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ABSTRACT

Interference Channel with State Information. (August 2012)
Lili Zhang,
B.S., University of Science and Technology of China;
M.S., University of Science and Technology of China

Chair of Advisory Committee: Shuguang Cui

In this dissertation, we study the state-dependent two-user interference channel,
where the state information is non-causally known at both transmitters but unknown
to either of the receivers. We first propose two coding schemes for the discrete mem-
oryless case: simultaneous encoding for the sub-messages in the first one and super-
position encoding in the second one, both with rate splitting and Gel’fand-Pinsker
coding. The corresponding achievable rate regions are established. Moreover, for
the Gaussian case, we focus on the simultaneous encoding scheme and propose an
active interference cancellation mechanism, which is a generalized dirty-paper coding
technique, to partially eliminate the state effect at the receivers. The corresponding
achievable rate region is then derived. We also propose several heuristic schemes for
some special cases: the strong interference case, the mixed interference case, and the
weak interference case. For the strong and mixed interference case, numerical results
are provided to show that active interference cancellation significantly enlarges the
achievable rate region. For the weak interference case, flexible power splitting instead
of active interference cancellation improves the performance significantly.

Moreover, we focus on the simplest symmetric case, where both direct link gains
are the same with each other, and both interfering link gains are the same with each
other. We apply the above coding scheme with different dirty paper coding param-

eters. When the state is additive and symmetric at both receivers, we study both
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strong and weak interference scenarios and characterize the theoretical gap between
the achievable symmetric rate and the upper bound, which is shown to be less than
1/4 bit for the strong interference case and less than 3/4 bit for the weak interference
case. Then we provide numerical evaluations of the achievable rates against the upper
bound, which validates the theoretical analysis for both strong and weak interference
scenarios. Finally, we define the generalized degrees of freedom for the symmetric
Gaussian case, and compare the lower bounds against the upper bounds for both
strong and weak interference cases. We also show that our achievable schemes can
obtain the exact optimal values of the generalized degrees of freedom, i.e., the lower

bounds meet the upper bounds for both strong and weak interference cases.
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CHAPTER I

INTRODUCTION

A. Overview of Prior Works

The interference channel (IC) models the situation where several independent trans-
mitters communicate with their corresponding receivers simultaneously over a com-
mon spectrum. Due to the shared medium, each receiver suffers from interferences
caused by the transmissions of other transceiver pairs. The research of IC was initi-
ated by Shannon [1] and the channel was first thoroughly studied by Ahlswede [2].
Later, Carleial [3] established an improved achievable rate region by applying the su-
perposition coding scheme. In [4], Han and Kobayashi obtained the best achievable
rate region known to date for the general IC by utilizing simultaneous decoding at
the receivers. Recently, this rate region has been re-characterized with superposition
encoding for the sub-messages [5,6]. However, the capacity region of the general IC
is still an open problem [4].

The capacity region for the corresponding Gaussian case is also unknown except
for several special cases, such as the strong Gaussian [C and the very strong Gaussian
IC [7,8]. In addition, Sason [9] characterized the sum capacity for a special case of
the Gaussian IC called the degraded Gaussian IC. For more general cases, Han-
Kobayashi region [4] is still the best achievable rate region known to date. However,
for the general Gaussian interference channel, the calculation of the Han-Kobayashi
region bears high complexity. The authors in [10] proposed a simpler heuristic coding
scheme, for which they set the private message power at both transmitters in a special

way such that the interfered private signal-to-noise ratio (SNR) at each receiver is

The journal model is IEEE Transactions on Automatic Control.



Fig. 1.: A multi-cell downlink communication example, which can be modeled as an
interference channel with state information non-causally known at both transmitters.

equal to 1. An upper bound on the capacity was also derived in [10] and it was shown
that the gap between the heuristic lower bound and the capacity upper bound is less
than one bit for both weak and mixed interference cases.

Many variations of the interference channel have also been studied, including the
IC with feedback [11] and the IC with conferencing encoders/decoders [12]. Here,
we study another variation of the IC: the state-dependent two-user IC with state
information non-causally known at both transmitters. This situation may arise in a
multi-cell downlink communication scenario as shown in Fig. 1, where two interested
cells are interfering with each other and the mobiles suffer from some common inter-
ference (which can be from other neighboring cells and viewed as state) non-causally
known at both of the two base-stations via certain collaboration with the neighboring
base-station. Notably, communication over state-dependent channels has drawn lots
of attentions due to its wide applications such as information embedding [13] and
computer memories with defects [14]. The corresponding framework was also initi-
ated by Shannon in [15], which established the capacity of a state-dependent discrete

memoryless (DM) point-to-point channel with causal state information at the trans-



mitter. In [16], Gel'fand and Pinsker obtained the capacity for such a point-to-point
case with the state information non-causally known at the transmitter. Subsequently,
Costa [17] extended Gel'fand-Pinsker coding to the state-dependent additive white
Gaussian noise (AWGN) channel, where the state is an additive zero-mean Gaussian
interference. This result is known as the dirty-paper coding (DPC) technique, which
achieves the capacity as if there is no such an interference. For the multi-user case,
extensions of the afore-mentioned schemes appeared in [18-21] for the multiple access
channel (MAC), the broadcast channel, and the degraded Gaussian relay channel,

respectively.

B. Overview of Contributions

In this dissertation, we study the state-dependent IC with state information non-
causally known at the transmitters and develop two coding schemes, both of which
jointly apply rate splitting and Gel’fand-Pinsker coding. In the first coding scheme, we
deploy simultaneous encoding for the sub-messages, and in the second one, we deploy
superposition encoding for the sub-messages. The associated achievable rate regions
are derived based on the respective coding schemes. Then we specialize the achiev-
able rate region corresponding to the simultaneous encoding scheme in the Gaussian
case, where the common additive state is a zero-mean Gaussian random variable.
Specifically, we introduce the notion of active interference cancellation, which gener-
alizes dirty-paper coding by utilizing some transmitting power to partially cancel the
common interference at both receivers. Furthermore, we propose heuristic schemes
for the strong Gaussian IC, the mixed Gaussian IC, and the weak Gaussian IC with
state information, respectively. For the strong Gaussian IC with state information,

the transmitters only send common messages and the DPC parameters are optimized



for one of the two resulting MACs. For the mixed Gaussian IC with state information,
one transmitter sends common message and the other one sends private message, with
DPC parameters optimized only for one receiver. For the weak interference case, we
apply rate splitting, set the private message power at both transmitters to have the
interfered private SNR at each receiver equal to 1 [10], utilize sequential decoding,
and optimize the DPC parameters for one of the MACs. The time-sharing technique
is applied in all the three cases to obtain enlarged achievable rate regions. Numeri-
cal comparisons among the achievable rate regions and the capacity outer bound are
also provided. For the strong and mixed interference cases, we show that the active
interference cancellation mechanism improves the performance significantly; for the
weak interference case, it is flexible power allocation instead of active interference
cancellation that enlarges the achievable rate region significantly.

Furthermore, we characterize the theoretical gap between the achievable rate
and the upper bound. We focus on the simplest symmetric case, where the direct
link gains are normalized to 1 and the interfering link gains are both g. For the
strong interference case (g > 1), we use the previously mentioned coding scheme but
with different auxiliary random variables, and derive the gap between the achievable
symmetric rate and the upper bound, which is shown to be less than 1/4 bit. For the
weak interference scenario (g < 1), we choose particular auxiliary random variables,
set up the power splitting assignment such that the interfering private SNR is equal
to 1, and analyze the gap between the achievable symmetric rate of the Gaussian 1C
with state information and that of the traditional interference channel, which turns
out to be less than 1/4 bit. By combining with the results in [10], we conclude that
the gap between the achievable symmetric rate and the upper bound is less than
3/4 bit when g < 1 (For our AWGN model, all the random variables are defined

over the field of real numbers R). Numerical results are provided to validate the



theoretical analysis for this symmetric case. Moreover, we define the generalized
degrees of freedom for the symmetric Gaussian case and derive the lower bounds
corresponding to our achievable schemes, which meet the upper bounds and achieve

the exact optimal generalized degrees of freedom.

C. Organization

The rest of the dissertation is organized as following. In Chapter II, the discrete
memoryless channel model and the definition of achievable rate region are presented.
Then we provide two achievable rate regions for the discrete memoryless IC with
state information non-causally known at both transmitters, based on the two differ-
ent coding schemes, respectively. In Chapter III, we discuss the Gaussian case and
present the main idea of active interference cancellation. The strong interference,
mixed interference, and weak interference cases are studied. In addition, the numer-
ical results comparing different inner bounds against the outer bound are given. In
Chapter IV, the symmetric Gaussian channel model and the definition of symmetric
capacity are provided. Then we present the auxiliary random variables and analyze
the gap between the achievable symmetric rate and the upper bound for the strong
interference case. Afterwards, we focus on the weak interference scenario and present
the gap analysis. Numerical comparisons between the achievable symmetric rate and
the upper bound are shown. Furthermore, we derive the optimal generalized degrees

of freedom for the symmetric Gaussian case. At last, we conclude our work in Chapter

V.



CHAPTER II

DISCRETE MEMORYLESS CHANNEL
In this chapter, we first present the discrete memoryless channel model for the state-
dependent interference channel. Then we propose two new coding schemes for this DM
interference channel with state information non-causally known at both transmitters
and quantify the associated achievable rate regions. For both coding schemes, we
jointly deploy rate splitting and Gel’fand-Pinsker coding. Specifically, in the first
coding scheme, we use simultaneous encoding on the sub-messages, while in the second

one we apply superposition encoding.

A. Channel Model

Consider the interference channel as shown in Fig. 2, where two transmitters commu-
nicate with the corresponding receivers through a common medium that is dependent
on state S. The transmitters do not cooperate with each other; however, they both
know the state information S non-causally, which is known to neither of the receivers.
Each receiver needs to decode the information from the corresponding transmitter.
We use the following notations for the DM channel. The random variable is
defined as X with value = in a finite set X'. Let px(z) be the probability mass
function of X on X. The corresponding sequences are denoted by z™ with length n.
The state-dependent two-user interference channel is defined by (X7, X, V1, Vs, S,
p(Y1, y2|T1, 22, 8)), where Xy, Xy are two input alphabet sets, Vi, ), are the corre-
sponding output alphabet sets, S is the state alphabet set, and p(yi, y2|T1, 22, s) is

the conditional probability of (y1,y2) € Vi XxVs given (z1,x9,8) € Xy xAXyxS. The
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Fig. 2.: The interference channel with state information non-causally known at both
transmitters.

channel is assumed to be memoryless, i.e.,

n

Pyt ys ey, oy, 8") = Hp(yu, YoilT1i, T2, i),
i=1

where 7 is the element index for each sequence.

A (27 2Bz ) code for the above channel consists of two independent message
sets {1,2,---,2"%} and {1,2,---,2""2} two encoders that respectively assign two
codewords to messages m; € {1,2,---,2""} and my € {1,2,---,2"72} based on
the non-causally known state information s", and two decoders that respectively
determine the estimated messages m, and my or declare an error from the received
sequences.

The average probability of error is defined as:

1 . R .
PM = TR Z Pr{my # my or g # ma|(my, my) is sent}, (2.1)
mi,m2
where (my, mo) 1s assumed to be uniformly distributed over (1,2, - -, ixql, 2,0
h i dtob ift ly distributed 1,2 onk 1,2

gnfiz},

Definition 1. A rate pair (Ry, Rs) of non-negative real values is achievable if there
exists a sequence of (2" 2" n) codes with Pe(") — 0 as n — oo. The set of all

achievable rate pairs is defined as the capacity region.



B. Simultaneous Encoding Scheme

Now we introduce the following rate region achieved by the first coding scheme,

which combines rate splitting and Gel’fand-Pinsker coding. Let us consider the aux-

iliary random variables @), Uy, Vi, Us, and V5, defined on arbitrary finite sets Q,

Uy, Vi, Uy, and Vs, respectively. The joint probability distribution of the above

auxiliary random variables and the state variable S is chosen to satisfy the form

p(s)p(q)p(u1lq, s)p(vilq, s)p(uslq, s)p(v2|q, s). Moreover, for a given ), we let the

channel input X; be an arbitrary deterministic function of Uj;, V;, and S. The

achievable rate region of the simultaneous encoding scheme is given in the follow-

ing theorem.

Theorem 1. For a fized probability distribution p(q)p(uilq, s)p(vi|q, s)p(uzlq, s)

p(valg, s), let Ry be the set of all non-negative rate tuple (Ryo, R11, Rao, Ra2) satisfying

R

RlO

Rip + R

Ri1 4+ Ry

Rip + Ry

Ryg 4+ Ri1 + Ry

<

IN

IN

IN

IN

IN

I(Uy; Us|Q) + I(Uy, Uz VAIQ) + I(V1; Y1 |Un, Us, Q)
—1(W; 81Q), (2.2)
I(Uy; Us|Q) + I(Uy, U VAIQ) + 1(U; Ya|VA, Us, Q)
—1I(U1; 51Q), (2.3)
I(Uy; U2|Q) + I(Uy, Ug; V1| Q) + I(Uy, Vis Y1|Us, Q)
—I(Uy; 81Q) — 1(V1; S1Q), (2.4)
1(Uy; U2|Q) + I(Uy, Ug; VA|Q) + I(V1, U; 1|U1, Q)
—1(Vi: 5|Q) — I(Us: 5|Q), (2.5)
1(Uy; U2|Q) + I(Uy, Ug; VA|Q) + I(Uy, Us; 1| VA, Q)
—I(Uy; S|Q) — I(Us; S|Q), (2.6)

I(Uy; Us|@Q) + I(Uy, Uy; V1| Q) + L(Uy, Vi, Us; Y1|Q)



—1(Uy; S1Q) — I(V1; S|Q) — 1(Us; S1Q), (2.7)
Ryy < I(Uy; Urt|Q) + I(Us, Ur; Va|Q) + I(Va; Ya|Us, Uy, Q)

Rao

IN

I(Uy; Uh|Q) + I(Uz, Up; Vo|Q) + I(Us; Y |Va, Uy, Q)
—1(Us; S1Q), (2.9)

Rao + Rao

IN

I(Uy; Uh|Q) + 1(Uz, Uy Va|Q) + I(Us, Va3 Yo Uy, Q)
—1(Uz; S|Q) — I(V2; 51Q), (2.10)

Rao 4+ Ryp

IN

I(Uy; Uh|Q) + 1(Ua, Uy Vo|Q) + I(Va, Uy Ya|Us, Q)
—I(V2; 5|1Q) — I(Uy; S1Q), (2.11)

Rao + Ryo

IN

I(Uy; Uh|Q) + 1(Us, Ur; Va2 |Q) + I(Us, Uy; Ya| Vo, Q)
—I(Uz; 51Q) — 1(U1; S|Q), (2.12)

Ry + Rag + Ryp I(Uy; Uh|Q) + I(Us, Uy; Va|Q) + 1(Us, Vo, Uy; Ya|Q)

IN

—I(Uz; 51Q) — 1(V2; 5|Q) — I(U1; 51Q). (2.13)

Then for any (Rio, R11, Roo, Ra2) € Ry, the rate pair (Ryo+ Ri1, Rog + Rag) is achiev-

able for the DM interference channel with state information defined in Section A.

Remark 1. The detailed proof is given in Appendiz A with the outline sketched as
follows. For the coding scheme in Theorem 1, the message at transmitter j (j = 1
or 2) is splitted into two parts: the public message mj, and the private message
mj;. Furthermore, Gel’fand-Pinsker coding is utilized to help both transmitters send
the messages with the non-causal knowledge of the state information. Specifically,
transmitter j finds the corresponding public codeword u; and the private codeword v;
such that they are jointly typical with the state s™. Then the transmitting codeword is

constructed as a deterministic function of the public codeword u;, the private codeword
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vj, and the state s". At the receiver side, decoder j tries to decode the corresponding
messages from transmitter j and the public message of the interfering transmitter.

