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THE SPECTRAL CURVE OF A QUATERNIONIC HOLOMORPHIC
LINE BUNDLE OVER A 2-TORUS

CHRISTOPH BOHLE, FRANZ PEDIT, AND ULRICH PINKALL

1. INTRODUCTION

Over the last 20 years algebraically completely integrable systems have been studied in a
variety of contexts. On the one hand their theory is interesting from a purely algebraic
geometric point of view, on the other hand a number of problems arising in mathematical
physics and global differential geometry can be understood in the framework of those in-
tegrable systems. This situation has led to a rich cross—fertilization of algebraic geometry,
global differential geometry and mathematical physics.

The phase space of an algebro—geometric integrable system consists of moduli of algebraic
curves together with their Jacobians, the Lagrangian tori on which the motion of the
system linearizes in a direction osculating the Abel image (at some marked point) of the
curve. In classical terminology the algebraic curve, usually referred to as the spectral
curve, encodes the action variables whereas the Jacobian of the curve encodes the angle
variables of the system. Since the Jacobian of a curve acts on the Picard variety of fixed
degree line bundles, the linear flow in the Jacobian gives rise, via the Kodaira embedding,
to a flow of algebraic curves in a projective space. If this projective space is P! the correct
choice of moduli of curves yields as flows harmonic maps from R? to P! = S2. In case
those flows are periodic in the Jacobian, one obtains harmonic cylinders or tori in S2.
The action of the Jacobian on harmonic maps is a geometric manifestation of the sinh—
Gordon hierarchy in mathematical physics, where one perhaps is more interested in the
solutions of the field equation, here the elliptic sinh—Gordon equation, rather than the
harmonic maps described by these solutions. It is a remarkable fact [I8, [10] that, due to
the ellipticity of the harmonic map equation, all harmonic tori arise in this way. It is well
known that harmonic maps into S? are the unit normal maps of constant mean curvature
surfaces in 3—space. Thus, the classical problem of finding all constant mean curvature
tori can be rephrased by studying a particular algebro-geometric integrable system [I8] [1].

This picture pertains in many other instances, including finite gap solutions of the KdV
hierarchy, whose “fields” can be interpreted as the Schwarzian derivatives of curves in P*,
elliptic Toda field equations for the linear groups, which arise in the study of minimal tori
in spheres and projective spaces, and Willmore tori in 3 and 4-space. In each of these cases
the equations can be rephrased as an algebraically completely integrable system. One of
the implications of such a description is the explicit computability of solutions, since linear
flows on Jacobians are parametrized by theta functions of the underlying algebraic curve.
Moreover, the energy functional — Dirichlet energy, area, Willmore energy etc. — of the
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corresponding variational problem appears as a residue of a certain meromorphic form on
the spectral curve, which makes the functional amenable to algebro—geometric techniques.

In all of the above cases the spectral curves are intimately linked to holonomy representa-
tions of holomorphic families of flat connections. For example, the harmonic map equation
of a Riemann surface into the 2-sphere can be written as a zero curvature condition on
a C,—family of SL(2,C)—connections [10, [§]. If the underlying surface is a 2-torus, the
eigenvalues of the holonomy (based at some point on the torus) give a hyper—elliptic curve.
The corresponding eigenlines define a line bundle over this curve which moves linearly in
the Picard of the curve as the base point moves over the torus. Perhaps there has been
a sentiment that this setup is prototypical for algebraically completely integrable systems
which arise in the context of differential geometry. We are learning now [3] that there
is a much less confined setting for which the above described techniques are applicable:
the geometric classes of surfaces described by zero curvature equations are special invari-
ant subspaces of a more general phase space related to the Davey—Stewartson hierarchy
[T, 211, 12} [5, [15].

This more general setting has to do with the notion of a “spectral variety” [6, [16], 13|
14] [7] for a differential operator. For example, if we want to study the spectrum of the
Schrodinger operator on a periodic structure (crystal), we need to find a solution (the
wave function) for a given energy which is quasi-periodic, that is, gains a phase factor
over the crystal, since the physical state only depends on the complex line spanned by
the wave function. If the crystal is a 2-D lattice, we obtain a spectral variety given by
the energies and the possible phases of the wave functions, which in this case would be
an analytic surface. Another example occurs in the computations of tau and correlation
functions of massive conformal field theories over a Riemann surface M. In this case one
is interested in solutions with monodromy of the Dirac operator with mass

o —-m
o= 7)
that is, solutions ¢ which satisfy
Dy =0 and ~*¢ =h,

for a representation h: w1 (M) — C, of the fundamental group acting by deck transfor-
mations. The spectral variety, parametrizing the possible monodromies, generally is an
analytic set.

This last example arises naturally [§] in the study of quaternionic holomorphic line bun-
dles W over a Riemann surface M. Such lines bundles carry a complex structure J €
I'(End(W)) compatible with the quaternionic structure and the holomorphic structure is
described by a quaternionic — generally not complex — linear first order operator

D=0+Q:T(W)—T(KW).

Here Q € T'(K End_(W)) is the complex anti-linear part of D and the complex linear
part 0 is a complex holomorphic structure on W. The energy of the holomorphic line
bundle W is the L?-norm

W(VV,D)zZ/ < QNA*Q >
M

of @ which is zero for complex holomorphic structures D = 9. There are two important
geometric applications depending on the dimension h°(W) of the space of holomorphic
sections HO(W). If h°(W) = 1 and the spanning holomorphic section 1 € H°(W) has
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no zeros, the complex structure J can be regarded as a smooth map from the Riemann
surface M to S? whose Dirichlet energy is W. In the case h°(W) = 2 the ratio of two
independent holomorphic sections defines a (branched) conformal immersion from the
Riemann surface M to S* whose Willmore energy, the average square mean curvature
J uH 2 is given by W. In both cases all the respective maps are described by suitably
induced quaternionic holomorphic line bundles [8], [4].

A central geometric feature of both theories is the existence of Darboux transformations
[3] which is a first manifestation of complete integrability. These Darboux transforms
correspond to holomorphic sections with monodromy, that is, sections ¢ € H O(W) of the
pullback bundle W of W to the universal cover of M, which satisfy

Y = h,
for a representation h: 71 (M) — H,.

From here on we only discuss the case when the underlying Riemann surface M is a
2-torus T2 = R?/T. Then the fundamental group is abelian and it suffices to consider
holomorphic sections with complex monodromies which are all of the form h = exp( f w)
for a harmonic form w € Harm(7?,C). Interpreting exp([w) as a (non-periodic) gauge
on R?, a holomorphic section ¢ with monodromy h = exp( J w) gives rise to the section
Yexp(— [w) € T(W) without monodromy on the torus which lies in the kernel of the
periodic operator

D, = exp(— /w) oDo exp(/ w): T(W) — T(KW).

Therefore, the Darboux transforms are described by the harmonic forms w € Harm(7?, C)
g)\r/ which D, has a non-trivial kernel, and we call this set the logam'thﬁzﬁ spectrum
Spec(W, D) of the quaternionic holomorphic line bundle W. Note that Spec(W, D) is
invariant under translations by the dual lattice I'* of integer period harmonic forms and
its quotient under this lattice, the spectrum

Spec(W, D) = Spec(W, D)/T* C Hom(T,C.),

is the set of possible monodromies of the holomorphic structure D. The spectrum carries
a real structure p induced by complex conjugation: if a section ) has monodromy h the
section 17 has monodromy h.

In the description of surface geometry via solutions to a Dirac operator with potential the
spectrum already appeared in the papers of Taimanov [22], and Grinevich and Schmidt [9],
and its relevance to the Willmore problem can be seen in [20, 23] and [3] 2].

The present paper analyzes the structure of the spectrum Spec(W, D) of a quaternionic line
bundle W with holomorphic structure D of degree zero over a 2-torus. Due to ellipticity
the family D,,, parametrized over harmonic 1-forms Harm(7?2, C), is a holomorphic family
of Fredholm operators. The minimal kernel dimension of such a family is generic and
attained on the complement of an analytic subset. In Sections 2] and [Bl we show that for
a degree zero bundle over a 2-torus these operators have index(D,) = 0, their generic
kernel dimension is zero, and the spectrum Spec(W, D) C Hom(I",C,) is a 1-dimensional
analytic set. The spectrum can therefore be normalized h: ¥ — Spec(W, D) to a Riemann

surface 3, the spectral curve. Moreover, for generic w € Spec(W, D) the kernel of D, is
1-dimensional and therefore ker(D,,) gives rise to a holomorphic line bundle £, the kernel
bundle, over the spectral curve 3. The fiber of £ over a generic point o € X is the space
of holomorphic sections of W with monodromy h° € Spec(W, D). The real structure p on
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the spectral curve ¥ induced by p(h) = h is covered by multiplication by j on the kernel
bundle £ and therefore has no fixed points.

Physical intuition suggests that for large monodromies the spectrum should be asymptotic
to the vacuum spectrum Spec(W,d). That this is indeed the case we show in Section [l
Since the vacuum is described by complex holomorphic sections with monodromy it is a
translate of the curve

exp(H°(K)) U exp(H(K)) € Hom(T, C,)

with double points along the lattice of real representations. We show that outside a
sufficiently large compact subset of Hom(I", C,) the spectrum is a graph over the vacuum,
at least away from the double points. Near a double point the spectrum can have a handle.
Depending on whether an infinite or finite number of handles appear, the spectral curve
has infinite genus, is connected and has one end, or its genus is finite, it has two ends and
at most two components.

For a generic holomorphic line bundle W the spectral curve 3 will have infinite genus and
algebro—geometric techniques cannot be applied. This motivates us to study the case of
finite spectral genus in Section [l in more detail. The end behavior of the spectrum then
implies that outside a sufficiently large compact set in Hom(T",C,) none of the double
points of the vacuum get resolved into handles. Therefore, we can compactify the spectral
curve Y. by adding two points o and oo at infinity which are interchanged by the real
structure p. Because the kernel bundle is asymptotic to the kernel bundle of the vacuum,
the generating section 1 € H°(W) with monodromy h° of L, has no zeros for ¢ in a
neighborhood of 0 or co. We show that the complex structures S? defined via S%¢ = 71
are a holomorphic family limiting to +J when ¢ tends to o and oo, where J is the complex
structure of our quaternionic holomorphic line bundle W. Thus, S extends to a T2-family
of algebraic functions ¥ — CP' on the compactification & = XU {0,00}. Pulling back the
tautological bundle over CP! the family S gives rise to a linear T%flow of line bundles
in the Picard group of X. Finally we give a formula for the Willmore energy W in terms
of the residue of the logarithmic derivative of h and the conformal structure of T2. This
formula allows various interpretations of the Willmore energy including an interpretation
as the convergence speed of the spectrum to the vacuum spectrum.

During the preparation of this paper the authors profited from conversations with Martin
Schmidt and Iskander Taimanov.

2. THE SPECTRUM OF A QUATERNIONIC HOLOMORPHIC LINE BUNDLE

In this section we summarize the basic notions of quaternionic holomorphic geometry [§]
in as much as they are relevant for the purposes of this paper. We also recall the basic
definitions and properties of the spectrum of a holomorphic line bundle which, from a
surface geometric point of view, can also be found in [3].

2.1. Preliminaries. Let W be a quaternionic (right) vector bundle over a Riemann sur-
face M. A complex structure J on W is a section J € I'(End(W)) with J? = —1d, or,
equivalently, a decomposition W = W, & W_ into real subbundles which are invariant
under multiplication by the quaternion i and interchanged by multiplication with the
quaternion j: the +i—eigenbundle of J is Wy. Note that W, and W_ are isomorphic via
multiplication by j as vector bundles with complex structures J\Wi’ The degree of the
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quaternionic bundle W with complex structure J is defined as the degree deg W := deg W
of the underlying complex vector bundle W .

A quaternionic holomorphic structure on a quaternionic vector bundle W equipped with
a complex structure J is a quaternionic linear operator

D:T(W) — D(EW)

that satisfies the Leibniz rule D(¢A) = (D)X + (dN)” for all ¢ € T(W) and A: M — H
where (Yd))” = $(1pdX + J x 1d\) denotes the (0,1)-part of the W-valued 1-form dA
with respect to the complex structures J on W and % on TM*. Decomposing the operator
D into J commuting and anti-commuting parts gives D = 0 +Q where 0 = 0@ 0 is the
double of a complex holomorphic structure on Wy and Q € I'(K End_(W)) is a (0,1)-
form with values in the complex anti-linear endomorphisms of W (with complex structure
post—composition by J), called the Hopf field.

The space of holomorphic sections of W is denoted by H°(W) = ker(D). Because D
is an elliptic operator its kernel H°(W) is finite dimensional if the underlying surface is
compact. The L? norm

W(W):W(W,D)ZQ/ <QAKQ >
M

of the Hopf field Q is called the Willmore energy of the holomorphic bundle W where <, >
denotes the real trace pairing on End(W). The special case Q = 0, for which W(W) = 0,
describes (doubles of) complex holomorphic bundles W = W, @ W,..

