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40 Chapter 2. Multi-dissipative dynamic systems

may obtain a cross-section of this cone by fixing As = 1 and examine
which values a and A; result in a supply rate and a storage function which
satisfy the dissipation inequality. A little manipulation yields that this set
is characterized as
1 2
a > 2 2ol > a
This set is depicted in figure 2.2. It has the structure which was predicted
by the previous results: It is convex and closed as is its projection on the
Ar-axis. Furthermore, the available storage and the required supply are
continuous functions of Ay, convex and concave, respectively. In addition
the set has the special feature of being unbounded since s; is sign definite.
O

2.4 Chapter conclusion

For a dissipative dynamic system, we have asked the question: With respect
to which supply rates is the system dissipative? We have shown elementary
properties associated with these dissipated supply rates: They form a con-
vex cone which is also closed under additional assumptions. Furthermore
we have investigated continuity properties of the available storage and the
required supply, seen as functions of the supply rate. For the important
special case of convex polytopes of supply rates, we have shown that these
functions are continuous.

Many of our results have been shown under the assumption that the sets
of zero available storage are independent of the supply rate under con-
sideration. An interesting topic of future research would be to relax this
assumption.

Our original motivation for this study was the situation where a dynamic
system contains perturbations which are known to be multi-dissipative.
In this situation the inherent convexity can be employed to obtain quite
sharp conditions for robust stability and performance by means of convex
optimization: we optimize over the set of supply rates with respect to which
the nominal system is dissipative. In the special case of linear systems
and quadratic supply rates the dissipation inequalities are linear matrix
inequalities and the numerical tool is semidefinite programming. Some
results along these lines follow in chapter 3 below.

2.4 Chapter conclusion 4

L2 gain analysis

o3

Dissipation inequality satisfied

Available storage

0 0.5 1 ]}\.5 2 2.5 3
1

Figure 2.2: A cross-section of the cone of supply rates and storage functior
which satisfy the dissipation inequality.
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54 Chapter 3. Robustness towards multi-dissipative perturbations

contains &; notice that & is an interior point in A. Assume that v is chosen
such that A is closed; this is possible since z is a strict local minimum.
Assume that §; and 3, are small enough, ie. o+, d;+dy 3y < 7. Let @
be any neighbourhood of z contained in V=!([a, y &>, d; 8; &dy3,)) N A;
Now assume that zy € . According to item 2 in theorem 15 x(¢) remains
in V=1([0,4]) at least up to a finite escape time. Now apply lemma 16 to see
that #(t) remainsin the bounded set & C Q fort € [0, 00). The performance
bound follows from the dissipation inequality since V(z(t)) > V(Z). ]

In the proofs above the dissipation inequality does not need to hold every-
where but only along the possible trajectories. This i1s particularly useful
when studying local behaviour. Developments along these lines are reported

in [113].

3.3 Linear systems and quadratic supply rates

In this section we specialize the previous discussion to the case of linear
systems ¥ defined by ordinary differential equations in state-space:

) z(t) = Az(t)+ Bw(?)
Y1) = Calt)+ Dult) (3.5)
For systems consisting of a nominal part in feed-back with a multi-dissipative
perturbation, we show that stability and various performance properties
can be described by linear matrix inequalities (LMIs) which describes some
dissipativity property of the nominal part. Such linear matrix inequalities
can be verified directly numerically with commercially available packages
such as [32, 38]. The connection between dissipativity for linear-quadratic
systems and LMIs was noted already in [124] and has received much inter-
est during the last few years [19] due to efficient numerical algorithms for
solving LMI problems [82].

