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ABSTRACT 

A  mathematical  model i s  developed f o r  a  s teady -s ta te  ax i -symmetr ic  

upstream f l o w  o f  a  porous d i sc ,  i n  a  un i f o rm  f l o w  f i e l d .  The spec ia l  

case o f  t he  upstream f l ow  o f  a  w i n d m i l l ,  w i t h  and w i t h o u t  a  n a c e l l e ,  i s  

t r ea ted .  F i r s t ,  t he  w i n d m i l l  i s  cons idered  as a  un i f o rm  d i s t r i b u t i o n  

o f  sources and then as  a  1  i n e a r  d i s t r i b u t i o n  o f  sources. S o l u t i o n s  f o r  

t h e  b l ade  d i s c  o f  t he  wind f i e l d  upstream a r e  ob ta ined  i n  t h e  f o rm  o f  

stream1 i n e s  and v e l o c i t y  v e c t o r  components. 

Sample f low p a t t e r n s  upstream o f  t he  b lade d i s c  o f  t he  UMass 

25 kW wind  t u r b i n e  a re  presented f o r  severa l  power l e v e l s .  Documented 

computer programs a p p l i c a b l e  t o  any wind t u r b i n e  a re  appended. 
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INTRODUCTION 

The problem of t h e  exac t  so l  u t i o n  o f  t he  f l o w  through a porous d i s c  

has been o f  i n t e r e s t  s i nce  t h e  o r i g i n a l  works o f  G . I .  T a y l o r  [I]. 

T h i s  s o l u t i o n  can have two ma jo r  a p p l i c a t i o n s :  

a )  Flow through screens (power absorb ing  dev ices)  

b )  Flow through power deve lop ing  devices. 

The f i r s t  p o i n t  o f  v iew has t o  do w i t h  porous bodies which have been 

o f  p r a c t i c a l  impor tance i n  t he  past .  Most o f  these bodies, which 

a r e  l i k e  parachutes, f i s h  ne ts ,  wind breaks, s l o t t e d  i n j e c t i o n  d i s c s  

i n  o i l  combustion chambers, and f i r e  developments i n  f o res t ,  can be 

model ed by a screen. 

The second p o i n t  o f  v iew cons idered  i n  t h i s  work dea l s  w i t h  

t he  wind power develop ing machines. These dev ices can be modeled 

by a ve ry  porous d i s c  i n  t h e  wind f i e 1  d. 

The f i r s t  comprehensive a n a l y s i s  o f  f l o w  th rough screens was 

c a r r i e d  o u t  by  Tay lo r  a n d B a t c h e l o r  (1949), [I], [ 2 j .  They were i n t e r -  

es ted  i n  t h e  e f f e c t  of t h e  screen on t h e  turbu lence,  and t h e r e f o r e  

t h e i r  s tudy was o r i e n t e d  towards t h e  non-uni form channel f l ow ,  pass ing  

through a f l a t  screen. I n  1959, E l d e r  cons idered  t h e  more general  

case o f  an i r r egu la r - shaped  and non-uni form screen i n  a two dimensional  

channel f l o w  [3]. 

The problem of a f i n i t e  p lane  screen i n  an i n f i n i t e  f low f i e l d  

was f i r s t  cons idered  by  ~ l chemann  and Weber (1953) [4]. L a t e r ,  i n  

1963, T a y l o r  cons idered  t h e  problem i n  a two-dimensional case [5]. 

T h i s  was done by  r e p l a c i n g  t he  screen w i t h  u n i f o r m l y - d i s t r i b u t e d  sources. 
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F i n a l l y ,  Koo and James considered the  more general case o f  the two- 

dimensional f l o w  around a submerged screen [2 ] .  

Fol lowing the  idea o f  modeling any wind machine by the  combination o f  

sources, s inks ,  o r  v o r t i c l e s ,  i t  was proposed t h a t  a windmil 1 can be 

modeled by a porous screen. This work was o r i en ted  towards s o l v i n g  

the  problem of a three-dimensional porous d i sc  i n  a s teady-state,  a x i -  

symmetric, un i fo rm f low.  The screen was modeled by a d i s t r i b u t i o n  o f  

sources and the  problem was d i v i d e d  i n t o  two cases. F i r s t ,  the  simple 

case of modeling the  w indmi l l  by a u n i f o r m l y - d i s t r i b u t e d  d i sc  o f  sources. 

Second, a more r e a l i s t i c  model was considered. Taking i n t o  cons idera t ion  

the  f a c t  t h a t  the  development o f  power i s  h igher  i n  t he  ou ter  reg ion  

o f  t he  w indmi l l  blades, the  blade d i s c  was modeled by a l i n e a r l y - d i s t r i b u t e d  

d i sc  o f  sources. The e f fec t  o f  a nace l l e  and i t s  r e l a t i v e  o r i e n t a t i o n  

t o  the  blade d i sc  was s tud ied  i n  both cases. 

The v e l o c i t y  f i e l d  and the  st reaml ines were cons t ruc ted  f o r  some 

numerical examples i n  assoc ia t i on  w i t h  the  25 kW windmi l l  a t  the  U n i v e r s i t y  

o f  Massachusetts Solar  Hab i ta t  I .  



THEORETICAL ANALYSIS 

I n t r o d u c t i o n  t o  - the Modeling Idea 

The well-known idea o f  modeling f l o w  f i e l d s  through a combination 

o f  i n d i v i d u a l  f a c t o r s  i s  used i n  order  t o  model a porous d isc  as a 

d i s t r i b u t i o n  o f  sources i n  space w i t h i n  a uni form f l o w  f i e l d .  

J.K. Koo and D.F. James [2]  developed G. I .  T a y l o r ' s  [ 5 j  idea o f  

modeling a two-dimensional screen by a d i s t r i b u t i o n  o f  sources, by 

model i n g  the  screen i n  a duct. This work i s  o r i en ted  t o  f i n d  a general 

sol u t i o n  f o r  a three-dimensional screen, us ing  a d i s t r i b u t i o n  o f  sources 

on a d isc ,  i n  an axi-symmetric uni form f low. 

The development o f  the basic equations i s  based on the  f o l l o w i n g  

procedure: f i r s t ,  the p o t e n t i a l  o f  a source located a t  an a r b i t r a r y  

p o i n t  i n  space i s  determined, second, based on t h i s  p o t e n t i a l ,  the 

cases of a d isc  w i t h  a uniform o r  l i n e a r  d i s t r i b u t i o n  o f  sources are  

considered and the  p o t e n t i a l  on the a x i s  o f  the d i sc  founded, and t h i r d ,  

based on the harmonic and more p a r t i c u l a r l y  the sy~r~metr ic  p roper t i es  

of the  p o t e n t i a l  func t ion  and the  s o l u t i o n  on the  d i s c ' s  a x i s  by the  

use o f  zonal harmonies, the  general so lu t i on  o f  the  f u n c t i o n  i s  constructed. 

The model i s  completed by the  superposi t ion of a uni form f l o w  

on the  p o t e n t i a l  o f  the  d isc .  

I n  the  case o f  modeling a w indmi l l ,  the  e f f e c t  o f  t he  n a c e l l e  

on the  d i s c ' s  a x i s  can be modeled by a s i n g l e  source, which can r e s u l t  

i n  d i f f e r e n t  body shapes. 

The s o l u t i o n  i s  i n  the form o f  an i n f i n i t e  se r ies  o f  the  Legendre 

and Associated Legendre polynomials. The v e l o c i t y  f i e l d  and streali l l  i nes  



a r e  constructed by a computer program, and w i l l  be described l a t e r  i n  

t h i s  repor t .  

P o t e n t i a l  o f  a Source a t  an A r b i t r a r y  P o i n t  

The p o t e n t i a l  of a p o i n t  source a t  the o r i g i n  can be w r i t t e n  as [6]: 

where k i s  the  source st rength.  

The p o t e n t i a l  a t  a p o i n t  P o f  a p o i n t  source a t  S i s :  (Fig. 1)  

knowing 

the  p o t e n t i a l  i s :  

By using a coord inate  transformation as shown i n  Fig.  2, the p o t e n t i a l  

can be transformed t o  spher ical  coord inate  as: 

then, 



If the  source i s  i n  y - z plane, where 8= 1112, then 

Model f o r  t he  Body o f  a  Windmill 

The n a c e l l e  o f  a  w indmi l l  can be approximated as a  pa rabo l i d  o f  

r e v o l u t i o n .  Th is  i s  modeled by a  p o i n t  source i n  a  un i fo rm f low [7]. 

(See Fig. 3). 

Taking rl and 1 from the geometry o f  t h e  nace l l e ,  and assuming a  

v t h e  source s t reng th  k  and i t s  p o s i t i o n  r2 can be found by: 
0 ' 

Therefore, t he  p o t e n t i a l  f o r  the n a c e l l e  i n  a  un i fo rm f l o w  can be w r i t t e n  

as: 

P o t e n t i a l  o f  t he  D i s t r i b u t e d  Disc of Sources 

In t roduc t ion .  The t o t a l  p o t e n t i a l  'a o f  d i s c ' s  sources i s  the s o l u t i o n  

2  t o  t h e  Laplace Equation ( V  0 = o) ,  w i t h  the  app rop r ia te  boundary cond i t ions .  

Since t h e  f l o w  i s  axi-symmetric, t h a t  i s ,  independent o f  a ,  (See 



Fig.  2) t he  s o l u t i o n  o f  @= 0 can be w r i t t e n  as [8]: 

n ~ o  i 
where: Pn(x) = Legendre Polynomial o f  t he  f i r s t  k i n d  and n t h  order. 

Knowing t h a t  on the  x-axis  e i s  zero and t h a t  Pn (0) = 1  [8]; t he  

sol u t i o n  on the  x -ax is  can be w r i t t e n  as: 

Hence, t o  determine An and Bn, the  s o l u t i o n  on t h e  x -ax is  should 

be found, expanded i n  a  power ser ies  o f  r, and then equated t o  equation 

(5). Consequently, the  f i r s t  s tep i s  t o  f i n d  the  d i s c ' s  source p o t e n t i a l  

on the  x-axis. 

Consider a  d isc  o f  d i s t r i b u t e d  sources w i t h  the  rad ius  A ,  and source 

s t rength  per  u n i t  area k  as shown i n  F ig .  4. 

The element o f  area dA i s  equal t o  p d v  d  p f o r :  o  < p - <A, and 

< 2 ~ .  Using equation (2)  the  d i f f e r e n t i a l  p o t e n t i a l  a t  any f i e l d  0 i y- 
p o i n t  ( r ,0)  can be w r i t t e n  i n  terms o f  t he  d i f f e r e n t i a l  source d i s t r i -  

bu t ion .  as: 

To ge t  the  s o l u t i o n  on the x-axis,equation (6 )  can be r e s t r i c t e d  

t o  the x-axis, t h a t  i s  e = o. The d i f f e r e n t i a l  p o t e n t i a l  on the  x-axis  

i s :  



and, 

I n t e g r a t i o n  o f  equat ion ( 7 )  depends on k .  The problem can be d i v i d e d  

i n t o  two cases: a)  k i s  cons tan t  o r  a  u n i f o r m l y - d i s t r i b u t e d  source d i s c  

and b )  k i s  l i n e a r  i n  p o r  a  l i n e a r l y - d i s t r i b u t e d  source d i sc .  

Un i fo rmly  d i s t r i b u t e d  d l s c  o f  sources. 

( k  = cons t )  

1f k i s  constant ,  equat ion ( 7 )  can be i n t e g r a t e d  as: 

Using a  bionomial  expansion i t  can be shown t h a t ,  f o r  R smal le r  

than A, 

and f o r  R g rea te r  than A: 

n a o  

Therefore mx  i n  equat ion (8 )  can be expanded as [9] :  

and 



The equating of equations ( 1 1 )  and (12) to  equation (5 )  allows A n  

and Bn to  be determined for  the general solution m .  This leads to: 

and, 

Therefore, the general solution becomes: 

and for  R > A .  