2.2. The quaternionic spectrum of quaternionic holomorphic line bundles. A
holomorphic structure D on W induces a quaternionic holomorphic structure on the pull-
back bundle W = 7*W by the universal covering 7: M — M. The operator D on W is
periodic with respect to the group I' of deck transformations of 7: M — M. The space
HO(W) of holomorphic sections of W are the periodic, that is, ['-invariant, sections of 144
solving D = 0. In the following we also need to consider solutions with monodromy of
D1 = 0. Such solutions are the holomorphic sections of W that satisfy

(2.1) v = Yh, for all v € T,

where h € Hom(T',H.,) is a representation of I'. A holomorphic section ¢ € H(W)
satisfying (2.I]) for some h € Hom(I', H,) is called a holomorphic section with monodromy
h of W, and we denote the space of all such sections by H,?(VNV) By the quaternionic
Pliicker formula with monodromy (see appendix to [3]) Hy)(W) is a finite dimensional
real vector space. Multiplying ¢ € HS(VNV) by some A € H, yields the section A with
monodromy A~'hA. Unless h is a real representation Hg(W) is not a quaternionic vector
space.

Definition 2.1. Let W be a quaternionic line bundle with holomorphic structure D over
a Riemann surface M. The quaternionic spectrum of W is the subspace

Specy (W, D) C Hom(T', H, ) /H.,

of conjugacy classes of monodromy representations occurring for holomorphic sections of
W. In other words, h represents a point in Specy (W, D) if and only if there is a non—trivial
holomorphic section 1 € H°(W) with monodromy h, that is, a solution of

Dy =0 satisfying ~*p =¢h, forallyel.
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Our principal motivation for studying the quaternionic spectrum is the observation [3]
that Darboux transforms of a conformal immersion f: M — S* correspond to nowhere
vanishing holomorphic sections with monodromy of a certain quaternionic holomorphic
line bundle induced by f. From this point of view the quaternionic spectrum arises as
a parameter space for the space of Darboux transforms. The quaternionic holomorphic
line bundle induced by f: M — S* is best described when viewing S* = HP' as the
quaternionic projective line. The immersion f is the pull-back L of the tautological line
bundle over HP! and as such a subbundle L C H? of the trivial quaternionic rank 2 bundle.
The induced quaternionic holomorphic line bundle is the quotient bundle W = V/L
equipped with the unique holomorphic structure for which constant sections of V' project
to holomorphic sections of V/L.

The idea of defining spectra of conformal immersions first appears, for tori in R3, in the
work of Taimanov [22], and Grinevich and Schmidt [9]. Their definition leads to the
same notion of spectrum although it is based on a different quaternionic holomorphic line
bundle associated to a conformal immersion into Euclidean 4-space R* via the Weierstrass
representation [17].

2.3. The spectrum of a quaternionic holomorphic line bundle over a 2—torus.
From here on we study the geometry of Specy(W, D) in the case that the underlying
surface is a torus 72 = R?/T". Due to the abelian fundamental group 71(7?) = T every
representation h € Hom(T', H,) of the group of deck transformations can be conjugated
into a complex representation in Hom(I', C,). The complex representation h € Hom(T', C,)
in a conjugacy class in Hom(I', H,) is uniquely determined up to complex conjugation
h + h (which corresponds to conjugation by the quaternion j). In particular, away from
the real representations, the map

Hom(T',C,) — Hom(T', H,,)/H.,
is 2 : 1. The lift of the quaternionic spectrum Specy (W, D) of W under this map gives

rise to the spectrum of the quaternionic holomorphic line bundle W.

Definition 2.2. Let W be a quaternionic holomorphic line bundle over the torus with
holomorphic structure D. Its spectrum is the subspace

Spec(W, D) C Hom(I', C,)

of complex monodromies occurring for non—trivial holomorphic sections of W.

By construction, the spectrum is invariant under complex conjugation p(h) = h and

(2.2) Specy (W, D) = Spec(W, D)/p.

The study of Spec(W, D) is greatly simplified by the fact that G = Hom(I',C,) is an
abelian Lie group with Lie algebra g = Hom(I", C) whose exponential map exp: g — G is
induced by the exponential function C — C,. The Lie algebra Hom(I",C) is isomorphic
to the space Harm(72,C) of harmonic 1-forms: a harmonic 1-form w gives rise to the
period homomorphism v € T' — fﬁ/ w. The image under the exponential map of such a

homomorphism is the multiplier v — h, = ¢)¥. The kernel of the group homomorphism
exp is the lattice of harmonic forms I'* = Harm(T?,27miZ) with integer periods. The
exponential function thus induces an isomorphism

(2.3) Harm(72,C)/T* = Hom(T, C,).
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Rather than Spec(W, D) we study its logarithmic image which is the I'*—invariant subset
Spec(W, D) € Harm(T?, C), the logarithmic spectrum, with the property that

(2.4) Spec(W, D) = Spec(W, D) /T*.

Considering S/p\/ec(W, D) has the advantage that it is described as the locus of those w €
Harm(7?,C) for which the operator

(2.5) D,=e¢J“oDoel¥: T(W)—T(EW),

given by Dytp = (D(wel “))e ]« where 1 € T'(W), has a non—trivial kernel. Here
elv e Hom(R?, C,) is regarded as a gauge transformation on the universal cover RZ.
Nevertheless, the operator D,, is still well defined on the torus T2 because the Leibniz
rule of a quaternionic holomorphic structure implies

(2.6) Dy (1) = Dy + (yw)" .

The operator D,, is elliptic but due to the term (1w)” in (2.6]) only a complex linear (rather
then quaternionic linear) operator between the complex rank 2 bundles W and KW, where
the complex structure I is given by right multiplication I(1)) = i by the quaternion 4.
A section ¢ € ['(W) is in the kernel of D,, if and only if the section e/ “ e D(W) is in
the kernel of D, that is, wef “eH O(W) is holomorphic. Because the section wef “ has
monodromy h = el “ we obtain the [-complex linear isomorphism

(2.7) ker D, — HY(W): ) — pel .

In particular, a representation h = el “ is in the spectrum Spec(W, D) if and only if D,
has non—trivial kernel and therefore

(2.8) S/§e/c(W, D) = {w € Harm(T?,C) | ker D,, # 0}.

Since D, is a holomorphic family of elliptic operators the general theory of holomorphic
families of Fredholm operators (see Proposition B1]) implies that the logarithmic spectrum
S/§e/c(W,D) is a complex analytic subset of Hom(T',C) & C? and that Spec(W, D) is a
complex analytic subset of Hom(I',C,) = C, x C,. It turns out that the dimension of
Spec(W, D) € Hom(I', C,) depends on the degree d = deg(W) of W:

dim(Spec(W, D)) = 2 ifd >0,
dim(Spec(W, D)) =1 if d=0,
dim(Spec(W, D)) =0 itd<0.

The case d # 0 is dealt with in the following lemma. The case d = 0 is the subject of the
rest of this paper.

Lemma 2.3. Let (W, D) be a quaternionic holomorphic line bundle of degree deg(W') # 0
over a torus T?. Then

a) Spec(W, D) = Hom(T',C,) if deg(W) > 0 and
b) Spec(W, D) is a finite subset of Hom(I', C,.) if deg(W) < 0.

Proof. The Fredholm index Index(D,,) = dim(ker(D,,)) — dim(coker(D,,)) (see the proof
of Lemma [2.4] in Section B.I] for more details) of the elliptic operator D, depends only
on the first order part. Therefore Index(D,, coincides with the Fredholm index of the
operator @ which, by the Riemann Roch theorem, is given by

(2.9) Index(D,,) = Index(0d) =2(d — g+ 1) = 2d,
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where d denotes the degree of W and the genus g = 1 for the torus 72. The factor 2 comes
from the fact that 0 is the direct sum of complex d-operators on W = W, @ W,. To
prove b) we use the quaternionic Pliicker formula with monodromy (see appendix to [3])
which shows that

ﬁW(Wv D) > —d(n+ 1) + ord(H))

for every (n + 1)-dimensional linear system H C H°(W) with monodromy. This implies
that for d < 0 only a finite number of h € Spec(W, D) admit non—trivial holomorphic
sections with monodromy. O

In case W = V/L is the quaternionic holomorphic line bundle induced by a conformal
immersion f: T2 — S of a torus into the conformal 4-sphere the degree d = deg(V/L) is
half of the normal bundle degree deg(Ly), see [3]. In particular, for immersions into the
conformal 3-sphere S2 the degree of the induced bundle V/L is always zero.

2.4. Spectral curves of degree zero bundles over 2—tori. Throughout the rest of
the paper we assume that W is a quaternionic holomorphic line bundle of degree zero
over a torus T2. The following lemma shows that in this case the logarithmic spectrum
Spec(W, D), and hence the spectrum Spec(W, D), is a 1-dimensional analytic subset. This
allows to normalize the spectrum to a Riemann surface, the spectral curve.

Lemma 2.4. Let (W, D) be a quaternionic holomorphic line bundle of degree zero over a
torus T?. Then:

a) The logarithmic spectrum S/pzc(VV, D) is a 1-dimensional analytic set in Harm(T?, C) =
C? invariant under translations by the lattice T*. Its normalization is the Riemann
surface Y that admits a surjective holomorphic map w: Y — Sfp\gc(VV, D) which, on the
complement of a discrete set, is an injective immersion.

b) The normalization Y carries a complex holomorphic line bundle £ which is a holomor-
phic subbundle (in the topology of C*° convergence) of the trivial T (W')-bundle over >
The fibers of L satisfy L& C ker D) for all 6 € Y with equality away from a discrete

set in 3.

The fact that £ is a holomorphic line subbundle of the trivial T'(W)-bundle with respect
to the Frechet topology of C°°—convergence means that a local holomorphic section ¢ €
H°(L)yy) can be viewed as a C°°~map

V:UXT? W =T?%xC% (6,p) — 7 (p)
which is holomorphic in & € U C . Here W is the trivial C2-bundle with the complex
structure given via quaternionic right multiplication by .

The lemma is proven in Section 3.1 by asymptotic comparison of the holomorphic families
of elliptic operators D,, and 9. This analysis shows that the spectrum Spec(W, D) of D
asymptotically looks like the spectrum Spec(9, W) of 9, the vacuum spectrum.

Because the spectrum Spec(W, D) = S/§e/c(W,D) /T* is the quotient of the logarithmic
spectrum by the dual lattice, Lemma 2.4 implies that Spec(W, D) C Hom(T', C,.) also is a
1-dimensional analytic set. The normalization of Spec(W, D) is the quotlent ¥ = %/T*

with normalization map h: ¥ — Spec(W, D) induced from w: ¥ — Spec(W D) via h =

exp(f w).
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Definition 2.5. Let (W, D) be a quaternionic holomorphic line bundle of degree zero
over a torus. The spectral curve 3 of W is the Riemann surface normalizing the spectrum
h: ¥ — Spec(W, D).

The spectral curve of a conformal immersion f: T2 — S% with trivial normal bundle is
[3] the spectral curve of the induced quaternionic holomorphic line bundle W = V/L.

As proven in Section [l the spectral curve ¥ of a degree zero quaternionic holomorphic
line bundle W is a Riemann surface with either one or two ends, depending on whether
its genus is infinite or finite. In the former case it is connected, in the latter case it has at
most two components, each containing at least one of the ends.

The bundle £ can be realized as a complex holomorphic subbundle of the trivial H°(WW)-
bundle (V&lith respect to C°°—convergence on compact subsets on the universal covering
R?) over ¥ by the embedding

EHHO(W) ¢5€£~5F—>¢5€fw5.

This line subbundle of H(W) is invariant under the action of I'* and hence descends to a
complex holomorphic line bundle £ — ¥. The fibers of £ satisty £, C HY, (W) for o € &
and equality holds away from a discrete set of points in X.

Recall that the spectrum Spec(W, D) C Hom(I',C,) is invariant under the conjugation
p(h) = h. The map p lifts to an anti-holomorphic involution p: ¥ — ¥ of the spectral
curve ¥ that satisfies h o p = h. For every 0 € ¥ and ¢ € L,, the section vj is a
holomorphic section with monodromy h?(?) = ho of W. For generic o € %, we have

L

p(0) = ng(o)(W) such that ¥j € £, and
Loy = LoJ -

By continuity the latter holds for all ¢ € 3. This shows that the anti-holomorphic
involution p: ¥ — 3 is covered by right multiplication with j acting on £ and thus has
no fixed points. The following theorem summarizes the discussion so far:

Theorem 2.6. The spectrum Spec(W, D) of a quaternionic holomorphic line bundle
(W, D) of degree zero over a torus is a 1-dimensional complex analytic set. Its spectral
curve, the Riemann surface ¥ normalizing the spectrum h: ¥ — Spec(W, D), is equipped
with a fired point free anti-holomorphic involution p: ¥ — X satisfying h o p = h.

There is a complex holomorphic line bundle L — ¥ over 3, the kernel bundle, which is
a subbundle of the trivial bundle ¥ x HO(W) with the property that L, C HY, (W) for all

o € X with equality away from a discrete set in X. The bundle L is compatible with the
real structure p: X — X in the sense that p*L = Lj.