The rest follows by the usual error event grouping and error probability analysis.

Remark 2. The auxiliary random wvariables in Theorem 1 can be interpreted as fol-
lows: Q) is the time-sharing random variable; U; and V; (j =1 or 2) are the auxiliary
random variables to carry the public and private messages at transmaitter j, respec-
tiely. It can be easily seen from the joint probability distribution that U; and V; are
conditionally independent given () and S, which means that the public and private

messages are encoded “simultaneously”.

An explicit description of the achievable rate region can be obtained by applying
the Fourier-Motzkin algorithm [5] on our implicit description (2.2)-(2.13), as shown

in the next corollary.

Corollary 1. For a fized probability distribution p(q)p(u1|q, s)p(vil|q, s)p(uslq, s)

p(valg, s), let R1 be the set of all non-negative rate pairs (R1, Ry) satisfying

Ry < min{dy,g1,a1 + b1, a1 + fi,a1 + ez, a1 + fo, b1 + eq,

er + fi,e1 + faf, (2.14)
Ry < min{dy, g2, ag + by, az + fa, a2 + €1, a2 + f1, by + €2,
ez + fa, €2 + fi}, (2.15)
Ry + Ry, < min{a; + g2, a2 + g1, €1+ g2, €2 + g1, €1 + €2, a1 + az + f1,
a; + as + fo, a1 + by +eg,a0 + by + €1}, (2.16)
Ry + 2Ry < min{e; + fi + 2az,e1 + 2as + fo,€1 + ag + g2}, (2.17)
2R1 + Ry < min{es + fo + 2a1,e2 + 2a1 + f1,ea + a1 + g1}, (2.18)
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where

ar = (U Us|Q) 4+ I(Uy, Us; VAIQ) + (Vi Y1|UL, Us, Q) — 1(V; S1Q),
by = I(Uy;Us|Q) + I(Ur, Us; VAIQ) + I(Ur; Yi[V1, Ua, Q) — 1(Us; S|Q),
dy = I(Uy; Ua|Q) + I(Ur, Uz VAIQ) + I(Un, Vi Y1|Us, Q) — I(Un; S|Q) — 1(V1; 51Q),
er = (Ui 02|Q) + I(Ur, Us;s VA[Q) + I(V1, U; Y1|UL, Q) — 1(Vi; 5|Q) — I(Uz; S1Q),
fi = U 0:|Q) + I(Ur, Us; Q) + I(Uy, Uss Y1 |[V1, Q) — I(Us; S|Q) — 1(Us; S1Q),
g = U 0s|Q) + I(Ur, U VI |Q) + I(Us, Vi, Uz Y1|Q) — 1(Uy; S|Q) — I(V4; 51Q)
—1(U; 51Q),
ay = (U U1|Q) + I(Uz, Up; V2| Q) + 1(Va; Ya| Uz, U, Q) — 1(Va; S1Q),
by = I(Ux;U1|Q) + I(Uz, Ur; V2|Q) + 1(Us; Ya[Va, U, Q) — 1(Us; S|Q),
dy = I({UxUh|Q) + 1(Uz, Uy V2|Q) + I(Us, Va; Ya|Uy, Q) — I(Us; S|Q) — 1(V2; 5|Q),
ez = I(UsUh|Q) + I(Us, Uis Vo|Q) + I(Va, Un; Ya|Us, Q) — 1(Ve; S|Q) — 1(Un; S1Q),
fo = 1(UxTh|Q) + 1(Uz, U; V2|Q) + I(Uz, Ur; Y2|Va, Q) — I(Uz; S|Q) — 1(U1; S1Q),
g2 = 1(UznUh|Q) + I(Uz, Up; V2|Q) + 1 (U, V2, Ur; Y2|Q) — I(U2; S|Q) — 1(V2; 51Q)

—[(Ul; S‘Q)-

Then any rate pair (Ry, Rs) € Ry is achievable for the DM interference channel with

state information defined in Section A.

C. Superposition Encoding Scheme

We now present the second coding scheme, which applies superposition encoding for
the sub-messages. Similar to the auxiliary random variables in Theorem 1, in the
following theorem, () is also the time-sharing random variable; U; and V; (j = 1 or

2) are the auxiliary random variables to carry the public and private messages at
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transmitter j, respectively. The difference here is the joint probability distribution

p(s)p(q)p(uils, @)p(v1|us, s, q)p(usls, @)p(va|ug, s, q), where U; and V; are not condi-

tionally independent given ) and S. This also implies the notion of “superposition

encoding”. The achievable rate region of the superposition encoding scheme is given

in the following theorem.

Theorem 2. For a fized probability distribution p(q)p(uils, q)p(vi|u1, s, q@)p(us|s,q)

p(valus, s,q), let Ry be the set of all non-negative rate tuple (Ryo, R11, Rao, Ra2) sat-

1sfying

Rip+ Rn

Ri1 + Ry

Rio+ Ri1 + Ry

RQQ

Ry + Rao

Ry 4+ Ry

Rao + Ras + Ryo

IN

IN

IN

IN

IN

IN

IN

IN

(U, Vi; Us|Q) + 1(Vi; Y1 Uy, Us, Q)
—I(Vi; 81U, Q),

(U, Vi U5|Q) + 1(Uy, Vi3 Yi|Us, Q)
—I(U,V1; 51Q),

(U, Vi; U5|Q) + 1(Vi, Uy; Y1|UL, Q)
—I(Vi; S|Ur, Q) — I(Uz; S1Q),

LU, Vi;U5|Q) + 1(Uy, Vi, Us; Y11Q)
—I(U, V15 5|Q) — I(Uz; S1Q),

1(Uy, Va; Uh|Q) + 1(Vy; Yo Uz, Un, Q)
—I(Va; S|Us, Q),

1(Us, Va; U1|Q) + 1(Us, Va; Ya| Uy, Q)
—1(Us, V2; S|1Q),

1(Uy, Va; Uh|Q) + 1(Va, Uy; Ya|Us, Q)
—I(V2; 5|Us, Q) — I(U1; S1Q),

I<U27 ‘/27 Ul’Q) + [(U27 ‘/27 U17 }/2|Q)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)
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—1(Us, V2; 5|Q) — I(Uy; S1Q). (2.26)

Then for any (Rio, R11, Roo, Ra2) € Ra, the rate pair (Rio+ Ri1, Rog + Raa) is achiev-

able for the DM interference channel with state information defined in Section A.
The detailed proof for Theorem 2 is given in Appendix B.

Remark 3. Compared with the first coding scheme in Theorem 1, the rate splitting
structure is also applied in the achievable scheme of Theorem 2. The main differ-
ence here is that instead of simultaneous encoding, now the private message m;; is
superimposed on the public message mjo for the jth transmitter, j = 1, 2. In addi-
tion, Gel’fand-Pinsker coding is utilized to help the transmitters send both public and

private messages.

Remark 4. [t can be easily seen that the achievable rate region Ry in Theorem 1
is a subset of Ro, i.e., Ri C Ro. However, whether these two regions can be equiv-
alent s still under investigation, which s motivated by the equivalence between the
simultaneous encoding region and the superposition encoding region for the traditional

1 5],

D. Summary

In this chapter, we considered the interference channel with state information non-
causally known at both transmitters. Two achievable rate regions are established
based on two coding schemes with simultaneous encoding and superposition encoding,

respectively.
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CHAPTER III

AWGN CHANNEL
In this chapter, we first present the channel model for the AWGN interference channel
with state information. Then we provide the corresponding achievable rate region
based on the simultaneous encoding scheme described in Chapter II. In addition to
applying dirty paper coding and rate splitting, here we also introduce the idea of active
interference cancellation, which allocates some source power to cancel the state effect
at the receivers. Finally, we propose heuristic schemes for the strong Gaussian 1C, the
mixed Gaussian IC, and the weak Gaussian IC with state information, respectively.
Numerical comparisons among the achievable rate regions and the capacity outer

bound are also provided.

A. Channel Model

The Gaussian counterpart of the previously defined DM channel is shown in Fig.
3, where two transmitters communicate with the corresponding receivers through a
common channel that is dependent on state S, which can be treated as a common
interference. The corresponding signal structure can be described by the following

channel input and output relationship:

Y/ = huX{+hpX,+ S+ 7],
Yy = hpXy+haX]+ S+ 7,
where h;; is the real link amplitude gain from the jth transmitter to the ith receiver,

X/ and Y/ are the channel input and output, respectively, and Z! is the zero-mean

AWGN noise with variance N;, for ¢ = 1,2 and 7 = 1,2. Both receivers also suffer
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Z1
Y
h, Y |
Tx, hy Rx,
S z,
X 2 Y2
2 f
Tx, hy, Rx,

Fig. 3.: The Gaussian interference channel with state information non-causally known at
both transmitters.
from a zero-mean additive white Gaussian interference S with variance K, which is
non-causally known at both transmitters!. Note that for this AWGN model, all the
random variables are defined over the field of real numbers R.
Without loss of generality, we transform the signal model into the following

standard form [4]:

1
Yi = X1+\/912X2+\/—N—15+Z1, (3.1)
1

ng = X2 —|— ~/921X1 —|— S —|— ZQ, (32)

VN

where
vi Yy _ huXy - hipNo 23
= , X1 , 912 y 21 )
VN VN h%gNl v/ Ny

2
Yo = 2, Xg= 2 gy =2l 7= 22
VIV VN, T RN, VN

Tn general, the additive states over the two links may not be the same, i.e., we
may have Y = hy1 X] +ho X5+ 51+ Z] and Y] = hoo X+ hoy X{ + So + Z5,. However,
in this dissertation we only focus on the simplest scenario: S; = Sy = . The more
general cases with state (57, S2) and different knowledge levels at the two transmitters
will be studied in our future work.
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Note that Z; and Z, have unit variance in (3.1) and (3.2). We also impose the
following power constraints on the channel inputs X; and Xs:

1 zn:(X )? < Py, and lzn:(X )2 <P

n < 1) = ) n - 2i) =~ 12

B. Achievable Rate Regions for AWGN Case with Active Interference Cancellation

In the general Gaussian interference channel, the simultaneous encoding over the sub-
messages can be viewed as sending X; = A; 4+ B; at the jth transmitter, j = 1, 2,
where A; and B; are independent and correspond to the public and private messages,
respectively. Correspondingly, for the Gaussian IC with state information defined in
Section A, we focus on the coding scheme based on simultaneous encoding that was
discussed in Section B. Specifically, we apply dirty paper coding to both public and

private parts, i.e., we define the auxiliary variables as follows:

Uy = A+ a105, Vi =By +a115, (3.3)

U, = Ay+ 01205, Vo = By + a99S. (34)

In addition, we allow both transmitters to apply active interference cancellation
by allocating a certain amount of power to send counter-phase signals against the

known interference S, i.e.,

Xy = A+ By —7S, (3.5)

Xy = As+ By — %S, (3.6)

where v, and 7, are active cancellation parameters. The idea is to generalize dirty-
paper coding by allocating some transmitting power to cancel part of the state effect
at both receivers. Assume A; ~ N(0,51(P, — 72K)), B ~ N(0,3(P, — 4?K)),
Ay ~ N(0, Bo(Py — 42K)), and By ~ N(0, B2(Py — v2K)), where 3, + f; = 1 and
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B2 + B = 1. According to the Gaussian channel model defined in Section A, the

received signals can be determined as:

Yi = A+ B+ g12(As + Bs) + S + 7,

Yo = As+ By+ \/go1(A1 + B1) + p2S + Zs,

where 1y = \/LNfl =7 — Y2¢/912 and pip = \/LN? — Y2 — M1/ G21-

For convenience, we denote Py, = 31(P, — V?K), P, = B1(P1 — V?K), Pa, =
Bo(Py — 42K), and Pp, = [a2( Py — v2K). Also define Gy, = a?,K/Pa,, Gy, =
o K/ Pg,, Gy, = a3yK/Pa,, and Gy, = a3,K/Pg,.

The achievable rate region can be obtained by evaluating the rate region given

in Theorem 1 with respect to the corresponding Gaussian auxiliary variables and

channel outputs.

Theorem 3. Let R be the set of all non-negative rate tuple (Ryg, Ri1, Rao, Ro2)

satisfying

1 1
R < §log [L—((l + Pg, + g12PB,) (1 + Gy, + Gu, + G, Guy)

1

Gy, Gy
K _ 2 1 1 2
+K (a9 + az0v/g12 — 1) ( + 1+ G, +GU2) )]a

R

IA

1 1
5 log [—L ((1 + PA1 + g12PB2) (1 + GVl + GU2 + leGUQ)
1

Gv, Gy,
K . 2 1 1 2
+K (011 + ao0y/G12 — 1) ( + 1+ Gy + GU2) )] ;

1 1
Rig+ Ri1 < §log [L—(<1—|—PA1 —|-PB1 —|—912P32) (1+GU2)
1

Y

K (o iz — )?



Ri1 + Ry

Rip + Ry

Rip 4+ Ri1 + Ry

R22

Ry

Ry + Rag

Ry + Ry

Rao + Ry

IN

IN

IA

IN

IN

IN

IN

IN
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1 1
5105:{ [_L ((1 + Pg, + g12Pa, + g12Pp,) (1 + Gu,)
1

+K (a9 — ul)Q)

)

1 1
5 log [L_(<1 + Pa, + g12Pa, + 912Pp,) (1 + Gvy)
1

)

+K (g — ul)z‘)

1 1
5108 [L— (1+ Pa, + Pp, + g12Pa, + g12Pp, + ufK)} :
1

1 1
5 log [—L ((1 + Pg, + 921PB,) (1 + Gy, + Gy, + Gu,Gu,)
2

)

Gy, Gy
K . 2 1 2 1
+ (cmo + 104/ 921 ,U2) ( + 1+ G, + GUl) )

1 1
§log [L_((l + PA2 +921P31> (1 + GV2 + C¥U1 + GV2GU1)
2

I

Gv,Gy
K . 2 1 2 1
+ K (cvgg + 104/ 921 [2) ( + 15 Gy, + GUl) )

1 1
Elog [L_((1+PA2+PBZ +921PB1)(1+GU1)
2

+K (10v/921 — M2)2)

9

1 1
5 log [L_ ( (14 Pp, + g21Pa, + 921P5,) (1 + Gyy,)
2

Y

+K (a9 — ug)g)

1 1
Elog [L_((l + Pa, + g21Pa, + 921Pp,) (1 + Gy,)
2

Y

+K (aipy — u2)2)
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1 1
Rag + R + Rip < 5108; L_(1+PA2+PBz + 9201 Pa, + 921 Py, + 115K)
2

where

Ly = (14 912PB,) (1 4+ Gy, + Gy, + Gv;) + K (oo + a20v/912 + 011 — u1)2,

Ly = (14 gaPp)(1+ Gy, + Gy, +Gy,) + K(az + ai04/g21 + g — M2)2-

Then for any (R, R11, Roo, Rao) € R, the rate pair (Ryo+ Ri1, Rog + Ra2) is achiev-

able for the Gaussian IC with state information defined in Section A.

Note that the achievable rate region R} depends on the power splitting param-

eters, the active cancellation parameters, and the DPC parameters. To be clear, we

: ! !
may write R} as R (61, B2, 71, V2, 1o, @11, 20, 0422).

