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ABSTRACT

GENERALIZED EMP AND NONLINEAR
SCHRODINGER-TYPE REFORMULATIONS OF SOME
SCALAR FIELD COSMOLOGICAL MODELS
MAY 2010
JENNIE D’AMBROISE,

B.S., UNIVERSITY OF MASSACHUSETTS AT AMHERST
Ph.D., UNIVERSITY OF MASSACHUSETTS AT AMHERST

Directed by: Professor Floyd L. Williams

We show that Einstein’s gravitational field equations for the Friedmann-
Robertson-Lemaitre-Walker (FRLW) and for two conformal versions of the Bianchi
I and Bianchi V perfect fluid scalar field cosmological models, can be equivalently
reformulated in terms of a single equation of either generalized Ermakov-Milne-
Pinney (EMP) or (non)linear Schréodinger (NLS) type. This work generalizes or
presents an alternative to similar reformulations published by the authors who in-
spired this thesis: R. Hawkins, J. Lidsey, T. Christodoulakis, T. Grammenos, C.
Helias, P. Kevrekidis, G. Papadopoulos and F. Williams. In particular we cast much
of these authors” works into a single framework via straightforward derivations of

the EMP and NLS equations from a simple linear combination of the relevant

vi



Einstein equations. By rewriting the resulting expression in terms of the volume
expansion factor and performing a change of variables, we obtain an uncoupled
EMP or NLS equation that is independent of the imposition of additional con-
servation equations. Since the correspondences shown here present an alternative
route for obtaining exact solutions to Einstein’s equations, we reconstruct many
known exact solutions via their EMP or NLS counterparts and show by numerical

analysis the stability properties of many solutions.

vil
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CHAPTER 1

INTRODUCTION

1.1 Einstein’s field equations (EFE)

Einstein’s gravitational field equations (EFE)
Gij = —Iiﬂj + Agij (11)

for i,5 € {0,...,d}, are the essential equations of general relativity in d 4+ 1 space-
time dimensions. The Einstein tensor is Gj; = Ri; — %Rgij where R;; is the Ricci
tensor, R is the scalar curvature and g;; is the metric. Also A is the cosmologi-
cal constant and k is a generalization of 87G, for G Newton’s constant, to d + 1

spacetime dimensions. In terms of Christoffel symbols of the second kind

def. 1 s
P?j -9 Z 9 g (Gsij — Gijis T+ Gjsii) (1.2)
s=0
for i,j,k € {0,1,...,d}, we define the Ricci tensor to be

d d d d d
def. n Tm mn
Ry =) (Tha—The) + DD Thli—> > Thn, (1.3)
k=0 m=0 n=0 m=0 n=0
for i,7 € {0,1,...,d} (note that others may define the Ricci tensor to be the

negative of (1.3), in which case the Einstein equations would be G;; = kT;; — Ag;;).

In (1.2), the subscript , denotes differentiation with respect to z,.



We will consider an energy-momentum tensor

1 2
T, =T + 17 (1.4)

ij

that is the sum of two terms. The first term is the energy-momentum tensor for a

minimally coupled scalar field ¢ with potential V' so that

d
1
1) = 0,00, — g, [5 Y 0"¢0kp+ Voo, (1.5)
k=0

where o denotes composition and 9*¢ el 27:0 g*0,¢. We take ¢(t) to depend only

on time xo = t so that (1.5) reduces to

: 1 -
T;jl) = 60i00;0° — ij [§g°°¢2 +Vo 4 (1.6)
wp | 1 ifi=0
where dp; = . The second term in (1.4) is defined as
0 ifi#£0
—p(t)goo
p(t)gn
T = p(t)g22 (1.7)

p(t)gad

for density and pressure functions p(t), p(t), and where the off-diagonal entries are

Z€ro.
In the special case when the metric is diagonal and gog = —1, (1.6) shows that
T = S+ Voo (1.8)
and
Tn'l) = Yii <%¢2 —Vo ¢) (1.9)



for 1 <i < d. That is, Ti(jl) reduces to the energy-momentum tensor for a perfect

fluid with density and pressure

1. 1.
polt) = 56+ Vo and py(t) = 56* Vo, (1.10)

respectively, in terms of the scalar field and potential.

In Chapter 2 we show the equivalence of solving three types of ordinary differ-
ential equations: a generalized Ermakov-Milne-Pinney type equation, a non-linear
Schrodinger type equation and a third equation that we will see arises in each of the
cosmological models considered in this thesis. Since the third type of equation is
derived from Einstein’s field equations in terms of scale factors, we will refer to it as
a scale factor equation. Each subsection of Chapters 3-7 shows the application of a
correspondence established in Chapter 2 to a specific cosmological model. Follow-
ing each theorem in Chapters 3-7, we consider special cases where exact solutions
of Einstein’s equations are derived from exact solutions of an NLS or EMP. For
many examples we show numerical (in-)stability graphs of the exact solutions. The
appendices show some extra calculations including some computations with exact
solutions to EMP and NLS equations [3, 7, 21].

This thesis is a partial response to the proposal by R. Hawkins and J. Lidsey
that EMP equations may appear in certain pure scalar field or other classes of
cosmological models [18]. The results in Chapters 3-7 either generalize or present
an alternative to the reformulations of Einstein’s equations seen in [5, 6, 9, 10, 12,
18, 20, 22, 24, 30, 31]. In [5] and [31], the presence of an exponential term in the
EMP formulation of a Bianchi I model couples the system to a second equation;
in contrast, we find a simpler term so that the Bianchi I EMP here is not coupled
to a second equation. The methods here have been noticed by other researchers

[16, 17] and have been used in some cosmological applications. A brief overview of



the methods in this thesis can be found in a shorter paper by the author [11]. For
future work one may consider whether the methods presented here can be extended

to non-Bianchi universes such as a Kantowski-Sachs.

1.2 Conservation equations

The divergence of Einstein’s tensor G;; = R;; — %Rgij is zero. Therefore by
Einstein’s equations (1.1) the divergence of the energy-momentum tensor is zero.

That is, the conservation equation
div(T), = g7 |0:T; = > TETw — Y ThTiy| =0 (1.11)
irj k k

for i,7,k,1 € {0,1,...d} is automatically satisfied by any solution g¢;; of Einstein’s
equations. When T;; is taken to be a sum as in (1.4), one can further impose the
condition

div(T®); = 0 (1.12)

for 0 <1 < d. The results of this thesis do not rely on Ti(f) satisfying (1.12), which
is not imposed in the theorems in Chapters 3-7. For example, if the scalar field ¢(t)
and the potential V' are non-constant, the conservation equation (1.12) may not
hold for arbitrary density p(¢) and pressure p(t) satisfying a corresponding EMP
or NLS. To obtain Ti(jz) satisfying (1.12) one can impose an analogue conservation
equation on the EMP or NLS side of the correspondence. We record in Appendix
F equivalent versions of the conservation equation (1.12) for [ = 0, translated into

EMP and NLS variables for each of the theorems in Chapters 3-7.



1.3 Guide to numerical and exact solutions

The mapping of closed form solutions of EMP or NLS equations to solutions of
Einstein’s equations cannot always be executed analytically, but we will consider
some solutions for which an exact solution to Einstein’s equations can indeed be
(re-)derived via the correspondences in this thesis. Some exact solutions of Ein-
stein’s equations in the literature [1, 2, 4, 13, 14, 15, 16, 17, 19, 20, 23, 24, 26, 27, 29|
will be seen to arise from an exact solution of an EMP or NLS equation.

For some solutions we show a stability graph, where the exact solution is shown
in bold font for comparison. The numerical solutions were generated by running
the Livermore solver (LSODE) [28] on the second order EMP or NLS equation,
coupled to the differential equation for the reparameterization function. In all cases
we graph the volume expansion factor and show that most exact solutions seen here
are unstable. Solutions are said to be unstable here if the difference between the
exact and numerical solutions grow by at least two orders of magnitude over the

graphed time interval.



CHAPTER 2

THE GENERAL CORRESPONDENCES

2.1 Scale factor and generalized EMP equations

In this thesis, the Einstein equations (1.1) for a number of cosmological models

are reduced to a scale factor equation of the form

= Gilt
H(t) + 0H(t)* + (1) ;a(t (2.1)
for H(t ) a(t)/a(t) and 6,¢,A; € R. In this section we show a mapping be-

tween solution sets (a(t), ¢(t), Go(t),...,Gn(t)) of (2.1) and solution sets (Y (1),

Q(7), Mo(T), ..., An(7)) of the generalized EMP equation

v'(r) + -> 7

(2.2)
i=0

for B; € R. The dictionary between solutions of (2.1) and (2.2) is as follows:
at) = Y(r(t)" (2.3)
e (1)* = Q(7) (24)

92
Gi(t) = E)\Z(T(t)) (2.5)
for 0 <i< N €N,

o(t) = o(7(t)) (2.6)



and where 7(t) is a solution to the differential equation
#(t) = fa(t)"° (2.7)

for some constants # > 0 and ¢ € R\{0}. Here dot denotes differentiation with
respect to t and prime denotes differentiation with respect to 7. Also the powers
A; and B; in (2.1) and (2.2) respectively, are related by the equation

_AZ'—F(]—Q(S
7{] .

B; (2.8)

Theorem 2.1.1 Suppose you are given a twice differentiable function a(t) > 0, a
once differentiable function ¢(t), and also functions Go(t), ..., Gn(t) which satisfy
the scale factor equation (2.1) for some d,e, Ao, ..., Ay € R and N € N. If f(7) is
the inverse of a function T(t) which satisfies (2.7) for some 8 > 0 and g € R\{0},

then by (2.3)-(2.5) the functions

V() = a(f(r) (2.9)
Q(r) = qe¢/(1)? (2.10)
N(T) = G(f() (2.11)

solve the generalized EMP equation (2.2) for B; as in (2.8) and for

() = o(f(7)) (2.12)

(by (2.6)). Note that since the function a(t) and the constant 6 are both positive,
7(t) > 0 so that T(t) is an increasing function mapping t € R to 7 € R and
therefore the inverse function f(T) exists.

