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ABSTRACT

Studies in Interpolation and Approximation of Multivariate Bandlimited Functions.
(August 2011)
Benjamin Aaron Bailey, B.S., Texas Tech University;
M.S., Texas Tech University

Co—Chairs of Advisory Committee: Dr. Thomas Schlumprecht
Dr. N. Sivakumar

The focus of this dissertation is the interpolation and approximation of multi-
variate bandlimited functions via sampled (function) values. The first set of results
investigates polynomial interpolation in connection with multivariate bandlimited
functions. To this end, the concept of a uniformly invertible Riesz basis is devel-
oped (with examples), and is used to construct Lagrangian polynomial interpolants
for particular classes of sampled square-summable data. These interpolants are used
to derive two asymptotic recovery and approximation formulas. The first recovery
formula is theoretically straightforward, with global convergence in the appropriate
metrics; however, it becomes computationally complicated in the limit. This complex-
ity is sidestepped in the second recovery formula, at the cost of requiring a more local
form of convergence. The second set of results uses oversampling of data to establish
a multivariate recovery formula. Under additional restrictions on the sampling sites
and the frequency band, this formula demonstrates a certain stability with respect to

sampling errors. Computational simplifications of this formula are also given.
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CHAPTER I

INTRODUCTION

A. An Overview

This dissertation explores interpolation and approximation in the space of multivari-
ate bandlimited functions PW|_, « (see Definition II.1) from the point of view of
sampling. That is, given a function f € PW|_, 4, data sites (t,),ez¢ arising from
some exponential frame or Riesz basis condition, and the sequence of sampled values
(f(tn))neza (typically square-summable), how can one exactly recover f in some con-
crete fashion? Once the requisite theory and background are presented in Chapter II,
two broad approaches are then utilized. In Chapter III, polynomial interpolants are
introduced which allow for the construction of approximants for arbitrary bandlimited
functions (Theorems I11.26 and I11.30) which demonstrate desirable convergence. In
Chapter IV, oversampling of data (sampling at points (%), where A > 1) is employed
so that the derived approximants are stable with respect to certain systematic errors

in (f(%)), € €2(Z%) (see Theorems IV.3 and IV.7).

B. Introduction to Chapter II

The basic notions and theory necessary for this dissertation are presented in Chapter
II. The definition and fundamental properties of bandlimited functions are developed
in Section A. In Section B, frames and Riesz bases are introduced, with emphasis
placed upon those which consist of complex exponential functions. Of particular in-

terest is Lemma I1.17, (the Bessel space Lemma) which is used repeatedly throughout

“This dissertation follows the style of the Journal of Approximation Theory.



this dissertation. Concrete examples of exponential frames and Riesz bases are given
in Section C, notably in Theorems II.18, I1.19, I1.20, and I1.21. An explicit rela-
tionship between constants appearing in Theorems I1.20 and I1.21 is given in Section

D.

C. Introduction to Chapter III

Approximation of univariate bandlimited functions as limits of polynomials has a
rich pedigree, which is illustrated by historical answers to the following question:
If (sincm(- — t,))nez is a Riesz basis for PW|_. ), what are the canonical product
expansions of the biorthogonal functions for this Riesz basis? The first results along
these lines were given by Paley and Wiener in [1], and improved upon by Levinson
in [2, pages 47-67]). Subsequently Levin extended these results to different classes
of Riesz bases in [3]. A complete solution is given by Lyubarskii and Seip in [4] and
Pavlov in [5]. In particular, they prove the following theorem, which is the starting

point of Chapter III.

Theorem I.1. Let (t,), C R, (wheret, # 0 whenn # 0), be a sequence such that the
family of functions (sincr(- —t,,))y, is a Riesz basis for PW_y 1. Then the function
: z
S(z) = Tlirgo(z —tp) H (1 - E)
{tn : |tn|<r , n#0}
is entire, where convergence is uniform on compacta, and the biorthogonal functions

(Gp)n of (sinem(- —t,)), are given by

5(2)

@)= )

The following is a readily proven corollary of Theorem I.1:

Corollary 1.2. Let (t,), C R and (Gy)x be defined as in Theorem I.1. Then for each



k, there exists a sequence of polynomials (®n )N such that
1) (I)N,k(tn) = Gk<tn) when |tn| < N.

2) impy 00 Py i = G, uniformly on compacta.

Corollary 1.2 motivates two questions:

1) Let (t,), C R? be chosen such that (ei<"t”>)n is a Riesz basis for Ly([—, 7]%).
What are sufficient conditions on (e“"’f"))n such that every multivariate bandlimited
function f, (not just biorthogonal functions associated with a particular exponential
Riesz basis), has a corresponding sequence of polynomials which interpolates f on
increasingly large subsets of (¢,,),7

2) If polynomial interpolants (of the type described above) for a multivariate
bandlimited function exist, can these interpolants be used to approximate the function
in some simple and straightforward way?

Let (tp)neze C R? be a sequence such that the family of exponentials (ei<"t”>)nezd
is a uniformly invertible Riesz basis for Ly([—m, 7]¢) (defined in Chapter I1I, Section
B). Under this condition, Theorem I11.26 shows that polynomial interpolants of the
type described in question 1) exist, along with bounds on the coordinate degree
(not just the total degree) of each polynomial. This theorem also addresses question
2), by demonstrating that multivariate bandlimited functions can be approximated
globally, in both uniform and L, metrics, by a rational function times a multivariate

sinc function. Stated informally,

ft) ~ wg(t)%, (>0, (1.1)

where (Uy)sen is the desired sequence of interpolating polynomials and (Qge)e is a

sequence of polynomials which eventually removes all the zeros of the SINC func-

tion. The fraction in expression (1.1) becomes more computationally complicated as



¢ increases. Theorem II1.30 gives a more satisfactory answer to question 2) by using

exp(_i ! ek ), o0
£ (2 — 1) ((+ 1/2)%1

in lieu of the fraction in expression (1.1). The exponent in the above expression is
now a rational function of ¢. This simplicity necessitates replacing global L, and
uniform convergence with a more local (though not totally local) convergence.

The author is unaware of any other multivariate theorem addressing questions
1) and 2) above, and which satisfies the following:

a) The exponential Riesz bases under consideration are not necessarily tensor
products of single-variable Riesz bases.

b) Convergence stronger than “uniform convergence on compacta” is proven.

It should be noted that Theorems II1.26, I11.30, and Corollary II1.31 do not, at
this point, recover Corollary 1.2 or Theorem 1.1 in its generality of allowable sequences
(tn)n C R, though the comments above show that their value is due primarily to
their multidimensional nature and convergence properties. This being said, Theorem
IIT.44 (in Section G) presents an alternative proof of Theorem I.1 in the case that

(et <z 18 a uniformly invertible Riesz basis for Lo[—m, 7].

D. Introduction to Chapter IV

The subject of recovery of bandlimited signals from discrete data has its origins in
the Whittaker-Kotel'nikov-Shannon Sampling Theorem (1.2), historically the first
and simplest such recovery formula, presented below. Without loss of generality the
bandwidth is restricted to [—m, 7).

f#) =" f(n)sinen(t—n), tER, fEPW_rn. (1.2)

nez



Convergence in (1.2) is global with respect to Ly and L., metrics. Equation (1.2)
has drawbacks. Foremost, the recovery formula does not converge given certain types
of error in the sampled data. Suppose sampled data corresponding to a bandlimited
function f has noise, say perhaps (f(n) + €,)nez Where €, = € sign(sincr(1/2 — n)).
If we try to estimate f by substituting (f(n) + €,)nez in place of (f(n)),ez in (1.2),

we obtain:

f(t) = f(t)+ €D (sign(sinem(1/2 — n)))sinen(t — n),

neL

which yields
f(l/Q) = f(1/2) + EZ |sinemr(1/2 — n)| = oo.

ne’

This demonstrates that (1.2) is unstable under /., perturbations of the sampled data.
One way to remedy this deficiency in (1.2) is to introduce oversampling, by which
we mean the following process: given data sites (t,),, increase the density of this
sequence by a factor of A > 1, and obtain samples ( f (ty"))n If we have a sequence
of data sites (t,), and corresponding samples (f(t,)), (with no noise) for which a
bandlimited function f € PW|_. r can be perfectly recovered, what information does
an increase in the density of data sites provide?

Equation (1.3) below, (proven in [6] by Daubechies and DeVore) uses oversam-

pling of equally spaced data sites to expand f via translates of a Schwartz function g

rather than the slowly decaying sinc function:

f(t):§2f<§>g<t—§>, teR. (1.3)

Convergence of (1.3) is global with respect to Ly and L., metrics. The following
theorem in [6] illustrates a certain stability of the recovery formula (1.3) in contrast
o (1.2). Suppose we have sample values fo = f(%) + €, where sup,, |€,| = €. If, in

(1.3), we replace f (%) by f,, and call the resulting expression f, then we have the



following error bounds in recovery.

Theorem 1.3 (Daubechies, DeVore).

supl(6) = F0)] < €(lglls + 111, ) (1.4

teR

As a comment, it is unnecessary for g to be a Schwartz function for (1.3) and
(1.4) to hold; it is enough for g to be continuously differentiable where g, ¢' € L1(R).
The true reason for requiring g to decay rapidly becomes apparent in Daubechies’
and DeVore’s treatment of quantization in [6], a topic which is not addressed here.

In Chapter IV, (1.3) and (1.4) are generalized in Theorems IV.3 and IV.7 in
Sections B and C respectively. The setting is described below.

1) The underlying space is PWpg, a space of multivariate functions. The frequency
domain £ C R? is a set satisfying natural geometric conditions, as described in
Proposition IV.1. An important example will be PW|_. 4.

2) The sampling nodes (t,), C R? are such that the set of functions (¢'*)) is
a frame for Ly(F) (defined in Chapter II, Section B). This generalizes (1.3), which

uses the crucial fact that (e”()), ¢z is an orthogonal basis for Lo[—, 7].

The sampling formula in Theorem IV.3 is of the form

£ =33 S Brna(t - %), ter, ferwp,
k

where convergence is global with respect to both Ly and L., metrics. In the equality
above, g is a Schwartz function, B is an infinite matrix relating to the frame operator
for (e)) and fr/x = (f(%)), . Theorem IV.3 focuses on resolving two questions,

1) If we restrict to E = [—m, 71]¢, when can a measure of stability (in the manner

of (1.4)) be achieved for the recovery formula in Theorem IV.37

2) When can the matrix B be explicitly computed, and when can its properties



as an operator from one sequence space to another be determined? Even if we restrict
to £ = [—m, 7% then under the full generality of Theorem IV.3, the entries of B are
difficult to ascertain.

Regarding the first question, a criterion for the recovery formula to be stable
given £, error (1 < p < oo) in sampled data is given in Theorem IV.7. This criterion
is satisfied if (ei<"t">)n is a tight frame for Ly([—m, 7]?) (Theorem IV.18 in Section
C), or in the univariate case, if (eit”(‘))n can be made into an orthogonal basis for
Lo[—m, 7] after replacement of finitely many complex exponential functions (Theorem
IV.16 in Section C).

Regarding the second question, a reasonable degree of explicitness of the entries
of B and an understanding of its behavior as an operator can be achieved if either
(ei<"t">)n is a tight frame or a Riesz for Lo([—m, 7]¢). If (ei<"t">)n is a tight frame, then
B can be explicitly determined (Theorem IV.18 in Section C). If (et} is a Riesz
basis, then we have a sequence of approximants for functions in PW|_; 1 in which
the infinite matrix B can be replaced by a sequence of finite matrices each of whose
entries is computable by linear-algebraic means. This is the content of Theorem V.22

in Section D.



CHAPTER II

PRELIMINARY MATERIAL*
This chapter introduces the basic notions and theory that will be used throughout

this dissertation.*

A. Introduction to bandlimited functions

In this dissertation, an isomorphism 7" : X — Y between two normed spaces is a

linear map such that for some m, M > 0,
mllz)x < |[[Tzlly < Mllzllx, =eX.

If an isomorphism is onto, it will be explicitly stated.

The following is the d-dimensional Ly unitary Fourier transform:

F) =PV s [ RO 9, f e La(®),

where the inverse transform is given by

FUNC) = PY. g [ 09, f € (@)

Definition II.1. Given a bounded set £ C R? with positive Lebesgue measure, we
define
PWp = {f € Ly(R?) | supp(F'(f)) C E}.

Functions in PW§ are said to be bandlimited.

*Part of this chapter is reprinted with permission from An asymptotic equivalence
between two frame perturbation theorems, by B. A. Bailey, in: M. Neamtu, L. Schu-
maker (Eds.), Proceedings of Approximation Theory XIII: San Antonio 2010, Springer
(in press) pp. 1-7, Copyright 2011 by Springer-Verlag.



Definition II.2. Define the function SINC : R¢ — R by
SINC(x) := sinc(x(1)) - ... - sinc(x(d))
where sinc(t) := Sm(t for t € R.

The following are facts concerning PW g which will be used frequently.
1) PWg is isometric to Ly(E) by way of the unitary Fourier transform.
2) PW|_; na consists of functions from R? to C, though it is easily verified that they
naturally extend to entire functions from C? to C. In this dissertation we restrict the
domain to R?.

3) We have
1 .
i(-,7) _ .
f(We X[_Tm]d(-)) (t) = SINCx(t — 1)
by direct computation.
4) From 1) and 3) above, and the fact that (W@“"m) _ is an orthonormal basis
4 nez

for Ly([—m, m1]%), we see that (SINCr(- _n))neZd is an orthonormal basis for PW_, 4.

5)If f € PW[_, e and t € R?, then (since F is unitary),

1) = FENO = (F N0 e xin)

- <f()’ SINCT‘-( - t>>7 (2.1)

where (-,-) denotes the standard inner product in Ly(R?).

6) In PWg, Ly convergence implies uniform convergence:

HfHOO = tsellRI()i —(271-1)(1/2/( 1f)(£ —i(t,€) dé“ d/2/| 1f ‘dg
)1/2 e
- (2 a7 (f1F e )de)
_ B2 p(E)!?
= e |F 7 flla = )i £ 12, (2.2)
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where the second inequality above follows from the Cauchy-Schwarz inequality.

7) The d-dimensional Riemann-Lebesgue Lemma, [7, Theorem 8.22, page 249] implies

lim f(l') = 0, f € PW[_ﬂ.ﬂT]d. (23)

[[#]| oo —00

8) We have the multivariate Whittaker-Kotel'nikov-Shannon Sampling Theorem (2.4)
8, page 57]: If f € PW|_; 1, then

ft)=">_ f(n)SINC(n(t —n)), teR’ (2.4)

nezd
where the sum converges in PW|_, 4, and hence uniformly.
9) The following celebrated result due to Paley and Wiener (see [9, Theorem 19.3])

characterizes bandlimited functions of a single variable.

Theorem I1.3. A function f is in PW|_; if and only if each of the following
statements holds:

1) f is entire.

2) There exists M > 0 such that | f(z)| < Me™! for z € C.

3) flp € L2(R).

B. Introduction to frames and Riesz bases

The following information concerning frames may be found in [10, Section 4].

Definition I1.4. A frame for a separable Hilbert space H is a sequence (f,), C H

such that for some 0 < A < B,

ANFIP < Y I )P < BIFIE, VfeH. (2.5)

The optimal numbers A and B in (2.5) are called the lower and upper frame bounds,

respectively.
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Proposition I1.5. Let H be a Hilbert space with orthonormal basis (e,),. The fol-
lowing conditions are equivalent.

1) The sequence (fn)n, C H is a frame for H.

2) The synthesis operator L : H — H defined by Le, = f, is bounded linear and
onto.

3) The analysis operator L* : H — H given by f — > (f, fn)en is an isomorphism.

Proof. 1) <= 2): This follows from the basic theory of adjoint operators.

2) <= 3): This follows immediately from the computation of L*f =" (f, fu)en. O

Definition II.6. Given a frame (f,), with synthesis operator L, the map S = LL*
given by

SF= AL fu)fn

is an onto isomorphism. S is called the frame operator associated to the frame. We

note that S is positive and self-adjoint.

Definition I1.7. A tight frame for a Hilbert space is a frame such that the upper
and lower frame bounds are equal. Equivalently, a tight frame is a frame such that

the frame operator is a scalar multiple of the identity.

Definition I1.8. A sequence (f,), C H satisfying

S OUE fIP < BIfIP, VfeH

is a called a Bessel sequence. The smallest number B such that the inequality above

holds is called the upper frame bound.
The following proposition characterizes Bessel sequences.

Proposition I1.9. (f,), C H is a Bessel sequence if and only if the synthesis operator

1s bounded.
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Proof. (fn)n C H is a Bessel sequence if and only if L* has norm VB, which holds if
and only if L has norm v/B. ]

Definition I1.10. Let H be a Hilbert space with orthonormal basis (e,,),. A sequence

(fn)n C H is called a Riesz basis for H if the map Le,, = f,, is an onto isomorphism.

If (fu)n C H is a Riesz (resp. Schauder) basis for H, then there exists an
associated Riesz (resp. Schauder) basis of functions (f), C H such that (f,, ) =

dmn- This basis is called the biorthogonal basis associated with (f,),. Expressed in

the terminology of frames,
fo=8""fu.

The basic connection between frames and the sampling theory of bandlimited
functions (more generally in a reproducing kernel Hilbert space) is straightforward.
Let (fn)n = (We”"t”)n be a frame for PW|_, 4 with frame operator S. If F is
the unitary Fourier transform and f € PW_, ¢, then

S(FU) =D AF Ul b =D FFNE) fn =D f(tn) fas

n

implying that
FHH =) ft)S™ a,
so that

f = Zf(tn)"t(‘silfn)

If we restrict to the Riesz basis case, we have the following corollary.