Remark 5. It can be easily seen that the above achievable rate region includes the ca-
pacity region of the Gaussian MAC with state information, by only using the common

messages for both transmitters and optimizing the respective DPC' parameters.

The following corollary gives the achievable rate region for the Gaussian IC with

state information when the state power K — oo.

Corollary 2. Let 75’1 be the set of all non-negative rate tuple (Rig, R11, Rog, Rao)

satisfying
Oé2
» P < 1 | (14 P4, + P, + 12PB,) p—j; + (a20\/G12 — 11)?
10+ hn < B 0g Is )
O[Q
1 (1+ P, + 912Pay + g12Pp,) 5> + (10 — p11)?
Ry + Ry < Slog = )
- 2 Ls
O[2
1 (1+ Pa, + 912Pa, + g12Pp,) 5+ + (11 — p1)?
Rio+ Ry < Slog B ;
- 2 Ls
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1 i
Rig+ Ry + Ry < Zlog |+ |,
2 Ls
OLQ
1 (1+ Pa, + Pp, + g21Pp,) 1 + (10y/G21 — p12)’
Rog+ Rypy < <log : ,
2 Ly
CYQ
1 (1+ Pp, + g21Pa, + 921Pp,) 52> + (@20 — p2)?
Royy + Ryg < log 2 )
2 L,
CYQ
1 (1+ Pa, + g21Pay, + 921 Pp,) p22 + (22 — pia)?
Ry + Ryp < 3 log I 2 )
4

1 15
Rog + Rop + Rig < Zlog| — |,

where

a? a2 a
Ly = (1+g12Pg,) <P;O =+ Pjo + P;) + (10 + @204/G12 + 11 — M1)2,
1 2 1

a2 o? ol
Ly = (1+guPg) <on + P/l;o + P:) + (a0 + @104/ Ga1 + a2 — M2)2-
2 1 2

As the state power K — oo, for any (Ryo, Ri1, Rao, Ra2) € 75’1, the rate pair (Ryo +
Ri1, Ryo + Ras) is achievable for the Gaussian IC with state information defined in

Section A.

Remark 6. It can be easily seen that due to the special structure of DPC [20], a
nontrivial rate region can be achieved even when the state power goes to infinity, as

long as the state is non-causally known at the transmitters.

In the following sections, we will consider several special cases of the Gaussian
IC with state information: the strong interference case, the mixed interference case,

and the weak interference case, respectively.
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C. The Strong Gaussian 1C with State Information

For the Gaussian IC with state information defined in Section A, the channel is
called strong Gaussian IC with state information if the interference link gains satisfy
go1 > 1 and go > 1. In this section, we propose two achievable schemes for the
strong Gaussian IC with state information, and derive the corresponding achievable
rate regions. An enlarged achievable rate region is obtained by combining them with

the time-sharing technique.

1. Scheme without Active Interference Cancellation

We first introduce a simple achievable scheme without active interference cancellation,
which is a building block towards the more general schemes coming next. It is known
that for the traditional strong Gaussian IC, the capacity region can be obtained by the
intersection of two MAC rate regions due to the presence of the strong interference.
However, for the strong Gaussian IC with state information, the two MACs are not
capacity-achieving simultaneously since the optimal DPC parameters are different
for these two MACs. Here we propose a simple achievable scheme, which achieves
the capacity for one of the MACs and leaves the other MAC to suffer from the non-
optimal DPC parameters. Note that now all the source power is used to transmit the
intended message at both transmitters instead of being partly allocated to cancel the

state effect as in Section B.

Theorem 4. Let Csy be the set of all non-negative rate pairs (Ry, Rs) satisfying

1
R, < min{ilog(1+P1),

2

a2, K
1 (1+g21P1) (1 + T) + K ((m - —fw)
5 8 a2 K | a2 K % ’
L+=-+—5-+ K (0420 + Q104/921 — _’E>
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. (HJ@@+%°>+KQm%§ f

R2 —lOg 2 9 ’
1—|—%+ 10 +K(C¥20+O&101/92 >

IA

2

1
R+ Ry < min {élog(l + P+ gi2P) ,

1 1+P2+921P1+£
3 log s ,
1+ %;92 + aw + K (0420 + a104/Go1 — )
_ p . V2P . _
where oy = m(HP;rmPQ) and ooy = TN PrionaPy)’ which are optimal for the

MAC at receiver 1. Then any rate pair (Ry, Ry) € Cq is achievable for the strong
Gaussian IC with state information.

Similarly, let Cso be the set of all non-negative rate pairs (Ry, Ry) satisfying

) U+PQO+%°>+KQmﬁf' Y

Rl _log 2 | ? 7
1+ 1% 4 20 +K<a10+020\/91 )

IN

2

1
Ry, < min{élog(lePg),

2
1 (1 + 912P2) (1 + alOK) + K (Oélo — \/;Nil>
5 log a? K 1 2 ’
L+ == (0410 + @204/G12 — \/_NT)
. 1
R+ Ry < min {5 log (1+ P+ gnP1),
1 1+P1+912P2+N£1
5 log o2 K o2 K 2 ’
I+ 45— +-% +K(0410+0420\/QE—\/—]\71>
_ V921 P _ P . .
where ayg = \/E(1+123;+1921P1) and qpy = N ET STyt which are optimal for the

MAC at receiver 2). Then any rate pair (Ry, Ry) € Cso is achievable for the strong

Gaussian IC with state information.

Proof. We only give the detailed proof for C4; here. Similarly, Cs, can be obtained by
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achieving the MAC capacity at receiver 2 and letting the MAC at receiver 1 suffer
from the non-optimal DPC parameters.

Due to the presence of the strong interference, we only send common messages
at both transmitters instead of splitting the message into common and private ones.
Accordingly, both receivers need to decode the messages from both transmitters. For

the MAC at receiver 1, the capacity region is given as:

1
R, < §log(1+P1),

1
R, < §log(1+912P2),
1
Ri+ Ry < §log(1+P1+ng2),

where DPC is utilized at both transmitters and the optimal DPC parameters are

V12
VN1 (14+P1+g12P2) "

Py

VNi(1+Pi+912P2) However, the MAC for receiver 2

and Qog =

Q10 =

suffers from the non-optimal DPC parameters and has the following achievable rate

region:
a2 K 2
R - 110g (1+921P1) (1"—%) +K(0420— \/LN—Q)
L < =
2 0{2 a2 2 ’
1+ —21_5,’2K + —}SIK + K (Oézo + a10y/G21 — ﬁ)
a? 2
S (14 Po) (1+ 255 4 K (awoy/gar — o4
2 = 9 0g )

O¢2K a2K ’
1+ 5392_+4}31L—|—K<a20+0510\/g21 o \/;N72>
1+P2+921P1+N£2

14 9B 9B R (g0t anoy/Gar — )
2> 2 20 10v921 — J§;

1
Ri+Ry, < §log

Consequently, we have the achievable region C4; for the strong Gaussian IC with
state information, which is the intersection of the above two rate regions for the two

MAC:s. O]
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2. Scheme with Active Interference Cancellation

For the strong Gaussian IC with state information, now we propose a more general
achievable scheme with active interference cancellation, which allocates part of the
source power to cancel the state effect at the receivers. Specifically, DPC is used to
achieve the capacity for one of the MACs as shown in Section 1, and active interference
cancellation is employed at both transmitters to cancel the state effect at the receivers.

The corresponding achievable rate regions are provided in the following theorem.

Theorem 5. For any v? < Py/K and v3 < Py/K, let Cy3(71,72) be the set of all

non-negative rate pairs (Ry, Ry) satisfying

1
R, < min{élog (1+P1 —’ny),

(14 ga1(Pr — 71 K)) <1+ %OK )+K(0420—M2)
210g a 042 K Y
1+P222/2K+P11(;/2K+K(a20+a10‘/92 )
af K
R - 11 (1 +P2 ’}/QK) (1 23 1?‘/2K> +K (Oél(]w/gQ )
2 >~ S log o2 o2 )
2 1+ P22(,)V2K + P11072K +K(C¥20+a101/92 )

1
Ri+ Ry < min{élog (14 P — %K+ g2 (P —%K)),

llog 1+P2—’722K+921(P1 1K) + K }
a o? 2 ’
2 1+ I 207[22( + P ujyzK + K (0420—‘—0(101/92 )

p1(PL—~2K)
1+ P -2 K+g12(Pa—72 K)

p1/g12(Pa—3K)
1+P1—viK+g12(P2—3 K)’

where ayg =

and oy = which are optimal
for the MAC' at receiver 1. Then any rate pair (Ry, Ry) € Cs3(71,72) s achievable for
the strong Gaussian 1C with state information. Moreover, any rate pair in the convex

hull (denoted as ésg) of Cs3(71,72) is also achievable.

Similarly, for any vi < Pi/K and 73 < Py/K, let Cou(1,72) be the set of all
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non-negative rate pairs (Ry, Rs) satisfying

o2 2
Lo (1+ P, —72K) (1 + P;fng) + K (mr/Gr — 1)
1 > slog a2 ) 2 )
2 1+ pli(;?;{ + p;(igl( + K (om0 + a204/912 — 1)
1
Ry, < min{ilog (1—|—P2 —fng),
11 (1+912<P2—’}/22K>) <1—|— Pal?yQK) —|—K(oz10—,u1) }
5 108 ) 2 )

1
R+ Ry, < min{élog (14 P, — %K + gn (P — 1K),

llog 1+ P =K+ gio(P — %K) + Kpf }
2 1+ Pfél(,)yzK + Pa2(3yzK +K (0410 —|—04201/gl )

p2(P2—3K)
1+ Py =y K+g21(PL—7{K)’

p2/921(PL—v3K)

[ Pr—2K 4921 (P —2K) which are optimal

and oy =

where oy =
for the MAC' at receiver 2. Then any rate pair (R1, Ry) € Csa(71,72) s achievable for
the strong Gaussian 1C with state information. Moreover, any rate pair in the convex

hull (denoted as 854) of Csa(71,72) is also achievable.

The proof is omitted here since it is similar to that of Theorem 4 except for
applying active interference cancellation to both users. Moreover, we see that the
regions Cy; and Cyy are equivalent to Cy3(0,0) and Cs4(0,0), respectively, which means
that the achievable scheme without active interference cancellation is only a special
case of the one with active interference cancellation.

Note that an enlarged achievable rate region can be obtained by deploying the
time-sharing technique for any points in Cs3(71,72) and Csq(71,72), which is described

in the following corollary.

Corollary 3. The enlarged achievable rate region Cs for the strong Gaussian IC

with state information is given by the closure of the convex hull of (O, % log (1 + PQ)),
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(% log (14 P) ,O), and all (Ry, Ry) in Cy3(v1,v2) and Cou(1,72) for any v < P/K
and v3 < P/K.

In Section F, we will numerically compare the above achievable rate regions with
an inner bound, which is denoted as Cs_;, and defined by the achievable rate region
when the transmitters ignore the non-causal state information. The improvement
due to DPC and active interference cancellation is clearly shown there. We also
compare the above achievable rate regions with an outer bound (denoted by C;.,),
which corresponds to the capacity region of the traditional strong Gaussian IC [8].
Such a correspondence is due to the fact that the traditional Gaussian IC can be
viewed as the idealization of our channel model where the state is also known at the

receivers.

D. The Mixed Gaussian IC with State Information

For the Gaussian IC with state information defined in Section A, the channel is called
mixed Gaussian IC with state information if the interference link gains satisfy go; > 1,
g2 < 1l or go; <1, g12 > 1. In this section, we propose two achievable schemes for the
mixed Gaussian IC with state information, and derive the corresponding achievable
rate regions. Similarly, we can enlarge the achievable rate region by combining them
with the time-sharing technique. Without loss of generality, from now on we assume

that go; > 1 and g1 < 1.

1.  Scheme without Active Interference Cancellation

Similar to the strong Gaussian IC with state information, here we first introduce
a simple scheme without active interference cancellation, which optimizes the DPC

parameters for one receiver and leaves the other receiver suffer from the non-optimal
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DPC parameters. Furthermore, receiver 1 treats the received signal from transmitter
2 as noise, and receiver 2 decodes both messages from transmitter 1 and transmitter
2. Note that now all the source power is used to send the intended messages at both

transmitters instead of employing active interference cancellation.

Theorem 6. For any ass, let Cpi(aas) be the set of all non-negative rate pairs

(R1, Ry) satisfying

R, < min{%log(l—l—#),

1 (1+gnP) <1+“22 )+K<a22—\/+v72>2 }

1+“AL+°“22 +K(a10\/g7+a22 ¢}v>2 |

) (14 Py) (14 55 + K (aoy/ar )2

14 ek 2pX +K<a10\/97+a22 ﬁv>2
1+ P+ gn P+ 4

1+ —jﬁlK + 22 + K (Oé10\/97+ Qog — #)

1
R1+R2 S Elog

where ayg = A lei o) that is optimal for the point-to-point link between trans-
mitter 1 and receiver 1. Then any rate pair (Ry, R2) € Cpui(aa) is achievable for the
mixed Gaussian IC with state information. Moreover, any rate pair in the convex hull
(denoted as Cpy) of all Coy(an) is also achievable.

Similarly, let Cpo be the set of all non-negative rate pairs (Ry, Rs) satisfying

1+P1+912P2+£1
2
(1+g12P%) <1+aw >+K<Oé10—\/+71>

1
R2 S Elog(l—kpg),

1
R, < 510g

9

1
Ri+Ry, < §1Og(1+P2+g21P1),
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where g = m(gilgz1P1) that is optimal for the MAC' at receiver 2. Then any rate

pair (Ry, Ry) € Cpo is achievable for the mized Gaussian IC with state information.

Proof. We only give the detailed derivation for C,,; here. The region C,,» can be
obtained in a similar manner by achieving the MAC capacity at receiver 2 and letting
receiver 1 suffer from the non-optimal a.

Since the interference link gains satisfy go; > 1 and gy < 1, the interference
for receiver 1 is weaker than its intended signal and the interference for receiver
2 is stronger than its intended signal. Accordingly, we send common message at
transmitter 1 and private message at transmitter 2 instead of splitting the message
into common and private messages for both transmitters. For the direct link from
transmitter 1 to receiver 1, the capacity is

1 P
Ri<=log 14— ),
=2 g( 1+912P2>

where the DPC parameter is a9 = NOAG +1€1 o However, the MAC at receiver 2

suffers from the non-optimal a;¢ and the achievable rate region is:

2
(U gaP) (14 555) 4 1 (0 - o)
2 Y
14 4 2B +K(O‘10Vg2 o ﬁT)
2
) (1 —|—P2) <1 + 0610 ) + K <0610\/97 )
U SR+ B K (onov/mn + o — i)

1
R, < §log

1 1-|—P2+921P1+£

Ri+ Ry < log > 2
1+ == —I—a22 +K(0510\/97+0422—\/1ﬁ>

for any any. Therefore, we have the achievable rate region C,,1 (o) as the intersections

of the above two regions. m
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2. Scheme with Active Interference Cancellation

Now we propose a more general scheme with active interference cancellation, which
allocates some source power to cancel the state effect at both receivers. Similarly, the
DPC parameters are only optimized for one receiver, and the other receiver suffers
from the non-optimal DPC parameters. The corresponding achievable rate regions

are stated in the following theorem.