Conversely, suppose you are given a twice differentiable function Y (1) > 0,

a continuous function Q(1), and also functions A\o(T), ..., An(T) which satisfy the



generalized EMP equation (2.2) for some B; € R and N € IN. In order to construct

functions which solve (2.1), first find T(t) and ¢(7) which solve
7(t) = Y (7(t)) 49/ (2.13)

and (2.4) respectively, for some 8 > 0,q € R\{0} and 6 € R (note that (2.13)
was obtained by combining (2.8) and (2.7)). Then the set of functions (a(t), ¢(t),
Go, ..., Gn) given by (2.3), (2.6) and (2.5) solves the scale factor equation (2.1)

for A; as in (2.8). That is, the powers A; are given in terms of B; by the equation

Proof. To prove the forward implication, we begin by computing f'(7), a quantity
that will be required to simplify the derivatives of Y (7). Since f(7(t)) = t we
differentiate this relation with respect to t to obtain f’(7(¢))7(t) = 1 so that f'(7) =

1/7(f(7)), and by (2.7) we have

£r) = galf () (2.15)

Differentiating the definition (2.9) of Y (7) and using (2.15) we obtain

Y'(r) = qa(f(r))" a(f(r)f(7)

= ZH(f(D)a(f()". (2.16)

Differentiating again and using (2.15) we obtain

Y'(r) = Lf) [H(Fm)alf(0) +H(F() a(f(r)]

= ZpalFE)P [ H(F(0) + SH(F(7)] . 2.17)

Since a(t) is assumed to satisfy the scale factor equation (2.1), (2.16) can be written

(
V() = el f)P [—e¢<f<r>>2+Z—aGi<f o

. 9& N2al F(FN 22 ( £(1))4 S AT ] i
= Ol i)+ 3 BT @1y



Differentiating the definition (2.12) of () and again using (2.15) we have
P(7) = S NS () = Z(F(T)alF (7)), (2.19)
so that the definition (2.10) of Q(7) can be written as
Q) = O(F(7)alf (7). (2.20)

By (2.20) and the definitions (2.9), (2.11) and (2.8) of Y (1), \i(7) and B; € R

respectively, (2.18) becomes

Y'(r) + Q(r)Y (1) = Z Ag; (2.21)

Y(
To prove the converse statement, differentiate the definition (2.3) of a(t) and

use the definition (2.13) of 7(¢) to obtain

it) = LY(r(t) 0y (r())i(r)

q
- SY(T@))O—JVW'(T@)). (2.22)
Dividing by a(t), we have that
def. @ — g "(+ +(t)) %74
1O 25 = SV )y () (2.23)

Differentiating (2.23) and again using the definition (2.13) of 7(¢), we obtain

() = §+<t> {Y”w(t»m(t»—é/q - gY'<T<t>>2y<T(t>>—wm}

= SO Y)Y () = Y )Py ()

2 2
— 9_y(7-(t))(q—25)/qy//(7.) _ 5%

()Y (7(1)) 24, )
. . Y(7(8)°Y (7(1)) (2.24)



Since Y (7) is assumed to satisfy the generalized EMP equation (2.2), equation

(2.24) can be written as

() = Ly ) | ey (rm) + 3 W)

g 2V (7(t))”

0 P N PG 0)
= L QEOY WP Y S

VI ()Y (r(t)) "%, (2.25)

By definitions (2.6) and (2.13) of ¢(t) and 7(¢) respectively, we have that
o(t) = ¢ (T(D)7(t) = 6/ (T(1)Y (r(¢)) 1. (2.26)
Using definition (2.4) of ¢(7) in terms of Q(7) and squaring (2.26), we have
b6 = Q)Y (rl6) 0. 227
This shows that the first term in (2.25) is equal to —¢(¢)2. Noting that by (2.23)

the last term of (2.25) is equal to —6H (t)?, and using definitions (2.3), (2.5) and

(2.14) of a(t), G;(t) and A; respectively, (2 25) becomes

(2.28)

This proves the theorem.

2.2 Generalized EMP and Schrodinger-type equations

We now record a mapping between any solution set (Y (7),Q(7), A(7), A1(7),

.., An(7)) of the generalized EMP equation

Y'(r) + Q(1)Y(7)

(2.29)

10



for B € R\{-1,1},B; € R\{-1}, N € N, and a corresponding solution set
(u(o), E(0), P(o), Fi(o),...,Fn(0)) of what we will call a non-linear Schrédinger-

type equation

u"(0) + [E(0) = P(0)Ju(e) = ) f(’ﬁ;’ﬁ

i=1

(2.30)

for C; € R.

In general, the Schrodinger-type equation (2.30) contains one less non-linear
term than the generalized EMP equation (2.29). Therefore although the correspon-
dence does hold when A = \; = E = 0, the point is that a nonzero nonlinear term
A(T)/Y (1) in (2.29) transforms to the linear term E(o)u(c) in (2.30). Therefore
the “Schrodinger” nature of this latter equation is most apparent when A;(7) = 0
for 1 <7 < N and when the function A(7) = A is constant in (2.29). In this case

(as we will see in this section), solutions to the generalized EMP

A
Y’ Y(17) = ——= 2.31
(7)+ QY (1) = g5 (231)
correspond to solutions of a one-dimensional linear Schrédinger equation
u"(0) 4+ [E — P(0)u(c) =0 (2.32)

for E constant. This slightly generalizes a result of F. Williams in which solutions
of a classical EMP (that is, for B = 3 in (2.31)) are shown to be in correspondence
with solutions of a linear Schrodinger equation (2.32). One can also refer to the
paper of W. Milne [25].

The dictionary between solutions to (2.29) and (2.30) is as follows:

Y ()P = u(o(t))™ (2.33)

9*(B = 1)Q(r()) PV EH = 2P(a(t))u(o(t))? (2.34)
9*(B - 1)A(7(t)) = 2E(o(t)) (2.35)

(B —DN(r(t) = 2F(o(t)) (2.36)

11



where 7,(t) and o(t) are solutions to the differential equations
o(t) = VOY (7 (1)) 15+ (2:37)

and

5(t) = %u(a(t))%(BJ’l)/(B_l) (2.38)

respectively, for some ¥ > 0. Also the powers B; and C; in (2.29) and (2.30)

respectively, are related by the equation

_ (Bi — 1)
Ci=1-2p— (2.39)
Note that by (2.33), (2.37) and (2.38), we have
) 1
() = 35 (2.40)

We notate the function 7,(t) with the subscript ¢ in order to distinguish it from

the separate quantity 7(¢) which appears in section 2.1.

Theorem 2.2.1 Suppose you are given a twice differentiable function Y (1) > 0
and also functions Q(T), A(7), \1(7), ..., An(T) which satisfy the generalized EMP
equation (2.29) for some B € R\{—1,1}, B; € R\{—1} and N € N. In order to
construct a set of functions which solve the Schrdodinger-type equation (2.30), begin
by solving for the function 7,(t) in (2.37) (for any 9 > 0) and then solve (2.40) for
o(t) . Let g(o) denote the inverse of o(t) (which exists since ¢(t) > 0 for all t).

Then by (2.83)-(2.36) the following functions solve the Schrodinger-type equation

(2.30):
(o) = Y(rs(g(0))z" " (241)
Plo) = LB - QU Aal))Y ((g(c)) ™ 2.2
B(o) = LB DA {o(0) (243
Fo) = 20— B g(o) .40



for C; as in (2.39).

Conversely, suppose you are given a twice differentiable function u(o) > 0 and
also functions E(o), P(o), Fi(0) which satisfy the Schrodinger-type equation (2.30)
for some C; € R and N € IN. In order to construct functions which solve (2.29),
first solve (2.38) for o(t) and for any constants 9 > 0 and B € R\{—1,1}. Then
solve for T,(t) in (2.40) and let f,(T) denote its inverse (which exists since 7,(t) > 0

for allt). By (2.33)-(2.86), the functions

Y(r) = ulo(f(r)H0-?) (2.45)
Q) = gy P Uulo () (240
R A )) (2.47)
R o)) (2.48)
satisfy the generalized EMP (2.29) for
B = % (1= B)Ci+ (B+1))) (2.49)

(by (2.39)).

Proof. To prove the forward statement, we begin by computing ¢'(c), a quantity
that will be required to simplify the derivatives of u(c). Since g(o(t)) = t, we
differentiate this relation with respect to ¢ and obtain ¢'(o(t))d(t) = 1 so that

g'(c) =1/6(g9(0)) = 7,(g9(c)). Therefore by (2.37) we have

72(9(0)g(0) = 0 Y (5 (9(0))) P +VP2 (2:50)

Differentiating the definition (2.41) of u(o) and using (2.50), we obtain

W(0) = 30— B)Y (5, (o)) "2V (5, (9(0)))olo(e))g (o)
= L1 BIY (7,(9(0)) PO (1, (4()))
= L1 BY(n(e(0)). 2.51)
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Differentiating again and using (2.50), we see that

0

u'(o) = (1= B)Y'(1,(9(0)))7s(g(0))g'(0)
= %(1 = B)Y"(15(g(0)Y (75(g(0))) #+72, (2.52)

Since Y (1) is assumed to satisfy the generalized EMP equation (2.29), (2.52) be-

(o) = %2(1—3)3”(%(9( ))ED2[—Q(r, (g(0)Y (4 (9(0)))
A7, = T< 7))
+Y(To ; »(9(0)))Pi
292

= 5B = 1Q(m(g(0)Y () ™Y (m(g(0))

2
< — DA(7.(9(0))) iﬁ?(l—B)Aim(g(a)))
2Y (15(g(0))) B0 = 9y (1, (g(0)))Pim2 B+
(2.53)

By the definitions (2.41),(2.42), (2.43) and (2.44) of u(o), P(0), E(c) and Fi(o)

respectively, we have that

W'(0) = P(o)ulo)— % + Z %

u(o) =B

= Plo)u(o) ~ B(o)u(o) + )

(2.54)

for C; as in (2.39). This proves the forward implication.