Linearly distributed disc of sources. For a  l inearly distributed disc 

of sources, k = m p where m i s  a  constant. Hence equation ( 7 )  can be 

written as 9 



and i n t e g r a t i o n  o f  t h i s  equat ion w i l l  have the  f o l l o w i n g  form 

I n  order  t o  expand Qx i n  a  power se r ies  o f  R, t he  space i s  d i v ided  

i n t o  two regions:  (See Fig.  5 )  

a )  R < A  

b) R > A  - 

I n  reg ion  (a ) ,  each p o i n t  Q (which i s  i n s i d e  a  sphere of rad ius  A )  

i s  a f fec ted  by two k inds o f  sources: F i r s t ,  those whose d i s tance  from 

the  o r i g i n  ( p )  i s  l e s s  than R (Radius o f  P o i n t  Q) ,  t h a t  i s  p < R, and 

second, those w i t h  p > R. 

Therefore, f o r  R < A, t he  p o t e n t i a l  on the  x -ax i s  can be w r i t t e n  as: 

where Q 1  i s  t he  p o t e n t i a l  o f  t he  sources w i t h  p < R ( pchanges from zero 

t o  R)  and m p  i s  t he  p o t e n t i a l  of t h e  sources w i t h  r? > R ( p  changes from 

R t o  A). 

From equation (1 5) ,  Q1 may be w r i t t e n  as: 



where t = p /R.  

A bionomial expression can be w r i t t e n  as: 

oe Ln t 
= \ + E  a n t  o t I 

n= r 
(I 6 )  

where: 

Using equation (16 )  i t  i s  obvious t h a t :  

Using t h i s  expansion i n  equation (15A) r e s u l t s  i n :  

there fore ,  

Now s o l v i n g  f o r  m2, equation (15) can be w r i t t e n  as: 



where, t = R/P < 1. 

Using t h e  binomial expansion shown i n  equat ion (16) ,  i t  can be 

shown t h a t :  

Considering t h i s  r e s u l t ,  equat ion (156) can be w r i t t e n  as: 

00 

therefore; 

It was shown t h a t  



0  = a 1 + @  
X 2 for R<A 

So the  combination o f  equat ions (17) and (18) w i l l  r e s u l t  i n  mx f o r  

R < A ,  t h a t  i s :  

where, tl = (R/A)  < 1 

Rearranging t h i s  formula resu l  t s  i n  : 

The f i r s t  t h ree  terms o f  the  expansion o f  I n  tl f o r  t he  case o f  

tl - < 1 a re  

S u b s t i t u t i o n  o f  t h i s  i n  m, w i l l  g i v e  the  f i n a l  r e s u l t  o f  m x  f o r  R < A .  



Equation (19) shows the  p o t e n t i a l  o f  t he  x -ax is  f o r  t h e  l i n e a r l y -  

d i s t r i b u t e d  d i s c  o f  sources when R < A. For t h e  o ther  reg ion  (R > A), 

equat ion (1 5 )  can be w r i t t e n  as 

P A I f  t = - 51 and t2 = - equat ion (15C) can be r e w r i t t e n  as: R R ' 

It was p rev ious l y  shown t h a t  

Hence, 

A s imple i n t e g r a t i o n  r e s u l t s  i n :  

Equations (19) and (20) a r e  the  p o t e n t i a l  o f  a  l i n e a r l y - d i s t r i b u t e d  

d i s c  o f  sources o f  rad ius  A, on the  x-ax is ,  f o r  R smal ler  than A, and R 

g rea te r  than A, respec t i ve l y .  



To f i n d  t he  general  s o l u t i o n ,  as was po in ted  o u t  p rev ious l y ,  these 

equat ions should be equated t o  equat ion ( 5 ) .  The r e s u l t  o f  t he  comparison 

determines An and Bn f o r  bo th  cases o f  R > A, and R < A. 

Comparison of t h e  equat ion  (19)  w i t h  t h e  equat ion (5 )  shows t h a t :  

Comparison of t h e  equat ion  (20) w i t h  t h e  equat ion ( 5 )  shows the  

f o l  1  owing r e s u l t s  . 



where : 

The general s o l u t i o n  can be determined by s u b s t i t u t i o n  o f  equations 

(21) and (22) i n  equation (4 ) .  The f o l l o w i n g  r e s u l t s  can thus be der ived:  

For R < A: 

And, f o r  R > A :  

where: 

a = binomial coefficients 
n 

Summary. As a conclus ion t o  p a r t  four ,  i t  i s  important  t o  make t h e  

f o l l o w i n g  summary. The general s o l u t i o n  t o  the  p o t e n t i a l  o f  a d i s c  o f  

d i s t r i b u t e d  sources of rad ius  A and source dens i t y  per u n i t  area k has 

been found. The s o l u t i o n  has been determined f o r  two cases. The 

s o l u t i o n  t o  the  un i fo rm d i s t r i b u t i o n  o f  sources ( k  = const . )  i s  shown 

i n  the  equations (13) and (14). For the  l i n e a r  d i s t r i b u t i o n  o f  sources 

(k  = m ~ ) ,  the  p o t e n t i a l  i s  es tab l ished i n  equations (21 ) and (22). 



S u ~ e r ~ o s i  t i o n  o f  t he  P o t e n t i a l  s  

To complete the  f l o w  model f o r  a  porous d i s c  and windmil  1  i n  

un i fo rm flow, t he  necessary p o t e n t i a l s  should be superimposed. 

For t he  opera t ing  ease o f  t he  porous d i s c  o r  a  w indmi l l  w i thou t  a  

nace l le ,  the  p o t e n t i a l  i s :  

@ = @ + @  
1 2  

where: 

Q = p o t e n t i a l  o f  t h e  d i s c  
1  

@ = p o t e n t i a l  o f  t he  un i fo rm f l o w  2  

I n  t h e  case o f  a  w i  ndmi 11, t he  p o t e n t i a l  can be w r i t t e n  as: 

where : 

@ = p o t e n t i a l  o f  t h e  d i s c  1  
@ = p o t e n t i a l  o f  t h e  s i n g l e  source a t  t he  p o s i t i o n  r2 on the  2 

x-ax is  as shown i n  F ig .  3 

@ = p o t e n t i a l  o f  t h e  un i fo rm f l o w  
3  

@ was es tab l i shed  i n  equations, (13), (14), (21 ) and (22).  
Q 2  1  

can be determined from equations (1  ) and ( 3 )  as f o l l o w s :  

I n  t h i s  case, rl = E = 0. 5 = r 2  

so Q2 can be w r i t t e n  as 



Using r e l a t i o n s  ( I A ) ,  P 2  can be transformed t o  a  spher ica l  coord inate.  

z=  Rcase 
= R S h e  G s ~  

and j = t L 6 s @  , ~ O O  

Hence : 

Ql i s  t he  p o t e n t i a l  o f  a  un i fo rm f low, and i t  can be represented by: 

V e l o c i t y  F i e l d  

General Note. The v e l o c i t y  f i e l d  can be determined by superpos i t ion  

o f  t h e  v e l o c i t i e s .  The task  o f  t h i s  sec t i on  i s  t o  f i n d  the  components 

o f  t h e  v e l o c i t y  vec to r  f o r  each p o t e n t i a l .  

The r e l a t i o n  between t h e  p o t e n t i a l  f u n c t i o n  and t h e  v e l o c i t y  vec to r  

i s  known t o  be: 

The g rad ien t  i n  spher ica l  coord inates can be shown as: 

I n  t h e  case o f  axi-symmetry the  g rad ien t  reduces to :  



Hence, the  components o f  t h e  v e l o c i t y  vec to r  can be shown as 

a i  IJRP -. - and UTP -. , I --- a $  
/ b r  ' f- /be 

where: 

uR = Radial Component o f  t he  v e l o c i t y  vec to r  

uT = Tangent ia l  Component of t h e  v e l o c i t y  vec tor  

Now one can supply t h i s  generate note t o  any spec ia l  case. 

Uniform d i s t r i b u t i o n  o f  Sources. For t h i s  case t h e  p o t e n t i a l  was found 

and shown i n  equat ions (13) and (14) as fo l l ows :  

a )  i n  t he  case o f  R < A, the  components of t h e  v e l o c i t y  vec tor  can 

be der ived as f o l l o w s :  

Therefore, t he  d i f f e r e n t i a t i o n  o f  equat ion (13) y i e l d s :  



Hence: 

The tangen t ia l  component can be w r i t t e n  as: 
- 

a e  
Using ml from equation (13),  i t  can be w r i t t e n  t h a t  

\ p. k ' ~  ar; (coso)  ) -- 
' b e  

Using the  chain r u l e ,  the  d i f f e r e n t i a l s  can be changed t o  

From the  d e f i n i t i o n  o f  t he  Associated Legendre polynomials: 
w 

dirti by rearrangement 

where: 



m Pn ( x )  = Associated Legendre polynomial  o f  the f i r s t  k ind ,  t he  n t h  

order,  and the  m degree. 

Using expression (31) i n  t he  equat ion (30) i t  can e a s i l y  be shown 

t h a t  

and 

.a Pn ( G s e )  i 
I - - - p, ( b s t 3 )  

at9 

Using the n o t a t i o n  ASn (Cosl )  f o r  pnl (Cose), the  above equat ion can be 

w r i t t e n  as: 

aP, ( % S O )  
-=- A s , ( 6 s e )  a eg (31 

. . 
S u b s t i t u t i o n  o f  t h2  ec,ita l;? c.:; I.';?) i n t o  the  equat ion (29) y i e l d s :  

b )  I n  t he  case o f  R > A, f o l l o w i n g  the  same procedure f o r  o f rom 

the  equat ion (14) i t  can be w r i t t e n  t h a t  

and 

Accord ingly ,  t h e  v e l o c i t y  components o f  the un i fo rmly -d i  s t r i b u t e d  

d i sc  of sources can be w r i t t e n  as equat ions (29) and (33) f o r  the case 



o f  R < A, and as equat ions (34) and (35) f o r  the case o f  R ? A. 

L i n e a r l y  d i s t r i b u t e d  case. For  t he  case o f  the  l i n e a r l y - d i s t r i b u t e d  d i sc  

of sources, i t  can be shown t h a t  t h e  components o f  t he  v e l o c i t y  f i e 1  d  a r e  

as fo l lows:  (See Appendix 1  f o r  t he  d e t a i l s ) .  

For  R < A 



And f o r  t h e  case of R  .> A, i t  can be w r i t t e n :  

and 

Uni form f low.  I t  i s  q u i t e  s imple t o  show t h a t  t h e  components of t h e  v e l o c i t y  

f i e l d  f o r  t h e  un i fo rm f low a r e  as fo l lows :  

and 

UT3 = U S c n O  

S ing le  source a t  t h e  p o s i t i o n  r, ( r ep resen t i ng  t h e  n a c e l l  e).  D i f f e ren t i a -  

t i o n  of t h e  equat ion  (23) accord ing  t o  equat ion (27 )  y i e l d s  t h e  v e l o c i t y  

components due t o  t h e  body shape o f  t he  n a c e l l e  as: 

and 

Remarks. I n  o rde r  t o  u t i l i z e  t h e  p r e v i o u s l y  de r i ved  formulas f o r  t h e  

v e l o c i t y  f i e l d ,  two computer programs were w r i t t e n .  Bo th  of these pro- 

grams were w r i t t e n  f o r  t h e  general  case o f  t h e  presence of a l l  t h r e e  

p o t e n t i a l s .  



2 4 

The f i r s t  program, Program P r o j e c t  1  i n  Appendix 2A, was designed 

f o r  t he  un i fo rmly  d i s t r i b u t e d  d isc  o f  source i n  general, and i t s  app l ica-  

t i o n  t o  the U n i v e r s i t y  o f  Massachusetts w indmi l l  i n  p a r t i c u l a r .  

The second program, Program P r o j e c t  2  i n  Appendix 2B, deals w i t h  the 

l i n e a r l y  d i s t r i b u t e d  d i sc  of sollrces i n  general,  and i t s  a p p l i c a t i o n  t o  

the  U n i v e r s i t y  o f  Massachusetts windmil 1  i n  p a r t i c u l a r .  

The output  o f  bo th  the  programs i s  t he  v e l o c i t y  f i e l d  i n  c a r t e s i a n  

coordinates a t  each po in t .  The output  has €he form o f :  (x ,  y ) ,  the 

coord ina te  o f  t he  po in t ,  (ux', u y )  , x, and y  components o f  t he  v e l o c i t y  

vec to r  a t  t h e  p o i n t  (x,y) and (ETA), the  angle between ux and uy. 