Corollary I1.11. Let (We“"tW) be a Riesz basis for Ly([—m, 7|, with biorthog-
4 neN

onal functions (f)nen. If Gy, := F [ for n € N, then

G (tm) = G (2.6)
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and
f - Z f(tn>Gn(t)- (2'7)

Note that for general d, we recover (2.4) when (t,), is an enumeration of Z.

The following theorem (see [11]) illustrates another natural link between expo-
nential Riesz bases and sampling. The proof of Theorem II.12 when d = 1 appears
in [11, Theorem 9, page 143], and the proof for general d (from a functional analytic

point of view) is identical.

Theorem I1.12. Let (t,),eze C R. The following are equivalent:
1) The sequence of functions (ei<(')’t">)nezd is a Riesz basis for Lo([—m, w]9).

2) The map f v+ (f(tn))neza is a bijection from PW|_. 1a to 0o(7.%).

Definition I1.13. A subset S of R? is uniformly separated if

inf —yll2 > 0.
syt Ml =yl

Definition I1.14. A subset S of R? is relatively uniformly separated if it is the union
of finitely many uniformly separated sets.

The following is an immediate corollary of Theorem 3.1 in [12]:

Proposition I1.15. If (t,)nen C R? ds chosen such that (e'*)), oy is a Bessel

sequence for Ly([—m,m]%), then (t,)neny C R? is relatively uniformly separated.

The following statement is quickly derived from basic definitions: If (ei<t"7(')>)n 74

is a Riesz basis for Ly([—,7|%), then (¢,),cz¢ is uniformly separated.

Definition II.16. An ezponential Riesz basis (resp. frame) is a sequence of functions

(e, which is a Riesz basis (resp. frame).

As a note, there exists a great body of research on the separation properties of

exponential frames and Riesz bases. Here we have only discussed what is necessary
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for the purposes at hand.
The Bessel sequence Lemma (BSL) (see [13, Lemma 1]), is central to many results

in this dissertation.

Lemma I1.17 (BSL). Choose (t)ren C R? such that (hy)ken := (W@i«')’m)
T keN

is a Bessel sequence in Lo([—m, w|?) with upper frame bound B.

If (Ti)ken C RY and (fi)ren := <W6i<(')’m>> , then for allr,s > 1 and any finite
4 keN

sequence (ay )k, we have

S

> ar(he — fi)

k=r

- \/E<e7rd(rilélzstk7k“00) B 1) (zs: |ak|2>§‘
k=r

La([=m,m]%)

Proof. By Proposition I1.9,

|32
k=1

Let 5k =Tk — tk where 5k = (5k17 s 75kd)7 then

n 1/2
< \/E( a 2) , forall (ag)r_, C C.
Lty = > laxl (ar)j—1

S S

a . . a . .
borla) = 3 g 0 — ] = 30 A1 - )

k=r k=r

Define J = {(jla 7jd) € Zd | .]Z Z 07 (jl?"' 7jd) #0} For any 5/67

1 — ei(ék,az) - 1- eiéklml C ei‘skdiﬁd
o > (iéklxl)jl - (i(skdxd)jd
B 1_<Z ! )(Z jd! )
Jj1=0 7a=0
_ oy Z (i5k1$1)]1 L (z’ékdmd)“
AT

(1, .da), Ji=>0
= - Y et (Or121)" - ... - (Okata)™
gl g4

9

(1, da)€d



From (2.8), we obtain

|¢r,s (x)]

For brevity denote the outer summand above by h;,

||¢1“7s||2

<

IN

IN

IA

Z oy
jl!'... ']d!

]1+ AJja

< ¥

(g1,

(.

2.

(Jrsda)ed

2.

(j17"' 7jd)€

VB

(1,

VB

(41

VB

(71

9jd) J

Jit-tia
(7r sup |7 — tk||oo>

- Z (2j§d/2 etlte.e) [ Z

k=r

6 <tk7 >

LR

[ ’jd)eJ

w (7 sup |7

— tk”oo)j[

<§\ak|2)é

+ Ja!

(s

=

VB (e

1 Mje=0

7rd( sup H'rk—tk”oo)
r<k<s

Je!

)1 ()’

- 1> <§|ak|2>é-

2

jirtetia (Okrz1)? - ... (Ogaza)’®
1. .0l
(jl)"'yjd)GJ ..71' .. ]d.
° ag
SR J1 Jd i(th,
s dz or )d/25k1 . (5kd6 ks

1

dx) ’

]

(). Then
2\ 2
d‘ Z hjl,...,jd(m)‘ dx)
M G da)ed
2\ 2
(/[ 4 hjlv--,jd(];) dl‘)
it +ia i)
Gl gl Y
7'(']1"1‘ +]d | %
2 gl <Z‘a||5 2 .._.15%2)
) ’]d ’ T kep
7T31+ ~+Jda ot '
. a su =1 Oo)
% g (ZH’ ( gsHk ol )

1

15
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C. Examples of exponential Riesz bases and frames

The following deep result due to Beurling ([14, see Theorem 1, Theorem 2, and (38)])

provides a multitude of exponential frames.

Theorem I1.18 (Beurling). Let (t,), C R? be a sequence such that

and

=

t,};réltfm th - tm”& >

sup inf [[t, — &|l,, <
£eRE T

S

If B is a subset of the closed unit ball in R and E has positive Lebesque measure,

then (e, is a frame for Ly(E).
Other examples exponential Riesz bases and frames are shown here.

Theorem I1.19. (Kadec’s “1/4” Theorem) Let (t,)nez C R be a sequence of real
numbers such that

sup [n —t,| < 1/4.
neZ

Then the sequence of functions (eit"(')) is a Riesz basis for Ly|—m, ww|. Furthermore, if
C' is any constant such that sup,,c; |n — t,| < C implies that (e“"(')) 15 a Riesz basis

for Lo[—m,w], then C < 1/4.

The following is the scheme that Kadec used to prove Theorem II.19, first proven

in [15] (see [11] for a nice exposition). Define the operator 7" on Ly[—m, 7] by
T(ei”(')) = () — ¢itn() = (in() (] — giltn=m)0)y - c 7.
Expand e’(t»=() with respect to the orthogonal basis

B= {1,cos(nx),sin (n - %)ﬁ}neN

for Ly|—m, 7], and use this expansion to estimate the norm of 7. Inspired calculation



17

shows that ||T'|| < 1, so that by usual Neumann series manipulation, the map
I—T : ™) s eitn)

is an onto isomorphism. To prove optimality of C' = 1/4, consider the sequence of

exponentials (f,)nez where

foz) =19 1, n = 0;

, n>0

It can be shown (with much effort) that ( f,,),ez\ (o3 has dense linear span in Ly |-, 7],
so that (f,)nez cannot be a Riesz basis. See [11, Chapter 3| for an exposition of this
proof.

An impressive generalization of Kadec’s “1/4” Theorem when d = 1 is Avdonin’s
“1/4 in the mean” Theorem, [16]. In [17], Sun and Zhou have proven the following
multidimensional version of Kadec’s “1/4” Theorem through a direct generalization
of Kadec’s original proof. In this case, optimality (i.e., the counterpoint of the second

part of Theorem I1.19) is not addressed.

Theorem I1.20 (Sun, Zhou). Let (tx)ren C R be a sequence such that

1 )
hic)ken == ( z<<~>,tk>)

is a frame (resp. Riesz basis) for Lo([—m,w|%) with frame bounds A? and B?. For

d>1, define
d
Dy(x) :== (1 — cosTx + sinwx + sinc(ﬁm)) — (sinc(mz))?,

and let x4 be the unique number such that 0 < x4 < 1/4 and Dy(xq) = %. If
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(Tk)wen C R and (fi)ren = (We“(')”’“))keN is a sequence such that

sup || 7 — tillco < 2a, (2.9)
keN

then the sequence (fi)ren is also a frame (resp. Riesz basis) for Lo([—m, m]9).

The scheme of the proof of Theorem I1.20 is as follows. Define the operator T’

on Ly([—m,7]?) by

T(eHm(0) = ¢itn() _ giltn() = gilmO) (] — giltn=n D) € 74,

Y

Let B be the basis from the proof of Kadec’s Theorem. Expand e»~™()) with re-
spect to the orthogonal basis B ® -+ ® B for Ly([—m, n]?). This expansion leads to
the estimate ||T']| < 1, and bounded invertibility of I — 7" follows as before.
Theorem I1.21 below, (see [13]), is another generalization of Kadec’s “1/4” theo-
rem whose proof, though conceptually similar to that of Theorem I1.20, is technically

simpler. The univariate case of this result was proven by Duffin and Eachus in [18].

Theorem I1.21. Let (ty)reny C R? be a sequence such that

1 )
hi)ken = (_ z<(~>,tk>>
(P )ken (QW)d/Qe .

is a frame (resp. Riesz basis) for Lo([—m,m|%) with frame bounds A? and B%. If

(Tk)keny C RY and (fi)ren := (W@i«‘)’”ﬂ)) is a sequence such that

keN
1 A
il < —In 1+ 2, 2.10
sup [~ tul < 1 (14 5 (2.10)

then the sequence (fi)ken is also a frame (resp. Riesz basis) for Lo([—m, m]).

If we let hy(x) = We“(')’m where (t;)ren = Z%, then (hi)reny has frame

bounds A% = B? = 1, and we have the following corollary.
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Corollary I1.22. Let (ng)ren be an enumeration of Z2, and let (t)ren C R such

that
In(2
sup |[ng — tilleo = L < a( ) (2.11)
keN wd
Then the sequence (fi)ken, defined by fr(z) = Wei@”’t”, is a Riesz basis for
Ly([~m, 7).

Corollary I1.22 is useful as it gives a simple and concrete criterion for a sequence of

exponential functions to be a Riesz basis for Ly([—m, 71]?).

Proof of Theorem I1.21. Let (e;)$°, be an orthonormal basis for Lo([—m, 7]¢). Define
linear maps L and L from span(e;)$2, to Lo([—,7]%) by Le, = h,, and Le, = f,. L
extends boundedly to Ly([—m, 7]?). Define § = supyey |76 — tx|loo- Applying Lemma

I1.17, we see that L also extends boundedly to Ly([—m,7]?), and that
|L—L|| < B(e™ —1) := BA

for some 0 < 8 < 1. This implies || L*f — L*f|| < SA, when ||f|| = 1. Rearranging,
we have

A(L=B) < IL°fll, - when [|f]| =1,
so L* is an isomorphism. By Proposition IL5, ( fi)rey is a frame for Ly([—m, 7]?). O
D. A comparison between Theorems I1.20 and II1.21

It is natural to ask how the constants z,; and ﬁ In (1 + %) from Theorems I1.20 and

I1.21 are related. A relationship is given in the following theorem proven in [13].

Theorem I1.23. If x4 is the unique number satisfying 0 < x4 < 1/4 and Dy(x4) = %,
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then
lim Tq — ﬂidln(l—i-%)

v [m(eg)]

6w(1+§)d2

=1.

We prove Theorem I1.23 via a sequence of propositions.

Proposition I1.24. Let d be a positive integer. If f(x) := 1—cos(z)+sin(z)+sinc(z)

and g(x) := sinc(z), then

) fl@)+4d(x) >0, ze(0,7/4),
2) g (x) <0, xze€(0,7/4),

3)  f"(x)>0, xe€(0,A) forsome 0<A<1/4.
Proof. For 1), let
o(z) == 2*(f'(7) + ¢'(v)) = 2*sin(x) + 2% cos(z) + 27 cos(x) — 2sin(z).
Noting that ¢(0) = 0, it suffices to show that ¢ > 0 on (0,7/4). Now

&' (r) = x(x cos(x) — xsin(x) + 2 cos(x)) =

con () (x + 2 — ztan(x)),

so it suffices to show that ¢(z) :== x +2 — xtan(z) > 0 on (0,7/4). Now
Y'(r) =1 — zsec?(z) — tan(x)

is decreasing on (0,7/4), and ¢'(0) = 1 and ¢'(7/4) < 0, so there exists unique
¢ € (0,7/4) such that ¢'(c¢) = 0. We conclude that ¢ is increasing on (0,¢), and
decreasing on (¢, 7/4), but (0) = ¥ (7/4) = 2, so ¥(x) > 2 on (0,7/4).
For 2),

xcos(x) —sin(z) x — tan(x)

g'(x) = o =

22 cos(z) ’

but z — tan(x) < 0 on (0,7/4) as 0 — tan(0) = 0 and (z — tan(z)) = 1 — sec?(x) < 0
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on (0,7/4).
For 3), by standard Taylor series expansions we have f(z) =14z + x—; + O(23), so

that f”(0) = 2/3. Continuity of f” gives the desired result. ]

Proposition I1.25. The following statements hold:
1) For d > 0, Dy(z) and D))(x) are positive on (0,1/4).
2) For all d > 0, D)(x) is positive on (0,A).

Proof. Note Dy(x) = f(mx)? — g(mx)? is positive. This expression yields
Dy(x)/(dr) = f(m2)"" f'(ra) — g(w2)™"¢/(72) > 0 on (0,1/4),

by Proposition 11.24. Differentiating again, we obtain

Dj(x)/(dn®) = (d—1)[f(ma)"*(f(72))* — g(mz)"*(¢ (m2))*] +

+ [f(r)* 7" (r2) — g(ma)* 9" (m2)] on (0,1/4).

If ¢"(mx) < 0 for some € (0,1/4), then the second bracketed term is positive.
If ¢"(mx) > 0 for some = € (0,1/4), then the second bracketed term is positive if

f"(rx) — ¢"(wx) > 0, but
f"(rx) — ¢'(rx) = 7*(cos(mx) — sin(7x))

is positive on (0,1/4).

To show the first bracketed term is positive, it suffices to show that

fl(mz)? > g'(nx)* = (f'(72) + ¢ (72))(f'(72) — ¢ (7)) > 0

on (0,A). Noting f'(rx) — ¢’ (nzx) = m(cos(mz) +sin(mz)) > 0, it suffices to show that

f'(mx) + ¢'(mx) > 0, but this is true by Proposition 11.24. O

Note that Proposition I1.25 implies that z, is unique.
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Corollary 11.26. We have limg_,, x4 = 0.

Proof. Fix n > 0 with 1/n < A, then limy,o, Dyg(1/n) = oo (since f is increas-
ing, implying that 0 < — cos(7/n) + sin(7/n) + sinc(w/n)). For sufficiently large d,

Dy(1/n) > 4. But 4 = Dy(zq) < Da(1/n), so zq < 1/n by Proposition I1.25. O

Proposition 11.27. Define wy = 1d In (1 + %). We have

™

timd( = Duea) = gg[w(1+ )]

N A
i gPite = =(1+75)
N g A
i gPitra) = =(1+75)

Proof. 1) For the first equality, note that

Dalewa) = (14 b))/ — g(a))=] (2.12)

_In(c)
r=—q

where h(z) = — cos(z) +sin(z) + sinc(z), g(x) = sinc(z), and ¢ = 1+ 4. L’Hospital’s

Rule implies that
lim(1 + h(x))ln(c)/z =c¢ and lim g(x)ln(c)/”” =1.
z—0 z—0

Looking at the first equality in the line above, another application of L’Hospital’s

Rule yields

1+ h(z))nE/z — YO -1 (14 h(z) —
113%( + hiz)) ¢ _eln(e)| e T _ I+ gﬂf)) b (2.13)
T X X X

Observing that h(z) = x + ?/3 4+ O(2?)), we see that

W (x)
fim 2@ 1 _ 1
x—0 x 3 )
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L’Hospital’s Rule applied to the second term on the right-hand side of (2.13) gives

In(c)/z _ —
iy (1+ h(x)) c_ cln(c). (2.14)
x T 6

In a similar fashion,

lim =——— =In(c) lim (2.15)

z—0 x x—0

gla)"Os 1 [%@> 1mg@»].

Observing that g(z) =1 — 2%/6 + O(z*), we see that

7 (@)
lim 22— =
z—0 I 3

L’Hospital’s Rule applied to the second term on the right-hand side of (2.15) gives

In(e)/z __ 1 1
lim 9(x) - S néc). (2.16)

Combining (2.12), (2.14), and (2.16), we obtain

(4 i) = 5[ (1 2)]

2) For the second limit we have, (after simplification),

(1 + h<lnc(lc))> (IH(C))/CDEC)) d In(c)
1+h($) - g<ln<c>> g/< d )]

In light of the previous work, this yields

In(c) (ln(c))/<ln¢(iC))
o(*F)

1
gPilwa) =

1 A
Jim 2 Diea) =7 (1+ )

3) To prove the third assertion, note that (1 + h(rzq))? = 4 + g(mzq)? gives

1, | 5+glmzd)? g(rza)?
gPa(ra) =7 Hh—mmh (mzq) — o) ! (7T$d)]- (2.17)
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Also, the first inequality in proposition 11.27 shows that, for sufficiently large d (also
large enough so that 4 < A and wy < A), Dg(wy) < % = Dgy(x4). This implies
wgq < x4 since Dy is increasing on (0,1/4). But Dy is also convex on (0, A), so we can

conclude that

Combining this with (2.17), we obtain

1 mg(mry)? 1+ h(rzy) A A

70w + =g () | (Snt) < w(F + o) <=(1+ 5).

d d(wd> + g(ﬂ-xd) g (de) h,(ﬂ'xd) ™ B +g<7r‘rd) m + B
The limit as d — oo of the first term in the chain of inequalities above is ’/T(l + %),
SO

. A d A
i w5 +oterd’) = =(1+ )

Combining this with (2.17), we obtain limg . 3 D}(z4) = 7r<1 + %). O

Proof of Theorem I1.23. For large d, the mean value theorem implies

Dd([Ed) — Dd(wd)
Tqg — Wy

= Dé(ﬁ)? f € (wdaxd)a
so that
Tqg — Wqg =

For large d, convexity of Dy on (0, A) implies

d(% _ Dd(wd))
i Di(wa)

d(g — Dd(wd)>

< d2(l’d — wd) <
iDi(za)

Applying Proposition I1.27 proves the theorem. ]
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CHAPTER III

MULTIVARIATE POLYNOMIAL INTERPOLATION AND BANDLIMITED
FUNCTIONS

A. Introduction

This chapter is outlined as follows. Sections B and C introduce and develop the basic
properties of uniformly invertible operators and Riesz bases, and give examples of
such objects. Theorems I11.26 and II1.30 (the main results pertaining to polynomial
interpolation and approximation) are established in Sections D and E, along with
pertinent corollaries. Section F addresses the optimality of the growth rates appearing
in Theorem II1.30. The notion of uniform invertibility also leads to an alternative

proof of a significant special case of Theorem I.1; this is the content of Section G.