To prove the converse statement, we will need f/(7) in order to simplify the
derivatives of Y (7). Differentiating the relation f,(7,(t)) = t with respect to ¢
implies f!(7,(t))7,(t) = 1 therefore f.(7) = 1/7,(f-(7)) = (f,(7)). By (2.38) we

can form the useful quantity

(B+1)

o(fo() fo(T) = %MU(L(T)))(B”- (2.55)
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Now differentiating the definition of Y'(7) and using (2.55), we see that

Yi(r) = (1_B)U(<f(fa(7)))<1 Bl (o f, (7)o (o (1) 4(7)
2 ( +1 )+( +1
= S U T (1, ()
2
= S ) (2.56)

Differentiating Y”/(7) and again using (2.55), we obtain

V() = G ) A)

2 (B+1)

= o ()

(2.57)

Since u(o) is assumed to satisfy the Schrodinger-type equation (2.30), the equation

(2.57) can be written as

2

V) = o) P [ Blatf ()ato (o)
+POar)ulo (o) + 3 2
_ 2E(o(f,(r))
(B~ Dulolf,(7) P70

o=y PO U)o ()P Do 1 () /)

Y 9R(e(f,(1)/(1- B)
+ Z Pu(o(f, (1)) B BB

i=1

By the definitions (2.45), (2.46), (2.47) and (2.48) of Y (7),Q(7), A(T) and \;(7T)

(2.58)

respectively, we obtain

V) = s — QY () + 3 P

for C; as in (2.39). This proves the theorem.

(2.59)
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2.3 Scale factor and Schrodinger-type equations

By composing the maps in Theorems 2.1.1 and 2.2.1, one can see that a direct

reformulation of the scale factor equation

N

H(t)+ 6H(t)” + ed(t)” = Cigl + Z Citg?

(2.60)

(again H(t) = a(t)/a(t)) in terms of the nonlinear Schrodinger-type equation

d"(0) + [E(0) = P(o)]u(e) = 3 f(of;’g (2.61)

i=1

is possible by identifying By in Theorem 2.1.1 with B in Theorem 2.2.1. The
theorem below is exactly the resulting statement. As we noted in Section 2.2,
this reformulation of the scale factor equation (2.60) in terms of the non-linear
Schrodinger-type equation (2.61) will have one less non-linear term than the alter-
nate generalized EMP reformulation seen in Section 2.1.

For the forward implication of the theorem in this section, composing the re-
spective notations of Theorems 2.1.1 and 2.2.1 is convenient. However this is not
true for the converse implication, in which we now use new notation which is equiv-
alent to identifying (Ay —29)/q and Ay/(q¢ — ¢) of Theorem 2.1.1 with n/3 and m,
respectively, used here. Here we also rename Ay of Theorem 2.1.1 to just A.

In summary, the dictionary between functions which solve (2.60) and functions

which solve (2.61) is as follows:

a(f (7 (1)) = u(o(t) (2.62)
(A =200 (0)> = 2P(o) (2.63)
(A —20)04IG(f(r,() = 2E(o(t)) (2.64)
(20 — )G (f(1,(1)) = 2Fi(a(t)) (2.65)
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where f(7) is the inverse function of 7(¢) and each of 7(¢) and o(t) are solutions to

the differential equations

7(t) = Oa(t)??, (2.66)

5(t) = %u(a(t))("%w" (2.67)

respectively for some constants 6,9 > 0,¢ € R\{¢} and n € R\{0}. Also ¢ and ¢

are related by the composition

P(f(1:(1))) = P(a(t)), (2.68)

and the powers A; and C; in (2.60) and (2.61) respectively, are related by the

equation
(A; — 20)

(2.69)

In addition, depending on which direction one is mapping solutions, it may be

convenient to define 7,(t) as the solution to either
To(t) = = (2.70)
or equivalently by (2.67), (2.62) and (2.66),
o (8) = H(f (7o (1)) 2020400, (2.71)

Theorem 2.3.1 Suppose you are given a twice differentiable function a(t) > 0, a
once differentiable function ¢(t), and also functions G(t),Gi(t),...,Gn(t) which
satisfy the scale factor equation (2.60) for some N € N and d,e,A, Ay,..., An
€ R where A # 25. In order to construct a set of functions which solve the non-
linear Schrédinger-type equation (2.61), begin by solving for T(t) in the differential
equation (2.66) for any constants 6 > 0 and g € R\{d}. Let f(7) denote the inverse

of T(t) (which exists since 7(t) > 0 for all t), find the solution 7,(t) to (2.71) and
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then find o(t) which solves (2.70). Let g(o) to denote the inverse function of o(t)
(which ezists since 7(t) > 0 for allt). Then by (2.62)-(2.65) the following functions

solve the Schridinger-type equation (2.61):

u(o) = alF(7(g(0))* " (2.72)
Po) = (A~ 20)0/(o)’ (2.73)
Bo) = (A= 20)0VIG(f(r,(9(0)))) (2.74)
Fo) = 526 = 4G (f(r,(9(0)))) (2.75)

for C; as in (2.69) and for

(o) = o(f(72(9(0)))) (2.76)

(by (2.68)).

Conversely, suppose you are given a twice differentiable function u(o) > 0, a
continuous function P(o) and also functions E(c), Fi(0),..., Fx(0) which satisfy
the Schridinger-type equation (2.61) for some C; € R, and N € N. In order to
construct functions which solve the scale factor equation (2.60), begin by solving for
o(t) in the differential equation (2.67) for some ¥ > 0 and n € R\{0}. Then find a
solution 7,(t) to (2.70) and let f,(7) denote the inverse of 7,(t) (which exists since

o(t) > 0 for all t). Next find functions 7(t) and ¥ (o) which solve the differential

equations
7(t) = 7o (o (T(1))) " "+ (2.77)
and
I 2 6
V(o) = »sq—np(a) (2.78)

respectively, for any m € R\{—2} and ,q € R\{0} (these equations are obtained
by writing (2.71) and (2.63) in the converse notation). Then by (2.62)-(2.65), the
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following functions solve the scale factor equation (2.60):

a(t) = u(o(fo(7(1)))) %" (2.79)
o) = Y(a(fo(7(2))))) (2.80)
Gty = DB ((fo(r(0) (2.81)
Gilt) = =0 Eo(fo(r(0) (2.82)
for coefficient
~ q(3m —n)

R (2.83)

and for powers

_ gm(n +6) g (nm—2n+12m)_n '

A= 3(24+m)’ Ai=5 ( (m+2) C’) (2:84)

(by (2.69) in the converse notation).

Proof. To prove the forward implication, we first compute f'(7) and ¢'(¢). Dif-
ferentiating the relation f(7(t)) =t with respect to t gives f'(7(t))7(t) = 1 so that

f'(t) =1/7(f(7)). Therefore by (2.66), we have
fi(r) = Za(f(r))’~. (2.85)

Similarly g(o(t)) = t implies ¢'(o(t))o(t) = 1 so that ¢'(0) = 1/a(g(0)) = 7,(g(0)),

and then by (2.71) and (2.66) we obtain

§(0) = F(f(ral(o)) 4229

_ 9(A+2q—25)/4(q—5)a(f(7_0 (g(U))))<A+2q_25)/4. (2.86)
By (2.85), (2.86) and (2.71), we find that

P/ (9(0) o lg(0))g (7) = 6202902000014 f (7, (g(r))))A420-20/249

= 0V a(f(r,(9(0)) " (287)
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Differentiating the definition (2.72) of u(o) and using (2.87), we have that

u'(o) = %(25 = Aa(f (7 (9(0)) P 422a(f (7, (9(0))))
f'(7(9(0))) 75 (9(0))g'(0)
= %(25 = Ao a(f (1, (g(0)))alf (75(9(0))) !
= %(25 — AV H(f(75(9(0)))alf(75(9(0))))° (2.88)

for H(t) 4 a(t)/a(t). Differentiating u/(c) and using (2.87) and the assumed scale

factor equation (2.60), the second derivative of u is

u'(o) =

1 —d) ~
E1C i LR D ey e (25

Differentiating the definition (2.76) of ¢(0) and using (2.87) we see that

V(o) = 042 6(f(7,(9(0))))al f (1(g(0))) 2 (2.90)

so that by (2.73), we can write P(0) as

P(o) = %&‘(A = 28)0* 06 (f (7,(9(0))))*a( f (75 (g(0)))". (2.91)

By (2.91) and the definitions (2.72), (2.74) and (2.75) of u(o), E(0) and Fji(0)
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respectively, (2.89) becomes

Fi(o)

u'(0) = P(o)u(o) — E(o)u(o) + Z u(o)BAI-A-20)/(26-4)
= Plo)ulo) ~ Elo)ulo) + Y i{j‘)’g (2.92)

for C; as in (2.69). This proves the forward implication.

To prove the converse statement, we will need the function f. (7). Differentiating
the relation f,(7,(t)) = t with respect to ¢ implies that f!(7,(t))7,(t) = 1 and so
we have f! (1) = 1/7,(f,(7)) = ¢(f>(7)). Therefore by (2.77) and (2.70), we obtain

the useful quantity
S(f(rON o (r()7(t) = o(f,(r(t) 7o (fo(r(t))) "/ +?
= o(f,(r(1))* (fo(r(t))) M/ m+?)

= (fo(r(1))>m/ 2. (2.93)

Using (2.67) to write this in terms of u(o), we have

m(n+6)

(o (TN L2 (T ()7 () = 07/ "D (o (£, (7(2)))) ot (2.94)
Differentiating definition (2.79) of a(t) gives
a(t) = —q%U(O(fa(T(t))))_(6+q")/q"U'(0(fa(T(t))))d(fa(T(t)))fé(f(t))f'(t)-
(2.95)
Dividing by a(t) = u(co(f,(7(t)))) 7% and using (2.94), we obtain
H(t) = —q%ﬁ‘m“m“’u/(o—(fo<T<t>>>>u<o—<fo<r<t>>>>m??—1
- ‘q%”‘m“m“’u’<o—<fo<T<t>>>>u<o—<fo<r<t>>>>—25?%? (2.96)

for H(t) et a(t)/a(t) as usual. Differentiating H(t) and again using (2.94), we get
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H(t) = —2g m/ms25(f, (r(0) £ (r(5)7(8) -

an
2(3m—n)

u’ (o (fo(r(t)))u(o(fo((t)))) »om+2
2(3m —n)
n(m+ 2)

2(3m—n) 1

o (0o (r () Pulo (o (r(1)))) W7
6

= o ()l (7 (1)) 2

12(3m = 1) . o rimszy s , sgm
—qnz(m+2)19 10200 (o (fo (r (1)) ulo (fo (7(1)))) 70T

(2.97)
where we have simplified the powers of u(o(f,(7(t)))) for the first and second terms

by adding
m(n + 6) N 2(3m —n)  12m —2n+mn
nm+2)  nm+2) nlm+2)

