QUANTUM COHERENCE EFFECTS IN NOVEL QUANTUM OPTICAL
SYSTEMS

A Dissertation
by
EYOB ALEBACHEW SETE

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

August 2012

Major Subject: Physics



QUANTUM COHERENCE EFFECTS IN NOVEL QUANTUM OPTICAL
SYSTEMS

A Dissertation
by
EYOB ALEBACHEW SETE

Submitted to the Office of Graduate Studies of
Texas A&M University
in partial fulfillment of the requirements for the degree of

DOCTOR OF PHILOSOPHY

Approved by:

Chair of Committee, Marlan O. Scully

Committee Members, M. Suhail Zubairy
Olga Kocharovskaya
Goong Chen

Head of Department, George Welch

August 2012

Major Subject: Physics



1l

ABSTRACT

Quantum Coherence Effects in Novel Quantum Optical Systems. (August 2012)
Eyob Alebachew Sete, B. S., Addis Ababa University;
M. S., Addis Ababa University

Chair of Advisory Committee: Dr. Marlan O. Scully

Optical response of an active medium can substantially be modified when co-
herent superpositions of states are excited, that is, when systems display quantum
coherence and interference. This has led to fascinating applications in atomic and
molecular systems. Examples include coherent population trapping, lasing without
inversion, electromagnetically induced transparency, cooperative spontaneous emis-
sion, and quantum entanglement.

We study quantum coherence effects in several quantum optical systems and find
interesting applications. We show that quantum coherence can lead to transient Ra-
man lasing and lasing without inversion in short wavelength spectral regions—extreme
ultraviolet and x-ray—without the requirement of incoherent pumping. For example,
we demonstrate transient Raman lasing at 58.4 nm in Helium atom and transient
lasing without inversion at 6.1 nm in Helium-like Boron (triply-ionized Boron). We
also investigate dynamical properties of a collective superradiant state prepared by
absorption of a single photon when the size of the sample is larger than the radiation
wavelength. We show that for large number of atoms such a state, to a good ap-
proximation, decays exponentially with a rate proportional to the number of atoms.
We also find that the collective frequency shift resulting from repeated emission and
reabsorption of short-lived virtual photons is proportional to the number of species

in the sample. Furthermore, we examine how a position-dependent excitation phase



v

affects the evolution of entanglement between two dipole-coupled qubits. It turns
out that the coherence induced by position-dependent excitation phase slows down
the otherwise fast decay of the two-qubit entanglement. We also show that it is pos-
sible to entangle two spatially separated and uncoupled qubits via interaction with
correlated photons in a cavity quantum electrodynamics setup. Finally, we analyze
how quantum coherence can be used to generate continuous-variable entanglement in
quantum-beat lasers in steady state and propose possible implementation in quantum

lithography:.
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CHAPTER I

INTRODUCTION

Quantum coherence is one of the most intriguing applications of quantum mechanics.
When coherent superposition of states of atoms or molecules are excited, that is,
when the system display quantum coherence or interference the optical response of
a medium gets modified substantially. This has led to interesting phenomena and
uncommon results. Examples of applications of quantum coherence include coherent
population trapping [1, 2, 3], lasing without inversion (LWI) [4, 5, 6], cooperative
spontaneous emission (superradiance) [7], and quantum entanglement [8, 9, 10] among
others.

The key idea is that when atoms are prepared in coherent superposition states,
the addition of probability amplitudes corresponding to different pathways leading to
the same end point may give rise to destructive interference. For example, in lasing
without population inversion, different absorption processes interfere destructively,
resulting in reduction or even cancelation of stimulated absorption under certain
conditions. At the same time, the stimulated emission process remain intact, leading
to the possibility of gain even though only a fraction of the population is in the
excited state. This implies that lasing is possible even if most of the population is in
the ground state.

Another interesting application of quantum coherence is the phenomenon of co-
operative spontaneous emission or superradiance. First coined by Dicke [7], superra-
diance involves a large number of two-level atoms prepared in a collective state where

half of the atoms are in the excited state and the other half in the ground state. This

The journal model is Physical Review A.



state exhibits coherence and the radiation emitted by such a system is anomalous—
the intensity of the emitted radiation is proportional to the square of the number of
atoms. In recent years, other initial states has been considered to explore the physics
of superradiance. For example, single-photon state—a state in which one atom excited
and the rest in the ground state, gives insight into the physics of cooperative emission
and has been the subject of intense investigation [11, 12, 13, 14, 15]. Since the excited
atom out the N atoms is not known, the single photon state is essentially an entan-
gled state. Recent studies [11, 12, 13, 14, 15] show that this state has very interesting
features: When the sample size is less than the radiation wavelength (R < A) with
R being the radius of the sample and A the wavelength, the single-photon state pre-
dominantly decays to the ground state with an enhanced rate equal to the number of
atoms times the single atom spontaneous decay rate, v. Moreover, it has been shown
recently that the radiation emitted by such a system is directional [11]. From the
standpoint of applications, superradiance is useful for producing coherent radiation
without coherent pumping. This, in particular, is important for generating coherent
radiation in x-ray and ~-ray spectral regions, where there are no effective mirrors
which limit the use of ordinary stimulated emission process.

Quantum coherence has also been exploited as a resource for the emerging field
of quantum information science. In this context, quantum coherence has been used to
create discrete as well as continuous-variable entanglement in various quantum optical
systems. For instance, coherence induced by strong laser field can create entanglement
amplifier in correlated-emission laser with tens and thousands of photons [9]. Besides,
coherence was shown to create entanglement between two qubits [16, 17]. From
application viewpoint, quantum entanglement has proven to be the ingredient for
quantum information processing For example, entanglement between photons has

been used in quantum cryptography [18] and quantum teleportation [19].



In this dissertation, we present effects of quantum coherence and interference in
various quantum optical systems. In Chapter II, we discuss the theory of transient
Raman lasing and transient lasing without inversion in the short wavelength regimes,
extreme ultra violet (XUV) and x-ray using Helium and Helium-like Boron—triply
ionized Boron as a gain media. We demonstrate transient Raman lasing in Helium
atoms at 58.4 nm and transient lasing without inversion in triply-ionized Boron at
6.1nm. In Chapter III, we study single-photon Dicke superradiance and show that
for extended cloud of two-level atoms, where the size of the sample is larger than the
radiation, a single photon collective state prepared by absorption of single photon
approximately decays to the ground state with a rate the number of atoms times the
single atom decay rate, N~. In Chapter IV, we show how an position-dependent
excitation phase induces quantum coherence and thereby affects the dynamics of en-
tanglement between two qubits. In Chapter V, we propose an alternative scheme
to entangle two spatially separated qubits via correlated photons in a cavity and
elucidate the physics of light-to-matter entanglement. Chapter VI deals with genera-
tion of entanglement in quantum-beat laser via microwave induced coherence. Using
this entangled light source we propose phase-controlled implementation of quantum
lithography. In Chapter VII, we address a fundamental question, in which we study
the role of dephasing on entanglement created in a quantum-beat laser. Finally, we

present the summary of our main results in Chapter VIII.

A. Fundamentals of light-matter interactions

Interactions of electromagnetic radiation with matter are the pillar for this disser-
tation. It is then imperative to go through the fundamentals of the light-matter

interactions. The analysis presented here are partially done following semiclassical



approximation, where the field is assumed be strong and treated classically while
the atoms are considered quantum-mechanical objects. Although the semiclassical
approximation gives remarkably good results in some systems, it is inadequate to
provide information about the quantum-statistical properties of radiation. To this
end, we start with a fully quantum mechanical description of interaction of multi-
mode electromagnetic radiation with an atom with arbitrary energy level and then
reduce it to a semiclassical approach by treating the field operators as c-number
variables.

An electron of mass m and charge e interacting with external electromagnetic

field is described by a minimal-coupling Hamiltonian [20]

H, - % D — cA(r, ) + eU(r,1) + V(r), (1.1)

where p is the canonical momentum operator, A(r,t) and U(r,t) are the vector and
scalar potentials of the electromagnetic field, respectively and V' (r) is an electric po-
tential that is normally the atomic binding potential. In most part of this dissertation,
we apply the dipole approximation—the field wavelength is larger than the atomic size,
k-r < 1. We assume that the entire atom is immersed in an electromagnetic wave
described by a vector potential A(rg + r,t), where ry is the position of the nucleus.

This vector potential can be written in the dipole approximation as

A(rg+1),t) = A(t)erotr)
= A(t)e™ ™[l +ik-r + ..]

~ A(t)e’r, (1.2)

In the dipole approximation, the Schrodinger equation for this problem, with A(r,t) =



A(ro, 1), is given by

{—% [v _ %A(ro, t)} U+ V(r)} V(e t) = m% (1.3)

Now choosing the gauge to be the radiation gauge
U(r,t) =0, V-A=0, (1.4)

and introducing a new wave function of the form
Y(r,t) = eeAroT/hgp 1) (1.5)

the Schrédinger equation Eq. (1.3) yields

. |ie0A

2
P
h__. =
I o

d teAr/h __ _ieA-r/h
ro(r,t) + 8t¢(r’t) e =e o

+ V(r)] o(r,t). (1.6)

Note that in radiation gauge the electric field is related to the vector potential as

E = —0A/0t. In view of this and after cancelation of the exponential term, we get
ZTLQZ%(T, t) = [HA —€r- E(I‘o, t)]qb(r7 t)7 (17)

where

Hy=p*/2m +V(r)

is the unperturbed Hamiltonian of the electron. We then note that the total Hamil-

tonian, including the free Hamiltonian of the field Hp, is given by
H=Hpr+Hy+ Hy, (1.8)

where

H; = —er - E(r,t) (1.9)

is the interaction Hamiltonian. The energy of the free field Hpg is given in terms of



the creation (o)) and annihilation (ay) operators by

1
Hp = Zhuk (aLak + §> , (1.10)
Kk

in which v is the frequency of the kth mode.

Further, the free energy of the atom H, and er can be expressed in terms of
the atomic transition operators o;; = |9)(j|. {]i)} represents a complete set of atomic
energy states, that is, Y. |¢)(i| = 1. Noting that H,|i) = E;|i) and using the com-

pleteness relation, the free Hamiltonian for the atom can be written as

Hy=1IHy=Y |i)(i|Hs =Y Eioy. (1.11)

Similarly, the term er can be expressed as
er = I(er)l = eli)(ilrlj){jl = Y pi0u, (1.12)
Y] 1,J
where @;; = e(i|r|j) is the electric-dipole transition matrix element. The quantized
electric field operator in the dipole approximation is given by

E(ro,t) = ) &) Exlap ye Mt gl | eivnt=ikro), (1.13)
ko

where €1({’\) is a polarization vector with A being its degrees of freedom, & = /A /2e0V
with g and V' being the permittivity of free space and quantization volume, respec-
tively. If we assume the position of the atom to be at the origin and linear polarization

for the field, the electric field takes a simple form
E=> &a&(ax+al) (1.14)
Kk

Therefore, on account of Eqgs. (1.10)-(1.12) and (1.14), the Hamiltonian of the



|b)

Fig. 1. A scheme of a two-level atom interacting with a single mode laser field of fre-
quency v and off resonant from the atomic transition frequency w by A = w—wv.

W = W, —wp, where hw, and hwy, are the energy of levels |a) and |b), respectively.

system turns out to be
H= Z hz/kaLak + Z Eo; —h Z g o(ay + aL) (1.15)
Kk i k,ij
where ¢ = @;; - €€ /I is the coupling constant between the atom and the field. In
(1.15) we have omitted the zero-point energy and assumed that g;; is real.
Up to now we considered interaction of a multimode field with an atom with
arbitrary number of energy levels. Let us now consider the simplest case in which a
two-level atom is interacting with a single mode radiation field as outlined in Fig. 1.

Using the Hamiltonian (1.15), we write Hamiltonian for this system as

H = hva'a + hw,|a){a] + hwy|b) (b] — hg(oy + o_)(a' + a). (1.16)

Here, for the sake of simplicity, we have assumed the coupling constant to be real,
g® =ght =g o, = |a)(b| and o_ = |b){a| are the raising and lowering operator for
the atom, respectively. It is worth to mention that the terms o, a and a'o describe
energy conserving processes. For instance, o, a describe promotion of the atom from

the lower to the upper state by absorption of a photon, while a'o represents a process



in which the atom decays from the upper to the lower state by emitting a photon.
However, the other terms o, a and ao_ describe energy nonconserving processes. For
example, the term o, a’ describes a process in which an atom is excited by emitting
a photon, while term ao_ describe decay of an atom by absorbing a photon. These
energy nonconserving processes occur due to emission and reabsorption of short-lived
virtual photons. These processes are particularly important in calculating frequency
(Lamb) shifts and will be discussed in more detail in Chapter III.

Another popular approximation we are going to employ in most parts of the dis-
sertation is the rotating wave approximation, which amounts to dropping the energy
nonconserving terms in the Hamiltonian (1.16). The transition frequency of the atom
is defined by w = w, — wy. For the sake of convenience we choose the energy of the
lower level |b) to be zero. To this end, the Hamiltonian (1.16) in the rotating wave

approximation can be put in the form

H = Hy+ Hi, (1.17)

where
Hy = hva'a + hv|a){al (1.18)
H; = hAl|a){a| — hg(ora +a'o_), (1.19)

where A = w — v is the detuning between the transition frequency of the atom and
the field frequency.
In most instances it is more convenient to work in the interaction picture. Thus

the Hamiltonian in the interaction picture is defined by

H = eiHot/hHle—iHot/h (120)



can be written in a simple form
H = hA|a){a| — hg(opa +ao_). (1.21)

It is worth to note that the above interaction Hamiltonian does not take into
account the inevitable interaction of the atom as well as the field with the environment
which is vital to the dynamics of the system. The dynamics of such a system is
described by the time evolution of the density operator, also known as the master

equation. In general, the density operator is defined as

p=> pul)(¥| (1.22)
P
whose time derivative together with the Schrodinger equation for state vector |1)
- OlY)
—_ = 1.2
el = M) (1.23
gives
dp i i
T —ﬁ[HP — pH]| = —g[fﬂ,ﬂ]- (1.24)

The interaction of the field and the atom with the environment can be described by

adding dissipation terms as [20]

% - —%[”H,p] * (%)amm " <%>ﬁeld’ 12
where
<%) . = —%(aJra_p + poyo_ —20_poy), (1.26)
9p _ Bt f f

with v and x being the spontaneous emission rate of the atom and the radiation decay

rate, respectively. Equation (1.25) is also called Liouville equation and can used to
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derive the density matrix elements. The diagonal elements p,, and py, describe the
populations in levels |a) and |b), respectively, while the off-diagonal elements p,, = pj,

represent the coherence developed in the system.

B. The concept of quantum coherence

In this section we consider a simple system to illustrate the physics of quantum
coherence effects, which is the basis for this dissertation. As an example, we discuss

the concept of coherent population trapping. Let us consider a three-level atom in

a so-called A configuration, in which the two-lover levels (|b), |¢)) are coupled to
upper level |a). The |a) <> |b) and |a) <> |¢) transitions are dipole allowed while
the transition between the two lower levels is electric dipole forbidden. The dipole
allowed transitions are driven by two monochromatic fields. Other possible three-

level schemes include the V' and cascade (ladder) configurations. The interaction

Hamiltonian for the coupling of the atom to two laser fields is given by
H = —h]a){c| — h€s]a)(b| + H.c., (1.28)

where Q) = @, F1(v1)/h and Qy = g Es(12) /1 are the Rabi frequencies correspond-
ing to the monochromatic fields v, and vy, respectively. The state vector of the atom

has the form
) = ca(t)]a) + cu(t)[b) + ce(t)]c). (1.29)
The Schrodinger equation zhw = H1) then gives
Ca = (e + Qacy), (1.30)

& = Q9 (1.31)

éo = i, (1.32)
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Now let us assume that the atom is initially in a coherent superposition of the two
lower states

0) = Q1|b> - Qz‘@ (1.33)

where QLQ = Mo// + Q3. The state |0) is also know as the dark state, for reason
that the Hamiltonian acting on this state gives nothing, that is, H|0) = 0. In terms

of the density matrix elements, the initial state can be written as
p(0) = 10)(0] = €2310) (bl — 1 Qa([b) (e + [} (b) + Qi) (c] (1.34)

which yields

P =2, p 0 =209 =0, = p) = —01 Q. (1.35)

As a special case where the two fields have the same Rabi frequency Q; = €y, the
initial condition becomes pgg) = p£2) = 1/2, pl()g) = —1/2. The solutions of Egs.
(1.36)-(1.38) then turn out to be

cft) = 0, (1.36)
1

a(t) = 7 (1.37)

c(t) = 1 gin (1.38)

V2

Recall that the probability of absorption by the upper state is given by
Pabsorption X ’Ca(t)P = 0. (139)

One can infer from this result that the two pathways that leads to the upper state
|a) interfere destructively to cancel absorption. That means all the populations are
trapped in the lower levels even though there are strong resonant lasers fields that

derive the two transitions. This is the essence of quantum coherence.
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CHAPTER II

USING COHERENCE TO DEMONSTRATE TRANSIENT RAMAN LASING IN
XUV AND LASING WITHOUT INVERSION IN X-RAY SPECTRAL REGIONS *

A. Introduction

Gain swept superradiance (GSS) in an ensemble of two-level atoms was extensively
studied in the 70’s in connection with laser lethargy and coherence brightening in the
X-ray laser [21, 22, 23]. In GSS, the inversion is created by injecting a short excitation
pulse which produces a gain-swept medium. Among other things it was found that
GSS can yield intense pulses without population inversion. This is closely related to
Dicke superradiance [7, 24] in which the maximum emission rate occurs when there
are equal number of atoms in the excited and ground states, i.e., when the population
inversion is zero.

The quest for short wavelength lasers-XUV and x ray-has been sought since
the invention of laser in connection with their potential application in fundamental
science as well as real life applications. Extensive theoretical work has been done on
amplification without inversion since the early work of Kocharovskaya et al. [4], Har-
ris [5], and Scully et al. [6]. In the experimental front, LWTI has been demonstrated in
three level atoms, for example in Sodium (Na) and Rubidium (Rb) atoms in mid 90’s
[25, 26]. Those studies involved continuous pumping and were in the optical and in-
frared spectral regimes. LWT is rather more attractive in the short wavelength regimes

* Reprinted with permission from ”Using quantum coherence to generate gain in
the XUV and X-ray: Gain swept superradiance and lasing without inversion” by Eyob
A. Sete, A. A. Svidzinsky, Y. V. Rostovtsev, H. Eleuch, P. K. Jha, S. Suckewer, and
M. O. Scully, 2012. IEEFE J. Sel. Top. Quantum Electron., 18, 541-553, Copyright

[2012] by Institute of Electrical and Electronics Engineers. For more information go
to http://thesis.tamu.edu/forms/IEEE%20permission%20note.pdf/view.
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where population inversion is difficult to achieve. Many schemes has been proposed
to demonstrate LWI in the short wavelength spectral regimes [27, 28]. However,
most of them operate in the steady state regime and requires continuous incoherent
pumping. In a process where the decoherence is very fast, one always want to avoid
incoherent pumping. To this end, recent proposals focus on the possibility of transient
lasing without the requirement of incoherent pumping. Most recently transient lasing
without inversion has been proposed [29, 30, 31, 32] in three level atomic systems.
In this Chapter, we explore connections between GSS and transient Raman lasing
in helium atom (ladder scheme) with initial Raman inversion and yet the system
operating without inversion in the lasing transition. In addition, we demonstrate a

pure transient LWI in helium-like Boron, B*" operating at 6.1nm.

B. Steady-state Raman lasing

We first discuss the concept of Raman lasing by considering three-level atom in A
configuration shown in Fig. 2. The transitions from |a) to |b) and from |a) to |c) are
dipole allowed while the transition between the two lower levels is dipole forbidden.
The levels |a) and |b) are coupled by a weak field of Rabi frequency €; and frequency
v, whose amplification we are interested in. The upper level |c) is coupled to level |b)
by a strong coherent field of Rabi frequency €2 and frequency v..

The Hamiltonian describing the interaction between the classical laser fields and

the atom, in the rotating wave and dipole approximations, is given by
H = hlAla)(a] — h(Ay — AL)|e) (c| — hQ|a){c| — hYy|a)(b| + H.c.. (2.1)

Here Ay = wep — vy and A, = wee — Ve With wg. and w,, being atomic transition

frequencies for |a) to |b) and |a) to |c) transitions, respectively. Applying the Liouville
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|b)

Fig. 2. A three-level atom in A configuration for Raman lasing.

equation and using the Hamiltonian (2.1), the equations of motion for the off-diagonal

density matrix elements turn out to be

d

%pab = _(iAb + ’Yab)pab + ZQch - in(paa - pbb)a (22)
d . . .

Epac - _(ZAC + '7ac)pac + Zlebc - 1Q(paa - pcc)a (23)
d ) . -

apbc = _[Z(Ab - Ac) + 'Vbc]pbc + ZQI Pac — ZQpaba (2'4)

where vap = Yae = (v +1')/2, with v and T" being spontaneous decay rates for the
upper level to levels |b) and |c), respectively, are the dephasing rates for respective
off-diagonal elements; 7. is the dephasing rate for py. due to collisions.

We next seek to study the steady-state Raman lasing. To this end, we solve the
above set of equations at steady state. Thus imposing the condition that p,s = 0

(o, B = a,b,c) and assuming that the two detunings are the same, A, = A, = A, we

QY ’ l|2 | |2
LU O _F 2.
Pab =1 D* K be T ps ) Mha T ps Mea (25)

i Q[ [/
ac — r c ca al s 2.6
P = T, K ) e T, 20

obtain
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QO [Nea Mg
Poc = — p— = |
D |Te I,

(2.7)

where

Fab =iA + YVab, Fac =1iA + Yac> Fbc = Ybe,

| 1o

D:Fc T
T T,

Nba = Pvb — Paas MNeca = Pec — Paa-

Note that since we have considered the lasing transition to be the |a) — |b) transition,

the laser gain is proportional to the off-diagonal matrix element pg;.

1. Maxwell-Schrodinger equation

In the previous section we derived the equation of motion for the density matrix el-
ements by considering a single atom. In many problems in quantum optics, we are
interested in the interaction of electromagnetic field with a large number of atoms.
A typical example is the propagation of a coherent pulse through a medium, where
the atoms are treated quantum mechanically and the laser field is treated classically.
Throughout this Chapter we apply semiclassical theory to describe the lasing process.
In this section, we derive the Maxwell-Schrodinger equation, which governs the prop-
agation of the laser pulse through the active medium and relate it to the microscopic
polarization obtained in the previous section.

The four Maxwell equations in free space read

V.D=0, (2.8)
0B

V-B=0, (2.10)

VxH-J4+ 22 (2.11)

ot
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with

D=cE+P, H=B/y, J=0E. (2.12)

Here P is the macroscopic polarization of the medium. The conductivity o takes
into account phenomenologically any losses such as the linear response due to the
background absorbing medium, and also those losses due to diffraction and mirror
transmission. Now taking the curl of Eq.(2.9) and taking into account (2.10) and

(2.11), we obtain the wave equation

OE 10°E 02P
VXVXE+ g0 + — ' = — g
x V x P05 T 50 052

(2.13)
where ¢ = 1/,/2opo is the speed of light in free space. Note that the polarization P
can be regarded as the source term for the radiation field E. To obtain a simplified
version of the wave equation we consider a situation in which the field is propagating
along the z axis and polarized along the x axis, i.e., E = E(z,t)Z. This assumption

is valid if the field is slowly varying on the scale of optical wavelength. The wave

equation thus takes a simpler form

o 10 o 10 oF o0?P
— =)=+ "= | E=—poo— — pio—. 2.14
(82 * cat) ( 9z " cat> ooy ~ 05 (2.14)
The field is represented by a running wave

1 )
E(z,t) = §€(z,t)e_z[”t_kz_¢(z’t)] + c.c., (2.15)

where the amplitude £(z,t) and phase ¢(z,t) of the field are slowly varying function
of position and time. Without loss of generality we assume £(z,t) to be real. The

macroscopic polarization for N number of atoms per unite volume can be written as

1 .
P(z,t) = §Np(z,t)e_z[”t_kz_‘z’(z’m + c.c., (2.16)
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ivt=kz=¢(z0] | cc. is the microscopic polarization. Now

where p(z,1) = 2pappave”
plugging Eqs. (2.15) and (2.16) into (2.14) together with the slowly varying ap-
proximation where the field and polarization satisfy 0€/0t < vE,0E/0z < k&,
0¢ /0t K v,00/0t < k, and dp/dt < vp,dp/dz < kp, we obtain the field amplitude

equation to be

+ —— = rE — —Im(p), (2.17)

where k = 0/2¢qc is the linear loss coefficient. In our analysis we ignore the linear loss
and write the above equation for Rabi frequency €2, = ©.,€/h to make connection to

the density matrix equation derived earlier

o | 10

ik L R N 2.18
8z+c8t 11 Pab ( )

where n = 3N\?y/4n with X being the wavelength of the emitted laser light. We
would like to emphasize that this classical equation will be used to describe the
propagation of the laser pulse through the medium. The field, represented here by
the Rabi frequency €2;, is directly related to the single photon coherence p,;. In other
words the gain/loss is related to this coherence, which essentially is the response of
the medium to the laser pulse. As we will show shortly the gain indeed is proportional
to ITm(pgp).