3.3.1 Robust stability

Consider the connection in figure 3.6 (a) where X is the nominal sys-
tem and A is a perturbation in a set A; both are assumed to be causal,
linear, finite dimensional, and time invariant systems. We say that the

3.3 Linear systems and quadratic supply rates §

configuration (X, A) is robustly stable if for every A € A the config
ration is well posed (i.e, the dynamics of the closed loop can be writte

(£(t),£(t)) = A(x(t),£(t)) for some linear A), and if furthermore z(-) € £

For a deterministic linear time invariant systems with quadratic suppl
rates (i.e, when s(w,z) = (v 2)Q(w' z)'), there is no loss of genera
ity [124] in assuming the storage function V to be quadratic (V () = ' P
with P = P’ > 0), in which case the differential dissipation inequality (2.:
becomes [124]

Vee X, weW: (2 w’)q><i)§0
where ® 1s shorthand for
PA+A'P PB 0o o I
=7 & ]e[? 5]

¢ = B'P 0 I D

This is a linear matrix inequality (LMI) in P.

v Y
w z w z
A A

@ (b)

Figure 3.6: The two problems considered: (a) Robust stability. (b) Robu:
H o performance.

Lemma 18: Assume that every A € A is linear, time invariant, an
dissipative w.r.t. <s, and that X is strictly output dissipative with respec
to the supply rate s. Then the feed-back configuration (X, A) is robustl
stable. |

Remark 19: If ¥ is dissipative w.r.t. s but not strictly output diss
pative, and if the interconnection is well posed (which in this case is n
guaranteed by the dissipativity), and if the storage functions are (quadrat
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58 Chapter 3. Robustness towards multi-dissipative perturbations

Proof: Given a solution pair P, d;, ¢, the function z’ Pz acts as a storage
function for ¥ with respect to the supply rate 5. d;s; <€|z|* and since any
A € A is dissipative w.r.t. &3 d;s; (proposition 2 on page 32 above) we
have shown robust stability (lemma 18).

It is also easy to see that feasibility of (3.9) implies feasibility of (3.8): In
fact, given solutions P,d; to (3.9), one may find sufficiently small ¢ > 0
such that P, d;, e solves (3.8). ]

A similar result was derived independently in the recent contribution [126].

Example 23: [The conservativeness of the sufficient condition] Continuing
example 13 above, the two supply rates dissipated by the perturbation A
are <51 = zw and <s2 = |z|? < |w|? corresponding to

(23] oei )

=1 0 0 <l

The sufficient condition of remark 22 is that X is strictly output dissipative
with respect to a combination of s; and ss, i.e. with respect to

salw, 2) = (w 2) [ - ] ( v ) (3.10)

for some o > 0. Here we have taken d» = 1 which is possible due to the
conicity, and dy = a. This will be the case if and only if

s 2 2 (o)

holds for all s in the closed right half C* of the complex plane. For a — 0,
we retrieve the condition that X has £y-gain less than 1, while for o — oo
the permittable circle approaches the entire left half plane, and thus we
get the condition that X 1s strictly negative real. For high order plants,
the latter condition is often difficult or even impossible to obtain, while
the former may impose too severe constraints on bandwidth. Also taking
a € (0,00) into account obviously increases the possibility of reaching a
good design.

In comparison, the sufficient and necessary condition of equation (3.4) re-
quires the existence of a function o : C* — R such that the inequality
holds. In other words, the sufficient conditions of theorem 21 and remark 22
are conservative in that they do not allow frequency dependent weights d;.

3.3 Linear systems and quadratic supply rates §

Notice however that linearity and time invariance of A 1s essential to th
derivation of equation (3.4), whereas theorem 21 holds also for nonline:
and time-varying A provided that the interconnection is well posed. |

Example 24: [A graphic interpretation] Continuing the preceding exan
ple, we can also give a graphic interpretation of the sufficient condition the
3 is strictly output dissipative w.r.t. s, for some a > 0: Let S_, denof
the circle in the complex plane which is centered in <ev € R and whos
boundary contains the point ¢ - see figure 3.7. Then X is strictly outpt
dissipative w.r.t. s, if and only ¥ maps the right half of the complex plar
into the interior of the circle S_,. Combining with the maximum modt
lus theorem, the sufficient condition of remark 22 is that ¥ is stable an
its Nyquist plot is contained in such a circle S_, for some a > 0. Th
graphic criterion is reminiscent of the circle criterion for absolute stabilit
see e.g. [59], except that we need only find one suitable circle in a certai
family.