Theorem 7. For any am, v < Pi/K, and v5 < P/ K, let Cpuz(iaz, v1,72) be the set

of all non-negative rate pairs (Ry, Ry) satisfying

.1 P —~iK )
Ry < min<g —log |1+ ,
b= {2 g( 1+ gi2 (P, — %K)

(1+921 (Pl —’yZK)) (1+ PQQ%YQK> +K(0422—/LQ) }
log ,
1+ P?HBFK + P;X2%y2K + K (a10y/Gar + 02 — :“2)
1 (1+ P, —v3K) (1+ “1°2K> + K (a10v/21 — )
R2 S §log a? K a2, K 4
1+ Pli?y%K + pQE%ng + K (0410\/ g21 + Qg — N2)
1 1+ P —+K P —vIK) + K2
Ri+Ry < log PRt (D TR & R ,
1+ pliosz + 5 22721{ + K (a10y/G21 + a2 — Mz)
Nl(Pl 71K)

where a9 = that is optimal for the point-to-point link between

1+ P —?K+g12(Po—73K)
transmitter 1 and receiver 1. Then any rate pair (Ry, Rg) € Cps(ag, 71,72) s achiev-
able for the mized Gaussian [C with state information. Moreover, any rate pair in
the convex hull (denoted as émg) of Cinz(i22,71,72) 1S also achievable.

Similarly, for any v3 < Pi/K and v3 < Py/K, let Cpa(y1,72) be the set of all

non-negative rate pairs (Ry, Ry) satisfying

1+ P — K+ gio (Py — v3K) + K}

R, < -
(14 g1 (P2 = 13K) (14 52257 ) + K (a0 — )’

1
-1
< 20g
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1
Ry, < 51og(1+zf>2—7§K),

1
Ri+Ry < Elog(l—FPQ—’y%K—Fng (Pl—’}/%K>),

— H2/G21(Pr =77 K) , - .
where a9 = P2 K +gar (Pr—77E) that is optimal for the MAC at receiver 2). Then
any rate pair (Ry, Ry) € Cpa(v1,72) is achievable for the mized Gaussian IC with
state information. Moreover, any rate pair in the convexr hull (denoted as Cons ) of

Cima(71,72) 1s also achievable.

The proof is omitted here since it is similar to that of Theorem 6 except for ap-
plying active interference cancellation to both users. Moreover, it is straightforward
to see that the regions C,;(ag2) and C,,e are equivalent to C,,3(c9,0,0) and C,,4(0,0),
respectively, which means that the achievable scheme without active interference can-
cellation is only a special case of the one with active interference cancellation.

Note that an enlarged achievable rate region can be obtained by deploying the
time-sharing technique for any points in Cp3(aa2,v1,72) and Cp4a(71,72), which is

described in the following corollary.

Corollary 4. The enlarged achievable rate region C,, for the mized Gaussian IC
with state information is given by the closure of the convex hull of (0, % log (1 + Pg)),
(% log (1+ Py) ,O), and all (Ry, R2) in Cps(age,v1,72) and Chpa(y1,72) for any aos,
V< P/K, and v3 < P/ K.

In Section F, we will numerically compare the above achievable rate regions with
an inner bound, which is denoted as C,,_;, and defined by the achievable rate region
when the transmitters ignore the non-causal state information. The improvement due
to DPC and active interference cancellation is clearly shown there. We also compare
the above achievable rate regions with an outer bound (denoted by C,,,), which is

the outer bound derived for the traditional mixed Gaussian IC [10].
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3. A Special Case — Degraded Gaussian 1C

For the Gaussian IC with state information defined in Section A, the channel is called
a degraded Gaussian IC with state information if the interference link gains satisfy
g21912 = 1, which can be viewed as a special case of the mixed Gaussian IC. For
this degraded interference case, we will show the numerical comparison between the
achievable rate regions and the outer bound in Section F. Note that the difference
from the general mixed interference case is the evaluation of the outer bound C,, ,,

which is now equal to the outer bound including the sum capacity for the traditional

degraded Gaussian IC [9].

E. The Weak Gaussian IC with State Information

For the Gaussian IC with state information defined in Section A, the channel is called
weak Gaussian IC with state information if the interference link gains satisfy go1 < 1
and g;2 < 1. In this section, we propose several achievable schemes for the weak
Gaussian IC with state information, and derive the corresponding achievable rate
regions. An enlarged achievable rate region is obtained by combining them with the

time-sharing technique.

1. Scheme without Active Interference Cancellation

We first introduce a simple scheme with fixed power allocation and without active
interference cancellation. It is shown in [10] that for the traditional weak Gaussian
IC, the achievable rate region is within one bit of the capacity region if power splitting
is chosen such that the interfered private SNR at each receiver is equal to 1. In our
scheme, we set the interfered private SNR equal to 1, utilize sequential decoding,

and optimize the DPC parameters for one of the MACs. Note that now the power



32

allocation between the common message and private message is fixed, and all the

source power is used to transmit the intended message at both transmitters instead

of being partly allocated to cancel the state effect.

Theorem 8. Let Cy be the set of all non-negative rate pairs (R1, Ry) satisfying

Ry

Ry + Ry

where

Py =

1

2

Qg =

gy =

< 1 (1+ L, >+ ind 1 <1+ Fay )
< —log S min < - log ,
2 1+ g12PB, 2 1+ Pp, + g12PB,

1 (1+PBQ+921P1)<1+%§>+K(Oé20—\/+v—2> } (37
(37

2
5% Lo

1 Pp )1 g12P4
< —log(1+—2)—|—m1n —log<1+ - ,
2 1+ go1 Pp, 2 1+ Pp, + g12PB,

a? 2
11 (1+g21PBl+Pg) <1+%>+K(Q10«/§21—\/LN—2) -
5 Og Lwl ( . )

1+ P+ gn P+ &
< min{llog(l—l— Pa, + 912Pa, ),llog< 2T I N2>}

2 1 + PBl —|—g12P32 2 Lwl
1 Py 1 Pp
+-1o 1—|——1>+—lo <1+—2). 3.9
2 g( 1 +912PB2 2 & 1+921P31 ( )

1
min {Pl, —} ,
921
1
min {Pg, —} ,
912

Py,
VNI(1+ P+ gioP)’
V912Pa,
VNI(1+ Py + gioP2)’
aj K oK

1 2
(1+P32 +921P31) (1+ PA2 "‘ﬁ) + K (Oég()‘f‘alo\/ggl — \/E) .

1

Then any rate pair (Ry, Ry) € Cy1 is achievable for the weak Gaussian IC with state
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information.

Similarly, let Cyo be the set of all non-negative rate pairs (Ry, Rs) satisfying

1 Py )1 g21P4
R, < =log (1 + —1) + min { = log (1 + - ,
! 2 1—|—g12P32 2 1+PBQ+921P81

a2 2
11 (1+912P32+P1) <1+%§>+K(O&20,/g12—\/%—1>
5 log T 3.10)

1 PB . 1 PA
Ry < =lo 1+—2)+m1n —1lo <1+ : ),
2 2 g( 1—|—g21PBl {2 & 1+P32+921P31

2 2
11 (1+P31+912P2)<1+%>+K<CY10—\/L]\71>
- ! 3.11
5108 I , (3.11)
. 1 Py, + g21P4 1 1+P1+g12P2—|—N£
Ri+ Ry < min< —log |1+ - ! ,—lo -
LT = {2 g( 1+P32+921P31) 2 g( Luz
1 Py 1 Pp
+=1lo 1+—2>+—lo <1—|——1), 3.12
2 g( 1+921PB1 2 & 1+912PB2 ( )
where
. 1
P, = mm{Pl,—},
g21
. 1
Pp, = mlD{Pg,—},
g12
o — V921 P4,
10 — )
VN3 (14 Py + g1 P1)
Py,
Qo =

\ Ng(l + P2 + g21P1)7
ad K N s, K 1

2
Luwy = (1+ Pp, + 912Pp,) (1 + P TP ) +K (am + 20y/g12 — —Wl) :

Then any rate pair (Ry, Ry) € Cua is achievable for the weak Gaussian IC with state

information.

Proof. We only give the detailed proof for C,,; here. Similarly, C,» can be obtained by
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optimizing the DPC parameters for the common messages at receiver 2 and letting the
common-message MAC at receiver 1 suffer from the non-optimal DPC parameters.
Due to the presence of the weak interference, we split the message into common
and private ones at both transmitters. The sequential decoder is utilized at the
receivers, i.e., both receivers first decode both common messages by treating both
private messages as noise, and then decode the intended private message by treating
the interfered private message as noise. For the common-message MAC at receiver 1,

the capacity region is given as follows:

1 Py
Ry < =log|1+ 1 ,
=9 g( 1+P31+g12PBQ)
1 Gg12P4 )
Royy < =log|1+ 2 ,
0= g( 1+ Pp, + g12PB,
1 Py, + g12Py
Rio+ Ry < =log (14— : )
10 0 = 9 g( 1+ Pp, + g12PB,

where P, = min{P;,1/g21}, Pp, = min{Fs, 1/g12}, and DPC is utilized for both

PAl
VN1 (1+Pi+g12P»)

common messages with the optimal DPC parameters a9 = and gy =

V912P4,

. However, the common-message MAC at receiver 2 suffers from the
VNi(14+P1+g12P2) W ) g C

non-optimal DPC parameters and has the following achievable rate region:

2
a% K
R < 110g (1+PBZ+921P1)<1+P_32>+K<C¥20—\/LN—2>
10 = 5 )
2 Lwl
2
a% K 1
Ry < Lo [T (1+95) + & (oo — i)
-2 Lwl ’
1 1+ P+ g P+ £
Rl(] +R20 S ilog ? I 2l N .
wl

where

o2 K oA K 1\’
Lyi=1+Pp,+9uPp) |1+ ——+—— ]+ K| ax+aon/g2 — .
1= ( By + 921 PB,) ( Pa, P, ) ( 20 10V 921 m)
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Consequently, the IC achievable region for the common messages can be obtained
by intersecting the above regions for the two MACs. After decoding the common
messages, each receiver is capable of decoding the intended private message with the

following rate:

1 P
Ry < =log (1+#),

2 1—|—g12P32
1 Py
Ry < =log|l14+—"-2+).
2= 2 g( 1+921PB1)

Therefore, after applying the Fourier-Motzkin algorithm, we have the achievable

region C, for the weak Gaussian IC with state information. O

2. Scheme with Active Interference Cancellation

For the weak Gaussian IC with state information, now we generalize the previous
scheme with active interference cancellation, which allocates part of the source power
to cancel the state effect at the receivers. Specifically, DPC is used to achieve the
capacity for one of the common-message MACs as shown in Section 1, and active
interference cancellation is deployed to cancel the state effect at the receivers. The

corresponding achievable rate regions are provided in the following theorem.

Theorem 9. For any v < Pa1/K and 73 < Pay/K, let Cyu3(71,72) be the set of all

non-negative rate pairs (Ry, Ry) satisfying

1 Ps (1 Pa, — 2K
R, < —log (1—1——1) + min < = log (1+ ! :
' 2 1+ g12Pp, 2 1+ Pp, + g12Pp,

a2
L (14 Pp, + ga1(P1 — 7iK)) (1 + PA;_Of%K) 4K (s — o)’
5 s Lw3 ’
1 P 1 Py — 2K
Ry, < §log(1+$>+min{§log(l+ G12(Pa, — 75 ))’

1 + g21Pp, 1+ Pp, + g12PB,
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a2
11 (1+ g21Pp, + P, — %K) (1+ﬁ%) +K(0410\/g21—u2)2 }
— 10g )
2 L3

1 Py 1 Py
Ri+R < Zlog|l+——"—— ]+ zlog|l+—"——
! 2= 2 g( 1—|—912PB2> 2 g( 1 +g21PBl)

1 Py, — VK Py, —viK
min ¢ — log <1 N Vi K + g12(Pa, — 73 )) 7
2 1+PBl+g12P32

1 (1 + Py — 2K + g1 (P — 2K) +M§KN2) }

21
9 %8 Lo

where

1
Pp, = min {Pl, —} ,
g21

1
Pp, = min {PQ, —} ,
912

i (Pa, — 1K)

«Q = ,
0 (14+ P, — K + g12 (P, — ¥3K))
N1\/912(PA2 —*y%K)
Qoo =

1+P1—’)/12K+912(P2—’7%K)7

a2 K N al K
PA2_’722K PAI_’Y%K
+K (g0 + c10y/G21 — H2)2 .

Lys = (14 Pg,+ g21Pg,) <1+

Note that here ayy and sy are optimal for the common-message MAC at receiver
1. Then any rate pair (Ry, Ry) € Cyus(71,72) is achievable for the weak Gaussian IC
with state information. Moreover, any rate pair in the conver hull (denoted as éw3)
of Cuws(71,72) is also achievable.

Similarly, for any vi < Pa1/K and v3 < Pay/K, let Cyps(1,72) be the set of all
non-negative rate pairs (Ry, Ry) satisfying

1 PB . 1 921<PA —’}/%K) )
R, < =log(l+-———— | +min<{ =log |1+ ! ,
b= 2 g( 1—|—g12P32> {2 g( 1+PBQ+921PBl
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a? 2
1 ((1+912PBQ+P1’V%K) (1+#%)+K(0420\/912—/ﬁ1) }
Lw4 ’

1 Ps (1 Pa, — 2K
Ry, < —lo 1+—2>+mm —1lo (1—|— E :
’ 2 g( 1 + g21Pp, {2 s 1+ Pp, + 921 Pp,

?

a2
| (1+ Pp, + g12(P2 — %5 K)) <1+ﬁ%>+[((0€10—ﬂ1)2
2 %% Lw4

1 Py 1 Py
Ri+Ry, < —log(14—2 )+ _log(1+-—21
' =2 g( > 2 g( 1+912PBQ)

1 Pa. — 2K P, — 2K
min { = log <1+ 4y — Vo I+ go1(Pa, — i ))
L+ Pp, + g Pp,

?

2
llog 1+P1—W%K‘i‘glz(Pz—Y%K)?LM%K)}
2 Lw4 7

where

1
Pp, = min {Pl, —} ,
go1

1
Pp, = min{PQ,—},
912

1127/ G21(Pa, — 1K)
14+ P, — K+ gn(P — 1K)’
MZ(PA2 B /YQQK)
14+ P, — %K + g (PL — 1K)’
2 2
SRR N TS
+K (o0 + a0y 012 — ).

Qg =

Qoo =

Note that here a1g and agg are optimal for the common-message MAC at receiver
2. Then any rate pair (Ry, Ry) € Cywa(71,72) is achievable for the weak Gaussian IC
with state information. Moreover, any rate pair in the convex hull (denoted as éw4)

of Cwa(71,72) is also achievable.

The proof is omitted here since it is similar to that of Theorem 8 except for
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applying active interference cancellation to both users. Moreover, we see that the
regions C,; and C,p are equivalent to C,3(0,0) and C,4(0,0), respectively, which
again implies that the achievable scheme without active interference cancellation is
only a special case of the one with active interference cancellation.

As in previous sections, an enlarged achievable rate region can be obtained by
employing the time-sharing technique for any points in Cyu3(71,72) and Cuws(71,72),

which is described in the following corollary.

Corollary 5. The enlarged achievable rate region C,, for the weak Gaussian IC with
state information is given by the closure of the convex hull of (0,%10g(1 +P2)),
(log (14 P1),0), and all (Ry, Rs) in Cus(v1,72) and Cua(71,72) for any 4 < Pa/K
and v3 < Pa/K.

In Section F, we will numerically compare the above achievable rate regions with
an inner bound, which is denoted as C,_;, and defined by the achievable rate region
when the transmitters ignore the non-causal state information. We also compare the
above achievable rate regions with an outer bound (denoted by C,_,), which is the
outer bound derived for the traditional weak Gaussian IC [10]. Note that unlike the
strong interference case and the mixed interference case, active interference cancella-
tion cannot enlarge the achievable rate region significantly for the weak interference
case. Intuitively, the reason is that the source power is too “precious” to cancel the
state effect when the interference is weak. Therefore, we next modify the scheme to
optimize the power allocation between the common message and the private message

at each transmitter.
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3. Scheme with Flexible Power Allocation

For the weak Gaussian IC with state information, now we propose a scheme with
flexible power allocation. The corresponding achievable rate regions are provided in

the following theorem.