Stream1 i n e  cons t ruc t ion .  The cons t ruc t i on  o f  stream1 ines  i s  based on 

t h e  f a c t  t h a t  no f low crosses a  s p e c i f i c  stream tube. Once a  s l e c t i o n  o f  

the  st reaml ines s t a r t i n g  p o i n t  has been made, o the r  p o i n t s  o f  the  same 

st reaml ine can be found by an a p p l i c a t i o n  of t he  conservat ion o f  mass. 

I n  Peference t o  F ig.  6, t he  v e l o c i t y  through the stream tubes i s  as 

fo l lows:  A. i s  u (o ) ,  A1 i s  u ( l ) ,  A 2  i s  u  (Z), and so on, where u(o) i s  

t h e  x-component of the v e l o c i t y  an an x - s t a t i o n  and yzo, and the  same app l i es  

f o r  ( I ) ,  (2 ) .  . . . , u  (a).  

Fig. 7 shows the  cross sec t i on  of the stream tubes. 

Accordingly ,  the  area corresponding t o  any v e l o c i t y  ~ ( n )  can be 

found as fo l l ows :  



and 

L 
fin = ( 9 4  n o y )  n - An-, 

A 

Having the  p o i n t  (a) ,  t h e  s t a r t i n g  p o i n t  o f  the  stream1 ine ,  t he  mass 

f l o w  r a t e  o r  the  vo lumet r ic  f l o w  r a t e  can be found by summing up the  f l o w  

r a t e  through tubes A. t o  Aa as shown i n  F ig .  8. 

When the  f l o w  r a t e  through t h e  stream tube (a) i s  determined a t  one 

x s t a t i o n ,  o the r  p o i n t s  of t he  same stream tube can s u b s e q ~ ~ e n t l y  

be ca lcu la ted .  

A t  each s t a t i o n  x ,  t h e  f low r a t e  through t h e  tubes w i t h  c ross-sec t ion  

A,, Al , Ap . . . and A, (shown i n  F ig .  7) should be e a s i l y  found. The 

des i red  stream tube can be determined by sumiling up these c a l c u l a t e d  

f l o w  ra tes ,  F1, Fp . . . up t o  Fn where n  i n d i c a t e s  the  p o i n t  where t h i s  

sumnation i s  equal t o  the  reference f low r a t e .  If n  i s  known, the  y-co- 

o rd ina te  can be determined. 



The task o f  t he  streaml i n e  cons t ruc t i on  i s  performed by two computer 

programs. The f i r s t  one cons t ruc ts  the  st reaml ine f o r  a un i fo rmly  d i s t r i -  

buted d isc  o f  sources i n  general, and f o r  t he  U n i v e r s i t y  o f  Massachusetts 

w indmi l l ,  i n  p a r t i c u l a r  (see P r o j e c t  S1, Appendix 2C). The second program 

deals w i t h  cons t ruc t i on  of t he  streaml ines  f o r  a 1 i n e a r l y  d i s t r i b u t e d  d i sc  

o f  sources i n  general,  and f o r  t h e  U n i v e r s i t y  of Massachusetts w indmi l l  

i n  p a r t i c u l a r ,  (see P r o j e c t  S 2 ,  Appendix 20). 

The i n p u t  o f  these programs can be the  s t a r t i n g  p o i n t  o f  t he  stream- 

l i n e  o r  t he  f l o w  r a t e  through the  stream tube. 

Theoutput  i n d i c a t e s  the  form o f  f l o w  ra te ,  and y coord ina te  i nd i ca tes  

the  streaml i n e  a t  each x s t a t i o n .  

Apply ing the  one-dimensional momentum theory t o  the  w indmi l l s .  The 

source s t reng th  dens i t y  per  u n i t  area k can be found i n  the  case o f  t he  

uni formly d i s t n i b u t e d  source d i sc  and t h e  slope o f  k, ( t h a t  i s  m) f o r  the  

l i n e a r l y  d i s t r i b u t e d  source d isc ,  by the  one dimensional momentum theory and 

L gal l y ' s  theorem. 

According t o  the  Lagal l y ' s  theorem [I 01, the  force exer ted  upon a 

p o i n t  source i n  a uniform f low i s  6Xu, where 6 i s  t he  dens i t y  o f  t h e  f l u i d ,  

A i s  the  source st rength,  and u i s  the f ree  stream v e l o c i t y  o f  t he  uni form 

f l ow .  

a )  L i n e a r l y  d i s t r i b u t e d  d isc .  

I n  t h i s  case, t he  source-st rength dens i ty  i s  equal t o  m r ,  where m 

i s  the slope of k  as descr ibed i n  sec t ion  four. According t o  L a g a l l y ' s  

theorem, the  force on the  d i sc  i s :  

F = 6 k  u (45) 

where k i s  t h e  t o t a l  s t reng th  of the  d isc .  However, k  can be determined 

as fo l l ows :  



0 

S u b s t i t u t i n g  equat ion (46) i n t o  equat ion (45); 

From one dimensional momentum theory i t  can be shown [11] t h a t  the  

t o t a l  f o r c e  on the  d i sc  i s  (See F ig .  9 )  
2 

F E 6vA U (U - U1) 
where u  i s  t he  v e l o c i t y  through t h e  l i s c  i l i id  Sl i s  t he  v e l o c i t y  down stream 

of the  d isc .  

2 
Using t h e  B e r n o u l l i ' s  equat ion and the  f a c t  t h a t  F  = T A  AP,  i t can be 

shown t h a t  [8]:, 

and 

where S  i s  the  area o f  t he  d isc .  

From the  d e f i n i t i o n  o f  t he  a x i a l  i n t e r f e r e n c e  c o e f f i c i e n t  a, i t  can 

be w r i t t e n  t h a t  U = (1-a) V 
(51) 

Using equat ion (50) 

and 

which can be w r i t t e n  as 

M u l t i p l i c a t i o n  o f  equat ion (52) by (53) w i l l  r e s u l t  i n  



s u b s t i t u t i o n  i n t o  equat ion (49) leads to;  
2 

F = 2 8 ~ A  a( l+a)u 2 

The slope m can be determined by equat ing equat ions (47)  and (54),  t h a t  

b )  Un i fo rmly  d i s t r i b u t e d  d isc.  

Fo l lowing t h e  same procedure, t he  t o t a l  d i sc  s t rerrgth i n  t h i s  case i s  

and the  t o t a l  force on the  d i sc  f rom the  L a g a l l y ' s  theorem i s :  

Equating t h i s  formula w i t h  the  equat ion (54) w i l l  p rov ide  k ,  hence 

1; = 2a (l+a)'LI ( 5 8 )  

It can be shown [12] t h a t  t he  r e l a t i o n  between the  a x i a l  i n te r fe rence  

f a c t o r  (a )  and the power c o e f f i c i e n t  Cp i s  as fo l l ows :  

The niaxi~iium power i s  developed when a = 1/3 [8]. 

Thus i t  has been shown through L a g a l l y ' s  theorem and the  simple one- 

dimensional momentuni theory t h a t  t he re  i s  a unique r e l a t i o n  between the  

s t reng th  o f  the  d i s t r i b u t e d  source d i sc  k and the  power c o e f f i c i e n t  Cp 

o f  the  w indmi l l .  



RESULTS 

The velocity f i e l d  and some charac te r i s t i c  streaml ines have been 

calculated f o r  the numerical values appropriate t o  the 25 kW windmill a t  

the University of Massachusetts Solar Habitat I  (See Fig. 10).  

A charac te r i s t i c  f r e e  stream velocity of 38 f t / s e c  (1 1.58 m/sec) 

have been considered. The body of t h i s  windmill can be modeled by a 

s ingle  source of K=647.741bm/sec (294 kg/sec) i n  a  f r e e  stream of U = 38 

f t / sec .  

A sample r e su l t  of the velocity f i e l d  upstream the windmill i s  shown 

a t  the end of Project  1 and Project  2 [see Appendix 2A and 2B]. 

The velocity p rof i le  of the uniformly-distributed disc and the l inear ly-  

dis t r ibuted disc model i s  shown in f i g s .  (11) and (12). 

The streaml ines constructed f o r  d i f fe ren t  cases a r e  shown i n  Fig. 13 

through 20. 

I t  i s  obvious from Figs. 13 through 20 t h a t  the e f fec t ive  change i n  

the f r e e  stream velocity i s  almost negl ig ib le  f o r  more than two radi i  

upstream of the blade disc .  

Fig. 13 represents the  unifornily dis t r ibuted disc model without 

the body f o r  the case of Cp  = Cpma, = 0.5. I t  i s  shown t h a t  the disc 

samples almost 57 percent of the volume of the  f a r  upstream wind. For the 

same case,  i f  the body i s  1 ocated a t  the center  of the blade disc (Fig. 

15) ,  51 percent of the flow i s  sampled. By moving the s ingle  source, 

which forms the  body t o  the position ( R 2  = 5.02 f t )  , t o  model the University 

of Massachusetts windmil 1 ,  the percentage of the flow sampled reduces to  35. 

The same analysis  f o r  the l inear ly-dis t r ibuted disc model (Figs. 14, 

16, and 18) indicates similar resu l t s .  The percentage of the wind sampled 



changes from 39 t o  38 and then t o  30. 

Comparison o f  t he  uni form model and l i n e a r  model shows t h a t  f o r  the  

same cond i t ions ,  the l i n e a r  model samples l e s s  f l o w  than the uniform disc. 

To see t h i s ,  F igs.  17 and 18 must be compared. 

The u n i f o r m l y - d i s t r i b u t e d  d isc  samples 35 percent o f  t he  flow, w h i l e  

the  1  i n e a r l y  d i s t r i b u t e d  d isc  samples 30 percent. 

The e f f e c t  o f  the  body i s  n o t  r e s t r i c t e d  t o  the  sampling problem. 

Although t h i s  i s  t he  case f o r  t he  un i fo rm ly -d i s t r i bu ted  model, i n  the  

case o f  the more r e a l i s t i c  l i n e a r l y - d i s t r i b u t e d  model, a  s i g n i f i c a n t  

d i f f e r e n c e  i s  observed - the  problem o f  leaking.  

Figs. 16 and 18 show t h a t  due t o  the h igher  res is tance a t  t he  ou te r  

region of the  blades, some o f  t he  sampled f l o w  appears t o  l eak  through 

the  c e n t r a l  reg ion near the body. Th is  i s  q u i t e  obvious i n  F ig .  12B, 

where a t  t he  s t a t i o n  x= l f t  ( 0 . 3 ~ ) ~  the  y component o f  the  v e l o c i t y  i s  

down towards t h e  center  between y=4ft (1.2'") and y - l O f t  (3m). 

Using the  v e l o c i t y  f i e l d  the  pressure increase i n  f r o n t  o f  the  d isc  

can q u i t e  e a s i l y  be ca lcu la ted.  

I n  the  case o f  t he  1  i n e a r l y - d i  s t r i b u t e d  source d isc  the  Bernoul 1 i 

equation on the  stream1 ine  lo (see F ig .  18) can be w r i t t e n  as 

+ u2 + P = const. 
1s 

A t  x = - ,  the  v e l o c i t y  i s  38 f t / s e c  and t h e  pressure i s  P,, w i t h  

d e n s i t y & .  A t  x = 1, and y  = 16, the v e l o c i t y  i s :  



then, i t  i s  easy t o  show t h a t  

o r  
?= P, t i49.3 6 

p =  \q. a o  I ps; ( \ o \ . s r  \ e d / n L  ) 

Fo l lowing t h e  same procedure f o r  t he  u n i f o r m l y - d i s t r i b u t e d  d i sc  o f  sources, 

t h e  pressure woul d  be: 

P= p, + l 6 g s  ( 6 4  

Comparing equat ion (60) and (62), i t  i s  q u i t e  obvious t h a t  the  pres- 

sure on the  s t reaml ine  Q 0  increases more i n  f r o n t  o f  t he  l i n e a r  d i s t r i b u t e d  

source d i  sc. 

Fig. 20 shows the  e f f e c t  o f  a  change i n  t h e  power c o e f f i c i e n t ,  Cp. 

The percentage of t he  f low sampled changes f rom 57 t o  80 percent  w h i l e  

t h e  Cp i s  changed from Cpmax t o  Cpmax,2 Also, i n  t he  1  i m i t  as CP-o, a l l  

t h e  f l o w  would pass through t h e  b lade d i sc  unef fected.  