B. Uniform invertibility of operators and Riesz bases

Given an exponential Riesz basis (f,)neze for Lo([—m,7|?), Theorem 1.1 and (2.7)
clearly demonstrate the need to approximate (f%),cz¢ in a concrete manner. This
motivates the concept of uniform invertibility; it is introduced in Section B, and
plays a central role in subsequent sections. Informally speaking, a uniformly invert-
ible Riesz basis is a Riesz basis (f,,),ez¢ such that:

1) It can be obtained as a “limit” of a sequence of simpler Riesz bases, each one
of which (except for finitely many terms) is an orthonormal basis.

2) The set of biorthogonal functions (f),cz¢ of (fn)neza is also a “limit” of the
sets of biorthogonal functions of the simpler Riesz bases in 1). This is the most impor-
tant feature of uniformly invertible Riesz bases, because the biorthogonal functions of

the Riesz bases in 1) which we will examine are simply products of rational functions
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and the SINC function. These notions are formalized in this section.

Definition ITI.1. Let H be a Hilbert space with orthonormal basis (e, )nen. If (k¢)een
is a strictly increasing sequence of positive integers, define P, to be the orthogonal
projection onto span(en) for £ € N.

n<kyp

Definition III.2. Let L : H — H be a bounded linear map. If P, LP, : PPH — P,H

is invertible with inverse mapping (P, L)™', then extend (P,LP;)~" to H by defining
(PgLPg)ill’ = (PgLPg)ilpgl’.

We note that this is a convenient abuse of notation, as PyL P, is also a map from H

to itself, and is certainly not invertible with that choice of domain and range.

Definition II1.3. Let L : H — H be an onto isomorphism. L is uniformly invertible
with respect to the projections (Py)en if

1) PLP,: P, H — P,H is invertible for ¢ € N, and

2) supgey | (PLP) ™| < oo

Definition III.4. A Riesz basis (f,),ene for H is a uniformly invertible Riesz basis
(UIRB) with respect to the projections (Py)een if the onto isomorphism defined by

Le,, = f, is uniformly invertible with respect to the projections (FP;)sen.

Definition IIL.5. Given an operator L on H, we define the operator L,, £ € N by
Ly=LFP+1—-PF,.
We can now state and prove the following lemmas:

Lemma II1.6. Let (f,)nen C H, (€n)nen be an orthonormal basis for H, and

Span(en>n€N
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be the linear-algebraic span of (€,)nen. Define L : span(e,)neny — H by Le, = f,.
For each € > 0, the following statements are equivalent:

1) (fu)n<k, Y (€n)n>k, is a Riesz basis for H.

2) PLP,: PbH — P,H is invertible.

3) Ly is an onto isomorphism.

Proof. 1) <= 3) is immediate.
1) = 2): From the definition of L, we see that it extends to an onto isomorphism

on H. This yields PyL, = P;LFP,;, which implies P, = PgLPgLZl, so that
Py = (P,LP)(PL;'P),
whence P,L P, is invertible, and
(PLP)™ = PL;' Py (3.1)

2) = 1): It suffices to show that L, is an onto isomorphism.

Note that L, extends to a continuous map on H.

First we show that Ly is one to one. Say 0 = Lyx = LPjx+ (I —Fy)x, then 0 = P, L Pz,
so that 0 = (P, LP,) ' P,L Pz = Pyx. We conclude that = (I — P;)x. This implies

OZLgszg(]—Pg)l‘:(I—Pg)l‘:{b.

Next we show that L, is onto. Note Ly(I — Py)xz = (I — P;)x, so we only need to show

that for all z, P,z is in the range of L,. Given x € H, define

y = (PLP) "z + Pix — L(P,LP) .
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Then

Ly = (LP;+1— P)(PLP) *x+ Pz — L(P,LP) ')
= (LP,+1— P)(PLP) 'z + (LP,+ I — P))Px
—~(LP,+ 1 — P)L(P,LP) '
= LP/(P,LP) 'z + LPx — L(P,LP,)(P,LP) 'z — LP/(P,LP) 'z
+(P,LP)(P,LP,) ',

= P, ?r
where we have used the following in the second and third lines:
Py(P,LP) ™' = (PLP)™".

Thus L, is a continuous bijection between Hilbert spaces. An application of the

Banach Open Mapping Theorem shows that L, is an onto isomorphism. O

Lemma II1.7. Define L as in Lemma II1.6. For each ¢ € N, L, extends to an onto

isomorphism on H if and only if it is one to one.

Proof. One direction is immediate. Suppose that L, is one to one. It immediately
extends to a bounded linear operator on H. By Lemma III.6, we only need to show
that P.LP, : PbH — P,H is invertible. Finite dimensionality of P,H further reduces
the problem to showing that P,LP, : P,H — P,H is one to one. Let (P,LF,;)Pyx = 0.
We have

Lz(Pgl‘ — (I — Pg)LPgJ?) = Lng(E — Lg([ — Pg)LPgl’
= Lng[E - (LPg + I — Pg)([ - Pg)LPgl’

= LngZE — ([ — Pg)LPg!E
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Since L, is one to one, we have that Pyx = (I — P;)LP,x, so that Pz = 0. O

Lemma II1.8. Let (f,)nen be a Riesz basis for H, where Le, = f,. The following
are equivalent:
1) (fu)nen is a UIRB with respect to the projections (FPp)een-

2) Ly is an onto isomorphism for { € N, and
sup | L] < oo.
LeN

Proof. 1) = 2): By Lemma IIL.6, we only need to show that sup,.y||L;"|| < oo.

This follows from the identity

L;'=[-(-P)L(PLP) " +1-P, (3.2)

which can be seen as follows:

(I — (I = P)LI(PLP)™ +1—-PF
= [I-(I—-P)LIPL;*P,+1— P, (byeq. (3.1))
= PL,'P,—(I—-P)LPL;'P,+1—- P,
= PL,'P,— LP,L,;*P,+ (P, LP)(PL;*P)+1— P,
= PL,'P,— LPL,'P,+1

= (I-L)PL'P+ 1. (3.3)
We have (I — L)P, =1 — Ly, so

[[—(I—P)L(PLP) ' +I—-P = (I-L)L;'P+1 (3.4)

= Lé_lpg—Pg—i—I.

From the definition of L,, we see that L,(I — P,) = I — P,. Composing from the left
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by L;' yields I — P, = L,;*(I — P,). Rearranging, we have L,'P, — P, + 1 = L;",
which proves the identity.
2) = 1): This follows from (3.1). O

Lemma I11.9 is the formal statement of 2) from the beginning of this section.

Lemma II1.9. If (f,)nen is a UIRB with respect to the projections (Py)een, where
Le, = f,, then

lim (L}) ™' f = (L*)"'f, forall f € H. (3.5)

{—00
Proof. Note that

(L™ = @) = @) - L)

and
Klim Lyf=L"f, forall feH.
—00
Applying Lemma I11.8, we have (3.5). ]

Lemma II1.10. Let L : H — H, given by Le,, = f,, be an onto isomorphism. The
following are equivalent.
1) (fn)nen is a UIRB with respect to the projections (Pp)gen.

2) For all f € H, limy_,o(L;)" (I — P,)f = 0.

Proof. Applying Lemma II1.8, it is clear that 1) implies 2). For the other direction,

note that the equality L; = P,L* + I — P, implies that
I = (L) 'PL*+ (L)) (I — P), (3.6)

from which ((L}) ™ P)sey is pointwise bounded. Together with the assumption in 2),
this implies ((L})™!)sen is pointwise bounded, hence norm bounded by the Uniform
Boundedness Principle. Noting that ||(L})1]| = ||L; || yields uniform invertibility of
L. ]
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Lemma II1.11. Let L : H — H, gwen by Le, = f,, be an onto isomorphism. The

following are equivalent:
1) For all f € H, we have

f = Jim (L) R (3.7)
2) (fu)nen s a UIRB with respect to (Py)gen.

Proof. Recall (3.6) and apply Lemma III.10. O

The next pair of propositions shows that uniform invertibility of an operator is

preserved under appropriate small-norm or compact perturbations.

Proposition II1.12. Let L : H — H be a uniformly invertible operator with respect

to (Pp)een.

1) If 0 # liminf, o [[(P.LP,) 7| =0 M < oo, and A is an operator such that

1
L—- Al < —
1= All < 47,

then there ezists a subsequence (kg)een such that A is uniformly invertible with respect

to (Pkg)éeI\L

2) If supyen |[(PLPy) 7| =: M < o0, and A is an operator such that

1
L—A —
IL- Al < .

then A is uniformly invertible with respect to (Py)gen-

Proof. Proof of 1). We first show that A is invertible for large ¢. Let ¢ be large

enough so that L, and P,LP, are invertible. Equation (3.2) implies that

(Ly) ™' = (PL*P) ™ = [I = (PL*Pp) ' L(I — Py),
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yielding
lim (L)) 'f — (PL*P) ' f =0, forall fe H. (3.8)

{—00

Equations (3.5) and (3.8) show

lim (P,L*P,) ' f = (L*)"'f, forall f € H.

{—00

The equality ||L7Y| = ||(L*)7!]| implies

1L < Yim inf ([ (PLP) - (3.9)
There exists v < 1 such that
IL = Al < % (3.10)
Equations (3.9) and (3.10) yield ||L — A|| < 7%, implying ||1 — L' A]| <7, so that
A7t = i([ — LAk
k=0

by standard Neumann series manipulation.
We now verify that (Py, AP;,)~" is well-defined for some sequence (k;)sen, and that

the norms are bounded. Equation (3.9) implies

|P,LP, — P,AP,| < %

so that
[P — (PeLP) ™ (PAP)|| < %H(PgLPg)*lH.
This yields
lim inf P, — (P,LP)  (PAP,)| <.
Therefore there exists a sequence (k;)een such that

- +1
1P — (PP (PrAR)| < T <1
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Again, Neumann series manipulation shows that

(PkeAPk»il = Z[Pke - (szkae)il(szAsz)]j(szkae>71>

§=0
and
sup || (P, APy,) | < sup || (P, LPy,) 7| < oo.
LeN 1 =7 ¢en
Proof of 2). Modify the proof above in the obvious way. O]

Proposition II1.13. Let L : H — H be uniformly invertible with respect to the
projections (Py)een. If A: H — H is a compact operator such that L:=L+A isan
onto isomorphism, then there exists N > 0 such that L is uniformly invertible with

respect to the projections (Py)e>n-
Proof. From the definition of L,, we have
I=(I-P)L,' +LPL,",

so that

LY p-0L,'=PL' - L

for sufficiently large ¢. This implies
(Ly) P — (L) = (L)~ (P = I)(L") (3.11)

As ¢ — oo, the right-hand side of (3.11) has 0 limit pointwise. Combined with the

compactness of A*, we obtain
Jim (L)) 'PA* = (L*)TA* (3.12)
—00

where the limit is in the operator norm topology. Taking the adjoint of each term in
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(3.12) and adding the identity yields

lim (I +APL7Y) =1 +AL™ = (L+A)L7, (3.13)

£—00

where the limit is also in the operator norm topology. The right-hand side of (3.13)
is an onto isomorphism, so there exists N such that ¢ > N implies I + APngl is an

onto isomorphism, and that
Jim (I+APRLY ' =L(L+A)™
—00

This yields

sup ||[(I + APL; )7 < <. (3.14)

(>N

Defining Ly = EPg + I — P;, we obtain
Ly=Li+ AP, = (I +APL; YL,

When ¢ > N, we have
L;'=L;'(I+APLYH™,

and (3.14) implies
sup || L[| < sup || L | sup [|(1 + APL ) 7| < o0,
(>N (>N (>N

from which uniform invertibility of L follows. ]

C. Examples of uniformly invertible exponential Riesz bases

Our main results, to wit, Theorems I11.26 and II1.30 to follow, are stated in terms of

UIRBs. We demonstrate here that this is indeed a fairly wide class.

Definition II1.14. Define Cy 4 = {—/(,--- ,£}%.
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Definition II1.15. For ¢ € N, define P, : Lo([—m,7]?) — Lo([—,7]%) to be the

orthogonal projection onto span(e,)nec, -

Theorems II1.16 and I11.17 show that some earlier examples of exponential Riesz

bases (and simple modifications thereof) are UIRBs.

Theorem II1.16. The Riesz bases given in Theorems 11.20 and I1.22 are UIRBs with

respect to the projections (Py)een from Definition I11.15.

Proof. The proofs of Theorems I1.20 and I1.22 in [17] and [13] rely on the fact that
the map Ae,, = f, satisfies || — A|| = ¢ < 1. Apply Theorem II1.12 for L = I. ]

Theorem II1.17. Let Dy and x4 be as in Theorem IL.20. Let (t,),cze C R? be a

sequence satisfying either

1) limsup ||7, — nl|ee < zay, Da(za) =1, 0<xs<1/4, or

[In]loc—00
In(2
2) limsup ||, — 1o < a( )
oo 00 d

If (WGN(')’T’J) is a Riesz basis for Ly([—m, 7]?), then there exists N > 0 such

that it is a UIRB with respect to (Pp)esn (a subset of the projections from Definition

nezd

I11.15).
The proof of Theorem II1.17 relies on Corollary I11.18 and Corollary I11.19.

Corollary II1.18. Given two sequences (tp)peza C RY and (7,)neze C RY, define

(fn)nEZd and (gn)nezd by fn() = Wei<.’tn> and gn(') = WGM’%)' If (fn)nezd is

a Riesz basis for Ly([—m, 7]?), and

lim  ||t, — Tulleo =0,
[In]|oo—>00

then the operator K defined by Ke, = f, — g, is compact.
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Proof. 1f Le, = f,, then certainly

S
nezZd

Let f =300 0 anen, where Y -4 a,|* = 1. Then by Lemma II.17,

1/2
< HLH(Z \%E) . for all (an)pegs € £o(Z9).
n€zZ4

I~ KPS|
sup  ||tn—"nlloo
e TS e e ) [ Y
[In||oo>€+1

ltn—7nlloo)

sup
snu(waWI -J)AHWQ

As K is the limit of finite rank operators in the operator norm topology it is compact.

O

Corollary II1.19. Let (ty)nezd; (Tn)nezd, (fu)nezd, and (gn)neza be defined as in
Corollary I1.18. If (fn)neze is a UIRB with respect to a set of projections (Py)gen,
and (gn)neze 18 a Riesz basis for Lo([—m,w]?), then there ewists N > 0 such that

(gn)neza is a UIRB with respect to (Pp)esn-
Proof. Apply Proposition II1.13 and Corollary III.18. O
Proof of Theorem II1.17. Apply Theorem II1.16 and Corollary III.19. ]

Simple examples show that in Theorem II1.17, the assumption that

< 1 61'(.,7“))
(27T)d/2 nezd

is a Riesz basis for Ly([—m,7]?) cannot be dropped when d > 2. Example: The
standard exponential orthonormal basis (e,),cze is of course uniformly invertible,

but the set

1 il
(e 1) e
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is not a Riesz basis, as

67"<"(171/2’07"' 70)> c Span (e’i<',(1,n,0,-~ ,0)>>n€Z_

However, this condition can be dropped when d = 1. This follows from the following

theorem.

Vor

is a Riesz basis for Lo[—m,m|. If (Th)nez C R is a sequence of distinct points such

Theorem I11.20. Let (t,)nez C R be a sequence such that (f)nez = (Le””(')>
neZ

that

lim |t, — 7, =0,
|n]—o0

then (gn)nez = (\/%76”"('0”62 is a Riesz basis for Lo[—m, m].

The proof of Theorem III.20 relies on Lemma III1.21 below, which appears as
Lemma 3.1 in [19]. The proof of Lemma II1.21 found in [19] itself relies on a citation,
so for the sake of completeness Lemma II1.21 is presented here with a self-contained

proof.

Lemma I11.21. Let (f,)nez be an exponential Riesz basis for Lo[—m,m|. If finitely
many terms in (fn)nez are replaced by arbitrary complex exponential functions, then

the resulting sequence (provided it consists of distinct functions) is a Riesz basis for

Lo[—m, .