Theorem 10. For any (1,82 € (0,1), let Cus(51, P2) be the set of all non-negative

rate pairs (Ry, Ry) satisfying (3.7)-(3.9) where P, = [1P, Pp, = PoPs, ayg =

(1-51)P1 V912(1—B2) P2
VN1(1+P1+g12P)’ VNi(14+P1+gi12P2)’

MAC at receiver 1. Then any rate pair (Ry, Ry) € Cus(B1, 52) is achievable for the

and aipy = which are optimal for the common-message

weak Gaussian 1C with state information. Moreover, any rate pair in the convex hull
(denoted as Cys) of Cus(B1, B2) is also achievable.

Similarly, for any B1, 82 € (0,1), let Cyue(B1, 52) be the set of all non-negative
rate pairs (Ry, Ry) satisfying (3.10)-(3.12), where Pg, = (1P, Pp, = PoP», ayg =

V921(1—B1) Py _ (1-p2)P2 : ; _
TN (L Patgar P and oy = TR btan)’ which are optimal for the common-message

MAC at receiver 2. Then any rate pair (Ry, Ry) € Cue(P1, B2) is achievable for the
weak Gaussian IC with state information. Moreover, any rate pair in the convexr hull

(denoted as éwﬁ) of Cuwe(P1, B2) is also achievable.

The proof is omitted here since it is similar to that of Theorem 8 except for
applying the optimal power allocation between the common and private messages
at both transmitters, which is obtained by two-dimensional searching and bears the
same complexity as the active interference cancellation scheme in Section 2. Similarly,
an enlarged achievable rate region can be obtained by employing the time-sharing
technique for any points in Cy,s5(f1, 82) and Cyue(51, 52), which is described in the

following corollary.

Corollary 6. The enlarged achievable rate region C,, for the weak Gaussian IC with

state information is given by the closure of the convex hull of (0,%10g(1 +P2)),
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(%log(l + P1) 70); and all (Ry, R2) in Cus(B1,B2) and Cus(Br, B2) for any Bi, B2 €
(0,1).

The numerical comparison between the above achievable rate regions with the

outer bound C,_, [10] is shown in Section F.

4. Scheme with Flexible Sequential Decoder

For the sequential decoder of C,,; in Section 1, each receiver first decodes the common
messages by treating the private messages as noise, then decodes the intended private
message by treating the interfered private message as noise. Note that we can easily
extend the above scheme by changing the decoding order. For example, receiver 1
could also decode the intended common message and private message first, or decode
the “interfered” common message and intended private message first. Therefore, each
receiver has 3 choices of different sequential decoders, which means that there are 9
different choices with two receivers. Similarly, we could have another 9 choices based
on the sequential decoder of C,9, which optimizes the DPC parameter at the MAC
for receiver 2. Finally, we can apply Fourier-Motzkin algorithm for each implicit
achievable rate region corresponding to each decoder (18 different decoders in total),
then obtain the explicit achievable rate regions, and finally deploy the time-sharing
technique to enlarge the achievable rate region. The details are omitted here due to

its similarity to the previous results.

F. Numerical Results

In this section, we compare the derived various achievable rate regions with the outer
bound, which is the same as the outer bound derived for the traditional Gaussian

IC [8-10], since the traditional IC can be treated as the idealization of our model
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where the state is also known at the receivers. We show the numerical results for
three cases: the strong interference case, the mixed interference case, and the weak
interference case. From the numerical comparison, we can easily see that active
interference cancellation significantly enlarges the achievable rate region for the strong
and mixed interference case. However, for the weak interference case, flexible power
allocation brings more benefit due to the “preciousness” of the transmission power.

In Fig. 4, we compare the achievable rate regions in Section 2 with the outer
bound C_,, which is the capacity region of the traditional strong Gaussian IC with
the state information also known at the receivers [8]. Note that the inner bound Cs ;,
is defined as the rate region when the transmitters ignore the non-causal state infor-
mation. Compared with Cs; and Csy (only utilizing DPC), we see that the knowledge
of the state information at the transmitters improves the performance significantly
by deploying DPC. Moreover, it can be easily seen that Ces and Cos (utilizing DPC
and active interference cancellation) are much bigger than Cs; and Cs, respectively,
which implies that active interference cancellation enlarges the achievable rate region
significantly. Finally, we observe that the achievable rate region Cy is fairly close to
the outer bound, even when the state power is the same as the source power.

In Fig. 5, we compare the achievable rate regions in Section 2 with the outer
bound C,, ,, which is the same as the outer bound derived for the traditional mixed
Gaussian IC [10]. Also we define the inner bound C,, , as the achievable rate re-
gion when the transmitters ignore the non-causal state information. Compared with
Con1 and Cpo (only utilizing DPC), we see that the knowledge of the state informa-
tion at the transmitters enlarges the achievable rate region significantly due to DPC.
Furthermore, it can be easily seen that émg and ém4 (utilizing DPC and active inter-
ference cancellation) are much larger than Com1 and Cimo, respectively, which implies

that active interference cancellation improves the performance significantly.
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Fig. 4.: Comparison of different achievable rate regions and the outer bound for the
strong Gaussian IC with state information. The channel parameters are set as:

gi2 =921 =10, Ny =Ny =1, P, = P, = K =10 dB.

For the degraded Gaussian IC with state information, we compare the achievable
rate regions with the outer bound C,, , and the inner bound C,, ;, in Fig. 6. Note
that the difference from the general mixed interference case is that the outer bound
Cm.o now includes the sum capacity [9]. Similar to the general mixed interference
case, active interference cancellation improves the performance significantly when the
interference is degraded.

In Fig. 7, we compare the achievable rate regions in Section 2 with the outer
bound C,, ,, which is the same as the outer bound derived for the traditional weak
Gaussian IC [10]. Also define the inner bound C,_;, as the achievable rate region
when the transmitters ignore the non-causal state information. Compared with C,;
and C,» (only utilizing DPC), we see that the knowledge of the state information at the
transmitters improves the performance significantly due to DPC. However, Cws and
Cot (utilizing DPC and active interference cancellation) are only slightly larger than

Cu1 and C,po, i.e., unlike the strong interference case and the mixed interference case,

active interference cancellation cannot enlarge the achievable rate region significantly
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Fig. 5.: Comparison of different achievable rate regions and the outer bound for the
mixed Gaussian IC with state information. The channel parameters are set as: g1o = 0.2,
g21 =2, Ny =Ny=1, P=P, =K =10 dB.
for the weak interference case. Intuitively, the reason is that the source power is too

“precious” to be used for canceling the state effect if the interference is weak.

In Fig. 8, we compare the achievable rate regions of the flexible power allocation
schemes in Section 3 with the outer bound C,, , and the inner bound C,, ;,. It can be
easily seen that Cus and Cpg (both utilizing DPC and flexible power allocation) are
much larger than C,; and C,., respectively, i.e., flexible power allocation between the
common and private messages enlarges the achievable rate region significantly for the

weak interference case.

G. Summary

In this chapter, we considered the Gaussian interference channel with state infor-
mation non-causally known at both transmitters. The achievable rate region was
established over the simultaneous encoding scheme introduced in Chapter II and the
newly proposed active interference cancelation technique. In addition, we proposed

heuristic schemes for the strong interference case, the mixed interference case, and the
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Fig. 6.: Comparison of different achievable rate regions and the outer bound for the
degraded Gaussian IC with state information. The channel parameters are set as:
912:0.2, 921:5, N1:N2:1, P1:P2:K:10dB.
weak interference case. The numerical results showed that active interference cancel-
lation significantly improves the performance for the strong and mixed interference

case, and flexible power splitting significantly enlarges the achievable rate region for

the weak interference case.
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Fig. 7.: Comparison of different achievable rate regions and the outer bound for the weak
interference Gaussian IC with state information. The channel parameters are set as:
9122921:0.2, N1:N2:1, P1:P2:K:10dB.
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CHAPTER IV

SYMMETRIC AWGN CHANNEL
In this chapter, we study the state-dependent Gaussian interference channel, where
the interfering Gaussian state is non-causally known at both transmitters but un-
known to either of the receivers. We focus on the simplest symmetric case, where
both direct link gains are the same with each other, and both interfering link gains are
the same with each other. We apply the coding scheme in Chapter III with different
dirty paper coding parameters. When the state is additive and symmetric at both
receivers, we study both strong and weak interference scenarios and characterize the
theoretical gap between the achievable symmetric rate and the upper bound, which
is shown to be less than 1/4 bit for the strong interference case and less than 3/4 bit
for the weak interference case. Then we provide numerical evaluations of the achiev-
able rates against the upper bound, which validates the theoretical analysis for both
strong and weak interference scenarios. Finally, we define the generalized degrees of
freedom for the symmetric Gaussian case, and compare the lower bounds against the
upper bounds for both strong and weak interference cases. We also show that our
achievable schemes can obtain the exact optimal values of the generalized degrees
of freedom, i.e., the lower bounds meet the upper bounds for both strong and weak

interference cases.

A. Channel Model

Consider the symmetric AWGN interference channel as shown in Fig. 9, where two
transmitters communicate with the corresponding receivers through a common chan-
nel dependent on the additive Gaussian state S. The transmitters do not cooperate

with each other; however, they both know the additive state information S non-
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causally, which is known to neither of the receivers. Each receiver needs to decode
the information from the respective transmitter. The channel input and output rela-

tionship can be described as follows:

Vi = mX{+hX)+S+ 27,

Yo = X5+ hoX|+ S+ 2o,

where h; is the real link amplitude gain from each transmitter to the intended re-
ceiver, hs is the link gain from each transmitter to the interfered receiver, X and
Y; are the channel input and output, respectively, and Z; is the zero-mean unit-
variance AWGN noise, for i = 1,2. Both receivers also suffer from the zero-mean
additive white Gaussian interference S ~ N (0, K), which is non-causally known at
both transmitters.

Without loss of generality, we transform the above channel model into the fol-

lowing standard form for simplicity:

Yi = Xi+9gXo+ 5+ 744, (4.1)

Yo = Xo+9Xi+ S+ 2o, (4.2)

where

h
X, =mX!, Xo=h X} and g = h—2
1

We also assume that the channel inputs X; and X, satisfy the following symmetric

power constraints:

1 — 1 —
—E X,;)?2<P d—E X5)? < P.
ni:1( 1) > [0, an ni:1( 2) =

Here we omit the definitions for the error probability, the achievable rate pair

(R, Rs), and the capacity region for the above channel. We refer readers to Chapter 11
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Z1
Tx, h, Rx,
S z,
X Y,
Tx, h, Rx,
Fig. 9.: The symmetric Gaussian interference channel with state information non-causally
known at both transmitters.

and Chapter III for details. Due to the channel symmetry, we define the symmetric

capacity [10] as the optimal solution of the following optimization problem:

Coym = max min { Ry, Ry}

subject to (Ry, Ry) is in the capacity region.

As shown in [10], the symmetric capacity maximizes the sum rate Ry + Ry since the
capacity region is convex and symmetric. Hence, instead of characterizing the inner
and outer bounds over the achievable rate region, we will focus on deriving the lower

and upper bounds on the symmetric capacity.

B. Strong Interference Case

In this section, we will first present an achievable coding scheme for the channel
model in (4.1) and (4.2) with g > 1, then calculate the smallest symmetric rate over
different state power K, and finally provide an upper bound on the maximum gap
between the achievable symmetric rate for the strong Gaussian 1C with state infor-
mation and the symmetric capacity for the traditional strong Gaussian IC without
the common interference state, with the latter one providing a capacity outer bound

for our channel.
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We deploy the simultaneous encoding scheme for the strong interference case in
Chapter II, where the transmitters only send common messages and utilize DPC to

help. We first give the rate region for the MAC at receiver 1 as follows:

R, < ](Ul,}/1|U2) —I(U1;5|U2), (43)
Ry, < ](UQ,}/ﬂUl) —I(UQ;S|U1), (44)
Ri+ Ry < I(U,UnYi)— I(Uy,Us: S), (4.5)

where R; and R, are the achievable rates for transmitters 1 and 2, respectively.
Similarly, the rate region for the MAC at receiver 2 can be obtained by substituting
Y1 with Y5 in (4.3) to (4.5). Therefore, the corresponding achievable rate region for
the strong Gaussian IC with state information can be calculated as the intersection
of the two MAC regions.

Since the channel is symmetric, we choose the following auxiliary random vari-

ables:

U1 = X1+CYS, (46)

U2 = X2+OéS. (47)

Note that the above auxiliary random variables are different from the ones in Chap-
ter III. It can be easily shown that the two MACs at the two receivers cannot be
capacity-achieving simultaneously, since the optimal DPC parameters for the MAC at
receiver 1 are different from that for the MAC at receiver 2. The achievable schemes
in Chapter III optimize the DPC parameters for one MAC, and make the other MAC
suffer from the non-optimal choices, such that the rate region is degraded. To address
the above issue, here we choose the same parameter « for both U; and U, due to the

channel symmetry, and present the theoretical comparison between the achievable
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symmetric rate and the upper bound. The idea is to achieve a larger intersection by
balancing the two MACs better than the scheme in Chapter III.
We now characterize an achievable symmetric rate with the above auxiliary ran-

dom variables in the following Lemma.

Lemma 1. With different state power K, the smallest achievable rate region for the
strong Gaussian IC with state information occurs when K — oo, and the correspond-

ing achievable symmetric rate s

R : 11 (14 P)a? + (ag — 1)*P 1l P
sym = min < = lo ,—lo :
Y 2 08 202 4+ (o + ag — 1)2P it 202 + (o + ag — 1)?P

(4.8)

2P

where 0 < a < TrogP -

Proof. With the auxiliary random variables U; = X; + oS and Us = X5 + oS, we

can calculate the right-hand sides in (4.3) to (4.5) as follows:

I(Ul,}/ilUg) — I(Ul; S|U2) = h(U1|S, Ug) — h(UﬂYi, UQ)
= h(U17U27S) _h(U27S> _h(U17U27}/1)+h(U27}/1)
(1+P) <1+“2TK> + K (g — 1)
1+¥+K(a+ag—l)2
I(U23Y1|U1) - I(Uz; S|U1) = h(Uh Us, S) - h(UhS) - h(Uh Uz,Yl) + h(Uth)

log

Y

1
2

1 (1+92P)<1+°‘27K>+K(a—1)2
= — 10 s
2 8 142K L K (a4 ag—1)°

(U1, Ug; Y1) — I(U1,U; S) = h(Uy, Uy, S) — h(S) — h(Uy, Us, Y1) + h(Y1)

11 1+P+¢°P+K
= Zlo 5 .
9 % 1+%+K(a+&g—1)2

Since the channel is symmetric, the intersection of the two MACs can be calcu-
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lated as:
. 1 (14 ¢2P) (1+ 2E) + K (a— 1)
, < minA« = log :
b 2 1+%+K(a+ag—1)2
1 (1+P)<1+°‘2TK>+K(ag—1)2
Elog 202K 2 ) (49)
1+ 5% + K(a+ag—1)
1 1+ P P+ K
Ri+Ry < -lo S -y (4.10)
2 1+252 + K(a+ag—1)

It can be easily shown that the first item in (4.9) is larger than the second item,
thus we can recast the achievable rate region for the strong Gaussian IC with state
information as:
042
(1+P) <1+TK> + K (ag— 1)
142K L K (a4 ag—1)°

1 1+ P+¢*P+ K
R+ Ry < —IOg YT g 5 | -
2 1+25= + K(a+ag—1)

1
Rl, Ry < 5 log

I

Both right-hand sides in the above inequalities are decreasing functions over K, i.e.,
we can conclude that for different state power K, the smallest achievable symmetric

rate occurs when K — oo:

o)1 a?f+oz2+(ag—1)2 1 1
Rgyr, = min 5 log | 52 el Ry log | 53 5 .
F+(atag—1) F 4+ (atag—1)

(4.11)

To guarantee that the above achievable symmetric rate is positive, the following

inequalities must hold:

042 ) 052 2 2
?+(a—|—ag—1) < pta + (g —1)7,
o2

- ~-1)? < 1.
P+(a—|—ag )

Or equivalently, @ must be in <0, %). O
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2P

Now we will find a heuristic a € <0, TP

) motivated by the simulations results
in Section D, which shows that the optimal o maximizing the first item in the right-
hand side of (4.8) is actually very close to the value maximizing the whole right-
hand side of (4.8). Then we calculate the corresponding gap between the achievable

symmetric rate in (4.8) and the upper bound, which is the symmetric capacity for

the traditional strong Gaussian IC.