The quotient /p with respect to the fixed point free involution p is the normalization
of the quaternionic spectrum Specy (W, D). If ¥ is connected, ¥/p is a “non—orientable
Riemann surface”.

3. ASYMPTOTIC ANALYSIS
This section is concerned with a proof of Lemma [2.4] and some preparatory results needed
in Section [ to analyze the asymptotic geometry of the spectrum Spec(W, D).

The results of Sections [3] and (] are obtained by asymptotically comparing the kernels
of the holomorphic family of elliptic operators D, to those of the holomorphic family
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of elliptic operators 9, arising from the “vacuum” (W,d). For large multipliers, that
is, for multipliers in the complement of a compact subset of Hom(I', Cy), the spectrum
Spec(W, D) is a small deformation of the vacuum spectrum Spec(d, W) away from double
points of Spec(d, W) where handles may form. The detailed study of the asymptotic
geometry of Spec(W, D) will then be carried out Section @l

3.1. Holomorphic families of Fredholm operators and the proof of Lemma 2.4l
The following proposition, combined with Corollary proven at the end of this section,
will yield a proof of Lemma 2.4]

Proposition 3.1. Let F(\): By — E3 be a holomorphic family of Fredholm operators
between Banach spaces Ey and Ey parameterized over a connected complexr manifold M .
Then the minimal kernel dimension of F()\) is attained on the complement of an analytic
subset N C M. If M is 1-dimensional, the holomorphic vector bundle Ky = ker(F(\))
over M\N extends through the set N of isolated points to a holomorphic vector subbundle
of the trivial E1—bundle over M.

Proof. For Ao € M there are direct sum decompositions £y = E] ® K, and Ey = E}, ®
K, into closed subspaces such that K is the finite dimensional kernel of F(\g) and E}
its image. The Hahn—Banach theorem ensures that the finite dimensional kernel of a
Fredholm operator can be complemented by a closed subspace. The fact that the image
of an operator of finite codimension m is closed follows from the open mapping theorem:
for every complement, the restriction of the operator to F} can be linearly extended
to a bijective operator from Ef @& C™ to Fy = E} @ K, that respects the direct sum
decomposition.

With respect to such a direct sum decomposition, the operators F'(\) can be written as

A(N) B\
HM:<mM<MM>

with A(\) invertible for all A € U contained in an open neighborhood U C M of Ag. For
all A € U we have
AM)™Y —ANTIB( N
ﬂn<<3 ‘<ﬁc<)): COVANT DY) — CNAMN B

=:F(X)

=:G(N\)

Because all G()\) are invertible, the kernel of F()) is G()\) applied to ker(F()\)). Because
F()\): K; — C'is an operator between finite dimensional spaces whose index coincides with
that of F'(\), the proposition immediately follows from its finite dimensional version: the
analytic set N is given by the vanishing of all r x r—subdeterminants of F (M), where 7 is the
maximal rank of F' (M) for A € U. For a proof that, in the case of a 1-dimensional parameter

domain, the bundle of kernels extends through the points in N, see e.g. Lemma 23 of [4].
O

Corollary 3.2. If Index(F(\)) = 0, the analytic set No = {A € M | ker(F(X\)) # 0} can
be locally described as the vanishing locus of a single holomorphic function.

Proof. We may assume Ng # M. Then Ny = N, with N as in Proposition 3.1l and
therefore locally described as the set of A for which F'(\) has a non—trivial kernel. But
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Index(F(\)) = 0 implies that F(\) is an 7o X ro-matrix with ry = dim(K) = dim(C) such
that Ny is locally given as the vanishing locus of the determinant of F'(\). O

In order to show that §I;/ec(I/V, D) c Hom(T',C) is a complex analytic set, it is sufficient —
by the preceding corollary — to extend the family of elliptic operators D,, to a holomorphic
family of Fredholm operators defined on a Banach space containing I'(W) such that the
kernels of the extensions coincide with those of D,. Corollary B9 below implies that
§Bé/c(VV, D) is neither empty nor the whole space and thus has to be 1-dimensional.
Moreover, by applying Proposition 31 to D,, pulled back by the normalization w: Y —
§Bé/c(VV, D) C I—I/zllrr/n(Tz, C), Corollary shows that the kernel of D,, is 1-dimensional

for generic w € Spec(W, D) and therefore the kernel bundle is a line bundle over 3.

Proof of Lemma[2.4} For every integer k > 0 the operators D, extend to bounded op-
erators from the (k + 1)"~Sobolev space H**1(W) of sections of W to the k'*~Sobolev
space H¥(KW) of sections of KW. By elliptic regularity (see e.g. Theorem 6.30 and
Lemma 6.22a of [24]), for every k the kernel of the extension to H**1(W) is contained
in the space I'(W) of C*>°—sections and therefore coincides with the kernel of the original
elliptic operator D : T'(W) — T'(KW).

The extension of an elliptic operator on a compact manifold to suitable Sobolev spaces is
always Fredholm: its kernel is finite dimensional (see e.g. [24], p.258) and so is its cokernel,
the space dual to the kernel of the adjoint elliptic operator. The Fredholm index

Index(D,,) = dim(ker(D,,)) — dim(coker(D,,))
of D,, depends only on the symbol so that by (29I

Index(D,,) = Index(9) = 2d
where d is the degree of W.

By assumption d = 0 and therefore Corollary implies that S/;Be/c(W,D) is a complex
analytic set locally given as the vanishing locus of one holomorphic function in two complex
variables. To see that §I;/ec(I/V, D) is 1-dimensional it suffices to check that gg&;(VV, D) is
neither empty nor all of Harm(72, C) which will be proven in Corollary 3.9, This corollary
also shows that there is w € §B/ec(1/V, D) for which ker(D,,) is 1-dimensional. Applying
Proposition BIlto D,, pulled back to the Riemann surface ¥ normalizing g;&;(VV, D) shows
that, for generic w € X, the kernel of D,, 1-dimensional. The unique extension of ker(D,,)

through the isolated points with higher dimensional kernel thus defines a holomorphic line
bundle £ — X.

Due to elliptic regularity the kernel of the extension of D,, to the Sobolev space H*+1 (1)
for every integer k > 0 is already contained in I'(WW). In particular, the kernels of the D,
do not depend on k and define a line subbundle £ of the trivial I'(WW)-bundle over %. For
every k > 0 the line bundle £ is a holomorphic line subbundle of the trivial H*+1(W)-
bundle and therefore a holomorphic line subbundle of the trivial I'(W)-bundle where
(W) is equipped with the Frechet topology of C'*°—convergence. O

3.2. Functional analytic setting. In the following we develop the asymptotic analy-
sis needed to prove Corollary For further applications in Sections @ and [l it will
be convenient to view D, as a family of unbounded operators on the Wiener space of
continuous sections of W with absolutely convergent Fourier series (instead of viewing
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it as unbounded operators D, : T'(W) C L?*(W) — L*(W) which would be sufficient for
proving Corollary B.9)).

In order to work in the familiar framework of function spaces and to simplify the appli-
cation of Fourier analysis, we fix a uniformizing coordinate z on the torus 72 = C/T" and
trivialize the bundle W. The latter can be done since the degree of W or, equivalently,
of the complex line subbundle W = {v € W | Jv = vi}, is zero. To trivialize W we
choose a parallel section ¢ € F(W) of a suitable flat connection: let V be the unique
flat quaternionic connection on W which is complex holomorphic, that is, VJ = 0 and
V" = 9, and which has unitary monodromy lAu, = ¢~ b07+007 when restricted to W, where
h € Hom(T', C,). Then the connection V — bodz + bodz on W is trivial and we can choose
a parallel section ¢ € I‘(W) which in particular satisfies 01 = —bydz.

The choices of uniformizing coordinate z and trivializing section ¢ induce isomorphisms
C®(T%,C%) - T(W),  (ur,us) — ¥(ur + jus)
and
C™(T?,C*) - T(KW),  (u1,us) — ¢dz(us + jus) .
Moreover, via
(3.1) w = (a+bo)dz + (b+ by)dz,

the space Harm(7T?,C) is coordinatized by (a,b) € C2. Under these isomorphisms the
family of operators D,, defined in (23] takes the form

(3.2) Doy =0up + M

with 5
9 4p 0 0 —q
— 82 e
e G I R

where ¢ € C*(T?,C) is the smooth complex function defined by Qv = ¥jdzq. We denote
by

Qi

S ={(a,b) € C* | ker(Dy) # 0}
and

So ={(a,b) € C* | ker(dap) # 0}
the coordinate versions of the logarithmic spectrum S/p\/ec(W, D) and logarithmic vacuum
spectrum S/p\/ec(é, w).

In the following we equip the space I! = [*(T?,C?) of C'functions with absolutely con-
vergent Fourier series with the Wiener norm, the ['-norm

(3-3) lull = Y Jurel + Juacl

cel”
of the Fourier coefficients of

u(z) _ <Z Uy e e—Ez-i—cZ’ Z U e—cz—i—cz) € ll(T2, (C2),
cel’ ceT”
where IV C C denotes the lattice
I"={ceC|—ey+cy€2mZ for all y € '}.

The Banach space I! contains C°° = C*(T?,C?) as a dense subspace (in fact, it contains
all H2functions, cf. the proof of the Sobolev lemma 6.22 in [24]). Since the inclusion
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IYT?,C?%) — C°T?,C?) is bounded I'—convergence implies C'—convergence and in par-
ticular pointwise convergence. We will use those facts in the applications in Sections @
and B

3.3. Dyp and 5a,b as closable operators C® C ! — ['. We will show that all operators
in the holomorphic families D, ; and 5(171, are closable as unbounded operators C® C [ —
I'. The following proposition applied to D, and 5[171, then allows to compare their kernels
by comparing their resolvents.

Proposition 3.3. Let F': D(F) C E — E be a closed operator on a Banach space and
let o(F) = o1 Uaog be a decomposition of its spectrum into two closed sets such that there
exists an embedded closed curve y: S' — p(F) = C\o(F) enclosing 1. Then the bounded

operator

1
P:=— [(A—F)lax
2mi ),
is a projection, its range E7 is a subset of D(F'), the kernel E5 = ker(P) has Eo N D(F)
as a dense subspace and both Ei and Es are invariant subspaces with a(ﬂ g;,) = 0; for

1 =1,2. Moreover, P commutes with every operator that commutes with F'.

For a proof of this proposition see [19], Theorems XII.5 and XII.6.

Recall that an unbounded operator F': D(F) C E — FE is closed if the graph norm
lv]|7 := ||v]| + ||Fv] is a complete norm on its domain D(F'). For example, if F is a first
order elliptic operator F, the extension of the unbounded operator F: C* C L? — L? to
the Sobolev space H! is closed, because the graph norm is equivalent to the first Sobolev
norm (by Gardings inequality, see e.g. [24], 6.29). Elliptic regularity (see e.g. Theorem 6.30
and Lemma 6.22a of [24]) shows that this closure F': H! ¢ L? — L? has the same kernel
as the original operator F: C°° — (C°,

In the following we treat D, and (‘%,b as unbounded operators C*®° C [ — [! and show
(in Lemma below) that they also admit closures with kernels in C*°. We will define
these closures by taking suitable restrictions of the respective L?—closures H! ¢ L? — L2,
For this we need the following lemma.

Lemma 3.4. Let I' = [1(T? C?) be the Banach space of absolutely convergent Fourier
series with values in C? equipped with the Wiener norm [B.3). Then:

a) The multiplication by a 2 X 2—matriz whose entries are functions with absolutely
convergent Fourier series (e.g., C°—functions) yields a bounded endomorphism of
I* whose operator norm is the mazimal Wiener norm of the matriz entries.

b) A linear operator P C I' — I defined on the subspace P of Fourier polynomi-
als with the property that all Fourier monomials are eigenvectors extends to a
bounded operator if and only if its eigenvalues are bounded. Its operator norm is
the supremum of the moduli of its eigenvalues.

Proof. A linear operator F' defined on the space of Fourier polynomials with values in
the Wiener space of absolutely convergent Fourier series uniquely extends to a bounded
endomorphism of Wiener space if it is bounded on the basis vi, k € I, of Fourier monomials
of length 1:

1P "okl D IFoRllAel < CD 7 Il = CID vl
p p P P
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where C'is such that ||Fvg| < C. This proves the claim, because a bounded operator
defined on a dense subspace of a Banach space has a unique extension to the whole space.
The operator norm of the extension is then the supremum of the ||Fvg||. O

Let F' be the extension to the Sobolev space H' of one of the operators D,y or 5a,b.
The space D(F) = {v € ! N H! | F(v) € I'} D C* does not depend on the choice
of F' by Lemma [3.4] a) because the operators D, and (‘%,b differ (3.2) by the bounded
endomorphism M of ['. Similarly, when F is replaced by the extension of another of the
operators D, ; and (‘%,b in the family, the graph norm of F: D(F) C I* — I! is replaced
by an equivalent norm on D(F). The space D' := D(F) C I! is thus equipped with an
equivalence class of norms with respect to which all the operators D, ; and 5a,b extend to
bounded operators D' — 1. In order to see that theses extensions are closed it suffices
to check that one of the ['-graph norms is complete. We do this by showing that, for
(a,b) € (C2\So, the operator 8a p extends to a bounded operator aa »: D' — 1! which is
injective, surjective, and has a bounded inverse (9,5)71: I — D

The kernels of the family of operators 5a,b—and hence the logarithmic vacuum spectrum

go—are easily understood: the Schauder basis of I! given by the Fourier monomials
ve = (€%7%,0) and w, = (0, e %*1¢%) with ¢ € T is a basis of eigenvectors of all operators
5%1), (a,b) € C2, the eigenvalue of v, being b — ¢ and that of w,. being a — ¢. In particular,
the space of (a,b) for which 9,4 has a non-trivial kernel is

(3.4) So=(CxTI') U (" x C).