(2.98)

and

m(n+6) 2(3m —n) _ 4(3m —n)
n(m+2) " nm+2) b= n(m+2)’ (2.99)

respectively. Since u(o) is assumed to satisfy the Schrodinger-type equation (2.61),

H in (2.97) now becomes

Multiplying out the terms, we obtain

6 2m(n+6)

A(E) = =20 (o () F Plo(fa(r(e)

6 2m(n+6)

+q—nq9‘2m/(m+2)u(o—(fo(7(t))))WE(O’(fo(T(t))))
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6 g amsmsn iu Fi(o(fo(7(t))))

qn 7(£)))) Ot 2= 12m—mn) /n(m+2)
12(3m— ) —om/(m+2) 1 9 4753:;;)
—mﬁ D (0 (fo (70 (1)) w0 (fo (7(1)))) 702
(2.101)

where for the first two terms, we have simplified the powers of u by adding

12m — 2n 4+ mn ~ 2m(n+6)
n(m + 2) Con(m+2)°

(2.102)

By the definition (2.83) of the constant d, and by the computation (2.96) of H in

terms of u, we have that

4(3m—n

12(3m = 1) o m+2) W (0 (fo (r () 2ulo (£ (7(8))) "7 . (2.103)

This shows that the last term in (2.101) is equal to —dH (t)? so that we have

6 2m(n+6)

H(t)+0H(t)* = _q_nﬁ_zm/(mﬂ)“(a(fa(T(t))))"(7’”2) P(o(fo(7(t))))
6 2m(nt6)

L9 B (o, (7(0) FH B(o(f, ((1)))

an

,19—2777,/ (m+2) Z u (.fJ( ( ))))

t ))C i+(2n—12m—mn)/n(m+2) °

(2.104)

q

Differentiating the definition (2.80) of ¢(¢) and using (2.94), we have that

o(t) = V(o(fo(r))o(fo(r(O)) fo(r(H)7(2)

m(n+6)

— 9o (£, (() I (o (£ (1)) (2:105)

Using the definition (2.78) of ¢(o) in terms of P(¢) and squaring (2.105), we obtain

6 2m(n+6)

g2l P(o (£, () Julo (fo (1)) T . (2.106)

eqn

o(1)* =
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This shows that the first term in (2.104) is equal to —e¢()? so that

6

2m(n+6)

H(t) +0H(t)? = —a<z'><t>2+q—nﬁ—zm“m“)u(a(fc,(r(t)))> w2 B(o(f,(m(t))))
(4 2) Fy(o(f,(7(t))))
q 19 o ;u t ))C’ i+(2n—12m—mn)/n(m+2)

(2.107)

Now utilizing the definitions (2.79), (2.81) and (2.82) of a(t), G(t) and G;(t) re-

spectively, (2.107) becomes

- Gi(t)
' 2 12 i
H(t) +5H(t) - _€¢ + qm(n+6) +Z q¢(2n—12m—mn)/6(m+2)
a(t) 3(m+2) =1
Gi(t)
— e’ 4 : 2.1
S TR D (2.108)
i=1
which proves the theorem for A and A; as in (2.124). o

The statement of this theorem would have been much simpler if we were able
to choose 7(t) = 7,(t), since then many compositions of functions would cancel. In
fact, such cancellations would make the use of 7(t) obsolete, leaving only o(t) and
its inverse g(o) to be required for the reparameterization which takes place in the
translation between the functions a(t) and u(c). By (2.71) in the forward direction
or equivalently (2.77) in the converse, 7(t) = 7,(t) for (A4 2q — 20)/4(q—0) =1
and 4/(m + 2) = 1 respectively. This corresponds to the choice of parameter
q = A/2+ 4, or equivalently m = 2 and n = 6 in the converse notation. Also for
this choice 6 = 0 by (2.83). As stated above, the theorem only holds for ¢ # 0 = 0,
so the choice ¢ = A/2+ § = A/2 is only possible for A # 0. In summary, when
A # 0 and § = 0, we apply the theorem with ¢ = A/2 or equivalently m = 2,n =6
in the converse notation. This will allow us to take the integration constant zero
when integrating the relation 7(t) = 7,(t) so that 7(¢) = 7,(t) and the statement

of the theorem will become simpler.
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Therefore in application, the following two versions of the theorem will be useful.
If A# 0and § = 0 then the theorem will be implemented with ¢ = A/2,m =2,n =
6 and 7(t) = 7,(t). If A =0 and 0 # 0 then in the converse notation m = 0 and
by the comments on notation at the beginning of this section, ¢ = —6/n and the
theorem also takes a simpler form in this case. In particular by integrating (2.87)
and (2.93) with A = m = 0, we have that f(7,(g(0))) = o + 1ty and o(f,(7(t))) =
t — to for some constant ¢y € R (If A, are both nonzero then the theorem would
be implemented as-is).

Also in the statement of the above theorem, one can show that the constants
6 and ¥ are related by ¢ = §A+20-20)/2(4=9) op equivalently § = 92/(™+2) in the
converse notation. This was, in fact, why we chose to state the theorem more simply
by using two separate constants # and ¢ for the forward and converse implications

respectively - but this is not necessary in the case of the first § = 0 corollary since

q = A/2 implies ¥ = 6.

Corollary 2.3.1 (A # 0,6 = 0 chogse 0 = AJ2,7,(t) = 7(t) = m = 2,n =
6,9 = 0%) Suppose you are given a twice differentiable function a(t) > 0, a once
differentiable function ¢(t), and also functions G(t), G1(t), ..., Gn(t) which satisfy

the scale factor equation
N

H(t) +eg(t)” = aczgi +2 Citgi) (2.109)

)

for some N € N and A # 0,, Ay,..., Ay € R (H(t) “L a(t)/a(t)). In order to

construct a set of functions which solve the Schrodinger-type equation

N
F;
u'(0) 4+ [E(0) — P(o)]u(o) = Z u(a(;‘gi’ (2.110)
i=1
begin by solving for o(t) in the differential equation
o(t) = %a(t)‘A/z (2.111)
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for some 6 > 0. Now allow g(o) to denote the inverse function of o(t) (which exists
since ¢(t) > 0 for allt). Then the following functions solve the Schréidinger-type

equation (2.110):

ulo) = alglo)) (2.112)
P(o) = %zp’(o—)? (2.113)
50) = oo (2.114)
Ry = ~2A6 000 (2.115)

for
Ci:1—2%,1§z'§N (2.116)

and
(o) = 6(g(0)). (2.117)

Conversely, suppose you are given a twice differentiable function u(c) > 0
and also functions E(o), P(0), F1(0),..., Fx(o) which satisfy the Schridinger-type
equation (2.110) for some C; € R, and N € IN. In order to construct functions
which solve the scale factor equation (2.109), begin by solving for o(t) in the dif-
ferential equation

o(t) = —u(o(t)) (2.118)
for some 8 > 0. Next find a function ¥ (o) which solves the differential equation

V(o) = giAP(O’) (2.119)

for any e, A € R\{0}. Then the following functions solve the scale factor equation
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(2.109):

a(t) = u(o(t)) ¥4 (2.120)
o(t) = P(a(t))) (2.121)
Glt) = ﬁE(a(t)) (2.122)
Gilt) =~ Fio (1) (2.123)
for
A |
Ai=S(1-C)1<i<N. (2.124)

Corollary 2.3.2 (A = 0,6 # 0 = —%& = 6m = 0 = f(1,(9(0))) = o +
to, o(fr(7(t))) =t —1to) Suppose you are given a twice differentiable function a(t) >
0, a once differentiable function ¢(t), and also functions G(t),G1(t),...,Gn(t)

which satisfy the scale factor equation

H(t) + 6H (1) +ep(t)* = G(t) + Z Cztgi?

for some N € N and § # 0,¢, Ay,..., Ay € R (where as usual, H(t) el a(t)/a(t)).

(2.125)

)

Then the functions

u(o) = alo+t)° (2.126)
P(o) = —ed/(0)? (2.127)
E(0) = —6G(o+1) (2.128)
F(o0) = 6Gi(o+1t) (2.129)

solve the Schrodinger-type equation

N

u'(0) + [E(o) — P(o)|u(o) = Z Qf’(ﬁ(;c) (2.130)
for
Ci:%—ngigN (2.131)



and
(o) = oo+ to). (2.132)
Conversely, suppose you are given a twice differentiable function u(o) > 0

and also functions E(o), P(0), Fi(0),..., Fx(o) which satisfy the Schridinger-type
equation (2.130) for some C; € R and N € N. For (o) such that

V(o) = —gi(sp(o—) (2.133)

for any e, § € R\{0}, the following functions solve the scale factor equation (2.125):

a(t) = u(t—to)? (2.134)

o(t) = p(t—to) (2.135)

Glt) — —%E(t—to) (2.136)

Gilt) = %Fi(t—to) (2.137)
for

A=8(1+C),1<i<N. (2.138)
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CHAPTER 3

REFORMULATIONS OF THE FRIEDMANN -

ROBERTSON - LEMAITRE - WALKER MODEL

This cosmological model assumes that the d 4+ 1-dimensional spacetime is both
homogeneous and isotropic, resulting in a metric of the form

2

1 — kr?

ds* = —dt* + a(t)? ( + r2d93_1) (3.1)
where a(t) is the scale factor, k € {—1,0, 1} is the curvature parameter and

dQ3 | = df? + sin?0,d05 + - - -+ sin? 0, - - -sin? ;_odb3_,. (3.2)

In this section, we take the energy density and pressure in equation (1.7) to be

() =D T+ (0 3.3)
and
)=y PP (3.4

1=1

respectively, for some n; € R and 1 < ¢ < M. The nontrivial and distinct Einstein’s

equations ¢“G,; = —kg“T;; + A are the (z,7) = (0,0) and (¢,7) = (1,1) equations.