We next proceed to derive the expression for gain in terms of system parame-
ters. To that end, we write the intensity of the laser as I = I,e%?, where G being
gain/absorption coefficient. We can also write the intensity as I = AQ?(z,t), where
A is a constant. Then differentiating both expressions and equating the results we
get

1 0%y
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Now in a frame moving with the pulse, the wave equation (2.18) takes the form

oYy,

— = 1MPabs 2.20
02 7 Pab ( )

then the expression for the gain/absorption becomes

1 3NAHy

G:_Ql 47

Im (pap) - (2.21)

To demonstrate Raman lasing we go back to the results of the previous section
and assume that the field detunings are large compared to the dephasing rates, i.e.,
A > Yapy Yae (Lap = Ty = 4A). In this approximation the off-diagonal density matrix

element p,;, becomes

9 [(—iBe + 1)) — (9,

ab = : 2.22
Pob = 7A iAo — U2 + O (2.22)
For simplicity if we choose [€;]* = |Q2|2, we have
QP

Im(pap) = — cc — Pbb)- 2.23

(pas) =~ 5z (e = pw) (223)
Therefore, substitution of the above expression into Eq. (2.21) yields

3Ny Q)2

am A2’)/130
Expression (2.24) shows that the lasing field is amplified when p.. > py or Raman

inversion. The corresponding lasing process is called Raman lasing.

C. Transient Raman lasing in Helium

Here we consider three-level helium atom in a cascade configuration as shown in Fig.
3. The cascade transition involves single states: 31D — 2 'P — 1 'S, where the lasing

transition is from 2 'P to the ground state 1 'S. We show that if the system starts
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)
I § 9 667.9 nm 587.4 nm

T,=16ns v=81us
2'p |a)
3
v 58.4 nm P
Qz 7,=0.55ns
1's 5 |b)

Fig. 3. XUV lasing scheme in helium. Initial population in 2 3S is driven to level 3 'D
via a counter intuitive pair of pulses in which the 587.4 nm pulse is followed by
the 1.08 um pulse. Once the atom (or ion) is in the 3 'D state it is driven by a
strong pulse at 668 nm to the state 2 'P. This results in Raman lasing action
yielding short pulses at 58.4 nm. Energy levels of Helium * and transition rates
are taken from Ref. [33].

with a Raman inversion p..(0) = 0.56, p..(0) = 0 and py(0) = 0.44, strong lasing
is observed at 58.4 nm without inversion in the lasing transition. This is attributed
the coherence induced by the strong laser drive applied in the auxiliary transition,
31D — 2 'P. In the following we present the theoretical description and experimental

implementation of our scheme in detail.

D. Theoretical

In order to clarify the physics and establish the connection with GSS we next briefly

summarize the analysis behind ladder Raman lasing as in Fig. 3. The propagation
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of the lasing field €2; is described by Maxwell-Schrodinger equation

19) 10 .
EQZ<Z7t) =+ Ean<Z7t) - anab(zat>7 (225)

where ; = & /h is the Rabi frequency of the laser with g, and & being re-
spectively the dipole matrix element for |a) — |b) transition and the coupling field
strength. The atomic polarization is governed by the off-diagonal element of the den-
sity matrix pgp times N, where N is the density of the atoms, n = 3N A2y /47 with A
being the wavelength of the radiation on the |a) — |b) transition and ~y the radiation
decay rate between these levels.

Turning to the dynamics of the atom we note that the transitions from |c¢) to |a)
and from |a) to |b) are dipole allowed while the transition from |c¢) to |b) is dipole
forbidden making our system a cascade scheme. The transition |¢) — |a) is driven by
a strong coherent field of Rabi frequency €2 while a weak probe field €; is applied to
the |a) — |b) transition.

The Hamiltonian describing the interaction between a three-level atom and the
two classical fields in the dipole and rotating wave approximations, and at resonance
is given by

H = —hQ|c){a| — h&Yyla)(b| + H.c. (2.26)

and the master equation for the atomic density matrix has the form

d ? r
pr i L s (UIUMH— poloy — 201PUD
— % (0502[) + poboy — 202[)0;) (2.27)
in which o1 = |a)(c|, o] = |c){a], o2 = |b){a|, o} = |a)(b|, T is the spontaneous

emission decay rate for the |¢) — |a) transition. Without obtaining explicit steady

state solutions, some general conclusions can be drawn from the equations of motion of
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the density matrix elements on the condition of gain without inversion. For instance,

the steady state solution of py, yields

20 20
Im(pep) = Tl(pbb — Paa) + TRG(Pcb) (2.28)

It follows from Eq. (2.28) that for sufficiently large negative values of Re(p.,) ampli-
fication (Im(pa) < 0) can be obtained without population inversion.

The problem with such steady state operation is that it requires continuous
pumping from |b) to |¢). One might consider to use the usual incoherent sources
as means of pumping. This however is a problem for the XUV transition. The
most common way in such wavelength regimes is instead pumping via electron-atom
collisions in a plasma. This however wipes out the coherence, p,., developed in the
system due to electron impact. To circumvent this problem, we propose lasing in the
transient regime, which does not require continuous incoherent pumping to observe
laser gain. The condition for amplification of the lasing field in the transient regime
is best understood in terms of the population terms only. For example, from the

equation for py,, we have

Im(pab) = (/ypaa - pbb)/QQl' (229)

Thus the amplification condition Im(p.) < 0 implies pp, > Ypaq for the lasing field
to show transient gain.

This shows that although no amplification in the steady state, it is possible to
realize lasing gain in the transient regime. This is the basis for the present work,
which combines several unconventional aspects of laser and atomic physics in order
to produce transient lasing without inversion in various regimes. To demonstrate the

feasibility of transient lasing we focus on He and He-like ions as indicated in Fig. 3.
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Fig. 4. Plots of the square of the lasing field €; (solid curve) and scaled inversion
between |a) to |b) transition (dashed curve) vs retarded time p =t — z/c for
initial condition p..(0) = 0.56, pua(0) = 0, ppp(0) = 0.44. The dashed curve
shows that the inversion is always negative. The unit of time is 7, = 0.55 ns
which is the |a) — |b) spontaneous transition lifetime. The energy output is
a respectable few nanojoules compared to the input energy ~ 0.01 picojoules,

other parameters are given in Table I.

In the following we present the numerical solutions to the coupled Maxwell-
Schrodinger equation for various initial conditions. In the numerical simulations, we
have normalized time and distance such that the equations become dimensionless.
We choose the unit of time to be 7 = 0.55 ns and the unit of length is L = 1 cm.
For our system I' = 75 ' = 6.4 x 107 s7!, vy = 77! = 1.8 x 10° s7! and A\ = 58.4 nm.
A summary of types of input pulses and parameters used in each figure is given in
Table I.

We send in a very weak lasing field €2; and let it propagate through the medium
along the z—axis. In Fig. 4, we plot the output lasing field intensity 27 versus retarded

time p = t — z/c for an initial condition pg%) =0, pég) = 0.44, and p£2’ = 0.56. This
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Table I. Numerical values of parameters used in Figs. 4, 5 and 6. We have used
¢/vL =16.5 and I'/~ = 0.035.

Fig. Sample Input lasing Input driving Output

size (%) field (%) field (%) energy (J)
4 10%° 13 0.015tg 9.9 [E-00/00% 416 x 1070
5 104 13 0.01:5 5e~[=00/0.0]2 1 18 % 108
6 104 13 0.01£ 0 1.28 x 10710

figure shows that the weak input pulse is amplified by five order of magnitude when
there is no inversion in the lasing transition and a little bit of inversion in the Raman
transition. This attributed to the coherence induced by the strong laser derive €2 that
couples levels |c) to |a).

Furthermore, to see the effect the strong driving field, we plot in Fig. 5 the lasing
field intensity Q7 as a function of p for a 13 ¢cm long sample by pumping more atoms
in the state |c): pﬁﬁ? =0, pl(,g) = 0.25, and pf;g) = 0.75. The red-dotted curve shows
population inversion as a function of y in the lasing transition a — b. The system
starts to lase with inversion, however, after a short time it operates without inversion
on the a — b transition. This is due to a combination of build up of the coherence
pve between levels |b) and |¢) and the macroscopic dipole going as pg,. Note that the
later has much in common with the effect of laser lethargy [21] and the build up of
superradiance.

Now consider an initial condition in which the upper level |¢) is empty: pg%) =

0.75, ,01(72) = (.25, and pé? = 0 and no driving field, 2 = 0. Our problem essentially
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Fig. 5. Plot of the square of output lasing field €;/~, where v is the a — b decay rate,
vs retarded time p =t — z/c for z = 13 and initial condition p..(0) = 0.75,
Paa(0) =0, ppy(0) = 0.25. The dashed curve represent the population inversion

the in the lasing transition.

reduces to a two-level atom system. As can be seen from Fig. 6, most of the emission
takes place well after p,, = pp, which is the earmark of GSS. This is further discussed
in section H. Note however that the output energy associated with Fig. 6 is now
decreased by two orders of magnitude compared to the results of Fig. 5, where

coherence induced by the drive field ) plays an important role.

E. Experimental

In order to make clear the experimental viability of the present scheme we next
discuss the two key points of excitation of 2 S and subsequent transfer to 3 'D in

He, specifically:

1. We first inject an ultrashort high power laser pulse to ionize the He gas. We

then turn off the laser and rapid recombination and de-excitation follow such
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Fig. 6. Plot of the square of output lasing field €; /v vs retarded time p =t — z/c for
z = 13, no driving field © = 0 and initial condition p..(0) = 0, pu.(0) = 0.75,
p(0) = 0.25. The dashed curve represent the population inversion between
la) and |b).

that the lowest states of He atoms are prepared according to their statistical
weights. Hence for the sake of simplicity, we take the relative population of the

23S and 1 'S states to be 3 to 1, as in Fig. 4.

2. The population in the 2 3S state is then transferred to the 3 'D state via the 2 3P

levels by a combination of optical pumping and dark state adiabatic transfer.

Let us first consider the physics of the laser plasma. We envision a laser plasma
created by Keldysh tunneling with a non Boltzmann distribution of neutral excited
atoms. This involves He™ — He electron capture via three-body recombination.
Three-body recombination for H-like ions is approximately proportional to the forth
power of the principal quantum number n* and to the square of the electron density

as N.2. Hence for sufficiently high initial electron density three-body non-radiative
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Fig. 7. Laser intensities required for an ionization rate of 10'?sec™! versus ionization

potential of H-like ions (from Ref. [35]); solid line - Keldysh theory [34]. Cor-
responding quiver energy (g, = e?E?/4m.w?) is shown on the right for laser

wavelength A = 0.8 ym.

recombination will dominate two-body radiative recombination and radiative decay.
However, the collisional ionization from highly excited states is also fast, thus in order
for three-body recombination rates to dominate ionization rates, the recombining
plasma should have a low electron temperature T,, if its electrons have Maxwellian
energy distribution, otherwise average electron energy should be low.

In order to create a fully ionized He™ plasma at low temperature, we consider
the example of a plasma capillary 10-100 gm in diameter and a few cm long. The
tunneling ionization can be used to generate the plasma [34, 35, 36, 37]. In this
way we can strip 1 electron from He atoms without significantly heating the plasma,
especially for ultra-short laser pulses. The laser intensity needs to be in the order
of 10 W /ecm? for efficient tunneling ionization of He to He' according to Keldysh

theory [34] (see Fig. 7 [35]). For needle like plasma column such intensities can
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easily be obtained from a Ti/Sapphire laser at wavelength A = 0.8 ym with ~ 1 mJ
energy per pulse in pulses of 50 — 100 fs duration with ionization pulse propagating
in plasma channel. Use of such short pulses is crucial to minimize plasma heating.
In the right-hand side of Fig. 7 the vertical axis shows the quiver energy ¢4, (in
keV), which electrons are gaining in a laser electric field E. If electrons do not collide
then their quiver energy disappears with termination of the laser pulse. Therefore it
is important to use laser pulses shorter than collision times of electrons in order to
minimize plasma heating during the ionization process.

It should also be noted that quiver energy, e, goes as A?, hence shorter wavelength
laser beams are advantageous for creating cooler plasma as heating is proportional
to quiver energy &, [34, 35]. Therefore it is often beneficial to use the 2°¢ or even 3™
harmonic of Ti/Sapphire laser even at a cost of several times less pulse energy than
fundamental pulse energy. Additional plasma cooling is provided by it rapid radial
expansion, for which the use of a small plasma column diameter is very important,
as well as beneficial from the point of view of required laser pulse energy.

The bottom line is that we can create a cold laser plasma which recombines to
produce an excited neutral gas. In particular the metastable 2 3S (8000 s radiative
life time) state will be formed with a statistical weight of around 3 compared to the

1S state.

F. Robust population transfer and level degeneracy problem

Let us proceed to consider the transfer of population from the three 2 3S spin states to
one particular magnetic sublevel of the 3 'D manifold. At time t = 0 the population
resides in the three spin sublevels x1 _1, x1,0 and x1,1 as per Fig. 8a. We first optically

pump the atoms into one of the 2 ®S spin states, say the x; _; state as indicated in
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Fig. 8. (a) Atoms begin uniformly distributed in the three magnetic sublevels of the
2 35, state. (b) Optical pumping by broad band left circularly polarized light
to the 2 3Py states results in the transfer of all the population of the spin
state JJ.

Fig. 8b.

Robust population transfer from the triplet 2 3S to singlet 3 'D is then made
possible by Stimulated Raman Adiabatic Passage (STIRAP) [38]. In this technique
one subjects the state 2 3S at t = 0 to a so-called counter intuitive pulse sequence
with Rabi frequencies €, and Q; in which the Qs (2 3P — 3 'D) pulse precedes the
Q; (23S — 2 3P) pulse (see Fig. 4). This pulse sequence ideally results in a complete
transfer of population to the desired state 3 'D without necessarily populating the
2 3P state in the process. The mechanism of STIRAP is best understood in the
dressed state basis in which we introduce bright and dark states. Beginning with the

dark state
B 02 3S> — 03 1D>

we apply Qs before ) so that |0) = |23S) during the early stages of transfer. Then

0) (2.30)

we adiabatically turn on €y while turning off 2y, such that |0) = |3 'D) at longer
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times. The condition of adiabaticity implies the following estimate of the required
pulse energy
heS

W ~ 1000 — 2.31
>\3’Y7-pulse 7 ( )

where S is the cross section area of the pulse, T,y is the pulse duration, A and v are
the wavelength and the rate of the transition. For the weakest 3'D—23P transition
A =587 nm and v = 1.23 x 10* s~!. Then for a plasma capillary of radius ~ 0.1mm
and pulse duration T,use = 1 ps, Eq. (2.31) yields W ~ 0.4mJ. Currently compact
pico-second lasers are commercially available with much greater energy, i.e., a few mJ
per pulse just from oscillator-regen amplifier (front-end) is well within the state of
the art.

We next proceed to calculate the population transfer from 2 3S to 3 'D via STI-
RAP technique. First we send in a strong resonant pulsed laser (£2;) to couple the 2 *P
to 3 'D transition. It is worth to note that 3 'D and 3 3D are essentially degenerate
states (only separated by 0.2 nm) and thus the applied laser inevitably couples the

2 3P to 3 3D which is 1000 times stronger than the 2 3P to 3 'D transition. The Rabi

frequencies of the two transitions are related by Qy = /(A3 7ee) /(A3 740) Qg = T6Q,.
If one uses input pulses shorter than the spontaneous decay time of these transitions,
the population will be transferred to the undesired state 3 2D. To overcome this
problem it is necessary to apply pulses which are wider than the spontaneous decay
times. In Fig. 9, we show that by applying ns pulses and for an optimum delay
between the probe and driving pulses it is indeed possible to transfer all the initial
population in 2 3S to 3 'D. However, in plasmas, due to collision of electrons with

atoms, the collisional decay time can be shorter than the duration of laser pulses and

thus STIRAP may not work.
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Fig. 9. Plots of probabilities for finding the system in different levels vs scaled
time t. The inset on the right shows the level scheme used for the
STIRAP process, which involves two Gaussian pulses (inset on the left):
Q1 (t) = exp [—[(t + 10.5)/15]?] and Qu(t) = exp [—(¢/15)?].

We thus propose to use an additional laser pulse that couples the 3 3D to the
higher energy state 4 3P. This essentially cancels absorption by the 3 3D and en-
hances the transition to 3 !D. The equivalent scheme is sketched in the inset of Fig.
10. For sufficiently strong driving field (3, the population in 2 3S can be transferred
completely to the desired state 3 1D (see Fig. 10). The optimum population transfer
is exhibited when the Rabi frequency € is approximately twice stronger than Q. Re-
sults shown in Fig. 10 are obtained by numerically solving equations for C},, Cy, C,, C.
and C; which are probability amplitudes to find the system in the states |h), |d), |c),
le), and | f), respectively and for initial condition Cj,(0) = Cy(0) = C.(0) = C.(0) =0

and Cf(0) = 1. For resonant driving field the evolution equations read

Ch(t) = iQ3(t)Cy(t), (2.32a)
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Fig. 10. Plots of probabilities of finding the system in different levels vs scaled time €25t.
With the help of a third laser field the population is transferred to the desired
state |c¢). The inset shows the level scheme used for the STIRAP process
which in this case involves three Gaussian pulses ; = 2exp [—(t — 0.3)?/2]
and Qy = 2exp [—(t — 0.4)?/2], and Q3 = 150exp [—(t — 1)%] .

Cu(t) = iQu(£)Cu(t), (2.32b)

Cy(t) = iQa(t)Cu(t) + iQ3(t)Ch(t), (2.32¢)

Ce(t) = () Cc(t) + i (1) Calt) + i ()Cy (1), (2.32d)
Cy(t) = i (1) Ce(t), (2.32¢)

where Q5 ~ 76Q,. Rabi frequencies Q; (j=1,2,3) given in the figures are dimensionless
so that the unit of time is the inverse of the amplitude of (2.

Once the population is transferred to the singlet 3 !D state a strong driving field
is applied on the 3 'D to 2 'P transition. This generates coherence between 3 'D and
2 'P which in turn makes possible transient gain between 2 'P and 1 'S (see Figs. 3

and 5).
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G. LWI in Helium-like Boron: B3t

In this section we demonstrate transient lasing without inversion for optically thin
and thick gas of Helium-like Boron ions. The scheme for B3t is outlined in Fig. 11.
We note that A— scheme LWTI is, in some ways, easier to realize than in neutral He
[39]. Specifically, in B*" we have the simplifying feature of direct coupling between
23P; and 1'Sy (A = 6.1 nm) at the rate v = 4.2 x 10% s7! [40]. Furthermore the 2P,
state decays to the 23S, state (A = 282 nm) at a rate I' = 4.5 x 107 s~'. Hence, B**
in an ion trap is natural for A LWI because I' > ~, an important condition for lasing
without inversion in A scheme. The trap should be deep enough to allow ultra short
pulse excitation with excess population in the 23S state as in the case of neutral He.
Here, however, there is no need to introduce STIRAP to transfer of population as

was the case in He. The B*T ions would lase at 6.1 nm.

2°p

A=282nm
T=22.2ns A
2’s |c)
A=6.1nm
&l 238ns

1'S et | 1)

Fig. 11. Lasing without inversion scheme in B*" ion.

1. Optically thin sample

We next proceed to derive an approximate analytic solution which demonstrate am-

plification without inversion. For a very weak lasing field the equations for the pop-
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ulations pee, pPaq, and the coherence p,. decouple from other equations. We thus

find
d .
%pcc = I_‘paa + ZQ(pac - pca)a (233)
d .
Epaa - _(7 + 11)paa - ZQ(pac - pca)v (2'34)
d 1 e
apca = _5(7 + F)pca + 19 (;Oaa - pcc)- (2-35)

Using an initial condition where py,(0) = pl()g) and p..(0) = pES) and with all other
elements initially zero, one can readily obtain an approximate solution

(0)
cc — 3F . —
Paa(l) = '07 [1 — e 34 (cos 20t + g Sin 2975)] e 2, (2.36)

© I' + 4y

cc — 3 . 1 —
Pec(t) = % [1 + e (cos 20t + sin 2Qt) |e77"/2, (2.37)
pc(:g) 2F+7 art/4 2F+7 1 2
Pac(t) =1 5 [T + e 4 (sin 20t — cos 20t) e /2, (2.38)

The equation for the off-diagonal density matrix element p,;, has, in first order

in €2, the form

. 1 : :
fas + 5 (04 )jas + Ppay = 1427 + Dpaa — 300m(pac)].  (2:39)

On account of Egs. (2.36) and (2.38), Eq. (2.39) takes the form

.legg)

1
o+ 5 (T +pas + Q2 puy = i~ {5y — 2T
+[(27 — 5y) cos 20t — 12Qsin zm]e—?’“/‘*}e—% (2.40)

The solution of this equation, taking into account the initial conditions, p;(0) = 0
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Fig. 12. Plots of dimensionless gain/absorption Guy(t) = —g-Im[pe(¢)] in the lasing
transition |a) to |b) vs dimensionless time I't. We have used I' = 1, v = 0.1,
m = 4.18, @ = 4 and ; = 0.01 with initial condition p,,(0) = 0, pp = 0.55,
and p.. = 0.45. All the parameters are set to be dimensionless with normal-
izing factors I' = 4.5 x 10”s™! and L = 10~ %m.

and pgp(0) = legﬁj), is found to be

Qr2(r — )
tm{pa) ~ Ql [%pg) cos Ot + (P(g) — pi) sin Qt] e~ 1( D)

lec(c]) v — 10T
2Q) [ 12Q
leg(c])
8Q)2

cos 20t + sin 2Qt} (3T+27)t/4

- (5y — 2IN)e /2, (2.41)

The inversion between levels |a) and |b), W (t) = paa(t) — pw(t) is given by
(0)

e [ _ 3T
W(t) = — (p0 + p0) — L 5 [36 /2 _ (cos 20 + o sin 204)e” Br2/4| - (9.42)

In general, the intensity of gain/absorption of a field with the Rabi frequency
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Fig. 13. Plots of inversion W (¢) in the lasing transition |a) to |b) vs I't for the same

parameters as in Fig. 12.

(2,5 coupling the transition @ — 3 with spontaneous decay rate 7,3 is given by

3 Im(pq
Gop = —EN)\imaﬂgg—;) (2.43)

where N is the density of atoms/ions in the medium, A,g is the wavelength of the
transition, and p,g the off-diagonal density matrix element. For the |a) to |b) transi-

tion, the expression for gain takes the form

Gab(t) = _T/blm(pab(t))/Qh (244)

in which 1, = 3N\?y/4x. In general Im(p,;) is an oscillatory function which can take
negative, positive or zero values. If Im(py,) < 0, the system exhibits gain for the
probe laser pulse while for Im (pg,) > 0 the probe laser pulse is attenuated.