The kernel of émb is 1-dimensional for generic (a,b) € go. Exceptions are the double points
(a,b) € F_/ x I for which the kernel is 2-dimensional and the corresponding multiplier
h, = e(a+b0)7+(b+b0)7 j5 real (see also the discussion at the beginning of Section E.TJ).

For (a,b) € (C2\§0, the operator d,,: D' — [ is injective. Denote by G, the unique
bounded endomorphism of I! extending the operator on the space P of Fourier polynomials
that is defined by Gap(v.) = (b — ¢)7lv. and Gop(w.) = (a — &) lw,. This unique
extension exists by Part b) of Lemma [3.4] (and is compact because it can be approximated

by finite rank operators). The injective endomorphism G, maps I' to the space D! and
is surjective as an operator Gy : I' — D' because D' is the subspace of H' of elements

2) =) U1V + Uz cwe
cel”
for which not only
Z |ut,e| + |ug,el < oo but also Z b+ clluic| + |a — €||lug,c| < .
cel” ceI’

In particular, G, is not only a compact endomorphisms of ', but a bounded operator
(0 1llx) — (DY 11115, ), because the graph norm of G (u) for u € I is

IGas(@lla, , = 1Gap (W] + [ ap Gap(Wl = IGap(w)] + [lul.

Because
Oap Gap = 1dy,

the injective operator 5(171,: D' — [! is also surjective. This proves

Lemma 3.5. For (a,b) € (C2\§0, the operator (‘%,b is a bijective operator from D' to I*
with bounded inverse Ggp = 5;51,: IY — D'. In particular, for all (a,b) € C? the operators
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D,y and 5%5, extend to closed operators D' C 11 — 1!, because their graph norms on D'
are complete.

3.4. Two lemmas about the asymptotics of D,;. In the asymptotic analysis we

make use of an additional symmetry of the logarithmic vacuum spectrum Sy, the sym-
metry induced by the action of the lattice IV by quaternionic linear, J—commuting gauge

transformations
e—éz—l—cZ O
Tc = ( 0 eéz—ci ) cE F/'

Under this gauge the operators Dg; = 5a,b +M and 5a,b, (a,b) € C?, transform according
to

(3.5) Dyyepte = Tc_l(ga,b + MT_9.)T,,
(3.6) Oavepre =To " (Dap)Te-

The induced I'"-action on C? is the action of ¢ € IV by

(3.7) (a,b) — (a+¢b+c)

which is a symmetry of the logarithmic vacuum spectrum go, but not of the logarithmic
spectrumS. In contrast to this, under the I'—action by the gauge transformations

e—Ez—l—cZ O
te = < 0 e—éz—l—cz ) ce F/7

both D, and 5[171,, (a,b) € C2, transform by the same formula
(3.8) Dacpre=t; " (Dap)te

(3.9) Da—zpre =ty (Oap)te-

The induced I'"-action on C? with ¢ € I” acting by

(3.10) (a,b) — (a—¢b+c)

is thus a symmetry of both S and §0, This action is a coordinate version of the I"*~action
in Section ] and the corresponding symmetry of S and Sy is the periodicity obtained by
passing from the spectrum to the logarithmic spectrum.

Instead of Dy = 5a,b +M we consider more generally the operators 5a,b +MT_5. with
c € T’ which also extend to closed operators D' C I' — ['. If (a,b) € C?\ Sy, then

(3.11) amb +MT 5. = (Id +MT_20Ga’b) aa,b

where, by Lemma [3.4] the operator Id +MT_5.G, is a bounded endomorphisms of I
Corollary 3.7 below show that Id +MT_9.G, is invertible if ¢ is sufficiently large.

The following uniform estimate lies at the heart of the asymptotic analysis.

Lemma 3.6. Let Q2 C (C2\§0 be compact. For every 6 > 0 there exists R > 0 such that
[GapMT 2.Gopll <9

for all (a,b) € Q and all ¢ € T with |c| > R.
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Proof. We use that the operators 5[171, and G, p are diagonal with respect to the Schauder
basis v, w, of I'. By Part b) of Lemma [34] for all (a,b) € Q the norm of the operator
G, satisfies

1
min{Cy, Co}’

where the minima C7 := min{|a — €|} > 0 and C := min{|b — ¢|} > 0 over all ¢ € I and
(a,b) € Q are positive, because Q2 C C?\ Sy is compact.

Choosing R’ such that |a — ¢| > 3C||M]||/é and |b — ¢| > 3C||M||/é for all (a,b) € Q and
c € I'" with |¢| > R’ yields a decomposition Gop = G2, + G with G, = Gy 0 Pr
and Gg5, = Gqp — G?l’b, where Pr/ denotes the projection on Span{v., w. | |c| < R’} with
respect to the splitting I' = Span{v.,w. | |c|] < R'} ® Span{v.,w. | |c| > R'}. Then
IG5l < W and the operator G¥ , takes values in the image of Pr/ and vanishes on
the kernel of Ppr.

[Gapll < C ==

M = <2 —0q> with smooth ¢ so that its Fourier series g(z) = > cpv gee” T con-

verges uniformly and there is R” such that ¢° = cpv o rr qee~ T has Wiener norm
2cer Jef> Ry el < %. This yields the decomposition M = M? + M where

M™® = 0 —(oo and MO — 0 —qo
oo 0 q0 0
with g = ¢ — ¢oo. By Part a) of Lemma B4, |[M*°|| < 327 and the operator M? is the
multiplication by a Fourier polynomial.

For |¢| > R := R'+ R" we have Gg’bMoT_QCGS’b = 0 and hence, because the shift operator
T_s. is an isometry of i1,

1GapMT 5:Gapll = |GG MT2:Gap + Gy MT_5.Go5 + Go y MPT .G || < 6.
O

Corollary 3.7. For every § > 0 and every compact ) C Qz\go there exists R > 0 such
that for all c € I" with |¢| > R and (a,b) € Q the operator O + MT_o. is invertible and

1Gap = (Fap + MT_9.) 7| < 6.

Proof. We use that if an endomorphisms F' of a Banach space satisfies |[F™| < 1 for
some power n, the operator Id +F' is invertible with inverse given by the Neumann series

zzozo(—l)ka, and

(3.12) [(Id4+F)7H| < 1+ |F| + ... + || F™7Y)).

TR ¢
L= ||l

By Lemma [3.6 we can choose R > 0 such that, for all for ¢ € I with |¢| > R and (a,b) € Q,

[Ga s MT_2cGapll < min{zuhnv 2(1+é5||M||) h

where G = max(, p)ecq |Gapll- Because To is an isometry of I', for ¢ € I with |c| > R and
(a,b) € Q, the operator MT_2.G,, satisfies ||(MT-9.Gap)?|| < 1/2. Thus Id +MT_2.Gap
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and therefore 5[1717 + MT_9. = (Id +MT_20Ga7b)5a,b are invertible and

”Ga,b - (ga,b + MT—2C)_1H = ”Ga,b(ld (Id +MT .G ab) 1)H
- HGa bMT—2c a,b Z MT—2CG )k)H .
k=0

Together with ([BI2) this implies
1+ [ Gapll[M]]

< 0.
H(MT—2C a b) ||

||Ga,b - (az,b + MT—2C)_1H < ||Ga,bMT—2cGa,bH
O

The preceding corollary shows in particular that, for every (a,b) ¢ g(), the operator
&l b+ MT_o. = (Id4+MT_2.G, b)aa p is invertible 1f cel’is large enough and moreover
that (Oup + MT_2.)"1 converges to G,p = (9ap)' when |c| — oo. The convergence is
uniform for (a,b) €  in a compact set 2 C (Cz\go. This is needed in the proof of the
following lemma.

Lemma 3.8. Let § >0 and Q2 C (C2\§0 compact. Then there exists R > 0 such that

1.) Oap + MT_o. is invertible for all (a,b) € Q and all ¢ € I with |c| > R.
2.) For every “transversal circle” v = {(a+ X\, b+ \) | |A| = €} in Q with radius € > 0,
center (a,b) € C?, and for all ¢ € I with |c| > R, the operators

1 1

) 2l — D, MT_5.) " d\ d P*=_— u d\
T 2 p\|:e(a e 2) an v 2mi WZGG AL

are projections and satisfy || Py — P3| < 0.

The operator P° projects to the finite dimensional sum im(P°) = @(a heD ker (9, ;) with
D the “transversal disc” D = {(a + \,b+ \) € C? | |\| < €} bounded by the circle . If
0 < 1, for every c € T" with |c| > R the operator P projects to a finite dimensional space
whose dimension coincides with that of im(PL/’O) and which is spanned by the kernels of all

iterates of 0, y +MT—_o. with (a, b) € D.

The notion transversal circle and transversal disc reflects the fact that, away from double
points of Sy, the intersection of a transversal disc D with Sy is transversal.

Proof. By Corollary B.7, there is R > 0 such that for all (a,b) € Q and all ¢ € T” with |c| >
R the operator O, + MT_o is invertible and ||Gop — (9ap + MT-2c) 71| < 2§/ diam(12).
For every transversal circle v = {(a+ X, b+ ) | |\| = ¢} C Q and every ¢ € I with |¢| > R,
the operators PS and P2° are then well defined and satisfy || Py —P2°|| < 2¢§/ diam(£2) < 4.
Proposition B3] shows that they are projection operators.

As one can easily check by evaluation on the Fourier monomials v. and w,, the operator
P2e projects to the space spanned by the kernels of 8 ;, for all (a, b) eD ﬂSO This space

is finite dimensional, because D N Sy is a finite set.

If 6 < 1, for every ¢ € IV with [c| > R the operator (Id —P5 + P5°) is invertible and maps
im(Py) = ker(Id —PY) to a subspace of im(P5°). Similarly, (Id —P3° + Py) is invertible
and maps im(P;°) = ker(Id —P2°) to a subspace of im(P5). This shows that im(Fy) and
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im(P3°) have the same dimension. In particular, the space im(PY) is also finite dimen-
sional. By Proposition [3.3] the finite dimensional image of Py is an invariant subspace for
the operator (%,b +MT_5. and the restriction of 5a,b +MT_5. to this subset has spectrum
contained in {|A[ < e}. The image of Py is thus the direct sum of the kernels of all iterates

of 9, ; +MT_s. with (a,b) € D. O

Corollary 3.9. There is a point (a,b) € C? such that ker(D,y) is 0-dimensional and
there is a point (a,b) € C? such that ker(D, ;) is 1-dimensional.

Proof. Let (a,b) € go be a point such that the kernel of 5[171, is 1-dimensional and choose
¢ > 0 such that the closure of the transversal disc D = {(a + A\,b+ \) € C? | |A| < €}
intersects So in (a,b) only. By Lemma B8 there is R > 0 such that for all ¢ € I with
lc| > R there is a unique point (@,b) € D for which the kernel of . 3 +MT_y not trivial,
but 1-dimensional. By (3.3]) this implies that, for all ¢ € I with |¢| > R, there is a unique
point (@, b) € S contained in the disc {(a+c+ A, b+c+ ) € C2 | |A] < €} and the kernel
of D, ; at that point (a, b) € S is 1-dimensional. O

Corollary B9 completes the above proof of Lemma 2:4] (and hence the proof of Theo-

rem [2.6]).

4. ASYMPTOTIC GEOMETRY OF SPECTRAL CURVES

We investigate the asymptotic geometry of the spectrum Spec(W, D), the spectral curve X,
and the kernel bundle £ — ¥ of a quaternionic holomorphic line bundle (W, D = 9 +Q)
of degree zero over a 2-torus. We show that the spectrum Spec(W, D) is asymptotic to
the vacuum spectrum Spec(W, d). As a consequence asymptotically the spectral curve ¥
is bi~holomorphic to a pair of planes joined by at most countably many handles.

4.1. Statement of the main result. Recall that the vacuum spectrum Spec(W, d) is a
real translate of

exp(H(K)) U exp(H"(K)),
see ([34]) or Section 3.2 of [3]. Its double points are the real representations
Spec(W, d) N Hom(T, R,).