Proof. If we can prove the case when we make only one replacement, the general
result follows inductively. Let f,(-) = \/%76“"(') for n # 0, and go(-) = \/%6”0(') where
10 € R and 79 # ¢, for n # 0. We will prove that (go) U (fn)nzo is a Riesz basis by
proving a) and b) below:

a) Let (f)nez be the biorthogonal basis for (f,,)nez. Then (go) U (fn)nzo is a Riesz

basis if (go, f) # 0.
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b) The inequality (go, fi) # 0 holds.
Proof of a). Let (e,)nez be an orthonormal basis for Ly[—m, 7). If we show that the

bounded linear map 7T : Ly|—m, 7] — Lo[—m, 7]

90, nIOa
fny mF#0

Te, =

is one to one and onto, then the Banach Open Mapping Theorem asserts that 7" is an
onto isomorphism, and we are done. The relation (go, f§) # 0 quickly implies that T
is one to one, so we only need to show that T is onto. Since (f,,)nez is a Riesz basis
and (fn)nzo = (Tepn)nzo, it suffices to show that fo = T¢ for some ¢ € Lo[—m, 7.
Rearrangement of
90 = Z<90>f;>fn = (90, f5) fo + Z<90, fa)fn
nez n#0

yields

_ 1 o <go7f':> _ 1 en — <go,f:{>€
Jo= <907f6k>go nzﬂ@mf@fn T(<go,f§> ’ nzﬂ<go7fék> n)

Proof of b). After passing to the Fourier transform and recalling that Gy = F f§, we
note that (go, fi) # 0 is equivalent to Gy(1) # 0. If we can show that the only zeros
of Gy in R are (t,)nz0, we are done. Suppose there exists A € R, A ¢ (t,)n20 such
that Go(\) = 0 with multiplicity m. Define the entire function

(tO _ /\)m
H(t) = ——G(t).

( ) (t —_ >\)m 0( )
Note that H|g € Ly(R), and H is of exponential type 7, so H € PW|_; ; by Theorem

I1.3. The expansion

H(t) = Z H(tn)Gn(t)>

neL
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combined with H(t,) = 6,0, shows that H(t) = Go(t) for all ¢ € R, an immediate

contradiction. We conclude that Gy(A) # 0. O

Proof of Theorem III.20. Define Le, = f, and Le, = g,. By Corollary II1.18, L is

bounded linear and L = L + A for some compact operator A. Define the operator

n N <4
Ree. — frs ]

Gn, |n|>"¢

Rewritten, we have
Ry=LP,+(L+A)YI—-P)=L+A( - F).

Compactness of A implies that lim,_,. Ry = L in the operator norm topology. We
conclude that Ry, is an onto isomorphism for some /¢, sufficiently large; that is, the

set
(fr)imi<to Y (gn)in>to (3.15)

is a Riesz basis for Ly|—m, 7]. If we apply Lemma II1.21, by replacing (fy)nj<¢, With

(gn)nj<e, in expression (3.15), we have that (g,)nez is a Riesz basis for Ly[—m,7]. [

D. The first main result

For the remainder of this chapter we use the unitary d-dimensional Ly Fourier trans-

form

FUC) =PV o [ 1O e, € L(®?)

(2m)

where the inverse transform is given by

FHNC) =PV s [ 1@, 1 € La(®).
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To avoid confusion of indices, we write t € R? as t = (¢(1),--- ,¢(d)).

From here to the end of this chapter, if a sequence of points (t,,),cza is specified, the

sequence (fy)neza is given by (W&(-,tﬁ) -

Definition II1.22. If ¢ > 0, and (¢,),eza is specified, the sequence (fi,)nezae refers

to

(fn)nécz,d U (en)nﬁcz,d'

Definition II1.23. If any Riesz basis (f,,),, for Ly([—, 7]%) is specified with biorthog-

onal functions (f¥),, the sequence (G,,), is defined by G,, = F f (see Corollary I1.11).

Definition I11.24. For ¢,d € N, define the multivariate polynomial

Quelt) = ﬁ (1- t(]g) ﬁ (1- t(lg), t= (1), H(d)).

ki=1 kqg=1

SINC(rt)
Qa,e(t)

computed according to the formula

We note that the function ¢t — has removable discontinuities which can be

. sinc(mt) (01)?
i Qret)  ((+n)(l—n) ne{=t...t

For all ¢, Sg\;i((;t) is taken to mean lim,_,; Sg\i(j}((:;) . The same is true for the reciprocal.
Definition I11.25. If p(xq, - -+ , x4) is a multivariate polynomial, the coordinate degree

of p is the maximum degree of p in z; for any index 1.

Hereafter, (P;)sen will refer to the projections from Definition I11.15. An analo-
gous version of Theorem II1.26 (in contrast to its current statement) holds if (f,,),ez¢
is a UIRB for any subsequence of (P)seny. The proof (up to a trivial re-indexing)
is identical, and the examples of UIRBs from the previous section do not warrant
such generality. For the sake of simplicity, we choose not to pass to a subsequence.

Since there is no ambiguity, “(f,)nezae is a UIRB for (P)en” will be abbreviated by
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“(fu)nezae is @ UIRB”. Inner products are all denoted by (-, -). The underlying Hilbert
space, be it RY, Ly([—m, 7]¢), £y or PW,_ ma will be clear from context. Unless it is
explicitly stated otherwise, all norms are Hilbert space norms.

The following is the first main result of this chapter.

Theorem II1.26. Let (t,),cze C RY, and suppose that (fp)peze is a UIRB. Given
f € PW_, 44, there exists a unique sequence of polynomials (Wy)een, Wy R? — R,
such that

(a) Yy has coordinate degree at most 2(.

(b) Yy(t,) = f(t,) for alln € Cpq.

(c) f(t) = limy_oo qu(t)sg\;(z((gt), where the limit is in both Ly and uniform senses.

This paragraph outlines the broad strokes in the proof of Theorem II1.26. As
(fu)neza is a UIRB for Lo([—m, 71]?), (fon)neza is a Riesz basis for Ly([—m,7]?), as
in Definition I11.22. Using (2.4) to expand each function in the biorthogonal system
(Gon)neza, (see Definition I11.23), we find that Gy, is a rational function times a
SINC function. Examination of this rational function shows the existence of polyno-
mials py,,(t), where the coordinate degree of each polynomial p, is at most 2¢, and
Pen(tm) = Opm for n,m € Cp 4. The existence of polynomials satisfying (a) and (b)

follows. Simple estimates show that for large ¢,

Gunlt) = pea(t) g1 (3.16)

If we expand f € PW_, j« against (Gyp)n, we have
Fy =D f)Gealt)+ D f(n)Genlt).
neCy q n¢Cea
Uniform invertibility shows that the second sum can always be neglected for large ¢.

For statement (c) combine the expression above with (3.16):
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= Y Ft)G0 = (X ftpan) oo,

n€Cy 4 n€Cy q le(t)
The proof of Theorem II1.26 requires several lemmas, beginning with the fol-
lowing equivalence between the existence of particular Riesz bases and a polynomial

interpolation condition:

Lemma II1.27. Let (t,),cze C RE. The sequence (fon)neza is a Riesz basis for
Ly([—m, 7% if and only if both of the following conditions hold:

1) For alln € Cpg, t, € (R\ (Z\{—¢,---,(}))".

2) For any sequence (cx)rec,,, there exists a unique polynomial W, with coordinate

degree at most 20 such that W,(t) = ¢, for k € Cygq.

Proof. Suppose that the sequence (fy,)neze is a Riesz basis for Ly([—m,7]?). We

compute the functions Gy,,, when n € Cyq4, by (2.6) and (2.4):

Gea(t) = > Guu(k)SINCr(t — k) (3.17)
_ < Z Gon(k)(—1)PO+-HR Dy (1) t(d)
- \G, @) —kD) - (Hd) — k()

)SINC(mf), t € R%

Denote the £ summand in (3.17) by Az, then
() = i)

( (1) - )
I<isd ®jie{—€ LI\{k())}

G (R)(= 1P+ Dy(1) () TT

1<i<d *jie{—£, 3\{k()}
(I h-i)
1Sigd jie{fgv"'ve}
G (k) gaa (1) 04 @w0 T (
o 1<i<d N jae{—t, ARG} _ Peag(t)

¢ t(1)2 ¢ H(d)2 - + )
[T (1= %) - T (1 59 Qae(1)

1<i<d <jz-e{—&-~ LINLE(D)}

Af,n,k = Aé,n,k

(1) = ji))
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where py,, 1 is some polynomial with coordinate degree at most 2¢. Substituting into

equation (3.17), we obtain

SINC(nt)
Qa(t)

= gbﬁ,”@)%)

where ¢y, is a polynomial having coordinate degree at most 2¢. This yields the

equation
SINC(rt)
1= n tn - )
¢€,( )< Qdyg(t) )tn
which shows that
SINC(nt,)
n(tn 0 and ———= #0. 3.18
rnlt) 7 i (319
The fact that
ST ) it and only if ¢ € Z\ {—(,--- 0}
= if and only i —L, -
Q1,(t) Y
implies that
SINC(rt,,)

) i J
—de(tn) #0 if and only if ¢, € (]R\ (Z\{—t,--- ’g})) :

which proves the first assertion.
For n,m € Cyq,n # m,

0= Gunlt) = %(tm)%. (3.19)

From (3.18) and (3.19), we conclude that

Qd,e(tn) 75 0. n=m:

SINC7ty, ) - ’
Gunltm) =4 " ,

0, n#m

for n,m € Cy4. From this, the “existence” part of assertion 2) readily follows. Re-

stated, the evaluation map taking the space of all polynomials of coordinate degree
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at most 2¢ to R+D" is onto. These spaces have the same dimension, hence the
evaluation map is a bijection, and this completes the proof of 2).
Suppose that 1) and 2) hold. For n € Cygq, let py,, be the unique polynomial of

coordinate degree at most 2¢ such that py,,(t,,) = 6nm for m € Cp 4. Define

Qd’g(tn)SINCTFTf (t)
Que(D)SINCrt, "

(Satla )y (1(1), - 1(d) sin(rt(1)) - .. - sin(r(d)
wt(1) H§1:1 ( — %) .. mt(d) Hﬁdﬂ (1 B t(:;)

If, in (3.20), we sequentially apply partial fraction decomposition in each real variable

Dy, (1)

(3.20)

t(1),--- ,t(d), we see that @y, (t) is of the form

Opu(-) = Y apSINCr(- —n) € PW_, .

TLGC@yd

Therefore, by (2.1),
(5n,m = CI)Z,TL(tm) = <(I)£,n('>7 SINCT‘—( - tm)> = <JT'.71<CI)Z,TL)7 fm>7 n,me Cﬂ,ch

and ®,,(m) = 0 when m ¢ Cp4. Define the map L, by Lse, = fr,. Let f =
Y nezd Cnen such that Lyf = 0. Then
0= Z Cnfn + Z Cn€n-
neCeq n¢Cpa
If, for each n € Cyq we integrate the above equation against F1(®y,,), we see that
c¢n =0forn € Cyq, sothat ¢, =0 for alln € 7. Thus L, is one to one, so by Lemma

I11.7, it is an onto isomorphism from Lo([—m, 7]%) to itself. O

Proof of (a) and (b) of Theorem II1.26. Lemmas II1.8 and II1.27 imply the existence

of a unique sequence of polynomials satisfying requirements (a) and (b) of Theorem
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I11.26, namely,

Z f pfn

nECg d

where py,, is defined as in the proof of Lemma III.27. O

It remains to show that this sequence of polynomials satisfies condition (c) of Theorem

I11.26; this is accomplished with the aid of the following propositions.

Proposition II1.28. Let (t,),cze be any sequence in RY. The following are true:

sinc(mx)

1) Sup,cp SUP/ey Oy | = L
2) If Mgy = {n ezt | |2 W} for £ €N, then
SINC(r )
0<1- 0 E 5 n) <l—edP1 nel, (3.21)
et

Proof. For 1), the identity

sinc(mt) = ﬁ (1 — 2—22)

k=1

implies

EEACH e

where convergence is uniform on compact subsets of C. Fix £ € N. If ¢t € [0,/ + 1],

sinc(7rt)

Q1,e(t)
€ (¢ +1,00), then

then

< 1. Note that [Q1¢(t)] = []s_, <,’;—22 - 1) is increasing on (¢ + 1, 00). If

sinc(wt)’ B ‘ sin(7t) ’ 1
Que(t) I 1mtQue(t)] ~ (€ +1)[Que(C + 1]
Computation yields
(204 1)!

|Que(+1)[ = A1)
SO

sinc(7t) (01?2

Q) | S CTESTII
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Observing that smc(?tt)) is even proves 1).

smc(ﬂ't

For 2), let ¢ € R such that £+1 < 62%, then 0 < IOk and
. t [ee] oo
—log <SlnC(7T )) - _ Z log (1 — —> Z Z — (3.23)
Que(t) k=0+1 ki1 j=1 7
_ 2j
-y ( > ).
ji= 1 k=0+1

The function 1/x% is decreasing, so basic calculus shows that

o0

1 1 1
2w SUFr T ol

k=(+1

Equation (3.23) implies

[e.e] [e.e]

(@) < L) e ) e

< (t+2) 2( )

> fo; -, 80 that

If n € Ayq, then for each 1 <k <d, ‘

/+1

SINC(wt,)\  « sinc(t, (k) (¢ +2)
log( Quelty) ) - Zlog( Oro(tn(K)) ) SRR

Statement 2) of Proposition II1.28 follows readily. O

Proposition I11.29. Statement (c¢) of Theorem II1.26 is true if and only if

SINCrt, 12
=1 - =—/——2| =1 d. .
0=Jim > [f(t) {1 @d,xtn)} = lim Sea, [ € PWigme  (3.25)

TLGCg’d

Proof. Note that Le, = f, implies that f; = (L*)"'e,. Similarly, f;, = (L;) "e,.



47

Given f € PW_ 4, let g = F~'(f). Equation (3.7) shows:

FAH = Jm (L) Y (Lgeea)en = lm (L)Y (g, fuden

{—00 £—00
nEng nECZ,d
= hm E (9, fn) fin = hm E f(tn fen
nEng TLGCed

Passing to the Fourier transform, we have
= Jim > Ft)F(f7), fE€PWigaa, (3.26)
TLGC@ d
where the limit exists in both L, and uniform senses. Equation (2.7) shows that the
values of a function in PW|_, 1 on the set (t,)nec, , U (7)ngc,, uniquely determine

the function. This and (3.20) show that

* o o de(tn)SINCTrt
F(fen)(t) = Genlt) = Qd’e(t)SINC’ﬂ'tnp&n(t% n € Cpa.
This implies that
SINC(7 SINC(7t)
v (t) de (nezcgdf p@n > le(t)
SINC

= X Fg, G F )
nelCy q

Combined with (3.26), we see that statement (c) of Theorem II1.26 holds if and only

if

0= Jim 3 |1 - A, f € PV

{00 nECa Qae(tn)

where the limit is in the L, sense. Passing to the inverse Fourier transform, the above

equality holds if and only if

SINCnt
0= hm L) ( f(t, { —”]en) f € PW_, na. 3.27
T T e 0
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As (Ly)s>o is pointwise bounded, the Uniform Boundedness Principle proclaims that
0 < sup 1Lzl = sup [ Le]| := C' < o0,
Uniform invertibility of L implies
0 < sup [[(L7) || = sup (L) "] := ¢ < oo
>0 >0
Together we have
1 *\—1 d
clall < IL2) " gll <cllgll, g € La([=m,]%).

The inequalities above, combined with (3.27), proves the proposition. ]

Proof of statement (c) in Theorem III.26. Let S, 4 be as in (3.25). Proposition I11.28

gives the following:

SINCrt, ]
Sta < Z Z ik [ —"}
( n€Aga  n€EZN\Agq ) Qd,ﬁ(tn)
—d(£+2)
< ( — e A3 1 ) Z |f Z 4|f(tn)|2 (328)
nezs n: B <t

Now (f(tn))neze € lo(Z?) implies that limy ., Seq = 0, whence the result by Propo-
sition I11.29. ]

E. The second main result

Theorem II1.26 can be simplified. The function

SINC(7t)

N0
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becomes more computationally complicated for large values of ¢. If, at the cost of

global Ly and uniform convergence, we adopt an approximation

t 2k
SINC(7t) =~ Qa(t exp( Z i 2k Y f—i—HlD;];?kl)’ t] < ¢, (3.29)

we bypass this difficulty as the exponent of the above quantity is simply a rational
function of ¢ > 0. This is stated precisely in the upcoming theorem, which is the

second main result of this chapter.

Theorem I11.30. Let (t,)ze C RY be a sequence such that (fn)neze is a UIRB. If N

is a non-negative integer and A > 0, define
Bowa = | = A(C+1/2)55 40+ 1/2)#4].

Let f € PW_; e where (¥y), is the sequence of interpolating polynomials from The-
orem II1.26. Define

N
14 f) exp £ I 2k: D) (C+1/2)% 1)
Then
Jim || £0) ~ Ip0)|, o =0 (3.30)
and
lim Hf(t) - [f,g(t)H ~0. (3.31)

€00 Loo((Ee,n,4))
If N =0 in Theorem III.30, we have the following analogue of Corollary 1.2 to
arbitrary multivariate bandlimited functions (at the expense of introducing uniform

invertibility):
Corollary II1.31. For all f € PW|_; 1ja, we have

—0, (3.32)
Lo([—A(l+1/2)1/2 A(¢+1/2)1/2]d)

lim [ £() = we(t)]

{—00
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and

) H N tH —0. 3.33
Fed f®) e(t) Loo ([—A(£+1/2)1/2, A(0+1/2)1/2]4) o

Theorem I1.12 helps provide a nice interpretation of Corollary II1.31. Consider
a sequence (t,)necze C R? (subject to the hypotheses of Theorem II1.30), and sam-

pled data ((tn,cn))n . where (cp)neze € €2(Z%). A unique sequence of Lagrangian

€z
polynomial interpolants exists, and in global L, and uniform senses, converges to the
unique bandlimited interpolant of the same data.

