic
h
w
o
u
ld
im
p
ly

d
is
si
p
a
ti
o
n
[5
3]
.
C
o
m
p
a
re
a
ls
o
w
it
h
re
m
a
rk
4
5
a
b
ov
e.

4.
6

H
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol

9

eq
u
iv
al
en
ce
,
th
e
p
re
se
n
t
re
su
lt
st
at
es
th
at
if
th
e
es
ti
m
at
e
is
al
m
os
t
al
w
a
y

u
n
iq
u
e,
th
en
th
e
he
u
ri
st
ic
C
E
co
n
tr
ol
le
r
so
lv
es
th
e
or
ig
in
al
co
n
tr
ol
p
ro
b
le
m

al
th
ou
gh
it
m
ay
n
ot
b
e
m
in
im
a
x
.

T
h
e
co
n
d
it
io
n
is
n
ot
co
m
p
le
te
ly
sa
ti
sf
y
in
g
si
n
ce
it
im
p
os
es
a
re
st
ri
ct
io
n
o

th
e
d
is
tu
rb
an
ce
s
w
(�
)
an
d
v
(�
).
O
n
e
ca
n
d
ra
w
a
p
ar
al
le
l
to
th
e
as
su
m
p
ti
o

of
p
er
si
st
en
t
ex
ci
ta
ti
on
in
st
o
ch
as
ti
c
ad
ap
ti
ve
co
n
tr
ol
:
T
h
is
co
n
d
it
io
n
is
al
s

n
ot
ve
ri
�
ab
le
a
pr
io
ri
,
a
n
d
a
sa
fe
ty
sy
st
em
m
u
st
b
e
a
d
d
ed
to
th
e
co
n
tr
ol
le
r

so
th
at
p
ro
p
er
ac
ti
on
ca
n
b
e
ta
ke
n
if
th
e
co
n
d
it
io
n
fa
il
s
to
h
ol
d
.
H
ow
ev
er

in
co
n
tr
as
t
to
th
e
as
su
m
p
ti
on
of
p
er
si
st
en
t
ex
ci
ta
ti
on
,
it
is
d
i�
cu
lt
to
se

ex
ac
tl
y
w
h
ic
h
d
is
tu
rb
an
ce
s
w
(�
),
v
(�
)
y
ie
ld
�(
t)
b
ei
n
g
w
el
l
d
e�
n
ed
al
m
os

ev
er
y
w
h
er
e,
an
d
h
en
ce
it
is
d
i�
cu
lt
fo
r
th
e
p
ra
ct
ic
in
g
en
gi
n
ee
r
to
ju
d
ge

th
e
re
st
ri
ct
io
n
is
re
as
on
ab
le
.
F
u
rt
h
er
w
or
k
on
th
is
is
su
e
is
n
ee
d
ed
.

A

sm
o
o
th
a
p
p
ro
x
im
a
ti
o
n
o
f
th
e
c
o
n
tr
o
ll
e
r

S
in
ce
th
e
co
n
tr
ol
la
w
is
d
is
co
n
ti
n
u
ou
s
at
p
o
in
ts
w
h
er
e
th
e
m
in
im
u
m
m
in
i
S

is
at
ta
in
ed
fo
r
m
or
e
th
an
on
e
i
(i
n
d
ee
d
,
th
e
co
n
tr
ol
la
w
h
a
s
y
et
n
ot
b
ee

d
e�
n
ed
at
th
e
p
oi
n
ts
of
d
is
co
n
ti
n
u
it
y
),
so
m
e
m
o
d
i�
ca
ti
on
is
n
ee
d
ed
t

av
o
id
ch
at
te
ri
n
g.
D
w
el
l-
ti
m
e
sw
it
ch
in
g
or
h
y
st
er
es
is
sw
it
ch
in
g
ar
e
su
g

ge
st
ed
in
[7
9]
.
H
er
e
w
e
co
n
si
d
er
as
an
al
te
rn
at
iv
e
to
ap
p
ro
x
im
at
e
th

co
n
tr
ol
la
w
w
it
h
a
sm
o
ot
h
on
e.
T
h
is
w
il
l
ea
se
th
e
lo
ad
on
th
e
ac
tu
at
o

h
ar
d
w
ar
e
an
d
p
re
ve
n
t
ex
ci
ta
ti
on
of
u
n
m
o
d
el
ed
fa
st
d
y
n
am
ic
s.
T
o
th
is
en
d

le
t
u
s
m
o
d
if
y
th
e
ca
n
d
id
at
e
co
n
tr
ol
st
or
ag
e
fu
n
ct
io
n
(4
.2
4)
to

~ V
(�
;x
;�
;S
)
=
R
(x
;�
;t
)
�
f
(S
)

w
h
er
e
th
e
fu
n
ct
io
n
f
is
th
e
ap
p
ro
x
im
at
io
n
of
m
in
i
S
i
gi
v
en
b
y

f
(S
)
=
�

1 �
lo
g

0 @p X j
=
1

e�
�
S
j

1 A
:

(4
.2
5

H
er
e
�
>

0
is
a
�
x
ed
p
ar
am
et
er
w
h
ic
h
d
et
er
m
in
es
th
e
ac
cu
ra
cy
of
th

ap
p
ro
x
im
at
io
n
.
T
h
e
fu
n
ct
io
n
f
(S
)
en
jo
y
s
th
e
fo
ll
ow
in
g
p
ro
p
er
ti
es
w
h
ic

m
ak
e
it
a
su
it
ab
le
ap
p
ro
x
im
at
io
n
of
m
in
i
S
i:
1
)
f
is
C
1

,
2)
f
sa
ti
s�
e

@
f
=
@
S
i
�
0
an
d
P i
@
f
=
@
S
i
=
1,
an
d
�
n
al
ly
3)
f
(S
)
<
m
in
i
S
i
<
f
(S
)
+

�
�
1
lo
g
p
.

T
h
e
m
ax
im
u
m
d
is
si
p
at
io
n
co
n
tr
ol
le
r
co
rr
es
p
on
d
in
g
to
~ V
is

u
~ V
(�
;S
)
=

p X i=
1

@
f

@
S
i

(�
B
i
X
i�
i)
;
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

i.
e.
,
it
is
a
w
ei
g
h
te
d
su
m
of
th
e
co
n
d
it
io
n
al
m
in
im
ax
co
n
tr
ol
su
gg
es
te
d
b
y

ea
ch
es
ti
m
at
or
.
T
h
e
d
er
iv
at
io
n
o
f
th
is
ex
p
re
ss
io
n
,
as
w
el
l
as
so
m
e
fu
rt
h
er

co
m
m
en
ts
o
n
th
is
co
n
tr
ol
la
w
,
ca
n
b
e
fo
u
n
d
in
[1
1
6]
.

S
u
p
e
rv
is
io
n
o
f
th
e
c
o
n
tr
o
ll
e
r

A
s
m
en
ti
on
ed
ab
ov
e,
th
e
h
eu
ri
st
ic
ce
rt
a
in
ty
eq
u
iv
a
le
n
ce
co
n
tr
ol
le
r
sh
ou
ld

b
e
su
p
er
v
is
ed
si
n
ce
w
e
ca
n
n
ot
p
ro
v
e
th
at
it
g
u
ar
an
te
es
sa
ti
sf
y
in
g
op
er
-

at
io
n
.
T
h
e
d
is
si
p
at
io
n
an
al
y
si
s
su
gg
es
ts
th
at
su
ch
a
su
p
er
v
is
or
y
sy
st
em

sh
o
u
ld
m
o
n
it
or
th
e
si
gn
al
s
S
i(
�)
.
In
p
a
rt
ic
u
la
r,
a
d
ec
re
as
e
in
m
in
i
S
i
or

f
(S
i
)
in
d
ic
a
te
s
th
a
t
th
e
co
n
tr
ol
le
r
h
a
s
n
ot
id
en
ti
�
ed
th
e
p
la
n
t
an
d
is
u
n
ce
r-

ta
in
ab
ou
t
w
h
ic
h
co
n
tr
o
l
si
gn
al
to
ac
tu
a
te
.
O
n
th
e
ot
h
er
h
an
d
,
a
su
d
d
en

in
cr
ea
se
in
th
is
si
gn
a
l
sh
ou
ld
a
ls
o
at
tr
a
ct
at
te
n
ti
on
as
it
in
d
ic
at
es
th
at
th
e

d
is
tu
rb
an
ce
s
b
eh
av
e
u
n
ex
p
ec
te
d
-
a
p
os
si
b
le
ca
u
se
co
u
ld
b
e
th
at
a
ch
an
ge

in
sy
st
em
p
ar
am
et
er
s
h
a
s
o
cc
u
re
d
.

W
e
co
n
cl
u
d
e
th
e
d
is
cu
ss
io
n
o
f
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
w
it
h

a
b
ri
ef
d
es
cr
ip
ti
on
of
a
si
m
u
la
ti
on
st
u
d
y
:

E
x
a
m
p
le
4
9
:
In
[1
16
]w
e
d
is
cu
ss
ed
a
ca
se
st
u
d
y
re
g
ar
d
in
g
p
os
it
io
n
co
n
tr
ol

o
f
a
n
in
ve
rt
ed
p
en
d
u
lu
m
,
se
e
�
gu
re
4.
4.
H
er
e
w
e
b
ri
e

y
re
ca
p
it
u
la
te
th
e

d
is
cu
ss
io
n
;
se
e
[1
16
]
fo
r
fu
rt
h
er
d
et
a
il
s.

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�
�
�
�
�

x

u
;
w

�

F
ig
u
re
4
.4
:
A
n
in
v
er
te
d
p
en
d
u
lu
m
w
it
h
fo
rc
e
co
n
tr
ol
an
d
d
is
tu
rb
an
ce

T
h
e
in
ve
rt
ed
p
en
d
u
lu
m

is
p
op
u
la
r
in
b
en
ch
m
ar
k
p
ro
b
le
m
s
b
ec
au
se
it
is

n
o
n
li
n
ea
r,
u
n
st
a
b
le
,
an
d
m
in
im
u
m
-p
h
a
se
(f
ro
m

th
e
co
n
tr
ol
fo
rc
e
to
th
e

ca
rt
p
os
it
io
n
),
an
d
ye
t
re
la
ti
ve
ly
si
m
p
le
.

In
ou
r
st
u
d
y,
th
e
p
la
n
t
is
eq
u
ip
p
ed
w
it
h
th
re
e
se
n
so
rs
:
O
n
e
m
ea
su
ri
n
g
th
e

p
os
it
io
n
o
f
th
e
ca
rt
,
o
n
e
m
ea
su
ri
n
g
th
e
an
gu
la
r
p
o
si
ti
on
o
f
th
e
ro
d
,
an
d
on
e

4.
7

C
on
cl
u
si
on

9

m
ea
su
ri
n
g
th
e
an
gu
la
r
ve
lo
ci
ty
of
th
e
ro
d
.
T
h
e
la
tt
er
is
su
b
je
ct
to
fa
u
lt
s

w
e
u
se
tw
o
m
o
d
el
s
to
re
p
re
se
n
t
th
e
co
n
tr
ol
o
b
je
ct
;
a
n
om
in
al
m
o
d
el
an

on
e
co
rr
es
p
on
d
in
g
to
th
e
se
n
so
r
fa
u
lt
.

A
si
m
u
lt
an
eo
u
s
co
n
tr
ol
le
r
fo
r
th
e
tw
o
li
n
ea
ri
ze
d
p
la
n
t
m
o
d
el
s
is
co
n
st
ru
ct
ed

u
si
n
g
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
ar
ch
it
ec
tu
re
d
ev
el
op
ed
ab
ov
e.

T
h
e
re
si
d
u
al
s
S
i
ar
e
p
re
-�
lt
er
ed
w
it
h
a
�
rs
t-
or
d
er
lo
w
-p
as
s
�
lt
er
b
ef
or
e
t h

p
la
n
t
es
ti
m
at
e
^ �(
t)
is
ge
n
er
at
ed
.
T
h
is
co
rr
es
p
on
d
s
to
ex
p
on
en
ti
al
fo
rg
et
ti
n

in
ad
ap
ti
v
e
co
n
tr
ol
,
[8
5,
4]
.

S
im
u
la
ti
on
re
su
lt
s
w
it
h
th
e
n
on
li
n
ea
r
p
la
n
t
an
d
th
e
sw
it
ch
in
g
co
n
tr
ol
le
r
a r

sh
ow
n
in
�
gu
re
s
4.
5
an
d
4.
6.
H
er
e
a
se
n
so
r
fa
u
lt
o
cc
u
rs
at
ti
m
e
7.
4
se
co
n
d
s

w
h
ic
h
is
at
a
cr
it
ic
al
st
ag
e
af
te
r
a
st
ep
in
th
e
p
os
it
io
n
re
fe
re
n
ce
.
T
h
e
fa
u
l

is
d
et
ec
te
d
w
it
h
in
ap
p
ro
x
im
at
el
y
0.
2
se
co
n
d
s
(�
gu
re
4.
6)
.
S
om
e
os
ci
ll
at
io
n

re
su
lt
fr
om
th
e
fa
u
lt
b
u
t
th
e
sy
st
em
is
ra
p
id
ly
st
ab
il
iz
ed
(�
gu
re
4.
5)
.
A
ft
e

th
e
fa
u
lt
h
as
b
ee
n
d
et
ec
te
d
sy
st
em
p
er
fo
rm
an
ce
is
w
or
se
si
n
ce
th
e
on
e
le
s

se
n
so
r
im
p
li
es
w
or
se
st
at
e
es
ti
m
at
es
.

T
h
e
re
si
d
u
al
s
S
i
se
em
to
b
e
q
u
it
e
w
el
l
su
it
ed
as
in
d
ic
at
or
s
of
m
o
d
el
�
t,
an

th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r
w
or
k
s
n
ic
el
y
in
th
is
ex
am
p
le

A
lt
h
ou
gh
fu
rt
h
er
w
or
k
is
n
ee
d
ed
w
it
h
re
sp
ec
t
to
fo
rg
et
ti
n
g
sc
h
em
es
a
n

m
o
d
i�
ca
ti
on
s
of
th
e
sw
it
ch
in
g
m
ec
h
an
is
m
,t
h
e
co
n
tr
ol
le
r
ar
ch
it
ec
tu
re
se
em

to
b
e
re
as
on
ab
le
an
d
h
ol
d
s
so
m
e
p
ro
m
is
e.

2

4
.7

C
o
n
c
lu
si
o
n

In
th
is
ch
ap
te
r
w
e
h
av
e
ap
p
li
ed
n
on
li
n
ea
r
H
1

th
eo
ry
to
th
e
p
ro
b
le
m
o

si
m
u
lt
an
eo
u
s
H
1

co
n
tr
ol
of
a
�
n
it
e
n
u
m
b
er
o
f
li
n
ea
r
p
la
n
ts
.
O
u
r
m
ot

va
ti
on
fo
r
in
v
es
ti
ga
ti
n
g
th
is
p
ro
b
le
m
is
th
at
it
ap
p
ea
rs
to
b
e
th
e
si
m
p
le
s

p
ro
b
le
m
of
ad
ap
ti
ve
H
1

co
n
tr
ol
,
if
on
e
ex
cl
u
d
es
p
ro
b
le
m
s
w
h
er
e
p
ar
am
et
e

u
n
ce
rt
ai
n
ty
is
re
st
ri
ct
ed
to
sp
ec
ia
l
sy
st
em
p
ar
am
et
er
s.

W
e
h
av
e
sh
ow
n
th
at
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
o
l
in
vo
lv
es
a
n
on
li
n
ea
r
H
1

p
ro
b
le
m
w
h
ic
h
p
os
se
ss
es
a
n
u
m
b
er
o
f
si
m
p
li
fy
in
g
fe
at
u
re
s:
T
h
e
fu
ll
in
fo
r

m
at
io
n
su
b
p
ro
b
le
m
ca
n
b
e
so
lv
ed
u
si
n
g
li
n
ea
r
th
eo
ry
.
T
h
e
co
st
-t
o-
go
,
o

th
e
in
fo
rm
at
io
n
st
at
e,
is
a
q
u
ad
ra
ti
c
fu
n
ct
io
n
on
st
at
e
sp
ac
e
w
h
ic
h
al
s

ca
n
b
e
fo
u
n
d
u
si
n
g
li
n
ea
r
th
eo
ry
.
A
lt
h
ou
gh
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
d
o
es
n
o

ap
p
ly
,
th
e
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
ol
p
ro
b
le
m

ca
n
b
e
re
d
u
ce
d
to
a
st
at

fe
ed
b
ac
k
p
ro
b
le
m
on
th
e
w
or
st
-c
as
e
�
lt
er
,
an
d
h
en
ce
b
e
so
lv
ed
w
it
h
�
n
it
e

d
im
en
si
on
al
d
y
n
am
ic
p
ro
gr
am
m
in
g.
H
ow
ev
er
,
th
es
e
w
or
st
-c
as
e
�
lt
er
s
w
i
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C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

0
5
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−
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−
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−
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−
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50

0.
51

1.
52

P
os

iti
on

 o
f t

he
 c

ar
t a

nd
 it

s 
re

fe
re

nc
e

T
im

e 
−

 s
ec

on
ds

Position − meters

C
ar

t p
os

iti
on

R
ef

er
en

ce
   

 

F
ig
u
re
4.
5:
T
h
e
p
o
si
ti
o
n
of
th
e
ca
rt
a
n
d
it
s
re
fe
re
n
ce
.
S
en
so
r
fa
u
lt
in
th
e

an
gu
la
r
ve
lo
ci
ty
se
n
so
r
at
ti
m
e
7
.4
se
co
n
d
s.

4.
7

C
on
cl
u
si
on

9

0
5

10
15

0

0.
51

1.
52

2.
53

3.
5

x 
10

8
R

es
id

ua
ls

 a
ss

oc
ia

te
d 

w
ith

 th
e 

tw
o 

m
od

el
s

T
im

e 
−

 s
ec

on
ds

Si

M
od

el
 1

: G
oo

d 
se

ns
or

s
M

od
el

 1
: S

en
so

r 
fa

ul
t

F
ig
u
re
4.
6:
T
h
e
re
si
d
u
al
s
as
so
ci
at
ed
w
it
h
th
e
tw
o
m
o
d
el
s.
T
h
e
co
n
tr
ol
le

co
rr
es
p
on
d
in
g
to
th
e
lo
w
er
re
si
d
u
al
is
co
n
n
ec
te
d
to
th
e
p
la
n
t.
T
h
e
fa
u
lt
a

ti
m
e
7.
4
se
co
n
d
s
is
d
et
ec
te
d
w
h
en
th
e
li
n
es
cr
os
s;
ap
p
ro
x
im
at
el
y
a
t
ti
m

7.
6
se
co
n
d
s.



98

C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

al
w
ay
s
b
e
h
ig
h
-d
im
en
si
on
al
(e
x
am
p
le
49
le
a
d
s
to
a
�
lt
er
w
it
h
14
st
at
es

d
es
p
it
e
b
ei
n
g
so
m
ew
h
at
ac
ad
em
ic
)
w
h
ic
h
m
ak
es
d
ir
ec
t
n
u
m
er
ic
al
so
lu
ti
on

im
p
o
ss
ib
le
an
d
a
pr
io
ri
in
si
gh
t
in
to
th
e
st
ru
ct
u
re
of
th
e
so
lu
ti
on
n
ec
es
sa
ry
.

W
e
h
av
e
m
ad
e
co
n
si
d
er
ab
le
p
ro
gr
es
s
in
th
is
d
ir
ec
ti
on
,
a
lt
h
ou
gh
a
co
m
-

p
le
te
so
lu
ti
o
n
re
q
u
ir
es
co
n
je
ct
u
re
47
to
b
e
ve
ri
�
ed
a
fa
ls
i�
ed
.
F
u
rt
h
er
m
or
e

w
e
h
av
e
in
ve
st
ig
a
te
d
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r,
an
d
al
-

th
ou
gh
th
e
as
su
m
p
ti
on
s
u
n
d
er
w
h
ic
h
w
e
ca
n
g
u
ar
an
te
e
it
s
p
er
fo
rm
an
ce
ar
e

ve
ry
re
st
ri
ct
iv
e,
o
u
r
si
m
u
la
ti
on
s
st
u
d
y
su
gg
es
ts
th
a
t
it
s
ar
ch
it
ec
tu
re
is
q
u
it
e

re
a
so
n
a
b
le
.

T
h
e
w
o
rk
re
p
or
te
d
in
th
is
ch
ap
te
r
m
ay
b
e
co
n
ti
n
u
ed
in
se
ve
ra
l
d
ir
ec
ti
on
s:

F
u
rt
h
er
th
eo
re
ti
ca
l
st
u
d
y
of
th
e
p
ro
b
le
m
m
ay
le
ad
to
co
n
je
ct
u
re
47
b
ei
n
g

re
so
lv
ed
,
o
r
le
ss
re
st
ri
ct
iv
e
co
n
d
it
io
n
s
u
n
d
er
w
h
ic
h
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty

eq
u
iv
al
en
ce
co
n
tr
ol
le
r
is
su
�
ci
en
t.
A
ls
o
a
p
p
ro
x
im
a
ti
on
s
of
th
e
h
eu
ri
st
ic
ce
r-

ta
in
ty
eq
u
iv
al
en
ce
co
n
tr
o
ll
er
a
n
d
in
v
es
ti
ga
ti
o
n
of
va
ri
ou
s
fo
rg
et
ti
n
g
sc
h
em
es

is
a
su
b
je
ct
w
h
ic
h
d
es
er
v
es
m
or
e
at
te
n
ti
on
.
S
om
e
h
in
ts
to
w
ar
d
s
ot
h
er
su
b
-

je
ct
s
ar
e
g
iv
en
in
th
e
su
cc
ee
d
in
g
n
o
te
s.

A
ck
n
o
w
le
d
g
e
m
e
n
ts

T
h
e
a
u
th
o
r
w
is
h
es
to
th
an
k
D
r.
A
.
R
a
p
ap
o
rt
fo
r
st
im
u
la
ti
n
g
d
is
cu
ss
io
n
s,

an
d
P
ro
f.
G
.
V
in
n
ic
om
b
e
fo
r
p
oi
n
ti
n
g
o
u
t
th
e
w
o
rk
of
S
.
R
an
ga
n
an
d
K
.

P
o
ol
la
[9
0]
,
w
h
ic
h
is
d
es
cr
ib
ed
b
el
ow
.

4
.8

N
o
te
s
a
n
d
re
fe
re
n
ce
s

R
e
la
te
d
re
c
e
n
t
li
te
ra
tu
re

A
st
u
d
y
of
si
m
u
lt
a
n
eo
u
s
o
u
tp
u
t
fe
ed
b
a
ck
H
1

co
n
tr
ol
u
si
n
g
d
ig
it
al
co
n
-

tr
ol
le
rs
is
p
re
se
n
te
d
b
y
S
av
k
in
in
[9
4]
.
T
h
e
ap
p
ro
ac
h
in
th
is
re
fe
re
n
ce
is

re
m
in
is
ce
n
t
of
th
e
in
fo
rm
at
io
n
st
at
e
m
ac
h
in
er
y,
al
th
ou
gh
it
is
n
ot
ex
p
li
ci
tl
y

u
se
d
si
n
ce
th
e
p
ro
b
le
m
is
n
o
t
fo
rm
u
la
te
d
as
a
n
o
n
li
n
ea
r
H
1

p
ro
b
le
m
.
T
h
e

m
a
in
re
su
lt
of
th
e
p
ap
er
is
th
a
t
a
fe
as
ib
le
co
n
tr
o
ll
er
ex
is
ts
if
an
d
on
ly
if

a
)
th
e
�
lt
er
al
g
eb
ra
ic
R
ic
ca
ti
eq
u
at
io
n
(4
.1
2)
ad
m
it
s
a
su
it
ab
le
so
lu
ti
on

(a
lt
h
o
u
g
h
a
sm
al
l
p
er
tu
rb
at
io
n
of
th
e
eq
u
at
io
n
is
n
ec
es
sa
ry
d
u
e
to
th
e
u
se

o
f
d
ig
it
al
co
n
tr
o
ll
er
s)
,
a
n
d
b)
a
fu
ll
in
fo
rm
a
ti
o
n
m
in
im
ax
co
n
tr
ol
p
ro
b
le
m
,

w
h
ic
h
ex
ce
p
t
fo
r
th
e
u
se
of
p
ie
ce
w
is
e
co
n
st
a
n
t
co
n
tr
ol
si
gn
al
s
is
si
m
il
ar
to

4.
8

N
ot
es
an
d
re
fe
re
n
ce
s

9

th
e
p
ro
b
le
m
d
is
cu
ss
ed
in
se
ct
io
n
4.
5,
ad
m
it
s
a
so
lu
ti
on
.
A
s
a
co
n
se
q
u
en
c

w
e
m
ay
re
st
ri
ct
at
te
n
ti
on
to
�
n
it
e
d
im
en
si
on
al
co
n
tr
ol
le
rs
.
T
h
e
p
ro
b
le
m
o

ex
p
li
ci
tl
y
ch
ar
ac
te
ri
zi
n
g
th
e
so
lu
ti
on
of
th
is
st
at
e
fe
ed
b
ac
k
m
in
im
ax
co
n
tr
o

p
ro
b
le
m
is
n
ot
ad
d
re
ss
ed
.
It
is
in
te
re
st
in
g
to
n
ot
ic
e
th
at
th
e
u
se
of
d
ig
it
a

co
n
tr
ol
le
rs
le
ad
s
to
a
ce
rt
ai
n
am
ou
n
t
of
te
ch
n
ic
al
si
m
p
li
�
ca
ti
on
.

In
[9
0]
R
a
n
g
a
n
a
n
d
P
o
ol
la
co
n
si
d
er
a
p
ro
b
le
m
of
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
o

w
h
ic
h
is
si
m
il
ar
to
th
e
on
e
st
u
d
ie
d
h
er
e,
b
u
t
is
fo
rm
u
la
te
d
in
d
is
cr
et
e
ti
m

an
d
on
�
n
it
e
h
or
iz
on
.
T
h
e
ap
p
ro
ac
h
is
b
as
ed
on
th
e
in
fo
rm
at
io
n
st
at
e
m
a

ch
in
er
y.
D
i�
cu
lt
ie
s
re
ga
rd
in
g
re
gu
la
ri
ty
of
th
e
va
lu
e
fu
n
ct
io
n
ar
e
av
o
id
e

d
u
e
to
th
e
�
n
it
e
h
or
iz
on
d
is
cr
et
e
ti
m
e
se
tt
in
g.
V
er
y
in
te
re
st
in
gl
y,
a
re
su
l

w
h
ic
h
re
se
m
b
le
s
ou
r
co
n
je
ct
u
re
47
is
st
at
ed
.
T
h
e
p
ro
of
of
th
e
re
su
lt
h
a

n
ot
b
ee
n
p
u
b
li
sh
ed
(t
h
e
re
su
lt
is
n
ot
in
cl
u
d
ed
in
[8
8]
),
an
d
th
er
ef
or
e
it
i

n
ot
cl
ea
r
if
it
ca
n
b
e
m
o
d
i�
ed
to
as
si
st
in
th
e
ve
ri
�
ca
ti
on
of
ou
r
co
n
je
c

tu
re
47
.
O
th
er
p
ro
b
le
m
s
re
la
te
d
to
id
en
ti
�
ca
ti
on
an
d
co
n
tr
o
l
o
f
a
p
la
n

w
it
h
m
u
lt
ip
le
m
o
d
el
s
ar
e
in
v
es
ti
ga
te
d
in
[8
8]
.

J
u
m
p
in
g
p
a
ra
m
e
te
rs

In
ap
p
li
ca
ti
on
s
on
e
m
u
st
u
su
al
ly
ex
p
ec
t
th
at
th
e
p
ar
am
et
er
�
is
n
ot
co
n
st
an

fo
r
al
l
ti
m
e,
b
u
t
w
il
l
o
cc
as
io
n
al
ly
ju
m
p
.
T
h
is
h
ol
d
s
w
h
et
h
er
th
e
p
ro
b
le
m
i

on
e
of
fa
u
lt
h
an
d
li
n
g
or
an
ap
p
ro
x
im
at
io
n
to
an
ad
ap
ti
ve
co
n
tr
ol
p
ro
b
le
m

w
h
er
e
th
e
co
n
ti
n
u
ou
s
p
ar
am
et
er
sp
ac
e
h
as
b
ee
n
d
is
cr
et
iz
ed
.

A
s
w
e
m
en
ti
on
ed
in
ex
am
p
le
49
in
se
ct
io
n
4.
6,
on
e
m
ay
ad
d
a
ex
p
on
en
ti
a

fo
rg
et
ti
n
g
sc
h
em
e
to
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
co
n
tr
ol
le
r
in
or
d
e

to
m
ak
e
it
h
an
d
le
p
ar
am
et
er
ju
m
p
s.
T
h
is
fo
rg
et
ti
n
g
sc
h
em
e
an
d
ot
h
er
s
a
r

p
op
u
la
r
in
ad
ap
ti
v
e
co
n
tr
ol
[4
,
85
],
an
d
al
th
ou
gh
it
is
m
os
t
of
te
n
d
i�
cu
l

to
ca
rr
y
th
ro
u
gh
a
ri
go
ro
u
s
an
al
y
si
s
of
th
e
re
su
lt
in
g
sy
st
em
,
ex
p
er
ie
n
c

in
d
ic
at
es
th
at
th
ey
w
or
k
q
u
it
e
w
el
l.

A
ri
go
ro
u
s
ap
p
ro
ac
h
to
th
e
p
ro
b
le
m
w
it
h
ju
m
p
in
g
p
ar
am
et
er
s
is
to
m
o
d
e

th
e
p
ar
am
et
er
va
ri
at
io
n
s
w
it
h
a
M
ar
ko
v
ch
ai
n
,
w
h
ic
h
th
en
le
a
d
s
to

st
o
ch
as
ti
c
d
y
n
am
ic
ga
m
e.
T
h
e
fu
ll
in
fo
rm
at
io
n
,
�
n
it
e
ti
m
e
ve
rs
io
n
of
th
i

ga
m
e
is
tr
ea
te
d
in
[8
],
w
h
er
e
th
e
so
lu
ti
on
is
sh
ow
n
to
b
e
go
ve
rn
ed
b
y

p
co
u
p
le
d
d
i�
er
en
ti
al
R
ic
ca
ti
eq
u
at
io
n
s.
T
h
e
co
rr
es
p
on
d
in
g
ou
tp
u
t
fe
ed

b
ac
k
p
ro
b
le
m
is
op
en
an
d
in
v
ol
ve
s
se
ve
ra
l
n
ew
d
i�
cu
lt
ie
s,
re
ga
rd
in
g
th

ch
ar
ac
te
ri
za
ti
on
an
d
r^o
le
of
th
e
in
fo
rm
at
io
n
st
at
e.



1
00

C
h
a
p
te
r
4.
S
im
u
lt
an
eo
u
s
H
1

C
on
tr
ol

R
e
la
x
in
g
th
e
si
m
p
li
fy
in
g
a
ss
u
m
p
ti
o
n
s

W
e
h
av
e
a
ss
u
m
ed
th
e
si
m
pl
e
ca
se
[1
28
]
o
f
th
e
p
li
n
ea
r
H
1

co
n
tr
ol
p
ro
b
-

le
m
s,
i.
e.
ob
se
rv
ab
il
it
y
o
f
(H
i;
A
i)
,
co
n
tr
ol
la
b
il
it
y
of
(A
i;
G
i)
,
d
ec
ou
p
le
d

p
ro
ce
ss
an
d
m
ea
su
re
m
en
t
n
o
is
e
w

a
n
d
v
,
an
d
a
d
ec
ou
p
le
d
er
ro
r
si
gn
al

z
=
(
(H
x
)0
;u
0
)0
.
R
el
ax
in
g
th
es
e
as
su
m
p
ti
on
s
in
vo
lv
es
m
ai
n
ly
al
ge
b
ra
ic

m
an
ip
u
la
ti
o
n
s
[1
2
8]
,
al
th
ou
gh
ce
rt
ai
n
d
et
a
il
s
re
q
u
ir
e
at
te
n
ti
on
.