The v a r i a t i o n  of t he  v e l o c i t y  on the  stagnat ion stream1 i n e  has been 

represented i n  F ig .  21. The diagram shows t h e  v e l o c i t y  v a r i a t i o n  f o r  

t h e  body and the  1  i n e a r l y - d i s t r i b u t e d  d i sc  w i t h  the  body. I t  a l s o  shows 

t h a t  t h e  s tagnat ion  p o i n t  has s h i f t e d  forwards, and t h a t  t h e  v e l o c i t y  

decreases more r a p i d l y  w i t h  the  b lade d i sc  than f o r  t he  body alone. 
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APPENDIX 1 

1 R <A, 

The p o t e n t i a l  @ was shown i n  t h e  equa t ion  (21 ) .  

then  

T h i s  can be ar ranged as:  

- 



00 ~ n - I  _L 'L "Q" 

f i  n = r  h-1 ) P , , c & s d J  

which can be reduced to :  

which i s  the  equat ion (36).  

Equation (37)  can be der ived as fo l lows,  us ing  the  same p o t e n t i a l  

(equat ion 21) and knowing t h a t  

i t  i s  easy t o  show tha t :  



By a 1 i t t l e  a l g e b r i c  mu1 t i p 1  i c a t i o n  equat ion (37) can e a s i l y  be 

derived. 

2) R ' A. 

I n  t h i s  case the  equat ion 22 should be d i f f e r e n t i a t e d  t o  produce 

UR, and UT. 
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00640C UT1: TANGANTInL VELOSITY AT PUIN (RrT) t 
00650C DUE TO TWE DISC* 
00660C UR1: RfiDIAL VELOSITY AT POINT (RYT) 

* * 
00670C DUE TO TWE DISC * 
00680C UT2: TANGANTIAL VELOSITY AT POIN (RYT) * ,  

00690C DUE TO THE FODY $ 
00700C UR2: RADIAL VELOSITY AT POIN (RrT) t 
00710C DLlE 'TO THE E{OIIY * 
00720C UT3: TANGANTIRL VELOSITY AT POINT (RYT) 5 
00730C DUE TO THE FREE STREAM+ 3 
00740C UR3: RADIAL- VELOSITY AT POINT (RYT) O 
00750C DUE THE FREE STREAM, * 
00760C P(NrX): LEGENDRE FOLYNOMIAL OF THE t 
00770C FIRST KIND AND NTH OKIIER UEFINED- t 
00780C BY THE FUNCTION P(NrX)* - 3 
00790C AS(NYX) : ASSOC:IATEII LEGENRRE OF THE 3 
00800C FIRST KIN11 r FIRST IlEGREE. * 
00810C AND? NTH ORDER IrEFINED 'BY THE X 
00820C AS(NrX) FUNCTION t 
00830C UX: X COMPONENT OF THE VELOSITY AT X 
00840C ANY POINT (RrTIOR ITS EClIVALENT(XX?YY) X 
00850C UY: Y COMPONENT OF THE VELOSITY AT t 
OOSbOC ANY POINT(RYT) OR ITS EOlJIVALENT(XXrYY) # 
00870C ETA: ANGL BETWEEN UX ANDY UY IN DEG* t 
00880C * 
00890C jc 
oo900c-------------d- THE PROGRAM WAS RUN FOR THE FOl-LOWING t 
00910C VALUES :NX=20 NY=2? r I:IELTX=l? I:IEl-TY=l Y U=38 * 
00920C ~A=lb~Al=1/3(F0R MAX* FOWER)rR2-0* X 
00930C rK1=647*78 jc - 
005'40C * 
00950C ALSO SEE THE PROJECT REPORT d 
00960~*t*lt**~ttt11t*tt*****5**0t*~*****%~*%***************%****** 
00970 R E A D I N X P N Y Y D E L T X ~ D E L ' ~ Y Y U Y C ; I I A ~ ~ R ~ Y K ~  
00980 IN=50 
00981 PRINT ~ ~ O ~ N X Y N Y ~ D E L T X Y I ~ E L T Y ~ U Y A ~ A ~ Y R ~ ~ K ~  
00982 210 F O R M ~ T ( / / / ~ ~ N X = * Y I ~ Y / ~ ~ N Y = * I I ~ Y / I I ~ I ! E L T X = * ~ F ~ ~ ~ Y / Y * I ~ E L T Y = * ~ F ~ ~ ~ Y  
0 0 9 8 3 + / r ~ U = ~ ~ F l 0 ~ 4 r / ~ t A ~ ~ r F 6 ~ 2 r / ~ ~ A l ~ * ~ F ~ O ~ 6 ~ / ~ ~ R 2 ~ ~ ~ F 1 O ~ 5 ~ / r ~ K 1 ~ ~ ~ F 1 O ~ 4 ~  
00990 PRIN'T 21 
01000 21 FORHAT(//Y~~XY*VELOSITY FIELIl FOR UNIFORM DISC AND THE BODY 
01010.t*Y/Y25~Y*----------------------------------------- * )  

01020 PRINT 10 
01030 10 FORMAT(5XrtX IN F T * Y ~ X ~ * Y  IN F T ~ Y ~ X V X U X  IN FT/SEC*~~XY%UY IN FT/SE[ 
01040t5X~tETA IN DEG*tr/r5X?t------- *r9X~t------- *Y6~rt------------ tr5X 
01041+~*------------- tr5x7*----------- t 

01050 DO 600 III=lrNX 
01060 DO 500 II=lrNY 
01070 YY=(II-1)tDELTY 
01080 XX=FLUAT(III)*DELTX 
01090 K=2*Al*(l*+Al)*U 
01100 R=(((XX**2)+(YY**2))**0*5) 



01110 NO=O 
01120 Nl=l 
01130 T=-ATAN( (YY/XX) 
01140 Tl=COS(T) 
01150 T2=SLN(T) 
01160 TO=O* 
01170 IF(R*GEeA) GO TO S 
01180C 
01190C 
01200C DISC FOR THE CASE R(A 
01210C 
01220(: 
01230 AK=K/2* 
01240 X=R/A 
01250 SUM-0, 
01260 DO 1 I = l ? I N  
01270 N=I-1 
01280 M=N-2 
01270 SUM=SUM~(N~(XS~(N-~))~(P(NPTO)+F(MPTO))*F(NPT~)) 
01300 1 CONTINUE 
01310 UF<l=AKt(P(Nl ?Tl)-SLJM) 

C 

01320 SUM=O* 
01330 DO 2 I= l r I N  
01340 N-1-1 
01350 M=N-2 
01360 S U M = S U M + ( ( X ~ ~ ( N - ~ ) ) ~ ( F ' ( N ~ T O ) + P ( M P T O ) ) : X A S ( N ? T ~ ) )  
01370 2 CONTINUE 
01380 UTl=AKt(SUM-AS(NlrT1)) 
01390 GO TO 200 
01400 5 CONTINUE 
01410C 
01420C 
01430C DISC FOR THE CASE R>A  
01440C 
01450C 
01460 X=A/R 
01470 SUM=O+ 
01480 DO 3 I = l t I N  
01490 N=I-1 
01500 M=N+2 
01510 S U M = S U M + ( ( N + ~ ) ~ ( X ~ * M ) ~ ( F ' ( N P T O ) ~ F ' ( M P T O ) ) * F ( N ~ T ~ ) )  
01520 3 CONTINUE 
01530 UR?=(K/2)tSUM 
01540 SUM=O* - 
01550 DO 4 I = l ? I N  
01560 N=I-1 
01570 M=N+2 
01580 S U M = S U M ~ ( ( X ~ ~ M ) ~ ( F ( N I T O ) ~ F ( M P T O ) ) ~ A S ( N P T ~ ) )  
01590 4 CONTINUE 
01600 UTl=(K/2) *SUM 
01610 200 CONTINUE - 



01620C 
01630C 
01640C DODY CALCULATIONS 
oibsoc 
01660C 
01670 D15=(R-(R2$T1)) 
01680 D16=(((R$Tl)-R2)%*2) 
01690 D17=(R1:#2)t(T2%*2) 
01700 D18=( (Dlb.tT117)t%(3/2) 
01710 AKl=(Kl/(9t3e14)) 
01720 UR2=AKl$Dl5/D18 
01730 Dl9-H2f T2 
01740 DllO=((((RbT1)-H2)tt2)+i(Rtt2)t(T2tt2)))t~(3e/2b) 
01750 AKJ=K1/(4**3*14) 
01760 UT2=AK3tDlY/D110 
01770C - 
01780C 
01790C UNIFORM FLOW 
01800C 
01810C 
01820 UR3=-UfT1 
01830 UT3=UtT2 
01840C 
01850C 
01850C SUFEHFOSITION 
01870C 
01880C 
01890 UR=URl+UR2+UR3 
01900 UT=LITl+UT2+UT3 
01910C 
01920C 
01930C EVALUnTION OF UX r UY r AND ETA 
01940C 
01950C 
01960 UX=(URtTl)-(UTZT2) 
01970 UY=(URtT2)+(UTtTl) 
01980 XY=UY/UX 
01990 ET=ATAN(XY)t360e/(2et3e14) 
02000 PRINT ~ O O ~ X X F Y Y ~ U X F U Y F E T  
02010 300 FORMAT(5(5XrFlOe4)) 
02020 500 CONTINUE 
02030 PRINT 700 
02040 700 FORMAT(/) 
02050 600 CONTINUE 
02060 END 
02070C 
02080C 
02090C 
02100C 



02130C 
02140C *\ 

02150C 
02160C 
02170C 
02180C 
02190~---------------------------------------------------------------- t 
02200 FUNCTION F'(NPX) 
02210C 
02220C 
02230C THIS IS A FUNCTION TO CALCULATE LEGENDER POLYNOMIALS OF THE 
02240C FIRST KIND 
02250C 
02260C 
02270 QO=O+ 
02280 P=QO 
02290 IF(N*LT*O) GO TO 1 
02300 QO-1. 
02310 F=QO 
02320 IF(N+ECI+O) GO TO 1 
02330 Q1=X 
02340 F'=Q1 
02350 IF(N+EQ+l) GO TO 1 
02360 Q2=((3%(Xtt2))-1+)/2. 
02370 P=Q2 
02380 IF(N+EQ+2) GO TO 1 
02390 Pl=((Zt(Xt%2))-1*)/2. 
02400 P2=X 
02410 1=3 
02420 2 CONTINUE 
02430 P=((((2,*1)-1+)/1)tX%Pl)-((I-l,)/I)tP2 
02440 IF(I+EO*N) GO TO 1 
02450 I=I+1 
02460 P2=Pl 
02470 P1=P 
02480 GO TO 2 
02490 1 CONTINUE 
02500 RETURN 
02510 END 
02520C 
02530C 
02540C 
02550C 
02560C 
02570C 
02580C 
02590C 
02600C 
02610C 
02620C 
02630C . - 



02640C 
43 

0265OC---------------------------------------------------------------- * 
02660 FUNCTION hS(NvX) 
02670 DIMENSION R(l000) 
02680C 
02 5YOC 
02700C THIS FUNCTION CALCULhTES ASSOCIATEn LEGENDER FOLYNOMIALS 
02710C OF THE FIRST K I N D  AND FIRST POWER 
02720C 
02730C 
02740 RO=O+ , 
02750 RA= R O  
02760 IF(N*LE*O) GO TO 3 
02770 Kl=(l-(Xlt2))tt0+5 
02780 RA z R i  
02770 IF(N*EQ+.I) 'GO TO 3 
02800 R2=3**Xf((I-(Xtt2))**0*5) 
02810 RA=R2 
02820 IF(N+EQ+2) GO TO 3 
02830 Fi=X 
02840 F2=((3t(XSt2))-1*)/2+ I 

02850 DO iO I=3rN 
02860 H(1)=(((2tI)-i)*((i-(Xtt2))ftOt5)*P2)tRl 
02070 P=((((2+*1)-1+)/1)tXtP2)-((I-it)/I)*Fl 
02880 Pl=P2 
02890 P2=P 
02900 Ri=R2 
02910 R2=R(I) 
02920 RA=R(I) 
02930 iO CONTINUE 
02940 3 CONTINUE 
02950 AS=RA 
02960 RETURN 
02970 END 
02980C 
READY 



t 

RUN 

78/07/04. 22 *15*48r  
F I L E  F'ROJ1 

VELOSITY F IELD FOR UNIFORM DISC AND THE BODY ----------------------------------------- 
Y I N  FT UX I N  FT/SEC UY I N  FT/SEC* ETA I N  1 ------- ------------ ------------- -------- 