Dividing by (d — 1), these equations are

() 4 5o O " [1¢<t>2+v<¢<t>>+z

D,(t) /
20 ([d—1) |2 o TP

a(t)m

2 2a(t)2  (d-1)

where H (t) et %

3.1 In terms of a Generalized EMP

Theorem 3.1.1 Suppose you are given a twice differentiable function a(t) > 0, a
once differentiable function ¢(t), and also functions D;(t), p'(t),p'(t),V(z) which
satisfy the Finstein equations (i), (it) in (3.5) for some k,ny,...,ny, A € R,d €
R\{0,1}, k € R\{0} and M, M, € N. If f(7) is the inverse of a function 7(t)
which satisfies

7(t) = Ba(t)? (3.6)

q _ IR N2

Y(7) = a(f(7)) and  Q(1) = -0 (7) (3.7)

solve the generalized EMP equation
Y'(1)+Q(r)Y (1) = (3.8)

gk _ i qnik Di(1) _ gr(o(7) + p(7))
62Y (1) t+a)/a — 02d(d — 1)Y (7)it+a)/a 0%(d - 1)Y (1)
for

o(7) = o(f(7)) (3.9)



Di(r) = Di(f(7)), 1<i<M (3.10)

and
o(t) = p'(f(7)), p(r) =P (f(7)). (3.11)

Conversely, suppose you are given a twice differentiable function Y (1) > 0, a
continuous function Q(7), and also functions D;(1) for 1 < i < M, M € N and
o(7), p(T) which solve (3.8) for some constants > 0,q,x € R\{0},k € R,d €
R\{0,1} and n; € R for 1 < i < M. In order to construct functions which solve

(1), (i), first find 7(t), o(T) which solve the differential equations

7(t) = 0Y (7(t)) and (1) = ” Q(7). (3.12)
Then the functions
a(t) = Y(r(t)" (3.13)
o(t) = ¢(7(t)) (3.14)
D;(t) = Di(r(t)), 1<i<M (3.15)
pl(t) = o(r(t), P'(t) = p(r(t)), (3.16)
and
V(e(t))
_ [d(dQ; 1) <9 (q);’) N Yl;q) B %Y2(¢/)2 _ 22: Ygi/q e % or(t) (3.17)

satisfy equations (i), (ii).
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Proof. This proof will implement Theorem 2.1.1 with constants and functions as

indicated in the following table.

Table 1. Theorem 2.1.1 applied to FRLW

In Theorem | substitute In Theorem | substitute
610 e | k/(d—1)
Go(t) | constant k A | 2
Gunt) | 250 + ) Aarsr | 0
Ao(T) | constant gk /6? By | (2+4q)/q
Mia(7) | g (o(r) + p(7) By | 1

To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (i) and (i7). Subtracting equations (i) — (i) we obtain

n;

— K | 2 - Dl(t) , ,
a(t))  (d—1) o)+ ; da(t)" + (@) + (1) - (3.18)

This shows that a(t), ¢(t), D;(t), p'(t) and p'(t) satisfy the hypothesis of Theorem
2.3.1, applied with constants €, &, N, Ay, ..., Ay and functions Go(t), ..., Gy(t) ac-
cording to Table 1. Since 7(t),Y (1), Q(7) and ¢(7) defined in (3.6), (3.7) and (3.9)
are equivalent to that in the forward implication of Theorem 2.3.1, by this theorem
and by definitions (3.10) and (3.11) of D(7) and o(7), p(7), the generalized EMP
equation (2.2) holds for constants By, ..., By and functions Ao(7),...,An(7) as
indicated in Table 1. This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the generalized EMP equation (3.8) and we begin by showing that (i) is satisfied.

Differentiating definition (3.13) of a(t) and by the definition of 7(¢) in (3.12), we
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have that

1

it) = SY(r)iY(r(0)E)

q
= gY(T(t))l/qyl(T(t)). (3.19)
Dividing by a(t) we obtain
def. 1) _ Oy
H(t) = o) qY( (t)). (3.20)

Differentiating the definition (3.14) of ¢(¢) and using definition of 7(¢) in (3.12),
we find that

o(t) = ¢ (r(t)7 (1) = 04/ (7(1))Y (7(1))- (3.21)
Using (3.20), (3.21), and the definitions (3.13), (3.15) and (3.16) of a(t), D;(t) and
p'(t) respectively, the definition (3.17) of V o ¢ can be written as

vism) = N0 (mwr+ ) - o - S D - g -2 )

K
This shows that (i) holds (that is, the definition of V (¢(t)) was designed to be such
that (7) holds).

To conclude the proof we must also show that (i7) holds. In the converse
direction the hypothesis of the converse of Theorem 2.1.1 holds, applied with con-
stants N, By, ..., By and functions A\o(7), ..., Ax(7) as indicated in Table 1. Since
T(t), o(T),a(t) and ¢(t) defined in (3.12), (3.13) and (3.14) are consistent with the
converse implication of Theorem A.1, applied with § and ¢ as in Table 1, by this the-
orem and by the definitions (3.15) and (3.16) of D;(t) and p/(t), p'(t) the scale factor
equation (2.1) holds for constants §, ¢, Ay, ..., Ay and functions Go(t),...,Gy(t)
according to Table 1. That is, we have regained (3.18) which shows that the sub-
traction of equations (ii)-(i) holds in the converse direction. Now solving (3.22) for

p'(t) and substituting this into (3.18), we obtain (ii). This proves the theorem. <
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3.1.1 First reduction to classical EMP: pure scalar field

As a special case we take p) = p’ = D; = 0 and we choose the parameter ¢ = 1.

Then Theorem 3.1.1 shows that solving the Einstein equations

C—ZHz(t) + 2

dk @y Kk 1. A
)+ o s G vew) + oy 6
: d (d—2)k Gy K 1. A
e+ 3P+ Gt - e - Vi) + gt
is equivalent to solving the classical EMP equation
k
for any constant 6 > 0. The solutions of (¢)’, (i7)" and (3.24) are related by
o) =vir@) a2 = " gn (3.25)
for ¢(t) = p(7(t)) and
7(t) = Oa(t) = Y (7(¢)). (3.26)
Also in the converse direction, V' is taken to be
d(d—1 k 62 A
V(p(t)) = {(Tz) («92(Y’)2 + W) — §Y2(<p’)2 =0 7(t). (3.27)

Referring to Appendix D for solutions of the classical and corresponding ho-
mogeneous EMP equation (3.24), we will use the theorem to compute some exact
solutions of Einstein’s equations. By comparing (3.26) and (D.5), we note to only
consider solutions of (D.5) in Appendix D corresponding to ry = 1. Also note that

o(t) in (D.6) is not relevant in the FRLW model.

34



Example 1 For zero curvature k = 0 and for 8 = 1, we take solution 1 in
Table 14 of the homogeneous equation Y"(1) + Q(7)Y (1) = 0 with Q(1) =
Qo > 0. That is, Y(1) = cos(+/Qor) and by (D.8) - (D.10) we obtain 7(t) =

%Arctan (tomh (@(t — to))) and

alt) = Y (7(t)) = sech (\/@(t - to)) (3.28)

forty € R. Then by (D.17) with ay = (d — 1) /K, we obtain the scalar field

o) < p(r(t)) =2 =1 4retan (tanh (\/262_0(15 - to))) +6 (329

K

for By € R. Finally, by (3.27), (D.11) and (D.10) we get

visn) = |G- grer - 2 er (3:30)
= W [d tanh? (\/@(t - t0)> — sech? (\/@(t - t0)>] - %
so that
V(iw) = (d;ii)% [d tanh? <2Arctanh <tan (% ( df 5w - ﬁo))))
sech? <2Arctanh (tan (% (df 5 (w— ﬂo)))ﬂ - % (3.31)
61 (w) = \/Z_OArctanh <tan (% : = - ﬁo)>) o, (3.32)

For Qo =1 and ty = 0, the solver was run with'Y and Y’ both perturbed by .05.

The graphs of a(t) below show that this solution is stable.
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Figure 1. Stability of FRLW Example 1
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time t

Example 2 For zero curvature k = 0 and for 0 = 1, we take solution 2 in
Table 14 of the homogeneous equation Y"(1) + Q(T)Y (1) = 0 with Q(7) =
Qo > 0. That is, Y(r) = sin(v/Qor) and by (D.12) - (D.1}) we obtain

T(t) = \/%Arctcm <e\/m(t_t°)> and

alt) = Y(r(t)) = sech (\/@@ . to)) (3.33)

fortyg € R. Then by (D.18) with ag = (d — 1) /K, the scalar field is

o(t) L ol (1) =2 (d ; Y Aretan (e@“—tw) + Bo (3.34)

for By € R. Finally, by (3.27), (D.15) and (D.1/) we have

Vi) = | TGl - vy - 2 orto (3.39
= % [d tanh? (@(t - t0)> — sech? (@(t - t0)>] — %

V(w) = W {d tanh? (ln (tan (% (df (v - ﬂo))))

_sech? (m (tan (% (df = ﬁo))))] _ % (3.36)
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since
K

o H(w) = V% In (tan (% m(w — ,60))) + to. (3.37)

This differs from FExample 1 only in the form of the potential V.

For Qo =1 and ty = 0, the solver was run with'Y and Y’ both perturbed by .05.

The graphs of a(t) below show that this solution is stable.