In Fig. 12 we plot the analytical as well as numerical result for the gain (2.44) as
a function of normalized time I't for a density N = 10'® ions/cm® and an initial con-

dition puq(0) = 0, pp(0) = 0.55, pe(0) = 0.45. This figure shows that the analytical
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Fig. 14. Plots of dimensionless gain Ggy(1) = —g-Im[pa(p)] and vs retarded time p
for Q = 3, n, = 41.8(N = 10'%ions/cm®), z = 10, Q; = 102 exp[—(t — 3)%/5],
v = 0.1, I' = 1 for different initial conditions. All the parameters are set to

be dimensionless with normalizing factors I' = 4.5 x 107s™! and L = 10~?m.

result is in a complete agreement with with the numerical result. Furthermore, the
figure illustrates that even though there is absorption at initial moment of time, the
amplification dominates at later times which leads to transient gain without popula-
tion inversion as per Fig. 13. Analytical calculation which demonstrate gain without

inversion using delta-function pulses is presented in Appendix A.

2. Optically thick sample

In order to obtain strong laser output it is natural to consider an optically thick
sample. In this case one has to take into account the propagation of the input
pulses through the medium. The dynamics of the system is described by six density
matrix equations coupled to the two Maxwell-Schrodinger equations for the fields.
We numerically solve these equations by assuming the strong driving field does not

change appreciably in time and space.
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Fig. 15. Plots of the square of lasing field vs retarded time for the same parameters
and initial condition as in Fig. 14. The solid red curve represent the input

lasing field at z = 0 scaled up by a factor of 10.

Our numerical results are presented in Figs. 14 and 15. In Fig. 14 we plot
the time evolution of the gain [(2.44)] in the lasing transition vs retarded time pu
for a density N = 10'%ons/cm?®, sample size L = 10cm, and for different initial
populations. This figure indicates absorption of the lasing field for some time and
then gain for certain interval of time which later goes to zero in the long time limit.
In support of this assertion, in Fig. 15 we plot input and output lasing pulses for the
same initial populations as in Fig. 14 and show that there is indeed transient gain or
amplification of the input laser pulse. Comparing the corresponding plots in Figs. 14
and 15 we observe that when the magnitude of the gain increases the amplification
increases accordingly. In addition, gain depends on several parameters: density of the
medium (Boron ions), the strength of the driving field and size of the sample. One can
optimize the intensity of the output laser by choosing these parameters appropriately.

In Table II we present a list of parameters used in Figs. 14 and 15 and the

corresponding energy of the output laser for a given initial condition. It turns out that



38

Table II. Numerical values of parameters used in Fig. 15 and output energy. We have
used ¢/I'L = 666.7 and /I = 0.01

Fig. N(em™) Sample  Input lasing  Input driving Output
size (%) field (&) field (£) energy (J)
15(Dotted) 10 10 0.01e [E=3)/V5P” 3 2.10 x 1010
15(Dashed)  10'6 10 0.01e”[t=3)/V5P 3 4.64 x 10710
15(Solid) 106 10 0.01e”[t=3)/V5P 3 1.12 x 1079

for the density of 10'%ons/cm? Boron ions, the output energy ranges approximately
from 0.1 to InJ, which is enhanced by a factor of 2 to 3 orders of magnitude compared
to the input lasing field whose energy is 5.11 x 107*2].

Similar A LWI scheme can be realized in C** for which decay rate of the 23P; —
1'Sy (A = 4.1 nm) lasing transition is 2.7 x 107 s~!, while those for the 2°P; — 23S,
(A =227 nm) is 5.7 x 107 s~ [41].

It is worth mentioning that the results presented in this Chapter do not take into
account decoherence effects due to collisions between the emitters and electron-ion
collisions. The issue of line broadening in plasma and possible dephasing decay rates

in our system are addressed in Appendix A.

H. Discussion

In order to better understand the key results of section D we next consider the
old problem of swept gain in short wavelength (two-level atom) laser systems. For

example, the following quote from [22] adopted for the present purposes, summarizes



39

the physics:

“In considerations involving short-wavelength lasers, it is clear that in
view of the very short spontaneous lifetimes, one would like to sweep the
excitation in the direction of lasing in order that the atoms be prepared
in an excited state just as the radiation from previously excited atoms
reaches them.... We find that the small-signal regime of the amplifier is
highly anomalous, and that superradiance plays an important role in the

non-linear regime.”

A coherent evolution of an ultra short pulse can be described by the coupled

Maxwell-Schrodinger equations. For a pulse whose electric field is given by
E(z,t) = &(z, )"0, (2.45)

with &(z,t) being its amplitude, and an atomic polarization having an amplitude P

and population inversion AN = p,, — pw,, the Maxwell-Schrodinger equations read

0

= =aP, (2.46)
9p_ 0N (2.47)
(9/1 — v¢] ) .

AN = —qp (2.48)
alu = F. .

In the above equations, the Rabi frequency €, = p& /h with p being the atomic
dipole matrix element and p =t — z/c is the retarded time. The solutions for Egs.

(2.47) and (2.48) are given by

—00

P = sin [ / ' Ql(u’)d,u’] , (2.49)

AN = cos [ / ' Ql(,u’)du’} | (2.50)

—00
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and therefore
—Ql = asin [/ Q(p d,u] (2.51)

In particular, for a thin region of thickness Az and a step function input pulse, we

have

Wz 4+ Az, p) = Uz, 1) + aAzsin[Q(2)p]. (2.52)

Thus the output pulse is given by the input step function with an additional emitted
field whose envelope oscillates at a frequency €2;. It should be noted that this emitted
field is not governed by the population inversion AN . We have here a simple example
of laser gain without inversion. The pulse is gaining energy at a maximal rate when
Qu = 7/2 at which point the population inversion AN = cos(;u) vanishes.

If we consider the case where € is slowly varying in u, one can write Eq. (2.51)
as

d

@Ql = asin [uS(p, 2)] (2.53)

which can be written in the form

Qulwz) 10 z
/ — = / adz. (2.54)
Qu(1,0) sin(us) 0
Performing the integration, we obtain
Q Q
ln[tan (%)] — ln[tan <%,u,0)>] = iz (2.55)
This yields
2
O (p, z) = —arctan [tan (1, O)/Q)ea‘”] (2.56)
1

As an example, if we take a = 0.06, z = 5cm and input pulse (i, 0) = 0.1 exp[—(£/0.2)?]
the output pulse is amplified approximately by a factor of one order of magnitude as

shown in Fig. 16.
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Fig. 16. Plots of Q;(u, z) vs p for @ = 0.06 and z = 5cm and for an initial input pulse
D (p,0) = 0.1exp(—t2/0.4).

To put the present XUV scheme in context we note that there are several methods
for producing extreme ultra-violet and soft x-ray lasing: for example, using a capillary
discharge [42], a free-electron laser [43], optical field ionization of a gas cell [44] or
plasma-based recombination lasers [45]. Coherent XUV and soft x-ray radiation can
also be produced by the generation of harmonics of an optical laser in a gas or plasma
medium. Our goal in the present work is to investigate the extent to which (transient)
LWI might be useful in this problem.

Electron excitation has been the mechanism of choice for the pumping of a wide
variety of XUV lasers. Alternatively, high-intensity ultrashort (with pulse duration
less then 100 fs) optical pulses can be used to pump recombination lasers [35]. In this
method, intense circularly polarized light ionizes atoms via tunneling process. Then
atoms recombine yielding species in excited electron states.

The three-body recombination scheme is attractive due to its potential of achiev-

ing lasing at XUV and soft x-ray wavelengths with relatively moderate pumping re-
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quirements. Several experiments have demonstrated gain and lasing in such scheme
[46, 47, 48]. Recombination mechanism relies on obtaining ions in a relatively cold
plasma which is possible due to short duration of the pump pulse. Then rapid re-
combination and de-excitation processes follow during which transient population
inversion can be created.

In this Chapter we focused on lasing in He and He-like ions which utilizes ad-
vantages of the recombination XUV and soft x-ray lasers and the effects of quantum
coherence. The later, for example, is the key for lasing without inversion wherein
quantum coherence created in the medium by means of strong driving field helps to
partially eliminate resonant absorption on the transition of interest and to achieve
gain without population inversion. Such an effect holds promise for obtaining short
wavelength lasers in the XUV and x-ray spectral domains, where inverted medium is

difficult to prepare due to fast spontaneous decay.
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CHAPTER III

SINGLE-PHOTON DICKE SUPERRADIANCE *

A. Introduction

When a gas molecules, confined in volume of dimensions less than the wavelength
of the emitted radiation, are interacting with a common radiation field, the spon-
taneous emission process can not be described by treating each molecule separately.
One should rather consider the gas as a single quantum mechanical system involving
collective states. This leads to spontaneous emission of coherent radiation as a result
of transition between such collective states. For a system of N spin-1/2 particles and
when the system is initially in state in which half of the molecules are in excited and
the other half in the ground state, Dicke [7] showed that the collective system emits
maximum radiation intensity proportional N2. Extension of this phenomenon for a
gas confined in volume whose dimension is larger than the radiation wavelength is
later generalized by Dicke himself [49] and several other authors [50].

From the physical standpoint, cooperative spontaneous emission is an example
of many-body quantum problem of N atoms collectively interacting with electromag-
netic field. Emission from a weakly excited group of atoms is, in some ways, even
more interesting than the case of a highly excited system. In the case of a weakly
excited ensemble (e.g. single-photon state—one atom out of N is excited) it might be
thought that the radiation rate would go as the single atom decay rate ~; however,
the such state radiates at a rate I'y o< N7.

* Reprinted with permission from ”Correlated spontaneous emission on the
Danube” by Eyob A. Sete, A. A. Svidzinsky, H. Eleuch, Z. Yang, R. D. Nevels,

and M. O. Scully, 2010. J. Mod. Opt., 57, 1311-1330, Copyright [2010] by Taylor and
Francis Ltd.
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Recent calculations [11, 12] focus on the problem in which a single photon is
stored in a gas cloud and then retrieved at a later time. The temporal, directional,
and spectral characteristics of the cooperatively reemitted radiation is then of inter-
est. Synchrotron radiation experiments involving N nuclei excited by weak ray pulse
have features in common with the present problem. In such experiments a thin disk
of nuclei can easily be prepared in a superposition in which all the atoms are predom-
inantly in the ground state together with a small probability of being in the excited
state.

In the optical domain cooperative spontaneous emission is a subject of funda-
mental and applied interest. For instance, quantum beat phenomena provide a good
example of a situation in which a quantized electromagnetic field yields a radically
different result from a classic field plus vacuum fluctuation analysis. An ensemble
of N two-level atoms with one excitation also plays an important role in quantum
memory and quantum networking. Relevant experiments have been carried out by
the groups of Kuzmich [51], Kimble [52], and Vuletic [53].

More recently the dynamical evolution of a large cloud with one atom excited
out of N atoms undergoing cooperative spontaneous emission has been considered
[54]. It is found that the decay of such a state depends on the relation between
an effective Rabi frequency Q = v/ Ny and the time of photon flight through the
cloud R/c. If R < ¢/Q the state exponentially decays with the rate Q*R/c. In the
opposite limit R > ¢/, the coupled atom-radiation system oscillates with frequency
Q) between the collective Dicke state (with no photons) and the atomic ground state
(with one photon) while decaying at a rate ¢/ R. We call such a regime a new kind of
7cavity” QED because dynamical oscillations in the evolution of the quantum state
exist without a cavity. It is as if the atomic cloud acts to form a ”cavity” with the atom

cloud volume V' replacing the virtual photon (cavity) volume V,, such that the usual
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vacuum Rabi frequency Qe = (9/h)/hw/€oViae is replaced by Qg = (p/h)+/hw/egV
in the present problem. Here g is the electric-dipole transition matrix element, hw is
the photon energy and ¢, is free space permittivity.

Cooperative effects of NV atoms in a cavity were investigated in 1980’s by Cum-
mings [55, 56, 57] and others [58, 59]. Buzek [60] studied the dynamics of an excited
atom in the presence of N — 1 atoms in the free space and predicted radiation sup-
pression. Dynamics of the system in free space and spatial anisotropy of the emitted
radiation have been re-explored in the past few years [11, 12, 14, 15, 54, 61, 62].

When interatomic distances are small compared to the radiation wave length
A the exchange of virtual photons induces strong dipole-dipole interaction between
atoms [63, 64]. Such effects can have interesting consequences, for example, can
destroy superradiance. Recently, it was shown that virtual photons modify time
evolution of the system [61] and dramatically change evolution of the trapped states
[14]. One way to overcome the undesired effects of nearby atoms is to replace the
small sample by an extended cloud. Unfortunately this tends to destroy superradiance
since it brings in subradiant states |B1), |Bs), ..., |By_1) (see Fig. 17). In a recent
paper [13], it was shown to a good approximation however that small sample Dicke
superradiance carries over to large sample.

Effects of virtual photons on evolution of N two-level atom states with two initial
conditions, namely symmetric state |Bp)sym = \/LN Zjvzl | Jide oo 1y . ) and
timed Dicke state |By) = —— Z;VZI e®Ti| 1o ... 15 ... Ln) in the large sample limit
(R > A) has been analyzed. For symmetric state the effect of virtual processes
appear to be essentially negligible on the time scale of a few 1/T" as illustrated in
Fig. 18 (here I' = 3Nv/2(koR)?). As shown in the same figure, for fast decaying
state | By), such processes excite other states with 10 — 20% probability which can be

observed experimentally. The catch is that the evolution of the timed Dicke state can
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Fig. 17. Dicke energy level representation of N two-level atoms.

be described to a good approximation by real processes.

In this Chapter, we consider N two-level atoms interacting with the continuum
of vacuum modes. We take an initial state such that one atom is excited out of the N
atoms. We investigate how this state evolves in time both in small sample (R < \)
and large sample (R > \) limits. Moreover, we calculate the collective Lamb shift

corresponding to the symmetric state.

B. Single-photon Dicke superradiance

Here we consider N identical two-level atoms whose upper and lower levels are rep-
resented by |a;) and |b;) (with 7 = 1,..., N) initially prepared in the single-photon
state by absorption of a single photon of wave vector ky. That is the atomic system

is prepared in a collective initial state

N
1By) — \/LN SR il oty o b, (3.1)
=1



47

1,0
P(t) 0,9-
0,8
0,7
0,6
0,5 N
0,4 N
0,3 N
0,2 “~.
0,1 e

00 —/—mrn———r—m—
0,0 0,5 1,0 1,5 2,0

Fig. 18. Probability that atoms are excited as a function of time for R = 5\ calculated
taking into account virtual processes (solid lines). Upper solid curve shows
evolution of the symmetric state |By)sym which practically does not decay on
the time scale of a few 1/I'. Lower lines show evolution of the |By) state
with (solid line [65]) and without (dash line [14]) taking into account virtual

processes.

where we have introduced a notation |a;) = | 1;) and |b;) = | ];), and r; denotes the
position of the j atom. It is worth mentioning that the term in the phase factor
ko -r; = (w/c)ng - r; = wt; describes the timing of the excitation of atoms located
at r; [11]. Hence we call the state |By) a timed Dicke state and the corresponding
complete set of states shown in Fig. 17 timed Dicke basis.

The Hamiltonian describing interaction between the atoms and the radiation
field in the rotating wave approximation is given by

V(t) =) hguojale et + He., (3.2)

j7k
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where gx = (wp/h)\/I/eoVonvy is the atom-field coupling constant, @ is the atomic
dipole matrix element, €, is the permittivity of free space, V,y is the quantization
volume, v, = ck is the frequency of the kth mode, ay (dL) is annihilation (creation)

operator of a photon with wave vector k and 4, (6}) is the lowering (raising) operator

of the jth atom.

1. Small sample

Next we calculate the evolution of the |By) state for N identical atoms confined in
a spherical volume of radius R much less than the radiation wavelength A. In this
limit, one can write the exponential factor in Eq. (4.1) as exp(iko - r) =1 and hence

the initial state takes the form

N
1
| Bo)sym = 7% ; | bida o 1y o ) (3.3)
In terms of Dicke basis the corresponding state vector can be written as

(1)) = Bo(1)[0)] Bo)sym + D 1e(t)|Co, Lic)- (3.4)

To calculate matrix elements in the rate equation it is convenient to use the angular
momentum approach. As Dicke pointed out, the atomic states can be mapped onto
angular momentum states with r = N/2 and m = (n, — n;)/2 with n, and n;, being
the number of atoms in the excited and ground states, respectively. If we denote the
initial state by |Bp)sym = |r,m) then other states can be obtained by applying the

raising L, = Z;V L O' and lowering L_ = S

=10 operators on |r,m) (see Fig. 17).

The Schrodinger equation yields

d
Eﬁo(t) (O|Sym<B0|V( = —@nge =t (r om|Lyr,m —1). (3.5)
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Recalling that L. |r,m—1) = [r(r+1)—=m(m—1)] 1/2\7“, m), the above equation takes

the form
% Bolt) = —iVN D gue gy (3.6)
k
In a similar way one can verify that
d . (e
E'Yk(t) = —iVNgie' ) 3, (3.7)

Plugging formal solution of Eq. (3.7) into (3.6), we find
d t , ,
E60(15) = _—N Zgﬁ/o dt! etve—w)(t 7t)60(t/). (3.8)
K

Applying Markov approximation in which we replace 5y(t') by 5o(t) and noting that

[y dt’ el )=0 2 n5[c(k — ky)], we obtain

TN

d
Eﬁo(t) R o (k — ko)Bo(t). (3.9)
k
Using the transformation
Voh [ s Ve [T
d’k = — k*dk 1
2.7 Gy / 2 | Kok, (3.10)
K
Equation (3.9) can be written as
d
aﬁo(t) = —I'Bo(1), (3.11)

where I' = Nv and v = p?w3/27hiegc® is the single atom decay rate. Therefore, the
initial state |By)sym decays exponentially to the ground state as fy(t) = exp(—N~t)
with a decay rate NV times faster than that of an isolated two-level atom. This result
was obtained by Dicke [7]. Since only one photon is involved in the system, we call

this process single-photon Dicke superradiance.
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2. Large sample

In this section we discuss single-photon Dicke superradiance in the large sample limit,
R > \. We first consider the three atom example and extend it to N atoms case and
show that, to a good approximation, the time Dicke state decays exponentially to the

ground state with a rate I'y = N.

a. Three atoms

First let us consider three atoms and calculate the evolution of the state |By). The

state vector at time ¢ can be written in terms of the Dicke basis set (see Fig. 19) as

(1)) = Bo(t)|Bo, 0) + Bu(t)| Br, 0) + Bs(t)| Ba, 0) + Y 1c(t)[Co, ).

Now applying Schrédinger equation, we obtain

d ,
“Bolt) = fzgkz ko)1 ity (), (3.12)

d - B, il
el ¢ —q [ e i(k—ko)r; + e i(k—ko)r1 e i(k—ko)-r2
2 k(t) = —igi V2 Z \/5( )

+&( _ e—i(k—kg)-rl _ e—i(k—ko)-l‘Q + 2€—i(k—k0)~l‘3):|ei(Vk—w)t‘ (313)

V6

Substituting Eq. (3.13) into Eq. (3.12) and using approximately valid relation
[ dt' )=t 2 §[c(k — ky)], we obtain

50 = =080 — Y0151 — Y022, (3-14)

where
3 3

o =13 D oRlelh = ko) Yk [ Seteron] (315)

j=1 j=1
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Fig. 19. Dicke basis representation of three two-level atoms far apart compared to
the wavelength of emitted radiation. In this limit, |By) state is coupled to

degenerate states |B;) and | By).

Yo1 =

Z i(k—ko)- [(e—i(k—ko)Tl _6—i(k—ko)~rz)], (3.15b)

3
c(k — ko)l Zei(k—ko)~rj [( _ p-ilk—ko)r1 _ ,—i(k—ko)T2

j=1

Yo2 = \/—ng

+ 2e*i<k*k°>‘r3>} . (3.15¢)

Note that state |By) is coupled to degenerate states |B;) and |Bs) which was first

pointed out by Agarwal [66]. It is also closely related to earlier work of Fano [67]
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and thus we call it Fano-Agarwal coupling. In the small sample limit, however,
exp(£ik - r) ~ 1 and coefficients I'g; and I'g» vanish, which results in decoupling of
the degenerate levels. Note also that for small sample, 99 = 37 and thus Eq. (3.14)
reduces to By = —37f3, which agrees with Eq. (3.11) for N = 3. This shows that
going from small to large sample limits leads to coupling of degenerate states. A
natural question that follows is—can this be the case for large number of atoms? We

address this question in Section b.

b. N atoms: B> A\

We now consider N identical two-level atoms and calculate the evolution of |By) state
in the large sample limit. We assume that the time of photon flight through the
atomic cloud R/c is smaller than the state decay time. In this regime one can apply

Markov approximation. The state vector given in terms of the Dicke basis has the

form
N-1
[T(t)) = > BilBi,0) + Y 7lCo, Li). (3.16)
1=0 K
Applying Schrédinger equation and using (B), one finds
b= =i gl BiloF | Coye et (1), (3.17)
jk
"Yk: = —1 Z gkl<00’0j|Bl/>€_ik.rj ei(yk_w)tﬁl/ (t) (318)

Vs

Integrating Eq. (3.18) and plugging the result into Eq. (3.17) yields
¢
fi= = 0 a3 S B Co) (Culed By [ arem im0 1), (3.19)
k Ui 0
Here we are interested in the time evolution of the |By) state. To this end, setting

[ = 0 in the above equation and in view of Eq. (B.7) and (B.11), Eq. (3.19) reduces
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to

ng / at (roo (1, £)50(t) + 3 vl )Y ). (3.20)

where

1 - , /
roo = (1 i = Z ez(k—ko)‘(r,-—r]-)>e—zc(k—ko)(t—t ),
i#]

lefi(kfko)-rl+1i| —ic(k—ko)(t—t') . (3.22)

1 Y i
ror = —m; i(ke—ko)- [Ze (k—ko)r
For very large NN, invoking the ansatz >, efk=ko)ri = §(k — k) the square bracketed
terms in Eq. (3.22) vanish. Therefore the off-diagonal terms in Eq. (7.19) vanish and
we are left with
_ ; E /0 o (1 n % ; ez’(kfko)«rrri)) e—ielhk)(t=) g (47).
We thus note that for a very large number of atoms, the coupling of the state |By) to

degenerate states vanishes and the state decays exponentially to the ground state.

3. A delta function ingression

In order to estimate the contribution of |B;) states to the time evolution of the
symmetric state |Bp) for finite number of atoms without doing rigorous calculation,

we invoke the ansatz

(k—ko)-r; (QW)SN 2 87T2R i(k—ko)
Ze T e S5 — )k — ko) = 5] — () Ze( o)

(3.23)
Now let us first change the summation over k to integration in Eq. (7.19) and use

the ansatz (3.23) to we obtain

N t
Bo(t) = — R%h / Z e / At e—ictk—ko)(t—t')
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!
1 4 1 . .
—i(k—ko)r; ! —i(k—ko)r; —i(k—ko)ri41 /
X —E e iBo(t) + —— E e i—le + t]. (3.24
[N - Aol®) Nl(l+1)<j_1 >ﬁl( ﬂ (3.24)

J

Consider only the contribution of one of the trapped states (I = 1) to the time

evolution of the symmetric state |By). Taking only the [ = 1 term in Eq. (3.24), we

(9&)) _ RV / / ic(k—ko)(t—t"
— ] = dkg [ dt'emielk=ko)(t=1)
( ot ), ™V 2N

N
« Zei(k—ko)rn (6—i(k_ko)7’i _ e—z‘(k—ko)m) Bu(t). (3.25)
n=1

have

For simplicity we further assume that atoms are uniformly distributed along the radial
direction from r = 0 to » = R so that r, = nA, where n = 1,2,..., N and A is the

spacing between consecutive atoms. It can be verified that

N 1 — eilh—ko)N ;
ey LS == S, (20
n=1

Plugging (3.26) into (3.25), we obtain

3&)) Rvph 1 Z / c(k—ko) Eoo: —i(k—ko) i(k—ko)(R—nA)
_ = gk dt e 0 |: Z 0 el 0 "
< ot ), ™V V2 n=0

« (efi(kfko)n _ efi(k*ko)Tj) Bi(t)). (3.27)

Evaluating the coupling constant gy at ko, Eq. (3.27) takes the form

860) 3y ¢ °°/t ,/°° inle(t—t |
~F0 _ dt dli{ e ik[c(t—t")+nA+r;]
<8t y zw(komw—mnz:o o (

_ e—in[c(t—t’)+(nA—R)+Ti]) — (r; — 7"]-)}51 (t"), (3.28)
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where k = k — kg. Noting that ky = w/c > v/c the limit of integration over x can be

extended to —oo. Thus performing the integration over x gives

(3, - S L2 2

_(s{H“A‘R#—t} oo rllal).  (3:29)

C

Considering the r; integral and writing r; = n; A, we have

f:/otdt’{a [H— % —t’} — {t_ (N —n—n)A _t'} },6’1(75’). (3.30)

C

Performing the integration, one readily obtains

i/otdt’{a [t—%—t’} 9 [t— <N_"C_ni)A —t’]}@l(t’)

S (3.31)

Therefore, in the limit ¢t > R, Eq. (3.29) takes the form

9B ~ 3y 1 -
(E)i,j__Q(koR)Q QN(nl n;) B

We can then write Eq. (3.24) as

By =2 —Toof — Z Lo 5, (3.32)



o6

where
[ 3N~y
00 — 2(k0R)2 )
3 1
Top = 1

3y

1 l
~ 2(koR)? /NIl + 1) ;(m -

J

To; (3.33)

The atom label n; tells us which site (not which atom).