Theorem 11. There exists a DPC parameter o € (O, lfgpgp> such that the mazimum
gap between the achievable symmetric rate for the strong Gaussian IC with state

information and the upper bound is less than 1/4 bit.

Proof. Note that maximizing the achievable symmetric rate in (4.8) over « is indeed
a max-min problem and is equivalent to finding the roots of a fourth-order equation,
for which we could not find an analytical solution. Hence, we heuristically maximize
the single rate item in (4.8):

(1+ P)a* + (ag — 1)°P
202 4+ (a+ag — 1)2P

bject to  a € (0, —2L
subjec (6] « —_— | .
) "1+ 2gP

max

It can be easily shown that the optimal « for the above optimization problem is:

P
L 4.12
T I1tP+gP (4.12)

In Section D, we will show that the above a* is actually very close to the optimal
value which maximizes (4.8).

Now with this a*, we calculate the achievable symmetric rate in (4.8) as follows:

)}

1 1
RSYm = mln{élog(l—i_P)aZlOg(

Moreover, the upper bound on the symmetric capacity of the strong Gaussian
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IC with state information is [§]:
L1 1 ,
Ceym = min ilog(1+P),Zlog(1+P+gP) :

With both the achievable symmetric rate and the upper bound, we split the gap

analysis into three cases:

1. If (Hﬁ%ﬁ > (1+ P)? ie., g > % (\/1 +2P — 1), the symmetric capacity

is the same as the traditional very strong Gaussian 1C (g >V1+ P):
1
Osym = 510g(1—|—P)

2. fVI+ P <g< # (\/1 + 2P — 1), the upper bound on the symmetric ca-
pacity is still
1
Ct = —log ((1 + P)Q) ,

sym 4

and we can achieve the following symmetric rate no matter how large K is:

1 (1+ P+ gP)?
RSm:_l .
y 4Og( 1+ 2P

Due to the monotonic increasing property of the log function, we only need to
compare the item inside the log function. Then we see that the gap between

the achievable symmetric rate and the upper bound is less than 1/4 bit since:

(1+P+gP)?* (1+P)? 1+ 2¢g>P? + 4gP + 4gP? — 2P° — 3P?
1+2P 2 - 2(1 + 2P)
1+ 4gP + 4gP? — P?
= 2(1 + 2P)
> 0,
and then

> 411 log ((1+ P)?) —

1 (1+ P +gP)?
& 1+2P

NN

1 O
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3. If 1 < g < +1+ P, the upper bound on the symmetric capacity is:
sym

1
Ct :Z—llog(l—i—P—FgQP),

and we can achieve the following symmetric rate no matter how large K is:

1 (14 P+ gP)?
=21 .
Foym 4Og( 1+ 2P

Similar to the previous case, we only need to compare the item inside the log
function. It can be easily shown that the gap between the achievable symmetric

rate and the upper bound is still less than 1/4 bit since:

(1+P+gP)?* 1+P+g*°P 1+ P+4gP +49P*—g*P
1+2P 2 B 2(1+42P)
> 0, forl<g<v1+P.

C. Weak Interference Case

For the traditional symmetric weak Gaussian IC, the authors in [10] proposed a
power splitting solution for the Han-Kobayashi scheme, where the private message
power levels at both transmitters are chosen such that the interfering private SNR
at each receiver is equal to 1. They also showed that the gap between the achievable
symmetric rate and the upper bound is less than 1/2 bit (if all the random variables
are defined over the field of real numbers R). Here, with similar power assignment
for the message splitting, we introduce an achievable coding scheme for the weak
symmetric Gaussian IC with state information (¢ < 1), and derive the gap between
the achievable symmetric rate and that of the traditional weak Gaussian 1C, which

turns out to be less than 1/4 bit. Therefore, we conclude that the maximum gap
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between the achievable symmetric rate of the weak Gaussian IC with state information
and the upper bound is less than % + % = % bit. Similar to [10], here we focus on
the case that the interference power is larger than the noise power, i.e., ¢g?P > 1.
Otherwise, the receivers just treat the interference as noise since the channel is noise-
limited instead of interference-limited.

The coding scheme can be described as follows. The message is split into common

and private parts at each transmitter, and the channel input is shown as follows:

X, = A+ By,

Xy = A+ By,

where A; corresponds to the common message part and B; corresponds to the private
message part at transmitter ¢, for © = 1,2. Here we also set the private message
power to ensure that the interfering private SNR at each receiver is equal to 1, i.e.,
Pp = Pp, = !% =: Pp, Py, = Py, = P— g% =: P,. We utilize the sequential decoder,
i.e., each receiver first deals with the common message MAC by treating both private
messages as noises. Note that here for both MACs, DPC is applied to transmit both

common messages. At receiver 1, the achievable rate region of the common message

MAC is:
RIO < I(Ul,}/i|U2> —I<U1;S’U2), (413)
RQO < I(UQ,YHUl) _.[<U2;S’U1), (414)
Rig+ Ry < I(U1,Up; Y1) — I(Uy, Us; S), (4.15)

where Rqy and Ry are the achievable rates for the common messages of transmitters
1 and 2, respectively. The corresponding achievable rate region at receiver 2 can

be shown similarly by substituting Y; with Y5 in (4.13) to (4.15). Accordingly, the
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achievable rate regions for the common messages can be obtained as the intersections
of the corresponding MAC regions.

After decoding both common messages, each receiver decodes the intended pri-
vate message by treating the interfering private message as noise. We also use DPC
to transmit each intended private message. By setting the DPC parameters for the
private messages at the optimal value derived in [17], the following symmetric rate

for the intended private messages can be achieved:

Pg

1
R, = 3 log (1 + 7) , (4.16)

which is the same as the private message rate in [10]. Thus, in this section we focus on
characterizing the gap between the achievable symmetric rate of the common message
MAC for the Gaussian IC with state information and that of the traditional Gaussian
IC.

Due to the channel symmetry, we choose the following auxiliary random variables,

which are different from the choices in Chapter III:

U1 = Al + Oéls, (417)
U2 = A2 + 0415, (418)
where both common messages have the same DPC parameter ;. In the following

lemma, we describe the achievable symmetric rate for the common message MAC

with the above auxiliary random variables.

Lemma 2. With different state power K, the smallest achievable rate region for

the common message MAC occurs when K — oo, and the corresponding achievable
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symmetric rate is shown as follows:

RC  — i 1 1+ ¢2Q) a2 + (o —1)?Q\ 1 Q
sym = Min § = log 5 5 , — log 5 5 ,
2 202 + (a1 + 19— 1)°Q 4 208 4+ (g + 19— 1)°Q

(4.19)

where () := 2}:;3 and 0 < ap < ligng.

Proof. With the previously-mentioned coding scheme and auxiliary random variables,

the intersection of the two MAC regions is calculated as:

1 1 2 P QK K _12
Rip, Ro9y < min«q — log (1+9°Q) (Pa+ oK) + KQ (a 2) ’
2 Pa+20iK + KQ (a1 + a9 — 1)
1 P 2INV+ K — 1)
log (L QUL ail) E K@y — 11 Ly 99
Py+203K + KQ (g + ong — 1)
1Og( (1+P+¢*P+K)Q )
Py+ 202K + KQ (ay + ng —1)*)

Rl() + RQ() <

1
2
1
— 4.21
. (4:21)
where () is denoted as Q = 2}:—;3. It can be shown that the first item in (4.20) is

always smaller than the second item. Therefore, we rewrite the above region as:

1 1+ ¢%Q) (Ps + 03K) + K —1)°
RlO,RQO < —log ( +g Q)( A+a1 )+ Q(Ofl 2) 7
2 Pyr+203K + KQ (a1 + g — 1)
(1+P+¢*P+K)Q )
Py +202K + KQ (a1 + ayg — 1)*/)

1
Rig+ Ry < §log(

Similar to the strong interference case, both right-hand sides in the above inequalities
are decreasing functions over K, which means that we can always achieve the following

achievable symmetric rate no matter how large K is:

1 (gt @i-nt 1
Rg,, = min 5 log o 5 ” log o3 5
o tla+ag—1) o tla+ag—1)

(4.22)

To make sure that the above achievable symmetric rate is positive, we must choose
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a1 such that the following inequalities hold:

202
6—%(0&14-0&19-1)2 < 1,

204% 9 1 2\ o 9
— tlat+ag-1)7 < (549 )i+ (a1 —1)7,
Q Q
. 29Q
which means that o € (O, 1+929Q>‘ ]

In the following theorem, we will find a heuristic oy € (0, %), and then char-
acterize the corresponding gap between the achievable symmetric rate of the common
messages for the Gaussian IC with state information and that of the traditional Gaus-

sian I1C.

Theorem 12. There exists a DPC parameter oy € (0, 1355;@) for the common mes-
sages such that the mazimum gap between the symmetric rate of the common messages
for the Gaussian IC with state information and that of the traditional Gaussian IC

is less than 1/4 bit.

Proof. Similar to the strong interference case, maximizing the rate in (4.19) is equiv-
alent to solving a fourth-order equation. Therefore, here we only maximize the first
item of the right-hand side in (4.19):

(1+4°Q) ol + (a1 —1)°Q
202 + (a1 + a1g — 1)°Q

2
subject to a4 € (0 g_Q) ,

max

"1+ 29Q
where Q) = 5 ff;B. We can easily show that the optimal a; for the above optimization
problem is:
o 99 (4.23)

T 11 9Q+ Q'
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Now with this «aj, the achievable symmetric rate in (4.19) can be written as:

(1 +9Q+92Q)2> }

C : 1 2 1
Rsym:mm{ﬁlog(l—i—g Q),Zlog< 12420
Furthermore, it was shown in [10] that the achievable symmetric rate of the common

messages for the traditional Gaussian IC is:
c+ 3 1 2 1 2
R, = min §log(1—|—gQ),Zlog(1+(1+g)Q) :

We calculate the gap between the above two symmetric rates by splitting the analysis
into three cases:

9 2
1 If (1+ ¢2Q)° < %, the achievable symmetric rate in (4.19) is the same

as the one for the traditional Gaussian 1C:

1
R(s:ym - 5 log (1 + g2Q) .

¢ (14+9Q+4%Q)

g < (14 ¢%Q)* < 1+ (1+ ¢ Q (Note that the second inequality

2.1
is equivalent to ¢@Q < 1 — ¢?), the achievable symmetric rate of the common
messages for the traditional Gaussian IC is:

Rej = 1o (14+0°Q)°).

and the corresponding achievable symmetric rate for the Gaussian IC with state

information is:

1 209)?
R = Liog (1+9Q+g°Q)" )
Y 4 14 2¢%2Q

Similar to the strong interference case, the gap between the two achievable

symmetric rates is less than 1/4 bit since:

(1+9Q+¢°Q)° (1+¢°Q)

14 2¢%Q 2
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14+49Q + ¢°Q* + 39°Q*(1 — g9) + 2¢°Q*(1 — ¢ Q)
2(1+2¢%Q)

> 0,

where the last inequality is due to g < 1 and ¢*Q < 1 — ¢g? < 1 (equivalent to

the second inequality of the current constraint on g).

3If1+(1+¢)Q < (1 —l—g2Q)2, or equivalently, g*QQ > 1 — ¢?, the achievable

symmetric rate of the common messages for the traditional Gaussian IC is:

1
RG = 7log (14 (1+¢°) Q)

and the corresponding achievable symmetric rate for the Gaussian IC with state

information is:

g = L ((£9Q+5°Q)
R 14 246%Q '
Whether the gap between the two achievable symmetric rates is less than 1/4

bit depends on whether the following item is positive or not:

1+9Q+4°Q)° 1+(1+4)Q 1+ (2 +49-1)Q+44°Q?
1+ 2¢2Q 2 B 2(1+2¢2Q) '

When g% + 4g — 1 > 0, the ratio above is clearly positive and the gap is less
than 1/4 bit. Otherwise, if g> +4g — 1 < 0, or equivalently g < v/5 — 2, the

ratio in (4.24) is still positive since:

Q

493Q2—Q>93Q2—Q=E(94Q—g) >0,

where the last inequality is due to ¢*Q > 1 —¢? > 4g > g for 0 < g < /5 — 2.

]

Remark 7. Note that with DPC for point-to-point channel [17], we can achieve the

same private message rates as in [10]. Considering the previous theorem together with
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Fig. 10.: Comparison between the achievable symmetric rate with optimal «, the rate
with heuristic «, and the upper bound for the strong interference case.
the gap analysis in [10], we conclude that the gap between the achievable symmetric

rate for the weak Gaussian IC with state information and the upper bound is less than

3/4 bit.

D. Numerical Results

In this section, we present the comparisons among the achievable symmetric rate with
optimal «, the rate with heuristic a;, and the upper bound for both strong and weak
interference cases. The source power is set as P = 5 for the strong interference case,
and as P = 100 for the weak interference case to satisfy ¢g?P > 1 when g > 0.1.

Fig. 10 shows the symmetric rate comparison for the strong interference case
with 1 < g < 5. We can easily see that the gap between the rate with heuristic
a and the upper bound is less than 1/4 bit, which coincides with the theoretical
analysis in Section B. Fig. 11 compares the heuristic a and the optimal a obtained
by exhausted searching, and demonstrates that the heuristic choice is very close to
the optimal value.

In Fig. 12, we compare the achievable symmetric rate with optimal o4, the rate
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0.5

Optimal «
Heuristic o

Fig. 11.: Comparison between the heuristic @ and the optimal « obtained by exhausted
search for the strong interference case.
with heuristic aq, the symmetric rate for the traditional IC, and the upper bound for
the weak interference case with 0.1 < g < 1. It can be seen that the gap between the
rate with heuristic a; and the upper bound is less than 3/4 bit, which verifies the
theoretical analysis in Section C. In Fig. 13, we show the comparison between the
heuristic a; and the optimal a; calculated by exhausted searching, and we can easily

see that the heuristic choice is also very close to the optimal value.