A
n
ot
h
er
as
su
m
p
ti
o
n
w
h
ic
h
ca
n
ea
si
ly
b
e
re
m
ov
ed
is
th
at
th
e
p
p
la
n
ts
h
av
e

st
at
e
sp
ac
e
re
p
re
se
n
ta
ti
on
s
w
it
h
th
e
sa
m
e
d
im
en
si
on
.

P
a
r
t
II

S
to
c
h
a
st
ic
m
o
d
e
ls

1
0
1



C
h
a
p
te
r
5

D
is
si
p
a
ti
o
n
in
st
o
c
h
a
st
ic

sy
st
e
m
s

W
e
d
e�
n
e
th
e
p
ro
p
er
ty
of
d
is
si
p
at
iv
it
y
fo
r
co
n
tr
ol
le
d
It
^o
d
i�
u
-

si
on
s,
an
d
w
e
in
v
es
ti
ga
te
el
em
en
ta
ry
p
ro
p
er
ti
es
,
su
ch
as
d
i�
er
-

en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
ie
s,
co
n
ve
x
it
y,
an
d
th
e
co
n
n
ec
ti
on
to

st
ab
il
it
y.

5
.1

In
tr
o
d
u
c
ti
o
n

D
is
si
p
at
iv
e
sy
st
em
s
p
la
y
a
ce
n
tr
al
r^o
le
in
th
e
d
et
er
m
in
is
ti
c
th
eo
ry
of
ro
b
u
s

st
ab
il
it
y,
as
ev
id
en
t
fr
om
th
e
w
or
k
s
of
n
u
m
er
ou
s
au
th
or
s
an
d
al
so
fr
om
th

�
rs
t
p
ar
t
of
th
is
th
es
is
.
T
h
e
d
et
er
m
in
is
ti
c
th
eo
ry
al
so
en
ab
le
s
p
er
fo
rm
an
c

an
al
y
si
s,
w
h
er
e
p
er
fo
rm
an
ce
is
m
ea
su
re
d
b
y
th
e
re
sp
on
se
to
in
it
ia
l
co
n
d
i

ti
on
s,
or
b
y
th
e
w
or
st
-c
as
e
re
sp
on
se
to
an
in
p
u
t
in
so
m
e
se
t.
T
h
e
re
su
lt
in

fr
am
ew
or
k
h
as
m
u
ch
ap
p
ea
l
fr
om

a
th
eo
re
ti
ca
l
as
w
el
l
a
s
fr
om

an
en
gi

n
ee
ri
n
g
p
oi
n
t
of
v
ie
w
,
an
d
is
in
ac
co
rd
an
ce
w
it
h
th
e
cu
rr
en
tl
y
d
om
in
at
in

p
ar
ad
ig
m
fo
r
ro
b
u
st
co
n
tr
o
l.

A
d
ra
w
b
ac
k
o
f
th
is
fr
am
ew
or
k
is
th
at
it
d
o
es
n
ot
al
lo
w
fo
r
st
o
ch
as
ti
c
re
p
re

se
n
ta
ti
on
s
of
u
n
ce
rt
ai
n
ty
,
su
ch
as
w
h
it
e
n
oi
se
d
is
tu
rb
an
ce
s,
or
fo
r
st
o
ch
as
ti

p
er
fo
rm
an
ce
m
ea
su
re
s,
su
ch
a
s
ri
sk
of
fa
il
u
re
.
O
n
th
e
ot
h
er
h
an
d
,
th
e
li
t

er
at
u
re
on
st
o
ch
as
ti
c
sy
st
em
s
d
o
es
li
tt
le
to
ad
d
re
ss
th
e
is
su
es
of
ro
b
u
st
n
es

1
0
3



1
04

C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

to
w
a
rd
s
d
y
n
am
ic
p
er
tu
rb
at
io
n
s
w
h
ic
h
m
ot
iv
a
te
d
fo
r
in
st
an
ce
th
e
d
ev
el
op
-

m
en
t
of
H
1

co
n
tr
ol
.

T
h
is
su
gg
es
ts
th
at
it
m
ay
b
e
fr
u
it
fu
l
to
ex
te
n
d
th
e
th
eo
ry
of
d
is
si
p
at
io
n

to
st
o
ch
a
st
ic
sy
st
em
s,
an
d
ap
p
ly
it
to
ro
b
u
st
n
es
s
an
al
y
si
s
of
st
o
ch
as
ti
c

sy
st
em
s.
In
th
is
ch
ap
te
r
w
e
re
p
or
t
re
su
lt
s
w
h
ic
h
in
d
ic
at
e
th
at
th
e
co
n
ce
p
t

of
d
is
si
p
a
ti
on
is
in
d
ee
d
m
ea
n
in
gf
u
l
in
a
st
o
ch
as
ti
c
co
n
te
x
t,
an
d
th
at
m
u
ch

of
th
e
d
et
er
m
in
is
ti
c
th
eo
ry
ap
p
li
es
m
or
e
or
le
ss
d
ir
ec
tl
y.

D
is
si
p
at
io
n
-l
ik
e
p
ro
p
er
ti
es
o
f
st
o
ch
as
ti
c
sy
st
em
s
d
o
a
p
p
ea
r
in
th
e
li
te
ra
tu
re
.

F
o
r
in
st
an
ce
[3
1]
u
se
s
st
o
ch
as
ti
c
L
ya
p
u
n
ov
fu
n
ct
io
n
s
to
ac
h
ie
ve
b
ou
n
d
s
on

th
e
L
2
-g
ai
n
o
f
a
w
id
e
se
n
se
li
n
ea
r
sy
st
em

w
it
h
d
et
er
m
in
is
ti
c
in
p
u
ts
a
n
d

st
o
ch
a
st
ic
o
u
tp
u
ts
.
A
n
ot
h
er
ex
am
p
le
is
th
e
st
o
ch
as
ti
c
sm
al
l
g
ai
n
th
eo
re
m

in
[3
0]
w
h
ic
h
co
n
n
ec
ts
in
p
u
t-
ou
tp
u
t
p
ro
p
er
ti
es
to
R
ic
ca
ti
eq
u
at
io
n
s,
th
e

so
lu
ti
on
s
of
w
h
ic
h
ar
e
su
b
se
q
u
en
tl
y
u
se
d
to
ob
ta
in
a
st
o
ch
as
ti
c
st
ab
il
it
y

re
su
lt
.

5
.2

P
re
li
m
in
a
ri
e
s

W
e
co
n
si
d
er
a
co
n
tr
ol
le
d
p
ro
ce
ss
x
t
in
a
E
u
cl
id
ea
n
st
at
e
sp
ac
e
X

=
R
n

gi
ve
n
b
y
an
It
^o
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
ev
ol
v
in
g
o
n
th
e
ti
m
e
in
te
rv
al

T

=
[0
;1
)

d
x
t
=
f
(x
t
;w
t)
d
t
+
g
(x
t
;w
t)
d
B
t
;

x
0
=
x
2
X

(5
.1
)

w
h
er
e
B
t
is
st
a
n
d
ar
d
m
-d
im
en
si
o
n
al
B
ro
w
n
ia
n
m
ot
io
n
on
a
p
ro
b
ab
il
it
y

sp
ac
e
(

;F
;P
)
w
it
h
re
sp
ec
t
a
g
iv
en
�
lt
ra
ti
on
F
t.
T
h
e
in
it
ia
l
co
n
d
it
io
n
x

is
d
et
er
m
in
is
ti
c.
T
h
e
in
p
u
t
w
t
is
an
F
t
-a
d
ap
te
d
p
ro
ce
ss
ta
k
in
g
va
lu
es
in

E
u
cl
id
ea
n
sp
ac
e
W

=
R
p
.
S
ee
[8
3]
fo
r
th
e
n
ec
es
sa
ry
b
ac
k
gr
ou
n
d
m
at
er
ia
l.

T
h
e
sy
st
em
ex
ch
an
ge
s
so
m
e
q
u
an
ti
ty
w
it
h
it
s
en
v
ir
on
m
en
t,
sp
ec
i�
ed
b
y
a

su
p
p
ly
ra
te
r
:
X

�
W

!

R
.
T
h
e
a
cc
u
m
u
la
te
d


ow
fr
o
m
en
v
ir
on
m
en
t
in
to

th
e
sy
st
em
d
u
ri
n
g
th
e
ti
m
e
in
te
rv
al
[0
;t
]
is
R
t
w
h
er
e

d
R
t
=
r(
x
t;
w
t)
d
t;

R
0
=
0

:

(5
.2
)

N
o
ti
ce
th
at
w
e
h
er
e
co
n
si
d
er
th
e
su
p
p
ly
to
b
e
a
fu
n
ct
io
n
of
st
at
e
an
d
in
p
u
t,

ra
th
er
th
an
a
fu
n
ct
io
n
of
in
p
u
t
an
d
ou
tp
u
t.
T
h
e
m
ot
iv
at
io
n
fo
r
th
is
is

si
m
p
ly
to
ac
h
ie
v
e
a
sh
or
te
r
n
ot
at
io
n
,
an
d
th
e
re
ad
er
m
ay
su
b
st
it
u
te
r(
x
;w
)

w
it
h
s(
z
;w
)
if
h
e
so
p
le
as
es
,
w
h
er
e
z
=
h
(x
;w
)
is
th
e
ou
tp
u
t.

5.
3

D
e�
n
it
io
n
of
d
is
si
p
at
iv
en
es
s
a
n
d
el
em
en
ta
ry
p
ro
p
er
ti
es

1
0

W
e
d
o
n
ot
w
is
h
to
d
w
el
l
on
te
ch
n
ic
al
it
ie
s
re
ga
rd
in
g
ex
is
te
n
ce
an
d
u
n
iq
u
e

n
es
s
of
so
lu
ti
on
s.
H
en
ce
w
e
si
m
p
ly
re
st
ri
ct
th
e
in
p
u
t
w
t
to
a
se
t
W

o

F
t
-a
d
ap
te
d
in
p
u
ts
fo
r
w
h
ic
h
th
er
e
ex
is
ts
a
u
n
iq
u
e
t-
co
n
ti
n
u
ou
s
so
lu
ti
on
x
t

an
d
as
su
m
e
th
at
W

is
su
�
ci
en
tl
y
la
rg
e
an
d
cl
os
ed
u
n
d
er
sw
it
ch
in
g
so
th
a

th
e
p
ri
n
ci
p
le
of
op
ti
m
al
it
y
h
o
ld
s.

A
ss
o
ci
at
ed
w
it
h
th
e
eq
u
at
io
n
(5
.1
)
w
e
d
e�
n
e
fo
r
ea
ch
w
2
W

th
e
d
i�
er
en
ti
a

op
er
at
or
L
w

:
C
2
(X
;R
)
!

C
0
(X
;R
)
gi
v
en
b
y
L
w
V
(x
)
=
V
x
f
+
1 2
tr
g
0 V
x
x

w
h
er
e
th
e
ri
gh
t
h
a
n
d
si
d
e
is
ev
al
u
at
ed
at
(x
;w
).

If
J
is
a
fu
n
ct
io
n
al
on
sa
m
p
le
p
at
h
s
of
th
e
p
ro
ce
ss
es
x
t,
w
t,
th
en
E
x
J
i

ex
p
ec
ta
ti
on
w
.r
.t
.
th
e
p
ro
b
ab
il
it
y
m
ea
su
re
ge
n
er
at
ed
b
y
x
t,
w
t
w
it
h
in
it
ia

co
n
d
it
io
n
x
0
=
x
.
In
th
is
n
ot
at
io
n
th
e
d
ep
en
d
en
ce
of
E
x
J
on
th
e
in
p
u
t
w

is
su
p
p
re
ss
ed
.

5
.3

D
e
�
n
it
io
n
o
f
d
is
si
p
a
ti
v
e
n
e
ss
a
n
d
e
le
m
e
n

ta
ry
p
ro
p
e
rt
ie
s

R
ec
al
l
th
at
th
e
fu
n
d
am
en
ta
l
el
em
en
t
in
th
e
d
et
er
m
in
is
ti
c
th
eo
ry
of
d
is
si
p
a

ti
on
[1
24
]
is
th
e
st
or
ag
e
fu
n
ct
io
n
V
:
X

!
R

w
h
ic
h
sa
ti
s�
es
th
e
d
is
si
p
at
io

in
eq
u
al
it
y

V
(x
t
)
�
V
(x
0
)
+

Z t 0

r(
x
s
;w
s
)
d
s

al
on
g
ev
er
y
tr
a
je
ct
or
y
of
th
e
sy
st
em
.
T
h
is
in
eq
u
al
it
y
ca
n
b
e
ge
n
er
al
iz
e

to
a
st
o
ch
as
ti
c
se
tt
in
g
in
se
ve
ra
l
w
ay
s,
b
u
t
it
ap
p
ea
rs
th
at
th
e
m
os
t
u
se
fu

fr
am
ew
or
k
is
a
ch
ie
v
ed
b
y
re
q
u
ir
in
g
th
e
in
eq
u
al
it
y
to
h
ol
d
in
ex
p
ec
ta
ti
on
:

D
e
�
n
it
io
n
5
0
:

W
e
sa
y
th
at
th
e
sy
st
em

(5
.1
)
is
di
ss
ip
a
ti
ve
w
.r
.t
.
th

su
p
p
ly
ra
te
r,
if
th
er
e
ex
is
ts
a
n
on
-n
eg
at
iv
e
st
or
ag
e
fu
n
ct
io
n
V
:
X

!

R

su
ch
th
at
th
e
in
te
gr
al
di
ss
ip
at
io
n
in
eq
u
al
it
y

E
x
fV
(x
�
)
�

Z � 0

r(
x
s
;w
s
)
d
sg
�
V
(x
)

(5
.3

h
ol
d
s
fo
r
al
lb
ou
n
d
ed
st
op
p
in
g
ti
m
es
�
an
d
al
l
so
lu
ti
on
s
x
t;
w
t
of
th
e
sy
st
em

w
it
h
x
0
=
x
2
X
.

2

W
e
em
p
h
as
iz
e
th
at
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
is
o
n
ly
re
q
u
ir
ed
to
h
o
ld
fo

b
ou
n
d
ed
st
op
p
in
g
ti
m
es
�
;
se
e
p
.
11
4
b
el
ow
fo
r
a
co
m
m
en
t.
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r
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.
D
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si
p
a
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o
n
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o
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c
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U
si
n
g
th
e
re
su
lt
s
in
e.
g.
[8
3]
,
it
is
ea
sy
to
se
e
th
at
st
or
ag
e
fu
n
ct
io
n
s
ar
e

re
la
te
d
to
a
d
i�
er
en
ti
al
ve
rs
io
n
of
th
e
d
is
si
p
a
ti
o
n
in
eq
u
al
it
y
:

P
ro
p
o
si
ti
o
n
5
1
:

A
n
on
n
eg
a
ti
v
e
C
2
fu
n
ct
io
n
V
:
X

!

R

is
a
st
or
ag
e

fu
n
ct
io
n
if
an
d
o
n
ly
if
it
sa
ti
s�
es
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y

su
p
w
2
W

L
w
V
(x
)
�
r(
x
;w
)
�
0

(5
.4
)

on
X
.

4

P
ro
o
f:

S
u
�
ci
en
cy
:
L
et
V
b
e
C
2
an
d
sa
ti
sf
y
th
e
in
eq
u
al
it
y
(5
.4
).
L
et

x
t
;w
t
b
e
a
so
lu
ti
on
w
it
h
x
0
=
x
2
X

an
d
le
t
�
b
e
a
b
ou
n
d
ed
st
op
p
in
g
ti
m
e,

i.
e.
�
<
T
.
L
et
(x
t^
�
;R
t^
�
)
b
e
th
e
p
ro
ce
ss
(x
r
;R
t)
st
op
p
ed
at
�
,
i.
e.

d
x
t^
�
=
d
x
t
��
t�
�
;

d
R
t^
�
=
d
R
t
��
t�
�

(H
er
e
�
t�
�
is
th
e
in
d
ic
at
or
fu
n
ct
io
n
,
i.
e.
�
t�
�
=
1
if
an
d
on
ly
if
t
�
�
an
d

0
ot
h
er
w
is
e)
.
N
ow
co
n
si
d
er
V
(x
t^
�
)
�
R
t^
�
.
B
y
It
^o'
s
le
m
m
a
th
is
p
ro
ce
ss

is
ag
ai
n
a
n
It
^o
p
ro
ce
ss
a
n
d
th
e
d
i�
er
en
ti
a
l
d
is
si
p
a
ti
on
in
eq
u
al
it
y
im
p
li
es

E
x
(V
(x
t^
�
)
�
R
t^
�
)
�
V
(x
).
N
ow
n
ot
ic
e
th
at
x
T
^
�
=
x
�
an
d
R
T
^
�
=
R
�
;

w
e
h
av
e
th
u
s
sh
ow
n
th
at
th
e
in
eq
u
al
it
y
(5
.3
)
h
ol
d
s.

N
ec
es
si
ty
:
L
et
V
b
e
a
C
2
st
or
ag
e
fu
n
ct
io
n
an
d
co
n
si
d
er
a
so
lu
ti
on
(x
t
;w
t)

fo
r
w
h
ic
h
th
e
in
p
u
t
is
co
n
st
a
n
t
an
d
d
et
er
m
in
is
ti
c,
w
t
�
w
2
W

,
an
d
th
e

in
it
ia
l
co
n
d
it
io
n
x
0
=
x
2
X

is
d
et
er
m
in
is
ti
c.
T
h
en
V
is
in
th
e
d
om
ai
n

of
th
e
ch
ar
ac
te
ri
st
ic
op
er
at
or
A
w

(s
ee
[8
3,
p
.
1
16
])
an
d
th
e
d
is
si
p
at
io
n

in
eq
u
al
it
y
(5
.3
)
im
p
li
es
th
at
L
w
V
(x
)
=
A
w
V
(x
)
�
r(
x
;w
).
S
in
ce
x
an
d
w

w
er
e
a
rb
it
ra
ry
th
e
co
n
cl
u
si
on
fo
ll
ow
s.

W
e
d
e�
n
e
th
e
av
ai
la
b
le
st
o
ra
ge
of
th
e
sy
st
em
(5
.1
)
w
.r
.t
.
th
e
su
p
p
ly
ra
te
r

in
a
m
an
n
er
a
n
a
lo
go
u
s
to
[1
24
],
n
a
m
el
y
b
y

V
a
(x
)
=
su
p
w
t
;�

E
x

Z � 0

�
r
d
s

(5
.5
)

w
h
er
e
th
e
su
p
re
m
u
m
is
ov
er
a
ll
b
ou
n
d
ed
st
op
p
in
g
ti
m
es
�
an
d
al
l
so
lu
ti
on
s

x
t
,
w
t
w
it
h
x
0
=
x
.
W
it
h
th
is
d
e�
n
it
io
n
w
e
im
m
ed
ia
te
ly
h
av
e
a
re
su
lt

an
a
lo
go
u
s
to
th
eo
re
m
1
in
[1
24
,
p
.
32
8
]:

P
ro
p
o
si
ti
o
n
5
2
:

T
h
e
av
ai
la
b
le
st
o
ra
ge
is
�
n
it
e
fo
r
al
l
x
2
X

if
an
d
on
ly

if
th
e
sy
st
em
is
d
is
si
p
at
iv
e.
F
u
rt
h
er
m
or
e,
in
th
is
ca
se
th
e
av
ai
la
b
le
st
or
ag
e

is
in
it
se
lf
a
st
or
ag
e
fu
n
ct
io
n
a
n
d
an
y
ot
h
er
st
or
ag
e
fu
n
ct
io
n
V
sa
ti
s�
es

V
(x
)
�
V
a
(x
);

8
x
2
X

:

5.
3

D
e�
n
it
io
n
of
d
is
si
p
at
iv
en
es
s
a
n
d
el
em
en
ta
ry
p
ro
p
er
ti
es

1
0

F
in
al
ly
in
ff
V
a
(x
)
:
x
2
X
g
=
0
.

4

P
ro
o
f:

F
ir
st
w
e
sh
ow
th
at
if
th
e
av
ai
la
b
le
st
or
ag
e
is
�
n
it
e,
th
en
it
is

st
or
ag
e
fu
n
ct
io
n
.
It
is
im
m
ed
ia
te
th
at
V
a
�
0
(i
f
n
ec
es
sa
ry
,
th
is
is
ob
ta
in
e

b
y
le
tt
in
g
�
!
0)
.
T
h
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
th
en
re
ad
s

E
x
fV
a
(x
�
)
�

Z � 0

r
d
sg
�
V
a
(x
)

w
h
ic
h
fo
ll
ow
s
fr
om
th
e
p
ri
n
ci
p
le
of
op
ti
m
al
it
y.
H
en
ce
th
e
sy
st
em
is
d
is
si

p
at
iv
e.

S
ec
on
d
w
e
sh
ow
th
at
if
th
e
sy
st
em
is
d
is
si
p
at
iv
e
w
it
h
st
or
ag
e
fu
n
ct
io
n
V

th
en
w
e
h
av
e
V
a
�
V
;
in
p
ar
ti
cu
la
r
th
e
av
ai
la
b
le
st
or
ag
e
is
�
n
it
e.
T
o
se

th
is
w
e
re
w
ri
te
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
as

E
x

Z � 0

�
r
d
s
�
V
(x
)
�
E
x
V
(x
�
)
�
V
(x
)

w
h
er
e
th
e
se
co
n
d
in
eq
u
al
it
y
fo
ll
ow
s
fr
om
V
b
ei
n
g
n
on
-n
eg
at
iv
e.
S
in
ce
th
i

in
eq
u
al
it
y
h
ol
d
s
fo
r
al
l
b
ou
n
d
ed
st
op
p
in
g
ti
m
es
�
an
d
al
l
so
lu
ti
on
s
x
t;
w

w
h
ic
h
sa
ti
sf
y
x
0
=
x
w
e
h
av
e
V
a
(x
)
�
V
(x
)
<
1
.
T
h
e
co
n
cl
u
si
on
fo
ll
ow
s

F
in
al
ly
w
e
sh
ow
th
e
la
st
cl
ai
m
:
L
et
V
(x
)
b
e
a
st
or
ag
e
fu
n
ct
io
n
,
th
en
it
i

ea
sy
to
se
e
th
at
so
is
V
(x
)
�
in
f �
V
(�
),
h
en
ce
V
a
(x
)
�
V
(x
)
�
in
f �
V
(�
).
I

fo
ll
ow
s
th
at
in
f x
V
a
(x
)
�
0.

T
h
e
av
ai
la
b
le
st
or
ag
e
is
re
la
te
d
to
a
d
i�
er
en
ti
al
d
is
si
p
at
io
n
eq
u
al
it
y
;
se
e
th

n
ot
e
on
p
ag
e
11
6
b
el
ow
.

In
ch
ap
te
r
2
on
d
et
er
m
in
is
ti
c
sy
st
em
s,
w
e
st
at
ed
th
at
st
or
ag
e
fu
n
ct
io
n
s
an

su
p
p
ly
ra
te
s
sa
ti
sf
y
a
jo
in
t
co
n
ve
x
it
y
p
ro
p
er
ty
(p
ro
p
os
it
io
n
2
on
p
ag
e
32
)

T
h
is
ge
n
er
al
iz
ed
a
st
at
em
en
t
o
f
W
il
le
m
s
[1
24
,
th
eo
re
m

3,
p
.
33
1]
an

w
as
th
e
k
ey
to
th
e
ch
ap
te
r
3,
w
h
ic
h
re
d
u
ce
d
ro
b
u
st
n
es
s
an
al
y
si
s
to
co
n
v e

op
ti
m
iz
at
io
n
.
T
h
is
ap
p
ro
ac
h
to
ro
b
u
st
n
es
s
an
al
y
si
s
is
al
so
fr
u
it
fu
l
in

st
o
ch
as
ti
c
co
n
te
x
t,
w
h
ic
h
is
th
e
su
b
je
ct
of
th
e
su
cc
ee
d
in
g
ch
ap
te
r.
A
t
th
i

p
oi
n
t
w
e
st
at
e
a
re
su
lt
si
m
il
ar
to
th
e
d
et
er
m
in
is
ti
c
p
ro
p
os
it
io
n
2:

P
ro
p
o
si
ti
o
n
5
3
:

G
iv
en
a
d
i�
u
si
on
(5
.1
),
a
li
n
ea
r
sp
ac
e
V
of
ca
n
d
id
a
t

st
or
ag
e
fu
n
ct
io
n
s
V
:
X

!

R

an
d
a
li
n
ea
r
sp
ac
e
R
of
su
p
p
ly
ra
te
s.
T
h
e

th
e
su
b
se
t

f(
V
;r
)
�
V
�
R
j
V
�
0
an
d
(V
;r
)
sa
ti
sf
y
(5
:3
)g

is
a
co
n
ve
x
co
n
e.

4
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P
ro
o
f:
L
et
r i
2
R
fo
r
i
=
1;
2
b
e
ch
os
en
su
ch
th
a
t
th
e
sy
st
em
is
d
is
si
p
at
iv
e

w
.r
.t
.
r i
an
d
le
t
tw
o
co
rr
es
p
on
d
in
g
st
o
ra
ge
fu
n
ct
io
n
s
b
e
V
(x
;r
i)
.
L
et
x
t,

w
t
b
e
a
so
lu
ti
on
w
it
h
x
0
=
x
2
X

a
n
d
le
t
�
b
e
a
b
ou
n
d
ed
st
op
p
in
g
ti
m
e;

w
e
th
en
k
n
ow
th
a
t E

x
fV
(x
�
;r
i)
�

Z � 0

r i
d
tg
�
V
(�x
;r
i)

:

B
y
m
u
lt
ip
ly
in
g
th
es
e
tw
o
in
eq
u
a
li
ti
es
w
it
h
p
os
it
iv
e
co
n
st
an
ts
�
i
an
d
ad
d
in
g

th
e
re
su
lt
s
w
e
se
e
th
a
t
�
1
V
(x
;r
1
)
+
�
2
V
(x
;r
2
)
is
a
st
or
ag
e
fu
n
ct
io
n
fo
r
th
e

sy
st
em
w
.r
.t
.
th
e
su
p
p
ly
ra
te
�
1
r 1
+
�
2
r 2
.

In
p
a
rt
ic
u
la
r,
th
e
se
t
o
f
d
is
si
p
at
ed
su
p
p
ly
ra
te
s
in
R
is
a
co
n
ve
x
co
n
e,
as
is

th
e
ca
se
fo
r
d
et
er
m
in
is
ti
c
sy
st
em
s
(s
ee
ch
a
p
te
r
2
o
r
[4
5]
).
A
re
la
te
d
fa
ct
is

th
e
fo
ll
ow
in
g:

P
ro
p
o
si
ti
o
n
5
4
:

L
et
V
a
(x
;r
)
2
[0
;1
]
b
e
th
e
av
ai
la
b
le
st
or
ag
e
of
th
e

sy
st
em
(5
.1
)
w
it
h
re
sp
ec
t
to
th
e
ra
te
r
2
R
,
th
en
fo
r
ea
ch
x
th
e
fu
n
ct
io
n

V
a
(x
;r
)
is
co
n
ve
x
in
r.

4

P
ro
o
f:

T
h
e
av
a
il
ab
le
st
or
a
ge
is
fo
r
ea
ch
x
d
e�
n
ed
as
th
e
su
p
re
m
u
m
of

a
fa
m
il
y
of
fu
n
ct
io
n
al
s
w
h
ic
h
a
re
co
n
v
ex
in
r;
th
e
sa
m
e
h
ol
d
s
th
er
ef
or
e
fo
r

V
a
(x
;�
).

5
.4

L
in
e
a
r
sy
st
e
m
s
a
n
d
q
u
a
d
ra
ti
c
su
p
p
ly
ra
te
s

C
on
si
d
er
a
h
om
o
ge
n
eo
u
s
w
id
e
se
n
se
li
n
ea
r
sy
st
em

d
x
t
=
[A
x
t
+
B
w
t
]
d
t
+

m X i=
i

[F
ix
t
+
G
iw
t]
d
B
i t

(5
.6
)

w
it
h
a
q
u
ad
ra
ti
c
su
p
p
ly
ra
te
r(
x
;w
)
=
(x
0
w
0 )
Q
(x
0
w
0 )
0 .
W
e
as
su
m
e
th
at

r
is
co
n
ca
v
e-
co
n
ve
x
in
(x
;w
)
w
h
ic
h
im
p
li
es
th
a
t
r
is
re
gu
la
r
in
th
e
se
n
se

r(
x
;0
)
�
0.
T
h
is
sy
st
em

is
li
n
ea
r
in
th
e
se
n
se
th
a
t
th
e
se
t
of
so
lu
ti
on
s

(x
t
;w
t)
is
a
li
n
ea
r
sp
ac
e;
in
ot
h
er
w
or
d
s,
th
e
m
a
p
fr
om
in
p
u
t
p
ro
ce
ss
w
t

an
d
in
it
ia
l
co
n
d
it
io
n
x
to
th
e
st
at
e
p
ro
ce
ss
x
t
is
li
n
ea
r.
It
ca
n
b
e
sh
ow
n

th
a
t
if
su
ch
a
sy
st
em
is
d
is
si
p
at
iv
e
th
en
th
e
av
a
il
ab
le
st
or
ag
e
is
a
q
u
ad
ra
ti
c

fu
n
ct
io
n
of
th
e
in
it
ia
l
st
at
e
x
,
i.
e.
m
ay
b
e
w
ri
tt
en
as

V
a
(x
)
=
x
0 P
a
x

5.
4

L
in
ea
r
sy
st
em
s
an
d
q
u
ad
ra
ti
c
su
p
p
ly
ra
te
s

1
0

w
h
er
e
P
a
=
P
0 a
�
0
.
F
u
rt
h
er
m
or
e,
th
e
q
u
ad
ra
ti
c
st
or
ag
e
fu
n
ct
io
n
s
V
(x
)
=

x
0 P
x
w
it
h
P
=
P
0
ar
e
ex
ac
tl
y
th
os
e
th
at
sa
ti
sf
y
P
�
0
an
d
th
e
d
i�
er
en
ti
a

d
is
si
p
at
io
n
in
eq
u
al
it
y
(5
.4
)
w
h
ic
h
ca
n
b
e
re
w
ri
tt
en
as
th
e
li
n
ea
r
m
at
ri

in
eq
u
al
it
y
� P
A
+
A
0 P

P
B

B
0 P

0

� +

m X i=
1

[F
i;
G
i]
0 P
[F
i;
G
i]
�
Q

:

(5
.7

It
is
th
u
s
p
os
si
b
le
to
u
se
L
M
I
so
lv
er
s
as
[3
8,
32
]
to
a
n
sw
er
th
e
an
al
y
si

q
u
es
ti
on
s:
Is
th
e
sy
st
em
d
is
si
p
at
iv
e?
If
y
es
,
w
h
at
is
th
e
av
ai
la
b
le
st
or
ag
e?

R
e
m
a
rk
5
5
:
It
is
w
el
lk
n
ow
n
(s
ee
e.
g.
[7
6]
an
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
)
th
a

m
u
lt
ip
li
ca
ti
ve
n
oi
se
te
rm
s
F
i;
G
i
ca
n
b
e
ad
va
n
ta
ge
ou
s
fo
r
a
li
n
ea
r
sy
st
em

fr
om
th
e
p
oi
n
t
of
v
ie
w
of
st
ab
il
it
y
in
p
ro
b
ab
il
it
y.
B
u
t
su
ch
a
n
oi
se
te
rm

w
il
l
al
w
ay
s
co
n
tr
ib
u
te
p
os
it
iv
el
y
to
th
e
le
ft
h
an
d
si
d
e
of
th
e
in
eq
u
al
it
y
(5
.7

w
h
ic
h
sh
ow
s
th
at
m
u
lt
ip
li
ca
ti
ve
n
oi
se
te
rm
s
ar
e
al
w
ay
s
d
is
ad
va
n
ta
g
eo
u
s
i

an
al
y
si
s
of
d
is
si
p
at
io
n
w
.r
.t
.
a
q
u
ad
ra
ti
c
su
p
p
ly
ra
te
.