If exp([w) = exp([7) € Hom(T,C,) with w, n € HY(K), then w = n and w — ® € I'*
since 1-forms in the dual lattice are always imaginary. On the other hand, for every
w € Harm(T?,C) the representation exp( [ w) € Hom(I',C,) has a unique decomposition
exp([ w) = exp(f “E2) exp([ ¥52) into Ry~ and S'-representations the latter of which
is real if and only if w — @ € I'*, that is, if it is a Zo—representation. This shows that the
subgroup

G' = {h € Hom(T,R,) | h = exp([w) with w € HY(K), w — ® € ['*}

of G = Hom(T", C,) acts simply transitive on the set of vacuum double points.

We now come to the main theorem describing the structure and asymptotics of the spec-
trum and the kernel line bundle.

Theorem 4.1. Let (W, D) be a quaternionic holomorphic line bundle of degree zero over
a torus. Then (with respect to a fized bi—invariant metric on Hom(T', Cy)):



(1)

(2)

(3)
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For every € > 0, there exists a compact set Q@ C Hom(T',Cy) and a neighborhood U of

a vacuum double point in Spec(W,d) N Hom (T, R,) such that

a) in the complement of 2, the spectrum Spec(W, D) is contained in an e~tube around
the vacuum spectrum Spec(W, d);

b) in the complement of Q and away from the neighborhood \J,cq hU of the vac-
uwum double points, the spectrum Spec(W, D) is a “graph” over Spec(W,d). More
precisely, Spec(W, D) is locally a graph over a real translate of exp(H°(K)) or
exp(H(K)) with respect to coordinates induced, via the exponential map, from the
splitting Hom(T', C) = Harm(7?,C) = H*(K) ® H(K);

¢) in the neighborhood hU, h € G', of a vacuum double point that is contained in
the complement of ), the intersection of the spectrum Spec(W, D) with hU either
consists of one handle, that is, is equivalent to an annulus, or it consists of two
transversally immersed discs which have a double point at a real multiplier.

In particular, in the complement of 2, the spectrum Spec(W, D) is non—singular except

at real points which are transversally immersed double points. Moreover, for all h €

Spec(W, D) N (Hom(T', C,)\Q?) either

dim(H)(W)) =1 or dim(HY(W)) = 2

depending on whether h € (Hom(T', C,)\ Hom(I',R)) or h € Hom(I", R).
The spectral curve ¥ is the union

Y = Sept U Soo

of two p—invariant Riemann surfaces Xqp and Yoo with the following properties:

a) both Y and Yo have a boundary consisting of two circles along which they are
glued, that is, 0Xcpt = —0%0;

b) Xept is compact with at most two components each of which has a non-empty
boundary;

¢) Yoo consists of two planes, each with a disc removed, which are joined by a countable
number of handles.

In particular, either the spectral curve ¥ has infinite genus, one end and is connected,

or it has finite genus, two ends and at most two connected components, each containing

an end. In the finite genus case, both ends are interchanged by the involution p: X —

3.

Given € > 0 and 6 > 0, the compact set Q and the open set U in (1) can be chosen

with the following additional properties:

a) defined on the preimage V under ¥ — Spec(W, D) of

Spec(W, D) N (Hom(T',C)\(Q U | ] n17)),
heG’

there is a holomorphic section ofﬁ~ — 3 that is “6—close to a vacuum solution”.
By this we mean that

[ =l <0

for ¢ a nowhere vanishing, locally constant section defined over V of the triv-
ial T(W)-bundle over ¥ that for every & € V. C X solves 8, ¢° = 0 with w €
Spec(W,d) satisfying ||w(5) — w| < e.

b) Let h € G' such that the preimage under ¥ — Spec(W, D) of

Spec(W, D) N (Hom(T', C,)\Q2) N AU
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is the sum of two discs. Then 1 holomorphically extends through these discs and
the extension is again d—close to vacuum solutions.

4.2. Proof of the main result. Theorem [4.1]is a consequence of the following three lem-
mas below: Lemma shows that, for large multipliers, the spectrum is contained in an
e-tube around the vacuum spectrum with respect to a bi-invariant metric on Hom(I', C,).
Lemma shows that, for large multipliers and away from double points of the vacuum,
the spectrum is a graph over the vacuum spectrum. Lemma shows that, for large
multipliers, in a neighborhood of a vacuum double point the spectrum either consists of
an annulus or of a pair of discs with a double point.

We continue using the (a, b)—coordinates (B.I)) on the Lie algebra Hom(T', C) = Harm(7?, C)
of Hom(T",C,). In these coordinates the logarithmic vacuum spectrum is

So=(CxT") U (I" xC)
with the set of double points IV x I/, see (8.4]). The preimages under the exponential map
of points in Hom(T', C,) are the orbits of the IV-action (a,b) — (a —¢,b+ ¢) for ¢ € T”
on C2, see (3I0). In order to define fundamental domains for this group action, we fix a
basis ¢1, ¢ of IV of vectors of minimal length. Then both
A={(a,b) | a € Cand b= A\jc; + Aoy with \; € [-1/2,1/2]} and

4.1
( ) B:{(a,b) |b€(Canda:)\151—|—)\252 with \; € [—1/2,1/2]}

are fundamental domains for the I"-action (3.I0): orbits of generic points (a,b) € C?
intersect A and B in a single point, only the orbits of boundary points of A and B intersect
several times. For understanding Spec(W, D) C Hom(T',C,) it is sufficient to study the

intersection of S with the fundamental domain B. To understand the intersection with A
it is sufficient to apply the involution p, in our coordinates given by (a,b) — (b,a), which
interchanges A and B and leaves S invariant.

To investigate the intersection S NB we use (3.7) and @I0): under the I"—action by the
gauge transformation ¢.7. the operator D, ; transforms according to

(4.2) D pyoc = t;ch—l(aa,b +MT o)t T for every cel’
while the fundamental domain B is invariant under the action (a,b) — (a,b+2c) of ¢ € T".
The following lemma shows that, for large multipliers, the spectrum Spec(W, D) lies in
an e-tube around the vacuum spectrum Spec(W, ).

Lemma 4.2. For every € > 0, there is a compact subset of B in the complement of which
the intersection of S with B is contained in an e—tube around Sy.

Proof. For € > 0 with 2¢ < min{|c| | ¢ € I"\{0}} we define
(4.3) Sy ={(a,b) | la—¢| <eforcel’} U{(a,b)|[b—c|<eforcel'}.

For B’ = {(a,b) € B | b= Aic1 + Aacp with A; € [—1,1]} we have B = (J (B’ + (0,20¢)).
The set Q = B’\ :S'VB is compact and does not intersect go. Hence, by Corollary [3.7] there is
R > 0 such that for all (a,b) € ©Q and every ¢ € I with |¢| > R, the kernel of 9, +MT_2.

and, by (4.2), that of Dg 4o is zero. This shows that S does not intersect Ueersjej>r(€2+
(0,2¢)) or, equivalently, that the intersection of S with the subset Ueerrije>r(B' +(0,2¢))

of B is contained in the e-tube gé around Sg. O
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The next lemma and remark show that, away from the double points of the vacuum spec-
trum Spec(d, W), for large enough multipliers the spectrum Spec(W, D) is an arbitrarily
small deformation of Spec(9, W).

Lemma 4.3. For e >0 and 6 > 0 with 2¢ < min{|c| | ¢ € I"\{0}} and § < 1 there exists
R > 0 such that:

a) The intersection of S with

{la| <€} x ( U (Ac+2c)) C C?
cel’sle|>R

is the graph of a holomorphic function b — a(b) defined on \J.cr,cjsg(Ac +2c) C C

with Ae = {b = Aic1 + Xeca | A\j € [-1,1] and |b—c| > € for all c € I'}. For all points

(a,b) € C? contained in this graph, the kernel of D, is 1-dimensional and, in particu-

lar, the resulting multiplier is non—real, that is, an element of Hom(T", C,)\ Hom(T", R,).
b) The bundle L — Y admits a holomorphic section v which is defined over the preimage

under the normalization map ¥ — S of the subset described in a) and has the property

that, for every & in this preimage, the section ¥° € Ls satisfies

147 —4°| <6,

where || || denotes the Wiener norm and ¢° = (0,1) is the Fourier monomial contained
in the kernel of Oy for all b € C.

Remark 4.4. The analogous result for the a-plane is obtained by applying the anti-
holomorphic involution p: for €, §, and R as in Lemma3] the intersection of S with the set

Uecerr;jej> r(Ae+26) x {|b] < €} is the graph of a function a — b(a) over U cpv. )~ r(Ae+20).
Setting ¢ = —Tg)p((}) j, the holomorphic section 1 from Lemma 3] b) yields a holomor-
phic section of £ defined on the part of X which is graph over | cp,(¢/> g(Ac + 2¢). This
section satisfies |7 — || < 6 for Y>° = —9p°j = (1,0).

Proof. Let é = e and Q = B\ :S'T; with gé as defined in (4.3) and
B ={(a,b) € B | dist((a,b), B') < e},

where as above B’ = {(a,b) € B | b = Aic1 + Aaco with \; € [~1,1]}. By Lemma B.8 we
can chose R > 0 such that, for every ¢ € I with |¢] > R, the operator 0q +MT_o. is
invertible for all (a,b) € Q and [|Py — P7°|| < ¢ for all transversal circles v C 2. As in the

proof of Lemma [L.2] the intersection of & with J.cpv, > r(B+ (0,2c)) is then contained
in the é-tube gg around Sp.

For every b € AJS with

(4.4) A2 ={be C|dist(b,A) < e and |b—c| > € for all c € I},

where A = {b = Ajc1 +Aaca | Aj € [—1, 1]}, the transversal circle v, = {(A\, 0+ A) | [A] = €}
is contained in €. The operator P}° projects to the one dimensional kernel of dy ;. Because
0 < 1, Lemma [B.8 implies that, if ¢ € IV with |¢| > R, the image of the projection Py
is the 1-dimensional kernel of 5&I~)+M T_5.. Here (a, 5) € D is the unique point in the

transversal disc D = {(A\,b+ ) | |A| < &} for which the kernel of 9 ; +MT_5. is non—
trivial.
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By ([£2), for every b € Ucer,;‘ch(A%g—i—%) C C the disc {(A\,b+A) € C? | |\| < €} contains
a unique point in S. This defines a holomorphic function A on | J el le|> R(AZE+ 2¢) with
IA| < €and such that every point in the intersection S N ({lal < e}x Ucer,;|c‘>R(A§§+20)) is
of the form (A\(b), b+ (b)) for some b € Ucer,;‘ch(A%g—l—Zc). The Cauchy integral formula

for the first derivative of A (applied to circles of radius 2€) implies that the differential of
A restricted to Ucep, |c‘>R(A4E + 2¢) is bounded by 1/2. Because any two points by and

by in Ucer,;‘ch(A 1€+ 2c) can be joined by a curve of length I < Z|by — by], the following
proposition shows that the map b — b+ \(b) restricted to UCEF’;|C\>R(AZ§+2C) is injective:

Proposition 4.5. Let f: U C R™ — R"™ with |Df, —Id|| < € for e > 0 independent of
x € U. If any two points xg, x1 € U can be joined by a curve of length | < Clzg — x1| with
e <1/C, then f is injective and therefore a diffeomorphism from U to the open set f(U).

Proof. Assume f(xg) = f(z1) with 9 # x1. Let v: [0,1] — U be a curve of length
I < Clzg — x1| with v(0) = zg, 7(1) = x1 and constant speed |y (¢)| =1 . Then

|:170—:171|—|/ (1)) dt|<l/ 1D —d [[dt < Clarg — e < |zo — 1.

This contradicts the assumption that xg # x1 such that f is injective. Because € < 1/C
and 1/C < 1, the inverse function theorem implies that f is a local diffeomorphism. O

For every ¢ € I with |¢| > R, the image of the boundary of (A% + 2c¢) under the map
b +— b+ A(b) is contained in (A3 + 2¢)\(AS + 2¢) such that the image of (A% + 2¢) is a
subset of (A3+2c) which contains (AS+2c). Therefore, the injective function b — b-+A(b)
maps Ucer,;‘ch(Aig + 2¢) onto a set containing Ucer,;‘ch(Ai + 2¢). Taking its inverse
function p restricted to | cels|e|> r(AS + 2¢) yields a representation of the intersection of
S with {|a| < €} x Ucer,;‘ch(Ai + 2¢) as the graph of the function a(b) = b — u(b) over
UcEF’;\c|>R(AE + 26)

For b € U cp. |C‘>R(A€+20) take b’ € A% and ¢ € I with |c| > R such that p(b) = b+ 2c.
Then, by definition of P and (.2),
L -1

(4.5) Py =t ' T Y (PEtT, = — D;

’Yb/ 27TZ |>\‘:€ ,[L(b)“r)\d)\

In particular, the definition of P, does not depend on the choice of the representation
u(b) = b + 2¢. Analogously, we define
1 _
oo __ 4—1 o0 _ —1
PX=t"T (PW)tCT /)\|:g 8)\7M(b)+)\d)\.
This projection operator is independent of b: its kernel contains all Fourier monomials
except the constant section 1° = (0,1) € C>(T2,C?) which spans its image, that is,
Y? = Pg°(°). Since we have chosen R such that || P, — P°|| < 4§, the section ¢ := P,(¢°)
with & € ¥ corresponding to (a(b),b) € S satisfies ||¢7 — 1°| < 4. O

The following lemma shows that, for large enough multipliers, in a neighborhood of a
vacuum double point the spectrum Spec(W, D) either has a double point or the vacuum
double point resolves into a handle.