E. Generalized Degrees of Freedom

In this section, we define the generalized degrees of freedom for the symmetric Gaus-
sian IC with state information. We compare the lower bound with the upper bound
in both strong and weak interference scenarios, and show that our schemes achieve
the optimal degrees of freedom by utilizing symmetric DPC parameters o* in (4.12)
and o in (4.23), respectively. Now we first characterize the degrees of freedom per-
formance in the high SNR regime for the symmetric strong interference case, i.e., with

g > 1 and P > 1. Similar to the generalized degrees of freedom defined in [10], we
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Fig. 12.: Comparison between the achievable symmetric rate with optimal «y, the rate
with heuristic «q, the achievable symmetric rate for the traditional IC, and the upper
bound for the weak interference case.

assume that the interference link SNR satisfies

log gQP
= —" 4.24

where n > 1 for the strong interference case. We also assume that the state power K

satisfies

K =P (4.25)
Then we define the generalized degrees of freedom for the symmetric Gaussian 1C
with state information as:

d(n,0) := lim Coym

_ em (4.26)
Pyoo: 9282P — g po 3 log(1+P)

where the symmetric capacity Cgyy, is defined in Section A. Based on the above
definitions and assumptions, we derive the achievable generalized degrees of freedom

for the strong interference case in the following theorem:

Theorem 13. Ifn > 1, the achievable generalized degrees of freedom corresponding
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Fig. 13.: Comparison between the heuristic oy and the optimal oy obtained by exhausted
search for the weak interference case.

to the achievable scheme in Section B with DPC parameter o in (4.12) are given as:

1
ds = 3 min{n, 2}. (4.27)

Proof. We first recalculate the achievable rate region (4.9) and (4.10) with finite P

after substituting the heuristic a* in (4.12) as follows:

Rl,RQ < min{Rls,Rgs}, (428)
Rl + Rz < Rs, (4_29)
where
. L (1+¢°P) (1+ P+ gP)*+ PK) + K (1 + gP)’
s e — 10 Y
' 28 (14 P+ gP)*+2PK + K
. L (1+P)((1+P+gP)*+ PK)+ K (1+P)?
s = z1o 5
R R (1+P+gP?+2PK + K

1 1+ P+ @?P+ K)(1+ P+ gP)?
Rszélog(+ + PP+ K)(1+ +g>>.

(1+P+gP)’ +2PK + K

Then we can derive the achievable generalized degrees of freedom by analyzing how
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Ris, Ros, and R, scale with %log(l + P) as P goes to infinity:

1 lo <pn(p1+n+p1+0)+p0+n+1)
2

1. Rls 1 Pn+1+2p1+9+P9
1m — Y = 11m
Pyo0: 9882 ) e po 3 log(1+P) P=roo 3log(1+P)
= lim —% log(P)
P—oo £ log(1 + P)
=1
pP(Pltny pl+6yy po+2
1' R2S 1 %log < (PnJrl_tQlergipe >
im — 2 = lim
Pﬁmilciigipzan:PQ %log(l + P) P—roo %log(l + P)
oy, 3108(P)
= lim T 7 o
P—o0 5 log(l + P)
= ]_7
P+P14PY)pl+n
! R, I %log (%)
1m — 0 = 11m
Pyoo: 9882 ) e po 3log(1+P) P=yoo 3 log(1+P)
= lim —% log(P)
P—oo %log<1 + P)

Therefore, we can obtain the following achievable generalized degrees of freedom based
on the definition in (4.26):

1
ds = 5 min{n, 2}.
[

After comparing the achievable generalized degrees of freedom in Theorem 13

with the upper bound in [10], we have the following corollary:

Corollary 7. The achievable scheme with the heuristic DPC parameter o in (4.12)
achieves the optimal generalized degrees of freedom, i.e., the lower bound in Theo-

rem 13 coincides with the upper bound in [10].

Next we characterize the degrees of freedom performance in the high SNR regime
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for the symmetric weak interference case, i.e., with ¢ < 1 and P > 1. We assume

that the interfering link SNR satisfies

log g*P
= 4.30

where 1 < 1 for the weak interference case. We also assume that the state power K

satisfies

K =P (4.31)

Based on the above assumptions and the definition in (4.26), we can show the
achievable generalized degrees of freedom for the weak interference case in the follow-

ing theorem:

Theorem 14. Ifn < 1, the achievable generalized degrees of freedom corresponding

to the achievable scheme in Section C with DPC parameter of in (4.23) are given as:

1
dy = 5 min {2 — n, max {2n,2 — 2n}}. (4.32)

Proof. Here we employ the coding scheme and power splitting strategy as described in
Section C. Note that the private message can always achieve the following generalized
degrees of freedom:

b =1—n, (4.33)

L
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due to the utilization of DPC and the private message power in (4.16) is Pg = — =
P17 Next we will only focus on the generalized degrees of freedom for the common
messages.

We first recalculate the achievable rate region (4.20) and (4.21) with finite P

after substituting the heuristic aj in (4.23) as follows:

Rio, Ryo < min{Riow, Roow} (4.34)
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R10 + Rgo < Rw, (435)
where
- 1 (058 (24 P5) (1460 +9°Q)° + 5°QK) + K (1+9°Q)
e T 8 2+ Pg) (1+9Q + ¢?Q)* +20°QK + K ’
L1 (0[P (11 9@+ Q) + #QK) + K (14 6Q)
oo T g% 2+ Pp) (1+9Q + ¢?Q)* +202QK + K ’
po_ L (APt gP+E)(1+9Q+g°Q)

v 2 g(2+Hﬂﬂ+gQ+ﬁ@f+2fQK+K?'

Note that here ) = 24]:?53’ Pp = g% = P and Py = P — Pg.

Then we can derive the achievable generalized degrees of freedom by analyzing

how Rigw, Roow, and R, scale with %log(l + P) as P goes to infinity:

lim _fhow
Pyoo: 1928%P — g po 3log(1+P)

% log (1+P20-1) [Plfn(1+P(3n71)/2)z+P2n71+9]+P9<1+P2n71>2
Ii P1=n(14PG1=1)/2) 42 p2n-1+64 po
= lm

0 if 0<n<j

2n—1 if 1<n<1
1. RZOw
11m

Pyoo: 928°P — g po 3log(1+P)

o,

pn [Plfn(1+p(3n71)/2)2+P2n71+0] +P9(1+P(3n71)/2>2
3 log e
Pl—n(1+P(3n—1)/2) 1op2n—1404 po

= lim
P—oo tlog(1+ P)

1
= 1, if §<77<1,

R,
lim S
P—>oo:71°ggip =n,K=P? 3 10g<1 + P)

log



1 (P+P"+P9)(1+P(3"*1)/2)2

2 lOg - 2
, PlfT](IJ’»P(-jT]—l)/Q) 4op2n—1+6_ po
= lim
P—o0 % log(1+ P)

1
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Note that here it is enough to give the scaling result of Ry, and R,, when % <n<l,

since the achievable generalized degrees of freedom for the common message would

be bounded by 0 when 0 < n < % due to the scaling result of Rjg,. Therefore, we

can obtain the following achievable generalized degrees of freedom for the common

message based on the definition in (4.26):

0 if 0<np<i
&, = 1=

min {2n — 1,2 if L<n<l1

In total, the achievable generalized degrees of freedom can be shown as the sum

of the common message and private message parts:

dy, = d.+d
1—7 if 0<n<
min{n, —g} if %<7]<1

1
= 3 min {2 — n,max {2n,2 — 2n}}.

]

After comparing the achievable generalized degrees of freedom in Theorem 14

with the upper bound in [10], we have the following corollary:

Corollary 8. The achievable scheme with the heuristic DPC parameter o in (4.23)

achieves the optimal generalized degrees of freedom, i.e., the lower bound in Theo-

rem 14 coincides with the upper bound in [10].
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F. Summary

In this chapter, we considered the symmetric Gaussian interference channel with
state information non-causally known at both transmitters. The coding scheme in
Chapter I1I was deployed with newly defined auxiliary random variables. We showed
that the smallest symmetric rate occurs when the state power goes to infinity for both
strong and weak interference cases. Theoretical analysis was provided to calculate the
gap between the achievable symmetric rate with infinite state power and the upper
bound, which was shown to be less than 1/4 bit for the strong interference case and
less than 3/4 bit for the weak interference case. Finally, we defined the generalized
degrees of freedom for the symmetric Gaussian case, and derived the optimal values
in both strong and weak interference scenarios, which are shown achievable with our

proposed schemes.
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CHAPTER V

CONCLUSION

In this dissertation, we studied the interference channel with state information non-
causally known at both transmitters. Two achievable rate regions were established
for the general cases based on two coding schemes with simultaneous encoding and
superposition encoding, respectively. We also studied the corresponding Gaussian
case and proposed the active interference cancellation mechanism, which generalizes
the dirty paper coding technique, to partially eliminate the state effect at the re-
ceivers. Several achievable schemes were proposed and the corresponding achievable
rate regions were derived for the strong interference case, the mixed interference case,
and the weak interference case. The numerical results showed that active interference
cancellation significantly improves the performance for the strong and mixed interfer-
ence case, and flexible power splitting significantly enlarges the achievable rate region
for the weak interference case.

Moreover, we considered the symmetric Gaussian interference channel with state
information non-causally known at both transmitters. The coding scheme in Chap-
ter IIT was deployed with newly defined auxiliary random variables. We showed that
the smallest symmetric rate occurs when the state power goes to infinity for both
strong and weak interference cases. Theoretical analysis was provided to calculate
the gap between the achievable symmetric rate with infinite state power and the upper
bound, which was shown to be less than 1/4 bit for the strong interference case and
less than 3/4 bit for the weak interference case. Finally, we defined the generalized
degrees of freedom for the symmetric Gaussian case, and derived the optimal values
in both strong and weak interference scenarios, which are shown achievable with our

proposed schemes.
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APPENDIX A
PROOF FOR THEOREM 1

The achievable coding scheme for Theorem 1 can be described as follows:

Codebook generation: Fix the probability distribution p(q)p(u1lq, s)p(vi|q, s)
p(uz2lq, s)p(valq, s). Also define the following function for the jth user that maps
Ui xV; xS to Xj:

zj; = Fj(wji, vji, 5i),

where 7 is the element index of each sequence.

First generate the time-sharing sequence ¢" ~ [[;_; po(¢;). For the jth user,
uf (myo, jo) is randomly and conditionally independently generated according to [];, pu; o (ujila:),
for mjo € {1,2,---,2"%0} and l; € {1,2,--- ,Q"RQO}. Similarly, v7 (my;, ;) is ran-
domly and conditionally independently generated according to [, pv;jo(vjilg:), for
mj; € {1,2,---, 2"} and 1;; € {1,2,---, 2"}

Encoding: To send the message m; = (mjo, m;;), the jth encoder first tries to find
the pair (l;0,1;;) such that the following joint typicality holds: (¢",u}(mjo,lj0), ") €
T and (q", v} (mys,155), 8") € T . If successtul, (q", uf (mjo, Lio), v% (myy, 1), s™) is
also jointly typical with high probability, and the jth encoder sends z; where the ith
element is z;; = Fj(w;i(mjo, Ljo), vji(mjj, 1;;), si). If not, the jth encoder transmits z;
where the ith element is z;; = F;(u;i(mjo, 1), vji(mjj, 1), ;).

Decoding: Decoder 1 finds the unique message pair (719, 77211) such that (¢",

u? (1o, lAlo), u (10, [20), v (M, 211), Yl € T™ for some Iy, € {1,2,---, 20} 1y, €
{1,2,-..  2nf0} Iy € {1,2,--- 2"} and I € {1,2,---, 2%} If no such unique
pair exists, the decoder declares an error. Decoder 2 determines the unique message

pair (g, T92) in a similar way.
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Analysis of probability of error: Here the probability of error is the same for each
message pair since the transmitted message pair is chosen with a uniform distribution
over the message set. Without loss of generality, we assume (1, 1) for user 1 and (1, 1)
for user 2 are sent over the channel. First, we consider the encoding error probability

at transmitter 1. Define the following error events:

SHES {(qnau? (1,h0),5") ¢ TE(") for all 1o € {1,2,--- 72713’1()}} :

£ = {(qnav? (1,011),s") & T™ for all I, € {1,2,--- 72"3’11}} .

The probability of the error event &£ can be bounded as follows:

/
2nR10

Pe) = T (- P (" (1 ho)s") € 7))

l1o=1
< (1= nUsiQ )2

672n(R’1071(U1;S\Q)+51(e))

IN

Y

where 01(¢) — 0 as € — 0. Therefore, the probability of & goes to 0 as n — oo if
R, > 13 51Q). (A1)

Similarly, the probability of & can also be upper-bounded by an arbitrarily small
number as n — oo if

Ry > 1(V1;51Q). (A.2)
The encoding error probability at transmitter 1 can be calculated as:
Pener = P (§1U&) < P(&) + P(&2),

which goes to 0 as n — oo if (A.1) and (A.2) are satisfied.

Now we consider the error analysis at decoder 1. Denote the right Gel’fand-
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Pinsker coding indices chosen by the encoders as (L1g, L11) and (Log, Las). Define the

following error events:

€a1

€32

€33

€34

€a1

€2

€43

€aa

€51

€52

€61

{(¢"u} (1, Lo) ,u (1, Lao) , 07 (may, laa) ) € T for may # 1,
and some lll},

{ (q",u} (1, Lio) , uf (1,120) , 0 (mar, la) ,yp) € TS for may # 1,
and some 11, loo # Lo },

{(¢",uf (1,10) , ub (1, Lag) , o7 (max, 1), y7) € TS for may #1,
and some i1, k1o # Lo},

{ ("t (1,1h0) ud (1, a0) , 0} (mar, In) ) € T for may # 1,
and some 1, lig # Lo, log # Lao },

{ (q",uf (mao, L) g (1, Lag) ;07 (1, L), yp) € T for myg # 1,
and some 110}7

{ (g} (mao, lno) , uf (1,100) 07 (1, L), ) € T for mag # 1,
and some lqg, lyg # LQO};

{(¢",ulf (mao, o) ,uf (1, Lao) , v} (1,11) , y7) € T for myg # 1,
and some lyg, 11 # L1 },

{ (@ uf (mo, o) (L, o) , 07 (1,101) ) € T for mag # 1,
and some Iy, log # Lag, l11 # L11}>

{ (¢", u} (mo, o) , ub (1, Lao) , 0f (man, 1), y}) € T for mag # 1,
my, # 1, and some 110,111},

{ (¢"ui (mao, ho) ,uy (1,120) , 07 (mar, ), y1) € T for mag # 1,
mq, # 1, and some lqg, l11, log # L20},

{ (qnﬂi? (1, LlO) , Uy (mzo, l20) ;U7 (mn, lu) ,y’f) S Te(n) for mgg # 1,
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my; # 1, and some lgo,lll},

Co = {(¢" uf(1,ho),ul (Mmoo, lag) , v} (M, li1) ,yy) € T™ for myy # 1,
my1 # 1, and some lsg, l11, l19 # ng},

& = {(q" uf (mao, lio) , uh (Mao, o) , v} (1, L), yft) € T for myg # 1,
Mmoo # 1, and some Iy, ZQO},

&rn = {(¢",uf (mao, lio) , uf (Mmoo, lo) , 07 (1,141) , y7) € T™ for myg # 1,

Mmoo # 1, and some lyg, l2, l11 # L11}7

& = { (qn’u? (m10, 110) , Usy (mzo, 120) ;U7 (mn, 111) Jff) < Te(n) for myo # 1,

maoo # 1, my; # 1, and some 11071207511}-

The probability of £3; can be bounded as:

onRi1  oRYy

P(&1) = Z Z {(q" ui (1, L1o) s uy (1, Lao) , 0f (mar, i) , 4Y) € Te(n)})

m11=2 l;1=1

< (R > p(a")p(utle")p(uzlg™)p(vy|q")p (v [u, us, q")

(g7 ul uf oy ) eT™

2n(R11+R’11) 9—n(H(Q)+H(U1|Q)+H (U2|Q)+H (V1|Q)+H (Y1|U1,U2,Q) = H(Q,U1,U2,V1,Y1) =62(c))

IN

2”(311+R’11) 9—n(I(U1;U2|Q)+1(U1,U2;VA|Q)+1 (V1;Y1|U1,U2,Q) =82 (e))

IN

where d2(€) — 0 as € — 0. Obviously, the probability that &3 happens goes to 0 if
Ry + Ry < (U Ua|Q) + (U, Ug; VIIQ) + T(Vi; Y1 |UL, Us, Q). (A.3)
Similarly, the error probability corresponding to the other error events goes to 0, if

Ru+ Ry + Ry < I(U;U5|Q) + I(Uy, Uy V1|Q)
+1(V1, U Y1|UL, Q), (A.4)

R+ Rjy+ Ry, < I(U;Us|Q) + I(Uy, Uy V1|Q)
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+‘[(U17‘/1a}/1|U27Q)7 (A5)

Rll + Rllo + Rlll + RIQO

IN

I(Uy; Uo|@) + I(Un, Us; VA|Q)
+[(U17‘/17U273/1‘Q>7 (AG)

Ry + Ry,

IN

[(Uy; Ua|Q) + 1(Un, U; V1|Q)
+[(U17}/1"/17U27Q>7 (A?)