2

S
u
p
p
ly
ra
te
s
of
sp
ec
ia
l
in
te
re
st
ar
e
th
os
e
co
rr
es
p
on
d
in
g
to
p
as
si
v
it
y
a
n

sm
al
l
ga
in
.
S
to
ch
as
ti
c
L
2
g
a
in
s
h
av
e
re
ce
n
tl
y
re
ce
iv
ed
so
m
e
at
te
n
ti
on
an

st
o
ch
as
ti
c
b
o
u
n
d
ed
re
al
le
m
m
as
a
s
w
el
l
as
ot
h
er
re
su
lt
s
ca
n
b
e
fo
u
n
d
in
[3
0

31
,
48
].
S
to
ch
as
ti
c
p
as
si
v
it
y
h
a
s,
to
ou
r
k
n
ow
le
d
ge
,
n
ot
b
ee
n
co
n
si
d
er
ed
i

th
e
li
te
ra
tu
re
,
p
ro
b
ab
ly
b
ec
au
se
st
o
ch
as
ti
c
p
as
si
v
it
y
o
f
an
is
ol
at
ed
sy
st
em

is
of
n
o
p
ar
ti
cu
la
r
in
te
re
st
.
H
ow
ev
er
,
if
a
n
om
in
al
st
o
ch
as
ti
c
sy
st
em

i

co
n
n
ec
te
d
to
an
u
n
k
n
ow
n
p
as
si
ve
p
er
tu
rb
at
io
n
,
th
en
it
is
of
gr
ea
t
re
le
va
n
c

if
th
e
n
om
in
al
sy
st
em
is
st
o
ch
as
ti
ca
ll
y
p
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si
ve
.
W
e
w
il
l
la
te
r
re
tu
rn
to
su
c

ro
b
u
st
n
es
s
is
su
es
;
at
th
is
p
oi
n
t
w
e
st
at
e
a
st
o
ch
as
ti
c
p
os
it
iv
e
re
a
l
le
m
m
a:

P
ro
p
o
si
ti
o
n
5
6
:

F
or
th
e
sy
st
em
(5
.6
),
le
t
th
e
su
p
p
ly
ra
te
b
e
r(
x
;w
)
=

2h
w
;z
i
w
it
h
z
=
C
x
+
D
w
.
T
h
en
th
e
fo
ll
ow
in
g
ar
e
eq
u
iv
a
le
n
t:

1.
T
h
e
sy
st
em
is
st
o
ch
as
ti
ca
ll
y
st
ri
ct
ly
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p
u
t
p
as
si
ve
,
i.
e.
st
o
ch
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ti
ca
ll

d
is
si
p
at
iv
e
w
.r
.t
.
r
�
�j
w
j2
fo
r
so
m
e
�
>
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d
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e
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n
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s
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em
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ed
w
it
h
w
=
0
is
ex
p
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en
ti
al
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m
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n
sq
u
ar
e
st
ab
le
.

2.
T
h
er
e
ex
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ts
a
P
=
P
0
>
0
su
ch
th
at

� P
A
+
A
0 P

P
B

B
0 P

0

� +
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1
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i;
G
i]
0 P
[F
i;
G
i]
<

� 0
C
0

C

D
0 +
D

� :
(5
.8 4
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p
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v
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th
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t
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st
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m
at
ri
x
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m
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L
e
m
m
a
5
7
:
L
et
Q
=
Q
0
>
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R
=
R
0
>
0
,
S
a
n
d
T
=
T
0
b
e
of
co
m
p
at
ib
le

d
im
en
si
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s,
th
en
fo
r
�
>
0
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�
ci
en
tl
y
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al
l
th
e
m
at
ri
x
in
eq
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al
it
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0

0

Q

� >
�

� �
R

S

S
0

T
�
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P
ro
o
f:
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f
th
e
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m
m
a
]
B
y
S
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u
r
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m
p
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m
en
t,
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e
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al
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y
h
ol
d
s
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d
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�
R
>
0
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d
Q
�
�
T
�
�
S
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�
1
S
>
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T
h
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e
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n
d
it
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e
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�
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a
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en
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Q
>
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R
>
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o
f:
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e
p
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p
o
si
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o
n
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o
se
e
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e
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n
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r
m
at
ri
x
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eq
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n
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n
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�
ci
en
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n
e
n
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d
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=
x
0 P
x
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a
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or
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e

fu
n
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io
n
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n
w
.r
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w
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�
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y
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l
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,
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,
V
se
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ti
c
L
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p
u
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n
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n
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p
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al
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n
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u
ar
e
st
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il
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y
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n
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a
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an
d
a
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�
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en
t
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n
d
it
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n
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e
u
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a
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p
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en
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a
l
m
ea
n
sq
u
ar
e
st
ab
il
it
y
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p
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.
2
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]
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e
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te
n
ce
of
a
Z
=
Z
0
>
0
su
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th
a
t

Z
A
+
A
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+
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F
i0
Z
F
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r
so
m
e
�
>
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�
>
0
an
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t
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=
x
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x
b
e
a
st
or
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e
fu
n
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r
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e
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w
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h
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ra
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d � X
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A
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X
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B
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0
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1
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G
i]
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G
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�
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C
0

C

D
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D
�
�
I

�
:

W
e
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m
th
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P
=
X
+
�
Z
so
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th
e
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n
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r
m
a
tr
ix
in
eq
u
al
it
y
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.8
)
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r

�
>
0
su
�
ci
en
tl
y
sm
al
l.
T
o
se
e
th
is
,
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se
rt
P
=
X
+
�
Z
in

(5
.8
)
an
d

re
d
u
ce
te
rm
s
u
si
n
g
th
e
L
M
Is
w
h
ic
h
X
an
d
Z
sa
ti
sf
y,
th
u
s
ob
ta
in
in
g

� 0
0

0

�I
� >

�
�
�
�I

Z
B
+
P F
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Z
G
i

B
0 Z
+
P G
0 iZ
F
i

P G
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G
i

�
:

T
h
is
in
eq
u
al
it
y
h
ol
d
s
fo
r
�
>
0
sm
al
l
en
ou
gh
ac
co
rd
in
g
to
le
m
m
a
57
w
h
ic
h

co
m
p
le
te
s
th
e
p
ro
of
.

A
p
a
rt
fr
om

st
ri
ct
in
p
u
t
p
a
ss
iv
it
y,
on
e
co
u
ld
im
a
gi
n
e
se
v
er
al
ot
h
er
d
e�
-

n
it
io
n
s
o
f
st
ri
ct
p
o
si
ti
v
e
re
al
n
es
s
of
a
st
o
ch
a
st
ic
sy
st
em
,
ju
st
as
in
th
e

d
et
er
m
in
is
ti
c
ca
se
[1
23
].
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5

S
ta
b
il
it
y
a
n
d
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te
rc
on
n
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ti
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s
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d
is
si
p
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iv
e
sy
st
em
s

1
1

5
.5

S
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b
il
it
y
a
n
d
in
te
rc
o
n
n
e
c
ti
o
n
s
o
f
d
is
si
p
a
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v
e
sy
st
e
m
s

A
s
in
p
ro
p
os
it
io
n
56
an
d
in
d
et
er
m
in
is
ti
c
th
eo
ry
[1
24
,
4
5]
a
st
or
ag
e
fu
n
ct
io

of
te
n
se
rv
es
as
a
L
ya
p
u
n
ov
fu
n
ct
io
n
to
sh
ow
th
at
th
e
is
ol
at
ed
sy
st
em

i

st
ab
le
.
In
d
ee
d
,
th
is
is
on
e
of
th
e
p
ro
p
er
ti
es
w
h
ic
h
m
ak
e
d
is
si
p
at
iv
e
sy
st
em

in
te
re
st
in
g
fr
om
a
co
n
tr
ol
p
o
in
t
of
v
ie
w
.

In
or
d
er
to
in
v
es
ti
ga
te
st
ab
il
it
y
of
th
e
au
to
n
om
ou
s
sy
st
em

d
x
t
=
f
(x
t
;0
)
d
t
+
g
(x
t
;0
)
d
B
t

(5
. 9

w
e
u
se
th
e
te
rm
in
ol
og
y
of
H
as
'm
in
sk
i� i
[4
3]
:

D
e
�
n
it
io
n
5
8
:

A
co
n
st
an
t
so
lu
ti
on
x
t
�

�x
of
th
e
au
to
n
om
ou
s
eq
u
a

ti
on
(5
.9
)
is
st
ab
le
in
p
ro
b
ab
il
it
y
if
fo
r
an
y
�
>
0

li
m
x
!

�x
P
x
fs
u
p
t�
0

jx
t
�
�x
j
>
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=
0

w
h
er
e
th
e
d
i�
u
si
on
x
t
so
lv
es
(5
.9
)
w
it
h
x
0
=
x
.
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u
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p
e
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r
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o
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c
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il
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3]
w

im
m
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te
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ge
t
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e
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ow
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h
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o
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m
5
9
:
L
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e
su
p
p
ly
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r
b
e
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r
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e
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n
se
th
at
r(
x
;0
)
�

fo
r
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l
x
.
L
et
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e
sy
st
em
(5
.1
)
b
e
d
is
si
p
at
iv
e
w
it
h
re
sp
ec
t
to
r
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d
le
t
V

b
e
a
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n
ti
n
u
ou
s
st
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e
fu
n
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io
n
w
h
ic
h
at
ta
in
s
an
is
ol
at
ed
lo
ca
l
m
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u
m

at
�x
2
X
.
T
h
en
th
e
p
ro
ce
ss
x
t

�

�x
is
a
so
lu
ti
on
of
th
e
au
to
n
om
ou

eq
u
at
io
n
(5
.9
)
an
d
is
st
ab
le
in
p
ro
b
ab
il
it
y.
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o
f:

T
h
e
p
ro
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n
s
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g
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e
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m
e
li
n
es
as
th
eo
re
m

3.
1
in
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3,
p
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,
th
e
on
ly
d
ev
ia
ti
on
b
ei
n
g
th
at
V
is
n
ot
re
q
u
ir
ed
to
b
e
C
2
ar
ou
n
d
�x

L
et
a
=

V
(�x
),
le
t


b
e
a
n
ei
gh
b
ou
rh
o
o
d
of
�x
su
ch
th
a
t
a
<
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)
fo

x
2
� 

nf
�x
g.
L
et
�
b
e
th
e
st
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p
in
g
ti
m
e
�
=
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ff
t
:
x
t2=


g.
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fo
ll
ow
s
fr
o
m

th
e
d
is
si
p
at
io
n
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eq
u
al
it
y
th
at
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t^
�
)
�
a
is
a
su
p
er
m
ar
ti
n
ga
le
fo
r
an

in
it
ia
l
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n
d
it
io
n
x
2


.
In
p
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ti
cu
la
r
if
x
=
�x
th
en
x
t
=
�x
w
.p
.
1
fo
r
a

t
w
h
ic
h
p
ro
ve
s
th
e
�
rs
t
cl
ai
m
.
F
u
rt
h
er
m
or
e
fo
r
x
6=
�x
th
e
su
p
er
m
ar
ti
n
ga
l

in
eq
u
al
it
y
of
D
o
ob
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ee
e.
g.
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p
.
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y
ie
ld
s

P
x
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u
p
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�
a
�
�g
�

V
(x
)
�
a

�



1
12

C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

w
h
ic
h
h
o
ld
s
fo
r
al
l
�.
N
ow
p
ic
k
ar
b
it
ra
ri
ly
sm
a
ll
�;
�0
>
0
su
ch
th
e
�-
b
al
l

ar
o
u
n
d
�x
is
co
n
ta
in
ed
in


.
W
e
m
u
st
sh
ow
th
at
th
er
e
ex
is
ts
�
>
0
su
ch
th
at

jx
�
�x
j
<
�
im
p
li
es
P
x
fs
u
p
t�
0
jx
t
�
�x
j
>
�g
�
�0
.
T
o
th
is
en
d
ch
o
os
e
V
2
>
a

su
ch
th
at
�
2


an
d
V
(�
)
<
V
2
to
ge
th
er
im
p
ly
j�
�
�x
j
<
�.
T
h
en
ch
o
os
e

V
1
>
a
su
ch
th
a
t
(V
1
�
a
)=
(V
2
�
a
)
�
�0
.
F
in
al
ly
ch
o
os
e
�
2
(0
;�
)
su
ch
th
at

j�
�
�x
j
<
�
im
p
li
es
th
at
V
(�
)
<
V
1
.
W
e
th
en
h
av
e
th
e
im
p
li
ca
ti
on
s

jx
�
�x
j
<
�

)

V
(x
)
�
a
<
V
1
�
a

)

P
x
fs
u
p
t�
0

V
(x
t^
�
)
�
a
>
V
2
�
a
g
�

V
1
�
a

V
2
�
a

)

P
x
fs
u
p
t�
0

jx
t
�
�x
j
>
�g
�
�0

as
d
es
ir
ed
.

R
e
m
a
rk
6
0
:

W
e
sa
y
th
at
th
e
sy
st
em
(5
.1
)
is
lo
ca
ll
y
d
is
si
p
at
iv
e
ar
ou
n
d

�x
w
.r
.t
.
th
e
su
p
p
ly
ra
te
r
if
th
er
e
ex
is
ts
a
n
on
-n
eg
a
ti
ve
V
an
d
a
b
ou
n
d
ed

n
ei
gh
b
ou
rh
o
o
d


of
�x
su
ch
th
at
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
h
ol
d
s
p
ro
v
id
ed

x
t
2


fo
r
0
�
t
<
�
.
In
th
is
ca
se
w
e
sa
y
th
a
t
V
is
a
lo
ca
l
st
or
ag
e
fu
n
ct
io
n
.

A
n
ec
es
sa
ry
a
n
d
su
�
ci
en
t
co
n
d
it
io
n
fo
r
a
n
on
-n
eg
at
iv
e
C
2
fu
n
ct
io
n
V
to

b
e
a
lo
ca
l
st
or
ag
e
fu
n
ct
io
n
is
th
at
it
sa
ti
s�
es
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n

in
eq
u
al
it
y
(5
.4
)
on


.
It
is
ea
sy
to
se
e
th
at
th
e
ab
ov
e
th
eo
re
m
h
ol
d
s
if
th
e

st
o
ra
g
e
fu
n
ct
io
n
V
is
re
p
la
ce
d
w
it
h
a
lo
ca
l
st
or
ag
e
fu
n
ct
io
n
.

2

O
n
e
m
ay
sh
ow
ot
h
er
st
ab
il
it
y
p
ro
p
er
ti
es
su
ch
a
s
st
o
ch
as
ti
c
sa
m
p
le
p
at
h

b
ou
n
d
ed
n
es
s
o
r
ex
p
o
n
en
ti
al
p
-s
ta
b
il
it
y
b
y
im
p
os
in
g
ad
d
it
io
n
al
co
n
st
ra
in
ts

on
th
e
st
o
ra
g
e
fu
n
ct
io
n
an
d
th
e
su
p
p
ly
ra
te
an
d
u
si
n
g
th
e
co
rr
es
p
on
d
in
g

L
ya
p
u
n
ov
-t
y
p
e
th
eo
re
m
s
in
[4
3]
.

A
s
in
th
e
d
et
er
m
in
is
ti
c
ca
se
,
th
e
st
a
b
il
it
y
im
p
li
ca
ti
on
s
of
d
is
si
p
at
iv
it
y
is

im
p
o
rt
an
t
in
ro
b
u
st
n
es
s
an
al
y
si
s
si
n
ce
sy
st
em
s
co
n
si
st
in
g
of
d
is
si
p
at
iv
e

co
m
p
on
en
ts
ar
e
th
em
se
lv
es
d
is
si
p
at
iv
e.
C
on
si
d
er
th
e
si
m
p
le
ca
se
of
tw
o

sy
st
em
s

�
i

:
d
x
i
=
f
i
(x
i ;
w
i )
d
t
+
g
i (
x
i ;
w
i )
d
B
i

co
n
n
ec
te
d
in
fe
ed
b
a
ck
th
ro
u
g
h
th
e
eq
u
at
io
n
s

w
1
=
h
2
(x
2
;w
2
)
+
v
1

a
n
d
w
2
=
h
1
(x
1
;w
1
)
+
v
2

:

H
er
e
h
i
a
re
ou
tp
u
t
fu
n
ct
io
n
s
an
d
v
i
a
re
ex
o
ge
n
ou
s
in
p
u
ts
.
A
ss
u
m
e
th
at

ea
ch
sy
st
em

is
d
is
si
p
a
ti
ve
w
.r
.t
.
th
e
ra
te
ri
(x
i ;
w
i )
.
In
ad
d
it
io
n
,
as
su
m
e

th
at
th
e
in
te
rc
o
n
n
ec
ti
n
g
eq
u
at
io
n
s
h
av
e
u
n
iq
u
e
so
lu
ti
on
s
w
i
=

�w
i
fo
r
al
l

5.
6

C
h
ap
te
r
co
n
cl
u
si
on

1
1

x
i
an
d
v
i
(f
or
in
st
an
ce
,
if
on
e
of
th
e
tw
o
h
i
is
in
d
ep
en
d
en
t
o
f
w
i )
an
d
th
a

th
e
re
su
lt
in
g
sy
st
em
sa
ti
s�
es
th
e
w
el
l-
p
os
ed
n
es
s
as
su
m
p
ti
on
s
of
se
ct
io
n
5.

(i
n
p
ar
ti
cu
la
r,
(B
1
;B
2
)
is
st
an
d
ar
d
B
ro
w
n
ia
n
m
ot
io
n
w
.r
.t
.
th
e
�
lt
ra
ti
o

F
t
).
It
is
n
ow
ea
sy
to
v
er
if
y
th
at
th
e
in
te
rc
on
n
ec
ti
on
is
d
is
si
p
at
iv
e
w
.r
.t

th
e
su
p
p
ly
ra
te
r(
x
1
;x
2
;v
1
;v
2
)
=
r1
(x
1
;
�w
1
)
+
r2
(x
2
;
�w
2
).
C
om
b
in
in
g
w
it

th
e
st
ab
il
it
y
re
su
lt
of
th
eo
re
m
59
w
e
g
et
:

P
ro
p
o
si
ti
o
n
6
1
:

A
ss
u
m
e
th
at
th
e
ea
ch
of
th
e
st
or
ag
e
fu
n
ct
io
n
s
V
i (
x
i

is
co
n
ti
n
u
ou
s
an
d
at
ta
in
s
an
is
ol
at
ed
lo
ca
l
m
in
im
u
m
a
t
x
i
=
0.
A
ss
u
m

in
ad
d
it
io
n
th
at
th
e
su
p
p
ly
ra
te
s
sa
ti
sf
y
r(
x
1
;x
2
;0
;0
)
�
0
fo
r
a
ll
x
1
,
x
2

T
h
en
x
i t
�
0
is
a
so
lu
ti
on
of
th
e
in
te
rc
on
n
ec
te
d
sy
st
em
w
it
h
v
i t
�
0
an

th
is
so
lu
ti
on
is
st
ab
le
in
p
ro
b
ab
il
it
y.

4

T
h
e
m
ai
n
ap
p
li
ca
ti
on
of
th
is
re
su
lt
is
to
gi
ve
a
su
�
ci
en
t
co
n
d
it
io
n
fo
r
ro

bu
st
st
ab
il
it
y
of
a
st
o
ch
as
ti
c
sy
st
em
su
b
je
ct
to
a
d
et
er
m
in
is
ti
c
d
is
si
p
at
iv

p
er
tu
rb
at
io
n
,
fo
r
in
st
an
ce
co
m
b
in
in
g
w
it
h
th
e
p
os
it
iv
e
re
al
le
m
m
a
of
p
ro
p
o

si
ti
on
56
:

C
o
ro
ll
a
ry
6
2
:

L
et
a
sy
st
em

�
b
e
gi
ve
n
b
y
th
e
d
y
n
am
ic
s
(5
.6
)
an

th
e
ou
tp
u
t
eq
u
at
io
n
z
=
C
x
+
D
w
,
an
d
le
t
�
b
e
co
n
n
ec
te
d
in
fe
ed
b
ac

w
it
h
a
p
er
tu
rb
at
io
n
�
:
z
!

w
w
h
ic
h
is
d
is
si
p
at
iv
e
w
.r
.t
.
�
2
hw
;z
i.
L
e

th
e
in
te
rc
on
n
ec
ti
on
b
e
w
el
l
p
os
ed
an
d
le
t
�
p
os
se
ss
a
co
n
ti
n
u
ou
s
st
or
ag

fu
n
ct
io
n
of
w
h
ic
h
so
m
e
p
oi
n
t
�
is
an
is
ol
at
ed
m
in
im
u
m
p
oi
n
t.
A
ss
u
m
e
th
a

th
er
e
ex
is
ts
a
P
=
P
0
>
0
su
ch
th
at
th
e
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
y
(5
.8
)
h
ol
d
s

T
h
en
th
e
co
n
st
an
t
p
ro
ce
ss
(0
;�
)
is
a
so
lu
ti
on
of
th
e
in
te
rc
on
n
ec
ti
on
an

th
is
so
lu
ti
on
is
st
ab
le
in
p
ro
b
ab
il
it
y.

2

T
h
e
co
ro
ll
ar
y
d
em
on
st
ra
te
s
th
at
,
as
in
th
e
d
et
er
m
in
is
ti
c
th
eo
ry
,
ro
b
u
st
n
es

q
u
es
ti
on
s
ca
n
b
e
re
so
lv
ed
b
y
co
m
p
u
ti
n
g
st
or
ag
e
fu
n
ct
io
n
s;
in
th
e
ca
se
o

li
n
ea
r
sy
st
em
s
th
is
re
d
u
ce
s
to
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s.

5
.6

C
h
a
p
te
r
c
o
n
c
lu
si
o
n

It
ca
n
b
e
ar
gu
ed
th
at
th
e
co
n
ce
p
t
of
d
is
si
p
at
io
n
in
d
y
n
am
ic
al
sy
st
em
s
i

th
e
u
n
if
y
in
g
fa
ct
or
b
eh
in
d
a
b
ro
ad
ra
n
ge
of
re
su
lt
s
in
d
et
er
m
in
is
ti
c
co
n
tr
o

th
eo
ry
,
in
p
ar
ti
cu
la
r
w
it
h
in
ro
b
u
st
co
n
tr
o
l.
W
e
b
el
ie
ve
th
at
th
e
ap
p
ea
l
o

th
e
fr
am
ew
or
k
is
n
ot
lo
st
in
th
e
tr
an
sf
er
to
a
st
o
ch
a
st
ic
co
n
te
x
t.

A
lt
h
ou
gh
th
is
ch
ap
te
r
d
em
on
st
ra
te
s
th
at
se
ve
ra
l
ke
y
fe
at
u
re
s
of
th
e
d
et
er

m
in
is
ti
c
th
eo
ry
ge
n
er
al
iz
es
to
th
e
st
o
ch
as
ti
c
se
tt
in
g,
th
e
st
o
ch
as
ti
c
th
eo
r



1
14

C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

is
fa
r
fr
om
co
m
p
le
te
.
S
om
e
co
m
m
en
ts
on
re
m
a
in
in
g
p
ro
b
le
m
s
ar
e
d
is
cu
ss
ed

in
th
e
fo
ll
ow
in
g.

5
.7

N
o
te
s
a
n
d
re
fe
re
n
ce
s

U
n
b
o
u
n
d
e
d
st
o
p
p
in
g
ti
m
e
s

In
o
u
r
d
e�
n
it
io
n
of
a
d
is
si
p
at
iv
e
st
o
ch
as
ti
c
sy
st
em
,
th
e
in
te
gr
al
d
is
si
p
at
io
n

in
eq
u
a
li
ty
(5
.3
)
w
as
re
q
u
ir
ed
to
h
ol
d
fo
r
b
ou
n
d
ed
st
o
p
p
in
g
ti
m
es
on
ly
.
T
h
is

le
a
d
s
to
th
e
q
u
es
ti
on
:
If
V
is
a
st
or
ag
e
fu
n
ct
io
n
fo
r
th
e
d
i�
u
si
on
(5
.1
)
an
d
�

is
an
u
n
b
o
u
n
d
ed
st
op
p
in
g
ti
m
e,
d
o
es
th
e
d
is
si
p
a
ti
o
n
in
eq
u
al
it
y
(5
.3
)
h
ol
d
?

T
h
e
sh
o
rt
an
sw
er
to
th
is
q
u
es
ti
on
is
:
N
o
t
n
ec
es
sa
ri
ly
.
L
et
�
>
0,
th
en
a

tr
iv
ia
l
co
u
n
te
re
x
am
p
le
is
th
e
st
op
p
in
g
ti
m
e

�
=
in
ff
t
>
0
:
V
(x
t)
�

Z t 0

r
d
t
>
V
(x
)
+
�g

fo
r
w
h
ic
h

E
x
V
(x
�
)
�
E
x

Z � 0

r
d
t
=
V
(x
)
+
�

p
ro
v
id
ed
th
at
V
is
co
n
ti
n
u
ou
s,
im
p
ly
in
g
th
at
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
d
o
es

n
ot
h
ol
d
.
It
is
p
os
si
b
le
to
co
n
st
ru
ct
ex
am
p
le
s
w
h
er
e
th
is
st
op
p
in
g
ti
m
e
is

�
n
it
e
al
m
os
t
su
re
ly
-
th
e
in
te
re
st
ed
re
ad
er
is
en
co
u
ra
ge
d
to
co
n
si
d
er
th
e

d
i�
u
si
on
d
x
t
=
�
x
t
d
t
+
w
t
d
B
t
w
it
h
th
e
su
p
p
ly
ra
te
r
=
�
2x
2
+
w
2
an
d

ta
k
e
th
e
in
p
u
t
w
t
to
b
e
a
n
on
-z
er
o
co
n
st
an
t.

A
�
rs
t
st
ep
to
w
a
rd
s
a
m
or
e
co
m
p
le
te
an
sw
er
is
th
at
a
su
�
ci
en
t
co
n
d
it
io
n

fo
r
th
e
d
is
si
p
at
io
n
in
eq
u
a
li
ty
(5
.3
)
to
h
ol
d
is
th
a
t
V
is
a
st
or
ag
e
fu
n
ct
io
n

a
n
d
th
a
t
th
e
fa
m
il
y

fV
(x
t^
�
)
�

Z t^
�

0

r
d
tg
t>
0

o
f
ra
n
d
o
m
va
ri
a
b
le
s
is
u
n
if
o
rm
ly
in
te
g
ra
b
le
.
T
h
is
fo
ll
ow
s
fr
om
a
co
n
ve
r-

ge
n
ce
re
su
lt
fo
r
u
n
if
or
m
ly
in
te
gr
ab
le
ra
n
d
om
va
ri
a
b
le
s,
[8
3,
p
.
41
]
-
w
e
re
fe
r

to
th
e
sa
m
e
re
fe
re
n
ce
fo
r
th
e
d
e�
n
it
io
n
of
u
n
if
or
m
in
te
gr
ab
il
it
y.
W
e
ex
p
ec
t

th
a
t
m
o
re
ex
p
li
ci
t
re
su
lt
s
ca
n
b
e
o
b
ta
in
ed
fo
r
sp
ec
ia
l
cl
as
se
s
of
u
n
b
ou
n
d
ed

st
op
p
in
g
ti
m
es
,
su
ch
as
th
e
�
rs
t
ex
it
ti
m
e
of
x
t
fr
om
a
g
iv
en
d
om
ai
n
.

5.
7

N
ot
es
an
d
re
fe
re
n
ce
s

1
1

N
o
n
-s
m
o
o
th
st
o
ra
g
e
fu
n
c
ti
o
n
s
a
n
d
v
is
c
o
si
ty
so
lu
ti
o
n
s

In
d
et
er
m
in
is
ti
c
th
eo
ry
of
d
is
si
p
at
io
n
,
it
h
as
b
ee
n
sh
ow
n
b
y
Ja
m
es
[5
3]
th
a

lo
ca
ll
y
b
o
u
n
d
ed
st
or
ag
e
fu
n
ct
io
n
s
ca
n
w
it
h
ou
t
lo
ss
of
ge
n
er
al
it
y
b
e
ta
ke

to
b
e
lo
w
er
se
m
i-
co
n
ti
n
u
ou
s
(l
.s
.c
.)
,
a
n
d
th
at
l.
s.
c.
st
or
ag
e
fu
n
ct
io
n
s
ar

ex
ac
tl
y
th
e
v
is
co
si
ty
so
lu
ti
on
s
to
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y
(5
.4
)

T
h
e
q
u
es
ti
on
is
if
th
e
an
al
og
ou
s
st
at
em
en
ts
h
ol
d
in
th
e
st
o
ch
as
ti
c
se
tt
in
g

It
is
ea
sy
to
sh
ow
th
at
l.
s.
c.
st
or
ag
e
fu
n
ct
io
n
s
a
re
in
d
ee
d
v
is
co
si
ty
so
lu
ti
on

to
(5
.4
).
W
e
co
n
je
ct
u
re
th
at
al
so
l.
s.
c.
v
is
co
si
ty
so
lu
ti
on
s
to
(5
.4
)
ar
e
st
or

ag
e
fu
n
ct
io
n
s.
E
x
is
ti
n
g
st
o
ch
as
ti
c
ve
ri
�
ca
ti
on
th
eo
re
m
s
in
th
e
fr
am
ew
o
r

of
v
is
co
si
ty
so
lu
ti
on
s
[6
2,
1
31
]
ar
e
b
as
ed
on
u
n
iq
u
en
es
s
re
su
lt
s
fo
r
v
is
co
s

it
y
so
lu
ti
on
s
an
d
a
re
th
er
ef
or
e
n
ot
a
p
p
li
ca
b
le
to
d
is
si
p
at
io
n
in
eq
u
al
it
ie
s
(o

ev
en
th
e
co
rr
es
p
on
d
in
g
eq
u
al
it
ie
s)
w
h
ic
h
h
av
e
m
a
n
y
so
lu
ti
on
s.
T
h
e
d
e

te
rm
in
is
ti
c
te
ch
n
iq
u
e
in
[5
3]
co
u
ld
p
ro
b
ab
ly
b
e
m
o
d
i�
ed
an
d
ap
p
li
ed
;
th

ad
d
it
io
n
al
co
m
p
li
ca
ti
on
th
at
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
m
u
st
h
ol
d
fo
r
an

ra
n
do
m

b
ou
n
d
ed
st
op
p
in
g
ti
m
e
�
co
u
ld
b
e
ad
d
re
ss
ed
w
it
h
th
e
re
su
lt
s
o

op
ti
m
al
st
op
p
in
g
in
[8
4]
.

F
u
rt
h
er
q
u
es
ti
on
s
ar
e
if
lo
ca
ll
y
b
ou
n
d
ed
st
or
ag
e
fu
n
ct
io
n
s
ca
n
ta
ke
n
to
b

l.
s.
c.
an
d
u
n
d
er
w
h
at
co
n
d
it
io
n
s
th
ey
ca
n
b
e
ta
ke
n
to
b
e
co
n
ti
n
u
ou
s
o

ev
en
C
2
.
T
h
es
e
is
su
es
ar
e
le
ft
fo
r
fu
tu
re
re
se
ar
ch
.

T
h
e
re
q
u
ir
e
d
su
p
p
ly

R
ec
al
l
th
at
w
e
in
ch
ap
te
r
2
d
e�
n
ed
th
e
re
q
u
ir
ed
su
p
p
ly
of
a
d
is
si
p
at
iv

d
et
er
m
in
is
ti
c
sy
st
em
as

V
r
(x
)
=

in
f

x
(�
);
w
(�
);
T

Z T 0

r(
t)
d
t

w
h
er
e
th
e
in
�
m
u
m
is
su
b
je
ct
to
th
e
sy
st
em
d
y
n
am
ic
s
an
d
th
e
co
n
d
it
io
n

V
a
(x
(0
))
=
0
an
d
x
(T
)
=
x
.
W
e
se
e
th
at
th
is
d
e�
n
it
io
n
d
o
es
n
ot
ex
te
n

d
ir
ec
tl
y
to
st
o
ch
as
ti
c
sy
st
em
s,
b
ec
au
se
th
e
p
re
se
n
ce
of
n
oi
se
m
ay
m
ak
e
i

im
p
os
si
b
le
to
re
ac
h
a
sp
ec
i�
ed
te
rm
in
al
st
at
e
in
�
n
it
e
ti
m
e.