When N = 1, we have a sampling theorem with a Gaussian multiplier:

12]]5 ) fePWe
(t+1/2)) [=mm]®:

F(t) = Wity exp ( —
Compare Theorem I11.30 with Theorem 2.6 in [20], which is a multivariate sampling
theorem with a Gaussian multiplier with global Ly and uniform convergence. Also
compare Theorem II1.30 with Theorem 2.1 in [21], which, when d = 1 and the data
sites are equally spaced, gives another recovery formula involving a Gaussian multi-
plier in the context of oversampling.

The proof of Theorem II1.30 relies on two lemmas, whose proofs will be deferred

until the end of the section.

Lemma II1.32. Let d > 0, N be a non-negative integer, and A > 0. There ezists

M > 0 such that for sufficiently large ¢, and any t € (Eyn )%,

2(N+1)
1 l1¢)12k ( I3 (v 41)
e

N
Qd g(t)e_ Zk:l k(2k—1) (£+41/2)2k—1 __ (é+1/2)2N+1(N+1)(2N+1)> SINC(ﬂ_t)’

< M(€+1/2)" % |SINC(rt)].

Lemma I11.33. For all f € PW|_, 4 and any non-negative integer N, we have

2(N+1)
1150y 41

lim  sup
(7% te( By n,a)4
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Proof of Theorem II1.30. 1f f € PW|_; 1ja, Theorem II1.26 states that

Wy(t)
t) = SINC(7t) + &(t
f( ) de(t) ( ) 55( )
where & — 0 on R? in both L, and L., senses. By Lemma I11.32, we have
N1 1138 ( 140508 1) ) 1\
sup \I/g(t)e_z’“:1 RE=T) /22T _ e \ (+1/2)2NFL(N+1) (2N +1) ﬂSINC(ﬂ't)
1€ (Ep,,4)¢ Qae(t)
_1
S M(C+1/2)7wa sup ()] — [&(D)]), (3.34)
te(Ee,n,4)?
the right side of which has zero limit. Also,
(ot} ot
sup ’(e (ER/2ENTADENTD /- 1) : SINC(m)) (3.35)
te(Ee,n,4)? Qa(t)
( el e ) >
< sup (6 (e+1/2)2N+T(N+1)(2N+1) | 1>f(t)’ +
te(Ee,n,4)4
( dA2(N+1) )
<€ (N+1)(2N+1) | 1) sup |&(t)|,

te(Be,n,a)?
whose right-hand side, by Lemma II1.33, also has zero limit. Combining (3.34) and
(3.35), we obtain

N 1 1125 Uy(t)
lim [|w(r)e” o @m0 SING ()| 0.
{—00 Qa(t) Loo((Ee,n,4)%)

Equation (3.31) follows by a final application of Theorem III.26.

Now we prove (3.30). Lemma II1.32 and Theorem II1.26 imply

2(N+1)

2k 5N+ 1)
H\IIE(t)ei Z{gvzl k(2271) (g_'_l‘;!?;k—l _6<(£+1/2)2N—0—21(1\?i1)(2N+1)> \I’Z(t) SINC(Wt)‘
Qa,e(t) La((Be,n,4)%)

1
S M+ 1/2)" 5 = Gl Laqen, ) (3.36)
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the right-hand side of which has zero limit. Also,

nen2N
| <e<<f+1/2>2N+21“<V;+1><2N+1>> -1) Lelt) SINC(rt)| (3.37)
Qa(t) Lo((Ee,n,a)%)

2(N+1)
IEl50n 1)

o)

+
La((Ee,n,4)9)

2(N+1)
115N 41

et is)_

LQ((EZ,N,A)d)‘
The second term in the right-hand side of (3.37) is bounded above by

2A2(N+1) >

<e<(N+1)(2N+1)

- 1> ||§f||L2((E£,N,A)d)7

which has zero limit. The integrand of the first term in the right-hand side of (3.37)
(as a function over RY), converges uniformly to zero by Lemma I11.33, and is bounded

above by
JA2(N+1) >

(e((N+l)(2N+1)

—1)IfOF € LiRY),
so this term has zero limit by the Dominated Convergence Theorem. Combining

(3.36) and (3.37) yields

' SN I3k Wy(t)
lim )\If t)e THE=1RER-D @122l SINC ‘ =
f—o0 ) Qa,(t) (t) La((Ee,n,4)%)
Equation (3.30) follows by a final application of Theorem II1.26. O

The proof of Lemma II1.32 relies on the following proposition.

Proposition I11.34. If f : (0,00) — (0,00) is convez, decreasing, differentiable, and

integrable away from 0, then

Fe+1/2) < Z f(k /H/zf(x)dx <0, (>0. (3.38)

k=041
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Proof. Geometric considerations show that

k+1/2
1) f(k) < / fa)de, k>1, and
k—1/2
k+1 1
2 [ f@dr< k) fRA D) k21

k
The rightmost inequality in (3.38) follows from 1) by summing over k. From 2) we
obtain

o 1 & 1 &
+1f(x)dx§§ > k) + 5 > flk+1),

¢ k=0+1 k=0+1

e [ fwdr< 3 5k
41 k=(+1

1 {41 o 0

Sy [ pwar< Y s - [ @i (@39
b+ k=0+1 bt

There exists £ + 1/2 < £ < £ + 1 such that

l+1

fe+1)— f(z)dz.

3

1) <

DN | —

F€) = SF(+1) — 2 f(E+1/2) <

> =

Combining the inequality above with (3.39) proves the proposition. ]

Proof of Lemma II1.32. Letting |t| < ¢ 4 1/2 and recalling (3.23), we see that

SiIlC(Trt) o 1 t2k
Tl < Q1(t) > - ; k(2k —1) (€ +1/2)2k=1
S = 1 1 12k
- kz:; L;l % (2k —1)(¢ + 1/2)%1 T (3.40)

Applying Proposition II1.34 to the function f(t) = zx when k > 1, we obtain

[e.9]
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Equation (3.40) becomes

s smc 7rt - t2
< 1o < ) <0.
£+1/2 Z;<€+1/2) - Que(?) ;"“’2’“_1 J(E+ 1/
Restated,
2
1 < t > ) t2k
_ 3.41
1D (Y F2 R
) N
sinc (7 2
<1 ( )
08 kz:: Qk; —1) (£ +1/2)%1
o) t2k
< .
- ; Qk—l (0+1/2)%1
Exponentiating,
(2(@ 11/2 (2 2 ) ) k
+ &2
o ( ’i ) Zk N+1 k(2k 1) (¢+1/2)2k—1 (3.42)
Q (t) -2 k(2k—1) (e+1;§;k—1 12
1e(t)e ezk N1 k(2k D (e41/2)2F—T
sinc(7t) B

Let ¢ be chosen large enough so that A(¢ + 1/2)% < 0+ 1/2. If ¢ is large enough,
then for any t € Eyna, t = c({ + 1/2)%1é for some ¢ € [—A, A]. For such ¢, (3.42)

implies

1 52
- N2 1 - o2k a-xh)
e( 2(e+1/2) N4 1-c2(e41/2)) NH1 > e2h=N+1 FaE-Ty ((H1/2) VA
2k

Zk 1 k(2k 1) (¢ 2k—1 k
+1/2 2k 1— oo
Q1e(t)e @ < TN w41/ T

sinc(7t)

Ift € (Eona)?, then t = c(l + 1/2)3v+ for some ¢ € [—A, AJ%. For any such ¢, we
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have
d A2
- N2 -1 o llcll2F (1-xED
e( 2(041/2) N+T 1-A2(e41/2)) N+T ) k=N 1 reRon (H1/2)7 N (3.43)
[
72?71 k(zklﬂ) 2 2k k

= (£4+1/2) llell (1= wN37)

< Qaelt)e < SR nan iy (/)

- SINC(mt)
On one hand,

2(N+1
lenz (- i) ellin) o((e+1/2)¥)
eZItO:N-H k(2k2_k1)(£+1/2) N+1 <e (N+1)(2N+1)+ (£+1/2)

(3.44)

where the “big O” constant is independent of ¢ € [~ A, A]%. On the other hand,

2(N+1)
(M) . lleli2F (1-x57)
e \WFDENHD | < o2k mapn (FFI/2) A (3.45)
Inequalities (3.43), (3.44), and (3.45) yield

() ()

(e 2(041/2) N+1 1-42(e+1/2) N+1 / 1) e (N+1)(2N+1) (346)
- S r )
=1k — 2k—1
< Qau(t)e HERL) (E1/2) B <<N+1><2N+1>)

- SINC(7t)
aA2(N+1) o <%)
< eWHDENHT) (e (e+1/2)NFL /0 1) .

N+2

The leftmost side of (3.46) is of the order O((¢+1/2)” ~+1), and the rightmost side of
(3.46) is of the order O((¢+ 1/2)7%“), where the “big O” constants are independent

of c € [-A, A]%. The lemma follows readily. O

Proof of Lemma II1.33. Equivalently, we need to show

(W) 2N+1
(6 NTDENTD ) 1>f(c(€ +1/2)2v2)

lim  sup = 0.

€00 oc[—A,A)d

Suppose the contrary. Let ¢, € [ A, A]? be a value that maximizes the ¢-th term in
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the above limit. There exists (¢x)kren, and € > 0 such that for all k£ € N,

2(N+1)
<7HCH2<NH) > 2N+1
e < sup |(\TIEI) ) p(ety + 1/2)B)

ce[—A,A]d

dA2(N+1)

< (e<“*”‘”+”) —1)[F (e (b +1/2) 55,
so that the sequence (f(Cgk (0 + 1/2)%)) is bounded away from 0. By the
keN

d-dimensional Riemann-Lebesgue lemma, this implies there exists 6 > 0 such that

| ce, (6 + 1/2)%”2(]“1) <0 for k € N, that is,

2N+1
N+2 |

lcepllav1y <00 +1/2) 2v+2

This forces

2(N+1)
( lella(n 1) > 2N+1
c < |l 1) et

ce[—A,A]d

s2(N+1)

< (e(<zk+w>2N+l<N+l>w+l>) ~ 1)l

The last term in the above inequality has limit 0 as ¢ — oo, which is a contradiction.

]

F. Comments regarding the optimality of Theorem II1.30

In the statement of Theorem IIL.30, it is not apparent whether or not (Ey y 4)¢ can
be replaced with a more rapidly growing sequence of intervals; however, Proposition
I11.35 shows that if f(t) = SINC(nt), (3.31) and (3.30) can hold for a sequence of
intervals (Ey )¢ which grow faster than (Eyn.4)e. Propositions I11.40 and II1.42
show that growth bounds of the intervals in Proposition II1.35 are optimal for this
function. Thus, the bounds in Proposition I11.35 provide upper bounds for the growth

of any sequence (FEy y), such that either (3.31) or (3.30) hold for general multivariate



o7

bandlimited functions.

Proposition I11.35. Define

_ 1
2(NF1)

Con = (1(2N+1)2(£+1/2)2N+110g(z+1/2>) . and

4
1
2(N+1)

Din = (%(2]\[ T 120+ 1/2)* M og(4 + 1/2)) ,

and let Isincr()e be the approzimant from Theorem III.30 corresponding to f) =
SINCn (). Then the following hold:

I ‘SINC £) — Isixone. t’ ~0, 3.47
Jim (mt) — Isner(),e(t) La((=Can Con) (3.47)
and
lim HSINC 7t) — Ismvon(o(t H ~ 0. 3.48
Jim () = Isinon(),(t) LDy Dy I (3.48)
The proof of (3.47) requires the following two propositions.
Proposition III.36.
( leisiN ) )
lim H(e RPN DENTD ) 1) SINC(wt)‘ ~0. (3.49)
(—00 La([-Ce,n,Ce,N]?)

Proof. Let t = aCy y where o € [—1,1]%. Noting that

e 2N+ (N1
2(N+1) 1 2N+1 Ha” (N+1)
o \ /DN EN) ) <€_{_ )4(N+1) 2(N+1)

2

Y

the quantity in (3.49) becomes

1 42%+1 ”aH;(%‘Fi) 2 1/2
(/ (<€+—> R +)—1>SINC(7rt) dt)
[—Ce¢,n,Ce,N]? 2
1 1N\ 285 llelain Ty 2o\ 12
< o Ly
N C’Z/J\? (/[—1,1]d < 2
2N+1

9d/2 <€ " %>d4(N+1) 1 9d)?
2N+1

(L(2N +1)2) T (log(£ + 1/2)) T (¢ + 1/2)%48 D

IN

000 0.
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This proves the proposition. O

Proposition I11.37.

I 2N+
1 lt13F 2(N +1)
hm HQ‘” Zk 1 k(2k—1) (¢41/2)2k—1 _ <e+1/2)2N+1(N+1)(2N+1) SINC(?Tt)‘
La([-Cy,n,Coe,n]%)
= 0 (3.50)

Proof. 1f t € R? and ||t|| < £+ 1/2, then (3.42) implies

(&

2
_ 1 (Z+§/2)
o 1 lle)1 2 d 2C+1/2) Y
eZk:N+l k(2k—1) (¢41/2)2F—1 | | 1*(44_1/2) (3'51)

N3 ek
Qdﬁ(t)e Zk:l k(2k—1) (¢+41/2)2k—1 ZOO 1 HtHgﬁ
5 < e k=N+1 k(2k—1) ([+1/2)2k71 .

<
- SINC(7t) -

Let t € [-Cyn,Crn]® where t = aCyn, a € [—1,1]. Consider the right-hand side of
(3.51) for such t.

o Ie12k 2N1 12N+ 2NH2)
GZk:NJrl @) (£+1/2)2§k71 < <€ 4 1) v+ 21 (“‘1/2 He+1/2“2(1\7+2)

2(N+1) _ 1 N+2
- ( s %)f&’iball2<N+1)e(M<e+1/2> N (log(¢-+1/2)) NHT ||a||§§%i§§>. (3.52)
for some constant M. Noting that
1 1
2 Jel3(3(2N +1)%) ¥ (log(¢ +1/2)) ¥
(£+1/2)3 (€ +1/2)7+ ’
we can bound the left-hand side of (3.51) from below as follows:
( )ﬁ
lleell3 { 1og(e+1/2)
(B ) 1 e
e (¢+1/2) N+1 <€ + 5) (3.53)

2
(72)
o L g Hd RRe ()
S e k=N+1 k(2k—1) (g+1/2>2k 1 e

k=1
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where m > 0 is chosen independently of ¢. Relations (3.51) through (3.53) imply

1
log(¢+1/2)) N+T ||o||2
7m(0g( +1/2)) lleell5

2N 41y 12N +1)
(@< (4+1/2)%7ﬁ ) — 1> (E + 1) i [@lgvi |SINC(7Tt)|

2

2(N+1)
t
113k 145 -+1)

N 1
< ’Qd[(t)e_ Zk:l k(2k—1) (£+1/2)2k71 _ 6((Z+1/2)2N+1(N+1)(2N+1)> SINC(T(t)

N+2
(log(¢+1/2) NF1 o 2N +2)

<M ! \\2(N+2)> 1 2%4—1 ”a”2(N+1)
S 4 1
< <€ (e+1/2) NHT _ 1) (g + 5) (e 2(N+1)|SINC(7Tt)|.

Further simplification implies (for appropriate constants C', C’, and C") that

2(N+1)
t
. o128 Il (v 41)

_ N
HQd,e(t)e 2okt T a2 e<(”1/2)2N“<N“)<2N“>>SINC(mﬁ)’

La([-Co,n,Co,n1%)

N+2 ) 12
log(¢ + 1/2))~+1 18 2L o2+
O(Oé(+i/2/)le)+ </[ e )T alsING )
1 —Ce, NV N
2N o 20D 2
vio (e+5)™7 " lalgsINC(nt)

- oty () )
(0 +1/2)~1 F17 (log(£ 4 1/2))78m (¢ 4 L) 20w
(log(¢ +1/2)) ¥+
(€ +1/2) %5 (log(€ + 1/2)) T

C//

IN

after the change in variable t = aCy 5 and simple estimates for the integrand. This

proves the proposition. O]
Proof of (3.47). This follows immediately from Propositions 111.36 and I11.37. ]
The proof of (3.48) requires the following two propositions.

Proposition 111.38.

L2(N+1)

tin | (e(<f+1/2>2N“<N+1><2N+1>) ~ 1)sinc(rt) | —0. (3.54)

£—00 Loo[—Dg,n,De,N]

Proof. Let t € [—=Dyn, Dy n]; then t = aDyy for a € [—1,1]. Simplification shows
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that (3.54) holds if

Q2(N+1) 2N+1

lim sup (+1/2) ol =0 (3.55)
20 acio | o (log(¢ + 1/2)) 70 (¢ + 1/2) 530
Note that for large ¢,
(C+1/2)%"" " ivn 2
sup 1 2N+1 | — S (356)
acll/21] | or(log(£ 4 1/2)) 2™ (¢ + 1/2) 20D (log(¢ +1/2))>@™+D

Let 0 < @ < 1/2. The Mean Value Theorem implies

2(N+1) 2N+1

C+1/2)" 5D —
(0%
This yields
Q2(N+1) 2N+1 2N 41
(f + 1/2) 2(N+1) — ] <M (]Og@ + 1/2)) 2(N+1)
sup _| < : _
acf0,1/2] a(log(é + 1/2)) AN ¢+ 1/2)% (¢ + 1/2)%0—(1/2) (N+1))

for some constant M. Combined with (3.56), we have (3.55), which proves the propo-

sition. ]

Proposition III.39.

Z 1 12k ( +2(N+1) )

. INF1 .