Figure 2. Stability of FRLW Example 2
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time t

Example 3 For zero curvature k = 0 and for 0 = 1, we take solution 4 in Table
14 of the homogeneous equation Y (1) + Q(7)Y (1) = 0 with Q(7) = do(1 — dy) /7>
for an arbitrary constant 0 < dy < 1. That is, Y (1) = agt® and by setting ro = 1

in (D.19) - (D.21) we obtain 7(t) = ((1 — do)ao(t — to))ﬁ and

d

a(t) = Y(7(t)) = Ag(t — to) ™% (3.38)

fort >ty € R and A = (ao(l —do)do)l/(l_dO). Then by (D.43) with oy =

(d —1)/k, the scalar field is

¢(t) = @(7(t)) = BIn(t —t0) + fo (3.39)

37



for By € R and B el [doldD) Finally, by (3.27), (D.22) and (D.21), we get

r(1—do)
Vi) = | TGl - grer - 2 orto
B ([dy(d+1)-1 1 A
T (M) .
and
Viw) - % (%) o3 w—po) _ % (3.41)
¢_1('LU) _ e%(w—ﬁo) + 1. (342)

By setting d = 3, A = to = 0 and identifying do/(1 — dy) here with n in [13], we
obtain the zero curvature solution in example 4.4 of Ellis and Madsen [13]. Also,
by settingd = 2, A =0, ag = (\/&/do)®™ and identifying (1—dy)/dy and  here with
Y2 and ke in [15], we obtain the Cruz-Martinez solution with €, = 1, where one
must note that our integration constant 3y corresponds to In(ya\/k2)/\/Ra7v2 + do
in [15]. Similarly with d = 3, A =0, ag = (\/k/3/do)™ and identifying (1 —dy)/do
and K here with 37v3/2 and k3 in [15], we obtain the (34 1) counterpart of the Cruz-
Martinez solution with €, = 1, where again our integration constant 3y corresponds
to 2in (73\/%/2) /V/3k3y3 + ¢o in [15]. One can also compare this example with
solutions in [5, 16]

Forag =1 andty =0, the solver was run with Y,Y" and T perturbed by .01. The
graphs of a(t) below show that the solution is unstable. In both cases, the absolute

error grows by two orders of magnitude over the graphed time intervals.
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Figure 3. Instability of FRLW Example 3, dy = 1/2

scale factor a(t)

time t

Figure 4. Instability of FRLW Example 3, dy = 1/3
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scale factor a(t)
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Example 4 For zero curvature k = 0 and 6 = 1, we take solution Y (1) =
T7,Q(1) = 0 from line 4 in Table 14 with dy = 1 for the homogeneous equation
Y”"(1) + Q(1)Y (1) = 0. By following (D.23) - (D.25) we obtain 7(t) = age’™™ and

a(t) =Y(7(t)) = age’™™ (3.43)

for ag,to € R and t > tg. Since Q(17) = 0 = ¢'(7) we have constant scalar field
o(t) ael o(7(t)) = ¢o € R. Finally, by equation (3.27) for V(¢(t)) and using that
Y'(7) =1, we obtain constant potential V = = <@ - A) :

For ay =1 and ty = 0, the solver was run with Y,Y' and T perturbed by .1. The

graphs of a(t) below show that the solution is unstable. The absolute error grows by

up to four orders of magnitude over the graphed time interval.

Figure 5. Instability of FRLW Example 4

80

70 -

Example 5 For negative curvature k = —1 and for 0 = 1, we consider the classical
EMP equation Y"(7) + Q(1)Y (1) = —1/Y (7)3. For solution 5 in Table 14 with

bo =dy =0 and ¢y = 1, we have that Q(7) = 0 and Y (1) = (ag + 27)"/? for some
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ap € R. Following (D.27) - (D.29) we obtain 7(t) = 1 ((t — t9)* — ao) and

at) = Y(r(t) =t — t (3.44)

for to € R. Since Q(1) = 0 = ¢'(7) we obtain constant scalar field ¢(t) et

o(1(t)) = ¢o € R. Finally, by (3.27), (D.30) and (D.29) we obtain constant
potential V(p(t)) = —A/k.

For ag =ty = 0, the solver was run with Y,Y"' and 7 perturbed by .1. The graphs
of a(t) below show that the solution is unstable. The absolute error grows by two

orders of magnitude over the graphed time interval.

Figure 6. Instability of FRLW Example 5
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Example 6 For 0 =1 and arbitrary curvature k = agby — & for some by > 0 and
ag, co € R, we consider the classical EMP equation Y" (1) + Q(7)Y (1) = (agby —
c2)/Y(7)3. For solution 5 in Table 1/ with dy = 0, we have that Q(t) = 0 and
Y(7) = (ag + bom® + 2¢7)Y/2. Following (D.33) - (D.35) with k = X\ we obtain

T(t) = 41)'%/2 (boe%(t—to) — 4keVholi=to) _ 4\/%0()) and
0
1 k
alt) = Y(r(t)) = 7P 4 £ V) (3.45)
0
forty € R. Since Q(1) = 0 = ¢'(7) we obtain constant scalar field

() L o(r(t)) = ¢ (3.46)



for constant ¢g € R. Finally, by (3.27), (D.36) and (D.35) we obtain

2
d(d—1) [ o (boem@—tw — 4ke—¢%<t—to>) + 1603k | A

V(gp(t)) = Tk
(¢( )) 2% (boe\/%(t—to) _|_4ke—\/%(t—to))2 K

_ % (M _ A) , (3.47)

Forag =by =1 andty = cy = 0, the solver was run with Y,Y" and T perturbed by
1. The graphs of a(t) show that the solution is unstable. In both cases the absolute

error grows by up to two orders of magnitude over the graphed time intervals.

Figure 7. Instability of FRLW Example 6, k =1

50

wl /

0f 7
/
-

42



Figure 8. Instability of FRLW Example 6, k£ = —1
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Example 7 For curvature k and 6 > 0, we consider the EMP equation Y (1) +
Q(T)Y (1) = k/0*Y (1)3. For solution 5 in Table 14 with ag = by =0 and co = 1/2,
we have that Q(7) = do(1 — dy) /7% for the choice dy = (1/2) — (vV/—k/0), and
Y (7) = /7. Following (D.38)-(D.39) we obtain 7(t) = L (t — to)? and

alt) = Y (+(1)) = 5t~ to) (3.48)

fort >ty € R. Then by (D.44) with ag = (d — 1)/k we obtain scalar field

o) = o) = DO vy em eag

Also by (3.27) we obtain

visw) = [N (e i) - Sraer -2 er
L (d-1)2(0?+4k) A
T2 (t—t)? w (3.50)

so that

Ly Y P
V(w)= L (g2 4 gy aomm e A (3.51)

202 K
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since

K62 w—
¢—1(w> — e\/ (d—l)(02+4k)( bo) + tp. (3'52)

Note that although the number dy may be complex, the above solution is real for
each k € {—1,0,1} by a proper choice of § > 0. By taking d = 3,A =ty = 0 and
also identifying 0/2 here with A in [15], we obtain the solutions in example 4.5 of
Ellis and Madsen [13]. One can also compare with solutions in [5].

For tg =0, the solver was run with Y,Y' and 7 perturbed by .01. The graphs of
a(t) below show that the solution is unstable. In all three cases below the absolute

error grows by up to two orders of magnitude over the graphed time interval.

Figure 9. Instability of FRLW Example 7, £k =0,0 =1
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Figure 10. Instability of FRLW Example 7, £k =1,0=1

10

Figure 11. Instability of FRLW Example 7, k= —1,0 =4
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Example 8 For k € {0,1} and 0 > 0, we consider the EMP equation Y" (1) +
Q(T)Y (1) = k/6%*Y (7)®. For solution 6 in Table 14 with \; = k/6* and B, = 3,
we have that Q(7) = k/0?7* and Y (1) = 7. Following (D.45) - (D.46) we obtain
7(t) = ape?") and

a(t) = Y (1(t)) = age’t=") (3.53)
for ap >0 and t > tg. Then by (D.48) with oy = (d — 1)/k, the scalar field is

6(t) L p(r(t)) = —— L D o

ao 02k

+ fo. (3.54)

Finally, by (3.27) we obtain

visw) = [N (e ) - Sraer -2 er
dd=1) 5 (=12 _ypgy A
= TQ + Ta%e o( ) E
so that
Viw) = w <% + (w - 60)2) = % (3.55)

by composition with ¢~'. By taking d = 3, A =ty = 0 and identifying 0 with w,
ap with A and By with ¢o in [13], this is example 4.1 of Ellis and Madsen [13].
One can also compare this example with the (non-phantom) exponential expansion
solution in [17], and also other solutions in [5].

Forag =0 =k =1 and ty = 0, the solver was run with Y,Y" and 7 perturbed
by .1. The graphs of a(t) below show that the solution is unstable. The absolute

error grows by two orders of magnitude over the graphed time interval.
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Figure 12. Instability of FRLW Example 8
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Example 9 For0 =1 and positive curvature k = 1, we consider the classical EMP

equation Y"(1)+Q(7)Y (1) = 1/Y (7)3. For solution 7 in Table 1/ we have Y (1) =

(272 +b2)Y2 with A\, = 1 and we take Q(7) = (1 — a2b?)/ (a272 + b2)* for ag, by > 0

and (1 — agby) > 0. Following (D.49)-(D.51) we obtain 7(t) = % sinh(ao(t — to))

and

a(t) =Y (7(t)) = by cosh(ag(t — to))

forty € R. Then by (D.54) with ay = (d — 1) /K, we have scalar field

=\ 1)Arctan (sinh(ag(t — to))) + Bo

for By J4=20at) - gy (3.17) we obtain

2;@1)8

vism) = | TG (0 ) - 3R - o)

2K K

d(d — 1)a2 A
:—L5}£+$wmmmp¢m—g

so that

Viw) = W% 4 2 o <§ @D ﬁo)) -2

47
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by composition with ¢~'. By taking d = 3, A =ty = 0 and identifying ay with w, by
with A and By = Bs with B in [13], this is comparable to example 4.3 of Ellis and
Madsen [13]. One can verify via differentiation that ¢(t) in (3.57) agrees up to a
constant with ¢(t) in example 4.3 of [15].

Forag =6 =1 and ty = 0, the solver was run with Y,Y' and T perturbed by
.01. The graphs of a(t) below show that the solution is unstable. The absolute error

grows by up to two orders of magnitude over the graphed time interval.

Figure 13. Instability of FRLW Example 9
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Example 10 For 0 =1 and arbitrary curvature k, we consider the classical EMP
equation Y"(7)+Q(T)Y (1) = k/Y (7)3. For solution 7 in Table 14, we have Y (1) =
(272 — b)Y/ with Ay = k and we take Q(1) = (k+a2b?)/ (a272 — b2)* for ag, by > 0
such that (k + a2b3) > 0. Following (D.55)-(D.57) we obtain 7(t) = Z—g cosh(ag(t —
to)) and

a(t) =Y (7(t)) = bgsinh(ag(t — to)) (3.60)

forty € R. Then by (D.60) with cy = (d — 1)/k, the scalar field is

_Ba

a \l (= 1) Arctanh (cosh(ao(t — t))) + Fo (3.61)

¢(t) =
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for By el [P Craghy) By (3.17) we obtain

2;@1)8

vism) = | UG (0 ) - 3R - o)

2% v2) 2 K
d(d —1)a? 5 o A
- A% %, p ) 62
P + Biesch®(ap(t — to)) - (3.62)
so that
_d(d—1)aj s . .o fa [(d—1) A
Viw) = S = 4 Bsinh® | By w = ) ) - (3.63)

by composition with ¢~'. By taking d = 3, A =ty = 0 and identifying ay with w, by
with A and By = Bs with B in [13], this is comparable to example 4.2 of Ellis and
Madsen [13]. One can verify via differentiation that ¢(t) in (3.57) agrees up to a

constant with ¢(t) in example 4.2 of [13].