A
n
al
te
rn
at
iv
e
st
ar
ti
n
g
p
oi
n
t
fo
r
a
d
e�
n
it
io
n
is

V
r
(x
)
=
su
p
V

V
(x
)



1
16

C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

w
h
er
e
th
e
su
p
re
m
u
m
is
ov
er
al
ll
.s
.c
.
st
or
ag
e
fu
n
ct
io
n
s
V
fo
r
w
h
ic
h
V
(�
)
=
0

w
h
en
ev
er
V
a
(�
)
=

0.
A
ss
u
m
e
th
at
th
e
re
q
u
ir
ed
su
p
p
ly
d
e�
n
ed
in
th
is

fa
sh
io
n
is
�
n
it
e;
th
en
it
is
l.
s.
c.
an
d
sa
ti
s�
es

E
x
fV
r
(x
�
)
�

Z � 0

r
d
sg
�
0

if

V
a
(x
)
=
0

:

D
o
e
s
th
e
a
v
a
il
a
b
le
st
o
ra
g
e
sa
ti
sf
y
a
P
D
E
?

It
is
w
el
l
k
n
ow
n
th
a
t
th
er
e
is
an
in
ti
m
a
te
co
n
n
ec
ti
o
n
b
et
w
ee
n
th
e
H
am
il
to
n
-

Ja
co
b
i-
B
el
lm
an
eq
u
a
ti
on
s
an
d
th
e
av
ai
la
b
le
st
o
ra
g
e,
th
e
re
q
u
ir
ed
su
p
p
ly

an
d
ot
h
er
va
lu
e
fu
n
ct
io
n
s,
[8
3,
7
].
N
ev
er
th
el
es
s,
th
e
ex
ac
t
n
at
u
re
of
th
is

co
n
n
ec
ti
on
is
of
te
n
m
is
q
u
ot
ed
,
in
th
at
si
tu
at
io
n
s
w
h
er
e
th
e
va
lu
e
fu
n
ct
io
n

d
o
es
n
ot
sa
ti
sf
y
th
e
H
a
m
il
to
n
-J
a
co
b
i-
B
el
lm
a
n
eq
u
at
io
n
ar
e
re
ga
rd
ed
as

p
at
h
ol
o
gi
ca
l.
C
on
si
d
er
as
an
ex
am
p
le
p
as
si
v
it
y
an
a
ly
si
s
of
a
sc
al
ar
w
id
e-

se
n
se
li
n
ea
r
d
i�
u
si
on
:

d
x
t
=
(�
x
t
+
w
t)
d
t
+
�
x
t
d
B
t
;

r(
x
;w
)
=
x
w
;

w
h
er
e
�
�
0
is
a
p
a
ra
m
et
er
.
S
in
ce
th
e
sy
st
em
is
li
n
ea
r
a
n
d
th
e
su
p
p
ly
ra
te

is
q
u
ad
ra
ti
c
w
e
k
n
ow
th
at
th
e
av
a
il
ab
le
st
o
ra
ge
is
a
q
u
ad
ra
ti
c
fu
n
ct
io
n
of

th
e
st
at
e.
It
is
ea
sy
to
ve
ri
fy
th
at
a
q
u
ad
ra
ti
c
st
or
ag
e
fu
n
ct
io
n
V
(x
)
=
�
x
2

m
u
st
sa
ti
sf
y

8
x
;w
:
2
�
x
(�
x
+
w
)
+
�
�

2
x

2
�
x
w

w
h
ic
h
im
p
li
es

�
=

1 2
;

�
2
�
2

:

W
e
se
e
th
at
th
e
sy
st
em
is
d
is
si
p
at
iv
e
if
an
d
o
n
ly
if
�
2
�
2.
In
th
is
ca
se
th
e

av
a
il
a
b
le
st
or
ag
e
sa
ti
s�
es
th
e
H
a
m
il
to
n
-J
a
co
b
i-
B
el
lm
an
in
eq
u
al
it
y

su
p
w

fL
w
V
a
(x
)
�
r(
x
;w
)g
=
(�
1
+

1 2
�
2
)x
2
�
0

:

O
n
ly
w
h
en
�
2
=
2
d
o
es
th
e
av
a
il
ab
le
st
o
ra
ge
sa
ti
sf
y
th
e
H
am
il
to
n
-J
ac
ob
i-

B
el
lm
a
n
eq
u
at
io
n
.
T
h
e
av
ai
la
b
le
st
or
ag
e
so
lv
es
a
st
ri
ct
H
JB
-i
n
eq
u
al
it
y

w
h
en
�
2
<
2,
fo
r
in
st
an
ce
in
th
e
d
et
er
m
in
is
ti
c
si
tu
at
io
n
�
=
0.

T
h
e
re
as
on
w
h
y
th
e
va
lu
e
fu
n
ct
io
n
d
o
es
n
ot
sa
ti
sf
y
th
e
H
JB
-e
q
u
at
io
n
is
th
at

n
o
o
p
ti
m
al
so
lu
ti
o
n
ex
is
ts
.
F
or
th
e
op
ti
m
a
lc
on
tr
o
l
p
ro
b
le
m
as
so
ci
at
ed
w
it
h

th
e
av
ai
la
b
le
st
or
ag
e,
a
lm
os
t-
op
ti
m
al
M
a
rk
ov
co
n
tr
ol
s
ar
e
w
=
�
f
x
w
h
er
e

5.
7

N
ot
es
an
d
re
fe
re
n
ce
s

11

f
!

+
1
.
T
h
eo
re
m
s
w
h
ic
h
st
at
e
th
at
th
e
va
lu
e
fu
n
ct
io
n
sa
ti
s�
es
a
P
D
E

(a
s
fo
r
in
st
an
ce
th
eo
re
m
11
.1
in
[8
3]
)
n
ee
d
th
e
ex
is
te
n
ce
of
an
o
p
ti
m
al
p
ai

(x
� t
;w
� t
)
(e
it
h
er
ex
p
li
ci
tl
y
as
su
m
ed
or
im
p
li
ed
b
y
ot
h
er
as
su
m
p
ti
on
s)
si
n
c

th
ei
r
p
ro
of
s
in
vo
lv
e
d
i�
er
en
ti
at
in
g
th
e
va
lu
e
fu
n
ct
io
n
al
on
g
x
� t
.

A
n
ot
h
er
si
tu
at
io
n
w
h
er
e
th
e
av
ai
la
b
le
st
or
ag
e
d
o
es
n
ot
sa
ti
sf
y
th
e
H
am
il
to
n

Ja
co
b
i-
B
el
lm
an
eq
u
at
io
n
is
w
h
en
th
e
su
p
p
ly
ra
te
s
ar
e
n
ot
re
gu
la
r,
i.
e.
i

so
m
e
re
gi
on
o
f
st
at
e
sp
ac
e
th
e
in
p
u
t
is
fo
rc
ed
to
d
el
iv
er
a
p
os
it
iv
e
su
p

p
ly
to
th
e
sy
st
em
.
A
tr
iv
ia
l
ex
am
p
le
is
th
e
sy
st
em
ab
ov
e
w
it
h
th
e
su
p
p
l

ra
te
1.
In
ge
n
er
al
,
n
on
-r
eg
u
la
r
su
p
p
ly
ra
te
s
le
ad
to
m
an
y
co
n
tr
a-
in
tu
it
iv

p
h
en
om
en
a
an
d
sh
ou
ld
b
e
tr
ea
te
d
w
it
h
ca
re
or
av
oi
d
ed
.

C
o
m
p
u
ta
ti
o
n
o
f
st
o
ra
g
e
fu
n
c
ti
o
n
s
w
it
h
c
o
n
v
e
x
o
p
ti
m
iz
a
ti
o
n

C
on
si
d
er
th
e
in
p
u
t-
a�
n
e
co
n
tr
ol
le
d
d
i�
u
si
on
on
X

=
R
n

d
x
t
=
(f
(x
)
+
�
(x
t)
w
t
)
d
t
+
(g
(x
t
)
+


(x
t
)
w
t)
d
B
t

w
it
h
th
e
in
p
u
t-
q
u
ad
ra
ti
c
su
p
p
ly
ra
te

r(
x
;w
)
=
h
(x
)
+
2k
(x
)
w
+
w
0
l(
x
)
w

:

W
e
as
su
m
e
th
a
t
b
ot
h
B
t
an
d
w
t
ar
e
sc
al
ar
p
ro
ce
ss
es
.
T
h
e
ca
se
of
ve
ct
o

p
ro
ce
ss
es
is
co
n
ce
p
tu
al
ly
th
e
sa
m
e
b
u
t
th
e
n
ot
at
io
n
is
m
or
e
in
vo
lv
ed
.
T
h

b
ac
k
w
ar
d
s
o
p
er
at
or
is

L
w
V
(x
)
=
V
x
f
+
V
x
�
w
+

1 2
(g
+


w
)0
V
x
x
(g
+


w
)

fo
r
V

2
C
2
(X
;R
);
w
e
h
av
e
om
it
te
d
th
e
ar
gu
m
en
t
x
on
th
e
ri
gh
t
h
an

si
d
e.
T
h
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y
(5
.4
)
ca
n
th
en
b
e
w
ri
tt
en
m
or

ex
p
li
ci
tl
y
as

P
(V
;x
)
:=

"
V
x
f
+
1 2
g
0 V
x
x
g
�
h

1 2
V
x
�
+
1 2
g
0 V
x
x


�
k

1 2
(V
x
�
)0
+
1 2


0 V
x
x
g
�
k
0



0 V
x
x


�
l

# �
0

:
(5
.1
0

H
er
e
P
:
C
2
(X
;R
)
�
X

!

R
2
�
2
.
A
n
on
-n
eg
at
iv
e
C
2
fu
n
ct
io
n
is
a
st
or
ag

fu
n
ct
io
n
if
an
d
on
ly
if
th
is
m
at
ri
x
in
eq
u
al
it
y
h
ol
d
s
at
ea
ch
p
oi
n
t
x
in
st
a
t

sp
ac
e
(p
ro
p
os
it
io
n
5
1
o
n
p
ag
e
10
6)
.
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C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

W
e
n
ow
su
gg
es
t
th
e
fo
ll
ow
in
g
n
u
m
er
ic
a
l
st
ra
te
gy
fo
r
co
m
p
u
ti
n
g
st
or
ag
e

fu
n
ct
io
n
s:
C
h
o
o
se
a
se
t
of
b
as
is
fu
n
ct
io
n
s
V
i
2
C
2
(X
;R
)
an
d
se
ar
ch
fo
r
a

st
or
a
ge
fu
n
ct
io
n
of
th
e
fo
rm V

(x
)
=

N X i=
1

�
iV

i (
x
)

:

T
h
e
b
as
is
fu
n
ct
io
n
s
V
i
co
u
ld
fo
r
in
st
an
ce
b
e
p
ol
y
n
om
ia
ls
,
tr
ig
on
om
et
ri
c

fu
n
ct
io
n
s,
or
w
av
el
et
s.
In
or
d
er
to
v
er
if
y
if
V
is
a
st
or
ag
e
fu
n
ct
io
n
,
w
e
te
st

fo
r
d
is
si
p
at
io
n
a
n
d
n
on
-n
eg
at
iv
it
y
at
a
se
t
o
f
p
oi
n
ts
x
j
,
j
=
1;
::
:;
M
.
T
h
is

le
ad
s
to
th
e
L
M
I
p
ro
b
le
m F

in
d
�
1
;:
::
;�
N

su
ch
th
a
t

N X i=
1

�
iP
(V
i ;
x
j
)
�
0
;

N X i=
1

�
iV

i (
x
j
)
�
0
fo
r
j
=
1;
::
:;
M

(5
.1
1)

fo
r
w
h
ic
h
so
ft
w
ar
e
su
ch
a
s
[3
8,
32
]
ca
n
�
n
d
a
so
lu
ti
o
n
or
d
et
er
m
in
e
th
at
n
o

so
lu
ti
on
ex
is
ts
.

T
h
e
L
M
I
p
ro
b
le
m
h
a
s
N

sc
a
la
r
va
ri
ab
le
s,
M

sc
a
la
r
co
n
st
ra
in
ts
an
d
M

2-

b
y
-2
m
at
ri
x
co
n
st
ra
in
ts
.
If
w
is
a
m
-v
ec
to
r
ra
th
er
th
an
a
sc
al
ar
,
th
en
th
e

m
at
ri
x
co
n
st
ra
in
ts
w
il
l
b
e
(m
+
1)
-b
y
-(
m
+
1)
.
N
ot
ic
e
th
at
th
e
d
im
en
si
on

o
f
th
e
st
at
e
sp
a
ce
d
o
es
n
ot
a�
ec
t
th
e
si
ze
of
th
e
m
at
ri
ce
s;
h
ow
ev
er
h
ig
h
-

d
im
en
si
o
n
a
l
st
at
e
sp
ac
es
n
ee
d
a
la
rg
e
n
u
m
b
er
of
b
as
is
fu
n
ct
io
n
s
V
i
an
d

a
la
rg
e
n
u
m
b
er
of
ev
a
lu
at
io
n
p
oi
n
ts
x
j

in
ac
co
rd
a
n
ce
w
it
h
th
e
cu
rs
e
of

d
im
en
si
o
n
a
li
ty
.

If
th
e
d
i�
er
en
ti
al
d
is
si
p
a
ti
on
in
eq
u
al
it
y
(5
.1
0
)
is
m
er
el
y
sa
ti
s�
ed
at
p
oi
n
ts

x
j
,
it
is
q
u
it
e
li
ke
ly
th
at
it
fa
il
s
n
ea
r
x
j
.
T
h
er
ef
o
re
,
on
e
m
ay
w
is
h
to

co
n
si
d
er
st
ri
ct
in
eq
u
a
li
ti
es
in
(5
.1
1
)
an
d
at
te
m
p
t
to
so
lv
e

F
in
d
�
1
;:
::
;�
N
;�
1
;�
2
su
ch
th
at

N X i=
1

�
iP
(V
i ;
x
j
)
�
�
�
1
�
(x
)
;
fo
r
j
=
1;
::
:;
M

;

N X i=
1

�
iV

i (
x
j
)
�
�
2
�
(x
)
;
fo
r
j
=
1
;:
::
;M

;

�
1
>
0
;
�
2
>
0

5.
7

N
ot
es
an
d
re
fe
re
n
ce
s

1
1

w
h
er
e
�
an
d
�
ar
e
g
iv
en
fu
n
ct
io
n
s.

C
om
p
u
ti
n
g
st
or
ag
e
fu
n
ct
io
n
s
w
it
h
L
M
I
so
ft
w
ar
e
is
a
re
la
ti
ve
ly


ex
ib
le
p
ri
n

ci
p
le
w
h
ic
h
m
ay
b
e
m
o
d
i�
ed
in
se
ve
ra
l
w
ay
s,
d
ep
en
d
in
g
on
th
e
sp
ec
i�
c
ap

p
li
ca
ti
on
.
F
or
in
st
an
ce
,
on
e
m
ay
se
ar
ch
si
m
u
lt
an
eo
u
sl
y
fo
r
a
su
p
p
ly
ra
te
i

so
m
e
co
n
ve
x
p
ol
y
to
p
e,
ad
d
co
n
st
ra
in
ts
on
th
e
st
or
ag
e
fu
n
ct
io
n
,
it
s
gr
ad
ie
n

or
cu
rv
at
u
re
,
or
on
e
m
ay
in
cl
u
d
e
a
li
n
ea
r
fu
n
ct
io
n
al
of
st
or
ag
e
fu
n
ct
io
n
an

su
p
p
ly
ra
te
to
b
e
m
in
im
iz
ed
.

If
on
e
go
es
b
ey
on
d
in
p
u
t-
a�
n
e
sy
st
em
s
w
it
h
in
p
u
t-
q
u
ad
ra
ti
c
su
p
p
ly
ra
te
s

th
en
st
or
ag
e
fu
n
ct
io
n
s
m
ay
st
il
l
b
e
fo
u
n
d
w
it
h
co
n
ve
x
op
ti
m
iz
at
io
n
b
u

w
it
h
m
u
ch
gr
ea
te
r
d
i�
cu
lt
y
si
n
ce
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y
d
o
e

n
ot
re
d
u
ce
to
L
M
Is
in
st
at
e
sp
ac
e.
F
u
rt
h
er
co
m
p
li
ca
ti
on
s
ar
is
e
w
h
en
th

su
p
re
m
u
m
ov
er
w
in
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
it
y
(5
.4
)
ca
n
n
ot
b

ev
al
u
at
ed
ex
p
li
ci
tl
y.

W
h
il
e
th
e
ab
ov
e
d
is
cu
ss
io
n
m
ay
b
e
su
�
ci
en
t
fo
r
il
lu
st
ra
ti
ve
ac
ad
em
ic
ca
s

st
u
d
ie
s,
it
w
ou
ld
b
e
n
ec
es
sa
ry
fo
r
re
al
-w
or
ld
ap
p
li
ca
ti
on
s
to
co
n
si
d
er
th

n
u
m
er
ic
s
in
gr
ea
te
r
d
et
ai
l.
A
sp
ec
i�
c
q
u
es
ti
on
w
h
ic
h
d
es
er
ve
s
at
te
n
ti
o

co
n
ce
rn
s
th
e
d
u
al
to
(5
.1
0)
.
A
s
em
p
h
as
iz
ed
in
[1
9]
,
w
h
en
co
n
ve
x
o
p
ti

m
iz
at
io
n
is
u
se
d
as
co
m
p
u
ta
ti
on
al
to
ol
in
co
n
tr
ol
th
eo
ry
,
th
e
d
u
al
p
ro
b
le
m

of
te
n
h
av
e
in
te
re
st
in
g
co
n
tr
ol
th
eo
re
ti
c
in
te
rp
re
ta
ti
on
s.
S
ee
[5
7]
fo
r
an
ex

am
p
le
w
h
er
e
d
u
al
is
m
is
u
ti
li
ze
d
in
d
is
cr
et
iz
ed
in
�
n
it
e-
d
im
en
si
on
al
co
n
v
e

op
ti
m
iz
at
io
n
p
ro
b
le
m
s.

A
n
ot
h
er
st
ra
te
gy
fo
r
n
u
m
er
ic
al
co
m
p
u
ta
ti
on
of
st
or
ag
e
fu
n
ct
io
n
s
is
to
so
lv

a
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
co
rr
es
p
on
d
in
g
to
th
e
d
i�
er
en
ti
al
d
is
si
p
at
io

in
eq
u
al
it
y
(5
.4
)
u
si
n
g
a
�
n
it
e
d
i�
er
en
ce
sc
h
em
e
[6
5]
.
T
h
e
tw
o
ap
p
ro
ac
h
es

co
n
ve
x
op
ti
m
iz
at
io
n
an
d
n
u
m
er
ic
al
so
lu
ti
on
of
P
D
E
s,
m
ay
a
ls
o
b
e
co
m

b
in
ed
.

S
im
p
li
fy
in
g
c
o
m
p
u
ta
ti
o
n
s
w
it
h
m
o
d
u
la
ri
ty

F
or
a
re
al
is
ti
c
p
ro
b
le
m
in
vo
lv
in
g
m
or
e
th
an
a
co
u
p
le
o
f
st
at
es
a
n
d
w
it
h
ou

sp
ec
i�
c
si
m
p
li
fy
in
g
st
ru
ct
u
re
,
th
e
ap
p
ro
ac
h
es
ou
tl
in
ed
ab
ov
e
b
ec
om
e
u
n
re

al
is
ti
c
as
th
e
n
u
m
er
ic
al
b
u
rd
en
b
ec
om
es
ov
er
w
h
el
m
in
g.
In
th
is
ca
se
it
m
a

b
e
fe
as
ib
le
to
d
ec
om
p
os
e
th
e
sy
st
em
in
to
a
n
u
m
b
er
of
su
b
-s
y
st
em
s.
T
h
es

su
b
-s
y
st
em
s
n
ee
d
n
ot
co
rr
es
p
on
d
to
p
h
y
si
ca
l
u
n
it
s
b
u
t
co
u
ld
fo
r
in
st
an
c

b
e
d
y
n
am
ic
m
o
d
es
w
h
ic
h
ar
e
k
n
ow
n
to
in
te
ra
ct
w
ea
k
ly
.
T
h
en
o
n
e
m
ay
p
er

fo
rm
d
is
si
p
at
io
n
an
al
y
si
s
on
ea
ch
of
th
e
su
b
sy
st
em
s
an
d
af
te
r
th
is
co
n
cl
u
d
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C
h
ap
te
r
5
.
D
is
si
p
a
ti
o
n
in
st
o
ch
as
ti
c
sy
st
em
s

on
th
e
d
is
si
p
at
io
n
o
f
th
e
ov
er
al
l
sy
st
em

u
si
n
g
th
e
re
su
lt
s
on
in
te
rc
on
n
ec
-

ti
on
s
of
d
is
si
p
a
ti
v
e
co
m
p
o
n
en
ts
.
In
e�
ec
t
th
is
co
rr
es
p
on
d
s
to
im
p
os
in
g
a

sp
ec
i�
c
st
ru
ct
u
re
o
n
th
e
st
or
a
ge
fu
n
ct
io
n
of
th
e
ov
er
al
l
sy
st
em
.
N
ee
d
le
ss

to
sa
y,
th
e
e�
ec
ti
v
it
y
o
f
th
is
ap
p
ro
ac
h
re
li
es
h
ea
v
il
y
on
th
e
p
h
y
si
ca
l
a
n
d

m
at
h
em
at
ic
al
in
si
gh
t
in
to
th
e
sy
st
em
.

F
or
d
et
er
m
in
is
ti
c
sy
st
em
s
w
it
h
(s
in
gl
e)
su
p
p
ly
ra
te
s
co
rr
es
p
on
d
in
g
to
p
as
-

si
v
it
y,
th
is
ap
p
ro
ac
h
to
an
a
ly
si
s
go
es
b
ac
k
to
P
o
p
ov
's
w
or
k
on
h
y
p
er
st
ab
il
-

it
y
[8
7]
.
A
n
in
te
re
st
in
g
to
p
ic
of
fu
tu
re
re
se
a
rc
h
w
ou
ld
b
e
sy
st
em
at
ic
m
o
d
u
-

la
ri
za
ti
o
n
.
B
ac
k
st
ep
p
in
g
an
d
ot
h
er
re
cu
rs
iv
e
d
es
ig
n
te
ch
n
iq
u
es
[6
3,
24
]
ca
n

b
e
se
en
as
ex
tr
em
e
ex
am
p
le
s
of
sy
st
em
at
ic
m
o
d
u
la
ri
za
ti
on
.

S
tr
a
to
n
o
v
ic
h
e
q
u
a
ti
o
n
s

In
th
is
d
is
se
rt
at
io
n
w
e
w
or
k
ex
cl
u
si
ve
ly
w
it
h
th
e
It
^o
in
te
rp
re
ta
ti
on
of
st
o
ch
as
-

ti
c
d
i�
er
en
ti
a
l
eq
u
at
io
n
s.
In
so
m
e
ap
p
li
ca
ti
on
s
it
is
m
or
e
n
at
u
ra
l
to
m
o
d
el

u
n
ce
rt
a
in
ty
w
it
h
st
o
ch
as
ti
c
d
i�
er
en
ti
a
l
eq
u
at
io
n
s
in
th
e
S
tr
at
on
ov
ic
h
in
-

te
rp
re
ta
ti
o
n
.
T
h
e
d
i�
er
en
ce
b
et
w
ee
n
th
e
in
te
rp
re
ta
ti
on
s
is
m
ai
n
ly
on
e
of

m
o
d
el
li
n
g,
th
o
u
gh
;
in
fa
ct
a
st
o
ch
as
ti
c
p
ro
ce
ss
x
t
so
lv
es
th
e
S
tr
at
on
ov
ic
h

eq
u
at
io
n

d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)
�
d
B
t

w
h
er
e
B
t
is
sc
al
a
r
B
ro
w
n
ia
n
m
ot
io
n
if
an
d
on
ly
if
it
so
lv
es
th
e
eq
u
iv
al
en
t

It
^o
eq
u
at
io
n

d
x
t
=
f
(x
t
)
d
t
+

1 2
g x
(x
t
)g
(x
t)
d
t
+
g
(x
t
)
d
B
t

:

S
ee
[8
3,
p
.
75
,
p
.
3
2
f.
]
-
a
si
m
il
ar
fo
rm
u
la
h
o
ld
s
fo
r
th
e
ca
se
of
m
u
lt
id
i-

m
en
si
o
n
al
B
ro
w
n
ia
n
m
ot
io
n
.
T
h
er
ef
or
e,
if
on
e
h
as
m
o
d
el
le
d
a
sy
st
em
w
it
h

a
S
tr
at
on
ov
ic
h
eq
u
at
io
n
,
th
en
on
e
m
ay
af
te
rw
a
rd
s
d
o
th
e
an
al
y
si
s
fo
r
th
e

eq
u
iv
al
en
t
It
^o
eq
u
at
io
n
.

C
h
a
p
te
r
6

R
o
b
u
st
p
e
r
fo
r
m
a
n
c
e
o
f

st
o
c
h
a
st
ic
sy
st
e
m
s

W
e
d
em
on
st
ra
te
th
at
a
n
u
m
b
er
of
p
er
fo
rm
an
ce
ob
je
ct
iv
es
fo
r

st
o
ch
as
ti
c
sy
st
em
s
co
rr
es
p
on
d
to
st
o
ch
as
ti
c
d
is
si
p
at
io
n
re
q
u
ir
e-

m
en
ts
:
st
o
ch
as
ti
c
L
2
ga
in
,
H
2
ga
in
,
p
ro
b
ab
il
it
y
o
f
fa
il
u
re
,
an
d

ex
p
ec
te
d
ti
m
e
to
co
m
p
le
te
a
m
is
si
on
.
T
h
en
w
e
co
n
si
d
er
st
o
ch
as
-

ti
c
sy
st
em
s
su
b
je
ct
to
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s
an
d
sh
ow
th
at

a
st
o
ch
as
ti
c
d
is
si
p
at
io
n
an
al
y
si
s
of
th
e
n
om
in
al
sy
st
em
ca
n
p
ro
-

v
id
e
su
�
ci
en
t
co
n
d
it
io
n
s
fo
r
ro
b
u
st
p
er
fo
rm
an
ce
o
f
th
e
p
er
-

tu
rb
ed
sy
st
em
.

6
.1

In
tr
o
d
u
c
ti
o
n

T
h
e
p
re
v
io
u
s
ch
ap
te
rs
in
th
is
d
is
se
rt
at
io
n
h
av
e
d
em
on
st
ra
te
d
th
at
d
is
si

p
at
io
n
th
eo
ry
is
a
v
er
y
u
se
fu
l
to
ol
in
ad
d
re
ss
in
g
d
et
er
m
in
is
ti
c
p
ro
b
le
m

of
ro
b
u
st
n
es
s
a
n
al
y
si
s,
an
d
th
at
d
is
si
p
at
io
n
th
eo
ry
ca
n
b
e
ge
n
er
al
iz
ed
t

a
st
o
ch
as
ti
c
se
tt
in
g.
T
h
e
o
b
je
ct
iv
e
of
th
is
ch
ap
te
r
is
to
co
m
b
in
e
th
es

tw
o
st
at
em
en
ts
:
R
ob
u
st
p
er
fo
rm
an
ce
an
al
y
si
s
of
st
o
ch
as
ti
c
sy
st
em
s
ca
n
b

b
as
ed
on
st
o
ch
as
ti
c
d
is
si
p
at
io
n
.

W
h
at
m
ot
iv
at
ed
u
s
to
co
n
si
d
er
ro
b
u
st
p
er
fo
rm
an
ce
of
st
o
ch
as
ti
c
sy
st
em

w
as
th
e
sp
ec
i�
c
p
ro
b
le
m

of
ro
b
u
st
H
2

p
er
fo
rm
an
ce
in
p
re
se
n
ce
of
H
1

1
2
1
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C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

b
ou
n
d
ed
p
er
tu
rb
at
io
n
s.
T
h
e
re
ad
er
m
ay
re
ca
ll
th
a
t
w
e
in
ch
ap
te
r
3
ga
ve

a
su
�
ci
en
t
an
al
y
si
s
co
n
d
it
io
n
fo
r
th
is
p
ro
b
le
m
,
fo
r
li
n
ea
r
sy
st
em
s;
th
er
e

w
e
em
p
lo
ye
d
th
e
d
et
er
m
in
is
ti
c
in
te
rp
re
ta
ti
o
n
of
H
2
p
er
fo
rm
an
ce
w
h
ic
h
is

in
te
rm
s
of
th
e
re
sp
on
se
to
im
p
u
ls
e
in
p
u
ts
.
T
h
is
le
ad
to
th
e
q
u
es
ti
on
if

th
e
sa
m
e
co
n
d
it
io
n
w
o
u
ld
al
so
b
ou
n
d
th
e
H
2
p
er
fo
rm
an
ce
in
th
e
st
o
ch
as
-

ti
c
in
te
rp
re
ta
ti
on
,
i.
e.
th
e
re
sp
on
se
to
w
h
it
e
n
o
is
e.
T
h
is
ch
ap
te
r
em
p
lo
y
s

ou
r
n
o
ti
on
o
f
d
is
si
p
a
ti
v
e
st
o
ch
a
st
ic
sy
st
em
s
to
a
n
sw
er
th
is
q
u
es
ti
on
a�
r-

m
at
iv
el
y
:
F
or
li
n
ea
r
sy
st
em
s,
on
e
L
M
I
co
n
d
it
io
n
on
th
e
n
om
in
al
sy
st
em

im
p
li
es
ro
b
u
st
H
2
p
er
fo
rm
an
ce
,
w
h
et
h
er
th
e
d
et
er
m
in
is
ti
c
o
r
st
o
ch
as
ti
c
in
-

te
rp
re
ta
ti
o
n
of
H
2

p
er
fo
rm
an
ce
is
u
se
d
.
(S
ee
th
e
n
ot
e
on
p
ag
e
14
2
fo
r

re
fe
re
n
ce
s
to
th
e
li
te
ra
tu
re
on
m
ix
ed
H
2
/H
1

p
ro
b
le
m
s.
)

W
h
il
e
ou
r
or
ig
in
a
l
o
b
je
ct
iv
e
w
as
to
b
o
u
n
d
th
e
va
ri
an
ce
of
a
n
er
ro
r
si
gn
al

in
p
re
se
n
ce
of
d
et
er
m
in
is
ti
c
an
d
st
o
ch
as
ti
c
u
n
ce
rt
a
in
ty
,
it
so
on
b
ec
am
e

cl
ea
r
th
at
m
a
n
y
ot
h
er
p
er
fo
rm
a
n
ce
ob
je
ct
iv
es
co
u
ld
b
e
ad
d
re
ss
ed
w
it
h
th
e

sa
m
e
fr
a
m
ew
o
rk
.
E
ss
en
ti
al
ly
,
if
p
er
fo
rm
an
ce
a
n
al
y
si
s
fo
r
th
e
u
n
p
er
tu
rb
ed

st
o
ch
a
st
ic
sy
st
em

ca
n
b
e
ca
st
in
te
rm
s
o
f
a
L
y
ap
u
n
ov
-t
y
p
e
fu
n
ct
io
n
on

st
a
te
sp
ac
e,
th
en
ro
b
u
st
p
er
fo
rm
a
n
ce
ca
n
b
e
gu
a
ra
n
te
ed
b
y
d
is
si
p
at
io
n
-

ty
p
e
ar
gu
m
en
ts
.
P
ar
ti
cu
la
r
ex
am
p
le
s
o
f
su
ch
p
er
fo
rm
an
ce
m
ea
su
re
s
ar
e

th
e
ri
sk
o
f
fa
il
u
re
,
as
w
el
l
a
s
ex
p
ec
te
d
ti
m
e
to
co
m
p
le
te
a
m
is
si
on
.
In
th
is

ch
ap
te
r
w
e
p
ro
v
id
e
b
ou
n
d
s
fo
r
th
e
ri
sk
o
f
fa
il
u
re
of
a
st
o
ch
as
ti
c
sy
st
em
in

p
re
se
n
ce
o
f
d
et
er
m
in
is
ti
c
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s;
th
is
d
em
on
st
ra
te
s
th
at

it
is
in
d
ee
d
p
o
ss
ib
le
to
m
er
ge
st
o
ch
as
ti
c
an
d
ro
b
u
st
co
n
tr
ol
.