Perr{tt\ed disk Im

Figure 3.7: Permitted area for X(Ct) with a(s) independent of s

A further understanding of the conservativeness of theorem 21 and re
mark 22 is obtained from the following observation: If ¥ dissipates s, fc
some a > 0, then (X, A) is stable for any perturbation A which maps tt
right half of the complex plane into the circle S,. Notice that any suc
circle S, contains the original set A of figure 3.3 on page 48. The conserv:
tiveness of theorem 21 is thus illustrated by the difference between the s
A and the sphere S, which covers A. This interpretation is not restricte
to this particular example, but applies to theorem 21 and remark 22 i
general. |
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78 Chapter 4. Simultaneous H., Control

All statements in the proposition can be found in [9, theorem 5.5] (see
also [128, theorem 16.4]) except the dynamic equations for & and S. Never-
theless, these equations can easily be derived using the method of [9, 120];
the calculations can be found in appendix B.2.

The structure of the single estimator (4, -) is illustrated in figure 4.2 where
we have omitted the subscript ¢ and used the notation

E = y72G'X

F = &B'X

K = (Q&X)'QB
L = YQex) '

The block diagram (and the ODEs) for the conditioned state estimate &(¢, )
is identical to estimator in the standard central H., controller [128, p.
435], except for the last term (Q; < X;)71Q;B; (u(t) + BIX;£(i,1)) (the
block K in the block diagram). This term vanishes when the control signal
is conditionally minimax (i.e, &« = 0 as will happen when é(t) = ¢ and
certainty equivalence control is used; see below) and is therefore not present
in the central H ., controller for a single linear plant. The way u affects the
dynamics of the conditional state estimate corresponds to a parametrization
of all Ho, suboptimal controllers [128, p. 420] (we will elaborate further
on this connection in remark 38 below).

We see from equation (4.14) that S(&(¢,%),4,¢) is an integrated residual
associated with the model P;. The estimation error y(t) <C;€(i,t) appears
also in residuals of stochastic system identification, but the subtraction of
the control error u(t) + B/ X;£(i,t) is a new feature due to the minimax
setting. Notice that <B; X;£(i,t) is an estimate of the full information
minimax control (4.6).

In the remainder of the chapter we will use the shorthands
& (1) :=&(i,t) and S;(t) := S(£(4,1),4,1)
The total cost function S(x,4,t) can be computed as
) 1
S(a,i,1) = 5z 96(1)(Q &Xi)(z <6(1)) + 5i()
after which the cost-to-come function can be computed as

R(x,i,t) = S(x,i,t) + P(x,1)

-]

4.5 The minimax controller

u
u y
KL ]
C
§ §
B [
A
F
u” \

Figure 4.2: Block diagram of each conditional worst-case state estimato
The subscripts ¢ are omitted.

4.5 The minimax controller

Having derived the minimax estimator in the previous section the first thin
to verify is if the certainty equivalence (CE) principle of [14] can be applie
as in [9, 120]. This principle states that if the worst-case extended stat
estimate (&(t), é(t)) is always well defined by equation (4.9) on page 76 i
the sense that the minimum exists and is attained at a unique point, the
the minimax control strategy associated with the game (4.3) on page 73

u(t) = @B, X5, 2(t) (4.1:

()
This is a certainty equivalence controller since it applies the state feedbac
law (4.6) to the estimates i‘,é. In general, a CE principle is one whic
states that a CE controller is optimal (in this case minimax). If a C
controller is applied without a justifying CE principle, then we emphasi:
this by calling it a heuristic certainty equivalence controller.

We know from proposition 36 that the conditional state estimates &(¢,:
are always well defined by equation (4.10), which implies that the minims
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