0= lim HQlaf(t k=1 k(2k—1) (e+1/2)2k T _o\(t+1/2) (N+1)(2N+1) s1nc(7rt)H ‘
{—ro0 Loo[—Dg,n,De,N]

Proof. Let t € [—=Cyn,Cyn| where t = aCyn, a € [—1,1]. Proceeding in the same

manner as in the proof of Proposition I11.37, we see (for appropriate constants C' and
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C") that

SN 2k < 2(N+D) )
Ql,é(t)e k=1 %k(2k—=1) (¢+1/2)2F—1 __ e (641/2)2N+1(N4+1)(2N+1) SiHC(Wt)

Loo([=Ce,n,Ce,N])
< C(l+ 1/2)m<w+1)%a2(10g(£ + 1/2))%| sin(rt)|
T a(f+1/2) 7 (log(€ + 1/2)) T (£ 4 1/2) 230

2N

o C'log(£ +1/2))>
T (t+1/2)7m

+3
+1)

This proves the proposition. O]

Proof of (3.48). The previous two propositions prove (3.48) when d = 1. The multi-

dimensional case follows inductively. ]

Proposition II1.40. Let N > 0. If (Myn), is a sequence of positive numbers such
that (3.47) holds when (Cy N )¢ is replaced by (Mg n)e, then

L—o0 {,N

M,
limsup —2% < 1. (3.58)
The proof of Proposition I11.40 requires the following simple estimate:

Proposition I11.41. Leta > 1/2, ¢ >0, 0 < w < 1, then

/(1+€) sin? rx € a
—ar > — .
“ pltw 20¢(1 +€)*  2(a—1/2)1+w

Proof. Let b = (1 + €¢)a. We have

b sin? b cos? 1
- dr + T dr = —
. it . xitw w

/b cos? ULy /b_1/2 sin? rx e < /b_1/2 sin? Uiy
x = — — dx Sa— NS
o T a—1/2 (z+1/2)t+e a—1/2 it

- #)

and
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This yields

so that
/b sin® 1,1 1 1
ST > —(———) .
. Tt 2w\a¥ b 2(a — 1/2)1+w

Noting that

1(1 1>_ € (1+e)°’—1> €
2w\a b/ 2wav(l+ € € 20¢(1 + €)~
proves the proposition. 0

Proof of Proposition I11.40. Fix N > 0, and define ¢ = g%ﬂ; + /2 where 0 < § is

small enough so that ¢ < 1/2. Define
Ap = (e(N + 1)(2N + 1) log(¢ + 1/2)) 7550 (£ 4 1/2) 75D
and
€= (0+1/2)' %A,

Algebra shows that limy o, €, = 0. Let ¢ € [Ag(£ + 1/2), (1 + €,) A¢(¢ + 1/2)], then
t =l +1/2) for some o € [Ay, (1 + €,)Ay]. For large ¢, note that (3.42) implies

2k

72;::1 k 2;—1 2k—1
< |Q1e(t)e Rk=1) (¢+1/2) . (3.59)

ie(%) | sinma(f +1/2)|
27 all+1/2)
Moving to the multivariate case, if ¢t € [A,(€ + 1/2), (1 + €,)Ag(€ + 1/2)]¢, then t =
a(f+1/2) for some a € [Ay, (1 + €;)Ag]¢. This yields
d 1e13R

H 1 _ | sin ﬂ-ai(f + 1{?” < Qd,ﬂ(t)e_ S k(QIifl) (@r1/2)2F=T |
2raf (0 (0+1/2))1—¢

=1
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For sufficiently large ¢, we can conclude that

[ 1 /(1+65)Ag(e+1/2) sin2 de ]d
— ————ax
97T2A%c Ag(0+1/2) r2—2c

i3k 2

_ ZN 1
Qdﬁ(t)e k=1 k(2k—1) (¢41/2)2k—1 dt

<

/[Ae(€+1/2)7(1+€z)Az(Z+1/2)]d
Applying Proposition 11141 for a = A,(¢ + 1/2), € = €, and w = 1 — 2¢, and using

the definition of €,, we obtain

1 [ 1 B 1 ] d
02 [2(1 + €)% 2A2(A,(0 + 1/2) — 1)>2
llel12%

2
Qas(t)e Ziet (t41/2)2F—T

dt.

<

/[Az(e+1/2),(1+62)Al(e+1/2)]d
The first term in the brackets in the left-hand side of the foregoing inequality converges
to 1/2 as { — oo, while the second term has limit 0. We conclude there exists a
constant # > 0 such that

1 lelzk 2

Que(t)e” == T =T gt g5 0. (3.60)

b <

/[Ag(ﬁ-kl/Q),(l-‘,—ég)Ag(£+1/2)}d
If Myn > (£+1/2)(1+ €)A, for infinitely many ¢, there exists a subsequence (€ )ien

such that (in particular),

llel12%

. _Zgzl k(2]ifl) 0, +1/2)2k—1
lim ||SINC(7t) — Qay,(t)e (Ex+1/2)

Ek—>oo

=0.
La([Ae), (€r+1/2)), A0, (€x+1/2) (1€, )]9)

This contradicts (3.60). This yields that for sufficiently large ¢,

M&N < (f + 1/2)(1 + Eg)Ag

=(1+e) ((i% :[ i + 6/2) (N 4+ 1)(2N + 1) (€ 4+ 1/2)* N+ log (¢ + 1/2)>2<N1+1>.

Note that since ¢, — 0, for large ¢, the quantity

2N +1 TNTD
1 ( 52)
(te)( vt/
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1
is less than, (and bounded away from) the quantity (i%ii + 5) Y We conclude

that for any ¢ > 0, there exists ¢y s such that

M&N 2N +1 2<Nl+f)
oy —— e < <4N 1 5) ‘
¢>tns (N4 1)(2N + 1) log(f + 1/2))20+D (£ + 1/2)20+D +

Proposition I11.40 follows. [

Proposition II1.42. Let N > 0. If (Myn), is a sequence of positive numbers such
that (3.48) holds when (Dy )¢ is replaced by (Myn)e, then

M,
limsup —2% < 1. (3.61)

{—00 0N

The proof of Proposition I11.42 requires the following fact:

Proposition 111.43. Let 0 < e < 1. If I is a closed interval with length €, then there

exists t € I such that |sin(wt)| > sin(me/2).

Proof. The function f(x) = |sinmz| is 1-periodic, so it suffices to prove the proposi-
tion for intervals satisfying one of the two following conditions: either 1) 0 € I, or 2)
Ic(0,1).

Case 1). Let I = [—c1,co] where ¢1,¢5 > 0, and ¢; + ¢3 = €. Then ¢; > €/2 for
some ¢ = 1,2, If ¢; < 1/2, then €/2 < ¢; < 1/2 implies sin(me/2) < sin(me;), so that
sin(me/2) < |sin(m(£¢;))| where either ¢; or —¢; isin . If 1/2 < ¢;, then —¢; < —1/2.
From this, either t =1/2 or t = —1/2 is in [.

Case 2) Let I = [c1,¢1 + € where 0 < ¢ < ¢y +€ < 1. If 1/2 € I, we are
done. Let 1/2 < ¢ < ¢;+¢€ < 1,80 that 0 < € < 1 —¢; < 1/2. This yields
sin(me/2) < sin(me) < sinm(l — ¢1) = sin(mey). Let ¢ < ¢ + € < 1/2, then

€/2 < ¢ + € < 1/2 implies sin(me/2) < sin7(cy + €). O

Proof of Proposition II1./2. Let N > 0. Choose § > 0 such that ¢ := 3%15 +4/2 < 1.
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Define
Ap=(c(N+1)(2N + 1) log(¢ + 1/2))%([ + 1/2)2&7%
and
0= Al +1/2)'"

Algebra shows that limy_,o, €, = 0. Let t € [A,(¢ +1/2), Ay(£ 4+ 1/2) + ¢;]. Proceeding

as before, for sufficiently large ¢, we have

2(N+1
1 < Gk >|sm7rt
_6 —

(e+1/2)2N+1(N+1) (2N +1))
2

1 2k
’ng - E(2k—1) (“1;2)% T

Now for all t € [A(€ +1/2), Ag(£ 4+ 1/2) + €,

: - R 2li—1) Z 1tzk2k71
|sin(7t)| < |Q1e(t)e k=T (e41/2) ,

1 (£+1/2)
o A0+ 1/2) +

In the multivariate case, if t € [A(¢ + 1/2), A¢(€ + 1/2) + €%, we obtain

lIt135

1 (+1/2
( / ) 6 dH|Sln 7Tt |< ‘QdK X 1’“% D) (¢(+1/2)2F—T |

(2m)d (Ae(0 +1/2) +

For large ¢, an application of Proposition I11.43 yields

_yN 1 [y
HQdZ k=1 k(2k—1) (e+1/2)2k—1
d p—

1 | sin(me,/2)|¢
(3m)d Ad(¢ +1/2)0-0)

Loo ([A¢(€+1/2), Ag(£41/2) €)%

By the definition of €, the right-hand side of the above equation tends to a positive
constant. The remainder of the proof is almost identical to that of Proposition I11.40.

]

G. An alternative proof of a special case of Theorem 1.1

The main importance of the Theorems I11.26 and II1.30 is their multidimensional

nature; however, we can use them to present an alternative proof of the following
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special case of Theorem I.1.

Theorem I11.44. Let (t,)nez C R be a sequence such that t,, = 0 for at most one

ndex k. Let
(sincw((-) — tn))nEZ

be a UIRB for PW_y . The biorthogonal functions (Gp)nez of (sinem((-) — t”))nez

are given by

where

no =t (1-5)0-)

We begin by recalling the following fundamental theorem from complex analysis.

Theorem II1.45 (Weierstrass’ Factorization Theorem). Define

1— 2z, n = 0;

(1—z)exp<§+...+%), n>0

Let (a,)2, C C be a sequence such that 0 < |a,| — co. Let (p,)32, be a sequence of

pnt+l
positive integers which satisfies > .- ( " ) < oo, for allr > 0. If

n=1 \ |an|

=TI ()

then
1) The product above converges uniformly on compacta.

2) f is an entire function.

3.) The zero set of f is (a,)2,, and the multiplicity of each zero is the number of
times it occurs in the list (a,)52

n=1-

Corollary I11.46 (Corollary of Theorem I11.45). Let f be a entire function not iden-

tically zero. Let 0 be a root of f with multiplicity m, and let (a,)>2, be the set
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of non-zero roots of f repeated by multiplicity. If (p,)22, s a sequence of positive

integers that satisfies

Z (ﬁ) < oo, Vr>0,
Qn

n=

then there exists an entire, non-vanishing, function h such that

= z
z)=2z"h(z E <—),
f(z) = 2"h( )L[l Ao
where the product converges uniformly on compacta.

Proof. Note that |a,| — oo, otherwise (a,)2; would have an accumulation point in
the plane, forcing f to be the zero function. Applying Theorem II1.45, we see that

the function
f(2)
2m HZO=1 By, (i)

is non-vanishing. ]

h(z) :=

Proof of Theorem III.4}4. Fix n € Z. From the proof of Lemma III.21, the only zeros
of G), are (tx)k+n, and they form a uniformly separated set because (f,,)nez is a Riesz

basis. Rearrange (tx)rez to (tr(j))jez such that j; < jo implies 4,y < ti(j,). Define

6= f tr(ja) — tr(jr)!-
]1}]262‘ k(j2) k(31)|

For |j| sufficiently large, we have |ty;)| > |’|6 Let

(an)pey = (b1, b1, st tg, ).

If r > 0, then

S () = = () <

n=1 Jh(3)#0

since the 7% term of the 2"¢ sum is of the order % Letting p,, = 1 for all n > 0, and
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applying Corollary I11.46, we conclude (after consolidating the cases n = 0, n # 0,

to # 0, to = 0), that there exists a non-vanishing entire function h,, such that

) =) i [0 (13 (4 1)) e

k=1

where

Hy(t) = (t_%)ﬁ (1-50-1)

and convergence is uniform on compacta. If, in the notation of Corollary I11.31, we

let f = G,, and note that W,(t) = %, then we have
n e n
, , 11
Go(t) = ho(t) lim [ W (¢)HY(t,) exp <t§ : (- + —))] teR. (3.62)
{—00 P tr t_k

Fix 7 & (tk)kzn U (—tk)ksn, that is, G,(7) # 0 and G,,(—7) # 0; then

M = lim T _ A H 2
T (=)~ o Welm)We( =) | Hetn)[™

Recalling that limy_,o 1/Wy(+7) = 1/Gp(£7), we find that

= i )|

The equality above holds for 7 € R\ ((tx)kzn U (—tk)k£n), SO by continuity of h,,, the

equality holds for all 7 € R, hence

J— 4 /
()]~ o i)l

Let t ¢ (tk)ksn, that is, G, (t) # 0. Noting that

Ga(t)] = Jim |9, (1) || Hy(8)] exp (tf (-+7).

k=1



we obtain

¢
k=1 -

(O = Iha®)] fim exp (£3° (34 7))+ ¢4 (s

Now h,, is real-valued and non-vanishing, so

1
0+#L,:=

h(0) 5% (Y exp <t S, <i +
Combined with (3.62), we have
0 # Ly = Jim Hj(t,).

From

and (3.63), we obtain

y4
(1 ta)LaGolt) = Jim (¢ — ) T (1 - i) (1- i) — H(b),
so that
H(t)  H({t)— H(t)
(t—t)L,  (t—t,)L,

Gn(t) =

— lim Lt (t)en
) '

69

(3.63)

Letting ¢ — t, in the above equation shows that L, = H'(t,), and the proof is

complete.

O
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CHAPTER IV

OVERSAMPLING AND MULTIVARIATE BANDLIMITED FUNCTIONS*

A. Introduction

This chapter is outlined as follows.* In Section B, we derive an oversampling formula
for multivariate functions whose frequency domain is a fairly general set E, (see
Proposition IV.1), when the sampling sites are (t,)nen, where (eX0)#)) g forms a
frame for Ly(FE). Section C investigates the stability of (4.1) under perturbation of
the sampled data along with concrete examples. Section D presents a computationally

feasible version of (4.1) in the case where the set (eX():#n)), _y is a Riesz basis.

B. The multidimensional oversampling theorem

In this section we derive a multidimensional version of (1.3), (Theorem IV.3) for
unequally spaced sample points, and the corresponding non-oversampling formula is
given in Theorem IV.6.

In their proof of (1.3), Daubechies and DeVore regard F!(f) as an element
of Ly|—Am, M| for some A > 1. The fact that [—m, 7] C [—Am, Ax] allows for the
construction of the bump function F~'(g) € C*°(R) which is 1 on [—m, 7| and 0
off [=Am, Ar]. If their result is to be generalized to a sampling theorem for PWpg
in higher dimensions, a suitable condition for E allowing the existence of a bump
function is necessary. If 0 € E C R? is chosen to be compact such that for all A\ > 1,
E C int(AE), then Lemma 8.18 in [7, page 245], a C*°-version of the Urysohn lemma,
implies the existence of a smooth bump function which is 1 on E and 0 off A\E. It is
“Part of this chapter is reprinted with permission from Sampling and recovery of

multidimensional bandlimited functions via frames, by B. A. Bailey, J. Math. Anal.

Appl. 367 (2) (2010) 374-388, Copyright 2009 by Elsevier Inc.
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to such regions that we generalize (1.3).
There is a geometric characterization of compact sets £ C R? containing 0 such
that £ C int(AF) for all A > 1. Intuitively, £ must be a continuous radial stretching

of the closed unit ball. This is formulated precisely in the following proposition.

Proposition IV.1. If0 € E C R? is compact, then the following are equivalent:
1) E Cint(AE) for all A > 1.

2) There exists a continuous map ¢ : St — (0,00) such that

E={tyo(y) | y € St € [0, 1]}
The proof needs the following definition:

Definition IV.2. A subset S € R? is said to be starshaped about 0 if
0,z] :={tx |t €]0,1]} C S
whenever x € S.

Proof of Proposition IV.1. 1) = 2): E is starshaped about 0: If not, there is zy € F,
0 < tg < 1, such that toxg ¢ E. Let A = % > 1. Now z¢g € AE, so tgrg = %xo € k.
Define ¢ : S — (0,00) by z + sup{\ >0 | \z € E}.

¢ is well defined: Certainly ¢ : S¢~! — [0, 00) is well-defined since E is bounded
and 0 € E. We need to show that 0 ¢ ¢(S9!). Now 0 € E implies 0 € int(2E).
There exists an e-ball B, about 0 such that 0 € B, C 2int(E), so 0 € B/, C int(F).
So for all x € S%!, we have £z € B,/ C int(E). So ¢(z) > €/3.

Note that z¢(z) € E for all x € S41: There exists \; /* ¢(z) such that \;x € E,
so that \;x — z¢(x). As E is closed it follows that z¢(x) € E.

¢ is continuous: Suppose not; then there exists y € S¥ ! e > 0, (z,)%, C S41

such that z,, — y and |¢(x,) — ¢(y)| > €. Now ¢(S971) is bounded, so there exists a
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subsequence (x,, )r — y (relabeled as (xx);) and ¢ € R? such that ¢(xy) — c. Now
zpp(xy) € E — cy implies cy € E since E is closed. This yields ¢ < ¢(y). Now
|p(zn) — &(y)| > € implies ¢ < ¢(y). Choose any t € (¢, d(y)). As E is starshaped,
ty € E. If ty is an interior point of F, then tz; € E for sufficiently large k. This
implies that ¢ < ¢(xy) for large k, which implies ¢ < ¢. We conclude that ty isn’t an
interior point. So any ty € [cy, yd(y)] is a boundary point of E. Choose A > 1 such
that Ac < ¢(y), then yo(y) € F is in [Acy, A\yé(y)] which consists of boundary points
of AE, but 1) implies y¢p(y) € int(AE), so ty isn’t a boundary point of E either. We
conclude that ¢ must be continuous.