Keeping only the first two terms in Eq. (3.32), we have

Bo(t) = —Toofo(t) — Torfr(2). (3.34)

In similar way one can establish that

Bi(t) = —T1Bu(t) — Tiobo(t),

where I'jg = ['g1 1/\/N and I'y; o< 1. Solving for (5, we obtain

e—Foot _ e—Fut

T —rpe
t)=T ~ ———e M 3.35
O YT VTR v (339

Substituting Eq. (3.35) into the formal solution of Eq. (3.34) and using the initial

condition (y(0) = 1, we find

T (FF%O r )(e‘Foot—e—F“t)ge—roowie‘w. (3.36)
oo\+ o0 — 111

Bo(t) = e oot + N

We immediately notice that the contribution of the first nonsymmetric state |B;) to
the time evolution of the initial state |By) goes like 1/N which is negligible for large
N. Therefore, the |By) state decays exponentially as in the small sample limit with

an enhanced rate I'yg.
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‘ AN_]> o o« ¢ Two atoms excited states

‘ B, > One atom excited states

Fig. 20. Relevant Dicke states for calculation of collective Lamb shift in single photon
Dicke superradiance. The solid arrows describe the coupling between degen-
erate states, that is, between |By) and |B;) (I > 1) and the dashed arrows
indicate the virtual processes which arise due to the counter-rotating terms

going as expl[i(vy, + w)t] in the Hamiltonian [Eq. (3.37)].

Rigorous consideration, however, must take into account possible coupling to all
other states and include counter-rotating terms in the interaction Hamiltonian. As
shown in [14, 65|, Eq. (3.36) remains valid only approximately and other states are
excited with about 10 — 20% probability in the large sample limit. For small time
the state | By) decays exponentially with a rate ['gg = 3Nv/2(koR)?. In the long time

limit, the state |By) exhibits power-law decay [14].

C. The effect of virtual processes on single photon Dicke superradiance

Frequency or Lamb shift arises due to repeated emission and absorption of short-
lived virtual photons. It was originally observed by Lamb and Retherford between
two ”degenerate” states 2p; /o and 25y, of a hydrogen atom [68]. Here we discuss the
effect of virtual processes on the time evolution of the | By) (see Fig. 20) state for atoms
distributed in a spherical cloud of radius R following Ref. [13]. We focus on evolution
of the |By) state in the large sample limit R > A (but R < ¢/T", where I' is the
state decay rate). The Hamiltonian (B) written in the rotating wave approximation
cannot fully describe virtual processes. One should rather go beyond the rotating wave

approximation in order to properly account for both the real and virtual processes.
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To this end, we write the Hamiltonian beyond rotating wave approximation as
V(t) = Z hgx (ajalte”'k'rj i)t | a;alte’ik'rj ei(”k“’)t) + H.c. (3.37)
jk
For the system initially prepared in the |By) state, an atom may emit a photon
in the k mode and decay to the ground state |Cy) which is described by the term in
the Hamiltonian aaL. An equally possible transition, represented by axo', is when
an atom in the ground state absorbs a photon and jumps to the next excited states,
i.e., either of the |B;) states. These two processes are real and energy conserving in
a sense that the atom absorbs some energy and get excited to higher energy level
or vice versa. On the other hand, the term J*aL describes a process in which an
atom makes a transition to the next excited state, i.e., |4;), by emitting a short-lived
virtual photon in the k mode. Then one of the atoms absorbs this photon and decays
back to either of | B;) states in a short time, which is described by the term oay in the
Hamiltonian. These processes, opposed to the former ones, are virtual and energy
non-conserving. As we will demonstrate below both processes contribute to evolution
of the initial state |By).
In the limit R > )\, the state vector at time ¢ can be written as
m N-1
[W(t)) = Z Z Qx| An, 1) + Z Bi| By, 0) + ZvﬂC’o, Ly), (3.38)
n=0 k 1=0 Kk
where m = (N —1)(N —2)/2. Applying Schrodinger equation and using the Hamilto-
nian (3.37) and the state vector (3.38), one can readily obtain equations of evolution
for probability amplitudes to be
Br=—=i Y gi(Bilo)|Co)e e tn Iy (t)
ik

—iY gy (Biloj|Ay)ye* e O ey (1), (3.39)
7,k

n/
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= —i' Y o (Coloy| By)e <m0 3y (1), (3.40)
j7ll

g =—1 Y gi(Anlol|By)e ™ meltl gy (1), (3.41)
j?l/

Now plugging formal solutions of Eqs. (3.41) and (3.40) into (3.39) we get

ngzz Bl|0-T|CO OO|O-Z|BZI> ik-(r;—r;) / dt 6_7’ Vi —) (t—t) /Bl/( )

Ui

o Z g2 Z Z Bl|0'g Z ‘A Anllo_;rlBl/>eik-(rj—ri) / dt/e—i(uk—l-w)(t—t/)ﬁl/ (i/).

t

iy 0
(3.42)
We are interested in the time evolution of the initial state |By). Thus setting | = 0
in Eq. (3.42), noting that |A,/)(A,| = 1 and performing the summation we readily

establish that (see Appendix A for detailed calculation)

Roo(t t Bo + ZROZ t t Bl( ) 3 (343)

—;gﬁfo

where Rgo and Ry are given by Eqs. (B.9) and (B.13), respectively. Further, applying

Markov approximation and performing the integration over time, we obtain

N-1
Bo(t) = —TooBo — Y _ Taf, (3.44)
i=1
where
1 e . efic(kfko)t
oo(t) = Do g1+ 7 Dot ) s
k i#]

o—ic(k+ko)t

1 )
(N =1 D eileert ) 2 3.45
F ANt k)

k i#j
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Polt,t) = itk

\/ & Zg Z
—ic(k—ko)t

=1

1 2
_I_ - @@
NI+ 1) zk:g“zj:
—ic(k+k0)t

!
X [Z gilktko)ri lei(k+k°)'”+1} —iec(k: ) (3.46)
0

=1

o—ilk+ko)r;

As per the result of Appendix B, all terms in I'g; vanish and only the 'y term in

(3.44) survives. Calculating the expression for I'gg, Eq. (3.44) becomes

. v N—-1 Y K 1 N
Bo = —7B0 — <%7)\ZR) BO(t)—i_Zw_ko/ kdk[k " k+k0 50()

—l—zlh/ dk/ dr e'k=ko)r [k 1k;0 k—i—k:o}ﬁ(]() (3.47)

where K is the cutoff wave vector. We proceed to carry out the first integral by

subtracting off the electron self energy terms, i.e., replace (k+ko) ™! by (k+ko) ™' —k;!
as it appears in the square bracket. The third integral is finite due to the exponential
factor expli(k — ko)r] and yields a simple result in the limit kgR > 1 (see Appendix

B). Thus using the results in Appendix B, Eq. (3.47) takes the form

. 1 K? — k2 K+k T X
= — r — (71 — N~vIn - —— 3.48
Bo (v + )50+7r(7n R e —1R ),60, (3.48)
where
3y (N —1)
[=— = 3.49
2(koR)? ( )
and the shape factor
G 1_ 2cosk0R.

7T]{30R
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A similar calculation for the ground state yields

K+k
Ao = —i <1N1n + 0) - (3.50)
™ ]{?0

so that the frequency shift between |By) and |Cp) is

K?2—k2 T )

In the above equation, the first term is the single atom Lamb shift while the second
term is the collective Lamb shift due to the many particle effect. The amplitude of
the |By) state (4.1) has been shown to decay exponentially even though the collective
Lamb shift can be large. In addition, when the sample is large enough, |By) decays
to |Co) with a high probability. The many particle contribution to the Lamb shift,
Ly ~TA/4AR ~ Nv(\/R)? can be much larger than the single particle shift (which is
of order 7); for example, for a gas at one torr N/R3 ~ 10%atom/cm? and wavelength
A = lum yields Ly ~ 10%.

One should mention that results obtained in this section are only approximate
because replacement of summation over atoms by delta function (in Appendix B) is
not rigorous for a finite size of the atomic cloud. Proper treatment of the problem
shows that the |By) state decays exponentially only for ¢ ~ 1/T", for large time the

decay becomes power-law [14].

D. Conclusion

We have analyzed evolution of cooperative spontaneous emission from a collection of
N identical two-level atoms which are uniformly distributed in a sphere and initially
prepared by absorption of a single photon-timed Dicke state. In particular, we have

discussed the time evolution this state in both small and large sample limits. We have
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also calculated the frequency or Lamb shift associated with the timed Dicke state for
the large sample limit.

It turns out that if one takes into account energy conserving processes only,
the timed Dicke state, to a good approximation, decays exponentially to the ground
state. On the other hand, when the virtual processes are taken into account the result
depends crucially on the initial state of the system. For instance, if a large atomic
cloud is initially prepared in the rapidly decaying timed Dicke state, virtual processes
lead to excitation of the other states with 10-20 % probability. This relatively small
but intersecting effect can be observed experimentally. However, when the system
is initially in a trapped state then virtual processes qualitatively change the time
evolution yielding new decay channels. As a consequence, the initial trapped state is

no longer trapped and slowly decays via photon emission.



63

CHAPTER IV

PROTECTING FAST DECAY OF ENTANGLEMENT BETWEEN
DIPOLE-COUPLED QUBITS VIA QUANTUM INTERFERENCE *

A. Introduction

Quantum interference (QI), an intriguing consequence of the superposition principle
has led to numerous fascinating phenomena [1, 4, 69, 70, 71]. Application of QI in
generation of bipartite entanglement both in discrete [72, 73] and continuous-variable
[9, 10, 74] settings has been the focus of current investigation. Note that bipartite
entanglement involving two atoms, extensively used for implementations of various
quantum information protocols [75, 76, 77, 78, 79, 80|, is known to be quite fragile
in the face of decoherence [75, 81]. In view of this, in the past few years considerable
effort has been devoted to the study of dynamical aspect of two-atom entanglement
in presence of decoherence [16, 82, 83, 84, 85, 86, 87, 83, 89]. In one such study [16],
it was found that in contrary to the adverse effect of spontaneous emission on atomic
entanglement [87], cooperative spontaneous emission in two atom systems can gener-
ate entanglement between the atoms. It is worth mentioning here that the problem
of cooperative spontaneous emission first addressed by Dicke [7] is known to exhibit
several counter-intuitive phenomena [66] namely, directed spontaneous emission [11],
Lamb shift [13], and single-photon Dicke superradiance [15] as discussed in previous
Chapter. In recent times, with the discovery of atom like behavior of semiconductor
quantum dots [90, 91] and their utilization towards solid state quantum computing
[90, 91, 92], we have a new class of systems where the phenomenon of cooperative

* Reprinted with permission from ”Quantum interference in timed Dicke basis

and its effect on bipartite entanglement” by Eyob A. Sete and S. Das, 2011. Phys.
Rev. A, 83, 042301, Copyright [2011] by American Physical Society.
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spontaneous emission can be of immense importance from the context of quantum
information sciences.

As pointed out in Chapter III, the state of an atom acquires a phase shift
exp(iko - r;) when it is excited by a photon of wave vector k. The term kg - r; = vt
encodes the information that when and where the atom is excited. Such a position-
dependent phase factor in a system of large number of atoms was shown to exhibit
fascinating features. For example, it can lead to Fano-Agarwal-type coupling be-
tween degenerate levels and creates coherence between them [66, 67]. Moreover, it
determines the directionality of the emitted radiation in single-photon Dicke superra-
diance [11]. Recently, Ooi and co-workers [93] studied the effect of position-dependant
excitation phase on the population dynamics, intensity, and spatial and angular cor-
relations in two two-level atoms interacting via their dipoles. The results show that
the excitation phase considerably modifies the dynamics of the system. Later, Das
et al. [94] investigated the effect of the position-dependent excitation phase on the
Dicke cooperative emission spectrum. A strong quantum correlation among the atoms
was reported in presence of the excitation phase. This was attributed to a vacuum
mediated QI generated in the two-atom system. The result of [94] qualitatively in-
dicates that the spatial variation of the excitation phase can affect the generation
and evolution of entanglement in the system. It may be added that, such vacuum
mediated QI and its effect has been earlier studied in atomic systems [66, 95, 96, 97].
While these earlier works utilize the quantum interference that comes about due to
the configuration of the atomic system, we are motivated at studying the effect of
quantum interference induced by the position-dependent excitation phase.

To understand the effects of such QI on the two atom entanglement, we present
a systematic study of the time evolution of entanglement measure for two strongly

dipole-coupled atoms undergoing a cooperative spontaneous emission. We consider
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Fig. 21. Energy level diagram for two two-level atoms in bare basis (a) and in the
timed Dicke basis (b). The frequency shift A = 5 cos ¢ occurs as a result of
dipole-dipole interaction between the two atoms. The collective states |s) and

|a) decays at a rate of I'y and T'_, respectively, where T'y = 2(y & 712 cos ¢).

various initial quantum states in which the two atoms can be prepared and explore
the effects on the dynamical behavior of entanglement due to the quantum interfer-
ence. We explicitly take into account the position-dependent excitation of the atoms
by introducing timed Dicke basis [11]. It is important to understand that the entan-
glement in a two-atom system crucially depends on the cooperative decay rates, the
initial conditions, and the dipole-dipole interactions [84], all of which get modified
due to the quantum interference. We show that for the system initially prepared in
the symmetric timed Dicke state, a coherence between the symmetric and antisym-
metric states is dynamically generated as a result of the QI between the two pathways
leading to the ground state. This coherence considerably slows down decay of the

entanglement between the qubits.

B. Model and equations of evolution

We consider a system of two qubits formed by the excited states |e;) and ground

states |g;) (i = 1,2) of two identical two level atoms, see Fig. 2la. The qubits are
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fixed at positions r; and o and the interqubit distance is less than the wavelength of
the radiation field, A. We further assume that the qubits are coupled to one another
by a dipole-dipole interaction and are coupled to the environment via an interaction
with a common vacuum reservoir. The time evolution of the density operator for such
a two-qubit system is given by [66]

d 2 2 2

P = i Yot pl =iy Qlolaypl = Y vilpolo; +olosp —205p0)). (4.1)

i=1 i#j i,j=1

Here

Wo = w + wr, (4.2)

is the normalized atomic transition frequency with w being the bare atomic transition
frequency and w;, = —(v/7) In[|jw./w — 1|(1 4+ w./w)] the relative single-atom Lamb
shift between the bare levels; w, is the cut-off frequency. o7 = (olo; — 0y01)/2 is
the energy operator with O'Z]-L (0;) being the raising (lowering) operator for ith atom,

Q; and ~;; for ¢ # j are, respectively, the dipole-dipole interaction term and the

cooperative decay rate given by

3 sin(kori;)  cos(koriz) ) sin(kor;;)
Q= =~v|(1 —3cos®0 ( 724 I2 ) — (1 — cos? ) ———2 4.3
1= ) (Sl + thord) e S

and

3 Sin(k'()?“i‘) COS(kZQTi') sin(k;on')
2 1 o2 ) SEOT) g og? i _ J 4.4
Yij 27{( cos” ) o + (1 —3cos 9)( (ors)? (roriy)? , (44)

where 2y = 2711 = 2729 = 2|@ey|*w?/3meghc® is the spontaneous decay rate of the
individual qubits. @, is the dipole moment, ky = 27/\ with A being the wavelength
of the emitted radiation and 6 is the angle between the direction of the dipole moment
and the line joining the ith and the jth qubits, and r;; = |r; — r;| is the interqubit

distance. In this work, we assume that the orientation of the dipole moment is random
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and hence Egs. (4.3) and (4.4) simplifies considerably and take a simple form

§ij = — cos(korij) /korij, (4.5)

’Yij =7 Sin(l{io’f’ij)/k(ﬂ”ij. (46)

We next consider the preparation of initial state of the qubits. For this purpose,
we assume that the qubits interacts with a very weak laser field (almost at a single-
photon level) propagating with a wave vector kg. The interaction with the weak field
can lead to a resonant single photon absorption process. It is important to note that
we consider the direction of the wave vector to be different to that of the interqubit
axis. This thus generate a position-dependent excitation phase of the qubits whenever
a photon is absorbed. The excitation process, with the laser field treated classically
and in the rotating wave approximation, can be described by the Hamiltonian

2
V = —hQ) Z(J;-reiko'rj e~ L He)), (4.7)
j=1

where Q = d., 4, -£/h = de,g, - /N is the Rabi frequency and 1 is the frequency of the
incident radiation. Note that the position-dependent phase factors in the Hamiltonian
would substantially affect the dynamical behavior of the correlation in the two-qubit
system. We except that this in turn will lead to modification of entanglement between
the qubits. The investigation of such modification in the entanglement feature is the
key focus of this work. To study the effect of position-dependent excitation phase
on the dynamics, it proves to be convenient to work in a basis defined by the phase
factors. Such a basis was introduced in Ref. [11] in context to directed spontaneous

emission from an ensemble of atoms and is also known as the timed Dicke basis. To
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this end, for our system of two qubits there are four timed Dicke states:

le) = |eyey)eroritikons, (4.8a)

1 ’ ,
8) = 5 (lerge) ™™ + |gre)e™™), (4.8b)

(Jerga)e™ 0™ — |greq)e™oT2), (4.8¢)

ja) =

Sl

19) = 19192)- (4.8d)

In terms of this basis the equations of evolution for the elements of the density

operator read:

pee = _4’7pee> (49&)

Pes = —[37 + 12 €08 @ + i(wy — Q12 €08 Y)] pes + i8I0 V(Y12 — 1212) Peas (4.9b)

Pea = —[37 — Y12 cos @ + i(wo + Q12 €08 ©)|Pea + 18I0 ©(Y12 + 1212) Pes, (4.9¢)

Peg = —2(v + in)Pem (4.9d)

Pss = — 2(7 + 712 €08 ©) pss — 1SN (Y12 + 1212) pPas + 1 SIN (Y12 — 1212) Psa

+ 2(y + 712 COS ©) Pee, (4.9¢)

Paa = — 2(7 — 712 €OS ) paq — i sin (Y12 — 18212) Pas + 7 5I0 (Y12 + 1 Q12) Psa

+ 2(7 — 712 COS W)peea (49f)
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Pas = — 2(77 — 1§12 COS ) pas + i8N (V12 + i8212) pss + 18I0 O(Y12 — €h2) Paa

- 2i712 sin PPee; (49g)

Pgs = — [7 + M2c0s @ — i(wo + Q12 cos )] pgs + i sin ©(y12 — i€12) Pga

+ 2(77 4+ 712 COS @) pse + 2012 SIN P Pge, (4.9h)
Pga = — [7 — 2089 — i(wo — Q12 €08 ©)]) pga — i8I0 (Y12 — $12) pys
- 2(7 — Y12 COS SO)Pae + 2i'712 Sin DPse; (491)

Pag = 2(7 4+ 7112.€08 @) pss + 2(7 — 7112 €0S @) Paa + 20712 SIN ©(Pas — Psa)s (4.9j)

where ¢ = ko - (r; —r;) = #r;cosé with € being the angle between the laser
propagation direction and the line joining the two atoms.

Inspection of Eqgs. (4.9b) and (4.9¢) shows that the presence of dipole-dipole
interaction gives rise to collective frequency (Lamb) shift, which is as a result of
repeated emission and absorption of short-lived virtual photons [13, 15, 98]. The shifts
are only observed for symmetric and antisymmetric states. The former is shifted up
while the later shifted down by an equal amount A = €25 cos ¢ from the single photon
resonance line as shown in Fig. 21b. It is interesting to note that one can manipulate
the frequency shift by only orienting the laser field appropriately with respect to the
line joining the two atoms. For example, ¢ = 7/2, i.e., when the angle between the
laser propagation direction and the line joining the two atoms is & = 7/3 and the
interatomic distance equal to half of the radiation wavelength, 15 = A/2, the level
shift vanishes. Thus it is possible to control the level shift by applying a laser field in

a particular direction without turning off the dipole-dipole interaction.

Furthermore, we note that the transition probability from the excited state |e)
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to the one photon states, |s) and |a), is the sum of the probability of each transition.
Since it is the probability, not the probability amplitudes that add up we don’t expect
quantum interference phenomenon to occur. However, the transition probability from
the one photon states, |s) and |a) to the ground state |g) is obtained by squaring the
sum of the amplitude of each transition. When there is a coherence between the two
states (|s) and |a)), this can lead to quantum interference yielding coherent population
transfer between |s) and |a). Indeed, the populations in |s) and |a) are coupled to
the coherence p,s as per Egs. (4.9e)-(4.9g). It is worth to note that this coupling
disappears when the direction of propagation of the laser field is perpendicular to
the interqubit axis £ = m/2 (¢ = 0). Therefore, a nonzero w result in creation of
two-photon coherence p,;. In this work, we explore the extent to which this coherence

affects the dynamical evolution of bipartite entanglement between the qubits.

C. Entanglement measure

In general a state of a quantum system is said to be entangled when the density oper-
ator of the composite system cannot factorize into that of the individual subsystems.
There are several entanglement measures for two-qubit system in the literature. How-
ever, we use the concurrence, a widely used entanglement monotone, for our purpose.

The concurrence, first introduced by Wooters [99], is defined as

C(t) = max(0, VA1 — VA2 — VA3 — V), (4.10)

where \; > Xy > A3 > A\;. {\i} are the eigenvalues of the matrix pp in which
p =0, oyp*o, ® o, with o, being the Pauli matrix. The concurrence takes values

ranging from 0 to 1. For maximally entangled state C(t) = 1 and for separable state

C(t) = 0.
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For a dissipative system, without any external driving field, the density matrix

of the qubits system has the form

P11 0 0 P14

0 pa pa3 O
plt) = (4.11)
0 p32 p33 O

P41 0 0 P44

in the basis set |1) = |ejey)e™ 0 E1Hr2) 12} = |e;gy)etoT |3) = |gies)e™ ™2 and
|4) = |g1g2). Note that for a quantum state initially prepared in a block form of
(4.11), the time-evolved density matrix will have the same block form, i.e., the zeros
remain zero and the nonzero components evolve in time [84, 89].

We next proceed to calculate the concurrence for the qubits initially prepared in
the form of (4.11). To do so, one has to determine the matrix p in the basis where p

is expressed. Using the definition of the density matrix p, we obtain

P44 0 0 P14

- 0 p33 pa3 O
p(t) = : (4.12)
0 p32 p2 O

paa 0 0 pi

Thus the square root of the eigenvalues of the matrix pp are:

{V/\i} = (/P33 £ |pasl, /Propaa £ |pual}. (4.13)

There are two possible expressions for the concurrence, depending on the values of
the eigenvalues. The first case is that when |po3| + \/paz2ps3 be the largest eigenvalue.

This leads to a concurrence

Ci(t) = 2(|pas| — V/p11p11)- (4.14)
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While if |p14] + \/p11paa is the largest eigenvalue then the concurrence takes the form

Co(t) = 2(|p1al = V/p22p33)- (4.15)

Depending on the initial condition used, one of the concurrence expressions suffices
to quantify the entanglement between the qubits. Further, inspection of (4.14) and
(4.15) shows that C;(t) would be positive and hence the measure of entanglement
when the two-photon coherence po3 is larger than the square root of the product of
the populations in the excited and ground states. On the other hand, for Cy(t) to be
a measure of entanglement for the system the two-photon coherence pi4 should be
greater than the square root of the product of the populations in one-photon excited
states.