R10 + RIIO + RIQO

IN

I(Uy; Us|@) + I(Uy, U; VA|Q)
+[(U17U2;Y1‘V1,Q>7 (A-8)

R + R/10 + Ry

IN

I(Uy; U2|@) + I(Ur, Us; V4| Q)
+1(Uy, Vi; Y1|Us, Q), (A.9)

Ry + Ry, + R}y + Ry,

IN

LUy U5|Q) + I(Uh, U VA Q)

Rig + Ruy + Ry + Ry,

IN

I(Ul; U2|Q) + I(Ula UQ; ‘/I|Q)

IA

Rip+ Ri1 + Ryg + Ry + R, 1(Uy; Us|Q) + I(Uy, Us; V4|Q)

IN

Ri1 + Ry + R}y + Ry, I(Uy; Us|Q) + I(Uy, Uy V1|Q)
+I(V1,Us; Y1|UL, @), (A.13)

Ry1 + Roo + Ry + Ry, + Ry

IN

I(Uy; Us|Q) + I(Uy, Uy V4|Q)

Rio + Ry + Ry + Ry

IA

I(Uy; Us|Q) + I(Uy, Us; V1|Q)

Rig + Ry + Ry + Ry + Ry

IN

I(Ul; U2|Q) + I(U1, UQ; ‘/1|Q)



79

Rig+ Ri1 + R+ Ry + Ry + Ryy < I(Uy; Us|Q) + I(Uy, Us; V1|Q)

Note that there are some redundant inequalities in (A.3)-(A.17): (A.4) is implied by
(A.13); (A.5) is implied by (A.11); (A.8) is implied by (A.15); (A.9) is implied by
(A.11); (A.6), (A.10), (A.12), (A.14), and (A.16) are implied by (A.17). By combining
with the error analysis at the encoder, we can recast the rate constraints (A.3)-(A.17)

as:

Ry < I(Uy; Us|Q) + I(Uy, Uy VA|Q) + 1(Vi; Y1 U, Us, Q) — 1(V1; 5]Q),

Rip < I(Ui;0:|Q) + I(Ur, Us; i|Q) + I(Ur; Y1 V1, U, Q) — I(Us; S|Q),

Rig+ R < (U Us|Q) + I(Ur, U;; Vi|Q) + I(Ur, Vi; Y1|Us, Q) — 1(Uy; S|Q)
—1(V1; S1Q),

Riy+ Ry < I(Uy; Us|Q) + I(Uy, Ug; V1|Q) + I(Vi, Ua; Y1|UL, Q) — 1(V1;51Q)
—1(Us; S|Q),

Rig+ Ry < I(Uy; Us|Q) + I(Uy, Ug; Vi|Q) + I(Uy, Ug; Y1|V1, Q) — I(Uy; S|Q)
—1(Uz; S|Q),

Rig+ R+ Ry < I(Un; Ua|Q) + 1(Ur, Up; VA[Q) + 1(Ur, V1, Uz Y1|Q) — I(Ur; S|Q)

—1(Vy; 51Q) — 1(U2; 51Q).

The error analysis for transmitter 2 and decoder 2 is similar to the above proce-
dures and is omitted here. Correspondingly, (2.8) to (2.13) show the rate constraints
for user 2. In addition, the right sides of the inequalities (2.2) to (2.13) are guaranteed
to be non-negative when choosing the probability distribution. As long as (2.2) to
(2.13) are satisfied, the probability of error can be bounded by the sum of the error

probability at the encoders and the decoders, which goes to 0 as n — oo.
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APPENDIX B
PROOF FOR THEOREM 2

The achievable coding scheme for Theorem 2 can be described as follows:

Codebook generation: Fix the probability distribution p(q)p(u1|s, q)p(v1|us, s, q)
puzls, q)p(valug, s,q). First generate the time-sharing sequence ¢" ~ [, po(gi)-
For the jth user, uj (mjo, Ljo) is randomly and conditionally independently generated
according to [T1"; pu,jo(ujilg), for mjo € {1,2,---, 2%} and ;o € {1,2, - , 2"
For each uf(myjo,lj0), v} (mjo,ljo, mjj,1;;) is randomly and conditionally indepen-
dently generated according to [, pv,ju;.0(Vjiluji, @), for my; € {1,2,---, 2%} and
L €{1,2,-- 2"}

Encoding: To send the message m; = (mjo, m;;), the jth encoder first tries to
find [jo such that (¢", u}(mjo, o), s") € T holds. Then for this specific [y, find 1;;
such that (¢", u} (mjo, Ljo), v} (mjo, Lo, myj, 1), s") € T holds. If successful, the jth
encoder sends v} (m;o, Ljo, M, 1j;). If not, the jth encoder transmits v} (mjo, 1, m;;, 1).

Decoding: Decoder 1 finds the unique message pair (719, 77211) such that (¢",

W (o, o), 1l (Moo, Iao), v (o, Lo, 1, l11), ) € T for some b € {1,2,- -,
20} g € {1,2,---, 2020} Iy € {1,2,--- 2"} and Iy, € {1,2,---, 2"} If
no such unique pair exists, the decoder declares an error. Decoder 2 determines the
unique message pair (Magg, Mao) similarly.

Analysis of probability of error: Similar to the proof in Theorem 1, we assume
message (1,1) and (1, 1) are sent for both transmitters. First we consider the encoding

error probability at transmitter 1. Define the following error events:

& = {(q”,u’f (1,11),s") ¢ Te(") for all l1p € {1,2,--- ,2”R30}},
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@ = {(qn’u?(m”’lw)’w“vlwvUn)78”) ¢ T for all Iy € {1,2,--- 2"}

and previously found typical llo‘ﬂ}.

The probability of the error event £} can be bounded as:

/
27LR10

P(gi) = H (1 - P ({(qnﬂjll (L llO) ) Sn) < Te(n)}))

l10=1

nR:
< (1_2—n(I(U1;S|Q)+6’1(e))>2 1

6—2"(R/10*I(U1?S\Q)+5/1(5>)

IN

Y

where d](€) — 0 as € — 0. Therefore, the probability of £] goes to 0 as n — oo if
Ry =2 I(U; 5|Q). (B.1)

Similarly, for the previously found typical lg, the probability of &, can be upper-

bounded as:

o Ry

P&) = [ (=P e} (1,h0), 0} (1,4, 1,11) ,8™) € TV}))
lhi1=1

on Ry

< (1 _ Qn(H(Q,Ul,vl,s>—H(Q,U1,s>—H<v1|U1,Q>—6g<e>))

IN

nR)
(1 B 2—n(I(V1;SIU1,Q)+5é(6))>2 B

e_gn(R'u—I(V1;SIU1,Q)+5§(€))

IN

)

where d5(e) — 0 as € — 0. Therefore, the probability of &, goes to 0 as n — oo if
Ry > I(Vi; S|UL, Q). (B.2)
The encoding error probability at transmitter 1 can be calculated as:

Penar = P(§1) + P(&),



82

which goes to 0 as n — oo if (B.1) and (B.2) are satisfied.
Now we consider the error analysis at the decoder 1. Denote the right Gel’fand-
Pinsker coding indices chosen by the encoders as (Ljg, L11) and (Lag, Laz). Define the

following error events:

& = { (" (1, L), ug (1, Lyo) , 0 (1, Lyo, ma, ln) ) € T for myy # 1,
and some 111},

&y = {(¢" uf (1, L), uf (1,1n) ,v7 (1, Lo, may, 1), yf) € T for muy # 1,
and some ly1,l20 # Lo },

& = {(¢"ul (1,1o),us (1, Lao) , o7 (1, lho, a1, ln) , 7)€ T for muy # 1,
and some li1,li0 # Lo},

&y = {(¢"uf (L lho),uf (1,120), v} (1,10, ma1, 1), 47) € T for muy # 1,
and some ly1, 119 # Lig, log # L20}7

&n = {(q"u} (muo, lo) ,us (1, Lag) , v} (mug, o, 1, L), y7) € T for mag # 1,
and some 1o},

& = { (g uf (mao, ho) ,us (1,120) , v} (mao, o, 1, Lua) ) € TS for mag # 1,
and some lyg,lo0 # Lo },

s = {(¢" ul (mo, o), ub (1, Lao) , v} (mao, lao, 1, 111) , y7') € TS for mag # 1,
and some lyg,l11 # L1 },

fu = { (¢", uy (Mo, o) s uy (1, 120) , v (Mo, lio, 1, 011) , 7)) € Te(n) for my # 1,
and some [y, log # Log, l11 # Ln},

&= {(q"uf (mao, ho) ,uf (1, Lao) ,vf (mao, o, sy, ) ) € T for mag # 1,
mq, # 1, and some [y, ln},

§é2 = { (q",uf (mao, lo) s uy (1,ls0) , 07 (Mao, lio, mar, 1), yy') € Te(n) for myo # 1,
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my1; # 1, and some lyg, l11, log # Lgo},

& = {(q"u} (1, L), ul (mao, lao) , v} (1, Lig,mar, lnr) , yy) € TS for magg # 1,
myy # 1, and some la, lll},

& = { (" uf (1,1o),uf (mao, la) , 07 (1, Lo, mar, hi1) ,yp) € TS for mag # 1,
myy # 1, and some log, l11, l1g # Lm},

& = { (" vl (mao, lo) , uh (Moo, lao) , 07 (Mo, Lo, 1, L11) ,yY) € T™ for myg # 1,
Mmoo # 1, and some [y, 120},

&y = {(¢" uf (mao, lo) , uh (Mo, lao) , 07 (Mo, Lo, 1, 111) , y7') € T for myg # 1,
mog # 1, and some lyg, lag, [11 # LH},

& = {(¢" ] (mao, o), uf (Mao, lao) , v} (Mo, Lo, mar, lnr) , y7) € T for myg # 1,

N 7é 1, mi1 7é 1, and some llO; lgo,lu}.

The probability of &5, can be bounded as follows:

!
onRi1 9By

P({'lﬂl) = Z Z P({(qnﬂ/ll (1,L10),Ug (17L20)7U? (17L10am117111)ay?) € Te(n)}>
mi11=2 I;1=1
< ()N (g p(utlap(ug g p (o et (R 0

(g7 u oy ) eT™

Qn(R11+R’11) 2—n(H(Q,U1,V1)+H(U2|Q)+H(Y1 ‘Ul7U27Q)_H(Q»U1»U27V17Y1)_6é(6))

IN

Qn(R11+R’11) 2—n(I(U1,V1;U2|Q)+I(V1;Y1 |U1,U27Q)—5/3(6))

IN

where 05(¢) — 0 as € — 0. Obviously, the probability that &, happens goes to 0 if
Ry + Ry < (U, Vi3 Us|Q) 4 1(V; Y1 UL Uy, Q). (B.3)

Similarly, the error probability corresponding to the other error events goes to 0,
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respectively, if

Ruy + Ry + Ry < I(Ur, Vis Ua|Q) + 1(Vi, Us; Y1 UL, Q) (B.4)

Riy + Ryg + Ry < 1(Uy, Vi; 02|Q) + (U, Vi Ya[Uy, Q), (B.5)

Ruy + Rig + Ry + Ryy <I(Un, Vi; Us|Q) + I(Ur, Vi, Us; Y1|Q), (B.6)

Rig + Ryg < I(U1, Vi Us|Q) + (U1, Vi; Yi|Us, @), (B.7)

Rig + Rig + Ry < I(Uy, Vi; Ua| Q) + I(Ur, Vi, Uz Y1|@Q), (B.8)

Rig + Ryg + Ry < I(Ur, Vis Us|Q) + 1(Un, Vi Yi|Us, @), (B.9)

Rip+ Rjg+ Ry + Rhy < I(Uy, V1; Us|Q) + I(Ur, V1, Ua; Y1|Q)(B.10)

Rig + Ry + Ryy + Ry <T(UL, Vi Up|Q) + T(Uy, Vi Y1|Uy, Q)(B.11)
Rig+ Riy + Ry + Ry + Ry < I(U1,V1; Us|Q) + I(U1, Vi, Uy; Y1|Q)(B.12)
Ry1 + Roo + Rjy + Ry < I(Uy, Vi; Us|Q) + 1(Vy, Us; Y1|Uy, Q)(B.13)

Riy + Roo + Ryg + Ry + Ry <I(Uy, Vi; Ua|Q) + I(Un, Vi, Uy Y1|Q)(B.14)
Rio + Rao + Ryg + Ry < 1(U1, Vi3 Un|Q) + I(Ur, Vi, Uz Y| Q)(B.15)

Rio + Rao + Ry + Ry + Ry < I(Ur, Va; Un|Q) + I(Un, Vi, Us; Y1|Q)(B.16)

Rig+ Ry + Rog + Ry + Ry + Ry < I(Uy, Vi; Us|Q) + I(Uy, Vi, Us; Y1|Q)(B.17)

Note that there are some redundant inequalities in (B.3)-(B.17): (B.4) is implied
by (B.13); (B.5) is implied by (B.11); (B.7) is implied by (B.9); (B.8) is implied by
(B.15); (B.9) is implied by (B.11); (B.6), (B.10), (B.12), (B.14), (B.15), and (B.16)
are implied by (B.17). By combining with the error analysis at the encoder, we can

recast the rate constraints (B.3)-(B.17) as:

Ry <I(Uy, Vi, Us|Q) + I(Vy; Y1 |Uy, Us, Q) — 1(VA; S|ULL Q),

Rig+ Ry < I(Uy, Vi; Us|Q) + I(Uy, Vi; Y1 U, Q) — I(Uy, Vi3 S1Q),
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Ry + Roo < I(Uy, Vi; Us|Q) + I(Vy, U Y1|Ub, Q) — I(Vy; S|UL Q) — 1(Us; S|Q),

Rio+ Ri1 + Roo < I(Uy, Vi; Us|Q) + 1(Uy, Vi, Uss Y1|Q) — I(Un, V15 5|1Q) — I(Us; S|Q).

The error analysis for transmitter 2 and decoder 2 is similar to the above proce-
dures and is omitted here. Correspondingly, (2.23) to (2.26) show the rate constraints
for user 2. Furthermore, the right-hand sides of the inequalities (2.19) to (2.26) are
guaranteed to be non-negative when choosing the probability distribution. As long
as (2.19) to (2.26) are satisfied, the probability of error can be bounded by the sum

of the error probability at the encoders and the decoders, which goes to 0 as n — oco.
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