THE SPECTRAL CURVE OF A QUATERNIONIC HOLOMORPHIC LINE BUNDLE OVER T2 23

Lemma 4.6. Let € > 0 and § > 0 with 2¢ < min{|c| | ¢ € I"\{0}} and 6 < 1. Then there
exists R > 0 such that:

a) For every cog € I with ¢y > 2R, the intersection 0f§ with the polydisc
{(a,b) € C*||a| < € and |b— co| < €}

is either bi—-holomorphic to an annulus or to a pair of transversally intersecting im-
mersed discs with one intersection point. Each disk is a graph over one of the coordinate
planes. For a double point (a,b) of the spectrum S contained in the polydisc, the kernel
of the operator D, is 2-dimensional and the corresponding multiplier is real; for all

other (a,b) € S contained in the polydisc, the kernel of D,y is 1-dimensional and the
corresponding multiplier is non—real, that is, an element of Hom(T',C,)\ Hom(I",R,).

b) The intersection of S with {|a| < €} x (Ucerl;|d>R(Ae/g +2¢)) C C? is the graph of

a function b — a(b) and the holomorphic section ¢ of L defined (as in Lemma [4-3)
over this set extends holomorphically through the discs around double points which are
graphs over the b—plane. The extension satisfies |17 — °| < 4.

Remark 4.7. As in Remark [£4] the analogous result for the part of the spectral curve
that is a graph over the a—plane can be obtained by applying the involution p.

Proof. Let € = {5 and Q = B¢\ gé with B¢ and gé as in the proof of Lemma A3l By
Lemma 3.8, we can chose R > 0 such that for every ¢ € I" with |c| > R the operator
Oap +MT 5 is invertible for all (a,b) € Q and [|P§ — P5°|| < ¢ for all transversal circles

v C Q. As in the proof of Lemma [43] the intersection of the logarithmic spectrum S
with ,er, c|>R(B14E + (0,2¢)) is then contained in the é-tube SO around the vacuum
Sy and the intersection of S with {|a| < €} x (UceF’,Ic\>R(Ae/2 + 2¢)) is a graph over
Uecerrje>r(A¢ /o + 2¢), with AZ as in (@.4).

For ¢y € I, not in the same connected component of C\ U, r. C|>R(A§/2 + 2¢) than the

origin, we examine the intersection S N{(a,b) € C? | |a| < € and |b—co| < €}. The part of
S contained in {(a,b) € C?| |a| < € and €/2 < [b—co| < €} is then the graph of a function
b— a(b) over {b|e/2 < |b— cy| < €} and, by Remark [£4] and ([BI0)), the intersection of
S with {(a,b) € C2 | ¢/2 < |a| < € and |b — ¢o| < €} is the graph of a function a — b(a)
over {a | €/2 < |a|] < €}.

We decompose c¢g = ¢ + 2¢” into ¢ € TV with || > R and ¢ = ly¢1 + lacy for 1y, Iy €
{0, £1}. For |z| < § define the transversal circle
Yo = {(0,¢) + (z,—2) + (M) [ A =5 +6}

in © and the corresponding projection operator

1

~ _1 —1
P =l T, ol (P“x ) ”T "= 2 € . D:B—‘,—)\,Co—ib-i-)\d)\’
‘)\|=§+E

Moreover, for x with € < |z| < § define the transversal circles

v ={(0,¢) + (z,—2) + (—z+ 1, —z + 1) | ] = &}
Yo ={(0,) + (v, —x) + (x + p2, x + pa2) | |po| = &}
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in  and the corresponding projection operators

1 _ ,—1p—1 c’ _ 1 -1
Pm = tc” Tc” (P'y% )tc”Tc” = 2—7” ‘ ‘ ) M17CO—2I+M1dul and
H1|=€
2 _ 4—1mp—1 ¢!’ _ 1 -1
Pm = tc” Tc” (P'y% )tc”Tc” = 2—7” " ~D21‘+u2760+/i2du2'
H2|=¢€

Using the holomorphicity of the resolvent in the definition of PY, by Stokes theorem we
obtain

(4.6) P, = P! + P?
for all x with € < |z| < §.

By Lemma B.8] for all |z| < 5 the operator P, projects to a 2—-dimensional space which
contains the span of the kernels of Dy, for all (a,b) € {(0,co) + (z,—z) + (A\,A) | |A] <
S+ €}. For € < |z| < §, the operator P! projects to the 1-dimensional kernel of D, with
(a,b) € {(0,c0) + (z, —x) + (—z + p1, —z+ 1) | || < €} the unique point for which Dy,
has a non-trivial kernel. Analogously, P? projects to the 1-dimensional kernel of D, for
a unique (a,b) € {(0,c) + (z, —x) + (x + po, x + p2) | |p2| < €}.

This gives rise to a holomorphic family of polynomials p,(A) = A2 + p1(z)\ + pa(x)
(the determinants of the operators Dy ¢y—z+x Testricted to the 2-dimensional images
of P,) defined on {z | |z| < $} whose zeros describe those A with [A\| < § + & for which
ker(Dyqaeo—at+a) 7 {0}, If € < |z[ < §, then (&8]) implies that, corresponding to the
images of P} and P2, the polynomial p, has two different zeroes

(4.7) AM(z) ==+ pi(x) and  A(x) =z + po(z)

with |ug ()| < € The discriminant g(x) = p1(z)? — 4pa(x) of p, vanishes exactly at those
x for which both zeroes coincide. Its total vanishing order on the set {z | |z| < §} is
given by the winding number 5 f\x\=2€ d(log(q)) of q restricted to |z| = 2¢. By (@&7), the
discriminant q(z) = (A1(x) + Aa())? — 4\ (2)Xo(2) restricted to |z| = 2¢ is homotopy
equivalent to 422 (the discriminant for the vacuum spectrum). Thus the total vanishing
order of the discriminant ¢ on the disc |z| < €/2 is two with zeros located in the disc

|z| < 2€.

If the discriminant ¢ has two zeros of order one, the intersection of S with the open set
U ={(0,co) + (z,—x) + (M, A) | |z] < 4€ [N < § + €} is non-singular and its projection
to the disc {|x| < 4€} is a branched 2—fold covering with two branch points of order one.
Thus S NU is an annulus whose subsets over 3¢ < |z| < 4¢, by (7)), are contained in the
sets {(a,b) | |a| < e and €/2 < |b — ¢g| < €} and {(a,b) | €/2 < |a| < € and |b — ¢o| < €}
and therefore graphs over the a— and b-planes. Because U contains the intersection of the
polydisc {(a,b) € C?| |a] < €/2 and |b— cy| < €/2} with the étube around Sy, we obtain
that the intersection of S with {(a,b) € C2? | |a| < € and |b — ¢o| < €} is an annulus.

In case the discriminant ¢ has one zero of order two, the intersection of S with the open
set U = {(0,co) + (z, —x) + (M, A) | |z| < 4€,|A\| < § + €} is a 2-fold covering of {|z| < 4¢}
with one double point over the zero of ¢. Thus, the intersection SNU (and therefore also
Sn{(a,b) € C? | |a| < € and |b—co| < €}) is normalized by two immersed discs which, near
their boundaries and hence everywhere, are graphs over the a— and b—plane, respectively.
The two discs intersect transversally, because, by the Cauchy integral formula for the first
derivative, they are graphs of functions a +— b(a) and b — a(b) with small derivatives.



THE SPECTRAL CURVE OF A QUATERNIONIC HOLOMORPHIC LINE BUNDLE OVER T2 25

I order to see that a double point of S in {(a,b) € C?| |a| < € and |b— co| < €} gives rise
to a real multiplier, we note that the involution (a,b) — (b,a) + (—co, co) leaves both S
and {(a,b) € C? | |a| < € and |b — ¢g| < €} invariant. Because there is at most one double
point of S in the polydisc, the double point is a fixed point of this involution and hence
gives rise to a real multiplier. The kernel of D, ; at the double point is thus 2-dimensional
and coincides with the image of P, for x a zero of the discriminant q.

For all non-singular points (a,b) € S contained in the polydisc {(a,b) € C? | |a| <
e and |b — co| < €}, the kernel of D,y is 1-dimensional, because the vanishing order of
pz(A) seen as a function of two variables is greater or equal to the kernel dimension. This
completes the proof of part a) of the lemma.

To prove part b) of the lemma, we assume that the intersection of S with the polydisc
{(a,b) € C? | |a| < € and |b — ¢g| < €} consists of two discs with one double point. The
functions A\ (z) and A2(x) describing the roots of p, for z € {z | € < ]az\ < §} then extend

to {z | |z| < §} and define parametrizations of the normalization ¥ of S in a neighborhood
of (0,¢p).

For every x € {z € C | |z| < §}, the operator P, projects to the sum Egl (@) EBEUQ(:E), where
oj(x) € ¥, j = 1,2 are lifts of (0, o)+ (, —z)+(\;(x), \;(x)) € S. Denote by w;j, j=12,
nowhere vanishing local holomorphic sections of £ defined on {o(z) € X | |2| < $}. Then

Py° = Y1t (@) filz )—1—1/102 f2( ) for holomorphic functions fi, f2, where as in Lemmal[4.3]
we set ° = (0,1). By (£.0) we have

(4.8) Py = 47 fy ()

for all z € {z | € < |z| < §}.

Because = +— ¢ — = + Ai(z) is bijective near the boundary of {z | |z| < §} (which
parametrizes a piece of S which is a graph over the b-plane) it is bijective everywhere.
It maps {z | |z| < §} onto an open subset of {b | [b — cp| < €+ €} which contains
{b ] |b—co| < 9€}. Denote by b +— z(b) the inverse of = +— ¢y — x + A\i(x) restricted to
{b]|b—co| < 9€}. Then P, = Pl(b) for all b € {b | 5é < |b — ¢o| < 9€}, where Py is
the operator defined in (£5]). This allows to extend the holomorphic section 1/1” = Py°
defined in Lemma[@3/to the disc {51 (z(b)) € & | |[b—co| < 9¢} whose image in S is a graph
over {b | |b— co| < 9¢}: for the points & € X over b in the annulus 5¢ < |b — ¢o| < 9¢ we

have ¢71(E0) = pye = P1 ®) ¥° such that, by (S]), the section 17" (@(®)) f1(z(b)) defines

an extension to the disc over {b | [b—co| < 9€}. The maximum principle implies that this
extension still satisfies ||/ — ¢Y| < 4. O

Proof of Theorem [{.1] Parts 1) and 3) of the theorem are mere reformulations of Lem-
mas £.2], [£3] and and Remarks 4] and 7] The decomposition ¥ = X,y U X in
Part 2) is also an immediate consequence of Lemmas [4.3] and [£.6] and Remarks (4.4l and [4.7]
because the spectral curve ¥ cannot have compact components: on such a compact com-
ponent the harmonic function log |h| had to be constant for all v € I'. But this would
imply that the normalization map h: ¥ — Hom(T',C,) is constant on this component
which is impossible for an analytic set of dimension one. Therefore, each component of 3
contains at least one end for which h goes to infinity and the number of components of X
is bounded by the number of ends.
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Asymptotically, away form the vacuum double points, the spectrum Spec(W, D) is a small
deformation of the vacuum Spec(W,d) and hence bi-holomorphic to two planes with
neighborhoods around the vertices of of Z?lattices removed. The number of ends of ¥
depends on the number of handles in Spec(W, D) near large vacuum double points: if
there are infinitely many handles the spectral curve ¥ has one end, infinite genus and is
connected. If the number of handles is finite, then 3 has two ends, at most two components
each of which contains an end, and has finite genus. U

4.3. The connection approach to the spectral curve. The spectral curve ¥ of a
quaternionic holomorphic line bundle (W, D) of degree zero contains a subset Xy C 3 that
can be characterized in terms of flat connections adapted to the quaternionic holomorphic
structure D. This point of view is advantageous when studying spectral curves of finite
genus.

Definition 4.8. For a quaternionic holomorphic line bundle W of degree zero over a
torus, we define Yy C X to be the subset of all points o € ¥ for which non-zero elements
¥? € L, in the fiber over o of the kernel line bundle £ — ¥ are nowhere vanishing
holomorphic sections with monodromy of W.

Lemma 4.9. The subset Xy is a non—empty open neighborhood of the ends of 3, that is,
the complement ¥\ Xy is compact.

Proof. The fact that £ is a subbundle in the Frechet topology of C*°—convergence implies
that every point ¢ € Xy has a neighborhood in ¥ on which the non—trivial elements of
L — ¥ are nowhere vanishing sections with monodromy of W. This shows that Xy is
open.