In order to gain insight into the physics it is convenient to express the concur-
rences in terms of timed Dicke basis introduced earlier. To do so, one has to apply a

unitary transformation UpUT on the density matrix given by (4.11). The matrix U is

given by
1 0 0 0
0 = —= 0
U_ VR (4.16)
1 1
0 %5 5 0
0 O 0 1
The elements of the density matrix UpUT is related to that of p by
Pee = P11, Peg = P14,
1 1
Paa = 5(,022 + p33 — (p2s + p32)),  Pss = §(P22 + ps3 + pas + ps2),
1 1
Pas = §(P22 — P33 + P23 — p32)7 Psa = 5(022 — P33 — (st - 032))- (4-17)
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Therefore the concurrence can be expressed in terms of the timed Dicke basis as

C(t) = max(0,Cy (), Ca(t)), (4.18)

where

CL(t) = v/ (Pss = Paa)? +AM(pas)]? — 24/Pechyg. (4.19)

Cao(t) = 2lpegl = V/(pss + Paa)? + 4[Re(pas) 2. (4.20)

This expression for concurrence will be used in the following section to study the
dynamical evolution of entanglement in the two-qubit system by considering various

initial conditions.

D. Entanglement dynamics of two identical qubits

1. Initial pure state

In the two-qubit system one might consider a pure separable or entangled state as
an initial condition. For instance, for pure separable state, one can take the two
atom excited state, |e). Even though this is unentangled state at the initial time, the
interaction of the atoms with the environment leads to weak transient entanglement
[16, 84]. The effect of quantum interference induced by position-dependent excitation
phase is unimportant in this case we thus instead focus on pure entangled state as an
initial condition.

We take the initial state of the two-qubit system to be the symmetric state |s).
This state is a pure maximally entangled state and can be prepared using correlated
pair of photons generated from a parametric down-conversion process in which one
of the photons is sent to a detector D; and the other is directed towards the atoms.
A click on the detector D; tells us that the other photon is sent to the atoms. If

the second detector Dy registrars a count then no atom is excited. However, if D,
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Pump laser

Two-photon down-
conversion crystal

Fig. 22. A scheme illustrating a proposed method to prepare symmetric timed Dicke
state |s). A similar scheme has been proposed to excite one atom in a cloud of
N atoms [11]. The two-photon down conversion crystal converts the a pump
photon into signal-idler pair of photons of wave vectors ko and q,. A click on
detector Dy indicates generation of the pair and hence no click on the second
detector Dyo—assuming a perfect detector-means the photon of wave vector kg

conditionally excite one of the atoms.

registers a click and Dy does not then we know that one of the atoms is excited,
but we don’t know which one (see Fig. 22). This leads to a superposition state |s).
Recently, Thiel et al. [100] proposed a method to prepare all the symmetric states
using a linear optical tools.

In terms of the timed Dicke basis the initial density matrix has only one nonzero
element namely, p(0) = 1; all other matrix elements are zero. Since there is no
initial two-photon coherence, p.,(0) = 0, according to Eq. (4.9d), it remains zero
all the times. As a consequence the expression given by (4.20) will be negative and

hence cannot be used as an entanglement measure. Moreover, it is easy to see that
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for initial condition that, the population in the doubly excited state is zero, i.e.,
pee(t) = 0. Thus Eq. (4.19) is the entanglement measure for the initial condition

considered here. In view of this, expression given by (4.19) takes the form

Cl(t) = \/(pss - paa>2 + 4[Im(pas)]2 >0 (421)

and thus the concurrence can be written as
C(t) = max(0,Cy(t)). (4.22)

This expression shows that the concurrence is unity at t = 0 as it should be.

To clearly see the effect of the position-dependent excitation phase on the entan-
glement, we first consider the case for which ¢ = 0. In this respect, disregarding the
relative phase shift (¢ = 0) the solutions of the elements of the density matrix in Eq.
(4.21) turn out to be pss(t) = exp[—2(7 + 712)t], paa(t) = 0, and pys = 0, which leads
to

C(t) = max(0, e~ 20m2)t), (4.23)

We immediately see that the concurrence depends only on the symmetric state popu-
lation, pss(t). As there is no single photon coherence generated in this case, population
transfer between levels |s) and |a) does not occur. As a result the initial entangle-
ment experiences an enhanced decay due to the collective decay rate (712) and goes
asymptotically to zero as t — oco. For nonidentical atoms, however, even though the
entanglement has the same behavior as identical atoms at the initial time, it exhibits
revival at later times [16]. Here the detuning plays an important role in creating
coherence between the symmetric and antisymmetric states, which is the basis for
entanglement in the two-qubit system. In the following we rather show, by taking

into account the spatial phase dependence of the atomic states, that quantum in-
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terference in the system leads to a population transfer between the symmetric and
antisymmetric states and hence generation of coherence, pgy;.

As mentioned in the Introduction, the phase shift that an atom experiences
during the excitation process contain physical information about the excited atom.
For example, in the phase factor associated with an excited atom exp(iky - r;) the
term ko -r; = vyn-r;/c = yyt; indicates that the atom located at position r; is excited
at time ¢;. This has been discussed in the context of directed spontaneous emission
and collective Lamb shift in recent years [11, 13]. Here, we present how this phase
factor can be used to improve the entanglement at later times.

In one photon subspace [pss(0) = 1] and for nonzero position-dependent excita-

tion phase the important equations read

Pss = —2(7 + 712 €08 @) pss — 18N (Y12 + 1Q12) Pas + i8N (Y12 — 1 Q12) psa,  (4.24)

Paa = —2(77 — 712 COS ) Paq — 18I0 (Y12 — 1€12) pas + i8I0 (V12 + 1Q212) psar  (4.25)

Pas = — 2(7 — Q12 COS ©) pas + i8I (Y12 + 1212) pss + 1 sin (Y12 — 1Q12) Paa-  (4.26)

These equations fully describe the dynamical behavior of the population transfer be-
tween the symmetric and antisymmetric states and the coherence developed between
them under the given initial condition. We particularly note that the coherence criti-
cally depends on the position-dependent excitation phase (). It is not difficult to see
from these equations that for a laser propagating perpendicular to the interqubit axis
(¢ = 0) there will be no coherence, which in turn implies the initial population in the
symmetric state directly decays to the ground state without ever being transferred to
the antisymmetric state. In this decay process, the maximum entanglement present

at the initial time will be washed out in short time. Therefore, for this particular
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Fig. 23. Plots of the time evolution of concurrence C;(t) with initial condition
pss(0) = 1, for interatomic distance rio = A\/8 (y12/7 = 0.9,Q12/7 = —0.9)

for different values of the position-dependent phase .

initial condition, one has to play around with the position-dependent excitation phase
to avoid enhanced decay of the entanglement.

Using the analytical solutions of the Eqs. (4.24)-(4.26), the concurrence can be
expressed as

C(t) = max(0,Cy(1)), (4.27)

where
Cy(t) = e~ 2"[(cos p cosh 2715t — sinh 215t)% + sin® ¢ cos? 205t] /2 (4.28)

Inspection of (4.28) shows that the presence of the excitation phase brings in the
dipole-dipole interaction (£2;5) into the dynamics. This is in contrast to the case where
¢ = 0, in which the concurrence is independent of the interqubit interaction. Note
that it is, in part, the initial preparation of the state that determines the dynamical

behavior of the two-qubit system.
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Fig. 24. Plots of the population in the symmetric (blue curve) and asymmetric (red

curve) states versus ¢ when the excitation phase is maximum & = 0(¢ = 7/4)
and ris = \/8.

In Fig. 23, we show the evolution of the concurrence as a function of the position-
dependent excitation phase which is determined by the angle between the direction
of propagation of the laser and the line joining the two atoms (§) for the two-qubit
system prepared initially in the symmetric state |s) and for interatomic distance
r12 = A/8. As mentioned earlier, the concurrence corresponding to ¢ = 0 exhibits
a sharp decrease and ultimately goes to zero for ¢ — oco. The situation for nonzero
excitation phase is different; the concurrence sharply diminishes during the decay time
of the symmetric state [27 + v12 cos ]~ and shows a bit of revival and decays slowly
before it goes to zero as t — oo. This can be understood by looking at Fig. 24, where
we plotted the time evolution of populations in the symmetric and antisymmetric
states. As can be clearly seen from this figure, for ¢ # 0(£ = 0), quantum interference
leads to coherent transfer of population from the initially populated state |s) to

antisymmetric state |a) and hence generation of coherence between these levels as
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Fig. 25. Plots the imaginary part of coherence between the symmetric and antisym-
metric states p,s with initial condition pg(0) = 1, for interatomic distance
ri2 = A8 (m2/7 = 0.9,Q15/7 = —0.9) and for £ = 0. The coherence p,s is

generated only when ¢ # 0 for case of identical atoms.

illustrated in Fig. 25. This coherence is responsible for the entanglement observed

between the qubits.

2. Initial mixed state

We next consider an initial state in which the two qubits are prepared in a mixed

entangled state [87] given by the density matrix
1
p(0) = 5 (al){1] + (1 = a)[4) (4] + (b + )| 2)(2]) (4.29)

in which |®) = \/b;Tc(\/l—)B} +€'%,/c|3)) and the normalization condition reads (1+b+
¢)/3 = 1. Here a,b,c and x are independent parameters which determine the initial
state of the two entangled qubits. Note that the above state is a form of generalized

Werner state. The initial condition given by (4.29) can be written in the basis of
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(4.11) as
a 0 0 O
11 0 b =z 0
p(0) =3 : (4.30)
0 2z ¢ O
0 0 0 1—a

where z = v/bc X is some initial two-photon coherence in the system and y is the
respective phase of the coherence. Now applying the transformation given by (4.17),

the initial density matrix elements for b = ¢ = |z| = 1 become

pee<0) = Cl/?), paa(o) = (1 — COS X)/37 ng(o) = (1 - a)/37

pes(0) = (14 c05X)/3, pas(0) = gsmx.

Since pes(0) = pea(0) = pys(0) = pga(0) = 0, the form of the initial density matrix
remain the same, i.e., all the zero elements remain zero and the all the rest evolves in
time. Under this scenario the expression given by (4.20) will be negative and hence
cannot be an entanglement measure for the two-qubit system. Therefore, (4.19)
is the only candidate left to quantify the entanglement between the qubits.  For
¢ = 0 the system of equations governing the dynamics of the two qubits can be
solved analytically. Using these solutions, solved under the initial condition (4.30),
the expression that describes the entanglement between the qubits, C;(t), turns out

to be

2
Ci(t) = §e’27t{ [ (cos x cosh 219t — sinh 2y9t + am (t))2

+ sin® y cosh 2€0;51] Vr V3a(l —na(t)}, (4.31)
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Fig. 26. Plots of the time evolution of concurrence C(t) with initial condition
b=c=|z] =1and for a = 0.6, 2 = A/8, and for different values of

the initial phase y.

where
(v +7%) . 2912, o
771(15) = 5 o sinh 2")/12t + 2—2(6 7" — cosh 2’}/1215), (432)
Yie — 7 Yizg — 7
O 4y | 2 oy :
na(t) = §€ " §6 v [cosh 2719t — cos x sinh 27,5t
2 2
2
+ a(/y%%?(e_%t — cosh 27yy5t) — aszz sinh 271275)] . (4.33)
Y2 — Y2 — 7

We immediately see from this result that the concurrence depends on the parameters
a, which characterizes the initial populations of the doubly excited state and on the
phase parameter xy which determines the initial populations in the symmetric and
antisymmetric states as well as the coherence between them. If we assume that the
qubits are coupled independently to their respective vacuum environment (v = 0)

and are well separated in position (r12 > A) so that the dipole-dipole interaction
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Fig. 27. Plots of the time evolution of concurrence with initial condition
b=c=|z|=1and for x =7/2, 112 = A/8 (712/7 = 0.9,Q15/7 = —0.9), and

for different values of the initial population a.

(212 = 0), Ci(t) reduces to

Ci(t) = ;6—2% [1 —Va(l —a+2a%+ oz4a)],

where a(t) = /1 — exp(—27t). Note that C;(t) is independent of the initial phase x.
This coincides with the earlier results of Yu and Eberly [87]. In the following we study
the dependence of the concurrence and hence the entanglement between the qubits
on various system parameters. Figure 26 shows the time evolution of the concurrence
for 12 = A/8 and a = 0.6 and for different values of the initial phase angle, y. We
observe from this figure that the initial entanglement between the qubits vanishes and
exhibits revival. The amplitude of revival and the revival time (the time at which the
entanglement revive in the system) are directly related to the initial coherence in the
system. The higher the initial coherence the higher the amplitude of revival and the

shorter the revival time is. Not surprisingly the magnitude of revival diminishes when
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Fig. 28. Plots of the evolution of concurrence with initial condition b = ¢ = |z| = 1
and for 15 = A/8 (y12/7 = 0.9,Q15/7 = —0.9), x = 7/2 and for p = 7/4 (red

curve) and ¢ = 0 (green curve).

the initial coherence decreases. Now keeping the initial coherence at its maximum
value (y = 7/2), we investigate the influence of the population distribution between
the excited and ground states on the concurrence. Figure 27 shows the evolution of
the concurrence for y = 7/2 and for different values of a. This figure indicates that
when the initial population in the excited state grows the transient entanglement falls
sharply and even disappears for a = 0.8 (pe.(0) ~ 0.27) in the short time window.
The entanglement then shows revival and a slowly damping behavior afterwards for
all values of initial populations.

We next analyze the evolution of entanglement in the system by introducing the
position-dependent excitation phase ¢ into the dynamics. By comparing the previous
results for ¢ = 0 with the numerical plots for ¢ = 7/4, we discuss the effect of the
excitation phase on the entanglement dynamics. Our results are summarized in Figs.

28 and 29. In Fig. 28, we present a comparison of concurrence taking into account the



84

I'12=7L/8
x=n/2
a=06

030"
025"

0.200
7 =n/4(=0)

IM(0as)

0.15
0.10
0.05
0.00-

p=0(&=n/2)

vt

Fig. 29. Plots of the imaginary part of the one photon coherence p,s with initial condi-
tion b = c = |z| = 1 and for rig = A/8 (y12/7 = 0.9,Q12/v = —0.9), x = 7/2
and for ¢ = 0 (red curve) and ¢ = 7/4 (blue curve).

excitation phase ¢ = w/4 (£ = 0) and in the absence of excitation phase, ¢ =0 ({ =
7/2) for interatomic distance less than the radiation wavelength, rjo = A/8. Recall
that ¢ = (27/A)r12 cos €, where £ is the angle between the laser propagation direction
and the line joining the two atoms. These plots clearly show that the excitation
phase effectively protects the initial entanglement from experiencing a sudden death
and even enhances the entanglement from its initial value during the revival period.
The amount of entanglement then drops gradually and approaches zero as t — oo.
It is worth noting that the position-dependent excitation phase creates additional
coherence and hence improves the revival magnitude over that observed for the case
¢ = 0. This enhanced coherence, as shown in Fig. 29, is a signature of stronger

entanglement between the qubits.
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E. Conclusion

We have investigated the effect of quantum interference induced by position-dependent
excitation phase on the evolution of entanglement between two dipole-coupled qubits
and undergoing a cooperative spontaneous emission. Our results show that for the
atoms initially prepared in a symmetric state, the excitation phase induces quantum
interference in the two-qubit system that leads to coherent population transfer be-
tween the symmetric and antisymmetric states. This thus creates a coherence which,
in effect, slows down the otherwise fast decay of two-qubit entanglement consider-
ably. We find that the evolution of entanglement crucially depends on the coherence
between the symmetric and antisymmetric states. Furthermore, when the qubits are
prepared in a Werner-type mixed entangled state the entanglement is known to suf-
fer sudden death. However, if one takes into account the excitation phase into the
dynamics the entanglement exhibits revival. This revival is attributed to the strong
coherence dynamically developed between the symmetric and antisymmetric states.
A viable candidate for realization of our findings would be semiconductor quantum
dots. Note that coupled quantum dots with interdot distance less than the radiation
wavelength has already been investigated in context to photoluminescence spectra

[90] and quantum gates [101].
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CHAPTER V

ENTANGLEMENT OF TWO SPATIALLY SEPARATED QUBITS VIA
CORRELATED PHOTONS *

A. Introduction

In the Chapter IV we have discussed how the quantum interference induced by po-
sition dependent excitation phase affects entanglement between two dipole-coupled
qubits undergoing cooperative spontaneous emission. Here we consider an alterna-
tive scheme to create entanglement between two initially uncoupled qubits in a cavity
QED setup.

In discrete variable entanglement, a key aspect has been the dependence of en-
tanglement on the direct coupling of the qubits, whose physical origin differs from
one system to other. For example, dipolar coupling plays an important role in atoms,
ions, molecules and quantum dots [16, 17, 102], whereas waveguides are coupled by
evanescent waves [71] and superconducting qubits via their mutual inductance [103].
An essential drawback of the schemes dependent in particular on dipolar coupling is
that the entanglement relies on the interqubit separations and is prominent only when
separation is less than the operational wavelength [84]. For quantum computing ap-
plications and quantum networks, one however needs entanglement between qubits to
be long-lived for separations more than the operational wavelength. In recent years,
schemes based on cavity quantum electrodynamics (QED) [104, 105], virtual photons
[106], and nonclassical radiation in superconducting charge qubits [107, 108] has been
proposed in achieving this.

* Reprinted with permission from ” Entanglement of two spatially separated qubits

via correlated photons” by Eyob A. Sete and S. Das, 2012. Opt. Lett., in press,
Copyright [2012] by Optical Society of America.
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Fig. 30. (a) Schematic of interaction of two qubits with squeezed light in a cavity.
When the pump laser of amplitude € and frequency v drives the nonlinear
crystal of susceptibility y correlated signal-idler photon pairs of frequency
V1, v (Vv =1y + 11p) are generated. The two-photon correlation is then trans-
ferred to the two-qubit system mediated by the cavity (b) Collective state
energy level diagram for the two-qubit system including incoherent pumping

rates (w; and wy).

In this Chapter, we propose an alternative scheme for generating steady state
entanglement between two uncoupled qubits via interaction with squeezed light in
a cavity QED setup. The two-photon correlation properties of the squeezed light
is found to be effective in generating two-qubit entanglement even for interqubit
separations more than the operational wavelength. Incoherently pumping the less
dissipative qubit [109] then leads to significant steady state concurrence [99]. In our
scheme the optimum concurrence turns out to be ~ 0.8 for asymmetric and ~ 0.6 for

identical qubits in realistic parameter regime.

B. Model and master equation

We consider two qubits in a nondegenerate optical parametric oscillator cavity as
shown in Fig. 30a. It is well known that in a parametric oscillator a pump photon

of frequency v impinging on a nonlinear crystal of susceptibility x® is down con-
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verted into two photons of lower frequencies v; and vy so that v = v; + 5. The
down converted photons are known to show strong correlation, which translates into
nonclassical properties such as squeezing and entanglement. The idea is to exploit
the correlation between the photons to create entanglement between the qubits in the
cavity. We assume that the qubits are spatially separated more than a wavelength so
that the dipole-dipole interaction is unimportant. Effectively, the qubits are initially
uncoupled and has no correlation between them. In this work, we investigate how the
correlation between the photons is transferred to the qubits and realize light-to-matter
entanglement transfer in such a scheme.

The interaction Hamiltonian of the qubit-cavity field system can be written, in

rotating wave and dipole approximations, as

2
oy = Z Aj&;‘%’ + gj(C&;CAlj + S(AT;(&L + H.c.), (5.1)
=Lk

where H.c. stands for hermitian conjugate, ¢ = cosh(et) and s = sinh(et) with ¢
being the coupling strength proportional to the nonlinear susceptibility y® of the
nonlinear crystal and the strength of the coherent drive field. The operators o; and
a; represent the lowering operator for jth qubit and annihilation operator for the jth
cavity mode, respectively. g; and A; are the jth qubit-cavity mode coupling constant
and detuning, respectively. Note that the above Hamiltonian is obtained by applying

the transformation

Hy = et fye=itt (5.2)
where
H, =ie(alal — aya,), (5.3)
2
Hy =) [Ajle)ej] + g (6la; + 6;a0)]. (5.4)

j=1

For our scheme the third term and its hermitian conjugate in (5.1) are of utmost
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importance and is the basis for the present work. Note that these terms are propor-
tional to sinh et and disappear when we turn off the two-photon source or squeezing
(¢ = 0). The physical interpretation of these terms will become clearer in the master
equation.

To study the dynamics of the cavity-qubit system we write down a master equa-

tion for qubit-field operator pap

par = —i[Hp, par] + Liapar + Loapar + La,par + Laypar, (5.5)

where

i
Liapar = gj(QUjPAFUJT’ - U]T‘UJPAF - PAFU]T’Uj)a

Lojpar = /ij(2aijFa} — a}aijF — pAFa}aj),
and ~; and 2k; (j = 1,2) are spontaneous emission rate of the jth qubit and damping
rate of the jth cavity mode, respectively. The master equation (5.5) can be solved
exactly using numerical methods. However, in order to obtain a closed from analytical
solution for the concurrence and elucidate the physics of light-to-matter entanglement
transfer, we make the bad-cavity approximation (k > g,7). In this limit, the cavity
field reaches steady state faster than the qubits. This permits one to adiabatically
eliminate the field variables and obtain an exactly solvable master equation for the
qubits. Following the procedure outlined in [110] the master equation for the qubits

alone (in the bad-cavity limit) reads

2

2
. 4 I,
p=—i> Ajlolajp] =D 5 (o}, 050] + pd},aj])
J=1
\/ V1eV2¢e {[017 ,00'2] [Uga pUJlr] + HC} ) (56)

.

[\D|m

where I'; = v; + 7. and ;. = 70;/(1 — €2/k?) are the total decay rate and modified
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cavity-induced (due to squeezed field) decay rate of the jth qubit with ~o; = 2g§ /K
being the unmodified cavity-induced qubit decay rate. The second line in Eq. (5.6)
is due to the squeezed light and describes two-qubit excitation by absorption of two-
correlated photons emerging from the nonlinear crystal. This leads to creation of
coherence between the doubly excited and ground states, which as we will show later,
is crucial for entanglement generation between the qubits. We thus investigate how
the non-local correlations between photons in the squeezed light is transferred to the
qubits. To quantify the entanglement, we use concurrence [99] as the measure of
entanglement in this work. The relevant concurrence expression in the basis of the
two-qubit collective state (see Fig. 30b): |e) = |eiea), |9) = |g192), |s) = (Jerge) +
|g1€2))/v/2, and |a) = (lerga) — |g1e2))/V/2) is given by

C - 2|p39| - \/(pSs + paa)2 - (pas + psa)Q‘ (57)

This expression clearly shows that for entanglement to exist there has to be strong
two-photon coherence p., between the qubits. Note that even though the qubits in
our scheme are separated by more than a wavelength, we do consider the two qubit
collective basis for the theoretical analysis. The justification of this lies in the fact

that the qubits do get coupled eventually via interaction with the cavity modes.

C. Transient entanglement

To elucidate the physics of entanglement transfer from continuous to discrete variables
or light-to-matter, we first consider a simplest case of identical qubits (I'y =Ty = T),
and equal cavity damping rates (k1 = kg = k) and qubit-cavity detunings A = Ay =

A,y. We further assume that the two qubits are initially in a pure product state |e;gs).
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Fig. 31. Time dependent concurrence [Eq. (5.10)] for various values of ¢, at resonance
(A =0), and for v/~ = 0.05 [k = 80MHz,g = 35MHz,y = 1.5MHz|.