*TIME LIMIT* 

SRU 21.302 UNTS* 





f l l i 3 O I n O h  a 1 * r ( 9 r ( b ~ 0 ~ - l @ a - m @ d 9 a  P I O @ U I h @ I n h S M d d 9 C O d O .  b @ m N @ d  
D h 9 M D d  C - J 0 3 b 7 C . l 0 9 d M O d 9 M d O b M  P 0 3 O d @ V 9 M l J 7 d O d M 9 O C 4  P h h M P C . 4  
C T P 6 M M  bh  @ r . J q  0 9 C . J b 9 M  4 @ b f  C-4 P O 9 ~ 0 P O Y M W Q 0 9 C ~ J ~ b 7 d  9 9 b D . d P  
CI OdC.JM P 9 9 9 h h a a + + O d C . l C 4 M P U J  @ @ @ @ 0 0 0 d d N M M P P b 7 9  d d d d N N  

* . . * .  * *  * * . . * * . . * * * * . * . *  * * * * . . * . * * * * * * * *  * * * * * *  
L n L " l Q d 9 9 9  L7b7b7b7M b7LOb7b799 Q 9 9 9 9  m l J 7 b 7 b 7 9 9 9 9 9 9 9 9 9 9 9 9  9 9 9 9 9 9  
M M M M n M M  M M E M M M M M M M M M M M M M  M M M M M M M M M M M M M M M M  M M M M M M  

I I 1 1 1 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 l 1 1  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1  l l l l l t  

o o o o c o o  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0  
* * * * * * *  * * * * * * * * * * * * * * * *  * * * * * * * , , * * * * * , *  0 0 0 0 0  

. * * * * -  





END* 

SRU 5 2 . 3 0 9  UNTS, 

RUN COMPLETE* 
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00100 F'ROGt-ihM F'ROJ2 ( INPUT r OlJTF'UT 1 
00110 IN-50 
0 0 1 2 0 ~ * $ b Z $ t * t * ~ t t * * * * t t X * * t f j l : * ~ * ~ * ~ ~ * ; j : t ; j : * * * % * ~ * * * * * * * * * * ~ * * * ~ ~ * * * * * * * $ t * *  
OOl3Ot ' *  
00140t t 
OOlSO* PROGRAM FOR LINEAHLY D1STRIE;UTED IlISC 01- SOURCES. t 
OOllO* WITti THE E{ODY * 
00170t t 
00180* * 
001?0* THIS PROGRAM CAL-CULATES THE VELOSITY FIELD t 
002002 (UX~UYPETA) FOR A LINEAkLY DISTRIBUTED DISC * 
00210* OF SOURCES AND A STRONG SOURCE AT THE FOSITIUN * 
00220% R2 ON .THE X-AXIS* - * 
00230t d 
00240* * 
002SOt t 
00260t TO RUN THIS FROGRAM: d 

I 00270;k ONE SHOULD INPUT THE FOLLOWINGS t 
00280* IN RESPONCE TO THE ASK FOR DATA f 
00290* N X P N Y P D E L T X P K ~ E L T Y ~ U ~ A I A ~ I R ~ I K ~  * 
00300t (ACORDING TO THE DEI-INITION OF X 

, . 00310* THE PARAMETERS GIVEN BELOW: t 
00320% * 
00330t t 
00340X * 
00350;k PARAMETERS: * 
00360X SEE PROJl PROGRAM DUCUMENTS* t 
00370t ALSO SEE THE PROJECT REPORT - t 
00380t t 
00390t * 
00400t X 
00410* * 
00420t X 
00430***U*******t********tt*************************%***~**************** 
00440 REAL MrK1rL 
00450 R E A D ~ N X ~ N Y ~ D E L T X ~ D E L T Y ~ U ~ A ~ A ~ I R ~ ~ K ~  
00460 PRINT 210 
00470 210 FORMRT(////rlOXrIVELOSITY FIELD FOR LINEARLY DISTRIBUTED DISC+EODY# 
00480 FRINT 220rNXrNY r IlEL-TXTIIELTY r Ur Ar A1 ~R2rK1 
00490 220 FORMAT(~OX,*------------------------------------------------- *v//? 

O O ~ O ~ + ~ N X = ~ ~ I C J ~ / P ~ N Y = ~ ~ I ~ P / ~ ~ I ~ E L T X = ~ ~ F ~ ~ ~ ~ / ~ ~ D E L T Y = ~ ~ F ~ ~ ~ ~ / ~ ~ U = ~ ~ F ~ O ~ ~ ~ / ~  
0 0 5 1 0 + ~ A = ~ r F 1 0 ~ 4 r / r t A 1 ~ ~ r F 6 ~ 4 r / r ~ R 2 ~ t r F 1 0 ~ 4 ~ / r ~ ~ l ~ ~ ~ F 1 0 ~ 3 ~ / / / v ~  
00520 PRINT 200 
00530 200 FORMAT(5XrtX IN FT**rlOXrtY IN FT*tr7Xr*UX IN FT/SEC*X 
0053ltr7X~SUY IN FT*/SEC.*rSXr*ETA IN DEG**r/vSXrX-------- *rlOX, 
00532+*-------- *,7~,*------------- *,7~,*-------------- trSX, 
00533+*----------- $ 1 
00550 DO 500 III=lrNX 
00560 DO 600 II=LrNY 

- .. . 



00570 YY-(11-l)*DELTY 
00580 XX=FLC)AT ( 1 i i ) f DKL-TX 
00590 R = (  ((XXIX2)+(YYS12) )$*O+S) 
00500 6 CONTINUE 
00610C RADIAL COMFONEiNT OF THE DISC VELOCITY FIELD 
00620 NO=O 
00630 Nl=l 
00640 N2=2 
00650 N3-3 
00660 N4=4 
00670 N5-5 
00680 X==R/A 
00690 PROD=-O+5 
00700 M=3fAi* (1 +A1 ) tU/A 
00710 T2=ATtlN( (YY/XX) .- 

00720 Tl=CCIS ( T 2  
00730 T3=SIN(T2) 
00740 IF(R+GE+A) GO TO 5 
00750 SUMl=O* 
00760 DO 1 I=2rIN t 

, - 
00770 PROD=PKOt~* (-0 I 5-- ( 1-1 1 1 / I  
00780'SUM:L=Sllt~l+((((~1:#1)+1~)/(((2tI)+3~)t((2XI)-2~)))XFROD) 
00790 I CONTINUE 
00800 S1=SUM1 
00810 YRODl=-O*S 
00820 SUM2=O. 
00830 DO 2 I=2r IN 
00840 N-2II 
00850 PRODl=PRODlX(-O+5-(1-1))/1 
00860 S U M ~ ~ S U I Y ~ ~ ( ( ( Z ~ ~ F R O I I ~ ) / ( I - ~ ) ) * ( X ~ ~ ( ( ~ X I ) - ~ ) ) X F ( N ~ T ~ ) )  
00870 2 CONTINUE 
00880 S2=SUM2 
00890 AK1=-MtA/2* 
00900 DO=2t(S1-(76+/60+))tXfP(N21Ti) 
00910 Dl=(9*/2+)t(Xt#2)*F'(NJ~Tl) 
00920 D2=3~*(XXt3)tF(N4~Ti) 
00930 D3=(5*/6*)t(X8t4)*Y(N5~'rl) 
00940 D4=S2 
00950 U R l = A K l Z ( D O + D l - I I 2 + D 3 - D 4 )  
00960C R A D I A L  COMPONENT OF THE BODY VELOCITY FIELD 
00970 DS=(R-(R2fT1)) 
00980 Db=(((RfTl)-R2)#*2) 
00990 D7=(Kt*2)t(T3**2) 
01000 D8=((Db+D7)tt(3/2)) - 
01010 AK=(K1/(4*3+14)) 
01020 UR2=AK*D5/D8 
01030 UR3=-UtT1 
01040C TANGANTIAL VELOCITY OF THE FREE STREAH 
01050 UT3=U*T3 
OlObOC TANGANTIAL VELOCITY OF THE BODY 

- . -  - 
01070 D9=RZtT3 
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01590 Sl=SUM1 
01600 S2=(1*/3*)t(X*t2)tf(NO1Tl) 
01610 fiK1=MIfl/2* 
01620 URl=AKl%(S2tS1) 
01630C TCINGAN TIAL COMPONEN'TS 
01640 UT3=UIT3 
01650 D9=R2*T3 
01660 D10=((((R*T1)-R2)*%2)+((R**2)t(T3**~?)))**(3*/2~) 
01670 AK3=t<1/(4+*3* 14 
01680 UT2=flK3*D9/1110 
01690 PROD=l* 
01700 SUM=O* 
01710 DO 30 I=.lrIN 
01720 N=IP2 
01730 PROD==fRODI(-0,5-(1-1))/1 
01740 SUM=SUM~t(PROD/((2~I)t3))*(X*I((2*I)t2))$AS(NvT1) - 
01750 30 CONTINUE 
01760 SJ=SU?i 
01770 S ~ = ( ~ * / ~ ~ ) * ( X * * ~ ) * A S ( N O I T ~ )  
01780 AK4=MtA/2* 
01790 UTl=AK4Z(S4+S3) I 

01800 UTE=UT2+UT3 
01810 UTD=UTl+UTJ 
01820 UT=UT1 tUT2tUTJ 
01850 URE=(UR2.+UR3)/U 
01840 URD=(URl+URJ)/U 
01850 UR=UR1i.UR2tURJ 
01860 l J C = ( ( ( U T S t 2 ) + ( U K * * 2 ) ) * 5 0 * 5 )  
01870 UX=(URtTl)-(UTtTJ) 
01880 UY=(UR*T3)t(UT*Tl) 
01890 XY=UY/UX 
019.00 E T = A T A N ( X Y ) * 3 6 0 . / ( 2 * * 3 * 1 4 )  
01910 PRINT ~ O O ~ X X P Y Y P U X P U Y P E T  
01920 600 CON'TINUE 
01930 800 FORMAT(//) 
01940 PRINT 800 
01950 500 CONTINUE 
01960END ' ' 

01970t* t *X** t * * * * * * * * *X* t * t t * * * t * t * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
01980 FUNCTION P(NvX) 
01990C THIS IS A FUNCTION TO CALCULATE LEGENDER POLYNOMIALS OF THE 
02000C FIRST !;;IN11 AN11 NTH OR1lEfi 
02010 QO=l* 
02020 P=OO 
02030 IF(N*E(2*0) GO TO 1 
02040 Ol=X 
02050 P=Q1 
02060 IF(NeER+1) GO TO 1 
02070 Q2=((3*(X*f2))-1*)/2. 
02080 Y=Q2 . .  
02090 IF(NeEQe2) GO TO 1 



02100 P1=((3*(X**2))-1*)/2. 
02110 P2=X 
02120 1=3 
02130 2 CONTINUE 
02140 P~((((2+tI)-I~)/I)*XtF'1)-((1-1t)/I)~f2 
02150 IF(I*EQ*N) GO TO 1 
02160 I=I+l 
02170 P2=f1 
02180 F1=P 
02190 GO TO 2 
02200 1 CON rINUE 
02210 RETURN 
02220 END 
02230C**S*~********~Y:**********5***************~********************  
02240 FUNCTION AS(NrX) - 
02250 DIMENSION R(l000) 
02260C THIS IS A FUNCTION TO CALCULATE ASSOCIATE LEGENDER FOLYNOMIAL' 
02270C OF THE FIRST KIND AN11 F'OWER(M)t 
02280 RO=O+ 
02290 RA=RO 
02300 IF(NeERt0) GO TO 3 f 

02310 Rl=(l-(Xtt2))XfO*5 
02320 RA=R1 
02330 IF(N*ER+1) GO TO 3 
02340 KZ=3+tX*((l-(Xdt2))**0*5) 
02350 RA=R2 
02360 IF(N+EQ+2) GO TO 3 
02370 F'1=X 
02380 Y2=((3*(#**2))-1*)/2, 
02390 DO 10 I=3rN 
02400 R(I)=(((2tI)-l)*((l-(X*t2))**0~5)*PZ)+Ri 
02410 P = ( ( ( ( 2 ~ ~ 1 ) - 1 ~ ) / I ) S X ~ P 2 ~ ~ ~ ~ 1 ~ 1 ~ ) / I ) t P I  
02420 Pl=P2 
02430 F'2=P 
02440 Rl=R2 
02450 R2=R(I) 
02460 RA=R(I) 
02470 10 CONTINUE 
02480 3 CONTINUE 
02490 AS=RA 
02500 RETURN 
02510 END 
READY I 



RUN 

VELOSITY F IELD FOR LINEARLY OSSTRIEUTEO DISCtBODY ------------------------------------------------- 

UY I N  FT./SEC. ETA I N  DEG. -------------- ----------- -. 0 0 0 0  .oooo 
4 e9155 -10 ,8261  
4 .4470 - 1  1 .2858 
8 .8719  -3c ,J. 4 2 1 2  

10 .7436 -19.5553 



END 

SRU 8.155 LINTS. 