Observing that {tyo(y)|ly € S 1t € [0,1]} is also starshaped, it is almost
immediate that it coincides with E.

2) = 1): Given that ¢ : S*°! — (0, 00) continuous, define

E = {tyo(y)ly € S, t € [0,1]}.

Let B be the closed unit ball in R?. Note that each point in B\ 0 can be written
uniquely in the form ty where t € (0,1] and y € S 1. Define ¢ : B — E by
0 — 0, and ty — tyo(y). v is clearly a continuous and onto. To verify that
is one to one, note that t;y10(y1) = toy20(yo) implies t16(y1) = tad(y2), so that
Y1 = 2. 1 is a continuous bijection from B? to E. Standard topology implies that 1
is a homeomorphism since B¢ is compact and F is Hausdorff. In particular we have
OF = (8% ). Note that as AE is starshaped, F C AE. Suppose E ¢ int(\E) for
some A, then there is some 2y € E such that zq € A\(OF), so that xo can be written
in the form A\¢(y)y for some y € S but A\é(y)y ¢ E. We conclude E C int(\E)
for A > 1. [

We are now ready to state Theorem IV.3, which is a slight modification of The-
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orem 3.1 in [22]. To ease calculation, in this chapter we use the isomorphic Fourier

transform
FHC) =PV [ f(Qe79ds,  f € Ly(RY),
R
with inverse transform

(271T)d /Rd F&)eAde,  f € Ly(RY).

FUf)() =PV,

Theorem IV.3. Let 0 € E C R? be compact such that for all X\ > 1, E C int(\E).
Choose T = (ty)nen C R? such that (fu)nen, defined by f(-) = ae’) o > 0,
is a frame for Lo(E) with frame operator S. Let g > 1 with F~(g) : R? — R,
F(g) € C=, where 0 < F7'(g) <1 onRY, F~ Y (g)|g =1 and F~1(g)| o) =0
IfA> Xy and f € PWg, then
10 =53 (X s (2))a(t=5). tere, (41)
v A A

where By, = (S7'f,, S~ fi)g. Convergence of the sum is in Ly(RY), hence also in

Loo(R%). Furthermore, the map B : €5(N) — (5(N) defined by

(Yr)ken — (Z Bknyn)keN

neN

is bounded linear, and is an onto isomorphism if and only if (f,)nen s a Riesz basis

for Ly(E).
Before embarking on the proof, we need two definitions.

Definition IV.4. If T = (}); is a sequence in R? and f is a function with 7 in its

domain, then f7 denotes the sequence (f(zx)).

Definition IV.5. Define fy,(-) = f”(X) Note that (frn)n is a frame for Ly(AE).

Denote its frame operator by S).
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Proof of Theorem IV.3. Step 1: We show that
tn _ _
f=ad F(F)FUS ) F )l f € PWe. (4.2)

We know supp(F~(f)) C E C AE, so we may work with F~1(f) via its frame
decomposition. We have

FUH =S SF ) = S AF ) andasSy fans on AE.

n

This yields

FUH =D AF U hoadan(Sy ) FH(g), on R,

n

since F(g) = 1 on the support of F~1(f). Taking Fourier transforms we obtain

F =D AF ) e FI(S faa) F (9], on R (4.3)

Now
Fl _ -1 —i(E, 1) 7o tn
(F)s amhae = | F()Qae™™ 3 dE = af
AE A
which, when substituted into (4.3), yields (4.2).
Step 2: We show that
tn - - t
1) =037 (3) [D0685 fam 52 raes (- = )] (4.4)
n k
where convergence is in Ly: We compute F[(Sy" fan)F 1(g)]. For h € Ly(\E) we
have

h = S\(S5'h) = Z(SX% Ixkaefar = Z(f% Sy ke fak-

k k



Letting h = S;lfA7n, we have

Sy an =D (S Fams S5 Fakhaz S

k

This gives

FIST L) F D) = D S s S e F LA (9)]()

k

5

= S S ke [ e DE I g)(g)e g

. AE

= Z<S/\1f)\,nas)\1f)\,k>)\E/ af‘l(g)(g)e—%—

AE

7%

k
= @Y (S5 s S3 aian [FF ) (- ‘X)
k

- « Z(S)Tlf)\,m Sy Paae g<- J%)’
k

so (4.4) follows from (4.2).

Step 3: We show that

1

(S5 Fams Sy Pakdas = X

First we show (S5 fan)(-) = 52(S7'fa)(5), or equivalently that

fan = 35 (57 1))

We have for any g € La(AE),

(9, for)ae = /

AE

By definition of the frame operator Sj,

g =D {9, hhasfrr,

keN

(S 0, S e, for n, k€N,

(4.5)

g(E)act5 M) g = X / gAz)ae™ @) dr = ANg(A()), fi)e-
E
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which then becomes

$3g =AY (g, fr) ek

k

Substituting g = 57(S™'f,)(5) into the equation above we obtain

GG = S5 s = (ST (5) = fan

k

We now compute the desired inner product:

<S/\_1f)\,n,8;1f)\,k>/\E = )\id/ (S~ fn)( >(S—1fk)<§>dx

d _—
— S [T I @ETR @ = 5557 S e

Note that (4.4) becomes

SIS s )

Step 4: The map B : (5(N) — (5(N) given by (zg)ken — (Zn Bk”x”)keN is
bounded linear and self-adjoint: Let (dg)ren be the standard basis for ¢5(N), and let
(ex)ken be an orthonormal basis for Ly(E). If Le, = f, is the synthesis operator,

then S = LL*, and we have

By = (S7'f;, 57 fu) = (L*(S7")?Lej, ex).

It follows that the map B : (5(N) — (5(N) is (after the change of basis d,, — e,), the
map

L*(S™)°L: Ly(F) — Lyo(E),

which is bounded linear and self-adjoint. Clearly B is an onto isomorphism if and
only if L and L* are both onto, i.e., if and only if the map Le, = f, is an onto

isomorphism.
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Step 5: Verification of (4.1). Note that f(j),g(t— X) € Ly(AE), and recall that

(fan)n is a frame for Lo(AE), say with upper frame bound B). We have

Sl -

S TUF) Aaael < BAF (IR, (4.7)

and

Sla(t= ) =X (- 5) p) | <2 (- )

For each t € RY, let gy\(t) = (g (t - %)) , and recall Definition IV.4. Note that
neN

(4.6) becomes
10 = SIS Bus(e-5)] = 5 s (3) [ Bl - )
B i_j > n(Boa(®)n = i_(j(fT/A?BgA—@» = a_d<BfT/)\79)\—(t>>

A
= i—z;(BfT/A)kg(t - %k) = i_jz (ZBk"f<tXn>)g(t Bl %)’

keN neN

which proves (4.1).
Step 6: We verify that (4.1) converges in Ly(R?) (and hence uniformly). Define

2

£ult) = 55 S0 Brra(t— 1)

1<k<n
and
fonl) = %5 Brraha(t="5).
m TN 2 A
Then

FU ) = & Z (BfrpF! [ (5—%”)}
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SO

I Gl = S5 [ IFH@OF] Y B ag

AL m<k<n

> (Bfrwhael

2
< .
2

If (hy)n is a orthonormal basis for Ly(AE), then the map Thy = fy, (the synthesis

operator) is bounded linear, so

9 2
I Gl < S| 7( S B ||| < SITIP S (B

m<k<n m<k<n
But Bfr;n € *(N), so [|[F ' (fmun)lll2 — 0 as m,n — oco. As F~! is an onto

isomorphism, we have || f,,»|| = 0, implying that || f — f.|| — 0 as n — oo. O

Note that (4.1) is conveniently written as

f(t) = i—zZ(BfT/A)kg (t - %), t € R (4.8)

The following is a version of Theorem IV.3 corresponding to A = 1.

Theorem IV.6. Choose (t,)nen C R such that (f,)nen, defined by

1 )
. — 7'<'7t’ﬂ>
fn( ) = (27T)d/2€ )

is a frame for Lo([—m,w|%). If f € PWg, then

=% (Z B,mf(tn)>SINC(7r(t —t)), teR. (4.9)

keN neN

The matriz B and the convergence of the sum are as in Theorem IV.3.

The proof of Theorem IV.6 is a simplification of the proof of Theorem IV.3, and
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is omitted. We can write (4.9) as

F(t) = (Bfr)kSINC(m(t — t)). (4.10)

keN

Theorem IV.6 is similar in spirit to Theorem 1.9 in [23, page 19].

C. Comments regarding the stability of Theorem 1V.3

A desirable trait in a recovery formula is stability given error in the sampled data.
Theorem IV.7 given below is an analogue of Theorem 1.3 which applies to (4.1) under

an additional assumption about the symmetry of E about 0.

Theorem IV.7. Let the domain E be symmetric about 0, and let (t,)nen, A, and g
(taken to be real valued) satisfy the hypotheses of Theorem IV.3. Additionally, assume
that the map x — Bz (interpreted as matriz multiplication) is bounded from £, to

for some 1 < p < oo. If € = (€n)nen € £p, and

Fre(t) == %Z (ZBkn [f(%") + ean(t - %’“) teRY

then

If = Frellzn < (4.11)

el 181 (3 a7 gl + (> )t L1 @lgde+ o 5)].

=1 i=

where
)

(th)ken = U(Té)kesﬂ SiCN, A= }fg 7 — T_;“eoo > 0.

i=1
Before we prove Theorem IV.7, we note that the assumption that B be continuous

can be formally weakened:
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Proposition IV.8. If (bym)nmen is an infinite matriz, and the map

x = (z)g — (Zbijj>k = Bx

is well defined as a linear function from €,(N) to {(N) for some 1 < p < oo, then it

1s bounded.

Proof. Observe that the map B is ¢, — {, continuous if and only if

sup H(bnm)mHZq < 0.

n

1) First, if (¢x)52, is a sequence in C such that

o0

F:0,(N)—=C, Fz= chxk,
k=1

is well defined as a linear function, then F is continuous: Define F,, : £,(N) — C by

Fox =37 cgxy for n > 1. Given any x = (x4)72, € £,(Z), note that

n n oo
chk’ < SUPZ |Cl|wk| = Z [cnl| k]
k=1 nzlh k=1

= F((lzxlsign(ci))iy) < o0

sup |F,z| = sup

n>1 n>1

because F'is well defined. Let 1/p+1/q = 1. By the Uniform Boundedness Principle,

we have
n

F,| = 1
up Il = sup (3 )

Q=

= [I(cx)renlly < oo,

so [Fa| < [(cr)renllqll]lp-

2) As B is well defined, we have ||Bz|lo = sup,s; | Yope; burai| < oo for any = €
(,(N), so that for all n > 1, the map B, : £,(N) — C given by B,z =Y, byxy is
well defined. Applying part 1), we conclude that || B,|| < co. Thus sup,,»; [B,z| < 0o
for all x € ¢,(N), so by the Uniform Boundedness Principle, sup,,c; || B,| < co. We
conclude || Bz||o < (supn ||Bn||> [ O
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The proof of Theorem IV.7 requires the following lemma.

Lemma IV.9. Let (tp)ren C R? be a relatively uniformly separated set, and let

g:RY = R be a Schwartz function. If X\ > 0, then
w55 > [o(t= 5] <
keN
o 11 1
(D= =)l + <Z—A¢—1>X/Rd I(Vo)(@)llgdz +0(5),  (412)
=1 7

¢ i=1

where
)

(tken = J(Tdkes,, SiCN, A, = }ffg 17 = 7jllee > 0.
i=1

The proof of Lemma IV.9 requires several propositions.

Proposition IV.10. Let Q C R? be convex, and g : R — R be continuously differ-

entiable. Then
l9(2) = 9(y)] < max|[(Vg)(W)llglllz = ylle, .y
Proof. Let u € R, If x, 2 +u € €, then
g(x+u)—g(z) = (Vg)(Z) - u, some T € [x,x + ul.
By Holder’s inequality and convexity,

l9(2 +u) = g(2)] < max|[(Vg)(w)lle [l

Definition IV.11. For n € Z¢, define
Co=1In1—1/2,n1+1/2) X -+ X [ng—1/2,n4+ 1/2).

The following observations are immediate:
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1) If a > 0, then (aCp,),eza is a disjoint cover for RY.

2) If v,y € aCy, a >0, then |z -yl < aand ||z —anllxw < a/2.
Proposition IV.12. If (ty)res C R? is a sequence (possibly finite) satisfying
inf ||ty — ti|l.e = A
inf [tk —tfles, = A,

and g : R? — R is a Schwartz function, then

A4 A A
o (%)] < gl + 5 3 max 1)@ (5) @)
kesS nezd YS AT

Proof. Part 1): Note there exists unique n(k) such that %’“ € %C’n(k). If £ # 7,

then ||% — %JH > £, so by observation 2), n(k) # n(j). By Proposition IV.10 and

observation 2),

o(%) —o(B"0) | < max (Vo)

3 3 hevd lea 5y
yielding
A? A? An(k A A
¥l = TR+ 5 ma 1aly(5)’
keS kes keN YEXCOni)

< X by (B0 2 3 mes e @l (5)"

In the 2" inequality above we used that (n(k))res consists of distinct lattice points.

Part 2):

=)
—
>
~|L
~—
—
> >
~——
o
|
=
=
IN

/]Rd ZRd Hg(%)‘ N ‘g(ﬂf)HX§Cn(x)d;c

/Rd 2. ‘g (%) - g<x>\x%0n(x)dx_

IN
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By Proposition IV.10,

An A
9(5) — 9] < max VDIt
SO
An AN d
> s(5I(5)" <ol + 3 Z max (Vo)) ()
Parts 1) and 2) together prove the proposition. ]

Proposition IV.13. The following holds.

i > max (V)@ (5 / 1(V9) (@) gl

A—00 czd e)\c’n

Proof. Define

Ialx) = Z max [[(Vg)(@)lluxac,(z), =€R™

nezd "

We need to show that

i [ h@ds = [ (Vo)) g

A—00 Rd

Let \; — oo. Given any = € R, there exists n; such that x € %C’m. Note that

diam(/\%Cni) — 0. Using this and the continuity of Vg, we have

lim fy,(z) = lim max (Vg (@)lleg = 1(Vg) (@)l

1—00 Z*}OO

)\ g
As Vg decays super-algebraically, elementary manipulation shows the following:

There exists a positive integer m and a constant C' > 0 such that if A > A, and

C, [fleee < 15
H(z) =

)
e il > 1

then H € L; and 0 < fi\(z) < H(x) for all z € RY. Applying the Dominated
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Convergence Theorem proves the proposition. O

Proof of Lemma IV.9. For allt € R A >0, 1 < i < ¢, we have

inf |(\ —7) — (M — 7). = Ay

n#m

Propositions 1V.12 and V.13 imply the relations

1 ‘ T 1 A4
— g(t——)’ < —9gllz, max |[|(Vg) d( >
/\d’;& A A?H 2, + )\Ad 1 sz e—CnH (@)l
1 1
= galol 5z [0 gz +o(5)
Summing over ¢ finishes the proof. ]

Proposition IV.14. If the domain E in Theorem IV.3 is symmetric about the origin,

then g can be taken to be real valued.

Proof. If F71(g) is a function satisfying the requirements of Theorem IV.3, then

satisfies them also and is even. Let § = F(h), then

Im(j(t)) = —/ h(€)sin(t, £)dé =0, te R (4.14)
E
because E is symmetric and the integrand is odd. [

Proof of Theorem IV.7. By (4.1) we know

F0) = Faelt) = 33 (B (1= %),

1

B
Il

SO

~ 1 tk
1 = Paellie < 1BIele, sup = 3 [o(¢ = %)
" terd A7 kEZN A
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The definition of F implies that E has non-empty interior and contains a closed cube
D. Therefore (fy)ren is a frame for Ly(D), implying (fj)ren is relatively uniformly

separated. An application of Lemma IV.9 completes the proof. ]

When d = 1, (4.11) can be simplified to

14

- l
17 = Pl < NellBI[( 32 5 lole, + 511 (4.15)

=1
In this case, Propositions IV.12 and IV.13 can be replaced by the following statement

which is easy to prove.

Proposition IV.15. If (tx)kes C R is a sequence (possibly finite) satisfying
inf [t — ;] = A,

and g : R — R is a function such that g,¢" € L1(R) N C(R), then

1 th 1 1.,
il Iyl < = — .
T2 o(3)] < Zholle + 3191

Assertion (4.15) follows quickly from this.

We now turn our attention to concrete examples of matrices B which are £, — {
continuous. If (f,), is an exponential frame or Riesz basis for Ly([—7, 7]?), (f,)n can
be indexed by any countable set, say by Z¢, which is in fact the natural indexing set
for all of the concrete examples of Riesz bases which have been presented. If we index
(fn)n by this set, then the proofs of Theorems IV.3 and IV.7 can be modified so that
(4.1) and (4.11) hold with the index set Z¢ replacing N. In this case, (4.1) takes the

form

F6 =3 (X Bt (2))a(t-5). remt (4.16)

kezd nezd
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Now B acts as a bounded linear operator on ¢5(Z?) as follows:
(xk)kezd — (Z bk].ﬁl'])k Zd
jEZ4
In this setting, the next result (which pertains only to the univariate case)

provides examples of sequences (t,)nez for which B is ¢, — {,, continuous for all

1<p<oo.