T
h
e
ch
a
p
te
r
is
or
ga
n
iz
ed
as
fo
ll
ow
s:
F
ir
st
,
in
se
ct
io
n
6.
2,
w
e
d
is
cu
ss
p
er
fo
r-

m
a
n
ce
m
ea
su
re
s
fo
r
au
to
n
om
o
u
s
st
o
ch
as
ti
c
sy
st
em
w
h
ic
h
ca
n
b
e
fo
rm
u
la
te
d

in
te
rm
s
of
d
is
si
p
at
io
n
.
T
h
en
,
in
se
ct
io
n
6
.3
w
e
a
d
d
an
ex
og
en
ou
s
d
is
tu
r-

b
an
ce
a
n
d
d
is
cu
ss
L
2
ga
in
an
d
H
2
p
er
fo
rm
an
ce
o
f
th
e
d
is
tu
rb
ed
st
o
ch
as
ti
c

sy
st
em
.
In
se
ct
io
n
6
.4
w
e
co
n
si
d
er
�
n
it
e
si
gn
a
l-
to
-n
oi
se
ra
ti
o
sy
st
em
s
in

th
e
se
n
se
o
f
S
k
el
to
n
a
n
d
em
b
ed
th
e
as
so
ci
a
te
d
p
ro
b
le
m
s
in
ou
r
d
is
si
p
at
io
n
-

b
as
ed
a
p
p
ro
ac
h
to
ro
b
u
st
p
er
fo
rm
a
n
ce
.

In
se
ct
io
n
6.
5
w
e
d
em
on
st
ra
te
th
a
t
ro
bu
st
pe
rf
o
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

su
b
je
ct
to
m
u
lt
i-
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s
ca
n
b
e
gu
a
ra
n
te
ed
b
y
p
er
fo
rm
in
g

d
is
si
p
at
io
n
an
al
y
si
s
on
th
e
n
om
in
al
sy
st
em
.
A
ft
er
th
is
ge
n
er
al
st
at
em
en
t

w
e
p
re
se
n
t
tw
o
ex
am
p
le
s:
ro
b
u
st
H
2
p
er
fo
rm
a
n
ce
,
an
d
ro
b
u
st
b
ou
n
d
s
on

th
e
p
ro
b
ab
il
it
y
o
f
fa
il
u
re
.
F
in
al
ly
se
ct
io
n
6.
6
co
n
ta
in
s
a
fe
w
co
n
cl
u
d
in
g

re
m
ar
k
s.

6.
2

P
er
fo
rm
an
ce
of
au
to
n
om
ou
s
sy
st
em
s

1
2

6
.2

P
e
rf
o
rm
a
n
c
e
o
f
a
u
to
n
o
m
o
u
s
sy
st
e
m
s

In
th
is
se
ct
io
n
w
e
co
n
si
d
er
th
e
au
to
n
om
ou
s
st
o
ch
as
ti
c
sy
st
em

�

:
d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)
d
B
t

(6
.1

w
h
er
e
B
t
is
st
an
d
ar
d
B
ro
w
n
ia
n
m
ot
io
n
w
it
h
re
sp
ec
t
to
a
�
lt
ra
ti
on
F
t
o

a
p
ro
b
ab
il
it
y
sp
a
ce
(

;F
;P
).
F
or
th
is
sy
st
em

w
e
d
is
cu
ss
tw
o
p
ro
p
er
ti
e

w
h
ic
h
m
ay
b
e
d
es
ig
n
o
b
je
ct
iv
es
an
d
gi
v
e
su
�
ci
en
t
co
n
d
it
io
n
s
in
te
rm
s
o

d
is
si
p
at
io
n
p
ro
p
er
ti
es
.
W
e
d
o
n
ot
cl
ai
m
n
ov
el
ty
of
th
e
co
n
d
it
io
n
s.
In
d
ee
d

th
ey
ca
n
b
e
fo
u
n
d
in
cl
as
si
ca
l
li
te
ra
tu
re
,
fo
r
in
st
an
ce
[6
4]
.
O
u
r
co
n
tr
ib
u
ti
o

is
si
m
p
ly
to
p
oi
n
t
o
u
t
th
at
th
es
e
p
ro
p
er
ti
es
ca
n
b
e
ca
st
in
ou
r
fr
am
ew
o
r

of
st
o
ch
as
ti
c
d
is
si
p
at
io
n
;
in
p
ar
ti
cu
la
r
th
e
ch
ar
ac
te
ri
za
ti
on
is
co
n
ve
x
.
W

w
il
l
em
p
lo
y
th
is
in
a
la
te
r
se
ct
io
n
co
n
ce
rn
in
g
ro
b
u
st
n
es
s
of
th
e
p
ro
p
er
ti
e

to
w
ar
d
s
d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
s,
th
u
s
o
b
ta
in
in
g
n
ew
re
su
lt
s.

F
or
th
e
co
n
ve
n
ie
n
ce
of
th
e
re
ad
er
w
e
in
cl
u
d
e
th
e
p
ro
of
s,
w
h
ic
h
ar
e
al
l
q
u
it

st
ra
ig
h
tf
or
w
a
rd
.

E
x
p
e
c
te
d
ti
m
e
to
c
o
m
p
le
te
a
m
is
si
o
n

A
ss
u
m
e
th
at
th
e
st
at
e
x
t
o
f
sy
st
em
�
ev
ol
v
es
in
a
d
om
ai
n
D
�
X

an
d
th
a

th
e
co
n
tr
ol
m
is
si
on
is
co
m
p
le
te
d
u
p
on
�
rs
t
ex
it
fr
om
D
.
W
e
th
en
h
av
e
th

fo
ll
ow
in
g
b
ou
n
d
on
th
e
ex
p
ec
te
d
ti
m
e
to
co
m
p
le
te
th
e
m
is
si
on
:

P
ro
p
o
si
ti
o
n
6
3
:
L
et
V
:
� D
!

R

b
e
a
co
n
ti
n
u
ou
s
st
or
ag
e
fu
n
ct
io
n
fo
r
�

w
.r
.t
.
th
e
su
p
p
ly
ra
te
�
1;
th
en
th
e
b
ou
n
d

E
x
� D
�
V
(x
)

h
ol
d
s
fo
r
x
2
D
.

4

P
ro
o
f:
B
y
h
y
p
ot
h
es
is
th
e
p
ro
ce
ss
V
(x
t^
�
D

)
+
t
^
� D
is
a
su
p
er
m
ar
ti
n
ga
l

an
d
h
en
ce

E
x
ft
^
� D
g
�
E
x
fV
(x
t^
�
D

)
+
t
^
� D
g
�
V
(x
)

:

S
in
ce
th
is
h
ol
d
s
fo
r
al
l
t
�
0
w
e
co
n
cl
u
d
e
th
at
� D
is
�
n
it
e
P
x
-a
lm
os
t
su
re
l y

an
d
th
at
E
x
� D
�
V
(x
).
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C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

R
is
k
o
f
fa
il
u
re

A
ss
u
m
e
n
ow
th
at
th
e
b
ou
n
d
ar
y
of
D

is
d
iv
id
ed
in
to
tw
o
co
m
p
on
en
ts
A

a
n
d
B
.
A
s
b
ef
o
re
,
th
e
p
ro
ce
ss
is
st
op
p
ed
u
p
on
�
rs
t
ex
it
fr
om
D
an
d
th
e

m
is
si
o
n
is
d
en
ot
ed
a
su
cc
es
s
if
A
is
re
ac
h
ed
,
w
h
er
ea
s
ex
it
in
g
th
ro
u
gh
B
is

a
fa
il
u
re
.
W
e
th
en
h
av
e
th
e
fo
ll
ow
in
g
b
ou
n
d
o
n
th
e
ri
sk
of
fa
il
u
re
:

P
ro
p
o
si
ti
o
n
6
4
:
L
et
V
:
� D
!

R

b
e
a
co
n
ti
n
u
o
u
s
st
or
ag
e
fu
n
ct
io
n
fo
r
�

w
.r
.t
.
th
e
su
p
p
ly
ra
te
0
w
h
ic
h
sa
ti
s�
es
th
e
ad
d
it
io
n
al
co
n
st
ra
in
t
V
j B
�
1;

th
en
th
e
b
ou
n
d

P
x
f�
D

=
� B
g
�
V
(x
)

h
ol
d
s
fo
r
x
2
D
.

4

P
ro
o
f:

B
y
h
y
p
ot
h
es
is
th
e
p
ro
ce
ss
V
(x
t^
�
D

)
is
a
su
p
er
m
ar
ti
n
ga
le
a
n
d

h
en
ce

P
x
f�
D

=
� B
g
�
P
fs
u
p
t�
0

V
(x
t^
�
D

)
�
1
g
�
V
(x
)

:

H
er
e
th
e
�
rs
t
in
eq
u
al
it
y
h
ol
d
s
b
ec
au
se
� D
=
� B
im
p
li
es
V
(x
�
D

)
�
1
a
n
d

h
en
ce
su
p
0
�
t
V
(x
t^
�
D

)
�
1
.
T
h
e
la
st
in
eq
u
a
li
ty
is
th
e
su
p
er
m
ar
ti
n
ga
le

in
eq
u
a
li
ty
.

N
ot
ic
e
th
a
t
th
e
p
ro
p
o
si
ti
o
n
d
o
es
n
ot
cl
ai
m
th
at
th
e
p
ro
b
ab
il
it
y
o
f
su
cc
es
s
is

n
o
sm
a
ll
er
th
an
1
�
V
(x
);
th
is
w
ou
ld
in
ad
d
it
io
n
re
q
u
ir
e
th
at
D
is
re
ac
h
ed

in
�
n
it
e
ti
m
e,
P
x
-a
lm
o
st
su
re
ly
.
P
ro
p
o
si
ti
on
s
6
3
an
d
64
m
ay
b
e
co
m
b
in
ed

to
y
ie
ld
su
ch
a
re
su
lt
.
A
re
la
te
d
q
u
es
ti
on
is
w
h
a
t
th
e
ex
p
ec
te
d
ti
m
e
to

co
m
p
le
te
th
e
m
is
si
on
is
,
co
n
d
it
io
n
ed
on
th
e
m
is
si
on
b
ei
n
g
co
m
p
le
te
d
su
c-

ce
ss
fu
ll
y.
T
h
is
is
th
e
su
b
je
ct
o
f
a
p
p
en
d
ix
A
(p
a
g
e
15
1
�
.)
w
h
er
e
a
n
ew

fo
rm
u
la
fo
r
th
is
co
n
d
it
io
n
a
l
ex
p
ec
ta
ti
o
n
is
d
er
iv
ed
.

6
.3

P
e
rf
o
rm
a
n
ce
o
f
d
is
tu
rb
e
d
sy
st
e
m
s

In
th
is
se
ct
io
n
w
e
co
n
si
d
er
a
d
is
tu
rb
ed
st
o
ch
as
ti
c
sy
st
em

�

:

d
x
t
=
f
(x
t
;v
t)
d
t
+
g
(x
t
;v
t)
d
B
t
;
y t
=
c(
x
t;
v t
)

(6
.2
)

w
h
er
e
v t
is
th
e
d
is
tu
rb
an
ce
in
p
u
t
an
d
y t
is
an
o
u
tp
u
t
w
h
ic
h
is
u
se
d
in

ev
al
u
a
ti
on
o
f
th
e
p
er
fo
rm
a
n
ce
o
f
th
e
sy
st
em
.
A
s
b
ef
or
e,
B
t
is
B
ro
w
n
ia
n

m
o
ti
on
w
.r
.t
.
a
�
lt
ra
ti
on
F
t.
T
h
e
in
p
u
t
v t
is
re
st
ri
ct
ed
to
a
se
t
V
o
f
F
t
-

a
d
ap
te
d
si
g
n
a
ls
fo
r
w
h
ic
h
th
er
e
ex
is
ts
a
u
n
iq
u
e
t-
co
n
ti
n
u
ou
s
so
lu
ti
on
to
th
e

6.
3

P
er
fo
rm
an
ce
of
d
is
tu
rb
ed
sy
st
em
s

1
2

d
y
n
am
ic
eq
u
at
io
n
.
W
e
as
su
m
e
th
at
V
is
su
�
ci
en
tl
y
la
rg
e
a
n
d
cl
o
se
d
u
n
d
e

sw
it
ch
in
g
so
th
at
th
e
p
ri
n
ci
p
le
of
op
ti
m
al
it
y
h
o
ld
s.

F
ol
lo
w
in
g
st
an
d
ar
d
n
ot
at
io
n
[8
3]
,
w
e
d
e�
n
e
th
e
b
ac
k
w
ar
d
op
er
at
or
as
so
c i

at
ed
w
it
h
th
e
co
n
tr
ol
le
d
d
i�
u
si
on
(6
.2
):

L
v
V
=
V
x
f
+

1 2
tr
(g
0 V
x
x
g
)

:

6
.3
.1

S
to
ch
a
st
ic
L
2
g
a
in

T
h
e
L
2
ga
in
is
on
e
w
ay
of
m
ea
su
ri
n
g
th
e
a
m
p
li
�
ca
ti
on
,
or
ga
in
,
of
a
d
et
e r

m
in
is
ti
c
or
st
o
ch
as
ti
c
sy
st
em
,
an
d
is
a
go
o
d
p
er
fo
rm
an
ce
m
ea
su
re
w
h
en
w

ad
op
t
a
w
or
st
-c
as
e
v
ie
w
on
th
e
in
p
u
ts
an
d
w
is
h
to
b
ou
n
d
th
ei
r
e�
ec
t
o

th
e
r.
m
.s
.
va
lu
e
of
th
e
o
u
tp
u
t.
A
re
as
on
ab
le
q
u
es
ti
on
is
w
h
at
m
ak
es
th

L
2
n
or
m
(o
r
th
e
r.
m
.s
.
va
lu
e)
su
it
ab
le
as
a
si
gn
al
n
or
m
.
H
er
e
w
e
ad
o
p

th
e
p
ra
gm
at
ic
p
oi
n
t
of
v
ie
w
th
at
in
m
an
y
ap
p
li
ca
ti
on
s
it
is
n
ot
at
al
l
cl
ea

w
h
at
si
gn
al
n
or
m
is
su
it
ab
le
,
an
d
th
at
in
th
es
e
si
tu
at
io
n
s
it
m
ay
b
e
m
os

fr
u
it
fu
l
to
u
se
th
e
L
2
n
or
m
si
n
ce
it
le
ad
s
to
te
ch
n
ic
al
si
m
p
li
ci
ty
.

D
e
�
n
it
io
n
6
5
:

T
h
e
st
o
ch
as
ti
c
L
2
ga
in
of
th
e
sy
st
em

(6
.2
)
is
d
en
ot
e

k�
k 1
an
d
eq
u
al
s
th
e
in
�
m
u
m
of
al
l


>
0
su
ch
th
at
th
e
sy
st
em
is
st
o
ch
as

ti
ca
ll
y
d
is
si
p
at
iv
e
w
it
h
re
sp
ec
t
to


2
jv
j2
�
jy
j2
.

2

T
h
u
s,
w
e
h
av
e
k�
k 1
<


if
an
d
on
ly
if

E
x

Z � 0

jy
t
j2
d
t
�


2
E
x

Z � 0

jv
tj

2
d
t
+
K
(x
)

h
ol
d
s
fo
r
so
m
e
K
:
X

!
R

an
d
al
l
b
ou
n
d
ed
st
op
p
in
g
ti
m
es
�
an
d
al
l
in
p
u
t

v t
in
V
.
In
th
is
ca
se
K

m
u
st
b
e
n
on
n
eg
at
iv
e
an
d
m
ay
b
e
ta
ke
n
to
h
av

in
�
m
u
m
0.

O
u
r
ch
oi
ce
of
n
ot
at
io
n
su
gg
es
ts
th
at
k�
k 1
is
a
n
or
m
.
In
d
ee
d
,
it
is
p
os
si
b
l

to
or
ga
n
iz
e
sy
st
em
s
of
th
e
fo
rm
(6
.2
)
in
a
li
n
ea
r
sp
ac
e:
F
ix
th
e
p
ro
b
ab
il
it

sp
ac
e
(

;F
;P
),
th
e
�
lt
ra
ti
on
F
t
a
n
d
th
e
in
p
u
t
sp
a
ce
V
.
W
e
th
en
v
ie
w
th

sy
st
em
as
a
fa
m
il
y
o
f
o
p
er
at
or
s
fr
om
in
p
u
t
v t
to
ou
tp
u
t
z t
,
p
ar
am
et
ri
ze

b
y
th
e
in
it
ia
l
co
n
d
it
io
n
x
,
an
d
d
e�
n
e
ad
d
it
io
n
an
d
sc
al
ar
m
u
lt
ip
li
ca
ti
o

of
sy
st
em
s
in
th
e
o
b
v
io
u
s
w
ay
.
T
h
en
th
e
st
o
ch
as
ti
c
L
2
ga
in
k�
k 1
is

se
m
i-
n
or
m
on
th
e
su
b
sp
ac
e
of
th
os
e
sy
st
em
s
fo
r
w
h
ic
h
it
is
�
n
it
e.

T
h
e
st
o
ch
as
ti
c
L
2
ga
in
is
th
e
on
e
p
ro
p
er
ty
of
st
o
ch
as
ti
c
d
is
si
p
at
io
n
w
h
ic

h
as
re
ce
iv
ed
co
n
si
d
er
ab
le
at
te
n
ti
on
in
th
e
li
te
ra
tu
re
[3
0,
3
1]
.
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C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

6
.3
.2

H
2
p
e
rf
o
rm
a
n
c
e

W
h
er
ea
s
it
is
la
rg
el
y
a
gr
ee
d
th
at
th
e
L
2
g
ai
n
is
a
su
it
ab
le
g
en
er
al
iz
at
io
n
of

th
e
H
1

n
o
rm
to
n
on
li
n
ea
r
sy
st
em
s,
it
is
le
ss
cl
ea
r
h
ow
to
d
e�
n
e
th
e
H
2
n
or
m

of
a
n
o
n
li
n
ea
r
sy
st
em
d
e�
n
ed
b
y
th
e
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
(6
.2
).

H
er
e
w
e
su
gg
es
t
a
n
ew
d
e�
n
it
io
n
w
h
ic
h
is
b
as
ed
on
st
o
ch
as
ti
c
L
2
ga
in
s
a
n
d

th
er
ef
o
re
�
ts
in
to
o
u
r
fr
am
ew
or
k
o
f
st
o
ch
as
ti
c
d
is
si
p
at
io
n
.

S
in
ce
th
e
H
2
n
or
m
of
a
li
n
ea
r
ti
m
e
in
va
ri
an
t
sy
st
em
co
n
ce
rn
s
th
e
re
sp
on
se

to
a
w
h
it
e
n
o
is
e
in
p
u
t
v t
,
w
e
n
ee
d
to
m
o
d
if
y
th
e
m
o
d
el
(6
.2
)
to
al
lo
w
fo
r

su
ch
in
p
u
ts
.
S
in
ce
w
e
h
av
e
re
st
ri
ct
ed
ou
rs
el
v
es
to
It
^o
d
i�
u
si
on
s,
w
h
ic
h
on
ly

al
lo
w
a
w
h
it
e
n
o
is
e
te
rm
d
~ B
=
d
t
to
en
te
r
a�
n
el
y
in
th
e
d
y
n
am
ic
eq
u
at
io
n
,

w
e
m
u
st
a
ss
u
m
e
th
at
(6
.2
)
is
a�
n
e
in
v t
.
F
u
rt
h
er
m
or
e,
re
ca
ll
[1
28
]
th
at

a
st
a
b
le
ra
ti
o
n
a
l
tr
an
sf
er
fu
n
ct
io
n
h
as
�
n
it
e
H
2
n
or
m
if
an
d
on
ly
if
it
is

st
ri
ct
ly
ca
u
sa
l,
so
w
e
ca
n
as
su
m
e
th
at
th
e
ou
tp
u
t
eq
u
at
io
n
y
=
c(
x
;v
)
is

in
d
ep
en
d
en
t
of
v
.
H
en
ce
w
e
as
su
m
e
th
at
th
e
sy
st
em
(6
.2
)
h
as
th
e
fo
ll
ow
in
g

sp
ec
ia
l
fo
rm
:

�
:

d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)
d
B
t
+
b(
x
t
)v
t
d
t;

y t
=
c(
x
t
)

:

(6
.3
)

In
or
d
er
to
d
e�
n
e
H
2
p
er
fo
rm
an
ce
of
su
ch
a
sy
st
em
�
,
w
e
fo
rm
al
ly
re
p
la
ce

th
e
in
p
u
t
v t
w
it
h
a
w
h
it
e
n
o
is
e
te
rm
�
t
d
~ B
=
d
t.
H
er
e
�
t
is
a
sc
al
ar
n
oi
se

in
te
n
si
ty
w
h
il
e
~ B
t
is
st
an
d
ar
d
B
ro
w
n
ia
n
m
ot
io
n
w
it
h
re
sp
ec
t
to
F
t
an
d

in
d
ep
en
d
en
t
o
f
B
t
.
T
h
u
s
w
e
ob
ta
in
a
n
ew
sy
st
em
,
m
ap
p
in
g
th
e
n
oi
se

in
te
n
si
ty
�
t
to
th
e
o
u
tp
u
t
y t
:

~ �
:

d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)
d
B
t
+
b(
x
t)
�
t
d
~ B
t
;

y t
=
c(
x
t
)

(6
.4
)

D
e
�
n
it
io
n
6
6
:

T
h
e
st
ro
n
g
H
2
pe
rf
o
rm
an
ce
in
d
ex
of
th
e
sy
st
em
(6
.3
)
is

d
en
o
te
d
k�
k 2
a
n
d
eq
u
al
s
th
e
st
o
ch
as
ti
c
L
2
ga
in
of
th
e
sy
st
em
(6
.4
).

2

T
h
e
st
ro
n
g
H
2
p
er
fo
rm
an
ce
in
d
ex
is
th
e
w
o
rs
t-
ca
se
ra
ti
o
b
et
w
ee
n
th
e
va
ri
-

an
ce
of
th
e
ou
tp
u
t
y t
an
d
th
e
in
te
n
si
ty
of
th
e
w
h
it
e
n
oi
se
in
p
u
t
v t
=

�
t
d
~ B
t=
d
t.
T
h
e
a�
x
st
ro
n
g
is
d
u
e
to
th
e
fe
at
u
re
th
at
th
e
in
te
n
si
ty
of
th
e

w
h
it
e
n
o
is
e
in
p
u
t
is
al
lo
w
ed
to
va
ry
,
fo
r
in
st
an
ce
a
s
a
fu
n
ct
io
n
of
th
e
st
at
e.

Im
p
li
ci
t
in
th
e
d
e�
n
it
io
n
is
th
at
th
e
�
lt
ra
ti
on
F
t
m
u
st
b
e
'l
ar
ge
en
ou
gh
'

to
al
lo
w
tw
o
in
d
ep
en
d
en
t
F
t
-B
ro
w
n
ia
n
m
ot
io
n
p
ro
ce
ss
es
B
t
an
d
~ B
t
.
T
h
is

m
at
h
em
at
ic
al
tw
is
t
w
il
l
p
ro
b
a
b
ly
ca
u
se
li
tt
le
co
n
ce
rn
in
en
gi
n
ee
ri
n
g
ap
p
li
-

ca
ti
on
s
w
h
er
e
w
e
st
ar
t
w
it
h
st
at
is
ti
ca
l
p
ro
p
er
ti
es
o
f
n
oi
se
si
gn
al
s
an
d
th
en
,

u
su
al
ly
im
p
li
ci
tl
y,
d
e�
n
e
th
e
p
ro
b
ab
il
it
y
sp
ac
e
ac
co
rd
in
gl
y.

6.
3

P
er
fo
rm
an
ce
of
d
is
tu
rb
ed
sy
st
em
s

1
2

A
s
w
as
th
e
ca
se
fo
r
st
o
ch
as
ti
c
L
2
ga
in
s,
it
is
p
os
si
b
le
to
or
ga
n
iz
e
sy
st
em

�
of
th
e
fo
rm
(6
.3
)
in
a
li
n
ea
r
sp
ac
e
su
ch
th
at
k�
k 2
is
a
se
m
in
or
m
on
th

su
b
sp
ac
e
w
h
er
e
it
is
�
n
it
e.

W
e
h
av
e
th
e
fo
ll
ow
in
g
p
ar
ti
al
d
i�
er
en
ti
al
in
eq
u
al
it
y
co
n
d
it
io
n
fo
r
H
2
p
e r

fo
rm
an
ce
:

P
ro
p
o
si
ti
o
n
6
7
:

F
or
th
e
sy
st
em
�
d
e�
n
ed
b
y
eq
u
at
io
n
(6
.3
),
le
t
th
e r

ex
is
t
a
re
al
n
u
m
b
er


�
0
an
d
a
C
2
fu
n
ct
io
n
V
�
0
on
X

su
ch
th
at

8
x
2
X

:
V
x
f
+

1 2
tr
(g
0 V
x
x
g
)
+

1 2
jc
j2
�
0
;


2
�
tr
(b
0 V
x
x
b)

:

T
h
en
k�
k 2
�


.

4

P
ro
o
f:
W
e
cl
ai
m
th
at
V
is
a
st
or
ag
e
fu
n
ct
io
n
fo
r
th
e
sy
st
em
(6
.4
)
w
it
h
re

sp
ec
t
to
th
e
su
p
p
ly
ra
te
1 2


2
�
2
�
1 2
y
2
.
T
h
e
d
i�
er
en
ti
al
d
is
si
p
at
io
n
in
eq
u
al
i t

is

V
x
f
+

1 2
tr
(g
0 V
x
x
g
)
+

1 2
�
2
tr
(b
0 V
x
x
b)
�

1 2


2
�
2
�

1 2
jc
j2

;

w
h
ic
h
is
se
en
to
h
ol
d
fo
r
al
l
x
an
d
a
ll
�
if
V
an
d


ar
e
as
in
th
e
p
ro
p
os
it
io
n

T
h
e
co
n
d
it
io
n
is
on
ly
su
�
ci
en
t
si
n
ce
st
or
ag
e
fu
n
ct
io
n
s
n
ee
d
n
ot
in
ge
n
er
a

b
e
C
2
.
N
ot
ic
e
th
at
th
e
ch
ar
ac
te
ri
za
ti
on
is
co
n
ve
x
in


2
an
d
V
.
In
th

n
ar
ro
w
se
n
se
li
n
ea
r
ca
se
,
i.
e.

f
(x
)
=
A
x
;
g
(x
)
=
0
;
b(
x
)
=
B
;
c(
x
)
=
C
x

;

w
e
k
n
ow
fr
o
m
ch
ap
te
r
5
th
at
w
e
ca
n
re
st
ri
ct
at
te
n
ti
on
to
q
u
ad
ra
ti
c
st
or
a
g

fu
n
ct
io
n
s,
i.
e.
V
(x
)
=

1 2
x
0 P
x
,
an
d
w
e
re
co
ve
r
th
e
L
y
ap
u
n
ov
-t
y
p
e
li
n
ea

m
at
ri
x
in
eq
u
al
it
y
p
ro
b
le
m

P
�
0
;
P
A
+
A
0 P
+
C
0 C
�
0
;



2
�
tr
(B
0 P
B
)

:

F
ea
si
b
il
it
y
o
f
th
is
p
ro
b
le
m
is
su
�
ci
en
t
an
d
n
ec
es
sa
ry
fo
r
k�
k 2
�


si
n
c

li
n
ea
r
d
is
si
p
at
iv
e
sy
st
em
s
p
os
se
ss
a
q
u
ad
ra
ti
c
st
or
ag
e
fu
n
ct
io
n
.
In
ot
h
e

w
or
d
s,
th
e
st
ro
n
g
H
2
p
er
fo
rm
an
ce
in
d
ex
eq
u
al
s
th
e
st
an
d
ar
d
H
2
n
or
m
o

th
e
tr
an
sf
er
fu
n
ct
io
n
C
(s
I
�
A
)�
1
B
.

It
is
w
el
l
k
n
ow
n
[1
28
]
th
at
fo
r
li
n
ea
r
sy
st
em
s
th
e
H
2
n
or
m
of
a
tr
an
sf
e

fu
n
ct
io
n
eq
u
al
s
th
e
st
ea
d
y
-s
ta
te
va
ri
an
ce
of
th
e
ou
tp
u
t,
w
h
en
th
e
in
p
u
t
i

w
h
it
e
n
oi
se
w
it
h
u
n
it
in
te
n
si
ty
.
T
h
is
ge
n
er
al
iz
es
to
n
on
li
n
ea
r
sy
st
em
s
a

fo
ll
ow
s:



1
28

C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

P
ro
p
o
si
ti
o
n
6
8
:

L
et


=
k�
k 2
<
1

an
d
as
su
m
e
th
at
th
e
in
te
n
si
ty
�
t

in
(6
.4
)
is
co
n
st
an
t
a
n
d
eq
u
al
to
so
m
e
n
u
m
b
er
�
>
0,
th
en

li
m
su
p

T
!
1

1 T
E
x

Z T 0

jy
t
j2
d
t
�
�

2
�


2

:

If
fu
rt
h
er
m
or
e
a
st
at
io
n
ar
y
so
lu
ti
on
x
t
ex
is
ts
su
ch
th
at
E
V
(x
t)
<
1
,
th
en

E
jc
(x
t)
j2
�
�
2
�

2

:

4

P
ro
o
f:

T
h
e
as
su
m
p
ti
o
n
im
p
li
es
th
at
th
e
sy
st
em

~ �
is
d
is
si
p
at
iv
e
w
.r
.t
.



2
�
2
�
jy
j2
.
L
et
V
b
e
a
st
or
ag
e
fu
n
ct
io
n
;
th
en
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y

0
�
E
x
V
(x
T
)
�
V
(x
)
+
E
x

Z T 0



2
��
2
�
jy
tj

2
d
t

h
ol
d
s.
T
h
is
ca
n
re
w
ri
tt
en
as

1 T
Z T 0

E
x
jy
t
j2
d
t
�

1 T
V
(x
)
+


2
��
2

;

w
h
ic
h
h
o
ld
s
fo
r
al
l
T
�
0.
N
ow
ta
k
e
li
m
su
p
o
n
b
ot
h
si
d
es
an
d
n
ot
ic
e

th
at
li
m
su
p T
!
1

V
(x
)=
T
=
0.
T
h
e
se
co
n
d
cl
a
im
fo
ll
ow
s
d
ir
ec
tl
y
fr
om
th
e

d
is
si
p
at
io
n
in
eq
u
al
it
y

E
V
(x
T
)
�
E
V
(x
0
)
+
E

Z T 0

�
2
�

2
�
jc
(x
t)
j2
d
t

co
m
b
in
ed
w
it
h
th
e
st
at
io
n
ar
it
y
p
ro
p
er
ty
E
V
(x
T
)
=
E
V
(x
0
).

F
or
ge
n
er
a
l
n
on
li
n
ea
r
sy
st
em
s
th
e
b
ou
n
d
s
in
th
e
p
ro
p
os
it
io
n
m
ay
b
e
so
m
e-

w
h
at
co
n
se
rv
at
iv
e
si
n
ce
w
e
h
av
e
re
st
ri
ct
ed
th
e
n
o
is
e
in
te
n
si
ty
�
t
to
b
e
co
n
-

st
an
t.