RUN COMPLETE. 



APPENDIX 2C 

LNH 

00100 PROGRAM F'ROJSI(INF1JTvOUTF'UT) 
00110 DIMENSION UF(50v100)~~~(50)vYOUT(100) 
00120 REAL KvLvKl 
00130 IN=50 
00140C 
00150 R E A D T N S ~ N ~ ~ N E ~ D E L T X T D E L T Y P U ~ R I A ~ ~ R ~ ~ ~ ' ~  
0 0 1 6 0 t t t f t Z t t d $ t ~ % f t ~ ~ k t t t d t ~ t ~ ~ d t f ~ ~ t t a C t ~ ~ t ~ ~ ~ t ~ t ~ ~ : ~ t t ~ t ~ ~ ~ ~ ~ ~ % ~ t ~ t t ~ t ~ ~ t ~  
00170t 
00180% 
00190t 
00200% PROGRAM FOR UNIFORMLY DISTRIBUTED DISC OF 
00210t SOURCES AND THE BODY* - 
00220t 
00230t 
002408 THIS PROGRAM CONSTRUCTS THE STREAM LINES OF THE 
00250t FLOW FIELD MENTIONED ABOVEr IN TE FORM OFTHE 
00260t COORDINATES OF THE F'OINTS ON A SF'CIFIC STREAM 
00270% LINE(SF'ECIF1ED K{Y ITS STARTING POINT OR BY ITS 
002808 MASS FLOW RATE AS WILL BE I-IESCRIBED LATEReIAS ITS 
00290;3: Y AND X COORLIINATES; THAT IS FOR EACH Y ?THE 
003008 CORESPONDING X VALUE OF THE STREAM LINE IS DETERMINED 
00310% 
00320f 
00330% 
00340t ! Y 
00350$ ! 
00360t ! 
00370% (NS-1) SLIY ! \ STREAM LINE: SAI=X 
00380t ! ~ \ ~ ~ ~ ~ ~ ~ ~ ~ , ~ , ~ ~ , ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~ ~  
00390t ! 
00400t ! 
00410t ! 
00420t ! 4 

00430% ! 
00440f ! 
00450t ! 
004605 ! 
00470% ORIGIN +--------------------------------------------- x 
00480t NA*DX NEtDX 
00490% 
00500* 
00510X 
00520t TO RUN THIS PROGRAM: 
00530t AIHAVING THE STARTING POINT OF THE 
00540t STREAM LINE; ONE SOULD INFUT THE 
005508 FOLLOWINGS IN RESPONCE TO THE ASK 
00560t FOR DATA:NSvNAvNEvDELTXvK~ELTYvUvA 

. - -  005705 - rAl?R2?KlrACORDING TO THE DEFINITION 



0 0 5 8 0 6  OF I H E  FARAHETERS GIVEN BEL-OW* t 
0 0 5 9 0 %  (NOTE: ZN THE F'Ktr'SEfICE O F  TIIE DO-DY * 
OObOOt NAXLlX SOIJL-I! E{E SKEATER THAN t 
0 0 6 1 0 *  THE STAGNATION POINT OF THE t 
0 0 6 2 0 t  EOUY * 
0 0 5 3 0 t  B)HAVING THE MASS FLOW ROTE TtiROUGH ' t 
0 0 6 4 0 *  THE STREAH TUEEiUNE SOULD F I E S T  t 
0 0 6 5 O t  CtiANOt< THE STfYrEMENT REFH=SUMZ TO * 
00660X KEFM=MASS FLOW INTERESTED I N ,  (NOTE: t 
0 0 6 7 0 3  SINCE FLOW I S  I N  MINUS X DIRECTIONP . t 
OO68Ot THE MASS FLOW WILL. HAVE A MINUS * 
00690X S1GN)TtiEN THE FQL-OWING I S  INPUT * 
0 0 7 0 0 t  I N  RESFOPICE T0 'THE ASK FOR DATA: t 
G0710* N S P N A T N E Y D E L T X ~ D E L T Y I U I A ~ A . ~ . ~ ~ < ~ I K ~ .  t 
0 0 7 2 0 t .  (NOTE: I N  T H I S  CASE NS SuULD RE 8 * 0 0 7 3 0 b  SELECTED ON AN ESTIMATE HASEvTtIAT 
0 0 7 4 0 t  I S  A VALUE THAT ONE I S  SUREIS GKEATER t 
0 0 7 5 0 t  THAN THE REAL VALUE.ALSO.THE SAME t 
0 0 7 6 0 t  RESTRIC'TION I S  VALIELI FOR HA AS t 
0 0 7 7 0 *  WAS POINTED OUT I N  PART A 1 S 
0 0 7 8 0 t  I * 
0 0 7 9 0 2  t 
0 0 8 0 0 t  X 
0 0 3 1 0 t  OUTPUT OF THE PROGRAM: t 
0 0 3 2 0 t  VOLUMETRIC FLOW RATE THROUGH THE t 
0 0 8 3 0 t  STREAIY "TUEEPAND X-Y COiIKDINATE O F  * 
OO84Ot THE S rKEAM L I N E *  t 
0 0 8 5 0 $  * 
0 0 8 6 0 $  - t 
0 0 8 7 0 8  PARAMETERS: t 
0 0 8 8 0 f  S E E  P R O J l  FROGHAM DUCUMENTS t 
008901( S E E  THE PROJECT REPORT t 
0 0 9 0 0 t  S E E  THE ABOVE DIAGRAM? S 
OO910* NS: STARTING POINT OF THE STREAM L I N E  ON % 
0 0 9 2 0 %  THE Y-AXIS*  t 
0 0 9 3 0 6  NA: STARTING POINT ON THE X-AXIS*  S 
00?40*  NE: ENDING POINT O F  THE STKEAM L I N E  ON THE % 

' 0 0 9 5 0 t  X -AX IS*  t 
OOJ6Ot t 
0 0 9 7 0 6  * 

:00980*----------- THE PROGRAM WAS RUN FOR: * 
0 0 9 9 0 f  NS=12rNA=3rNE=lbrDELTX=l., * 
0 1 0 0 0 t  D E L T Y = l r ~ U = 3 8 ~ r A = L 6 ~ v A 1 = 0 ~ 3 3 ~  t 
O l O l O t  R 2 = O * ~ K 1 = 6 4 7 * 7 8  t 
0 1 0 2 0 *  t 
0 1 0 3 0 *  f 
0 1 0 4 0 * # $ * t t t t * # t * t * * t * f  f * 5 * f  *****t**#*f*********$****************t**%****$** 
0 1 0 5 0 t  
0 1 0 6 0  PRlNT ~ ~ ~ ~ N S I N A T N E I ~ I E L T X P D E L T Y I U T A I A ~ T R ~ I K ~  
0 1 0 7 0  2 0 1  F O R M A T ( / / / ~ ~ O X P * S T R E ~ M  L I N E  CUNSrKUCTION FOR UNIFORMLY D I S T f i I E U T E D I  
0 1 0 8 0 + ~ / r 3 0 X 1 t D I S C  OF SOURCES AND THE E f l D Y * r / ~ 2 0 X v * - - - - - - - - - - - - - - - - - - - - - - - - - - -  * 



01090+,*------------------------- * ~ / / / ~ ~ N S = ~ ~ I S ~ / ~ * N A = * V I ~ ~ / V * N E = ~ ~ I ~ ~ / I ~ D E L T X = * ~  
O l 1 0 0 + F 6 ~ 4 ~ / r * D E L T Y = * r F 6 ~ 4 r / ~ X U = * ~ F 1 O t 5 r / r ~ A = * F - 4 , 1 ~ / r * ~ ~ = ~ ~ ~ 6 ~ ~ ~  
0111O~t/r*R2=~rF10~6~/v*Kl=*~F10~4) 
01 120C 
01 130C 
01 140C 
01 isoc 
01 l60C 
01170 DO 600 III=lrNE 
01180 DO 500 II=lrNS 
01190 YY=(II-l)*lt 
01 200 XX=FLOAl'( I I I d 

01210 K = 2 . * A l * (  1. tn1 ) * l J  
01220 K = ( ( ( X X : k X 2 ) t ( Y Y t t Z ) ) t ' J : O t 5 )  
01230 NO=O 
01240 N1=l \. 

01250 T=ATAN((YY/XX)) 
01260 Tl=COS(T) 
01270 T2=SIN(T) 
01280 TO=Oe I 

01290 IF(R.GE.A) GO TO 5 
01300CSttYIttttXttXXXt*XXtfXttt DISC FOR R<A * t X t t t f t t f t d f t t f f t *  
01310 AK=K/2t 
01320 X=R/A 
01330 SUH=Ot 
01340 DO 1 I=lrIN 
01350 N=I-I 
01360 H=N-2 
01370 SUM=SUM+(Nt(X**(N-i))t(F'(NrTO)+F'(MiTO))tP(NrTl)) 
01380 1 CONTINUE 
01390 URi=AK*(P(NlrTl)-SUM) 
01 400 SUI.I=O, 
01410 no 2 I=I,IN 
01420 N=I-1 
01430 H=N-2 
01440 S U M = S U M t ( ( X * f ( N - l ) ) * ( P ( N r T O ) ~ t P ( M I T O ) ) * A S ( N r T l ) )  
01450 2 CONTINUE 
01460 UTl=AKt(SUM-AS(NlrT1)) 
01470 GO TO 200 
01480 5 CONTINUE 
0 1 4 9 0 C X t t Y Y Y Y t * * t t f X * f t * X t t * t Y * X t *  DISC FOR R>A **tXt**.fSf$tt~tfttt*$ 
01500 X=A/R 
01510 SUH=Ot 
01520 110 3 I=lrIN 
01530 N=I-1 
01540 fl=N+2 
01550 SUH=SUM~( ( N + ~ ) * ( X ~ X H ) * ( P ( N ~ T O ) ~ P ( ~ ~ I T O )  ) X F ( N ~ T ~ ) )  
01560 3 CONTINUE 
01570 URl=(K/2)*SUtl 
01580 sun=o. 
01590 DO 4 I = l r I N  



0 1 6 0 0  N = I - 1  
0 1 6 1 0  M=N+2 
0 1 6 2 0  SUM=SUM+((X*tf4)t(P(NrTO)tP(MrTO))tAS(NrTl)) 
0 1 6 3 0  4 CONTINUE 
0 1 6 4 0  U T l = ( K / 2 ) X S U M  
0 1 6 5 0  200 CONTINUE 
01660Cf*tt*t*t*tbttX*~tYtt THE BODY ttt~ttttttftttttt*** 
0 1 6 7 0  D l S = ( R - ( R 2 X T l ) )  
0 1 6 8 0  D 1 6 = ( ( ( R t T l ) - R 2 ) * 1 2 )  
0 1 6 9 0  D 1 7 = ( R t t 2 ) t ( T 2 t t Z )  
0 1 7 0 0  n 1 8 = ( ( D 1 6 + D 1 7 ) t t ( 3 / 2 ) )  I 