For this initial condition we readily obtain

e 1t 2 €%\ 2
Paa = Pss = Pas = 202 |:A - (%) COS 2054 s (58)
ev, et A .
Peg =~ [iA(cos2at — 1) + asin 2at] (5.9)

where

o = /A2 — (£7./2k)2
The concurrence (5.7) then only depends on the two-photon coherence, i.e., C = 2|p.g|

and take a simple form

—I't 2 102 %
€€ 2 (€7 sin” ot
=% {[m <2R) (1 —i—cos?ozt)} - } . (5.10)

We immediately see from Eq. (5.10) that the two qubits remain disentangled (C = 0)

in absence of the squeezed light (¢ = 0). Figure 31 shows the temporal behavior

of C as a function of the amplitude of the pump laser ¢ and for realistic parameter
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Fig. 32. Concurrence [Eq. (5.10)] versus 7ot and detuning A/~ for v/vy = 0.05 and
e/k = 0.92.

/7 = 0.05. We see that the concurrence increases with increasing ¢ for initial times
and then decays exponentially in the long time limit. As the degree of squeezing in
a subthreshold parametric down conversion depends on the pump laser amplitude &,
it thus means that the degree of entanglement between the qubits is directly pro-
portional to degree of squeezing (correlation between the photons) in the transient
regime. This behavior hence clearly demonstrate the transfer of entanglement from
light to matter. Furthermore, as illustrated in Fig. 32, the entanglement depends on
the qubit-cavity detuning. Strong entanglement is achieved when the qubits are at
resonance with the cavity modes. For larger detunings, the entanglement decreases

and shows damped oscillation as given by (5.10) as shown in Fig. 32.
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Fig. 33. Steady-state concurrence versus w/7y, at resonance, for v/vy = 0.02 and

various values of ¢.

D. Steady-state entanglement

In practical implementation of many quantum information processing, achieving steady-
state entanglement is sometimes important. In light of this, we next focus on genera-
tion of steady-state entanglement. For this purpose, we consider incoherent pumping
of the qubits, for example, by means of a flash lamp. The effect of the incoherent

pump can be included by adding the following term to the master equation (5.6):

[\

Wm , A At A PO At oAn

m=1
where w; and ws, are incoherent pumping rates for qubits 1 and 2, respectively. Note
that creation of steady-state entanglement between two qubits using incoherent pump
has been recently proposed for initially coupled qubits through their electric dipoles.
It was shown that optimum entanglement is obtained when the less dissipative qubit

is pumped [109]. Here we explore the effect of incoherent pump in creating steady-
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Fig. 34. Concurrence (C) versus £/k and A/vy for 71/71 = 0.01, 72/7v2 = 0.05,
Vo2 = 1.08v9; and w; = 3.5701, we = 0.

state entanglement between two spatially separated and initially uncoupled qubits
interacting with nonclassical radiation.

We first consider, for simplicity, identical qubits with one qubit incoherently
pumped and the other dissipates. The concurrence in this case at resonance has a

simple form:
c_ 2we, 1
ok J(wHD)(w+20) = 2(ev./K)?|

(5.12)

Figure 33 shows the steady-state concurrence versus w/v, for various values of e.
This figure clearly shows that the two qubits exhibit substantially high steady-state
entanglement, C ~ 0.6. As previously noted, strong entanglement is achieved close
to the threshold (¢/k = 1). The incoherent pump works in such a way that for
higher squeezing source, the qubit should be pumped at stronger rate in order to
reach the optimum entanglement. Since the source of entanglement in our scheme is

two-photon coherence, the generated entanglement in the steady state is of the form
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Fig. 35. Plot of concurrence C versus linear entropy for randomly generated points
using realistic parameters for the present system (red-dashed curve) and for

maximally entangled mixed state (blue-solid curve).

(ar]eres) + Blg1g2)) with a and 8 being complex amplitudes.
In line with the previous studies [109] we next consider asymmetric qubits with

the less dissipative qubit pumped incoherently. The steady-state concurrence now
becomes .
V2 4+ 4A? 2

C = 4w A 07 + 4A%)(w, + T — SuA2)? (5.13)

where v = wy + 'y + [y (I < ), A = (¢/2K)\/Y1c72.. Here we observe that the

steady-state entanglement only exists when both the pump rate (w;) and squeezed
pump field amplitude (¢) are non zero. As can be seen from Fig. 34, entanglement
is maximum at resonance and increases when one approaches to the threshold point.
The optimum entanglement achieved in this case is quite high, C =~ 0.8 for ¢ =

0.99x. In order to get further insight into the formation of entangled state of the



96

1.0:

0.8/
0.6/

0.0 /\\

60 -40 -20 O 20 40 60
Alym

0.4

0.2/

Fig. 36. Concurrence (C) versus A/vp for ¢/k = 0.99 and for various values of wy:
we = 0,0.5,1.5,2.5,3.57; from top to bottom. All other parameters are the

same as in Fig. 34.

two qubits, we examine the region of concurrence-linear entropy plane accessible to
our scheme. The shaded region in Fig. 35 represent randomly generated points of C
and linear entropy S; = 3[1 — Tr(p?)] [75] for realistic system parameters (S, = 0
and 1 corresponds to pure and maximally mixed states, respectively). The dashed
line gives the upper bound on C and S}, achievable in our scheme. It is interesting
to note that maximum entanglement is achieved when the state of the qubits is
pure, which is markedly different from earlier models based on coupled qubits [109].
Another interesting question is whether the entanglement exists when both qubits
are pumped incoherently. As shown in Fig. 36, the entanglement is optimum when
the less dissipative system is pumped (at a rate w;) and gradually decreases as the
pump rate (wy) approaches wi. It is however important to mention here that for

equal pumping rates, the entanglement only exists at high degree of squeezing.
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E. Conclusion

In conclusion, we have shown effective entanglement transfer from squeezed light to
two spatially separated and initially uncoupled qubits via a two photon coherence in
a cavity. An incoherent pump then assist in attaining a substantial steady state value
for the transferred entanglement. Furthermore, we find that strongest entanglement is
achieved for asymmetric qubits when the less dissipative one is incoherently pumped.
This is encouraging in particular for quantum dot qubits, where such asymmetry is
quite natural. Given the advancement in cavity QED [111] and effective coupling of
atoms with squeezed light in a cavity [112], experimental realization of our proposal

is quite feasible.
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CHAPTER VI

PHASE-CONTROLLED ENTANGLEMENT IN A QUANTUM-BEAT LASER:
APPLICATION TO QUANTUM LITHOGRAPHY *

A. Introduction

Quantum coherence induced by an external laser field is responsible for many fasci-
nating optical phenomena in atomic and molecular systems [20]. In this Chapter, we
exploit quantum coherence induced my external field to generate entangled radiation
in continuous variables.

Continuous-variable (CV) entanglement based on the amplitude or phase of the
quadrature of the electromagnetic field has received great attention in connection
with its accessibility to experiment. In this regard, there have been large number of
proposals for generating CV entanglement in general and bipartite entanglement in
particular. In a seminal work, Zubairy and co-workers [9] proposed a source for an
entanglement amplifier based on correlated spontaneous emission laser. Subsequent
studies [10, 113, 114] showed variety of schemes for generation of CV entanglement
in the steady state regime and in the presence of losses.

From application standpoint, entanglement between optical photons has been
widely used for fundamental tests of quantum mechanics [115]. Numerous experi-
ments demonstrated quantum entanglement of optical photons in trapped ions [116],
atoms [117, 118], and atomic ensembles [119, 120]. Beyond fundamental applications,
entanglement has been used for secure communication [121] and quantum informa-

* Reprinted with permission from ”Phase-controlled entanglement in a quantum-
beat laser: Application to quantum lithography” by Eyob A. Sete, K. E. Dorfman,

and J. P. Dowling, 2011. J. Phys. B.: At. Mol. Opt. Phys., 44, 225504, Copyright
[2011] by Institute of Physics.
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tion processing [122]. In recent times, several proposals [123, 124, 125] have been
suggested to improve the spatial resolution of interferometric lithography beyond the
diffraction limit utilizing entangled photons.

Quantum-beat laser concept was originally used as a means of quenching of spon-
taneous emission noise [126, 127, 128, 129, 130] and later for demonstration of lasing
without population inversion [6]. Moreover, quantum-beat lasers are well-studied in
context of quantum-statistical description of radiation [131]. More recently, schemes
based on three-and four-level quantum-beat lasers have been proposed as a source
for continuous-variable entanglement with the coherence induced by external lasers
[132, 133]. However, in most of the previous studies involving quantum-beat lasers
the generated entanglement is short-lived and exists only in the transient regime. For
certain quantum information processing protocols entanglement that survives for long
time is desirable.

In this Chapter, we propose a scheme that can generate controllable steady-
state entanglement in continuous variables. In particular, we study a two-photon
quantum-beat laser coupled to a two-mode squeezed vacuum reservoir that was shown
to enhance entanglement between two cavity modes [113]. Our scheme consists of
an ensemble of three-level atoms in a V configuration injected into a cavity at a
constant rate and interacts with quantized cavity modes. A microwave field induces
coherence by coupling the two upper levels of each atom. We treat the amplitude
of the microwave driving field to all orders keeping its phase as an external control
parameter. We explore how the entanglement can be controlled using the phase of the
driving field and other system parameters. We also consider the effect of decoherence
in our analysis. We show that the steady-state entanglement survives in the presence
of decoherence due to interaction with the environment, making our scheme a robust

entanglement source. A possible application of our scheme to quantum lithography
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with externally controlled resolution is also suggested.

B. Hamiltonian and equations of motion

We consider a two-photon quantum-beat laser coupled to a squeezed light through
the partially transmitting mirror of the cavity. Atoms, in a so-called V configuration,
are injected into the cavity at rate r, and are removed after time 7 longer than the
spontaneous emission time. During this time interval each atom interacts with the
cavity modes of frequency v; and v5. Our scheme is depicted in Fig. 37. The upper
two levels are coupled by a microwave field of frequency v,. In addition, the atomic
transition |a;) — |b) and |ag) — |b) are off-resonant with the cavity modes.

The interaction picture Hamiltonian for the system plus the reservoir is given by

H = H, + H,+ H;, (6.1)
Hy = —hQ(e|ar){as] + e )az) as]), (6.2)
Hy = —hg(lai)(bla e™ + |az)(b|b ') + H.c., (6.3)
Hs = all +Dgaf + o0 + Db, (6.4)

where 2 and ¢ are the Rabi frequency and the phase of the microwave field, re-
spectively; a and b are the annihilation operators for cavity modes, g is the atom-
cavity mode coupling constant assumed to be the same for the two cavity modes,
A =w; — v = wy — Iy, wy and wy are the atomic transition frequencies for |a;) — |b)
and |ag) — |b) transitions, respectively. T, and I', are the reservoir operators re-

sponsible for the damping of the cavity modes by the squeezed vacuum reservoir.

We next transform the microwave field away to obtain a new interaction Hamil-

tonian which treats €2 to all orders. The new Hamiltonian can be derived using the
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Fig. 37. Schematic of a quantum-beat laser coupled to a squeezed reservoir (N,M) in
which atoms are injected into the cavity at a rate r,. The energy level diagram
for a three-level atom is shown on the right. The upper two levels are coupled
by a microwave field of frequency v,. The transition between levels |a;) and
|b), and |ag) and |b) at frequencies wy and wy are detuned by the same amount

A from the cavity modes.
transformation
E[[ — eiﬁlt/hﬁéef’iﬁlt/h (65)
which gives

ﬁl = —hg{ (cos Ot — 7€' sin Qt) €iAt’a1><b|d

+ (cos Qt — ie™*?sin Q) emt\az)<b|l;} + H.c. (6.6)

Under secular approximation [6], neglecting highly oscillating terms e*(A+9? com-
pared to e (A=Yt and at resonance, ) = A, the Hamiltonian takes the form

H, =— ?g{(|a1>(b| + e ?|ag) (b)) + (|ag) (b] + |a1)(ble ¢)b} + H.c. (6.7)

We note that the Hamiltonian only depends on the coupling constant g and the phase
of the microwave field ¢. The strength of the microwave field is determined by the

amount of detuning. Thus, through out this paper, we treat the amplitude of the
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driving field as a constant and vary the phase. This allows us to coherently control
the entanglement in the system.

We further assume that atoms are injected into the laser cavity in a coherent
superposition of the two upper levels. Thus the initial state of a single atom can be

written as
[¥(0)) = aila1) + az|as), (6.8)

where a; and a, are probability amplitudes. Therefore, the density operator for
the atom at the initial time may be written as pa(0) = p\%|ai)(as| + p\o|az) (as| +
pio o) (a2l + o3y |az) (@], in which pY) = [aa]?, piy’ = laz’, and pi3) = 93" = ajas.
We study the properties of the entanglement between the cavity modes as a function
of initial population and atomic coherence.

Following the standard laser theory methods [20, 134], we obtain the master
equation for the cavity radiation to be

d. 1 b 1 fen Al e

i §[A§ + kN](2d' pa — aa'p — paa’) + 5[145 + kN (206" pb — bb'p — pbb")

+ %w%%*;sa —ab'p — pab’) + §6i¢(2af,§z} —batp — phah)

+ (N + 1)(2apa’ — atap — pa'a + 2bpbt — bTbp — pblb)

(O =5

+ kM (pab + abp — bpa — aph) + kM*(patdt + afvtp — atpbt — bfpat),  (6.9)

where

A= 2g2ra/72

is the linear gain coefficient and
52% [1—1—% 1—772cos(oz—qb)} :

We introduce new variable n related to initial condition as pgol) = (1—-mn)/2, pgg) =
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(1+4n)/2 and p{9) = e /1 —12/2, where a is the phase of the initial atomic coherence.
We assume that the cavity mode decay rate x is the same for both modes. Parameters
N present the mean number of photons in the squeezed field and M = |M|e? =
N(N + 1) with 6 being the phase of the squeezed vacuum, characterize the two-
mode squeezed vacuum reservoir. Here we have included spontaneous emission rate
v, assumed to be the same for all the three levels, and dephasing rate I'. Note that
the effect of the microwave field is manifested in the master equation via its phase ¢
which can be used to control the entanglement properties (see Sec. C).
The master equation is used to derive the evolution equations for the moments
of the cavity mode operators. The steady-state solutions of these equations are used,
in the following sections, to analyze the entanglement and correlation properties of

the cavity radiation.

C. Phase-controlled entanglement

Numerous entanglement measures have been proposed for Gaussian states [135, 136],
which are only sufficient for non-Gaussian states. We employ the entanglement mea-
sure proposed by Duan-Giedke-Cirac-Zoller (DGCZ) [136], which is sufficient and nec-
essary condition for gaussian states and necessary condition for non-Gaussian states.
According to DGCZ a state of a system is said to be entangled if the quantum fluc-
tuations of the two Einstein-Podolsky-Rosen-like operator @ and v of the two modes
satisfy the inequality

Au? + Av? < 2, (6.10)

where

ﬂzi‘a—l’b, ﬁ:ﬁa—i—ﬁb (611)
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Fig. 38. Density plot of Au?+ Av? vs ¢ and 7 for a linear gain coefficient A/T" = 0.25,
k/T =08, v/T=1, N=0.04, «a =0, 6 =0.

in which &; = (5 + 7)/v2, p; = i1 — 7)/v/2 (with j = a,b) are the quadrature
operators of the two modes of the cavity field. These operators can be measured
by the method of homodyne detection [137]. Taking into account (6.11), Eq. (6.10)

yields
Au? + Av? = 2(1 + (afa) + ('b) — (ab) — (abT)). (6.12)

Using the steady state expression for the average quantities that appear in Eq. (6.12),

we readily obtain

M cos 0
(k — AQ)? —2A42¢2
2(1+ N)
2k — A2 — A22(1 + cos 20) 1

Au? + Av? = — 2 — 4k (K — Af)

(6.13)
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Fig. 39. Plots of Au? + Av? vs ¢ for the linear gain coefficient A/T" = 0.25, /T = 0.8,
I'/y=1, N=0.04, « =0, § = 0 and for various initial conditions.

We note that the entanglement measure depends on the relative phase shift between
the phase of injected atomic coherence and that of the microwave field. In the fol-
lowing we discuss possible cases in which one can control the entanglement between
the cavity modes by manipulating these phases and other system parameters.

We begin by examining the entanglement between the cavity modes as a function
of the phase of the microwave field ¢ and the initial coherence. In Fig. 38 we plot
the function (6.13) versus the microwave phase and initial population distribution 7
for a fixed phases of the atomic coherence and input squeezed field (« = 0 = 0).
Figure 38 illustrates that the entanglement condition (6.10) is satisfied for certain
values of 7 and ¢ in the absence of decoherence (I' = ), indicating entanglement of
the two cavity modes. Moreover, the degree of entanglement depends on the phase ¢.

For instance, stronger entanglement is observed when the microwave phase is an odd
multiple of 7, while the entanglement gradually disappears when the phase changes

from ¢ = (2n + 1)m to ¢ = 27n, where n is an integer. The parameters in Fig. 38
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Fig. 40. Plots of Au? + Av? vs n for various values of the microwave phase ¢. All

parameters are the same as in Fig. 39.

are chosen to satisfy condition k — A > 0, a condition for a well-defined steady-state
solutions for the equations of the moments of the cavity mode operators. One might
interpret kK = A¢ as the threshold condition for the system.

To clearly see to what extent the initial atomic coherence influences the degree
of entanglement, we plot the function (6.13) versus ¢ by considering various initial
conditions (see Fig. 39). For maximum initial atomic coherence (n = 0), which
corresponds to equal populations distribution between the two upper levels, the sum
of the variances shows oscillatory behavior with a period of 27 and with a maximum
value a little over 2. The optimum entanglement is obtained when ¢ = +x. This
optimum value decreases as one decreases the coherence, that is, when one increases
|n]. It is interesting to note that despite a decrease on the optimum value, the cavity
modes remain entangled for all values of the microwave field phase at higher values of
In|. Furthermore, a simple observation of the plots reveals that for n = 1 (no initial

coherence), the system exhibits fairly constant entanglement. Therefore, the system
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v/T'=10
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Fig. 41. Plots of the Au® + Av? vs ¢ for n = 0 in the absence (A4/T = 0.25, v/T =1
blue solid curve) and in the presence (A/I" = 2 and v/I" = 0.1 red dashed

curve) of decoherence. The rest of the parameters are the same as in Fig. 39.

can exhibit steady-state entanglement even without initial atomic coherence.

Figure 40 shows the entanglement measure versus 7 for different values of ¢. For
fixed n the amount of entanglement decreases when the phase increases from ¢ = w
to ¢ = 37/2 with its maximum being at ¢ = m. Moreover, the entanglement exists
for all values of 7.

So far, we have considered two types of losses in our system: the spontaneous
emission v and the cavity decay x. Given that our system involves coherence it is
imperative to include decoherence into the analysis. To this end, we assume that the
decoherence rate I' is greater than the spontaneous emission rate . In the following
we show that the entanglement can still survive in the presence of decoherence at
the expense of high pumping rate of atoms into the cavity. In Fig. 41, we plot
Au? 4 Av? versus the phase of the microwave field in the presence and absence of

decoherence. This figure shows that for a decoherence rate 10 times stronger that the
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spontaneous emission rate the system still exhibits entanglement. However, it comes
at the expense of higher pump rate, A due to the steady state condition Kk — A > 0,
which is necessary for steady state solution to exist. That is for a given s one has to
increase A accordingly for larger £ to keep the inequality satisfied. We thus conclude
here that—for our parameters—it is possible to overcome the effect of decoherence by
pumping atoms into the cavity at higher rates.

The cavity mode entanglement properties analyzed above allows us to study the
output mode which is accessible to experiment. In this regard, we use the standard

input-output relation:

Gowt = R — i, (6.14)

out — \/EZA)_IA)HM (615)

[

where a;, and by, represent the input two-mode squeezed field. Up on using these
equations, we obtain the relation between the input and output mode entanglement

condition to be

(Au? + Av?) oy = Au® + Av® + 2(1 — k) (N — | M]). (6.16)

For ideal squeezed vacuum |M| = \/m . We note that the last term in Eq.
(6.16) is always negative for nonzero mean photon numbers N. Thus the output mode
entanglement is stronger than the cavity modes.

Next we consider the total mean photon number in the cavity n = (a'a) + (b'b)

given by
4(1+ N)k(k — AE)
2(k — A&)? — A262(1 + cos 2¢)

n=-2+ (6.17)

Equation (6.17) shows that the total mean photon number of the two cavity modes is

maximum for ¢ = 7. On the other hand, for ¢ = 7/2 the denominator of the second
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term in (6.17) becomes relatively large and hence the total mean photon number gets

smaller. Therefore, a better entanglement is achieved at the expense of weaker signal.

D. Application to quantum lithography

A possible application of the proposed scheme is quantum interferometric optical
lithography. Proposed by Dowling and co-workers [123] and later demonstrated ex-
perimentally [125], this lithographic method allows one to obtain sub-diffraction limit
resolution (see Fig. 42). Depending on the order N or the NOON state [138], it allows
one to print features of minimum size A\/2N, where X is the wavelength of light. This
method is based on the properties of the multiphoton absorption probability. For the
simple case of two-photon processes, where the atomic lifetime is much shorter than

the decoherence time, the probability is given by [139]

v/2
(7/2)? + (2w — wo)?’

W = 2|g|*G®)(0) (6.18)

For the two-mode squeezed vacuum field generated by spontaneous parametric down
conversion (SPDC), the second-order correlation as a function of mean photon number

n = n, + Ny is given by

G2(0) = (namy) = = (* +7) (6.19)

DO | —

which gives for 7 < 1 a linear intensity dependence versus quadratic for coherent
light. In the present model, for n < 1 and |k — A| < k the leading term in two-

photon correlation function reads

(2) . 1+COSQ¢ lig i _ _
G (0) = [ p— (2(5—&4) —1—1) + 16 (cosdep + 24 cos2¢ —1)| n.  (6.20)
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Thus, for ¢ = 0,7 Eq. (6.20) yields super-poissonian statistics

K2R

@) /() n
GO~ o>y (6.21)

which has much more rapid rate compare to the SPDC result. However, by tuning ¢

to m/2, we obtain sub-poissonian result

a7
Gﬁ)(O) ~ —777/.

(6.22)
Therefore, intensity of the laser field used for quantum lithography printing can be
controlled by the external phase.

Furthermore, in order to determine the resolution of printing we can calculate
the two-photon exposure dosage A,, = 1(é™¢?) [123], where the average is taken
over the initial states at the arms A and B. For the interference experiment at the
substrate, the two photons should have the same frequency. This, in principle, can
be realized by introducing an optical frequency modulator in one of the arms of the
interferometer just before the beam splitter. The exposure dosage is proportional to
the two-photon absorption at the imaging surface. The operator é is the combination
of modes resulting from the beam splitter (see Fig. 42). The phase shift induced by a
phase plate (PS) is represented by single parameter 2 = 2kx, where k = 27 /) with
A and x being the optical wavelength and the lateral dimension on the substrate,
respectively. The mode that emerges from the arm that has a phase shifter (PS)
experience a phase shift of 2kx while other mode emerges without phase shift. The
output field operators é,aAl are related to input field operators d,lA) through beam
splitter and phase plate by é = (@ — ib)e2**/\/2, d = (—ia + b)/v/2. Two-photon
correlation function at the output is G (0) = (¢1262), where é = ¢+ d. The resulting

expression for two-photon exposure dosage is given by
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Fig. 42. Interferometric lithography setup utilizing input photons entering ports A and
B. Here DM is a dichroic mirror, OFM is optical frequency modulator, BS is
symmetric lossless beam splitter, and M represents the mirrors. Upper arm
of the interferometer experiences a phase shift 2 at the phase shifter (PS)

before both branches interfere on the substrate S.