To see that Yy is a neighborhood of the ends, note that the holomorphic section v, which
has been constructed in Lemmas[@.3land [4.6] is nowhere vanishing. Therefore it is sufficient
to check that, for a point o on a handle joining the two planes in ¥, and corresponding
to a large enough multiplier, a non-trivial section ¢ € L, is nowhere vanishing. Using
the notation in the proof of Lemma [L.6 a non—trivial section ¢ € L5 with & € X close to a
large vacuum double point (0,¢) can be written as ¢ = P, (¢ °ug + 1°u;) for some point
x and ug, up € C. Without loss of generality, we can assume |uq| + |up| = 1. Applying
Lemma with § = 1/2 now shows that, in a neighborhood of a large enough vacuum
double point,
19 — ™ ua — ¢ up|| < 6(|ual + us|) < 5

which implies that the section 1 has no zeroes. O

Remark 4.10. There are two important special cases of quaternionic holomorphic line
bundles (W, D) of degree zero for which ¥y = X. The first is the case when the bundle
(W, D) carries a flat connection V which is a Willmore connection [8] and adapted to D,
that is, which satisfies the Willmore condition dY * Q = 0 and D = V”. The spectral
curve can then be interpreted as the holonomy eigenline curve of the associated family
V*# of flat connections [§] which means that there is a holomorphic function p: 3 — C,,
a 2—fold branched covering, such that every non—trivial element ¢ € L, in the fiber of £
over o € % is a VHo—parallel section and hence a nowhere vanishing holomorphic section
with monodromy of W, see [8] or Section 6 of [2]. Note that trivial Willmore connections
on a rank 1 bundle correspond to harmonic maps from 72 to S2.

The second is the case when the quaternionic holomorphic line bundle W is the bundle
W = V/L induced by a conformal immersion f: T? — S% with Willmore functional
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W < 8m. In this situation ¥y = ¥ is essentially a consequence of Lemma 2.8 of [3].
What remains to be verified is that a non-trivial section 1?° € L, over a point o9 € ¥
belonging to the trivial multiplier A°° = 1 is nowhere vanishing. If such a section ?° had
a zero p one could construct a 2—dimensional linear system with Jordan monodromy all of
whose sections vanish at the point p by taking the span of 1)?° and Ei‘;b—;w:oo + mp. Here
17 is a local holomorphic section of £ and 7y the projection to W = V/L of a parallel
section of V such that %‘UZJO + mp vanishes at p. The quaternionic Pliicker formula

with monodromy [3] would then contradict W < 8.

Definition 4.11. For o € Yy define the quaternionic connection V? and the complex
structure S? € I'(End(W)) on W by setting

(4.9) VoYU’ =0 and ST =%,

where 9?7 € L, is a non—trivial element of the fiber £, and therefore a nowhere vanishing
holomorphic section with monodromy of W.

By definition, the connection V7 is flat and compatible with S? and D, i.e., for 0 € Yy

(4.10) VeS8? =0 and D= (V7).
The real structure p: 3 — X leaves V7 invariant and changes the sign of S, that is,
(4.11) v =vo  and  S§P0) = g9,

By choosing a local holomorphic section 17 of the holomorphic line bundle £ we obtain:

Lemma 4.12. The connection V and the complex structure S° depend holomorphically
on o € Xy in the sense that

(4.12) (S7) = (87)8° and (V) = (V7)S°,
where  and ' denote the derivatives with respect to the t— and s—coordinates for v =t +1is
a local holomorphic chart on U C Xy.

The holomorphic family S of complex structures on W defined for ¢ € ¥y can be
interpreted as a family of holomorphic maps S,: £y — Pc(W,) = CP' parametrized over
the torus 72 . For this we identify

Pc(W,) 2 {S, € End(W,) | S; = —1d}
by identifying the complex line vC in W), with the quaternionic endomorphism S, whose

i—eigenspace is vC.

Theorem 4.13. Let (W, D) be a quaternionic holomorphic line bundle of degree zero over
a torus with spectral curve Y. For every p € T?, the evaluation S, at p of the complex
structure defined in [A9) for all o € ¥y uniquely extends to a holomorphic map

(4.13) S,: % — Pc(W,) = CP.
If v = X, this T?family of holomorphic maps glues to a C™-map
S: % xT? — CP.
Proof. Since Ly is non-empty the evaluation at p € T? of a non-trivial local holomorphic

section 97 of L does not vanish identically. Thus we can holomorphically extend o — 7y C

across the isolated zeros of o +— 7. This shows that for p € T? fixed, S, can be
holomorphically extended from v to X.
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Recall that £ is a holomorphic subbundle of T'(W) in the C°°~topology by Lemma[Z4l We
chose a trivial connection on W to identify Pc(W,) = CP! for all p € T2. Then Yy = %
implies that S: ¥ x T? — CP! is smooth. U

If ¥v # 3, the map S is not necessarily continuous as a map depending on two variables:
bubbling phenomena might occur at the points (o,p) € ¥ x T? for which a non-trivial
Y’ € L, is a holomorphic section with monodromy of W with a zero at p € T?.

5. SPECTRAL CURVES OF FINITE GENUS AND THE WILLMORE FUNCTIONAL

We now come to the case where the spectral curve 3 of a quaternionic holomorphic line
bundle of degree zero over a torus has finite genus and thus can be compactified by adding
two points {0, 00}. Theorem [5.4] then will show that the T%family (#I3]) of holomorphic
maps Sp: X — CP! extends to a family of algebraic functions

Sp: B U {o,00} — CP*

on the compactification of ¥. Moreover, the T%family of complex holomorphic line bun-
dles corresponding to S, for p € T 2 move linearly in the Jacobian of the compactified
spectral curve.

Important examples of conformal immersions f: T2 — S* with degree zero normal bundle
for which the induced quaternionic holomorphic line bundle W = V/L has finite spectral
genus are constrained Willmore tori with trivial normal bundle, see [2].

5.1. Asymptotics of finite genus spectral curves. We say that a quaternionic holo-
morphic line bundle W of degree zero over a torus has finite spectral genus if its spectral
curve is of finite genus.

In general, the two planes in the ¥ ,—part of the decomposition ¥ = 3., U Yo of
Theorem [4.1] are joined by an infinite number of handles accumulating at the end. In the
finite genus case there is a compact set outside of which there are no handles. A spectral
curve ¥ of finite genus can thus be compactified by adding two points {0, 00} at infinity.
The real structure p: 3 — ¥ extends to the compactification 3 U {o, 00} and interchanges
o and oo.

The compact component Y., in the decomposition ¥ = Y., U Y of a finite genus
spectral curve can be chosen large enough such that there are no handles joining the
two planes in Y. Depending on whether ¥,; has one or two connected components, the
compactification ¥ U {0, 0o} is connected or consists of two connected Riemann surfaces of
genus at least one by Corollary below. Since the ¥,,—component contains no handles,
it is the disconnected sum of two punctured discs, the neighborhoods of the added points
oo and o, which in the logarithmic picture are graphs over the a— or b—planes, respectively.
More precisely:

Lemma 5.1. Let W be a quaternionic holomorphic line bundle of degree zero over a torus
T2 = C/T with spectral curve ¥ of finite genus. Then there is a punctured neighborhood U,
of one of the points at infinity, in the following called o, parameterized by the punctured
disc {x € C, | |x| < r} for some r > 0 such that the restriction of the normalization map
h: 3 — Spec(W, D) C Hom(T',C,) to U, is of the form

hy = exp((bo + a(x))y + (bo +1/2)7), v €T,
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where by € C and x — a(x) is a holomorphic function with a(0) = 0. Similarly, the other
point at infinity, in the following called 0o, has a punctured neighborhood Uy, parameterized
by {z € C, | |x| < r} such that the restriction of h to Us is

hZ = exp((bo + 1/)y + (bo + b(2))7), verT,
where by € C and x — b(x) is a holomorphic function with b(0) = 0.

The open sets U, and Usy can be chosen small enough such that the sections & — % of L
constructed in Lemmas[{.3 and[{.0 and Remarks and[{.7 are defined on the respective
preimages U, Uy, C X of U, and Uy,. By setting

¥ =(0,1) and P> = (1,0)

(in the trivialization of W used in Sections [3 and [J]), these sections & ~— 1%° can be
extended through the punctures of U, and Us, such that

V: (U, U {o}) x T? — C? and Y (Uso U {o0}) x T? — C?

are C* as maps depending on two variables and holomorphic in the first variable.

The main reason for carrying out the asymptotic analysis of Sections B and Ml within
the ['framework (instead of the usual L?-setting) is that [!-convergence implies C%—
convergence. This is essential for the proof of Lemma 511

Proof. 1t is sufficient to prove the statement for U, since the real structure p exchanges
U, and Uy and *@) := —4/%j. In the finite genus case Lemmas FL3] and imply that,
for small enough § > 0 and ¢ > 0, we can chose R > 0 big enough such that

1.) the intersection of S with {la] < €} x (Ucep,;‘ch(AE/Q + 2¢)) is a graph of a function
b — a(b) over Ucep,;‘ch(AE/Q + 2¢),

2.) for every ¢y € I” that satisfies |cg| > 2R, the intersection of S with the polydisc
{(a,b) € C?||a|] < € and |b— cy| < €} consists of a pair of discs which are graphs over
the coordinate planes and have a double point, and

3.) the section & +— zb" of £ defined by Lemmas 1.3 and [£6] over the preimage under the
projection & — & of the part of S which is a graph of a function b — a(b) with |a| < e
over Ueerr,jo>r(B’ + 2¢) satisfies

(5.1) [47 —p>| <9,
where B’ = {(a,b) € B | b= Aic1 + Aacp with |A\;| < 1},

Denote by U, an open subset of ¥ contained in the domain of definition of & — ° such
that the image of U, under the projection ¥ — & is a graph over {b € C | |b| > 1/r}
for some r > 0. Let U, be the image of U, under the projection & — ¥ = E/F*
By construction, this set U, is a punctured neighborhood of o with the property that
the restriction of the normalization map h: ¥ — Spec(W, D) to U, has a single valued
logarithm whose image, in the (a,b)—coordinates (3.1]), is contained in the e-tube around
the b—plane and is the graph of a holomorphic function b +— a(b) which is bounded by
e and defined on {b € C | |b|] > 1/r}. Setting z = 1/b we obtain a parametrization of
U, by z € {z € C, | || < r}. Riemann’s removable singularity theorem implies that
the bounded holomorphic function z +— a(z) extends to z = 0. Because € > 0 can be
chosen arbitrarily small, this extension vanishes for z = 0. Using (3.1)) this proves that
the normalization map h is of the given form when expressed in the z—coordinate on U, .
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Similarly, the section & — 97 defined on U, C X, when seen as a holomorphic map
from U, to CO(T?2,C?), is bounded by (5.1) and Riemann’s removable singularity theorem
implies that it has a unique holomorphic extension to o. This extension maps o to the
constant element ¢° = (0,1) € C(T?,C?), because § > 0 can be chosen arbitrarily small.
Since by Lemma [2.4] the line bundle £ is a holomorphic line subbundle of C*°(T?2,C?)
in the C*°~topology, for every m > 0 the holomorphic section & + 9° can be seen as a
holomorphic map from U, to C™(T?,C?) and has a Laurent series

P = fj v

k=—00

in C™(T? C?). Because in C°(T?,C?) the section & ~ 9° has a holomorphic extension
through the puncture, the Laurent series for m = 0 is a power series and the coefficients
of all negative exponents vanish. Since the embedding C™(T?2,C?) — C%(T?,C?) is con-
tinuous, the uniqueness of Laurent series implies that the same is true for all m. Thus,
for every m > 0 the section & ~ 1)° extends to a holomorphic map from U, U {o} to
C™(T?,C?) and hence v¢: (U, U {0}) x T? — C? is C* and holomorphic in the first
variable. O

Corollary 5.2. Let X be the spectral curve of a quaternionic holomorphic line bundle
(W,D = 0+Q) of degree zero over a torus. Assume X is disconnected and hence the
(disconnected) direct sum of two compact Riemann surfaces with a single puncture which
are interchanged under the anti—holomorphic involution p. Then, except in the vacuum
case when @ = 0, both summands have genus g > 1.

It can be shown [2] that the following classes of constrained Willmore tori in S* have
irreducible spectral curves: Willmore tori in S? which are not Mdbius equivalent to mini-
mal tori in R3, minimal tori in the standard 4-sphere or hyperbolic 4-space that are not
super-minimal, CMC tori in R and S3.