In
th
e
d
et
er
m
in
is
ti
c
ca
se
g
=
0
th
e
co
n
d
it
io
n
of
p
ro
p
os
it
io
n
67
is
th
e
ex
is
-

te
n
ce
o
f
a
L
ya
p
u
n
ov
fu
n
ct
io
n
V
fo
r
th
e
au
to
n
om
o
u
s
sy
st
em

_x
=
f
(x
)
su
ch

th
a
t

d d
tV

(x
(t
))
�
�

1 2
jc
(x
(t
))
j2

an
d
w
h
ic
h
in
a
d
d
it
io
n
h
a
s
sm
a
ll
cu
rv
at
u
re
,
i.
e.
tr
(b
0 V
x
x
b)
�


2
.
A
cl
as
si
ca
l

q
u
es
ti
on
is
to
w
h
at
ex
te
n
t
\n
ic
e"
in
p
u
t-
o
u
tp
u
t
b
eh
av
io
u
r
(e
.g
.
�
n
it
e
ga
in
)

6.
4

F
S
N
m
o
d
el
s

12

im
p
li
es
\n
ic
e"
in
te
rn
a
l
b
eh
av
io
u
r
(e
.g
.
st
ab
il
it
y
).
In
th
e
d
et
er
m
in
is
ti
c
ca
s

g
=
0
it
is
p
os
si
b
le
to
em
p
lo
y
L
a
S
al
le
's
th
eo
re
m
[5
9,
p
.
11
5,
p
.
44
0]
.
H
en
c

�
n
it
e
st
ro
n
g
H
2
p
er
fo
rm
an
ce
in
d
ex
im
p
li
es
as
y
m
p
to
ti
c
st
ab
il
it
y
of
th
e
ze
r

so
lu
ti
on
to
th
e
u
n
d
is
tu
rb
ed
sy
st
em

_x
=
f
(x
)
if
:
1)
th
e
au
to
n
om
ou
s
sy
st
em

_x
=
f
(x
),
y
=
c(
x
)
is
ze
ro
-s
ta
te
d
et
ec
ta
b
le
,
an
d
2)
th
e
st
or
ag
e
fu
n
ct
io
n
V

in
p
ro
p
os
it
io
n
67
is
p
ro
p
er
an
d
sa
ti
s�
es
V
�
1
(f
0g
)
=
f0
g.

A
co
n
cl
u
d
in
g
re
m
ar
k
co
n
ce
rn
s
H
2
p
er
fo
rm
an
ce
of
sy
st
em
s
(6
.2
)
w
h
ic
h
d

n
ot
h
av
e
th
e
in
p
u
t-
a�
n
e
fo
rm
(6
.3
).
In
th
is
ca
se
on
e
n
ee
d
s
a
m
or
e
ge
n
er
a

fr
am
ew
or
k
fo
r
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
s
th
an
It
^o
d
i�
u
si
on
s,
w
h
ic

al
lo
w
s
a
st
o
ch
as
ti
c
in
te
gr
al
to
b
e
a
n
on
li
n
ea
r
fu
n
ct
io
n
of
th
e
d
ri
v
in
g
m
ar

ti
n
ga
le
.
S
u
ch
a
fr
am
ew
or
k
ca
n
b
e
fo
u
n
d
in
[7
5]
b
u
t
is
b
ey
on
d
th
e
sc
op
e
o

th
is
d
is
se
rt
at
io
n
.

6
.4

F
S
N
m
o
d
e
ls

In
a
se
q
u
en
ce
of
p
ap
er
s
[1
02
,
1
04
,
1
00
,
11
0,
7
2,
71
,
1
03
],
R
.E
.
S
ke
lt
on
an

co
-w
or
ke
rs
h
av
e
in
tr
o
d
u
ce
d
d
is
tu
rb
an
ce
s
w
it
h
�
n
it
e
si
gn
al
-t
o-
n
oi
se
ra
ti

(i
n
sh
or
t,
F
S
N
d
is
tu
rb
an
ce
s)
a
n
d
d
is
cu
ss
ed
th
ei
r
u
se
fo
r
re
p
re
se
n
ta
ti
on
o

u
n
ce
rt
ai
n
ty
.
In
th
is
se
ct
io
n
w
e
d
em
on
st
ra
te
th
at
F
S
N
d
is
tu
rb
an
ce
s
ca
n

to
o,
b
e
re
p
re
se
n
te
d
in
th
e
fr
am
ew
or
k
of
st
o
ch
as
ti
c
d
is
si
p
at
io
n
.

F
S
N
d
is
tu
rb
an
ce
s
ar
e
w
h
it
e
n
oi
se
si
gn
al
s
w
it
h
in
te
n
si
ti
es
w
h
ic
h
a
re
n
o

�
x
ed
a
pr
io
ri
b
u
t
g
ro
w
w
it
h
th
e
va
ri
an
ce
of
sp
ec
i�
ed
si
gn
al
s
in
th
e
cl
os
e

lo
op
.
A
s
ar
gu
ed
in
[1
02
],
th
is
is
a
re
as
on
ab
le
m
o
d
el
of
ro
u
n
d
-o
�
er
ro
rs
i

�
n
it
e
w
or
d
-l
en
gt
h
co
m
p
u
ta
ti
on
s
w
it
h


oa
ti
n
g
p
oi
n
t,
a
s
w
el
l
as
of
tu
rb
u
le
n
c

fo
rc
es
ar
ou
n
d
ai
r
fo
il
s.

T
o
b
e
m
or
e
sp
ec
i�
c,
co
n
si
d
er
th
e
li
n
ea
r
sy
st
em

_x
=
A
x
+
G
w
;

y
=
C
x

(6
.5

w
h
er
e
w
is
an
F
S
N
d
is
tu
rb
an
ce
:
i.
e.
,
a
sc
al
ar
w
h
it
e
n
oi
se
si
gn
al
w
it
h
in

te
n
si
ty
�
2 0
+
�
2 1
E
(y
0 y
).
H
er
e
�
0
a
n
d
�
1
ar
e
sp
ec
i�
ed
co
n
st
an
ts
;
�
1
is
ca
ll
e

th
e
n
oi
se
-t
o-
si
gn
al
ra
ti
o.
A
ls
o
ot
h
er
te
rm
s
su
ch
a
s
co
n
tr
o
ls
m
ay
ap
p
ea

in
th
e
ex
p
re
ss
io
n
s
fo
r
_x
an
d
y
b
u
t
a
re
ir
re
le
va
n
t
to
th
e
p
re
se
n
t
d
is
cu
ss
io
n

T
h
e
m
o
d
el
ca
n
b
e
ge
n
er
al
iz
ed
to
al
lo
w
fo
r
ve
ct
or
d
is
tu
rb
an
ce
s
w
in
se
ve
ra

w
ay
s.

T
h
e
m
o
d
el
(6
.5
)
is
w
el
l
su
it
ed
fo
r
st
ea
d
y
-s
ta
te
an
al
y
si
s:
A
u
n
iq
u
e
in
va
ri
a
n

d
is
tr
ib
u
ti
on
fo
r
x
ex
is
ts
if
an
d
on
ly
if
th
er
e
ex
is
ts
a
u
n
iq
u
e
n
on
-n
eg
at
iv



1
30

C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

so
lu
ti
on
P
to
th
e
ge
n
er
al
iz
ed
L
y
ap
u
n
ov
eq
u
a
ti
o
n

P
A
0
+
A
P
+
G
G
0 (
�

2 0
+
�

2 1
�t
r(
C
P
C
0 )
)
=
0

:

(6
.6
)

In
th
is
ca
se
,
th
is
u
n
iq
u
e
in
va
ri
an
t
d
is
tr
ib
u
ti
on
fo
r
x
is
N
(0
;P
),
i.
e.
in

st
ea
d
y
st
a
te
x
is
ze
ro
m
ea
n
,
h
as
co
va
ri
a
n
ce
P
an
d
is
G
au
ss
ia
n
.
H
ow
ev
er
,

th
e
m
o
d
el
(6
.5
)
d
o
es
n
o
t
fu
ll
y
d
es
cr
ib
e
th
e
p
ro
ce
ss
x
.
F
or
in
st
an
ce
,
as
su
m
e

th
at
w
e
h
av
e
o
b
se
rv
ed
x
u
p
to
so
m
e
ti
m
e
t,
w
h
a
t
is
th
en
th
e
co
n
d
it
io
n
al

d
is
tr
ib
u
ti
o
n
of
w
?
S
u
ch
q
u
es
ti
o
n
s
ar
e
im
p
or
ta
n
t
if
on
e
w
is
h
es
to
st
u
d
y

tr
an
si
en
t
b
eh
av
io
u
r.

T
h
e
ob
je
ct
iv
e
o
f
th
is
se
ct
io
n
is
tw
of
ol
d
:
F
ir
st
,
w
e
w
is
h
to
ge
n
er
al
iz
e
F
S
N

m
o
d
el
s
to
n
on
li
n
ea
r
an
d
n
on
-s
ta
ti
on
ar
y
sy
st
em
s.
S
ec
on
d
,
w
e
w
is
h
to
fo
rm
u
-

la
te
F
S
N
m
o
d
el
s
su
ch
th
at
th
ey
ca
n
b
e
co
m
b
in
ed
w
it
h
ou
r
d
is
si
p
at
io
n
-b
as
ed

fr
am
ew
o
rk
fo
r
ro
b
u
st
n
es
s.
W
e
b
el
ie
ve
th
a
t
th
e
fo
ll
ow
in
g
m
o
d
el
fu
l�
ll
s
b
ot
h

o
b
je
ct
iv
es
:

d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)

� �
0

d
B
t
+
�
1
� t
d
~ B
t

� ;

y t
=
c(
x
t
)

:

(6
.7
)

H
er
e
� t
is
th
e
sc
al
a
r
ou
tp
u
t
of
an
u
n
k
n
ow
n
d
et
er
m
in
is
ti
c
sy
st
em
�
w
h
ic
h

h
as
L
2
ga
in
le
ss
th
an
or
eq
u
al
to
1
,
an
d
th
e
in
p
u
t
of
w
h
ic
h
is
y t
.
F
u
rt
h
er
-

m
or
e
B
t
an
d
~ B
t
a
re
in
d
ep
en
d
en
t
st
an
d
a
rd
B
ro
w
n
ia
n
m
ot
io
n
.

In
o
rd
er
to
se
e
th
at
th
is
is
in
d
ee
d
a
g
en
er
al
iz
at
io
n
of
th
e
m
o
d
el
(6
.5
),
se
t

f
(x
)
=
A
x
,
g
(x
)
=
G
,
c(
x
)
=
C
x
,
an
d
a
ss
u
m
e
th
at
st
ea
d
y
-s
ta
te
h
as
b
ee
n

re
ac
h
ed
.
A
ss
u
m
e
fu
rt
h
er
m
o
re
th
at
�
is
a
w
or
st
-c
as
e
p
er
tu
rb
at
io
n
so
th
at

th
e
ro
o
t
m
ea
n
sq
u
a
re
(r
.m
.s
.)
of
� t
eq
u
a
ls
th
a
t
o
f
y t
.
T
h
en
it
is
fa
ir
ly
ea
sy

to
se
e
th
at
x
in
st
ea
d
y
st
at
e
m
u
st
h
av
e
ze
ro
m
ea
n
an
d
va
ri
an
ce
P
w
h
er
e

P
so
lv
es
th
e
ge
n
er
al
iz
ed
L
y
ap
u
n
ov
eq
u
at
io
n
(6
.6
),
w
h
ic
h
im
p
li
es
th
at
th
e

m
o
d
el
s
(6
.5
)
an
d
(6
.7
)
le
ad
to
th
e
sa
m
e
st
ea
d
y
-s
ta
te
m
ea
n
an
d
va
ri
an
ce
.

H
ow
ev
er
,
ou
r
su
gg
es
te
d
m
o
d
el
(6
.7
)
n
ee
d
n
ot
le
ad
to
G
au
ss
ia
n
d
is
tr
ib
u
ti
on
s

in
st
ea
d
y
st
a
te
-
th
is
w
il
l
d
ep
en
d
on
th
e
p
ar
ti
cu
la
r
sy
st
em
�
.

If
o
n
e
w
is
h
es
to
si
m
u
la
te
an
F
S
N
sy
st
em
,
on
e
w
il
l
o
b
v
io
u
sl
y
h
av
e
to
ch
o
os
e

a
p
a
rt
ic
u
la
r
p
er
tu
rb
at
io
n
�
.
T
w
o
sy
st
em
s
w
it
h
L
2
ga
in
eq
u
al
to
on
e
ar
e

of
sp
ec
ia
l
in
te
re
st
:

�
:

�
(t
)
=

y
(t
)

(f
or
y
sc
a
la
r)

�
:

�
(t
)
=

s Z
1

0

!
ex
p
(�
!
�
)j
y
(t
�
�
)j
2
d
�

6.
5

P
er
fo
rm
an
ce
of
p
er
tu
rb
ed
sy
st
em
s

13

T
h
e
�
rs
t
of
th
es
e
tw
o
sp
ec
i�
c
p
er
tu
rb
at
io
n
s
�
is
th
at
of
m
u
lt
ip
li
ca
ti
ve
n
oi
se

c.
f.
e.
g.
[3
1]
an
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
.
In
ce
rt
ai
n
an
al
y
si
s
p
ro
b
le
m
s
fo

li
n
ea
r
F
S
N
sy
st
em
s
th
is
p
er
tu
rb
at
io
n
is
w
or
st
ca
se
.
T
h
e
se
co
n
d
fo
rm
of
�

il
lu
st
ra
te
s
th
at
�
m
ay
b
e
th
ou
gh
t
of
as
an
r.
m
.s
.
es
ti
m
at
or
fo
r
y
.

W
h
en
w
e
a
n
al
y
se
F
S
N
m
o
d
el
s,
w
e
ta
ke
th
e
th
e
p
er
tu
rb
at
io
n
�
to
b
e
a

u
n
k
n
ow
n
st
at
e-
sp
ac
e
sy
st
em

w
it
h
L
2
ga
in
le
ss
th
an
or
eq
u
al
to
on
e,
an

w
e
ad
op
t
a
w
or
st
-c
as
e
v
ie
w
on
th
is
cl
as
s
of
p
er
tu
rb
at
io
n
s.
In
p
ar
ti
cu
la
r
a p

p
li
ca
ti
on
s,
on
e
m
ay
p
os
se
ss
ad
d
it
io
n
al
k
n
ow
le
d
ge
re
ga
rd
in
g
�
,
fo
r
in
st
an
c

co
n
ce
rn
in
g
ti
m
e
co
n
st
an
ts
.

W
e
h
av
e
th
u
s
d
em
on
st
ra
te
d
th
at
F
S
N
m
o
d
el
s
ca
n
b
e
em
b
ed
d
ed
in
o
u

ge
n
er
al
fr
am
ew
or
k
fo
r
u
n
ce
rt
ai
n
sy
st
em
s;
v
iz
.
a
n
om
in
al
sy
st
em
d
es
cr
ib
e

b
y
a
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
,
su
b
je
ct
to
a
n
u
n
k
n
ow
n
p
er
tu
rb
at
io

w
h
ic
h
p
os
se
ss
es
a
n
u
m
b
er
of
sp
ec
i�
ed
d
is
si
p
at
io
n
p
ro
p
er
ti
es
.

6
.5

P
e
rf
o
rm
a
n
c
e
o
f
p
e
rt
u
rb
e
d
sy
st
e
m
s

In
th
is
se
ct
io
n
w
e
co
n
si
d
er
th
e
in
te
rc
on
n
ec
ti
on
of
a
n
om
in
al
st
o
ch
as
ti
c
sy
s

te
m
�
an
d
a
m
u
lt
i-
d
is
si
p
at
iv
e
d
et
er
m
in
is
ti
c
p
er
tu
rb
at
io
n
�
;
se
e
�
gu
re
6.
1

O
u
r
ob
je
ct
iv
e
is
to
p
ro
v
id
e
co
n
d
it
io
n
s
on
th
e
n
om
in
al
sy
st
em

�
u
n
d
e

w
h
ic
h
th
e
in
te
rc
on
n
ec
ti
on
d
is
si
p
at
es
a
gi
ve
n
su
p
p
ly
ra
te
r
fo
r
an
y
m
u
lt

d
is
si
p
at
iv
e
p
er
tu
rb
at
io
n
�
.
T
h
is
is
a
fa
ir
ly
ge
n
er
al
p
ro
b
le
m
fo
rm
u
la
ti
on

la
te
r
w
e
co
n
si
d
er
sp
ec
i�
c
ap
p
li
ca
ti
on
s
su
ch
a
s
ro
b
u
st
H
2
p
er
fo
rm
an
ce
i

p
re
se
n
ce
of
H
1

b
ou
n
d
ed
p
er
tu
rb
at
io
n
s.

�

w
1

z 1

w
0

z 0

�

F
ig
u
re
6.
1:
S
et
u
p
fo
r
ro
b
u
st
p
er
fo
rm
an
ce
an
al
y
si
s.
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C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

T
h
e
n
o
m
in
al
sy
st
em
�
is
d
es
cr
ib
ed
b
y
a
st
o
ch
a
st
ic
d
i�
er
en
ti
al
eq
u
at
io
n

�

:

d
x
t

=

f
(x
t
;w
t;
v t
)
d
t
+
g
(x
t
;w
t;
v t
)
d
B
t
;

y t

=

c(
x
t;
w
t;
v t
)
;

z t

=

h
(x
t;
w
t;
v t
)

;

(6
.8
)

w
h
er
ea
s
th
e
u
n
k
n
ow
n
p
er
tu
rb
at
io
n
�
,
m
ap
p
in
g
z
to
w
,
is
k
n
ow
n
to
d
is
si
-

p
at
e
p
gi
ve
n
su
p
p
ly
ra
te
s
�
r i
,
i
=
1
;:
::
;p
.
W
e
le
t
�
d
en
ot
e
th
e
st
at
e
of
th
e

p
er
tu
rb
at
io
n
�
a
n
d
le
t
W
(�
;�
r i
)
d
en
o
te
a
st
or
ag
e
fu
n
ct
io
n
fo
r
�
w
.r
.t
.

�
r i
.
T
h
e
b
ac
k
w
a
rd
s
op
er
at
or
co
rr
es
p
on
d
in
g
to
(6
.8
)
is

L
w
;v
V
(x
)
=
V
x
f
+

1 2
tr
(g
0 V
x
x
g
)

fo
r
V
2
C
2
(X
;R
);
h
er
e
th
e
ri
gh
t
h
a
n
d
si
d
e
is
ev
a
lu
at
ed
at
x
;w
;v
.

W
e
o
m
it
d
et
ai
ls
co
n
ce
rn
in
g
w
el
l-
p
os
ed
n
es
s
of
th
e
in
te
rc
on
n
ec
ti
on
;
i.
e.
w
e

as
su
m
e
th
at
u
n
iq
u
e
t-
co
n
ti
n
u
o
u
s
so
lu
ti
o
n
s
x
t,
� t
ex
is
t
fo
r
an
y
F
t
-a
d
ap
te
d

in
p
u
t
v t
in
a
su
�
ci
en
tl
y
la
rg
e
cl
as
s
of
in
p
u
ts
.

T
h
e
v
eh
ic
le
of
ou
r
an
al
y
si
s
o
f
th
e
in
te
rc
on
n
ec
ti
on
(�
;�
)
is
an
ex
te
n
d
ed

sy
st
em
d
er
iv
ed
fr
o
m
th
e
n
om
in
al
sy
st
em
�
an
d
in
d
ep
en
d
en
t
of
�
:
D
e�
n
e

th
e
sy
st
em

� �
b
y
ap
p
en
d
in
g
to
(6
.8
)
th
e
d
y
n
a
m
ic
eq
u
at
io
n

d
�
i t
=
�
r i
d
t

:

(6
.9
)

T
h
u
s
� �
h
a
s
st
at
es
x
t
an
d
�
t
=
(�
1 t
;:
::
;�
p t
),
in
p
u
ts
w
t
a
n
d
v t
,
an
d
ou
tp
u
ts

z t
a
n
d
y t
.
T
h
e
b
a
ck
w
ar
d
s
op
er
at
or
as
so
ci
at
ed
w
it
h
� �
is

M
w
;v
U
(x
;�
)
=
U
x
f
�

p X i=
1

U
�
i
r i
+

1 2
tr
(g
0 U
x
x
g
)

fo
r
U
2
C
2
(X
�
R
p
;R
);
h
er
e
th
e
ri
gh
t
h
a
n
d
si
d
e
is
ev
al
u
at
ed
a
t
x
;�
;w
;v
.

D
e
�
n
it
io
n
6
9
:

W
e
sa
y
th
at
� �
is
re
gi
on
al
ly
d
is
si
pa
ti
ve
on
D
�
X

�
R
p

w
.r
.t
.
th
e
su
p
p
ly
ra
te
r
if
th
er
e
ex
is
ts
a
fu
n
ct
io
n
U
(x
;�
)
w
h
ic
h
is
n
on
-

n
eg
at
iv
e
on
D
a
n
d
su
ch
th
at
th
e
d
is
si
p
a
ti
o
n
in
eq
u
al
it
y

E
x
;�
U
(x
�
;�
�
)
�
U
(x
;�
)
+
E
x
;�

Z � 0

r
d
t

(6
.1
0)

h
o
ld
s
fo
r
a
ll
(x
;�
)
2
D
,
a
ll
F
t-
a
d
ap
te
d
in
p
u
ts
v t
,
w
t
an
d
al
l
b
ou
n
d
ed

st
op
p
in
g
ti
m
es
�
su
ch
th
a
t

�
�
� D
:=
in
ff
t
�
0
:
(x
t
;�
t)
2=
D
g

(6
.1
1)

6.
5

P
er
fo
rm
an
ce
of
p
er
tu
rb
ed
sy
st
em
s

1
3

h
ol
d
s.

2

R
eg
io
n
al
ly
d
is
si
p
at
iv
e
sy
st
em
s
ar
e
n
ot
d
ir
ec
tl
y
co
ve
re
d
b
y
ou
r
d
e�
n
it
io
n
o

st
o
ch
as
ti
c
d
is
si
p
at
io
n
(p
ag
e
10
5)
;
n
ev
er
th
el
es
s
it
is
st
ra
ig
h
tf
or
w
ar
d
to
ve
ri
f

th
at
th
ey
p
os
se
ss
m
an
y
p
ro
p
er
ti
es
si
m
il
ar
to
th
os
e
of
d
is
si
p
at
iv
e
sy
st
em
s

L
et
u
s
on
ly
st
at
e
th
e
p
ar
ti
al
d
i�
er
en
ti
al
in
eq
u
al
it
y
co
n
d
it
io
n
:

P
ro
p
o
si
ti
o
n
7
0
:
L
et
D
�
X

�
R
p +

b
e
op
en
an
d
le
t
U
2
C
2
(D
;
� R
+
).
T
h

fo
ll
ow
in
g
ar
e
eq
u
iv
al
en
t:

1.
U
is
a
re
gi
on
al
st
or
ag
e
fu
n
ct
io
n
fo
r
� �
on
D
w
.r
.t
.
th
e
su
p
p
ly
ra
te
r

2.
U
sa
ti
s�
es
th
e
p
ar
ti
al
d
i�
er
en
ti
al
in
eq
u
al
it
y

su
p
w
;v

M
w
;v
U
(x
;�
)
�
r
�
0

(6
.1
2

on
D
.

4

P
ro
o
f:
T
h
e
p
ro
of
is
m
er
el
y
a
re
p
et
it
io
n
of
th
e
p
ro
of
of
p
ro
p
os
it
io
n
51
o

p
ag
e
10
6
an
d
om
it
te
d
.

W
e
ca
n
n
ow
st
at
e
ou
r
m
ai
n
re
su
lt
w
h
ic
h
is
a
su
�
ci
en
t
co
n
d
it
io
n
fo
r
th

in
te
rc
on
n
ec
ti
on
(�
;�
)
to
d
is
si
p
at
e
r.

T
h
e
o
re
m

7
1
:

A
ss
u
m
e
th
a
t
� �
is
re
gi
on
al
ly
d
is
si
p
at
iv
e
on
X

�
R
p +

w
.r
.t

r
w
it
h
U
(x
;�
)
a
co
rr
es
p
on
d
in
g
re
gi
on
al
st
or
ag
e
fu
n
ct
io
n
.
T
h
en
th
e
in
te
r

co
n
n
ec
ti
on
(�
;�
)
d
is
si
p
at
es
r;
a
n
u
p
p
er
b
ou
n
d
on
th
e
av
ai
la
b
le
st
or
ag

is

U
(x
;�
)

p
ro
v
id
ed
th
at
�
i
>
W
(�
;�
r i
).

2

T
h
e
id
ea
b
eh
in
d
th
e
th
eo
re
m
is
th
at
th
e
ap
p
en
d
ed
st
at
es
�
i t
o
f
� �
b
ou
n

th
e
st
or
ag
e
W
(�
t
;�
r i
)
in
th
e
p
er
tu
rb
at
io
n
.
T
h
is
te
ch
n
iq
u
e
h
as
,
to
ou

k
n
ow
le
d
ge
,
n
ot
b
ee
n
u
se
d
b
ef
or
e
in
th
e
li
te
ra
tu
re
;
ev
en
in
a
d
et
er
m
in
is
ti

co
n
te
x
t.

P
ro
o
f:

C
on
si
d
er
th
e
re
sp
on
se
x
t,
� t
of
th
e
in
te
rc
on
n
ec
ti
on
(�
;�
)
t

an
F
t-
ad
ap
te
d
in
p
u
t
v t
u
n
d
er
th
e
in
it
ia
l
co
n
d
it
io
n
s
x
a
n
d
�.
L
et
�
i
>

W
(�
;�
r i
).
W
e
a
im
to
sh
ow
th
at

E
x
;�

Z � 0

�
r
d
t
�
U
(x
;�
)

(6
.1
3
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h
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te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

h
o
ld
s
fo
r
a
n
y
b
ou
n
d
ed
st
op
p
in
g
ti
m
e
�
.

F
ir
st
,
n
o
ti
ce
th
at
th
e
ou
tp
u
t
w
t
o
f
�
is
F
t
-a
d
ap
te
d
si
n
ce
�
is
d
et
er
m
in
is
ti
c.

L
et
�x
t
,
�
t
b
e
th
e
re
sp
on
se
of
� �
to
th
e
in
p
u
ts
v t
an
d
w
t
an
d
th
e
in
it
ia
l

co
n
d
it
io
n
s
x
an
d
�
.
T
h
en
cl
ea
rl
y
x
t
=
�x
t
b
y
u
n
iq
u
en
es
s;
th
e
p
ro
ce
ss
es
x
t

a
n
d
�x
t
so
lv
e
th
e
sa
m
e
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
(6
.8
)
w
it
h
th
e
sa
m
e

in
it
ia
l
co
n
d
it
io
n
.

N
ex
t,
th
e
d
is
si
p
a
ti
o
n
in
eq
u
al
it
ie
s
fo
r
�
ar
e

0
�
W
(�
t
;�
r i
)
�

Z t 0

�
r i
d
s
+
W
(�
;�
r i
)

a
n
d
h
ol
d
fo
r
an
y
sa
m
p
le
tr
a
je
ct
or
y
an
d
a
n
y
t
�
0.
T
h
is
im
p
li
es
th
at

0
�
�i t
�
�
i t
�
�
i
+
W
(�
;�
r i
)
<
�
i t

:

F
in
al
ly
,
le
t
�
b
e
a
b
o
u
n
d
ed
st
op
p
in
g
ti
m
e.
S
in
ce
�
i t
>
0
fo
r
a
n
y
t
�
0,
th
e

re
g
io
n
al
d
is
si
p
a
ti
v
it
y
of
� �
im
p
li
es
th
a
t

E
x
;�

Z � 0

�
r
d
t
�
U
(x
;�
)
�
E
x
;�
U
(x
�
;�
�
)
�
U
(x
;�
)

w
h
ic
h
co
m
p
le
te
s
th
e
p
ro
of
.

L
in
e
a
r
c
o
m
b
in
a
ti
o
n
s
o
f
su
p
p
ly
ra
te
s

T
h
eo
re
m
71
ge
n
er
al
iz
es
th
e
co
n
d
it
io
n
s
o
f
ch
a
p
te
r
3
w
h
er
e
w
e
re
q
u
ir
ed
th
e

n
om
in
a
ls
y
st
em
�
to
d
is
si
p
a
te
a
li
n
ea
r
co
m
b
in
at
io
n
of
th
e
su
p
p
ly
ra
te
s
r,
r i
.

W
e
m
ay
re
co
ve
r
th
is
ty
p
e
of
re
su
lt
s
(i
n
a
st
o
ch
as
ti
c
co
n
te
x
t)
b
y
im
p
os
in
g

a
sp
ec
i�
c
st
ru
ct
u
re
on
U
:

C
o
ro
ll
a
ry
7
2
:

A
ss
u
m
e
th
a
t
th
er
e
ex
is
ts
n
on
-n
eg
at
iv
e
w
ei
gh
ts
d
i
su
ch

th
at
�
d
is
si
p
at
es
th
e
su
p
p
ly
ra
te r

+

p X i=
0

d
ir
i

th
en
th
e
in
te
rc
o
n
n
ec
ti
on
(�
;�
)
d
is
si
p
at
es
r.

2

P
ro
o
f:

In
th
e
th
eo
re
m
,
ta
ke
U
(x
;�
)
=
V
(x
)
+
P i
d
i�
i
w
h
er
e
V

is
a

st
o
ra
g
e
fu
n
ct
io
n
o
f
�
w
.r
.t
.
th
e
su
p
p
ly
ra
te
r
+
P p i=

0
d
ir
i.
L
et
w
t,
v t
b
e

6.
5

P
er
fo
rm
an
ce
of
p
er
tu
rb
ed
sy
st
em
s

1
3

F
t
-a
d
ap
te
d
in
p
u
ts
to
�
an
d
� �
an
d
le
t
�
b
e
b
o
u
n
d
ed
;
w
e
th
en
h
av
e

E
x
;�
U
(x
�
;�
�
)

=

E
x
V
(x
�
)
+
E
x
;�

p X i=
1

d
i�

i �

�

V
(x
)
+
E
x

Z � 0

r
+

p X i=
1

d
ir
i
d
t

+
E
x
;�

p X i=
1

d
i(
�
i
�

Z � 0

r i
d
t)

=

E
x

Z � 0

r
d
t
+
U
(x
;�
)

w
h
ic
h
im
p
li
es
th
at
th
e
su
�
ci
en
t
co
n
d
it
io
n
of
th
eo
re
m
71
is
sa
ti
s�
ed
.
N
o

ti
ce
th
at
U
(x
;W
(�
;�
r i
))
is
in
th
is
ca
se
in
fa
ct
a
st
or
ag
e
fu
n
ct
io
n
fo
r
th

in
te
rc
on
n
ec
ti
on
(�
;�
).

C
o
n
se
rv
a
ti
sm

o
f
th
e
c
o
n
d
it
io
n

S
in
ce
th
eo
re
m
71
p
ro
v
id
es
a
su
�
ci
en
t
co
n
d
it
io
n
,
b
u
t
n
ot
a
n
ec
es
sa
ry
on
e

th
e
q
u
es
ti
on
is
h
ow
co
n
se
rv
at
iv
e
th
e
co
n
d
it
io
n
is
.
B
ef
or
e
w
e
d
is
cu
ss
th
i

is
su
e
w
e
em
p
h
as
iz
e
th
at
th
e
co
n
d
it
io
n
is
le
ss
co
n
se
rv
at
iv
e
th
an
th
os
e
o

ch
ap
te
r
3;
th
is
is
d
em
on
st
ra
te
d
b
y
co
ro
ll
ar
y
72
.
In
fa
ct
th
e
co
n
d
it
io
n
o

th
eo
re
m
71
is
n
ot
ve
ry
co
n
se
rv
at
iv
e.