20y, =[1 — sin(2kz)]*(af?62), + [1 + sin(2kz))? (b126?),
+ 2 cos(2kx)[1 — sin(2kx)][(at?ab) + (ata®bh),]
+ 2cos(2kx)[1 + sin(2kx))[(ab?b)o + (aTD1D?),]
+ cos?(2kz)[4(aTabTb), + (a'2b?), + (a2b2),), (6.23)

N

where <O)0 = (Oput). Inspection of Eq. (6.23) shows that depending on the expec-
tation values of output mode operators the period of the imprinted structure can
be either determined by the classical Rayleigh limit A/2 or quantum limit A\/4.In

this regard, we calculate the steady state solutions of equations of the cavity mode
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Fig. 43. Plots of the exposure dosage versus path-difference phase shift for v/I" = 1,
k/T' =08, A/y =2, a =0, N =0.1, n = 0, and for ¢ = 0 (red dotted
curve) and ¢ = 7/2 (blue solid curve 5A,,). Note here that dotted curve
corresponds to a classical Rayleigh limit of resolution A/2 and the solid curve

shows the quantum limit with a resolution improvement of 100%.

moments. For instance, for A < 1, Eq. (6.23) reads

Aoy N[BN + 1+ 10(N +1)¢] + N(N + 1)

X [12q cos ¢ cos(2kx) + (2q + 1) cos(4kx)], (6.24)

where ¢ = £A. Equation (6.24) yields A/4 resolution for ¢ = 7/2 and classical result
A/2 for ¢ = 0 (see Fig. 43). Therefore, as shown in Fig. 43 the resolution of imprinted
profile can be controlled by varying the single parameter—phase of the microwave field
¢. While quantum lithography as originally proposed remains challenging due to the
lack of suitable N-photon absorbing resists, quantum light sources can still be used
successfully in a non-lithographic setting where number-resolving detector arrays and

centroid measurements are deployed [140, 141].
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E. Conclusion

In conclusion, we have shown steady state entanglement induced by quantum co-
herence via a driving microwave field in a two-photon quantum beat laser coupled
to a squeezed field. The entanglement can be controlled by adjusting the phases of
the microwave and the squeezed input fields. Our results show that the entangle-
ment is robust against cavity losses and decoherence and thus can be used for various
applications. For instance, the output mode of the generated light can be used to
enhance resolution beyond the Rayleigh limit. More importantly one can switch from
classical resolution A\/2 to quantum limit \/4 by adjusting the phase of the driving
field. Experimentally, our system can be realized along the lines of similar previously

successful microwave experiments [142, 143, 144].
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CHAPTER VII

EFFECT OF DEPHASING ON TRANSIENT AND STEADY-STATE
ENTANGLEMENT IN A QUANTUM-BEAT LASER *

A. Introduction

Quantum properties of cavity radiation strongly relies on the dissipation processes
that the system is subjected to. Among all dissipation processes, dephasing—the decay
of atomic coherence due to its interaction with the surrounding environment—might
lead to adverse effects on the quantum features of the cavity field. In particular,
quantum entanglement is one which is fragile in the face of decoherence. Recently,
entanglement generation using two-photon lasers such as correlated emission lasers
[9, 10, 113] and quantum-beat lasers (QBL) [133, 145, 146, 147] has received a re-
newed interest. In these types of lasers, the entanglement is dependent on quantum
coherence and is susceptible to dephasing processes. Here we address the role of
dephasing on entanglement generated by quantum-beat lasers.

As mentioned in the previous Chapter, QBLs are shown to be a source for en-
tangled radiation [133, 145, 146, 147]. In such lasers, the generated entanglement is
attributed to atomic coherence induced via coupling the upper two levels of a V-type
three-level atoms by strong laser field or driven coherence. This coherence translates
into correlations between two modes of the cavity field due to interference between
two pathways that lead to the lower level. Note that since the generated coherence
crucially depends on the amplitude of the laser field [133, 145, 146], the time for which
the cavity exhibits entanglement strongly relies on the strength of the driving field.

* Reprinted with permission from ”Effect of dephasing on transient and steady-

state entanglement in a quantum-beat laser” by Eyob A. Sete, 2011. Phys. Rev. A,
84, 063808, Copyright [2011] by American Physical Society.
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It has also been shown that the entanglement created via driven coherence only exist
in the transient regime and hence depends on the initial condition of the cavity field.
Besides, almost all previous studies in QBLs neglected dephasing processes which
otherwise lead to fast decay of coherence and hence entanglement. For a practical
application of quantum information processing, it is desirable to have entanglement
which can survive for longer times and robust against decoherence.

This Chapter is thus devoted to the formulation and analysis of the role of
dephasing on entanglement properties of the cavity modes of a QBL. We present a
detailed derivation of the pertinent master equation in the good-cavity limit by taking
into account all dissipation processes namely, spontaneous emission, cavity losses, and
dephasing. Unlike earlier studies, where driven coherence is used as a primary way of
inducing coherence in the system, our scheme includes coherence induced via initial
coherent superposition of the two upper levels of a V-type atoms or injected coherence.
We investigate to what extent the dephasing rate modifies the entanglement between
the cavity modes for the cases of injected coherence as well as driven coherence using
Hillery-Zubairy entanglement criterion [148]. We also discuss the interplay between
the cavity mode detunings and pumping rates in optimizing the entanglement. Our
results show that when the coherence is induced by initial coherent superposition of
atomic levels, the resulting entanglement exists both in transient and steady state
regimes and is more sensitive to dephasing processes. In particular, the steady-state
entanglement is achieved when only cavity mode detunings are different. We also show
that it is possible to reduce the effect of dephasing on entanglement by injecting atoms
at higher rates and tuning the cavity modes at far-off resonances (large detunings).
In contrast, when coherence is induced by coupling the upper two levels by strong
laser field, we obtain only transient entanglement which is relatively robust against

decoherence.
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B. Hamiltonian and master equation

We consider a two-photon QBL coupled to a vacuum reservoir through the partially
transmitting mirror of the cavity. Atoms, in a V configuration, are injected into the
laser cavity at rate r, and are removed after time 7 longer than the spontaneous
emission time. During this time interval each atom nonresonantly interacts with
the cavity mode of frequencies v; and v5. Moreover, to externally induce coherence,
a strong laser field of Rabi frequency 2 and phase ¢ is resonantly coupled to the
la;) <> |ag) transition. The energy level diagram for the atom is shown in Fig. 44.
The interaction picture Hamiltonian for the system, in the rotating wave and dipole
approximations, is given by (A = 1)
2
Hy = Aglag){as] + g;(alaz)(b] + [) {aslaf) — %(G_i‘blal)(azl +e?laz)(ai). (7.1)
j=1
Here a,(a!) and ay(al) are the annihilation (creation) operators for the cavity modes
1 and 2, respectively. g; are atom-cavity mode coupling constants. The modes of the
cavity are detuned from the transitions |a;) <> |b) and |as) <> |b) by Ay = wy, — 11
and Ay = wqp, — Iy, Tespectively.

We next derive the master equation for the cavity radiation by applying the
Hamiltonian (7.1). While there are several approaches for obtaining the master equa-
tion, we here employ the procedure outlined in [20, 134]. Suppose that par(t,t;)
represent the density operator for the radiation plus an atom in the cavity at time t
that is injected at earlier time ¢;. Since the atom stays in the cavity for time 7, it
casy to see that t —7 <t; <t. Then the density operator for all atoms in the cavity

plus the two-mode radiation at time ¢ can be written as

par(t) =14 > par(t,t;)At), (7.2)
J
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Fig. 44. Energy level diagram for a three-level atom in a V configuration with the

cavity modes interacting with the atoms nonresonantly.

where 7,At} is the total number of atoms injected into the cavity in a small time
interval At’. Assuming that large number of atoms are injected in a time interval
At;, we change the summation by integration. Thus, differentiating both sides of the

resulting equation, we arrive at

d d [*
—par(t) =rqe— oar(t,t)dt. .
Gpant) =i [ pantt.t) (73)

In order to incorporate the initial preparation of the atoms into the dynamics, we

transform the above equation into

d

—pa(t) = ra{[,éAR(t,t) — pan(tt — 7)) + /t %ﬁAR(t,t’)dt’}. (7.4)

Here pag(t,t) represents the density operator for atom plus radiation at time ¢ for
an atom injected at an earlier time t. Since the atomic and radiation variables are

uncorrelated at the instant the atom is injected into the cavity, one can write

ﬁAR(t’t) = ﬁ(t)ﬁA<0)> (7'5)

where p(t) is the filed density operator and p4(0) is the initial density operator for an
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atom. For simplicity, we further assume that the atomic and radiation variables are

uncorrelated just after the atom is removed from the cavity, which allows as to write
par(t,t — 1) = p(t)palt —7), (7.6)

where p4(t — 7) is the density operator for an atom injected at ¢ — 7. In this work
we assume that atoms are initially injected into the cavity in coherent superposition

of the upper two levels. The corresponding initial density operator then reads

pa(0) = piPlar)(ar] + psy laz) (as| + pi3 |ar){as| + P57 |as) (al, (7.7)

where pg) ) and pz(?) are initial population and coherence, respectively. Using Egs.

(7.5) and (7.6), Eq. (7.4) becomes

 pan(t) = ] [0a10) — palt = 7))o+ 9 pan(t, )i’} (7.8)

Furthermore, it is obvious that the time evolution of the density operator pag(t,t")
has a form 0pag(t,t')/0t = —i[Hy, par(t,t’)] which together with

0 R ! 9, A N 74t
EpAR(t) =7, /t_T apAR(t,t )dt

gives

d

EPAAR(t) = 14[pa(0) — pa(t — 7)|p — i[Hr, par(t)]. (7.9)

We are interested in the dynamics of the cavity radiation. In this regard, we trance

the atom-plus-radiation density operator over atomic variables. This yields

©p(t) = ~iTralHy, pan)] (7.10)

where we have used the fact that Tr[p4(0)] = Tra[pa(t — 7)] = 1. Substituting the
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Hamiltonian in Eq. (7.10), we obtain

d , . A . .
dt (t) = —igi(ai1pp — prar + aIplb - pu;aD

— igo(aopre — Prata + alpay — pavdl). (7.11)

Here for typographical convenience we set ppo, = pp1 and pPpe, = Pr2. The next task is
to obtain py1, pp2 and their complex conjugates. To this end, multiplying Eq. (7.9)

on the left by (a| and on the right by |3), one gets

d

giPas(t) = 1a{e][pa(0) = palt,t = 7)]|B)p — el [H1, par(ONIB) = Vappas,  (7-12)

where «, f = ay, as,b. We phenomenologically included the last term to account for
spontaneous emission and dephasing processes. v, is the spontaneous emission rate
and v,5(a # ) is the dephasing rate. The equations of motion for the elements of

the density operator that appear in Eq. (7.11) read

prv = —(T'1+iA1)pw +igi(par — arpw) + igapras + o€ ?pav,  (7.13)
A . A~ . A A A A . A A ZQ id ~
P2 = —(Fz + ZAQ),Ozb + 292(022% - Gzpbb) +191p2101 + ?e ¢/32b, (7-14)

where P11 = Pajays P22 = Pagay, a0d I'1 and 'y are the dephasing rate for single-photon
coherence terms py;, and pop, respectively.

To proceed further we adopt certain approximation schemes. The first is the
good cavity limit where the cavity damping rate is much smaller than the dephasing
and spontaneous emission rates. In this limit, the cavity mode variables slowly varies
than the atomic variables, and thus the atomic variables reach steady state in short
time. The time derivatives of such variables can be set to zero keeping the cavity
mode variables at time ¢, which is also called adiabatic approrimation. Moreover, we

apply linearization scheme which amounts to keeping terms up to second order in the
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cavity-atom coupling constant, g in the master equation. To do so, we first write the

equations of motion for pi1, Peo, P12, and py, in the zero order in the coupling constant:

(0) N ZQ

P = Tapiyp+ j(exp_wﬁ pa1 — €% p1a) — 1pa, (7.15)
o2 = Tapwyp+ g(expi‘ﬁ P12z — €% pa1) — Yapaz, (7.16)
pro = raplyp+ g exp™*(pas — pu1) — Lrapa, (7.17)
pw = 0, (7.18)

where ~; and -, are spontaneous emission decay rates of levels |a;) and |as) to lower
level |b), respectively; T'y5 is the two-photon dephasing rate. Now we apply the
adiabatic approximation, that is, we set the time derivatives in Eqs. (7.15)-(7.17) to

zero to obtain

~

. Ta )
P11 = Tp[%(l — ) + 02 + Y2/ 1 — n?sin @], (7.19)
. Tap .
P = XP (1 (1 + ) + 0 — 1/ 1 —n?sin @), (7.20)
P2 = Tap [ 1 —n?(x cos ¢ — 2197172 sin @)
2lN2x
Tl =+ (n + 22, (7.21)
where
X = 2172 12 + (71 + 72)Q% (7.22)

We have introduced a useful notation to describe the initial condition with a single

variable 7 such that pﬁ) =(1-mn)/2, pgg) = (1+mn)/2 and ]pgg)] = 3V/1—n% Tt
is easy to see that p\%) = [0,1/2] with O being no coherence and 1/2 corresponds to
maximum coherence. In section 1, we will show that this coherence is responsible for

entanglement between the cavity modes. Applying adiabatic approximation in Egs.
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(7.13) and (7.14) and using the solutions for pi1, pao, P12, We obtain
—ig1p = Cupar + Ciapas, (7.23)
—ig2pa, = Ca2paz + Ca1pas, (7.24)

where

2Ta . .
g;) {Fw [4’72F12(F2 +1A2)(1 =) + [y1 — 2 + 40 + 4ily + (1 + ’72)77]92]

G =

+ Q1 —n? [ix cos ¢ + 291" 19(71 + 209 + 2iA5) sin qb} }, (7.25)

2919274
Cp = 222

/12 [(r2 4 iDs)y 08 ¢+ imDia(275D + 2i99 s — O2)sin ¢} } (7.26)

{irng [ — 72 (Lo +iAs)(1 —n) + 71 (To + Tip +iA2) (1 + 1) + QQ]

2919274
D

+V/T= 72| Ty +iA1)xcos 6 — il + 2im A — ) sing| |, (7.27)

G =

{z‘Fng [ — (T +iA) (1 +n) + 72Ty + Tig +iA)(1 —n) + QZ]

2 . :
oy = L2 {112 [4711“12(& +iA)(L4m) + [y2 — 71 + 401 + 40 — (1 + 72)77]92]

D
+ Q1 —1n? [ix cos ¢ — 271 2(y2 + 2I'; 4 2i4A4) sin (b} }, (7.28)
where
D = Tyox[4(T; + A1) (D + i) + 97, (7.29)
X =272l + (11 +72) Q% (7.30)

Therefore, using Eqgs. (7.23), (7.24), and (7.11), the master equation for the cavity

radiation, taking into account the damping of cavity modes by vacuum reservoir,
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becomes

+ [Goadpan — aalp) + G (abpar — paral)le™
2
K, o an A A aAnt A
+> 53(2%/)@; — aba;p — palay), (7.31)
j=1

where £; is the damping rate of the jth cavity mode. The terms proportional to (j;
and (92 represent gain for cavity mode 1 and mode 2, respectively whereas terms

proportional to (32 and (3, are phase sensitive and are due to atomic coherence.

C. Entanglement of cavity modes

We analyze the entanglement properties of the cavity field when the coherence is
induced by initial coherent superposition of atoms. In general, criteria proposed to
detect bipartite entanglement rely on the nature of the field, whether field exhibit
Gaussian statistics or not, and the form of the entanglement created. For instance,
in three-level QBL, since there are two possible pathways for an atom in coherent
superposition of the upper two levels to decay to the lower level |b) the entanglement
created in our system is of the form: «|0;1s) 4+ 5|1;02). Such type of entanglement
can only be detected by certain class of inseparability criteria [148, 149, 150]. In
order to detect entanglement between the cavity modes, we employ Hillery-Zubairy
(HZ) entanglement criterion [148], which is sufficient test for two mode non-Gaussian
states. This criterion relies on a combination of second-and fourth-order correlations

among the cavity mode variables. According to this criterion, the two modes are
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entangled if the following inequality is satisfied

Bz = (hnng) — [(alay)]? < 0. (7.32)

where 1y = d‘;dl and 7y = dng are photon number operators for the cavity modes.

1. Entanglement via injected coherence

In order to clearly see the contribution of the injected coherence in creating entangle-
ment between the cavity modes, we switch off the driving field (€ = 0). The master
equation corresponding to the injected coherence obtained by setting 2 = 0 in the

coeflicients (;; in Eq. (7.31) reads

+ [afy(abpan — analp) + P (alpan — panal)]e’
2
Rji o an Ata A PR IN
+ Z é(?ajpa; - a;ajp — pa;aj), (7.33)
j=1
where
2
giral'1272(1 + 1)
o] = - 7.34
1 (Fl + ZAl)X ( )
919274/ 1 — n?(x cos ¢ + 2iy1 197, sin @)
192 = ; s (735)
2F12(F1 —|— ZAl)X
qor = 9192Tay/ 1 — n?*(x cos ¢ — 2iy,l"1971 8in @) (7.36)
21 — N ) .
2F12(F2 —|— ZAQ)X
2r, [ 1-—
Qg = garal izl = n) (7.37)

It is worth to note that when atoms are pumped into the cavity in state |a;) or |as),

i.e., when n = +1 the off diagonal terms a5 and s, vanishes. This implies that the
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Fig. 45. Plots of Eyz versus 7ot for g = 50kHz, g, = 43kHz, r, = 22kHz, v, = 25kHz,
vo = 20kHz, k1 = 1.5kHz, ko = 2kHz, I'\3 = I'; = I'y = 71 (no dephasing
condition), ¢ = 7/2 in the absence of the driving field (2 = 0) and when
cavity mode 1 is initially in number state with 5 photons and mode 2 in
vacuum state and for n = 0 (maximum injected coherence) and for various

values of detunings.

cross correlation terms in the master equation disappear and results in disentangle-

ment of the cavity modes.

a. 'Transient regime

Since the HZ criterion involves forth-order correlation and many coupled differen-
tial equations, obtaining analytical solutions is rather an involved problem. We
thus present the results of our numerical simulations. We begin by investigating
the dependence of the entanglement on the detuning. Figure 45 illustrates the HZ
criterion as a function of dimensionless time 5t for various values of detunings A,
and A,. Here other parameters are chosen so as to comply with the micromaser

experiments [143, 144]. We assume that the cavity modes are initially in a prod-
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Fig. 46. Plots of Eyz versus vt for A; = 207, Ay = 807 and for various initial
conditions for the atoms (various values of 7). All other parameters are the

same as in Fig. 45.

uct state: cavity mode 1 in number state with 5 photons and mode 2 in a vac-
uum state, i.e., |[¥(0))r = |5:02) and atoms are injected into the cavity in a state
|U(0)) 4 = 5(la1) + |az)) or n = 0. As can be seen from Fig. 45, the quantity Epy is
negative for short time for all cases indicating creation of entanglement between the
cavity modes in the transient regime. We also observe that the transient entangle-
ment vanishes at longer time scale for identical detunings A; = Ay = 80v,. However,
steady-state entanglement is obtained when the cavity detunings are different. This
is quite interesting and markedly different from the result reported when one induces
the coherence via strong laser field [133, 145, 146]. We thus note that in order to
create a steady-state entanglement, which is more attractive and robust for quantum
information processing protocols, one should induce coherence by initially preparing
atoms in a coherent superpositions states.

Next, we explore how the initial populations and coherences influence the entan-
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Fig. 47. Plots of Egz versus st for Ay = 2075, Ay = 8072, 7 = 0 and for various values
of dephasing rates I' = 'y = 'y = I'15. All other parameters are the same as
in Fig. 45.

glement dynamics. Figure 46 shows the plot of Ex; versus 7ot for fixed detunings:
A; = 207, and Ay = 807, and for various values of . Recall that n = +1 corresponds
to no coherence whereas other values of ) gives non zero coherence. Figure 46 reveals
that whenever there is coherence, the system exhibit transient as well as steady state
entanglement. Moreover, as the coherence decreases from maximum value n = 0 to no
coherence 1 = —1 the quantity Fpz approaches to zero faster. That means for weak
coherence the generated entanglement is more susceptible to dephasing processes.
So far we have assumed no dephasing in the system, that is, the dephasing
rate is the same as the spontaneous emission rate I' = ~5. However, the dephasing
rates are in general higher than the spontaneous emission and cavity decay rates and
may alter the entanglement behavior substantially. The dephasing rates I'y and I'y
corresponding to the single-photon lasing transitions |a;) <> |b) and |ay) <> |b) are,

in general, smaller than the two-photon dephasing rate I'y5. We, however, assume,
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Flg 48. Plots of EHZ for g1 = 5’}/2,92 = 2.15’}/2,’}/1 = 1.25’72,F12 = Fl = FQ = 5’}/2,

Al = 500’)/2,A2 = 10072,%1 = 0.272,%2 = 0075’}/2,77 = 0,§Z5 = 71'/2,

72 = 20kHz, in the absence of the driving field (2 = 0) and for various

values of the pumping rate r,. The initial condition for the cavity field is the

same as in Fig. 45.

for the sake of simplicity, all dephasing rates to be the same, I' = 'y = I'y = T's.
Now keeping the initial atomic coherence at maximum value (n = 0), we explore
the effect of dephasing on the dynamics of the entanglement in the system. Figure
47 shows the plots of Eyz versus ot for Ay = 2079, Ay = 807, and for various
values of dephasing rate. This figure indicates that the entanglement is sensitive to
dephasing. For instance, when the dephasing rate is increased to I' = 475, only the
transient entanglement survives. When one further increases the dephasing rate to
[' = 57, the entanglement condition is no longer satisfied. To keep the entanglement
intact even in the presence of dephasing one can, in principle, tune other system
parameters. To produce a robust steady state entanglement one has to choose a
parameter range for which the system operates in large detuning condition. In Fig.

48, we plot Epy versus 7ot for g1 = 572,90 = 2.15%, ' = 'y = '} = 'y = 5Dy,
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Fig. 49. Plots of Fp in the steady state versus 7 for Ay = 807, and for various values

of A;. All other parameters as the same as in Fig. 45.

v1 = 1.25795, Ay = 50072, Ay = 10073, n = 0, and for various values of pumping
rate r,. As can be seen from this figure, for r, = 1.175 the quantity Ep, is always
positive. However, if one gradually increases the pumping rate, the system starts to
exhibit transient entanglement for short times. Steady-state entanglement can also
be obtained by further increasing the pumping rate of the atoms into the cavity. It
is noteworthy to mention here that since the pumping rate is externally controllable,
it is experimentally feasible to control the effect of dephasing on the entanglement
at least for dephasing rates as high as I' = 5. In essence, the adverse effect of

dephasing can be counterbalanced by tuning the pumping rate accordingly.

b. Steady state regime

As pointed out in the previous section, the cavity radiation exhibits steady-state
entanglement. We here explore the entanglement as a function of system parameters

and effect of dephasing. Analytical solution for this case is also non-trivial; we thus
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Fig. 50. Plots of Ep in the steady state versus 7 for dephasing rate I' = 57, and for
various values of pumping rates . All other parameters as the same as in Fig.
48.

solve the coupled equation and evaluate the function Epxz numerically. In order to
see the entanglement behavior as a function of the initial coherence, we then plot
Enz as a function of n (see Fig. 49). This figure reveals that the cavity radiation
exhibits steady-state entanglement for all values of n but, n = +1, which confirms our
previous assertion. We also observe that the entanglement exists only when the two
cavity detunings are different. For example, for A; = Ay = 8072, no entanglement
observed. Besides, it is counterintuitive to see that the minima for the Ep, function
does not occur at maximum initial coherence, n = 0. They rather appear for values of
1 between 0 and 0.5, depending on the value of the detuning A;. It appears that, for
this range of detunings, robust steady-state entanglement can be obtained by initially
injecting more atoms in the level |ay) than |ay).

To clearly see the effect of dephasing on steady state entanglement, we plot in Fig.
50, the HZ criterion as a function of 7 for dephasing rate I' = 575, A; = 500y, Ay =

1002 and other parameters the same as in Fig. 48. As can be seen from this figure,
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by increasing the pumping rates, one can counterbalance the dephasing effect. This
however only works for strong coherence condition, that is when n ~ [—0.5,0.5]. We
also note that the entanglement is relatively robust at maximum coherence n = 0.
We thus note that when the system is far detuned and at higher pumping rates only

strong initial coherence can create entanglement that is robust against decoherence.

2. Entanglement via driven coherence

In this section the role of dephasing on entanglement dynamics when the atomic co-
herence is induced by coupling of the upper two levels by external laser is investigated.
We assume that atoms are injected in their excited state |a), i.e., no coherence at the
initial time. The evolution of entanglement in quantum-beat laser when coherence
is induced by strong laser field has been previously considered without taking into
account the dephasing process [133, 145, 146]. Here we focus on how the generated
entanglement is modified by the dephasing rate.