Theorem IV.16. Let (t,)jn<t U (n)pn>¢ C R be a sequence of distinct points in-

dexed by 7 such that t, = 0 for at most one index k. The sequence of exponentials

(%e“nw) is @ UIRB for Lo|—m, ] (Theorems 11113, II1.18 and II1.21), and the
4 nez

matriz B from (4.16) can be written in the following form

M
B=TI+C, |Cypml< .
ol < TTF Dl = D

(4.17)

Sketch of proof. Theorem 1.1 shows that if

L

H(t)=(t—to) [] (1 — i) (1 _ i) sinc(t)

Py bk tr/ Que(t)

then

Bum = (G, Gn) <ZG )siner( ZG )sinem((+) — k)>

k€EZ keZ

= Y Gu(k)Gm(k). (4.18)

keZ
Computation and estimation is facilitated by noticing that all but finitely many terms

in the equation above are 0 when n # m. ]

The estimates in Theorem 1V.16 are sharp: If tc = D ¢ Z\ {0}, t, = n for n # 0,
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then direct calculation (as described in the outlined proof above) yields

, D(=1)™ ) 1
Bom = — ; 0, By = ——5—
2 0 sinc(mD)(m — D) m# i) Boo sinc?(7D)
DQ(_1)n+m

ii1)  Bum = Opm +

(= DY = D)’ 0#n, 0#m.

If 1 < p < oo, we see that the maps given by Theorem IV.16 are £, — {, continuous
for 1 < p < co. Note that the specific example above illustrates that in this case, B
is not fo, — l+ continuous.

An aside: for general B (when it is invertible), how does the rate of decay of the
entries of B relate to the rate of decay of the entries of (B™!),,,, = SINCr(t,, — t,,,)?
Even when d = 1, simple cases can be difficult to resolve. If 0 < 6 < 1/4, to = 0, and
t, = n —sign(n)d when n # 0, then |B, ! | = |sincm(t, — t,,)| is exactly O(|n —m|™1),

and the deep theorem below (see [24]), doesn’t apply. This suggests that this approach

to determining stability is inherently difficult.

Theorem IV.17 (Jaffard). If A = (axe)ypeza is boundedly invertible on l5(Z%) and
lag| = O(||k = U]|F) for some s > d, then its inverse B = A~' has the same

polynomial-type off-diagonal decay |by| = O(||k — 1||55).

Theorem IV.18 below shows a direct connection between stability and tight
frames of exponentials. Its proof does not require knowledge of the rate of decay

of entries of B.

Theorem IV.18. If (t,)nen C R? is a sequence such that (ei<"t">)ne s a tight frame

N
for Ly([—m, w]?), then the matriz B from Theorem IV.3 is £,(N) — (o (N) continuous

forall1l <p< .

Proof. As (ei<"t”>)n€ is a tight frame, there is a scalar v such that S=! = vI, so that

N
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for k,n € N,
By = (87" fu, S fi) = [VI*(fr, fu) = [VI*SINCr(ty, — t,).

Continuity is trivial when p = 1. Let 1 < ¢ < oo be the conjugate exponent to p. To

verify continuity we need to show that

< oQ.

sup H (SINCW(tn - tm))mEN

neN

‘zq

It suffices to show that if (7;,),en is any relatively uniformly separated sequence, say

4
(Tn)nEN = U(T]i)k‘esia S’L C N7 A’L = ’lggg ”Tlg o T;Hego > 07

=1

then H (SINC(?TTm)) < M where M depends only on ¢, and Ay, --- , A,. Reduc-

meNHq

ing further, it suffices to show that if (7,,)nen is uniformly separated with
A = ]1€I71££ ||7—k — Tj”ggo > 0,
then there exists M depending only on ¢ and A such that

| (SINC(771,)) < M.

menille,

For n € Z¢, let C,, be as in Definition IV.11. Then

[(SINC(77:n)) e lly, < > > ISINC(ar,)". (4.19)

’VLEZd {’I’I’L : tmeACn}

There exists M > 0 such that for all ¢ € R, [sinc(nt)| < M /(A + |t]), so that

q Mad
SRR = G ron G 20
If t,, € AC, then A(n; —1/2) <t,,(i) < A(n; + 1/2) hence
! ! (4.21)

B+ ) = A(m] +1/2)
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Combining (4.19), (4.20), and (4.21) with #{m : t,, € AC,} <1, we find that

|(SINC(xr)), |7 < M_d[ N S S —
meNllg  —  Adgd e (|n1]| +1/2)9 (Inal +1/2)
qu[ 1 }d
= < 00,
Aad ;Z (In| +1/2)2
which proves the proposition. O

The following example shows that the conclusion of Theorem IV.18 can be false
if p = co. The set (\/%ei(”/m('))nez is a tight frame for Ly[—7, 7], as it is the union

of the orthonormal bases

I 1.
- m(-)) d <_ z<n+1/2><->>

€ an (& .

<\/ 2 nezZ V2T nez

In this case S™' = 11, and by direct computation,

1. m™
1(Bon)nezlle, = || <L—lsmc(7)>neZHel = o0

While Theorem I'V.18 does hold for arbitrary tight frames, it is clear that it should
not be applied in a cavalier fashion. The example above shows that the matrix B can
unnecessarily complicate a fundamentally simple configuration of sampling sites, and
render itself useless. In this case, Theorem 1.3 can be trivially extended to apply to
the previous example (and other finite unions of shifted equally-spaced sampling sites)
to show stability given /., perturbations in data. However, if it is known that (¢,),
yields an exponential tight frame, and no natural decomposition of (t,), is apparent,

then the usage of Theorem IV.18 is justified.
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D. Restriction of Theorem IV.3 to the Riesz basis case

1
T (because

then ||f,|| = 1). In this case, defining gy = ﬁg, (which can be assumed to be real

In this section we consider Theorem IV.3 when FE = [, 71]¢ and a =

by Proposition IV.14), we have

:%Z(ZBknf<%”>)gO<t—%), t e RY (4.22)

keN  neN
Note that ||F~(go)|le = 1/(27)%.

The summands in (4.22) involve an infinite invertible matrix B; however, con-
siderable simplification can be achieved if we consider sequences (t,)nen such that
(fn)nez is a Riesz basis for Ly([—m, w]¢) rather than a general frame. Let (by) be the
standard basis for 5(N), and let P, : {5(N) — ¢5(N) be the orthogonal projection onto

span{hy,--- ,hy}. Let (fn)nez be a Riesz basis for Ly([—m, 71]?). Define the operator
Bg = (PgB_lpg)_l + (I — Pg)

In the definition above, the operator P,B~! P, is certainly not invertible on f5(N), but

it will be shown that it is invertible as an ¢ x ¢ matrix and has the following entries:
(PtB™'Py)pm = SINCr(t, —t,), 0<n,m </

Define

:idz B'P)~ fT/A]kgO(t_ ) Z ( ) (t_%k)

Theorem IV.22 states the exact relationship between f and fi. Before we embark on

it, we need to establish several lemmas.

Lemma IV.19. If Q : (5(N) — (5(N) is self-adjoint, positive, and boundedly invert-
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ible, then
@) sup I(Pe@P) M = lQ7I,
b) Q 'r = elim (PQP,) 'z, Vx € ly(N), and
—00

¢)  lim [[(RQP) = IQ7.
—00
Proof. a): If Pyx # 0, then
0 < (QPz, Pix) = ((PQP,) Py, Pyx),

so PiQP; : Ply(N) — Pyl5(N) is positive-definite, and self-adjoint as an ¢ x ¢ matrix
operator. There exists a self-adjoint boundedly invertible operator A such that @) =
A% Now Qij = (Ay, Ag) where Ay, and A; are the k™ and j™ columns of A. Also,
Aby = Ay. For any ¢ > 0,

V4 ¢ ¢ .
L — _ 2
I1(P.QP)-1| Z Jex” < Z rCiQrj = Z enGi (Ap, Ag) = HA( E Ckbk> :
(4.23)
so that
1 & ) 0 9
" < HA crb H ) 4.94
sy 2 < A0 ete) (1.21)

In (4.23), equality is always attained for some (c;)%_;, so (4.24) implies the equalities

1 1 1

sup, [[(PQP) | A2 [l

Proof of b): General principles imply that
Klim PQ'Px=Q 'z, Vae/ly(N),
—00

so it suffices to show that

ghm (PgQPg)_lfL‘ — PZQ_IPKZE =0, Vzxe EQ(N)
—00
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Now

(PQP) ' —PQ 'R,
= (PQP) '[P — PQPQ'P] = (PQP) 'PQ(I — P)Q ' P,

= (PQP)'PQII - P)Q " — (I - P)Q (I — P)].

This implies

H(PéQPe)*ll‘ - PZQAPMH

IN

I(PQP)MIEQIIT — PIQ 'z — (I = PQ™'(I = P)al
I QNI = P)Q~all + (I = P)Q (I = Poa]))
< QIR = PYQ ] + Q1T = Poall) = 0

IA

by part a), which proves b).

Proof of part ¢): From b) we conclude that

Q! < timinf | (P.QP) .

Combining this with a) finishes the proof. O

Lemma IV.20. If L is a boundedly invertible operator on ¢5(N) (over C), and B :=
(L*L)71, then
1) For all x € (3(N), Bx = limy_,o [(PB™'P)) 2 + (I — Py)z].
2) The following are equivalent:
a) B =1limy_, [(PgB_lpg)_l + (I — Pg)} in the operator norm topology,
b) B=1+ K, for some compact operator K.

c¢) L =U+ C where U is onto unitary and C is compact.

Proof. 1) follows immediately by Lemma IV.19.

Proof of 2): i) First we show that a) holds if and only if B~ = L*L = I + C for some
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compact operator C (which is clearly equivalent to B = I + K, K compact). Define
B,=(PB'P) '+ (I - P).
Then lim,_,., B, = B implies that

0 = lim(B™' = B") = lim(B™ — (I - P+ RB™' 7))

L—00 {—00

= B '~ lim P(B~' — )P,
{—00

B~! — I is the limit of finite rank operators in the operator norm topology and is

therefore compact. For the converse, if B~1 = I + C, then

B'- B! PB NI —-P)+(I-P)B"'-B"

= P(I+C)I—-P)+(I—-P)C

= PO —P)+(I-PR)C.

The quantity above has zero limit in the operator norm topology, so limy ., By = B.
ii) We now show L*L — I is compact if and only if L = U + C. Suppose C =
L*L — I is compact. C is also a self-adjoint operator on /3(N). By the spectral
theorem, there exists a diagonal matrix D consisting of the eigenvalues (di)reny C R
of C , (limy_ o dgr = 0), and an invertible unitary matrix V' whose columns are the

eigenvectors of C, such that L*L — I = VDV*. This implies
L*'L=V({I+ D)V~

The statement

shows that diagonal matrix D with entries f)kk = /1 +dy is a real, boundedly

invertible matrix such that D? = I + D. Note that D = I + K where K is compact.
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Define W = DV*, so that
L*L =VDDV* = W*W.
Consequently, (L*Lx,z) = (W*Wz,x) for x € l5(N), hence
[Lz]| = [Wzll, =€ 6N).
We conclude that there exists an invertible unitary matrix U such that
L=UW =U(I+EK)}V*=UV"+UKV",

which gives the desired decomposition of L. The converse follows by direct calculation.

]

Lemma IV.21. Let (ng)ren be an enumeration of Z¢ and define

1 )
) = — ’L<',TL>
ek()_(gﬂ)dﬂe oo k> 1.

Let T = (tx)ren C R? be a sequence such that (fi,)ren, defined by

1w
fe() = (QW)d/2€<’t ).k €N,

is a Bessel sequence for Lo([—m,m]?). Let L be defined by Ley = f. Then L =1+ C

for some compact operator C' if and only if limy_, ||ng — tx|/c = 0.

Proof. Let L = I + C for some compact operator C'. Consider L and C as operators
on {5 under the change of basis ej, — by (the standard basis for £3), and regard L and

C' as infinite matrices. Then

lim Ly = lim SINCw(tp —ng) = lim (1 + Cyi) = 1.
k—o0 k—o0 {—o0
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This can happen if and only if

lim sincem(t,(i) — ng(i)) =1, 1<i<d,

k—oo

that is, if and only if limg o ||7x — tk|lcc = 0.
For the converse, apply Lemma II.17:

lt-nu-r) = _sp [0-0Y ael

S hzeq lak[?=1 k=0+1

(sup fIni—talloo)
e kb4l — 1 =00 0.

I — L is the limit of finite rank operators in the operator norm and is therefore

compact. W

We note that if (¢,), is a sequence of points such that L = I + C, then if « € R and
(Tn)n = (tn 4 @)p, then the associated isomorphism L is of the form L = U + C where
U is unitary.

We are now ready for the theorem that relates f and ff.

Theorem IV.22. Let (ng)ken, (€x)ren, (tk)ren, and (fx)ren be as in Lemma IV.21.
Additionally, suppose that (fi)ren s a Riesz basis for Ly([—m, w]%) with upper frame
bound M. The following hold.
1 tr
a) |f = fillz, < VMH(B - Bz)(wf(x))}ﬂm
7%

0 1S = Flee < 2VM]|B - B (53 (%)),

—00 0, and
Lo

7400 0.
Lo

If, in addition, B = I + C' for some compact C, then

c) S If = fxlle. < MI|(B = By)|| =500 0, and
fllLy=1

@Hﬂm\u—ﬁmwsNWMWB—mw—nmo
Ly=1
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Proof. For a), note that f + (2m)¥2F~1(f) is an onto isometry on Ly(R?), so

I =l = [ 2008~ Bo oo -—2)

1 & _ 122
- B-B 2m) P F o - =
H)\d ;[( Z)fT/)\] ( 7T) F [g0< )\):| La([—Aom,Aom]®)
< LISUE - Btz i(5)
- )\4/2 = ETTINENa TR\ Lo([-AmAm]d)

The map f(-) = 5/ (5) is an onto isometry from Ly([—m, 7|?) to Ly([—Am, Az]?),

so(ﬁ fx <X>> is a frame for Lo([—A7, Ar]?) with frame constant M. This implies
keN

° 1/2
I = Bl < 5V (S IB ~ B fral?)
k=1

v () e
An application of (2.2) shows b). For c), (4.25) implies
17 = Fllea < V(B - B) ||( Sl (™ (1.26)

Furthermore,

gtk /)

A = Sl 00, )

_ gK(zw)d/Qf‘l(f)(-)aﬁf’cG»r

M||2m) 2 F - (f)IP = BIIFII*.

2

IN

Combining the above inequality with (4.26) proves c¢), and another application of
(2.2) yields d). O

The impact of A on the rate of convergence is not apparent in Theorem V.22,

and is almost certainly due to the method of proof. Theorem IV.23, an analogue of
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Theorem IV.6, presents a similar approximation without the aid of oversampling.

Theorem 1V.23. Define

l 9
fz(t) B Z[(PKB_lpg)_lfT]kSINCW(t - tk) + Z f(tk)SINCW(t - tk)

k=1 k=0+1

Under the hypotheses of Theorem IV.22,

If = fillee < VMI(B = Bo)(f(t))kenl| —eoc 0.
If = fflee < VMIB = B (f (ta) rentll —eoc 0.

If, in addition, B = I + C for some compact C, then

o If = il < M[(B =Bl =150 0-
Ly=1

S 1f = fllee < MII(B = Bo)ll =500 0.
Ly=1

The proof of Theorem 1V.23 is similar to the proof of Theorem IV.22 and is omitted.

It is worth stating the following corollary, which provides a direct generalization of

(2.4).

Corollary IV.24. Let (t)reny C R? be a sequence such that (Wei<”tk>>kEN is a
Riesz basis for Ly([—m,7]?). Define the £ x £ matriz Ay by (Ag)pm = SINCT(t, —t,,).
For all f € PW|_ xa, we have
¢ ¢
£(1) = lim (Z(A;l),m f(tn))SINCw(t —t), teR%

{—r00
k=1 n=1

The sum converges with respect to both L, and L., metrics.

Proof. Note that the 2" term of f* from Theorem IV.23 has 0 limit with respect to

both Ls and L., metrics. O
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CHAPTER V

CONCLUSION
In Chapter III, we investigated polynomial interpolation in relation to approxima-
tion of multivariate bandlimited functions. Given a sequence (t,),cz¢ such that
(e“"t"))nezd is a UIRB for Ly([—m, 7]%), strong connections were established between
the following.

a) The existence of Lagrangian polynomial interpolants (with manageable coor-
dinate degrees) which (in the limit) interpolate arbitrary ¢ data at (¢,),cz4, and

b) the existence of exponential Riesz bases for Lo([—m, 7]¢), each of which, after
replacement of finitely many elements, is an orthonormal basis.

Given a set of /5 data and the corresponding polynomial interpolants, we pro-
duced (in Theorems I11.26 and II1.30) asymptotic recovery and approximation for-
mulas for multivariate bandlimited functions. While the approximants in Theorem
I11.26 demonstrate global Ly and L., convergence on R? and are simply expressed in
theory, they become computationally complicated in the limit. This deficiency was
remedied in Theorem II1.30, where computational manageability was obtained at the
price of introducing a more local convergence on increasingly large subsets of R
Near-optimality of the growth rates of these subsets was addressed by Propositions
I11.42 and II1.40.

In Chapter IV, oversampling of data at sites associated with an exponential frame
condition was used to derive a multivariate recovery formula ((4.1) in Theorem IV.3).
Given minor restraints on the sampling sites and the frequency domain, Theorem
IV.7 demonstrates a certain stability in (4.1) with respect to ¢, errors in otherwise
ideal ¢5 data. Computational simplifications of (4.1) were given in Theorems IV.22

and IV.23 in the case where the sampling sites arise from an exponential Riesz basis.
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