Proof. By Theorem 1] we only have to show that the two components have genus g > 1.
Lemma [B.1] shows that, for each of the components one of the projections which, in the
(a, b)—coordinates of ([B.1), are given by (a,b) — a and (a,b) — b extends to a non—trivial
holomorphic map from the compactification of the component onto the torus C/I” or
C/I’. But by the Riemann-Hurwitz formula a compact surface admitting a non-trivial
holomorphic map onto a torus has genus g > 1. ([

Using the identification of the Lie algebra Hom(I',C) with Harm(72,C) (see Section [II),
the logarithmic derivative d*(log(h)) € QL (Harm(7?,C)) of the normalization map h can
be written as

(5.2) d*(log(h)) = weo dz 4 w, dZ

with z denoting the coordinate induced by the isomorphism 72 = C/I" used in the defi-
nition of the (a,b)—coordinates (8.I)). The holomorphic forms we, and w, are derivatives
Woo = da and w, = db of the functions a and b which are, up to the I"-action (B10), well
defined on Y. The following corollary is an immediate consequence of Lemma [5.11

Corollary 5.3. The form ws is holomorphic on X U {o} and has a second order pole
with no residue at co. The form w, = p*Wao is holomorphic on XU {occ} and has a second
order pole with no residue at o.
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The extendibility through the ends of the holomorphic sections ¢ — 17 of £ established
in Lemma [5.1] immediately implies the extendibility of S: ¥y — I'(End(WW)) through o
and oo. Recall that, on the universal cover of T2, non-trivial elements of L5 and L,
coincide up to scaling by a complex function if & € ¥ is the preimage of o € ¥ under the
projection ¥ — ¥ =% /T*. Thus S can also be defined using holomorphic sections of L.

Theorem 5.4. Let W be a quaternionic holomorphic line bundle of degree zero over a
torus with spectral curve X3 of finite genus. By setting

S® =J and S° = —J,

the family (E9) of complex structures S° € T'(End(W)) defined for o € Yy is extended
holomorphically (in the C*°—topology) through the points o and oo to a map

o€ Xy U {o,00}— 57 € I'(End(W)).
In particular, the T?-family @I3) of holomorphic functions Sp: X — CP! extends to a
family of algebraic functions
S,: ¥ U {o,00} — CP*, peT?
If Xy = %, this T?family of algebraic functions glues to a C*~map
S: (2 U {o,00}) x T? — CPL.

In Section [5.3]it will be shown that the complex holomorphic line bundle belonging to Sp,
the pull-back of the tautological bundle over CP' by Sp, depends linearly on p € T? as a
map into the Picard group of the compactified spectral curve.

5.2. Asymptotics of V? and the Willmore energy. We investigate the asymptotics
of the connections V7 defined in (4.9) when o approaches the ends of ¥. Theorem
shows how the Willmore energy of a quaternionic holomorphic line bundle of finite spectral
genus is encoded in the asymptotics of h: ¥ — Hom(T', C,).

Because p interchanges o and co but leaves V7 invariant it is sufficient to investigate V7
in a punctured neighborhood of co. By Theorem [5.4] the sections S? € I'(End(W)) satisfy
S%(p) # —J(p) for all p € T? provided o is in a small enough punctured neighborhood
Uy C Yy of co. Applying stereographic projection from —J we write

(5.3) ST =(1+Y)J1+Y)!
with Y7 € I'(End_ (W)). Because V?S? = 0 the flat connection V7 can be expressed as
(5.4) Vi=(14Y%)0o(V4+a%)o(14+Y)L,

Here V denotes the unique flat quaternionic connection with 8 = V” and VJ = 0 with
unitary holonomy and o’ € Q'(End(W)) is a V-closed 1-form. On the other hand,
because (V?)" = D = 0+4Q, the family V7 can be written as V7 = V + Q + n° with
n? € T'(K End(W)) and hence
(5.5)
Vi=V+Q+n" =V+ (a” +VYY? —Y?a°Y° —VY? +Y%a% —a’Y?).
End End_

1
1+ Y72
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Since Q + n° has End—part of type K we obtain (a® + VY?Y? —Y?a°Y?)” =0 and

1 .
(56) Qyo' — m(_vyaya + YJCMJYU _ aUYUYU)”
1 o o Vaoh Vaes o
:m(a —-o’Y?Y )//:(Oé )//.

The fact that the families V7 and S are holomorphic in o in the sense of (£.12]) implies
that the families Y7 and o are also holomorphic and satisfy

(YO =(Y7)J and (@) = (%) J.
Without loss of generality we can assume that the punctured neighborhood U, C Xy

of 0o is the parameter domain of a chart z with z(co) = 0 (e.g. the chart defined in
Lemma [5.1)). Then Y7 has a power series expansion (in the C*°—topology)

(5.7) Yo =3 "yt
k=1
with Y3, € T'(End_(W)) and (a”)”, by (5.6), has an expansion
(acr(x))// _ Z O/k/l‘k.
k=1

For every o € U, the form o € Q'(End, (W)) = Q!(C) is closed so it has a unique

decomposition o’ = af .+ aZ, .. into a harmonic and an exact part. The multiplier A”

is then given by h?(y) = h(y)e” b ®farm where h denotes the holonomy of V restricted
to the i-eigenline bundle W of .J (cf. Section 3:2). Lemma 5.1l now implies that there is
a holomorphic function a on Uy, with a first order pole at co and a holomorphic function
b on Uy U {oo} with b(oo) = 0 such that

(5.8) Af e = —(a(c) + 2bg) dz — b(o) dz,
where z is the chart on 72 22 C/T and by € C satisfies hY = e~007+bo7,

Because both (a”)” and (af,,..)" extended holomorphically through the point o = co with
(a@*)” =0 and (af2,,.)" = 0, the same is true for (aZ,,.,)" = (a” —af,..)". Moreover,
the Fourier expansions of the exact forms af,,., have no constant terms and the Fourier
coefficients of (aZ,,.;)" and (aZ,,.;)" coincide up to multiplicative constants independent of
o such that (a%,,.), like (a%,,.)", extends holomorphically through oo with (a22,.,) = 0.
Since the two latter components in the decomposition a” = (af,.,,)" + (Zzqet) + (a)"
extend holomorphically through o = oo and (of,.,.,)’ = —(a(o) 4 2by) dz has a first order
pole, we obtain that «° has a Laurent series of the form

o0

(5.9) a’@) = Z apa®

with closed oy, € QY(T?,C). The coefficient «_; is a non-trivial holomorphic 1-form on
the torus. Plugging (5.7) and (5.9) into (5.5) and taking the K End_(W)-part yields
@ = Yia_1. By plugging this into (5.6]) we obtain of = Y1av_1Y7. Hence

0
(5.10) Resz—o (/ a A _a) dx = / a1 Nap—op ANa_q =
T2 8!17 T2

= —2/ 0/1/ Na_1 = —2/ Yia_ YT Aa_1 =1 W,
T2 T2
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where W is the Willmore energy of the bundle which is given by
W=2 Q/\*Q:2/ Yia_1 ANY7 xa_q.
T2 T2

Using again the identification of Section [l between the Lie algebra of Hom(I',C,) and
Harm(7T2,C), the formula h?(y) = h?(v)e” [ @%arm implies afm = —log(h?) + 3 for
some 3 € Harm(T?, C) which, like log(h), is only well determined up to adding an element
of I'*, that is, a 2miZ-periodic harmonic form. Because « in (G.I0) can be replaced by

its harmonic part aperm, we have proven the following theorem due to Grinevich and
Schmidt, see (47), (52) in [9] or (44) in [23].

Theorem 5.5. Let (W, D) be a quaternionic holomorphic line bundle of degree zero over
a torus. In case (W, D) has finite spectral genus its Willmore energy is given by
W = iRes, (2 (log(h),d” log(h))) = —iReso (2 (log(h),d” log(h))) .

Here ) denotes the canonical symplectic form

QB1, ) = /T BiABy,  Bifs € Harm(T?,C),

on the Lie algebra Hom(T, C) = Harm(T?,C) of Hom(T', C.) and log(h) denotes the loga-
rithm of h: ¥ — Spec(W, D) C Hom(I",C,) which is single valued in punctured neighbor-
hoods of o and oc.

Theorem 13.17 in [I0] is the analogue to Theorem for the energy of harmonic tori
T? — S3 (instead of the Willmore energy of conformal tori f: T? — S% with finite
spectral genus). To make the analogy more explicit we give a slight reformulation of
the theorem. For this we define the a skew symmetric product (, ), on the space of
meromorphic 1-forms with single pole and no residue at p by

(w1,w2)p = Resp(wi F2),
where Fy denotes a local primitive of we, i.e., a holomorphic function with dFy = wo.
Plugging (5.2)) into the formula for the Willmore energy we obtain
(5.11) W = 4(Woo, Wo)oo VOI(C/T) = —4(wee, wo)o Vol (C/T)
(recall that the forms ws, and w, defined by (5.2 depend on the choice of a chart z on T2
which defines an isomorphismNT2 =~ C/T'). For a positive basis 71 and 2 of the lattice T,

define 0 = wooy1 + woy1 and 0 = wooy2 + weye. Because v172 — 172 = —2i Vol (C/T') we
obtain

(5.12) W = 2i(6,0)0 = —2i(0,0),,
the direct analogue to the Energy formula given in [10].

As a direct application of (G.I1]) we show now that the Willmore energy determines the
“speed” at which the spectrum Spec(W, D) converges to the vacuum Spec(W,d) when h
goes to 0o: by Lemma 5.7l a punctured neighborhood of oo in ¥ can be parametrized by
a parameter |z| > r for which

log(h*) = (bg + 1/2) dz + (by + Az + O(x?)) dz.

In this coordinate we thus have we, = da = —1/2%dx and w, = db = (A + O(x))dz such
that formula (GI1]) implies

(5.13) W = —4AVol(C/T).
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5.3. The linar flow. Let W be a quaternionic holomorphic line bundle of degree 0 over
a 2-torus T? with spectral curve ¥ of finite genus. The kernel bundle £ — ¥ does not
extend to the compactified spectral curve ¥ = ¥ U {0,00} since the monodromy h° of
elements of £, has essential singularities at ¢ = 0 and co. However, evaluating sections
in £, at a point p € T? gives rise to a complex holomorphic line bundle E, — X, a
subbundle of the trivial bundle ¥ x W), which extends to the compactification Y. Its
extension E, — ¥ is the pull back of the tautological bundle over CP! under the algebraic
function S,: ¥ — CP*! defined in Theorem 5.4l We now prove that the resulting 72 family
of complex holomorphic line bundles £, — ¥ moves linearly in the Jacobian of ¥ when
the point p € T? moves linearly on the torus.

Theorem 5.6. Let W be a quaternionic holomorphic line bundle of degree 0 over a 2-
torus T? with spectral curve ¥ of finite genus and let pg € T? be fixed. Then the map

T? — Jac(X): prs EpEp—O1
is a group homomorphism.

Remark 5.7. In the special case of a quaternionic holomorphic line bundle that corresponds
to a harmonic map f: T2 — S? from the 2-torus to the 2-sphere the above theorem is
shown in Chapter 7 of [10]. The holomorphic line bundles E, in that case coincide with
the holonomy eigenline bundles of the holomorphic family of flat SLy(C)—connections
defined by the harmonic map f, cf. Section 6.3 of [§] and Section 6.4 of [2]. To prove the
result for general quaternionic holomorphic line bundles of degree 0 of finite spectral genus
(rather than bundles corresponding to harmonic maps), we apply similar arguments as in
Chapter 7 of [10]. In our situation the analog of the harmonic map family of flat SLy(C)—
connections is the family V7 of flat quaternionic connections introduced in Section

Proof. Let Va = Uy U {00} be a neighborhood of co in ¥ with Uy, as in Section and
denote by V,, = p(V4) the corresponding neighborhood of 0. We compute the change of
E, in p € T? by representing bundles in terms of Cech-cohomology classes with respect to
the open cover ¥, Voo and V,, of £. Denote by /s a @fparallel section with monodromy of
the quaternionic hne bundle W — T2 with complex structure J that satisfies Jioo = Vo,
where as before V denotes the unique flat connection with V” = d and V.J = 0 that has
unitary holonomy. The restriction of FE, to Vo, can then be holomorphically trivialized by
taking the evaluation at p € T? of the section

T;Z)go = (1 + YU)¢00
with Y7 as defined in (5.3]). Similarly, the restriction of E, to V, can be trivialized by
taking the evaluation of ¢J := 15 (0 j
In order to trivialize the restriction of Ep to 3, we fix pp € T? and a nowhere vanishing
holomorphic section of the restriction of E,, to ¥. Taking the parallel transport with
respect to V7, we obtain a family % of holomorphic sections of the pullback W of

W — T? = C/T to the universal cover C of T? whose restriction ¥%(z) to z € C is a
holomorphic section of E, for p € T? = C/I, the point represented by z.

The bundle FE),, is represented by the Cech—cocycle foo: Uss — C, and f,: U, — C,
given by 9% (20) = ¥ (po) f& for every o € Uy = Voo N'E and ¥ (20) = 45 (po) fy for
every 0 € U, = V,NY, where zp € C denotes a point representing py € 7% = C/I.
Equation (5.4]) implies that the bundle E, is then represented by the Cech-—cocycle o —

f&exp(— [ a%) and o — fJ exp(— [ ar(@)) defined on Uy and U, respectively for z € C

20
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a point representing p € T? = C/I". In Section we have seen that the exact part of o
extends holomorphically through co. Hence E, is represented by the equivalent cocycle

o — fZexp(a(o)(z — 20)) and o — fJexp(a(p(o))(z — 20)) on U and U, respectively,
where a(o) is the holomorphic function on Uy defined in (5.8). Changing the point
p € T? thus amounts to a linear change of the Cech-cohomology class representing E,
which proves the theorem. O
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