0 1 7 1 0  A K l = ( K 1 / ( 4 t ' 3 * 1 4 ) )  
0 1 7 2 0  U R 2 = A K l t D l S / D 1 8  
0 1 7 3 0  D19=K2bT2  
0 1 7 4 0  DllO=((((RXTl.)-R2)*t2)t((RtX2)t(T2Xt2)))tt(3/2) 
0 1 7 5 0  A K J = K 1 / ( 4 * 3 * 1 4 )  
0 1 7 6 0  U T 2 = A K 3 t D 1 9 / D 1 1 0  
0 1 7 7 0 C t ~ X k ~ t l S % ~ t ~ t X ~ i ~ t J c t t d X t t ~ d t  UNIFORM FLOW. t t t b X b t X t t X S b l :  
0 1 7 8 0  UR3=-UXT1 
0 1 7 9 0  U T 3 = U t T 2  
0 1 8 0 O C * t t t t t ~ * t Y S S t I t * t t d t t t t X t X 1 : t  SUPERPOSITION t X X t X t X S * ~ t X S t  
01810 UR=Ui?l+UR2+UR3 
01820 UT=UTl+UT2+UT3 
01830 UX- ( I JR tT1  ) - ( U T t ' T 2 )  
0 1 8 4 0  U Y = ( I J R t T 2 ) + ( U T t T l )  
0 1 8 5 0  XY=UY/UX 
0 1 8 6 0  E T = A T A N ( X Y ) X 3 6 0 * / ( 2 . * 3 * 1 4 )  
0 1 8 7 0 C  
0 1 8 8 0 C  VELOCITY F I E L D  AND STREAH TUBE AREA STORAGE 
0 1 8 9 0 C  
0 1 9 0 0  l I F ( I I I r I I ) = U X  
01910 5 0 0  CONTINUE 
01920 6 0 0  CONTINUE 
01930 AT=O* 
0 1 9 4 0  DO 6 0 1  I = 2 r N S  
01950 AR(1)=3,14t[(DELTY/2)**2) 
0 1 9 6 0  I O = I - 1  
01970 AT=AT+AK( 10) 
01980 AK(I)=(~.~~Y(((~I-~)XTIELTY)+(DELTY/~))XS~))-AT 
01990 6 0 1  CONTINUE 
0 2 0 0 0 C  REFERENCE MASS FLOW CONSTRAUCTION 
0 2 0 1 0 C  
02020 SUMZ=O. 
02030 DO 6 I = l r N S  
0 2 0 4 0  SUMZ=SUMZ+(AR(I)tUF(NAII)) 
0 2 0 5 0  6 CONTINUE 
0 2 0 6 0  REFM=SUHZ 
0 2 0 7 0  P R I N T  S O l r K E F M  
0 2 0 8 0  501 FORHAT(//r20Xr*VOLUMETRIC FLOW RATE THROUGH THE STREAM TUEE=XpF14.3)  
0 2 0 9 0  P R I N T  5 0 4  
0 2 1 0 0  5 0 4  F O R H A T ( / / / / r Z O X r I X  I N  F T . t r l 2 X r t Y  I N  FT.* r / r20XrX- - - - - - - - - -  X r l O X r t - - - - -  



02110t------ *)  
02120C 
02130C STREAM LINES CONS1 F\'LJC TION 
02140C 
02150 AL=Otl 
02160 110 7 I=NA,NE 
02170 FL-OW=O. 
02180 J=l 
02190 10 CONTINUE 
02200 FLOW i =FLOW 
02210 FLOW=FLC)W t (AR( J)*lJF( I P J) ) 
02220 01-LOW= (FLOW-REFM 
02230 IF(AES(AL1-OW).LE*AL) GO TO 8 
02240 ZF(ALLOW.GT.O) GO r0 9 
02250 DELTiY=(FLOWl/(FL-0W.I.fFLOW)) 
02260 YOUT(I)=((J-2)tDELTY)t(IIELTlY~JIELTY) 
02270 GO TO 11 
02280 9 J=J+l 
02290 GO TO 10 
02300 8 YOUT(I)=(J-l)*DELTY 
02310 11 CONTINUE ,- 

02320 XXX=ILDELTX 
02330 YOUT(I)=YOUT(I)+(DELTY/2) 
02340 PRINT ~OSPXXXFYOUT(T) 
02350 505 F O R M A T ( ~ ~ X ~ F ~ O ~ ~ T ~ O X ~ F ~ O ~ ~ )  
02360 7 CONTINUE 
02370 END 
02380C 
02390C 
02400C 
024 1 OC . 
02420C 
02430C 
02440C 
02450C 
02450C 
02470C 
02480C 
02490C 
02500C 
02510***********t****************************************** 
02520 FUNCTION P(NrX) 
025301: 
02540C 
02550C THIS IS A FUNCTION TO CALCULATE LEGENDER POLYNOMIALS OF TEE 
02550C FIRST KIND 
02570C 
02580C 
02590 00=0. 
02600 P=QO . . .  -- 
02610 IF(N*LT.O) GO TO 1 . . .  . - 



02620 170=1 
(. 02630 P=QO 

02640 IF(NeEQ*O) GO TO 1 
02650 Ql=X 

;- 02660 F=Q1 
02670 IF(N*ER*1) GO TO 1 
02680 Q2=((3t(Xtt2))-1*)/2* 

i 02690 ~ = 0 2  
02700 IF(NeERe2) GO TO 1 
02710 Fl=((J*(Xt*2))-1*)/2* 

(-  02720 F'2=X 
02730 1=3 
02740 2 CONTINUE 
02750 P=((((2~tI)-l~)/I)tX*Fl)-((I-1~)/I)tP2 
02760 IF(I.EQ*N) GO TO 1 
02770 I=ISl - - 
02780 P2=P1 \. 
02790 F'l=P 
02800 G 0  TO 2 
02810 I CONTINUE 
02820 RETURN I 

02830 EN11 
02840 FUNCTION AS(N? X) 
0 2 8 5 0 C t t l t % ; t * * t t t ~ t d t : ~ ~ t t * t t * X f t % t % X t S * S ~ t * * * * * * * ~ * * * t * * * * * * * * * *  
02860 DIMENSION R(1000) 
02870C 
02880C 
02890C THIS FUNCTION CAL-CUL-ATES ASSOCIATED LEGENDER POLYNOMIALS 
02900C OF THE FIRST KIND ANLI FIRST F'OWEH 
02910C 
02920C . 
02930 RO=Oe 
02940 RA=RO 
02950 IF*-(N*LE*O) GO TO 3 
02960 Rl=(l-(Xt*2))**0*5 
02970 R A = R l  
02980 IF(N.EQ.1) GO TO 3 
02990 R2=3.2Xt((l-(X**2))**0.5) 
03000 RA=R2 
03010 IF(NsEQ.2) GO TO 3 
03020 Pl=X 
03030 P2=((3t(Xtt2))-1,)/2, 
03040 DO 10 I=J?N 
03050 R(I)=(((2*1)-1)t((l-(X*t2))*~0~5)tP2)tR1 
03060 P=((((2~*I)-I~)/I)*X~P2)-((1-1~)/I)*Pl 
03070 P1=F2 
03080 P2=P 
03090 Hl=R2 
03100 R2=R(I) 
03110 KA=R(I) t . . -  - .  

-. 03120 10 CONTINUE 



03130 3 CONTINUE 
03140 AS=RA 
03150 RETUl3N 
03160 END 
READY, 



i RUN 

78/07/04.  22 .52 .15 .  
F I L E  F'KOJS1 

STREAM LINE CONSTRUCTION FOR UNIFORMLY DISTRIRUTED 
DISC OF SOURCES AND THE BODY 

1 .................................................... 

*TIME L I M I T S  

SRU 25 .287  UNTS. 

VOLUMETRIC FLOW RATE THfiOUGH THE STREAM TUBE= -15675.736  



. . END, . 

SRU 57.256 UNTS. 
I 

RUN COMPLETE I 



APPENDIX 2D 

LIST 

78/07/04. 22+56.16. 
FILE F'ROJS2 

00100 PROGRAM PROJS2(INFUTrOUTPUT) 
00110 DIMENSION UF(50r100)rAfi(50)rYOUT(lOO) 
00120 IN=50 
0 0 1 3 0 C * * * * * t * * ~ * * * * * t t t * * * * * * t * * * * t * t t * t ~ * * * * * * * * * ~ : K * * * * * * * * * ~ # * * * ~ * *  
00131C , * 
00132C * 
00133C FRGRAM FOR LINEARLY DISTRIBUTED DISC OF f 
00134C SOURCES AND THE BODY* * 
00135C f 
00136C - f 
001 37C * .- 
00138C THIS PROGRAM CONSTRUCTS THE STREAM LINES. f 
00139C FOR TWE LINEARLY DISTRIBUTED DISC OF SOURCES t 
001 40C IN COMPLETE ACCORKlANCE TO F'ROGFZAM F'RUJSl* f 
00141C 1! 
00142C X 
00143C*****t**************S****************************************** 
00200 REAL K1rMrKrL 
00220C 
00230 H E A D ~ N S ~ N A ~ N E ~ D E L T X ~ I ~ E L T Y Y U I A ~ A ~ ~ R ~ ~ K ~  
00231 PRINT 201rNS~NArNE~DELTX~I~ELTYrUrArR1rfi2tK1 
00232 201 FORMAT(///r20XttSTREnM LINE CONSTRUCTION FOR LINEARLY DISTRIBUTED* 
00233tr/r30XrlDISC OF SOURCES AND THE EODYJr/r20Xtd------------------------- k r 
00234.tr * *r///r%NS=trISr/rtNA~trI5r/rXb.IE=rkrI5t/t*DELTX=~r 
00235+F6t4r/r*DELTY=*rF6~4r/r*U~*rF10+5r/r~~=*~F4~lr/r~Al=*tF6~4r 
00236f/r*R2=trF10~6r/rtKl~*tF10.4) 
00240 DO 500 III=lrNE 
00250 DO 600 II=lrNS 
00260 YY=(II-l)*le 
00290 XX=FLOAT(III) 
00340 R = ( ( ( X X S Z 2 ) t ( Y Y * * 2 ) ) * * 0 . 5 )  
00360 6 CONTINUE 
00370C RADIAL COMPONENT OF THE DISC VELOCITY FIELD 
00380 NO=O 
00390 Nl=l 
00400 N2=2 
00410 N3=3 
00420 N4=4 
00430 N5=5 
00440 X=R/A 
00450 PROD=-0.5 
00460 H=3tAlt( 1 +.+A1 )*U/A 
00470 T2=ATAN((YY/XX)) 
00480 Tl=COS(T2) 
00490 T3=SIN(T2) 

. . . -. - -  . *. . - 



00500 IF(R*GE*A) GO TO 5 
00510 SUMl=O. 
00520 DO 1 I=2rIN 
00530 PROD=PROfld(-0.5-(1-1))/I 
00540 SUM1=SUEII+((((4tI),f1*)/(((2tI)t3~)~((2*1)-2*)))*PROD) 
00550 1 CONTINUE 
00560 Sl=SUMl 
00570 PRODI=-O*S 
00580 SUM2=O+ 
00590 DO 2 I = ~ P I N  
00600 N=2*I 
00610 PROPl=PROD1S(-O~5-(1-1))/1 
00620 S U M 2 = S l J ~ 2 + ( ( ( I Z P F i O D 1 ) / ( I - l ) ) t ~ X t t ~ ~ 2 ~ I ~ - 1 ~ ~ t P ~ N ~ T l ~ ~  
00630 2 CONTINUE 
00640 S2=SUM2 - 
00650 AKI==-Mf A/2 * 
00660 DO=2$(S1-(76./60*))tX*P(t42~Tl) 
00670 D1=(9+/2*>%(Xlt2)tF(E431Tl) 
00680 D2=3*t(Xif3)tP(N4rTi) 
00690 D ~ = ( ~ + / ~ * ) X ( X S * ~ ) ~ P ( N S T T ~ )  
00700 IS4=S2 