The master equation corresponding to driven coherence and when atoms injected

into the cavity at level |a;) can be obtained by setting 7 = —1 in Eqgs. (7.31). This

yields
p = Bii(alpar — @alp) + Bu(alpar — paral)
+ Baa(aspan — a2a5p) + Bas(abpan — pasal)
+ [Bs(al pag — alasp) + Brolal pag — palas)e™
+ [Biy(abpay — aralp) + Bor(abpar — pasad))e
2
K; A A A U IR
D5 (2a;pa) - ajagp - paja;), (7.38)
7j=1
where
B 29%7’(1

[472F12(F2 -+ ZAQ) -+ (—’}/2 —+ 4F2 + 42A2)Qz], (739)

11 —
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Fig. 51. Temporal behavior of Fyz when the cavity modes are initially in a product
state |W(0)) = |25102) and when atoms are injected in their excited state |a;)
and for A} = Ay = 0, I' = 7. The curves correspond to various values of

Rabi frequencies. All other parameters are the same as in Fig. 45.

21 Tq )
Bro = ZEL[0? — 29 (D, + i), (7.40)
21 Ta ]
B = “LE 02 4 295(Iy + Tia + A1), (7.41)
2057 1o
Pz = T 211 + 72 + 2iA,]Q7, (7.42)

where

We note that this master equation has the same form as that of the injected coherence
but, with different interpretation. When the driving laser field is switched off (2 = 0),
the cross terms does not vanish. However, a close inspection of Eq. (7.42) shows that
when we turn off the driving laser field, the gain for mode ay vanishes. This implies
that population transfer from the initially populated level |a;) to level |az) will not

occur and hence no build up of coherence between these two levels. As analytical
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Fig. 52. Temporal behavior of Ep for laser field of Rabi frequency €2 = 200v,. The
curves correspond to various values of dephasing rates. All other parameters

are the same as in Fig. 51.

solutions are rather nontrivial, we only present numerical results.

We consider an initial condition for the cavity field to be [25,05). In Fig. 51, we
plot the Fyz versus dimensionless time -t when the cavity modes are tuned with
their respective atomic transitions and for various values of the Rabi frequency of the
laser field. This figure shows that an initially product state evolves to an entangled
state even in the presence of cavity losses [145]. However, the time of entanglement
is limited by the strength of the applied driving laser. This can be understood by
recalling that the coherence, which is responsible for the creation of entanglement in
this model, strongly relies on the strength of laser field. For this reason, the existence
of entanglement crucially depends of the field strength.

Furthermore, a natural question that follows is how this transient entanglement
behaves in the presence of dephasing. In Fig. 52, we present the effect of dephasing

on dynamical behavior of entanglement for 2 = 200v,, Ay = Ay = 0, and for various
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values of the dephasing rate I'. It is worth to note that the requirement of non zero
detuning for having well-behaved solution is now relaxed due to the presence of a
strong laser field. As illustrated in Fig. 52, in the presence of dephasing, the initial
product state gets entangled after short time. However, when the dephasing rate
increases, the two cavity modes remain disentangled for sometime and get entangled
for a window of time before they become disentangled again. In addition, the time for
which the modes remain entangled gets shorter with increasing dephasing rate. For
parameters given in Fig. 52, the transient entanglement eventually vanishes when the
dephasing rate becomes more than two order of magnitude stronger than the spon-
taneous emission rate. Furthermore, comparison of Figs. 48 and 52 shows that the
entanglement generated via driven coherence is more robust against dephasing than
that created via injected coherence. This might be explained in terms of the nature
of the coherence induced by the two methods. It is clear that the coherence induced
by the driving laser field is strong and controllable while the injected coherence is

rather weak and fixed once the atoms are pumped into the cavity.

D. Conclusion

We have studied the effect of dephasing on the entanglement generated in a quantum-
beat laser via quantum coherence induced either by initially preparing injected atoms
in a coherent superposition of atomic levels or coupling the same levels by strong
laser field. It turns out that the injected coherence give rise to transient as well as
steady state entanglement for realistic parameters. The steady state entanglement
only exists when the cavity detunings are different and relies strongly on the amount
of detunings and pumping rates. Moreover, the entanglement is more sensitive to

dephasing processes. We also show that the adverse effect of dephasing on the entan-
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glement can be circumvented by injecting atoms into the cavity at higher pumping
rates. On the other hand, the entanglement created through coherence induced by
coupling of atomic levels by strong laser field is relatively robust against dephasing.
The formulation outlined in this work will help better understand the inevitable effect

of dephasing processes on quantum features exhibited by two-photon lasers.
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CHAPTER VIII

SUMMARY

In summary we have studied quantum coherence effects and their applications in
many quantum optical systems. In particular, we have considered lasing without in-
version, cooperative spontaneous emission, and generation of quantum entanglement
in discrete as well as continuous variable settings. Using the concept of cancelation
of absorption via quantum interference we proposed lasing without inversion in the
x-ray regime which otherwise is difficult to achieve under traditional lasing condition.
We demonstrated transient Raman lasing at 58.4 nm in Helium gas and transient
lasing without inversion at 6.1 nm in Helium-like Boron (triply ionized). As another
application of quantum coherence, we considered cooperative spontaneous emission
from large number of atoms initially prepared in a collective state and showed that
even though one atom is excited from out of the N atoms, the emission rate of such a
system is enhanced by a factor N. The virtual processes that involves rapid emission
and absorption of virtual photon appears to influence the dynamics of the one-atom
excited state and lead to large infinite-free collective Lamb (frequency) shift as op-
posed to single-atom Lamb shift which otherwise involves cut-off to avoid infinities.

Furthermore, we have studied the effect of quantum interference induced by
position-dependent excitation phase in protecting a rapid decay of entanglement in a
two-qubit system. We showed that the coherence created between the symmetric and
antisymmetric state protects the entanglement from decaying with an enhanced rate.
We also propose a scheme to create entanglement between two spatially separated and
initially uncoupled qubits via interaction with correlated photons in a cavity QED
setup. In continuous-variable setting, we put forward a scheme based of microwave

driven three-level quantum beat laser to generate robust bipartite entanglement be-
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tween two modes of a cavity field and proposed application to phase-controlled quan-
tum lithography. We also addressed the inevitable effect of decoherence in the same

model and discussed the possibility of generating steady-state entanglement.
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APPENDIX A

TOPICS RELATED TO CHAPTER II

LWI in A scheme for optically thin sample

For an optically thin sample the density of the medium may approximately be written

as

N~ ad(z), (A.1)

where « is proportional to the absorption coefficient. Assuming that the off diagonal
terms pe, and pe, are slowly varying function of retarded time p = ¢t — z/c, we set

%pca = 0 and %pcb = 0. By doing so we obtain the corresponding steady state

expressions:
. Q%c Qleab
ca = <5\ Paa — + A1 A2
P YacVbe + ‘QI‘Q (p pbb) YacVbe + ‘QZP ( )
. Q ac QQ aa ~
Pcb = Z%pab l(p pbl;>7 (A?))
YacVbe + ’Ql’ YacVbe + ‘Ql‘

where v, = Yo = (7 +T')/2. If we assume the fields to be real, then p., and py, will
be pure imaginary numbers and p., real number. Thus on account of this and using

the steady state expressions for p., and py, we obtain

202 202,
= Pec = L'pec + ——(paa — Pec) + Im(pap), Ada
o e )+ o) (4.4a)
9, 202 1-02
~ Paa = — Y + r Paa — —\Paa — Pcc + 2Ql Im Pab), A.4b
o ( ) - ( ) P (Pab) (A.4b)
= Yper — 2%Im(pas), (A.4c)

%paa
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2

0

@Im(ﬂab) = — (’Yab +

Qz aa — Fcc
) Im(pap) + S |:/0bb — Paa T % . (A4d)

Yeb
where we have dropped higher order terms in €2; assuming the input field is very weak.
Further, we treat the driving field as a constant assuming it is strong and doesn’t

change appreciably during the time of interaction with the medium. To this end, we

have only the wave equation for the lasing field:

&0y = —0d(z)m(pu). (A5)

The formal solution of Eq. (A.4d) has the form

K / QQ aa — Mcc
Im(pab) :/ dﬂle_Fab(u_M )Ql(zla ﬂ'/) (Pbb = Paa + %) ) (AG)
0 ac |cb

where 'y = (Vap + 27—95) Substituting (A.6) into Eq. (A.5) and making use of (A.1),

we get

o
(2, 1) ZQz(Ow)—a/ dyl
0

8 / d2'0(2)e T (2 1) (P2 1) — (2o 1)) . (A7)
0
where
Q2
Paa = Paa + —— Peey
YacVcb
Q2
Pob = Prb + Paa-
YacYcb

Now performing the integration over z’, we easily get

I
Q(z, ) =0(0, p) — a/ dp' e O (0, 1) (Paa (0, 1) = pn(0, 1)) . (A)
0

Taking a delta function input pulse say €2;(0, i) = Qpd(), one finds

(2, 1) = (0, 1) — aloe™ " (paa(0,0) — o (0, 0)) . (A.9)
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We immediately notice from Eq. (A.9) that amplification of the lasing field is pos-
sible when p4q(0,0) < pp(0,0). If the population is initially distributed between
levels |c¢) and |b) then the condition for the amplification of the lasing field reads
Q?0e(0)/Yacbe < pw(0). Thus lasing in the |a) — |b) transition is possible in the

absence of population inversion as well as Raman inversion.

Spectral line broadening in plasma

It is well known that broadening of spectral lines occurs mainly due to the interaction
of the radiating atoms or ions with the surrounding particles and depends notably on
pressure and temperature. There are various line-broadening mechanisms. In what

follows we discuss the two major broadening mechanisms.

Doppler broadening

The motion of a radiating particle away or from an observer leads to a wavelength
shift of the emitted line—also called the Doppler shift. At low density, besides natural
broadening, Doppler broadening is always present and dominates the shapes near the
line center. For example, in the case of thermal Doppler broadening where the velocity
distribution is Maxwellian P(v)dv = /m/2rkpT exp[—mv?/2kpT]dv the full width

at half maximum (FWHM) is given by

(8 In Q)kaT

2

A)\Doppler = (AlO)

mc

where A is the wavelength of center of the absorption line (m), 7" is the temperature,
kp is the Boltzmann constant, m is mass of the atoms or ion, and c is the speed of
light. Inspection of Eq. (A.10) shows that the thermal Doppler broadening is most

pronounced for the lines of light elements at high temperature.
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Pressure broadening

In dense plasma, however, natural and Doppler line broadenings are usually neg-
ligible. The line profiles emitted by atoms or ions, predominately depends on the
interactions between the emitters and the surrounding particles. These interaction
brings in frequency disturbance and phase shifts. This type of line broadening is
generally called pressure broadening.

Pressure broadening theory was developed from two different point of views,
which essentially are based on two extreme approximations—-impact and quasi-static
approximations. In impact approximation, the light emitted from an ion or an atom
is momentarily perturbed by fast impacts, which disrupts completely the emission
process. This effect depends on both the density and temperature of the gas. On
other hand, in quasi-static approximation, the emitters are continuously under the
influence of the perturbers during the whole emission process. Furthermore, the
perturbing particles are assumed to move slowly during the time of emission that
the perturbing field may be thought of as quasi-static. This effect is insensitive to
temperature but depends on the density of the gas.

Pressure broadening of spectral lines emitted from a plasma can be subdivided
based on range of interaction. In general the phase shift obeys the inverse power law
Aw = C/r?, where C is a constant and r is the distance of the perturber from the

emitter.

e Linear Stark broadening, p = 2, occurs through the linear Stark effect which
is a result of interaction of the emitter with an electric field. The change in
frequency is linear in the electric field, i.e. Aw ~ 1/r% This types of shift

occurs only in hydrogen due to degeneracy in [ [151].

e Resonance broadening results due to the interaction between identical emitters
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and has the form of dipole-dipole interaction, which introduces the possibility
of an energy exchange, Aw ~ 1/r®. Here the lines are symmetrically broadened

but unshifted.

e Quadratic stark broadening, p = 4 occurs via quadratic Stark effect which
results from interaction of an emitter with an electric field. The change in fre-
quency is quadratic in electric field, that is, Aw ~ 1/r%. All atoms or ions ex-
perience quadratic Stark effect except hydrogen. The formula given by Griem
[152] were obtained in the impact approximation and also incorporated qua-
sistatic line broadening due to ions. They can be used together with calculated
parameters for several spectral lines to estimate the FWHM (Astark widen) and

the line shift (AAggark snife) using the following formula [153]:

Adgtark width = 2[1 + 5.53 x 1070 /%a(1 — 0.0068nYT~1/2)]10"2wn, (A.11)

Astark shite = [d/W + 6.32 x 10702 (1 — 0.0068n/T~1/2)]10~2wn,,
(A.12)

3. w is the electron impact half

where n. is the electron number density in m™
width in m, d/w is the ratio of shift to width (dimensionless), T" is the absolute
temperature in K, and « is the ion broadening parameter. These empirical

formulae are valid only for neutral or singely ionized atoms. All the parameters

are given in Ref. [152] for different elements.

In plasmas with ions and electrons present in sufficiently high concentration-say at
least one percent of the total density—the long range Coulomb forces are dominant

and we are concerned with the quadratic Stark broadening.
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For example, for electron density n, = 10%cm™3, plasma temperature, kT, =
leV the parameters that appears in Egs. (A.13) and (A.14) for 1S to 2P transition
in neutral Helium atom is given in Ref. [152] as: the electron broadening parameter
a = 0.01, electron impact width w = 1.58 x 10~'*m, and shift d = —5.67 x 10~'5m.
Therefore, using these values the Stark width becomes Alguark wiath = 3.2 X 107m
which gives a width in frequency domain Avsian = cAAstark wiatn /A2 = 2.9 x 10971,
The corresponding Stark shift is Astark shig = —3.8 X 1070m.

For multiply ionized atoms such as in our case, B3* and C**, the collision rate
can be calculated using the formula derived below.

Consider an electron moving with velocity v, and an ion containing Z number
of electrons. If b is the impact parameter, the collision time (the order of time that

electron feels the Coulomb force) is given by

At ~ 2—b (A.13)
Ve
The Coulomb force that the electron experience is
2
F= me%e - % (A.14)
and hence
Av, o — 2 (A.15)

N omedbom”

In order to calculate the collision time we determine how fast Av? changes in
time. Note that the rate at which the electron encounters ions is n;ov, where n; is
the ion density, do = 27bdb is the cross section. Thus the rate at which Av? changes

is given by
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bmaz
p (Av?) = / 27n,;bv Av>db

3 Z2 4 bmaw
i ¢ (/ d (A.16)

- 2medm?2u, b
Obviously the size of the impact parameter is finite. The electron feels the action of
the ions up to certain range due to the Debye shielding. Thus we take the upper limit
for the integral to be the Debye length: b,,,., = rp = \/W. Care should
also be taken when one takes the minimum value of the impact parameter. This
simple way gives infinite change in velocity for the head-on collision (b = 0)-which
is not the case. We rather expect the change in velocity to be ~ v.. Equating the
centripetal force with the Coulomb force one can find the lower limit of the integral
to be 1, = Ze?/2megmu?, which is the distance of closest approach.
Note that during the collision time, 7 the change in velocity is of the order of

the velocity, thus from (A.16) we have

72 4
ULy (A.17)

2,0124,3 '
2megmzivs

leokgT 2meomu?
A= . = <. Al
o/ nee? Ze? (A.18)

bI C;\\\\\\\e

Vei = 1/7 =

where

3

O
M

do =2mbdb

Fig. 53. Schematic of scattering of an electron by an ion containing Ze charge.
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Table III. Spontaneous decay rates, and collision rates without external field and ra-

diation wavelengths for B¥" and C**.

Ton 7Z T(s7h) V(s vg(sTh) Age (nm)  Agy(nm)

B3t 3 45x107 4.2x10° 2.0 x 10! 282 6.1

CY 4 57 x 107 2.7x 107 3.3 x 101 227 4.1

In the following table we summarize the collision frequency for a plasma tem-
perature kT, = 1eV (v, = 3 x 10°m/s) and electron density n, = n; = 10**m=3 for
Helium-like ions.

We note from Table III that the collision rate between ions and electrons is larger

than the spontaneous decay rates. Thus one has to cleverly reduce the collision rates.
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APPENDIX B

DERIVATION OF SOME OF THE RESULTS IN CHAPTER III

Derivation of Ryo(t,t") and Ry (t,t') in Eq. (3.43)

Setting [ = 0 in Eq. (3.42) we get

ng/ dt’ [Roo (t, 1) Bo(t +ZR01 (t, 1) Bu(t )] (B.1)

in which
Roo(t, 1) =Y (Bo|of|Co)(Colo| By)e™ i) e etk ko) (=1
4.J
+ Z<BO|UJO_Z]‘|BO>eik-(rj7ri)efic(k+ko)(t7t’)’ (BQ)
i,J
Rou(t,t') = (Bolof |Co)(Coloi| Byye™ i) e ieltk=ko)i=)
i,J
+ Z<BO|O_jO_;r|Bl>€ik-(rj7ri)€7ic(k+ko)(t7t/) (BB)
2%
with
ICo) =14 .. ln),  |Bo) = f Z orm L ), (BA)
|Bi) = W[Zelko L T i) 1T L )|, T<TS N1,

(B.5)

Now using Eq. (B.4) one can easily verify that

iker 1 Ci(k—ko)rs
Ze T3 (Colos| Bo) = ﬁze (ko) ms (B.6)
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and hence

Z<Bo‘0j+‘co><Co|Ui’Bo>elk'(rf”) =N ZZ eik—ko)-(rj=ri)

i,
1 )
=1+ D ko) (e, (B.7)
i)
Applying Eq. (B.4) one can similarly find that
Z<BO|O_jO_;r|BO>ezk'(rj—ri) —N -1+ N Z eilk+ko)-(rj—rs) (B'g)
12 1#]

Therefore in view of Egs. (B.7) and (B.8), Eq. (B.2) takes the form

Roo(t, 1) = (1 + % Z ei(k_ko)'(rf_ri)>e‘ic(k_k‘))(t_tl)
i#]

1 : - /
+ <N 14 N Z ez(kJrko)-(rjfri))efzc(kJrko)(tft ) (Bg)
i#]
Further, making use of Eq. (B.4) and (B.5), we obtain
!

. 1 ) ,
D (Coloi|Brye ™ r = ——— | Y emikkormi _ emitiko) i (B.10)
Eay D3 |

Replacing i by j in Eq. (B.6) and taking the complex adjoint and multiplying the

resulting expression by Eq. (B.10) yields

Z<B0|O‘+|CO>(Co|Uz‘fBz)eik'(fj—ri) —

i(k—ko)-
j N/ Z
% [Ze—z(k ko)r; le —i(k— ko)-rl+1i| ) (Bl].)
=1
In a similar fashion, we obtain
1 l
B 0—0—+ B eik'(rj_ri) _ - _Z k+k0 I‘] |: el k+k() z(k+k0)~rl+1:| )
S (Boloyor By s DI 3

i, i=1
(B.12)
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With the help of Egs. (B.11) and (B.12), one can put Eq. (B.3) in the form

l

i(k—ko) r]|: —i(k—ko)1;
VNI +1) Z ;6

_ le—i(k—ko)-rl_,_l} p—ic(k—ko)(t—t')

Ry(t,t') =

Nl l + Z —i(k+ko)r; |:Z ez(kJrko) r;

B lei(k+k0)'rz+1] o—iclkko) (t—t') (B.13)

Discussion of I'g; terms under certain approximations

Here we calculate I'y; given by

Col _ng/ dt' Ry (¢, 1)
Ly [ e
VNI +1) 7 0 2

!
% [Zefi(kfko)-ri _ lefi(kfko)-rl+1:| o —ic(k—ko)(t—t')

l

n Z i(k+ko)-r; [Zez ktko)ri _ (k+k0)'rz+1}e—ic(kﬁ-kO)(t—t’)}' (B.14)

=1

Using the transformation

d = (;/;”;3 / k2 dkdSy, (B.15)

” T
where Q is the angular unit vector and noting that for large enough N,
D " etkorkm s 5(k + ko),
J
should be a good approximation for some problems. One should note, however, that

replacement of the summation over atoms by delta function is not rigorous for the
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finite size of atomic cloud. The results thus obtained will be only approximate even
for large atomic sample.

Now rewriting the 0 function as

Y E A
(5(1{ + ko) = o2 /Rdr el(k—ko)r(s (Qk . Qikg) ' (B16)

equation (B.14) becomes

wp? dk

—5 k—k
2m2heoer/NI(L + 1) (k= ko)
1— eic(kofk)
i(ko—k)a; _ ]yilko— k):cl+1i|
<4 [Z ik — ko)

7j=1

FO,l -

l —ic(ko+k)

n [Z pilko+k)w; _ (k0+k):cl+1] l—e

TR } (B.17)

7j=1
where z; = ko - r;. The Sokhotsky’s formula allows us to write
1 — emielEho)t 1 — cos(c(k + ko)t) . sin(c(k =+ ko)t)
ic(k £ ko) ic(k £ ko) c(k % ko)

1
+ B.1
T ootk k), (B.15)

_—P

where P represents the Cauchy principal part. The expression for ['y; then becomes

w?p? dk

2m2hegen/ NI(L + 1)

% {[Zei(kofk)wj _ lei(kofk)xzﬂ] [__Zpk 1 p + %5(1{; — ko)]
‘= — Ko

FOZ - (5(k ko)

Cc

l

[Z i(ko+k)e (k0+k)xz+1} [%’pk i " + %5@; + ko)} } (B.19)

J=1

Performing the integration over k£ and keeping the principal part term in the first
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integral, we obtain

w2 p? dk
r Tk —k
0 orhege /NI 1 1) (= ko)
X [Z 0=k)z; _ itk lﬂ [ e ko]. (B.20)

j=1
Some care is required in dealing with the factor P[1/(k — ko)]. It is convenient to use

the original form

1 —cos(c(k — ko)t)  —i 1
= —P B.21
ZC(]C — ko) C k — ko ( )

so that Eq. (B.20) yields

_ w? p i z(ko—k)xl 1
I'o = — ko) _ +
O 2mhege /NI + 1 ° []Zle ]
1 — cos(c(k — ko)t )
x [ ic(k — ko) ]

! 1-— k— ko)t
_ w?p? /(22 hege) [Zei(ko—k)zj B lei(ko—k)rHl] < cose( 0) ]>

im .
k—ko NI+ 1) ~ ic(k — ko)k
(B.22)
which goes to zero for a very large number of atoms.
Calculation of the integral in Eq. (3.47)
Consider the integral
< dk [ , 1 1
=P [ arethor| k B.23
/0 k/_R R VT (523
Performing the radial integration, we obtain
I,=2p | 2 ] . B.24
3 /0 Kk ki k) (E— k) (B24)
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This integral can be rewritten using the partial fraction decomposition as

L= {/koo gy S0 = 2kol) /OO S g+ 2k P /OO Sm(f)} (B.25)

k(2) oR Yy —koR Yy —koR Y

and can be transformed to

I = i?[ Y (cos(2k0R) — 1) — P / 4y W) (sin(QkOR))]
ko LJkor y koR Y
2 rsin(koR) /°° cos(y)
+ —|———+RP dy—=—=|. B.26
ko[ ko —koR Y Yy } ( )

cos(y)

Let us now determine the principal value of ffzo rdy

P/oo dycos(y) _ lim[/ € COS
—koR Yy e—0 koR

. cos(y cos(y
= hm[ / /
e—0 koR

= —Cl<k50R>

COS

I5 has then the exact result

I = % —Si(koR)(1 + cos(2ko R)) + Ci(ko R)(sin(2ko R) — 2koR)]
132 r cos(2koR) — g + 2sin(kyR)| , (B.27)
where
/0 dy—smy(y) - g (B.28)
and
Si(z) = / ) Smt(t)dt, (B.29)
Ci(z) = — / h Coi<t)dt (B.30)

are the sine and cosine integrals, respectively. For kgR > 1 the asymptotic of the



sine and cosine integrals are

7w cos(x)
S N = —
_ sin(z)
Ci(z) ~ s
and we finally obtain
Iy~ " cos(koR)
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(B.31)

(B.32)

(B.33)
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