3.1.2 Second reduction to classical EMP: zero curvature

For a second set of examples, we take special case with curvature £ = 0 and
p=p =D; =0 for all i # 1. For non-zero matter density D;/a(t)™ = D/a(t)"
with D, n # 0 constants, and we choose parameter ¢ = n/2. Then Theorem 3.1.1

shows that solving Einstein’s equations

gH%o%!@#§B[%aw?+ku»+aé;]+(dfw (3.64)
: d 5 ()" K 1. . (n—d)D A
A+ g Y - [ - viewy + U2+ 2
is equivalent to solving the classical EMP equation
Y'(7) + Q(r)Y (7) oD (3.65)

~ 202d(d — 1)Y ()3

for any constant 6 > 0. The solutions of (:)", (i7)” and (3.65) are related by

a(t) =Y (r(t)¥" and O'(1) = Q(1) (3.66)
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for ¢(t) = p(7(t)) and
7(t) = fa(t)"? = Y (1(t)). (3.67)

Also in the converse direction, V' is taken to be

202d(d — 1

2 )(Y,)2_92 D A

— YY) — — — —| oT(t). (3.68)

V(o) = .

KN

We now refer to Appendix D for solutions of the classical and corresponding
homogeneous EMP equation (3.65) that we will map over to solutions of Einstein’s
equations. By comparing (3.67) and (D.5), we note to only consider solutions of
(D.5) in Appendix D corresponding to ry = 1. Also note that o(¢) in (D.6) is not

relevant in the FRLW model.

Example 11 For zero matter density (D = 0) and for 8 = 1, we take solution
1 in Table 14 of the homogeneous equation Y (1) + Q(7)Y (1) = 0 with Q(1) =
Qo > 0. That is, Y(1) = cos(/QoT) and by (D.8) - (D.10) we obtain 7(t) =
\/LQfoArctan (tanh (@(t - t0)>) and

at) = Y (r(1))?" = sech?" («/Qo(t - t0)> (3.69)

forty € R. Then by (D.17) with cy = 2(d — 1) /nk, we have scalar field

o(t) L (7 (1)) = 2%/ =D pretan (tanh (m@ - t@)) + B (3.70)

nk 2

for Bo € R. Finally, by (3.68), (D.11) and (D.10) we obtain

Viow) = |- gy -2 o) .
- 000 (i (- tg) = s () ) -

so that

Viw) — W(zdmnh <2Arctanh <tan (i/ dn = 50))))

st (vt (o - 1)) - Ry
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since

¢~ (w) =

\/ig_oArctanh (tan <ﬁ (dn—KI) (w - ,60))> + . (3.73)

This solution is the same as Fxample 1 when n = 2. One reasonably expects the
convergence properties to be the same as Example 1, since Y (1) and the EMP

equation do not depend on n.

Example 12 For zero matter density (D = 0) and for 8 = 1, we take solution
2 in Table 14 of the homogeneous equation Y (1) + Q(T)Y (1) = 0 with Q(T)

Qo > 0. That is, Y (1) = sin(~/Qo7) and by (D.12) - (D.1}) we obtain 7(t)

\/LQfOArctan (e\/@(t_to)> and

alt) = Y(r(£)*" = sech®" (V/Qo(t — to) ) (3.74)
fortyg € R. Then by (D.18) with ag = 2(d — 1) /nk, the scalar field is
o(t) L o(r(t)) = 22/ U1 dretan (e/@=10)) + gy (3.75)
nKk

for By € R. Finally, by (3.68), (D.15) and (D.14) we have

visn) = PR - v - 2] er) (3.76)
- (d _mli)QO < - anh? (\/@(t - to)) — sech? (\/@(t — to))) — %
so that

Vo) = 0 P (in 1o (L/ )

_sech? (1n<tan(221/3 T go))))] : (3.77)
ot = g (1 ([ e~ )
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This differs from Ezample 7 only in the form of the potential V. This solution
is the same as Example 2 when n = 2. One reasonably expects the convergence
properties to be the same as Example 2, since Y (1) and the EMP equation do not

depend on n.

Example 13 For D = 2d(d — 1)/n?k and 6 = 1, we consider the classical EMP
equation Y"(1)+Q(7)Y (1) = —1/Y(7)3. For solution 5 in Table 14 with by = dy =
0 and ¢y = 1, we have that Q(7) = 0 and Y (1) = (ag + 27)"/? for some ay € R.

Following (D.27) - (D.29) we obtain 7(t) = 3 ((t — to)? — ao) and
a(t) =Y ()" = (t — to)*/" (3.79)
forty € R and t > ty. Since Q(1) = 0= (1), the scalar field is constant

o(t) = (7(t)) = o (3.80)

Vio(t) = ——. (3.81)

This solution is the same as Fxample 5 when n = 2. One reasonably expects the
convergence properties to be the same as Example 5, since Y (1) and the EMP

equation do not depend on n.

Example 14 For § = 1 and D = 2d(d — 1)/n*k we consider the classical EMP
equation Y" (1) + Q(T)Y (1) = —1/Y (7)3. For solution 5 in Table 14 with dy = 0
and ag = (2 — 1)/by for some by > 0 and ¢y € R, we have that Q(1) = 0 and
Y (7) = (ag + bom? + 2co7)Y2. Following (D.33) - (D.35) with A\ = —1 we obtain
7(t) = @ (boe\/%(t_to) + de=Vholi=to) _ 4\/%co> and

1 1 2/m
a(t) =Y (r(t))*" = (Ze\%“—“) - b—oe—%“—m)) (3.82)
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forty € R. Since Q(17) =0 = ¢'(7), the scalar field is any constant

o(t) = @(7(t)) = do € R. (3.83)

Finally, by (3.68), (D.36) and (D.35) we obtain constant potential

2
Qd(d _ 1) b(] (boe\/%(t_t“) + 46_\/%@_%)) —_ 16[?(2) A
K

Vot = N
(¢( )) Kn2 (boe\/%(t—to) — 46_\/%@—%))2

_ ! (M _ A) , (3.84)

K n?

This solution is the same as Example 6 when n = 2. One reasonably expects the
convergence properties to be the same as Example 6, since Y (7) and the EMP

equation do not depend on n.

def. n?kD

Example 15 For constant C = y > 0, we consider the EMP equation

20%d(d—1
Y1)+ Q(7)Y (1) = —C/0?Y (7). For solution 5 in Table 14 with ag = by = 0 and
co = 1/2, we have that Q(7) = do(1 — dy) /72 for the choice dy = (1/2) — (V/C/8),

and Y () = /7. Following (D.38)-(D.39) we obtain (t) = % (t — t,)* and

2/n
alt) = Y ((1))*/" = (g@ - to>) (3.85)

fort >ty € R. Then by (D.44) with ag = 2(d — 1) /nk, we get scalar field

2(d — 1)(02 — 4C)

nk6?

ott) = (1) = Int—to) + o (3:86)

Also by (3.27) we obtain

V(o) — WD —40)2d=n) A (3.87)

Kn20%(t — tg)? K

so that

— 2 _ — o) nwo2
V) = DO —40)d =) -2 i - A (3.58)
KR

Kkn26?
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since
nk6?2 =
o (w) = oV St (w—Po) + to. (3.89)
For C = 1,0 = 4,n = 2 and ty = 0, the solver was run with Y,Y’ and T
perturbed by .001. The graphs of a(t) below show that the solution is unstable. The
absolute error grows three orders of magnitude over the graphed time interval. Since
Y (1) does not depend on n, other choices of n will also be unstable.

Figure 14. Instability of FRLW Example 15

40

35

time t

Example 16 For § = 1 and constant C =4 % > 0, we consider the EMP
equation Y" (1) + Q(T)Y (1) = —C/Y (7)3. For solution 7 in Table 1/ we have
V(1) = (a272 — B3)V2 with A\, = —C and we let Q(7) = (a2b? — C)/ (a2 — b2)*
for ag, by > 0 chosen such that (a2b — C') > 0. Following (D.55)-(D.57) we obtain

T(t) = 2—‘; cosh(ag(t — to)) and
a(t) = Y (r(t))*™ = (bysinh(ag(t — to)))*" (3.90)

forty € R. Then by (D.60) with oy = 2(d — 1) /nk, the scalar field is

By

20 \| @y Arctanh (coshlao(t = o)) + fy (3.91)

o(t) =

o4



def. [(d=1)2(a22—C

for By 2 w0 t=C). By (3.17) we obtain
vien) = PR frer - -2 or
_ 2d<dﬂ;ﬁl>a3 + Bzgzd__lgl) esch(ag(t —to)) — %
(3.92)
so that
=M B (3 [T ) 2

by composition with ¢~1.

For C =by=1,a0 = 2,n =3 and ty = 0, the solver was run with Y,Y’ and 7
perturbed by .01. The graphs of a(t) below show that the solution is unstable. The
absolute error grows 16 orders of magnitude over the graphed time interval. Since

Y (1) does not depend on n, other choices of n will also be unstable.

Figure 15. Instability of FRLW Example 16
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3.2 In terms of a Schrodinger-Type Equation

To reformulate the Einstein field equations (i),(ii) in (3.5) in terms of a
Schrodinger-type equation (with one less non-linear term than that which is pro-
vided by the generalized EMP formulation), one can apply Corollary 2.3.1 to the
difference (ii)-(i). In doing so, Corollary 2.3.1 may be applied in a few different

G() k

ways: either by taking OLETGL in which case this term transforms into the

linear term Fu(o) = 6*ku(c) in the corresponding Schrodiner-type equation, or by

GO _ rn; D (t)

taklng aA = m where j is some index with n; # 0 in which case this
2I€TL2- .
nonlinear term transforms into the linear term F(o)u(o) = —%Dj(a)u(a) in

the corresponding Schrodinger-type equation. We will state both applications.