3 

00710 URl=AKlt(DOtDl-D2tD3-D4) 
00720C RADIAL COMPONENT OF THE BODY VELOCITY FIELD 
00730 D5=(R-(R2tTl)) 
00740 D6=(((RITl)-R2)**2) 
00750 D7=(Rt*2)*(T3tt2) 
00760 D8=((D6tD7)#$(3/2)) 
00770 AK=( K / ( 4 % 3 *  14) 
00780 UR2=AKtD5/D8 
00790 UR3=-UtT1 
00800C TANGANTIAL VE~-OCITY OF THE FREE STREAM 
00810 UT3=UtT3 
00820C TANGANTIAL VELOCITY OF THE BODY 
00830 D9=R2*T3 
00840 DlO=((((RtT1)-R2)**2)t((R**2)*(T3*t2)))t*(3~/2+) 
00850 AK3=K/(4*63*14) 
00860 UT2=AK3%D9/D10 
00870C TANGANTIAL VELOCITY OF THE DISC 
00800 PROD2=-O*S 
00890 SUM3=O* 
00900 DO 3 I=2rIN 
00910 N=2*I 
00920 PROD2=FROD2t(-0*5-(1-1))/1 
00930 S U M ~ = S U M ~ + ( ( P F < O D ~ / ( ( ~ ~ I ) - ~ ) ) ~ ( X ~ ~ N ) ~ A S ( N P T ~ ) )  
00940 3 CONTINUE 
00950 S3=SUM3 
00960 AK4=(MtA/2*)t(le/X) 
00970 Dl1=(1*/2*)*AS(N0~Tl) 
00980 D12=(S1-(76*/60*))t(Xt5:2)fAS(N2rTl) 
00990 D13=(3*/2r)t(X*t3)tflS(N3~Tl) 
01000 Dl4=(3*/4*)*(Xtt4)6AS(N41Tl) 



01010 DlS=(l*/h~)*(Xf%S)*AS(N5rTl) 
01020 D16=S3 
01030 UT1~AK4*(Dll~n12t013-D14tDlS-D16) 
01040 u'rkl- ( ~ J . T L ~ . ~ u T ~ )  
01050 UTD=(UTitlJT3) 
01060 UTz(UT1 +lJT2+UT3) 
01070 UR=lJRl tUR2.tURJ 
01080 UC=(((UTt*2)+(UHI*2))ttO*5) 
01090 UX=(UR*TlI -(UT*TJ) 
01100 UY=(URtT3)t(UT*Tl) 
01110 XY=UY/UX 
01120 ET=ATAN(XY)t360,/(2*3*14) 
01130 URE=(UR2tUR3)/U 
01140 URD=(URItUR3)/U 
01150 GO TO 603 
01160C FUR R GT THAN A 
01170 5 X=A/R 
01180C RADIAL COMPQNENTS 
01190 D5=(R-(R2tT1)) 
01200 D6=(((RtTi)-R2)*:#2) 
01210 D7-(Fi5.%2)t(T3#*2) 
01220 DCI=((DbtD7)*%(3/2)) 
01230 AK=(K/(4,*3*14)) 
01240 UR2=AKtDS/U8 
01250 UR3=-UIT1 
01260 PROD=1* 
01270 SUMl=O* 
01280 DO 10 1zlrI.N 
01290 PROD=PROD*(-0~5-(1-1))/1 
01300 N=2tI 
01310 SUM~ = S U M ~ . ~ ( ( ( ( ~ Z I ) % ~ ) * F ' R O I ! ) / ( ( ~ * I ) + ~ ) ) * ( X ~ * ( ( ~ ~ I ) + ~ ) ) * P ( N ~ T ~ )  
01320 10 CONTINUE 
01330 Sl=SUMI 
01340 S2=(1,/3,)t(Xtt2)*P(NO~Tl) 
01350 AKI=M$A/2* 
01360 URl=AKl*(S2tSl) 
01370C TANGRNTIAL COMPONENTS 
01380 UT3=USTJ 
01390 D9=R2%T3 
01400 D10=((((R*TI)-R2)**2)+((RXt2)*(T3tlZ)))t*(3*/2*) 
01410 AKJ=K/(4,*3*14) 
01420 UT2=AK3$D9/DlO 
01430 F'ROD=l* 
01440 SUM=O* 
01450 no 30 I=lrIN 
01460 N=It2 
01470 PROD=PROUt(-0*5-(1-1))/1 
01480 S U M = S U M + ( P R O D / ( ( ~ X I ) + ~ ) ) X ( X ~ ~ ( ( ~ ~ I ) ~ ~ ) ) * A S ( N P T ~ )  
01490 30 CONTINUE 
01500 S3=SUfi 
01510 S4=(1*/3*)t(Xt*2)tAS(NO~Tl) . . . 



01520 AK4=MIA/2* 
01530 UTl=hk-1% (S4fS3) 
01540 UTR=UT2iUT3 
01550 UTD=UTl+UT3 
01560 U r=UTl tlJT2 tlJTJ 
01570 IJRE=(UKZ tUR3)/U 
01580 URD-( UHlSURJ)/U 
01590 Ilk-UR1 tlJR2tUR3 
01600 UCz(((UTll2)t(UR%%2))**OeS) 
01610 lJX=( URITI )-(UT%T3) 
01620 UY=(UklTJ)t (UT:kTl) 
01630 XY=UY/UX 
01640 E T = A T A N ( X Y ) * 3 6 0 . / ( 2 * * 3 * 1 4 )  
01650 603 CONTINUE 
01660C VELOCITY FIELD AND STREAM TUItE AREA STORAGE -. 
01670 UF(IIIPII)=UX 
01680 600 CONTINUE 
01690 500 CONTINUE 
01691 AT=O* 
01700 DO 601 1=2vNS / 

01710 RR(l)=3*14S(((DELTY/2)**2)) , . 
01720 IO=I-1 
01721 AT=AT+AR(IO) 
01730 AR(I)=(3*14.#((((1-1)SSIELTY)t(DELTY/2))**2))-AT 
01740 601 CONTINUE 
01750C 
01760C REFERENCE MASS FLOW RATE 
01770 SUMZ=O* 
01780 DO 65 I=l?NS 
01790 SUHZ=SUMZ+(AR(I)tUF(NAvI)) 
01800 6 5  CONTINUE 
01810 REFM=SUMZ 
01820 PRINT 562rREFM 
01821 552 FORMRT(30Xv*REFERENCE FLOW RATE=t?FlOe4) 
01830C 
01840C STREAM LINE CONSTRUCTION 
01850C 
01860 PRINT 19 
01870 19 FORMRT(//?SX?~XP*X IN F T * S T ~ X P ~ X I I Y  IN FT*tv/r5X?X---------- * i c r  

01871+5Xv*---------- k) 
01880 AL=O*l 
01890 DO 71 I=NAvNE 
01900 FLOW=O* 
01910 J=1 
01920 1011 CONTINUE 
01930 FLOWl=FLOW 
01940 FLOW=FLOWt(AR(J)tUF(IIJ)) 
01950 ALLOW=(FLDW-REFM) 
01960 IF(ABS(ALLOW)eLE*AL) GO TO 8 
01970 IF(ALLOW*GT*O) GO TO 9 
01980 DELTlY=(FLOW1/(FLOWl+FLOW)) 



01990 YOlJT( I)..( (J-2)tnELTY ).~-(DELT~Y*I'IELTY) 
02000 GO TO 11 
02010 9 J=J+1 
02020 GO r0 1011 
02030 8 YOlJT(I)=(J-1)SDELTY 
02040 11 CONTINUE 
02050 YOUT(I)=YUUT(I)+(DELTY/2) 
02060 XXX-IIDELTX 
02070 PRINT 73rxXx~YaLjT(I) 
02071 73 F ~ I R H A T ( ~ X I F I O ~ ~ ~ S X I F ~ O + ~ ~  
02080 71 CONTINUE 
02090 END 
02100C 
02110C 
02120C - 
02130$*SZ~~*t***tt****tt***t*****t*t*t$*~****~*:~***************** 
02140 FUNCTION P(NPX) 
021SOC THIS IS A FUNCTION TO CALCULATE LEGENDER POLYNOHIALS OF THE 
02160C FIRST KIND AND NTW ORDER 
02170 QO=1 t . 
02180 F'-QO 
02190 IF(NeEQt0) GO TO 1 
02200 Ql=X I 

02210 F=Q1 
02220 IF(NtEQ.1) GO TO 1 
02230 Q2=((3t(X*%2))-1*)/2t 
02240 P=R2 
02250 IF(NtEQt2) GO TO 1 
02260 F1-((3t(X*S2))-1t)/2t 
02270 P2=X 
02280 I = 3  
02290 2 CONTINUE 
02300 P=((((2e*I)-lt)/I)tX*Fl)-((I-lt)/I)*F2 
02310 IF(1tEQ.N) GO TO 1 
02320 I=I+1 
02330 P2=F'1 
02340 Pl=F 
02350 GO TO 2 
02360 1 CONTINUE 
02370 RETURN 
02380 END 
02390C*S****************************t******************************* 
02400 FUNCTION AS(NPX) 
02410 DIMENSION R(1000) 
02420C THIS IS A FUNCTION TO CALCULATE ASSOCIATE LEGENDER F'OLYNDMIAL 
02430C OF THE FIRST KINO AND POWER(M1 t 
02440 RO=O. 
02450 RA=RO 
02460 IF(NtEQt0) GO TO 3 
02470 Rl=(l-(Xtt2))t*O*S 
02480 RA=R1 ' L  



02990 IF(N.ERt1) GO TO 3 
02500 K 2 = 3  t *Xt ( ( I--( XI42 ) ) f to. 5 )  
02510 Rfizt32 
02520 IF(NeEOe2) GO TO 3 
02530 P l = X  
02540 P2=((3;N(Xtt2))-1t)/2e 
02550 DO 10 1=3vN 
02560 R(I)=(((2tT)-l)t((l-(X*d2))tt0.5)$F2)~).Rl 
02570 Y=((((2+tI)-1~)/I)fX*P2)-((I-1~)/I)SP1 
02580 Pl=F2 
02590 P2=F 
02600 Rl=R2 
02610 R2=R(I) 
02620 Rh=R(I) 
02630 10 CONTINUE 
02640 3 CONTINUE 
02650 AS=RA 
02660 RETURN 
02670 END 
READY. 



( 
RUN 

( 78/07/04. 23401.56. 
FILE PROJS2 

, 

STREAM L I N E  CONSTRUCTION FOR LINEARLY DISTRIBUTED 
D I S C  OF SOUiXCES AND THE BODY -_--------------------------------------------- 

. 
$TIME LIMIT* 

SRU 24.620 UNTS.  

REFERENCE FLOW HATE=Z5390.1555 





APPENDIX 3 

Future Work Recommendations 

A more r e a l i s t i c  case can be considered i n  which the s t rength  o f  

the  sources on the d isc,  which f a l l s  i n s i d e  the body o f  the windmi l l  

i s  p u t  t o  be zero. 

Fig. (22) shows the p r o f i l e  o f  the source dens i ty  k, i n  the case 

o f  l i n e a r l y  d i s t r i b u t e d  source as ca lcu la ted i n  t h i s  work. F ig .  (23 )  

shows the improvement which should be made. This improvement, a l -  

though p h y s i c a l l y  more r e a l i s t i c ,  i s  very cumbersome mathematical ly.  

The po ten t ia l  f o r  the  improved model on the x-axis can be found 

as was described i n  Chapter 11. I t  can be e a s i l y  shown t h a t :  

Using Laga l lay 's  theorem and the one dimensional momentum theory 

i t  can be shown t h a t  

Then what remains t o  be done i s  the  expansion i n  zonal harmonics 



F I G U R E S  



F I G U R E  1. 

F I G U R E  2. 



F I G U R E  3. 

F I G U R E  4 .  



F I G U R E  5. 





- -- 

F I G U R E  8. 

F I G U R E  9 .  



F I G U R E  10. 









\CI = 2 . 2 $ 0  r,= 4.57m 

90 = 341.3 rn3/s r a =  3.05m 
\C/ = 9 0 / 2  

I 
r a =  2.13 m 

I \CI = $ 0 / 8  r,= 1.07m 
I 
I 
I 

I I I I I I 1 I 

3 6 9 12 15 18 2 1 24 
DISTANCE UPSTREAM (m) 

F I G U R E  14. 











DISTANCE UPSTREAM ( m  ) 

F I G U R E  19. 







DISC 

F I G U R E  22.  

F I G U R E  23. 


	University of Massachusetts Amherst
	ScholarWorks@UMass Amherst
	1979

	The Flow Field Upstream Of A Horizontal Axis Wind Turbine
	K. Modarresi
	R. H. Kirchhoff

	tmp.1306336665.pdf.NRv5B