F
ir
st
,
th
e
th
eo
re
m
d
o
es
n
ot
on
ly
gu
ar
an
te
e
th
at
th
e
in
te
rc
o
n
n
ec
ti
o
n
(�
;�

d
is
si
p
at
es
r
b
u
t
al
so
th
at
th
er
e
ex
is
ts
a
b
ou
n
d
on
th
e
av
ai
la
b
le
st
or
ag
e
w
h
ic

d
ep
en
d
s
on
ly
on
W
(�
;�
r i
),
an
d
n
ot
on
th
e
ac
tu
al
p
er
tu
rb
at
io
n
�
an
d
it

in
it
ia
l
co
n
d
it
io
n
�.
T
h
is
m
ay
b
e
co
n
se
rv
at
iv
e
if
al
l
w
e
ca
re
ab
o
u
t
is
th
a

th
e
in
te
rc
on
n
ec
ti
on
is
d
is
si
p
at
iv
e.
O
n
th
e
ot
h
er
h
an
d
,
in
m
os
t
ap
p
li
ca
ti
on

it
d
o
es
n
ot
su
�
ce
to
k
n
ow
th
at
a
b
ou
n
d
ex
is
ts
fo
r
th
e
av
ai
la
b
le
st
or
ag
e
o

(�
;�
);
w
e
a
ls
o
w
an
t
to
k
n
ow
w
h
at
th
is
b
ou
n
d
is
.
S
in
ce
th
e
in
it
ia
ls
to
ra
ge
i

�
m
ay
ve
ry
w
el
l
b
e
th
e
on
e
q
u
an
ti
ty
w
e
ca
n
b
ou
n
d
re
li
ab
ly
,
it
is
ap
p
ea
li
n

th
at
th
is
is
ex
ac
tl
y
w
h
at
w
e
n
ee
d
to
b
ou
n
d
th
e
av
ai
la
b
le
st
or
ag
e
of
(�
;�
)

A
n
ot
h
er
w
ay
co
n
se
rv
at
is
m
is
in
tr
o
d
u
ce
d
in
th
e
th
eo
re
m
is
th
at
th
e
d
is
si

p
at
io
n
in
eq
u
al
it
y
(6
.1
0)
h
ol
d
s
fo
r
al
l
F
t-
ad
ap
te
d
in
p
u
ts
w
t
.
N
ot
ic
e
th
at

d
et
er
m
in
is
ti
c
p
er
tu
rb
at
io
n
�
m
u
st
n
ec
es
sa
ri
ly
p
ro
d
u
ce
an
ou
tp
u
t
w
t
w
h
ic

is
ad
ap
te
d
to
th
e
su
b
-�
lt
ra
ti
on
ge
n
er
at
ed
b
y
z t
.
In
o
th
er
w
or
d
s,
th
e
th
eo
re
m

is
co
n
se
rv
at
iv
e
in
th
at
th
e
b
ou
n
d
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at
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b
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at
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p
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b
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at
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d
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at
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at
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b
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at
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b
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th
eo
re
m
71
is
th
at
w
e
ke
ep
tr
ac
k
o
f
h
ow
m
u
ch
st
or
ag
e
is
p
re
se
n
t

in
th
e
p
er
tu
rb
at
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b
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at
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p
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p
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b
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it
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b
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b
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at
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ro
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p
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p
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b
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p
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c
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b
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b
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d
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d
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w
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e
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p
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at
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�
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i.
e.
d
is
si
p
at
iv
e
w
.r
.t
.
�
r 1
=
hw
;z
i
an

�
r 2
=
jz
j2
�
jw
j2
.
T
h
is
co
u
ld
fo
r
in
st
an
ce
re
p
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p
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ra
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at
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p
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p
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~ �
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d
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at
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p
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b
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b
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at
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b
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b
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b
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d
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at
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b
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p
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+
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p
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ra
ti
c
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w
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d
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p
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ra
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d
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�
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p
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p
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b
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c
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it
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it
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b
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c
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b
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d
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b
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at
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b
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h
is
co
n
ti
n
u
ou

on
� D
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p
ro
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p
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p
ro
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ro
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b
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�
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p
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�
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;�
r i
).
N
ow
le
t
�
i
!
W
(�
;�
r i
)
fr
om
a
b
ov
e
a
n
d
u
se
co
n
ti
n
u
it
y
of

U
to
se
e
th
a
t
th
e
sa
m
e
b
ou
n
d
h
ol
d
s
w
it
h
�
i
=
W
(�
;�
r i
).

A
si
m
il
ar
co
n
cl
u
si
on
is
o
b
ta
in
ed
if
w
e
fo
ll
ow
co
ro
ll
a
ry
72
an
d
re
p
la
ce
th
e

h
y
p
ot
h
es
is
w
it
h
�
d
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w
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b
ou
n
d
is

P
x
;�
fx
�
D

2
B
g
�
V
(x
)
+

X i

d
iW
(�
;�
r i
)

w
h
ic
h
is
se
en
to
b
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b
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b
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at
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at
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at
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b
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h
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b
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b
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c
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ro
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d
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p
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at
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d
is
si
p
at
iv
e
w
.r
.t
.
th
e
su
p
p
l

ra
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.
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d
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at
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d
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d
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p
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p
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p
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b
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d
it
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at
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ra
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el
se
w
h
er
e.
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C
h
ap
te
r
6
.
R
ob
u
st
p
er
fo
rm
a
n
ce
of
st
o
ch
as
ti
c
sy
st
em
s

C
h
a
p
te
r
7

C
o
n
c
lu
si
o
n

W
e
h
av
e
in
th
is
d
is
se
rt
at
io
n
co
n
tr
ib
u
te
d
to
th
e
m
at
h
em
at
ic
al
th
eo
ry
of
r o

b
u
st
p
er
fo
rm
an
ce
of
co
n
tr
ol
sy
st
em
s
in
p
re
se
n
ce
of
p
ar
am
et
ri
c
u
n
ce
rt
ai
n
ty

d
y
n
am
ic
p
er
tu
rb
at
io
n
s,
an
d
d
et
er
m
in
is
ti
c
o
r
st
o
ch
as
ti
c
ex
og
en
ou
s
d
is
tu
r

b
an
ce
s.

T
h
er
e
ar
e
fo
u
r
th
re
ad
s
in
ou
r
w
or
k
.
T
h
e
�
rs
t
is
th
e
op
in
io
n
th
at
co
n
tr
o

th
eo
ry
sh
ou
ld
em
p
lo
y
n
o
ti
o
n
s
w
h
ic
h
h
av
e
so
m
e
g
en
er
al
va
li
d
it
y
an
d
n
o

on
ly
,
fo
r
in
st
an
ce
,
m
ak
e
se
n
se
in
a
d
et
er
m
in
is
ti
c
li
n
ea
r
se
tt
in
g.
W
e
b
el
ie
v

th
at
ou
r
d
is
si
p
at
io
n
b
as
ed
fr
am
ew
or
k
fo
r
ro
b
u
st
p
er
fo
rm
an
ce
of
st
o
ch
as
ti

sy
st
em
s
fu
l�
ll
s
th
is
re
q
u
ir
em
en
t.

T
h
e
se
co
n
d
th
re
ad
is
th
e
op
in
io
n
th
at
co
n
tr
ol
th
eo
ry
sh
ou
ld
m
ai
n
ta
in

cl
os
e
co
n
n
ec
ti
on
to
p
h
y
si
cs
.
T
h
is
is
p
ar
tl
y
b
ec
au
se
m
an
y
te
ch
n
iq
u
es
fr
om

p
h
y
si
cs
,
su
ch
as
L
ya
p
u
n
ov
st
ab
il
it
y,
h
as
p
ro
ve
n
to
b
e
va
lu
ab
le
to
co
n
tr
o

th
eo
ri
st
s,
b
u
t
al
so
b
ec
au
se
a
so
u
n
d
k
n
ow
le
d
ge
of
th
e
p
h
y
si
cs
in
a
co
n
tr
o

sy
st
em

w
il
l
as
si
st
th
e
co
n
tr
ol
en
gi
n
ee
r
in
p
os
in
g
th
e
ri
gh
t
m
at
h
em
at
ic
a

p
ro
b
le
m
s.

T
h
ir
d
ly
,
w
e
co
n
si
d
er
th
e
u
n
ce
rt
ai
n
ty
as
so
ci
at
ed
w
it
h
a
n
om
in
al
m
at
h
em
at

ic
al
m
o
d
el
to
b
e
eq
u
al
ly
im
p
or
ta
n
t
as
th
e
n
om
in
al
m
o
d
el
it
se
lf
.
T
h
e
re
p

re
se
n
ta
ti
on
of
u
n
ce
rt
ai
n
ty
d
et
er
m
in
es
th
e
st
ra
te
gy
fo
r
an
al
y
si
s
an
d
d
es
ig
n

an
d
th
e
m
or
e
d
et
ai
le
d
th
e
in
fo
rm
at
io
n
ab
ou
t
th
e
u
n
ce
rt
ai
n
ty
,
th
e
sh
ar
p
e

co
n
cl
u
si
on
s.
B
ot
h
th
e
si
m
u
lt
an
eo
u
s
H
1

co
n
tr
ol
le
r
of
ch
ap
te
r
4
an
d
th

ro
b
u
st
p
er
fo
rm
an
ce
an
al
y
si
s
of
ch
ap
te
r
6
u
se
s
ex
p
li
ci
t
q
u
an
ti
ta
ti
ve
ev
al
u

1
4
5
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C
h
ap
te
r
7.
C
on
cl
u
si
on

at
io
n
of
th
e
u
n
ce
rt
a
in
ty
,
in
te
rm
s
of
th
e
re
si
d
u
al
s
a
n
d
th
e
st
or
ag
e
of
th
e

p
er
tu
rb
at
io
n
s.

L
as
tl
y,
w
e
b
el
ie
v
e
th
at
to
ol
s
fo
r
a
n
al
y
si
s
of
co
n
tr
ol
sy
st
em
s
a
re
as
im
p
or
-

ta
n
t
as
to
ol
s
fo
r
sy
n
th
es
is
.
G
o
o
d
an
a
ly
si
s
to
ol
s,
w
h
ic
h
fo
r
in
st
an
ce
co
u
ld

b
e
b
as
ed
on
d
is
si
p
at
io
n
a
n
al
y
si
s
on
a
cl
os
ed
lo
o
p
sy
st
em
,
ca
n
b
e
of
gr
ea
t

p
ra
ct
ic
a
l
va
lu
e,
n
o
t
o
n
ly
fo
r
th
e
th
eo
ri
st
b
u
t
al
so
fo
r
th
e
p
ra
ct
ic
in
g
en
gi
-

n
ee
r.
F
or
in
st
a
n
ce
an
in
sp
ec
ti
o
n
o
f
st
or
a
ge
fu
n
ct
io
n
s
m
ay
co
n
cl
u
d
e
th
at
a

h
eu
ri
st
ic
co
n
tr
o
ll
er
,
al
th
ou
gh
n
o
t
o
p
ti
m
al
,
so
lv
es
th
e
co
n
tr
ol
jo
b
n
ic
el
y,
or

it
m
ay
id
en
ti
fy
a
w
ea
k
n
es
s
in
th
e
d
es
ig
n
o
f
th
e
pl
a
n
t.

In
th
e
re
m
ai
n
d
er
of
th
is
ch
ap
te
r
w
e
b
ri
e

y
su
m
m
ar
iz
e
th
e
p
re
ci
se
n
at
u
re
of

ou
r
co
n
tr
ib
u
ti
o
n
s,
an
d
p
oi
n
t
ou
t
a
n
u
m
b
er
of
is
su
es
w
h
ic
h
d
es
er
ve
fu
rt
h
er

a
tt
en
ti
on
.

7
.1

S
u
m
m
a
ry
o
f
co
n
tr
ib
u
ti
o
n
s

T
h
e
p
u
rp
os
e
of
th
is
se
ct
io
n
is
to
p
ro
v
id
e
a
co
n
ce
n
tr
at
ed
ov
er
v
ie
w
of
th
e

re
su
lt
s
w
h
ic
h
w
er
e
ob
ta
in
ed
d
u
ri
n
g
th
e
P
h
.D
.
st
u
d
y
an
d
re
p
or
te
d
in
th
is

th
es
is
.

T
h
e
in
tr
o
d
u
ct
or
y
ch
ap
te
r
1
d
o
es
n
o
t
p
re
se
n
t
n
ew
re
su
lt
s,
al
th
ou
gh
th
e
o
b
-

se
rv
a
ti
on
th
at
L
M
Is
ca
n
b
e
u
se
d
to
co
m
p
u
te
st
o
ra
ge
fu
n
ct
io
n
s
fo
r
n
on
li
n
ea
r

b
u
t
in
p
u
t
a�
n
e-
q
u
ad
ra
ti
c
sy
st
em
s
se
em
s
to
b
e
n
ew
.

C
h
ap
te
r
2
p
re
se
n
ts
fu
n
d
am
en
ta
l
p
ro
p
er
ti
es
of
d
et
er
m
in
is
ti
c
sy
st
em
s
w
h
ic
h

a
re
d
is
si
p
a
ti
v
e
w
.r
.t
.
se
ve
ra
l
su
p
p
ly
ra
te
s.
T
h
e
co
n
v
ex
co
n
ic
it
y
of
th
e

se
t
o
f
d
is
si
p
a
te
d
su
p
p
ly
ra
te
s
is
m
en
ti
on
ed
in
p
as
si
n
g
in
[4
5]
;
th
is
si
m
p
le

p
ro
p
er
ty
is
w
h
a
t
en
a
b
le
s
th
e
ro
b
u
st
n
es
s
an
al
y
si
s
o
f
th
e
su
cc
ee
d
in
g
ch
ap
te
r.

N
ew
re
su
lt
s
a
re
th
a
t
th
e
se
t
is
al
so
cl
os
ed
an
d
th
at
th
e
av
ai
la
b
le
st
or
ag
e

is
a
co
n
ti
n
u
o
u
s
fu
n
ct
io
n
on
th
is
se
t.
T
h
es
e
p
ro
p
er
ti
es
ar
e
im
p
o
rt
an
t
fo
r
a

n
u
m
er
ic
al
an
al
y
si
s
an
d
co
n
tr
ib
u
te
to
th
e
ge
n
er
a
l
u
n
d
er
st
an
d
in
g
of
m
u
lt
i-

d
is
si
p
a
ti
v
e
sy
st
em
s.

T
h
e
co
n
tr
ib
u
ti
on
o
f
ch
ap
te
r
3
is
to
d
em
on
st
ra
te
th
at
an
al
y
si
s
of
co
n
tr
ol

sy
st
em
s
ca
n
b
e
d
on
e
b
y
ex
p
li
ci
t
co
n
si
d
er
a
ti
o
n
of
th
e
m
u
lt
ip
le
d
is
si
p
at
io
n

p
ro
p
er
ti
es
of
u
n
k
n
ow
n
sy
st
em
co
m
p
on
en
ts
.
It
is
fa
ir
to
sa
y
th
at
th
is
id
ea

is
al
so
p
re
se
n
t
in
a
p
p
ro
ac
h
of
In
te
gr
al
Q
u
a
d
ra
ti
c
C
on
st
ra
in
ts
,
b
u
t
se
v
er
al

d
i�
er
en
ce
s
ex
is
t
b
et
w
ee
n
th
is
fr
a
m
ew
or
k
a
n
d
th
e
o
n
e
of
m
u
lt
i-
d
is
si
p
at
io
n
as

ex
p
la
in
ed
in
se
ct
io
n
3.
1.
T
h
e
ch
ap
te
r
a
ls
o
co
n
ta
in
s
se
ve
ra
l
m
or
e
te
ch
n
ic
al

7.
1

S
u
m
m
ar
y
of
co
n
tr
ib
u
ti
on
s

1
4

co
n
tr
ib
u
ti
on
s
w
h
ic
h
ca
n
b
e
se
en
as
ex
er
ci
se
s
in
L
ya
p
u
n
ov
te
ch
n
iq
u
es
-
i

th
is
ty
p
e
of
w
or
k
,
th
e
d
ev
il
is
in
th
e
d
et
ai
ls
.
T
h
e
re
su
lt
s
fo
r
li
n
ea
r-
q
u
ad
ra
ti

sy
st
em
s
ar
e
ob
ta
in
ed
u
si
n
g
st
an
d
ar
d
m
et
h
o
d
s
fo
r
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
ie
s

T
h
e
im
p
or
ta
n
ce
of
th
es
e
re
su
lt
s
is
to
d
em
on
st
ra
te
th
at
p
ro
b
le
m
s
w
it
h
su
c

m
ix
ed
u
n
ce
rt
ai
n
ty
m
o
d
el
s
le
ad
to
co
n
ve
x
op
ti
m
iz
at
io
n
p
ro
b
le
m
s,
n
am
el

L
M
Is
.

C
h
ap
te
r
4
co
n
tr
ib
u
te
s
to
th
e
th
eo
ry
of
ad
ap
ti
ve
H
1

co
n
tr
ol
b
y
p
oi
n
ti
n

ou
t
th
at
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
b
as
ed
m
in
im
ax
co
n
tr
ol
le
rs
fo
r
th
is
p
ro
b
le
m

is
n
ot
th
e
ge
n
er
ic
si
tu
at
io
n
.
A
lt
h
ou
gh
th
e
ch
ar
ac
te
ri
za
ti
on
of
th
e
m
in
im
a

co
n
tr
ol
le
r
is
d
on
e
w
it
h
ex
is
ti
n
g
id
ea
s,
v
iz
.
th
e
in
fo
rm
at
io
n
st
at
e
m
ac
h
in
er
y

th
e
li
te
ra
tu
re
co
n
ta
in
s
fe
w
ap
p
li
ca
ti
on
s
of
th
is
m
ac
h
in
er
y,
a
n
d
th
e
d
et
a
il

ar
e
b
y
n
o
m
ea
n
s
tr
iv
ia
l.
O
n
e
su
ch
d
et
ai
l
is
th
e
ch
ar
ac
te
ri
za
ti
on
of
th
e
va
lu

fu
n
ct
io
n
as
th
e
v
is
co
si
ty
so
lu
ti
on
to
th
e
H
JI
-P
D
E
.
In
a
gi
ve
n
ap
p
li
ca
ti
o

it
w
il
l
b
e
a
cu
m
b
er
so
m
e
a�
ai
r
to
co
n
st
ru
ct
th
e
m
in
im
a
x
co
n
tr
ol
le
r,
b
u

it
is
q
u
it
e
st
ra
ig
h
tf
or
w
a
rd
to
sy
n
th
es
iz
e
th
e
h
eu
ri
st
ic
ce
rt
ai
n
ty
eq
u
iv
al
en
c

co
n
tr
ol
le
r,
an
d
th
is
d
es
ig
n
m
ay
h
av
e
d
ir
ec
t
p
ra
ct
ic
al
ap
p
li
ca
b
il
it
y.

C
h
ap
te
r
5
co
n
ta
in
s
a
ge
n
er
al
iz
at
io
n
of
d
is
si
p
at
io
n
th
eo
ry
to
st
o
ch
as
ti
c
sy
s

te
m
s.
In
th
e
ex
is
ti
n
g
li
te
ra
tu
re
,
d
is
si
p
at
io
n
te
ch
n
iq
u
es
h
av
e
on
ly
b
ee
n
u
se

to
p
er
fo
rm
an
al
y
si
s
of
st
o
ch
as
ti
c
sy
st
em
s
in
sp
ec
ia
l
ca
se
s;
it
a
p
p
ea
rs
to
b

a
n
ew
o
b
se
rv
at
io
n
th
at
th
e
fr
am
ew
or
k
is
ap
p
li
ca
b
le
an
d
op
er
at
io
n
al
in
ge
n

er
al
.
T
h
e
re
su
lt
s
of
th
e
ch
ap
te
r
es
se
n
ti
a
ll
y
sa
y
th
at
m
an
y
of
th
e
at
tr
ac
ti
v

fe
at
u
re
s
of
d
et
er
m
in
is
ti
c
d
is
si
p
at
iv
e
sy
st
em
s
a
p
p
ly
to
st
o
ch
as
ti
c
d
is
si
p
at
iv

sy
st
em
s
as
w
el
l;
th
es
e
ar
e
th
e
in
h
er
en
t
co
n
ve
x
it
y,
th
e
r^o
le
of
th
e
av
a
il
a
b
l

st
or
ag
e,
th
e
cl
os
ed
n
es
s
u
n
d
er
in
te
rc
on
n
ec
ti
on
s,
an
d
th
e
im
p
li
ca
ti
on
s
fo

st
ab
il
it
y.
T
h
e
st
ri
ct
ly
p
o
si
ti
ve
re
al
le
m
m
a
fo
r
w
id
e-
se
n
se
li
n
ea
r
st
o
ch
as
ti

sy
st
em
s
is
n
ew
;
p
as
si
v
it
y
o
f
st
o
ch
a
st
ic
sy
st
em
s
h
a
s
to
o
u
r
k
n
ow
le
d
ge
n
o

b
ee
n
in
ve
st
ig
at
ed
p
re
v
io
u
sl
y.

C
h
ap
te
r
6
co
n
st
ru
ct
s
a
fr
am
ew
or
k
fo
r
ro
b
u
st
n
es
s
of
st
o
ch
as
ti
c
sy
st
em
s

b
as
ed
on
th
e
th
eo
ry
of
st
o
ch
as
ti
c
d
is
si
p
at
io
n
.
A
m
in
or
co
n
tr
ib
u
ti
on
is
th

ob
se
rv
at
io
n
th
at
st
o
ch
as
ti
c
p
er
fo
rm
an
ce
m
ea
su
re
s
su
ch
as
th
e
ri
sk
of
fa
il
u
r

ca
n
b
e
fo
rm
u
la
te
d
in
te
rm
s
of
d
is
si
p
at
io
n
.
It
is
m
or
e
in
n
ov
at
iv
e
th
a
t
th

sa
m
e
ap
p
li
es
to
H
2
p
er
fo
rm
an
ce
an
d
�
n
it
e
si
gn
al
-t
o-
n
oi
se
ra
ti
o
(F
S
N
)
m
o
d

el
s.
T
h
e
id
ea
of
ex
p
an
d
in
g
th
e
sy
st
em
w
it
h
ex
tr
a
st
at
es
,
w
h
ic
h
ke
ep
tr
a
c

of
th
e
st
or
ag
e
in
th
e
p
er
tu
rb
at
io
n
,
is
n
ew
.
T
h
is
id
ea
le
ad
s
to
q
u
it
e
sh
ar

su
�
ci
en
t
co
n
d
it
io
n
s
fo
r
ro
b
u
st
p
er
fo
rm
an
ce
;
fo
r
ge
n
er
al
n
on
li
n
ea
r
sy
st
em

th
es
e
co
n
d
it
io
n
s
ar
e
m
or
e
n
at
u
ra
l
th
an
th
e
m
u
lt
ip
li
er
-b
as
ed
ap
p
ro
ac
h
o

ch
ap
te
r
3.
T
h
e
id
ea
m
ay
al
so
h
av
e
fu
rt
h
er
a
p
p
li
ca
b
il
it
y
in
ot
h
er
�
el
d
s
o

co
n
tr
o
l
th
eo
ry
su
ch
a
s
su
p
er
v
is
io
n
an
d
m
o
d
el
va
li
d
at
io
n
.
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C
h
ap
te
r
7.
C
on
cl
u
si
on

7
.2

P
e
rs
p
e
ct
iv
e
s
a
n
d
fu
tu
re
w
o
rk
s

A
s
is
so
of
te
n
th
e
ca
se
,
ea
ch
of
th
e
a
n
sw
er
s
in
th
is
d
is
se
rt
at
io
n
le
ad
s
to

se
ve
ra
l
n
ew
q
u
es
ti
o
n
s.
M
a
n
y
of
th
e
re
su
lt
s
co
u
ld
b
e
re
�
n
ed
or
ge
n
er
al
iz
ed
;

th
e
n
o
te
s
an
d
re
fe
re
n
ce
s
en
d
in
g
ea
ch
ch
a
p
te
r
co
n
ta
in
s
su
ch
d
et
ai
le
d
su
g-

ge
st
io
n
s
fo
r
fu
tu
re
w
or
k
s.
A
t
th
is
p
o
in
t
w
e
ta
k
e
a
st
ep
b
ac
k
an
d
ou
tl
in
e

so
m
e
�
el
d
s
of
re
se
a
rc
h
w
h
ic
h
w
e
b
el
ie
ve
to
b
e
fe
rt
il
e.

T
h
e
p
ro
b
le
m
o
f
ad
ap
ti
v
e
H
1

co
n
tr
ol
re
m
ai
n
s
la
rg
el
y
op
en
.
A
s
st
at
ed
in

ch
a
p
te
r
4
,
w
e
ca
n
n
o
t
ex
p
ec
t
th
e
m
in
im
ax
co
n
tr
o
ll
er
to
b
e
b
as
ed
on
ce
rt
ai
n
ty

eq
u
iv
al
en
ce
o
r
�
n
it
e
d
im
en
si
on
al
(w
h
en
th
er
e
is
m
o
re
th
an
a
�
n
it
e
n
u
m
b
er

of
p
os
si
b
le
p
ar
am
et
er
va
lu
es
).
In
th
is
si
tu
at
io
n
th
er
e
is
a
gr
ea
t
n
ee
d
fo
r

cl
ev
er
h
eu
ri
st
ic
s
a
n
d
su
b
-o
p
ti
m
a
l
st
ra
te
gi
es
a
s
w
el
l
as
fo
r
st
u
d
ie
s
of
sp
ec
ia
l

si
tu
at
io
n
s,
a
n
d
al
th
o
u
gh
m
u
ch
w
or
k
h
a
s
b
ee
n
d
on
e
in
th
is
d
ir
ec
ti
on
,
th
er
e

a
re
m
an
y
q
u
es
ti
o
n
s
th
at
re
m
ai
n
u
n
ad
d
re
ss
ed
.
A
fu
n
d
am
en
ta
l
q
u
es
ti
on
is
if

th
e
p
ro
b
le
m
fo
rm
u
la
ti
on
it
se
lf
is
a
si
gn
of
p
ru
d
en
ce
or
p
ar
an
oi
a.
In
o
th
er

w
or
d
s,
sh
ou
ld
w
e
im
p
os
e
so
m
e
fu
rt
h
er
co
n
st
ra
in
ts
on
th
os
e
d
is
tu
rb
an
ce
s

fo
r
w
h
ic
h
th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y
m
u
st
h
ol
d
,
o
r
is
it
re
as
on
ab
le
to
an
ti
ci
-

p
a
te
d
is
tu
rb
a
n
ce
s
w
h
ic
h
in
so
m
e
cl
ev
er
w
ay
a
tt
em
p
t
to
co
n
fu
se
th
e
co
n
tr
ol

sy
st
em
?

W
e
h
av
e,
in
th
e
n
ot
es
at
th
e
en
d
of
ch
ap
te
r
5
,
m
en
ti
on
ed
th
e
p
os
si
b
il
it
y

o
f
ex
te
n
d
ed
th
e
th
eo
ry
of
st
o
ch
as
ti
c
d
is
si
p
at
io
n
to
a
m
or
e
ge
n
er
al
cl
as
s
of

st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n
s
th
an
It
^o
d
i�
u
si
on
s.
A
re
la
te
d
in
te
re
st
in
g

p
ro
je
ct
w
o
u
ld
b
e
to
ex
te
n
d
th
e
th
eo
ry
o
f
st
o
ch
as
ti
c
d
is
si
p
at
io
n
to
in
�
n
it
e-

d
im
en
si
o
n
a
l
sy
st
em
s,
i.
e.
sy
st
em
s
g
iv
en
b
y
st
o
ch
as
ti
c
p
ar
ti
al
d
i�
er
en
ti
al

eq
u
at
io
n
s.
In
it
ia
l
re
su
lt
s
in
th
is
d
ir
ec
ti
on
ar
e
p
ro
b
a
b
ly
o
b
ta
in
ed
q
u
it
e
ea
s-

il
y,
fo
ll
ow
in
g
[1
24
]w
h
er
e
m
an
y
re
su
lt
s
h
ol
d
fo
r
in
�
n
it
e
d
im
en
si
on
al
sy
st
em
s,

b
u
t
w
e
ex
p
ec
t
it
to
b
e
q
u
it
e
co
m
p
li
ca
te
d
to
ob
ta
in
m
or
e
ex
p
li
ci
t
re
su
lt
s.
A

g
o
o
d
st
a
rt
in
g
p
o
in
t
fo
r
su
ch
a
p
ro
je
ct
w
ou
ld
b
e
th
e
co
rr
es
p
on
d
in
g
d
et
er
-

m
in
is
ti
c
p
ro
b
le
m
,
se
e
[6
1]
an
d
th
e
re
fe
re
n
ce
s
th
er
ei
n
.

A
s
w
e
h
av
e
al
re
ad
y
m
en
ti
on
ed
o
n
se
ve
ra
l
o
cc
a
si
o
n
s,
n
u
m
er
ic
al
m
et
h
o
d
s

fo
r
a
n
a
ly
si
s
an
d
co
n
tr
ol
of
n
on
li
n
ea
r
sy
st
em
s
re
m
ai
n
s
th
e
h
u
rd
le
fo
r
th
e

p
ra
ct
ic
a
l
ap
p
li
ca
b
il
it
y
o
f
th
e
th
eo
ry
,
an
d
is
a
n
a
tu
ra
l
su
b
je
ct
o
f
fu
tu
re

in
ve
st
ig
a
ti
on
s.

A
ft
er
th
e
ro
b
u
st
n
es
s
an
al
y
si
s
re
su
lt
s
of
ch
ap
te
r
6,
a
n
ob
v
io
u
s
n
ex
t
st
ep
is
to

d
ev
el
op
a
th
eo
ry
o
f
co
n
tr
ol
fo
r
st
o
ch
a
st
ic
d
is
si
p
at
io
n
.
T
h
e
ob
je
ct
iv
e
of
su
ch

a
th
eo
ry
is
to
p
ro
v
id
e
te
ch
n
iq
u
es
fo
r
�
n
d
in
g
a
co
n
tr
ol
la
w
,
a
st
or
ag
e
fu
n
c-

ti
on
,
an
d
p
os
si
b
ly
al
so
a
su
p
p
ly
ra
te
in
a
g
iv
en
se
t,
w
h
ic
h
to
ge
th
er
sa
ti
sf
y

7.
2

P
er
sp
ec
ti
ve
s
an
d
fu
tu
re
w
o
rk
s

1
4

th
e
d
is
si
p
at
io
n
in
eq
u
al
it
y.
In
p
ri
n
ci
p
le
,
th
is
ca
n
b
e
d
on
e
b
y
va
lu
e-
p
ol
ic

it
er
at
io
n
b
u
t
w
e
ex
p
ec
t
th
at
m
u
ch
m
or
e
ex
p
li
ci
t
re
su
lt
s
ca
n
b
e
ob
ta
in
ed

at
le
as
t
if
so
m
e
ge
n
er
al
it
y
is
sa
cr
i�
ce
d
.

A
sp
ec
ia
l
ca
se
of
su
ch
a
th
eo
ry
is
n
on
li
n
ea
r
H
2
co
n
tr
ol
b
u
il
d
in
g
on
th

d
e�
n
it
io
n
of
st
ro
n
g
H
2
p
er
fo
rm
an
ce
in
d
ex
of
ch
ap
te
r
6.
T
h
e
te
rm
n
on
li
n
ea

H
2

co
n
tr
ol
is
m
os
t
of
te
n
u
se
d
in
th
e
d
et
er
m
in
is
ti
c
m
ea
n
in
g,
w
h
er
e
th

co
st
is
ev
al
u
at
ed
fr
om
th
e
re
sp
on
se
to
in
it
ia
l
co
n
d
it
io
n
s,
an
d
is
th
er
ef
or

u
n
ab
le
to
co
n
cl
u
d
e
on
th
e
re
sp
on
se
to
w
h
it
e
n
oi
se
.
S
im
il
ar
ly
,
st
o
ch
as
ti

n
on
li
n
ea
r
op
ti
m
al
co
n
tr
ol
is
m
os
t
of
te
n
u
se
d
w
it
h
�
xe
d
n
oi
se
in
te
n
si
ti
es
,
a
n

d
o
es
th
er
ef
or
e
n
ot
p
ro
v
id
e
in
fo
rm
at
io
n
ab
ou
t
th
e
re
sp
on
se
to
ot
h
er
n
oi
s

in
te
n
si
ti
es
.
In
so
m
e
ap
p
li
ca
ti
on
s
it
is
q
u
it
e
se
n
si
b
le
to
ta
ke
a
w
or
st
-c
a
s

v
ie
w
on
th
e
n
oi
se
in
te
n
si
ty
(a
s
in
ou
r
d
e�
n
it
io
n
of
st
ro
n
g
H
2
p
er
fo
rm
an
ce
)

It
al
so
em
b
ed
s
n
ic
el
y
in
a
d
is
si
p
at
io
n
-b
as
ed
ro
b
u
st
n
es
s
fr
am
ew
or
k
-
n
ot
ic

th
at
�
x
in
g
th
e
n
oi
se
in
te
n
si
ty
(o
r
ju
st
b
o
u
n
d
in
g
it
w
ay
fr
om
ze
ro
)
le
ad

to
su
p
p
ly
ra
te
s
w
h
ic
h
a
re
n
ot
re
gu
la
r
an
d
th
u
s
w
ea
k
en
s
th
e
d
is
si
p
at
io

th
eo
ry
.
In
sh
or
t,
w
e
b
el
ie
ve
d
is
si
p
at
io
n
-b
as
ed
n
on
li
n
ea
r
H
2
co
n
tr
ol
to
b
e

p
ro
m
is
in
g
�
el
d
.



1
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C
h
ap
te
r
7.
C
on
cl
u
si
on

A
p
p
e
n
d
ix
A

C
o
n
d
it
io
n
a
l
E
x
p
e
c
ta
ti
o
n
s

o
f
F
ir
st
P
a
ss
a
g
e
T
im
e
s

W
e
co
n
si
d
er
an
It
^o
d
i�
u
si
on
ev
ol
v
in
g
on
a
d
om
ai
n
in
E
u
cl
id
ea
n

sp
ac
e,
th
e
b
ou
n
d
ar
y
of
w
h
ic
h
is
d
iv
id
ed
in
to
tw
o
co
m
p
on
en
ts
,
A

an
d
B
.
W
e
th
en
as
k
th
e
q
u
es
ti
on
:
W
h
at
is
th
e
ex
p
ec
te
d
ti
m
e
to

p
as
s
b
ef
or
e
th
e
se
t
A
is
re
ac
h
ed
,
co
n
d
it
io
n
ed
on
A
b
ei
n
g
re
ac
h
ed

b
ef
or
e
B
?

W
e
d
er
iv
e
a
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
w
h
ic
h
go
ve
rn
s
th
is
co
n
-

d
it
io
n
al
ly
ex
p
ec
te
d
�
rs
t
p
as
sa
ge
ti
m
e,
se
en
as
a
fu
n
ct
io
n
o
f
th
e

in
it
ia
l
st
at
e.
W
e
al
so
p
ro
v
id
e
a
ge
n
er
al
iz
at
io
n
w
h
ic
h
in
vo
lv
es

ot
h
er
fu
n
ct
io
n
al
s
th
an
th
e
�
rs
t
ti
m
e
o
f
ex
it
,
an
d
w
e
sh
ow
h
ow

a
p
ar
ti
al
d
i�
er
en
ti
al
in
eq
u
al
it
y
ca
n
b
e
u
se
fu
l
fo
r
es
ta
b
li
sh
in
g

b
ou
n
d
s.

A
cl
as
si
ca
l
q
u
es
ti
on
co
n
ce
rn
in
g
It
^o
d
i�
u
si
o
n
s
ev
ol
v
in
g
in
E
u
cl
id
ea
n
sp
ac
e

is
:
If
th
e
d
i�
u
si
on
st
ar
ts
at
a
p
oi
n
t
x
in
so
m
e
op
en
se
t


,
w
h
at
is
th

ex
p
ec
te
d
ti
m
e
E
x
� @



to
p
as
s
b
ef
or
e
it
re
ac
h
es
th
e
b
ou
n
d
ar
y
@


?

It
i

w
el
l
k
n
ow
n
th
at
u
n
d
er
su
it
ab
le
te
ch
n
ic
al
a
ss
u
m
p
ti
on
s
th
is
ex
p
ec
te
d
�
rs

p
as
sa
ge
ti
m
e,
se
en
as
a
fu
n
ct
io
n
o
f
th
e
in
it
ia
l
st
at
e
x
,
is
th
e
u
n
iq
u
e
so
lu
ti
o

to
th
e
se
co
n
d
or
d
er
se
m
i-
el
li
p
ti
c
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n

L
�
=
�
1;

�
j @


=
0

1
5
1
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A
p
p
en
d
ix
A
.
C
o
n
d
it
io
n
a
l
E
x
p
ec
ta
ti
o
n
s
o
f
F
ir
st
P
as
sa
ge
T
im
es

H
er
e,
L
is
th
e
b
ac
k
w
ar
d
d
i�
er
en
ti
al
o
p
er
a
to
r
a
ss
o
ci
at
ed
w
it
h
th
e
d
i�
u
si
on

-
se
e
b
el
ow
fo
r
p
re
ci
se
d
e�
n
it
io
n
s
a
n
d
st
at
em
en
ts
.

A
re
la
te
d
q
u
es
ti
on
is
:
If
w
e
d
iv
id
e
th
e
b
ou
n
d
ar
y
@


in
to
tw
o
d
is
jo
in
t
co
m
-

p
on
en
ts
A
an
d
B
=
@


n
A
,
w
h
a
t
is
th
e
p
ro
b
ab
il
it
y
P
x
f�
@



=
� A
g
th
at

th
e
p
ro
ce
ss
h
it
s
A
b
ef
or
e
B
?
T
h
is
p
ro
b
ab
il
it
y
is
-
ag
ai
n
,
u
n
d
er
su
it
ab
le

te
ch
n
ic
al
as
su
m
p
ti
on
s
-
th
e
u
n
iq
u
e
so
lu
ti
on
to
th
e
eq
u
at
io
n

L
 
=
0
;

 
j A
=
1
;

 
j B
=
0

:

O
n
e
ap
p
li
ca
ti
on
of
th
es
e
re
su
lt
s
is
p
er
fo
rm
an
ce
a
n
al
y
si
s
of
a
st
o
ch
as
ti
c
co
n
-

tr
ol
sy
st
em
:
T
h
e
co
n
tr
ol
m
is
si
on
is
co
m
p
le
te
d
u
p
o
n
p
as
sa
ge
of
th
e
b
ou
n
d
ar
y

@


;
su
cc
es
sf
u
ll
y
if
th
e
b
ou
n
d
ar
y
is
re
a
ch
ed
at
a
p
oi
n
t
in
A
w
h
er
ea
s
re
ac
h
in
g

B
b
ef
o
re
A
w
ou
ld
b
e
a
fa
il
u
re
.
F
or
in
st
an
ce
,
th
e
m
is
si
on
co
u
ld
b
e
d
o
ck
in
g

of
a
sh
ip
o
r
a
sp
ac
ec
ra
ft
.
T
h
e
p
ri
m
ar
y
p
er
fo
rm
an
ce
m
ea
su
re
fo
r
th
is
ap
-

p
li
ca
ti
on
m
ay
b
e
th
e
p
ro
b
a
b
il
it
y
of
su
cc
es
s,
i.
e.
th
e
fu
n
ct
io
n
 
,
w
h
er
ea
s
a

se
co
n
d
a
ry
p
er
fo
rm
an
ce
m
ea
su
re
m
ay
b
e
th
e
ti
m
e
it
ta
ke
s
to
co
m
p
le
te
th
e

m
is
si
o
n
,
av
er
ag
ed
on
ly
ov
er
th
os
e
m
is
si
o
n
s
w
h
ic
h
ar
e
co
m
p
le
te
d
su
cc
es
s-

fu
ll
y.
In
ot
h
er
w
or
d
s,
th
e
q
u
es
ti
on
a
ri
se
s:
If
w
e
co
n
d
it
io
n
th
at
A
is
re
ac
h
ed

b
ef
or
e
B
,
w
h
a
t
is
th
en
th
e
ex
p
ec
te
d
ti
m
e
to
re
a
ch
A
?

A
lt
h
ou
gh
th
is
q
u
es
ti
on
se
em
s
a
lm
os
t
a
s
b
as
ic
a
s
th
e
tw
o
p
re
v
io
u
s
on
es
,

w
e
h
av
e
n
o
t
b
ee
n
ab
le
to
�
n
d
it
an
sw
er
ed
ex
p
li
ci
tl
y
in
th
e
li
te
ra
tu
re
.
In

th
is
n
o
te
w
e
sh
ow
th
at
-
st
il
l,
u
n
d
er
su
it
ab
le
te
ch
n
ic
al
as
su
m
p
ti
on
-
th
is

co
n
d
it
io
n
al
ex
p
ec
ta
ti
on
of
th
e
�
rs
t
p
a
ss
a
ge
ti
m
e
ca
n
b
e
co
m
p
u
te
d
as

E
x
f�
A

j
� A
=
� @


g
=

�
(x
)

 
(x
)

w
h
er
e
 
is
th
e
p
ro
b
ab
il
it
y
th
a
t
A
is
re
a
ch
ed
b
ef
or
e
B
,
as
a
b
ov
e,
an
d
w
h
er
e

�
is
th
e
u
n
iq
u
e
so
lu
ti
on
to
th
e
eq
u
at
io
n

L
�
=
�
 
;

�
j @


=
0

T
h
is
is
ou
r
m
a
in
re
su
lt
w
h
ic
h
is
st
a
te
d
p
re
ci
se
ly
a
n
d
p
ro
ve
d
in
se
ct
io
n
A
.1

b
el
ow
.
In
se
ct
io
n
A
.2
w
e
st
at
e
a
ra
th
er
st
ra
ig
h
tf
or
w
a
rd
g
en
er
al
iz
at
io
n
w
h
er
e

a
re
w
a
rd
is
re
le
a
se
d
u
p
on
�
rs
t
p
as
sa
ge
;
m
ak
in
g
th
is
re
w
ar
d
eq
u
al
to
th
e
ti
m
e

of
�
rs
t
p
a
ss
ag
e
re
co
v
er
s
th
e
re
su
lt
of
se
ct
io
n
A
.1
.
In
se
ct
io
n
A
.3
w
e
sh
ow

h
ow
on
e
m
ay
ob
ta
in
u
p
p
er
b
o
u
n
d
s
if
gi
ve
n
so
lu
ti
on
s
to
th
e
co
rr
es
p
on
d
in
g

p
ar
ti
al
d
i�
er
en
ti
al
in
eq
u
al
it
ie
s.
T
h
is
is
es
p
ec
ia
ll
y
u
se
fu
l
in
si
tu
at
io
n
s
w
h
er
e

th
e
p
a
rt
ia
l
d
i�
er
en
ti
al
eq
u
a
ti
on
s
h
av
e
n
o
(c
la
ss
ic
al
)
so
lu
ti
on
s
w
h
ic
h
w
il
l
b
e

th
e
ca
se
in
m
an
y
ap
p
li
ca
ti
on
s.

A
.1

T
h
e
m
ai
n
re
su
lt

1
5

N
o
ta
ti
o
n

O
u
r
n
ot
at
io
n
is
fa
ir
ly
st
an
d
ar
d
an
d
fo
ll
ow
s
[8
3]
.
In
p
ar
ti
cu
la
r,
th
e
d
i�
u
si
o
n

w
e
co
n
si
d
er
in
th
is
n
ot
e
ar
e
It
^o
d
i�
u
si
on
s
ev
ol
v
in
g
in
E
u
cl
id
ea
n
sp
ac
e
X

=

R
n
ac
co
rd
in
g
to
th
e
st
o
ch
as
ti
c
d
i�
er
en
ti
al
eq
u
at
io
n

d
x
t
=
f
(x
t
)
d
t
+
g
(x
t
)
d
B
t

(A
.1

w
h
ic
h
w
e
in
te
rp
re
t
in
th
e
It
^o
se
n
se
.
O
f
co
u
rs
e,
w
e
as
su
m
e
an
u
n
d
er
ly
in

�
lt
er
ed
p
ro
b
ab
il
it
y
sp
ac
e
w
h
ic
h
w
e
h
ow
ev
er
d
o
n
ot
re
fe
r
to
ex
p
li
ci
tl
y.

W
e
d
e�
n
e
th
e
(b
ac
k
w
ar
d
)
d
i�
er
en
ti
a
l
o
p
er
a
to
r
L
as
so
ci
at
ed
w
it
h
th
e
d
i�
u

si
on
x
in
th
e
u
su
al
w
ay
:
If
V
:
X

!
R

is
C
2
,
th
en

L
V
(x
)
=
V
x
f
+

1 2
tr
(g
0 V
x
x
g
)

w
h
er
e
th
e
ri
gh
t
h
a
n
d
si
d
e
is
ev
al
u
at
ed
at
x
.

If
D

�
X

is
B
or
el
th
en
w
e
u
se
� D
to
d
en
ot
e
th
e
st
op
p
in
g
ti
m
e
in
ff
t
>

0
:
x
t
2
D
g.
P
x

is
th
e
p
ro
b
ab
il
it
y
la
w
o
f
x
t
st
ar
ti
n
g
at
x
0
=
x
an
d
E

d
en
ot
es
ex
p
ec
ta
ti
on
w
.r
.t
.
P
x
.

F
or
a
se
t
A
,
� A
d
en
ot
es
th
e
cl
os
u
re
of
A
.

If
A
is
an
ev
en
t
su
ch
th
at
P
x
A
>
0
an
d
y
is
a
st
o
ch
as
ti
c
va
ri
ab
le
fo
r
w
h
ic

E
x
jy
j
<
1
,
th
en
E
x
fy
j
A
g
d
en
ot
es
th
e
co
n
d
it
io
n
al
ex
p
ec
ta
ti
on
E
x
fy
j
A

ev
al
u
at
ed
at
so
m
e
!
2
A
;
h
er
e
A
d
en
ot
es
th
e
�
-a
lg
eb
ra
ge
n
er
at
ed
b
y
A
.

A
.1

T
h
e
m
a
in
re
su
lt

W
e
m
ak
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in
g
in
n
on
li
n
ea
r
H
1

-c
o
n
tr
o
l.
J
ou
rn
al
of
M
at
he
m
at
ic
a

S
ys
te
m
s,
E
st
im
at
io
n
,
an
d
C
on
tr
o
l,
6(
1)
:1
{2
2,
19
96
.

[8
]
T
.
B
a�s
ar
.
M
in
im
ax
co
n
tr
ol
of
sw
it
ch
in
g
sy
st
em
s
u
n
d
er
sa
m
p
li
n
g.
I

P
ro
ce
ed
in
gs
of
th
e
33
rd
IE
E
E
C
on
fe
re
n
ce
on
D
ec
is
io
n
an
d
C
on
tr
o

p
ag
es
71
6{
72
1.
IE
E
E
,
D
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em
b
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19
9
4.
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[9
]
T
.
B
a�
sa
r
an
d
P
.
B
er
n
h
a
rd
.
H
1

-O
pt
im
al
C
o
n
tr
ol
an
d
R
el
at
ed
M
in
i-

m
ax
D
es
ig
n
P
ro
bl
em
s.
S
y
st
em
s
&
C
on
tr
o
l:
F
o
u
n
d
at
io
n
s
&
A
p
p
li
ca
-

ti
on
s.
B
ir
k
h
�a
u
se
r,
B
o
st
on
,
2n
d
ed
it
io
n
,
19
9
5.

[1
0]
T
.
B
a�
sa
r
an
d
G
.J
.
O
ls
d
er
.
D
yn
am
ic
N
on
co
o
pe
ra
ti
ve
G
am
e
T
he
o
ry
,

vo
lu
m
e
16
0
of
M
at
he
m
at
ic
s
in
S
ci
en
ce
a
n
d
E
n
gi
n
ee
ri
n
g.
A
ca
d
em
ic

P
re
ss
,
1
98
1
.

[1
1]
R
.W
.
B
ea
rd
,
G
.N
.
S
a
ri
d
is
,
an
d
J.
T
.
W
en
.
A
p
p
ro
x
im
at
e
so
lu
ti
on
s

to
th
e
ti
m
e-
in
va
ri
an
t
H
am
il
to
n
-J
ac
ob
i-
B
el
lm
a
n
eq
u
at
io
n
.
J
ou
rn
al
of

O
pt
im
iz
at
io
n
T
h
eo
ry
an
d
it
s
A
pp
li
ca
ti
on
s,
96
(3
):
58
9{
62
6,
19
98
.

[1
2]
S
.
B
en
n
et
t.
A
b
ri
ef
h
is
to
ry
of
au
to
m
at
ic
co
n
tr
ol
.
IE
E
E
C
on
tr
ol

S
ys
te
m
s,
16
(3
):
1
7{
2
5,
1
99
6
.

[1
3
]
E
.B
.
B
er
an
.

M
et
ho
ds
fo
r
O
pt
im
iz
a
ti
o
n
-b
as
ed
F
ix
ed
-O
rd
er
C
on
-

tr
ol
D
es
ig
n
.

P
h
D

th
es
is
,
T
ec
h
n
ic
al
U
n
iv
er
si
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D
en
m
ar
k
,

h
t
t
p
:
/
/
w
w
w
.
i
a
u
.
d
t
u
.
d
k
/
p
h
d
s
.
h
t
m
l
,
1
99
7
.

[1
4]
P
.
B
er
n
h
ar
d
an
d
A
.
R
ap
ap
or
t.
M
in
-m
ax
ce
rt
ai
n
ty
eq
u
iv
al
en
ce
p
ri
n
-

ci
p
le
a
n
d
d
i�
er
en
ti
al
ga
m
es
.
In
t.
J
.
R
o
bu
st
an
d
N
on
li
n
ea
r
C
on
tr
ol
,

6(
8
):
82
5{
84
2,
19
9
6.

[1
5]
J
.
B
er
n
ou
ss
ou
,
P
.L
.D
.
P
er
es
,
a
n
d
J
.C
.
G
er
o
m
el
.
A
li
n
ea
r
p
ro
gr
am
-

m
in
g
or
ie
n
te
d
p
ro
ce
d
u
re
fo
r
q
u
ad
ra
ti
c
st
a
b
il
iz
a
ti
on
of
u
n
ce
rt
ai
n
sy
s-

te
m
s.
S
ys
te
m
s
an
d
C
on
tr
ol
L
et
te
rs
,
1
3:
65
{7
2
,
19
89
.

[1
6
]
D
.P
.
B
er
ts
ek
as
.
D
yn
am
ic
P
ro
gr
am
m
in
g
an
d
S
to
ch
as
ti
c
C
on
tr
ol
.
A
ca
-

d
em
ic
P
re
ss
,
19
76
.

[1
7]
V
.
B
lo
n
d
el
.
S
im
u
lt
an
eo
u
s
S
ta
bi
li
za
ti
on
of
L
in
ea
r
S
ys
te
m
s.
N
u
m
b
er

19
1
in
L
ec
tu
re
N
ot
es
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C
on
tr
o
l
an
d
In
fo
rm
at
io
n
S
ci
en
ce
s.
S
p
ri
n
ge
r-

V
er
la
g
,
19
9
3.

[1
8]
B
.
B
ou
le
t,
B
.A
.
F
ra
n
ci
s,
P
.C
.
H
u
gh
es
,
an
d
T
.
H
on
g.
U
n
ce
rt
ai
n
ty

m
o
d
el
in
g
a
n
d
ex
p
er
im
en
ts
in
H
1

co
n
tr
ol
o
f
la
rg
e


ex
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e
st
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tu
re
s.
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E
E
T
ra
n
sa
ct
io
n
s
on
C
o
n
tr
o
l
S
ys
te
m
s
T
ec
hn
ol
og
y,
5(
5)
:5
04
{

5
19
,
19
9
7.

[1
9]
S
.
B
oy
d
,
L
.
E
l
G
h
a
ou
i,
E
.
F
er
o
n
,
an
d
V
.
B
a
la
k
ri
sh
n
an
.
L
in
ea
r
M
a-

tr
ix
In
eq
u
a
li
ti
es
in
S
ys
te
m
a
n
d
C
on
tr
ol
T
he
or
y.
S
tu
d
ie
s
in
A
p
p
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ed

M
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h
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at
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s.
S
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m
,
P
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ad
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p
h
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,
19
9
4.
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[2
0]
S
.
P
.
B
oy
d
an
d
C
.
H
.
B
ar
ra
tt
.
L
in
ea
r
C
on
tr
ol
le
r
D
es
ig
n
-
L
im
it
s
o

P
er
fo
rm
an
ce
.
P
re
n
ti
ce
-H
al
l,
19
91
.

[2
1]
A
.E
.
B
ry
so
n
,
Jr
.
O
p
ti
m
al
co
n
tr
o
l
{
1
9
5
0
to
1
9
8
5
.
IE
E
E
C
on
tr
o

S
ys
te
m
s,
1
6(
3)
:2
6{
33
,
19
96
.

[2
2]
D
.F
.
C
h
ic
h
ka
an
d
J.
L
S
p
ey
er
.
A
n
ad
ap
ti
ve
co
n
tr
ol
le
r
b
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ed
on
d
is

tu
rb
an
ce
at
te
n
u
at
io
n
.
IE
E
E
T
ra
n
sa
ct
io
n
s
o
n
A
u
to
m
at
ic
C
on
tr
o

40
(7
):
12
20
{1
23
3,
Ju
ly
19
95
.

[2
3]
M
.G
.
C
ra
n
d
al
l,
H
.
Is
h
ii
,
an
d
P
.-
L
.
L
io
n
s.
U
se
r'
s
gu
id
e
to
v
is
co
si
t

so
lu
ti
on
s
of
se
co
n
d
or
d
er
p
ar
ti
al
d
i�
er
en
ti
al
eq
u
at
io
n
s.
B
u
ll
et
in
o

th
e
A
m
er
ic
an
M
at
he
m
at
ic
a
l
S
oc
ie
ty
,
2
7:
1{
67
,
19
92
.

[2
4]
H
.
D
en
g
a
n
d
M
.
K
rs
ti
�c.
S
to
ch
as
ti
c
n
on
li
n
ea
r
st
ab
il
iz
at
io
n
-
I:
A

b
ac
k
st
ep
p
in
g
d
es
ig
n
.
S
ys
te
m
s
a
n
d
C
o
n
tr
ol
L
et
te
rs
,
32
:1
43
{1
50
,1
99
8

[2
5]
G
.
D
id
in
sk
y.

D
es
ig
n
of
M
in
im
ax
C
on
tr
ol
le
rs
fo
r
N
on
li
n
ea
r
S
ys

te
m
s
u
si
n
g
C
os
t-
T
o-
G
o
M
et
ho
ds
.
P
h
D
th
es
is
,
U
.
Il
li
n
oi
s
at
U
rb
an
a

C
h
am
p
ai
gn
,
19
94
.

[2
6]
J.
D
oy
le
,
K
.
Z
h
o
u
,
K
.
G
lo
v
er
,
an
d
B
.
B
o
d
en
h
ei
m
er
.
M
ix
ed
H
2
an

H
1

p
er
fo
rm
an
ce
ob
je
ct
iv
es
II
:
O
p
ti
m
al
co
n
tr
o
l.
IE
E
E
T
ra
n
sa
ct
io
n

on
A
u
to
m
at
ic
C
on
tr
ol
,
39
(8
):
15
75
{1
58
7,
A
u
gu
st
19
94
.

[2
7]
J.
C
.
D
oy
le
.
G
u
ar
an
te
ed
m
ar
gi
n
s
of
L
Q
G
re
gu
la
to
rs
.
IE
E
E
T
ra
n
sa
c

ti
on
s
on
A
u
to
m
at
ic
C
on
tr
o
l,
23
(4
):
75
6{
75
7,
19
79
.

[2
8]
J.
C
.
D
oy
le
.
S
y
n
th
es
is
of
ro
b
u
st
co
n
tr
ol
le
rs
an
d
�
lt
er
s.
In
P
ro
ce
ed
in
g

of
th
e
22
n
d
IE
E
E
C
on
fe
re
n
ce
on
D
ec
is
io
n
an
d
C
on
tr
o
l,
p
ag
es
10
9

11
4,
19
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.

[2
9]
J.
C
.
D
oy
le
,
K
.
G
lo
ve
r,
P
.P
.
K
h
ar
go
n
ek
ar
,
a
n
d
B
.A
.
F
ra
n
ci
s.
S
ta
te

sp
ac
e
so
lu
ti
on
s
to
st
an
d
ar
d
H
2

an
d
H
1

co
n
tr
ol
p
ro
b
le
m
s.
IE
E
E

T
ra
n
sa
ct
io
n
s
on
A
u
to
m
at
ic
C
on
tr
ol
,
3
4:
83
1{
84
7,
19
89
.

[3
0]
V
.
D
ra
ga
n
,
A
.
H
al
an
ay
,
an
d
A
.
S
to
ic
a.
A
sm
al
l
ga
in
th
eo
re
m

f o

li
n
ea
r
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o
ch
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ti
c
sy
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em
s.
S
ys
te
m
s
an
d
C
on
tr
o
l
L
et
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rs
,
3
0:
24
3{
25
1

19
97
.

[3
1]
L
.
E
l
G
h
ao
u
i.
S
ta
te
-f
ee
d
b
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k
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n
tr
o
l
o
f
sy
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em
s
w
it
h
m
u
lt
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li
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v

n
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v
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n
ea
r
m
at
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x
in
eq
u
al
it
ie
s.
S
ys
te
m
s
an
d
C
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tr
ol
L
et
te
rs

24
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{2
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,
19
95
.
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[3
2]
L
.
E
l
G
h
ao
u
i,
F
.
D
el
eb
ec
q
u
e,
an
d
R
.
N
ik
ou
k
h
ah
.
L
M
I
t
o
o
l
:
a
U
se
r-

-F
ri
en
d
ly
In
te
rf
ac
e
fo
r
L
M
I
O
p
ti
m
iz
at
io
n
.

A
va
il
ab
le
b
y
F
T
P
at

f
t
p
.
e
n
s
t
a
.
f
r
/
p
u
b
/
e
l
g
h
a
o
u
i
,
19
97
.

[3
3]
E
.G
.
E
sz
te
r
a
n
d
C
.V
.
H
ol
lo
t.
A
n
IQ
C
fo
r
u
n
ce
rt
ai
n
ty
sa
ti
sf
y
in
g
b
ot
h

n
o
rm
-b
ou
n
d
ed
an
d
p
as
si
v
it
y
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n
st
ra
in
ts
.
A
u
to
m
at
ic
a,
33
(8
):
15
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{

15
4
8,
1
99
7
.

[3
4
]
E
.
F
er
on
,
P
.
A
p
ka
ri
an
,
a
n
d
P
.
G
a
h
in
et
.
A
n
al
y
si
s
an
d
sy
n
th
es
is
of

ro
b
u
st
co
n
tr
ol
sy
st
em
s
u
si
n
g
p
ar
a
m
et
er
d
ep
en
d
en
t
L
ya
p
u
n
ov
fu
n
c-

ti
o
n
.
IE
E
E
T
ra
n
sa
ct
io
n
s
on
A
u
to
m
at
ic
C
o
n
tr
ol
,
41
(7
):
10
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{1
04
6,

J
u
ly
19
96
.

[3
5
]
W
.H
.
F
le
m
in
g
an
d
H
.M
.
S
on
er
.
C
on
tr
ol
le
d
M
ar
ko
v
P
ro
ce
ss
es
an
d

V
is
co
si
ty
S
ol
u
ti
on
s.
S
p
ri
n
ge
r,
N
ew
Y
o
rk
,
19
9
3.

[3
6]
R
.A
.
F
re
em
a
n
an
d
P
.V
.
K
ok
ot
ov
ic
.
In
ve
rs
e
o
p
ti
m
al
it
y
in
ro
b
u
st
st
a-

b
il
iz
at
io
n
.
S
IA
M

J
ou
rn
al
on
C
on
tr
ol
an
d
O
pt
im
iz
at
io
n
,
34
(4
):
13
65
{

1
39
1
,
19
96
.

[3
7]
P
.
G
ah
in
et
a
n
d
P
.
A
p
ka
ri
an
.
A
li
n
ea
r
m
at
ri
x
in
eq
u
al
it
y
ap
p
ro
ac
h
to

H
1

co
n
tr
o
l.
In
t.
J
.
R
ob
u
st
an
d
N
o
n
li
n
ea
r
C
on
tr
o
l,
4:
42
1{
42
8,
19
94
.

[3
8
]
P
.
G
ah
in
et
,
A
.
N
em
ir
ov
sk
i,
A
.
L
a
u
b
,
an
d
M
.
C
h
il
al
i.
L
M
I
C
on
tr
ol

T
oo
lb
o
x.
M
A
T
L
A
B
,
19
95
.

[3
9]
G
.
G
ar
ci
a
,
J.
B
er
n
u
ss
o
u
,
a
n
d
D
.
A
rz
el
ie
r.
S
ta
b
il
iz
at
io
n
of
a
n
u
n
-

ce
rt
a
in
li
n
ea
r
d
y
n
am
ic
sy
st
em
,
b
y
st
at
e
a
n
d
o
u
tp
u
t
fe
ed
b
ac
k
:
A

q
u
ad
ra
ti
c
st
ab
il
iz
ab
il
it
y
ap
p
ro
ac
h
.
In
te
rn
a
ti
on
al
J
ou
rn
al
of
C
on
tr
ol
,

64
(5
):
83
9{
8
58
,
19
9
6.

[4
0]
T
.C
.
G
a
rd
.
In
tr
od
u
ct
io
n
to
S
to
ch
as
ti
c
D
i�
er
en
ti
al
E
qu
at
io
n
s,
v
ol
u
m
e

11
4
of
M
on
og
ra
p
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an
d
te
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bo
ok
s
in
pu
re
a
n
d
ap
pl
ie
d
m
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he
m
at
ic
s.

M
ar
ce
l
D
ek
ke
r,
19
8
8.

[4
1
]
H
.
G
ol
d
st
ei
n
.
C
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ss
ic
a
l
M
ec
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n
ic
s.
A
d
d
is
on
-W
es
le
y,
R
ea
d
in
g,
M
as
s.
,

19
80
.

[4
2
]
M
.
G
re
en
a
n
d
D
.J
.N
.
L
im
eb
ee
r.
L
in
ea
r
R
o
bu
st
C
on
tr
o
l.
P
re
n
ti
ce

H
al
l,
19
9
5.

[4
3
]
R
.Z
.
H
a
s'
m
in
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� i.
S
to
ch
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ti
c
S
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D
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en
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al
E
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at
io
n
s.
S
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h
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o
o
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h
o�
,
19
80
.
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[4
4]
O
.B
.
H
ij
ab
.
S
ta
bi
li
za
ti
on
of
C
on
tr
ol
S
ys
te
m
s.
A
p
p
li
ca
ti
on
s
of
M
at
h

em
at
ic
s.
S
p
ri
n
ge
r-
V
er
la
g,
19
87
.

[4
5]
D
.
H
il
l
an
d
P
.
M
oy
la
n
.
T
h
e
st
ab
il
it
y
of
n
on
li
n
ea
r
d
is
si
p
at
iv
e
sy
st
em
s
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E
E
T
ra
n
sa
ct
io
n
s
on
A
u
to
m
at
ic
C
on
tr
ol
,
21
:7
08
{7
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,
19
76
.

[4
6]
D
.J
.
H
il
l
an
d
P
.J
.
M
oy
la
n
.
S
ta
b
il
it
y
re
su
lt
s
fo
r
n
on
li
n
ea
r
fe
ed
b
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sy
st
em
s.
A
u
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m
a
ti
ca
,
13
:3
77
{3
82
,
19
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.

[4
7]
D
.J
.
H
il
l
an
d
P
.J
.
M
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la
n
.

D
is
si
p
at
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e
d
y
n
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al
sy
st
em
s:
B
a

si
c
in
p
u
t-
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tp
u
t
an
d
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at
e
p
ro
p
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es
.
J
.
of
th
e
F
ra
n
kl
in
In
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tu
te
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9:
32
7{
35
7,
19
80
.

[4
8]
D
.
H
in
ri
ch
se
n
an
d
A
.J
.
P
ri
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h
ar
d
.
S
to
ch
as
ti
c
H
1

.
S
IA
M
J
ou
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al
o

C
on
tr
ol
an
d
O
pt
im
iz
at
io
n
,
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):
15
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{1
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8,
19
98
.
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o
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er
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an
-F
ro
m
m
er
,
S
.R
.
K
u
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a
rn
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n
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P
.J
.
R
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ge
.
C
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tr
ol
le
r
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it
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in
g
b
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t
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d
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ti
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.
IE
E
E
T
ra
n
sa
c
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u
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at
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o
l,
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):
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7,
19
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.
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0]
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.
H
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an
.
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h
S
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s
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n
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u
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n
s.
P
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n
ti
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-H
al

19
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.
R
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n
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d
b
y
D
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P
u
b
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s,
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c,
in
19
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.
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.
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r
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n
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ol
S
ys
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s.
S
p
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ge
r-
V
er
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g,
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it
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n

19
95
.
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2]
M
.R
.
Ja
m
es
.
C
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p
u
ti
n
g
th
e
H
1
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m
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r
n
on
li
n
ea
r
sy
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em
s.
I

P
ro
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th
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1
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IF
A
C
W
or
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gr
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s,
p
ag
es
31
{3
4,
19
93
.

[5
3]
M
.R
.
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m
es
.
A
p
ar
ti
al
d
i�
er
en
ti
al
in
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