Theorem 3.2.1 (Apply Corollary 2.53.1 with % = #)

Suppose you are given a twice differentiable function a(t) > 0, a once differentiable
function ¢(t), and also functions D;(t), p'(t),p'(t), V(x) which satisfy the Einstein
equations (1), (1) in (3.5) for some k,ny,...,ny, A € R,d € R\{0,1},x € R\{0}

and M € N. Let g(o) denote the inverse of a function o(t) which satisfies

o(t) = (3.94)

(o) = a(gig)) (3.95)
Pl0) = V') (3.96)
solve the Schréodinger-type equation
w(o) + 0%k = Plo Zd o ey @97
for
¥(o) = ¢(g(0)) (3.98)



Di(o) = Di(g(0)), 1<1<M (3.99)

and
p(a) = p'(9(0)), plo) =p'(9(0)). (3.100)
Conversely, suppose you are given a twice differentiable function u(c) > 0, and
also functions P(o),D;(0) for 1 < i < M, M € N and p(0),p(c) which solve
(3.97) for some constants 0 > 0,k € R,k € R\{0},d € R\{0,1} and n; € R for

1 <i < M. In order to construct functions which solve (i), (ii), first find o(t), ¥ (o)

which solve the differential equations

o(t) = Eu(a(t)) and Y'(0)? = - P(0). (3.101)

Then the functions
at) = - (Ul(t)) (3.102)
o(t) = (o)) (3.103)
Di(t) = Dy(o(t)), 1<i<M (3.104)
p'(t) =p(a(t), P'(t) =plo(?)), (3.105)

and
V(o) - [d“;; U () - CE M D —p— 2 oot

satisfy the equations (i), (i1).

Proof. This  proof will implement  Corollary 2.3.1  with  con-

stants and  functions as  indicated in = the  following  table.
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Table 2. Corollary 2.3.1 applied to FRLW

In Corollary | substitute In Corollary | substitute
e | k/(d=1) E(o) | constant 6%k
G(t) | constant k A2
Gi(t),1<i<M —d(’Zl’f'l)Di(t) A; | n;
Gu(t) | @ (P'(t) +1'(1)) Ay | 0
Fi(0),1 <i <M | £25D;(0) Ci|1-m
Frga(o) (3?/{) (p(e) +p(o)) Cuir |1

To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (¢) and (i7). Subtracting equations (ii) — (i),

n;

H(t) — OER —(di 1 o(t)? + ; dal();)(i) + () +p' )] . (3.107)

This shows that a(t),o(t), Di(t),p'(t) and p'(t) satisfy the hypothesis of
Corollary 2.3.1, applied with constants ¢, N, A A;..., Ay and functions
G(t),G4(t)...,Gn(t) according to Table 2. Since o(t),u(o), P(o) and ¥ (o) defined
in (3.94), (3.95), (3.96) and (3.98) are equivalent to that in the forward implica-
tion of Corollary 2.3.1, by this corollary and by definitions (3.99) and (3.100) of
D;(0) and p(0),p(o), the Schrodinger-type equation (2.110) holds for constants
C4,...,Cy and functions Fi(o),..., Fy(o) as indicated in Table 2. This proves
the forward implication.

To prove the converse implication, assume we are given functions which solve
the Schrédinger-type equation (3.97) and we begin by showing that (7) is satisfied.
Differentiating the definition (3.102) of a(t) and by the definition in (3.101) of o (%),

we see that




wlo(t) (3.108)

Ou(a(t))
Dividing by a(t), we obtain
def. a(t) 1,
H(t) = o) - —gu (o(t)). (3.109)

Differentiating the definition (3.103) of ¢(¢) and using definition in (3.101) of o(¢),

we get that
o(t) = ¥/ (a(t))o(t) = %W(U(t))U(U(t))- (3.110)

Using (3.109) and (3.110), and also the definitions (3.102), (3.104) and (3.105) of

a(t), D;(t) and p'(t), p'(t) respectively, the definition (3.106) of V o ¢ can be written

V(e(t) =

d(d2; D (H(t)2+ k ) Lo > DD _ ey A 5

a(t)? < a(t)" K

This shows that (¢) holds (That is, the definition of V(¢(t)) was designed to be

)

such that (z) holds).

To conclude the proof we must also show that (i7) holds. In the converse direc-
tion the hypothesis of the converse of Corollary 2.3.1 holds, applied with constants
N,C4,...,Cy and functions E(o), Fi(0),..., Fy(o) as indicated in Table 2. Since
o(t), (o), a(t) and ¢(t) defined in (3.101), (3.102) and (3.103) are consistent with
the converse implication of Corollary 2.3.1, applied with ¢ and A as in Table 2,
by this corollary and by definitions (3.104) and (3.105) of D;(t) and p'(t),p'(t)
the scale factor equation (2.109) holds for constants ¢, A, A;, ..., Ay and functions
G(t),G4(t),...,Gn(t) according to Table 2. That is, we have regained (3.107)
which shows that the subtraction of equations (ii)-(i) holds in the converse direc-
tion. Now solving (3.111) for p/(¢) and substituting this into (3.107), we obtain (ii).

This proves the theorem. o

59



3.2.1 Reduction to linear Schrodinger: pure scalar field

To compute some exact solutions, we take special case p’ = p' = D; = 0 so that

Theorem 3.2.1 shows that solving the Einstein equations

S0+ s Lt [ vew)| + gty e
(3.113)
e+ g+ Gt e - view)] + o
is equivalent to solving the linear Schrédinger equation
u"(0) + [0k — P(o)|u(o) =0 (3.114)

for any constant 6 > 0. The solutions of (7)"”, (i4)” and (3.114) are related by

= an '(0)? = ( o
a(t) = o) d (o) —P(o) (3.115)
for ¢(t) =1 (o(t)) and
. 1 1
o(t) = fall) = éu(a(t)). (3.116)
Also in the converse direction, V is taken to be

V(g(t)) = {‘MQ; D (%(W + ku2) _ “22(;”;)2 _ %] o ol(t). (3.117)

We now refer to Appendix E for solutions of the linear Schrodinger equation

(3.114), which we will map to solutions of Einstein’s equations using the theorem.

Example 17 For zero curvature k = 0 and 8 = 1, we take solution 1 in Table 15
with ag = dy = 0 so that we have u(o) = byo + ¢y and P(c) = 0 for by > 0 and
co € R. By (E.4) - (E.6) we obtain o(t) = ebolt=t0) — > and

1 1
a(t) = = ¢ holi=to) (3.118)




forty € R. Since P =0 =1/(0), the scalar field is constant

(o) =1 € R. (3.119)

Finally, by (3.117) and (E.7) we obtain constant potential

vow) = |1 Y- oo
= d(d2; 1>b§—% (3.120)

Example 18 For zero curvature k = 0 and 6 = 1, we take solution 1 in Ta-

ble 15 with ag > 0 and dy = 0 so that we have u(c) = agoc® + byo + ¢

and P(o) = 2ag/(ago? + boo + ¢y). By (E.8) - (E.10) we obtain o(t) =
(\/— tan [ 2(t— to)} — bo) and

1 4@0 2 |i\/j
u(o(t)) A 2

(t — to)] (3.121)

or negative discriminant A = b3 — 4agco < 0 and to € R. Then by (E.13) with
0

ag = (d — 1)/k, the scalar field is

o) < \/ [ < tan [\/;—A(t - to)]

=] )|+ (3122

+sec {

for By € R. Finally, by (3.117), (E.11) and (E.10) we obtain

_ d(d_ 1) N2 1 2(,1,1\2 A
visn) = | UG - gl - 2 oot
 =Ad-1) , [V-A 1 L,[vV-A A
= T(dmn {T(t—to) —gsec | So—(t—to)| ) - .
(3.123)
Example 19 For positive curvature k = 1 and 6 = 1, we take solution 2 in

Table 15 with by = 1/v/2 and ag > 0 so that we have u(c) = agcos?(c/v/2),
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P(o) = tan’(c/V2) and E = 1. By (E.1}) - (E.16) we obtain o(t) =
V2 Arctan <%(t—t0)) and

1 1
a(t) = u(a(t)) o (1 + Ot —to) ) (3.124)
forto € R. Then by (E.19) with ag = (d — 1)/k, the scalar field becomes
ot) = %ln [%8(15 —t0)* + 1} + 5o (3.125)

for By € R. Finally, by (5.117), (E.17) and (E.16), we obtain

_(d=1) ((2d = V)ag(t —to)® +2dag A
Vie®) = ~— ( Ot ) —. (3.126)

That is, we have

V(w) = Cre V @Y _ Che 2V @Y _ % (3.127)
for constants
—1)(2d — 1)a2 [ 2= —1
o )(2d )06 o oy = DG 2 gm g g
K 2K
and w > (d D, ln(a0/2) + By, since
oL (w) = g\/e @) _ 4 + 1. (3.129)
0

By taking d = 3 and ty = 0, replacing ag with 1/ay, and identifying k and [y here
with K* and ¢y in [26] respectively, we obtain the string-inspired solution IT of [26].
One can check that the conditions on the constants Cy, Cy in [26] (with d = 3) agree

with the example here since

22 d—1) ((2d—1)Cy
2 _ 1 _
%= Ga—1eg, T ( d—1)C ) '

(3.130)

For ag = 1 and ty = 0, the solver was run with w,u and o perturbed by .001.
The graphs of a(t) below show that the solution is unstable. The absolute error

grows by up to five orders of magnitude over the graphed time interval.
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Figure 16. Instability of FRLW Example 19
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Example 20 For negative curvature k = —1 and 6 = 1, we take solution 4 in
Table 15 with co = —1 and by = 0 so that we have u(c) = ape™?, P(o) = 0 and

E=—1. By (E.28) - (E.30) with 7o = 1 we obtain o(t) = In (ag(t — to)) and

at) = oy = (= to) (3.131)

forty € R. Since P =0 =1/(0), we get (o) = 1 for constant 1y € R. Finally,
by (3.117), (E.31) and (E.30), we obtain constant potential V(¢(t)) = —A/k.

For ag = 1 and ty = 0, the solver was run with w,u and o perturbed by .001.
The graphs of a(t) below show that the solution is unstable. The absolute error

grows four orders of magnitude over the graphed time interval.
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Figure 17. Instability of FRLW Example 20
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Example 21 For negative curvature k = —1 and 8 = 1, we take solution 4 in Table
15 with ¢ = =1 and ag, by > 0 so that we have u(c) = agpe™" — bye?, P(c) =0 and
E=—1. By (E.32) - (E.34) we obtain o(t) = m( % fanh(v/agbo(t — to))> and

1 1
)= o = 57 sinh(2y/agbo (t — to)) (3.132)

for to € R. Since P =0 = ¢/(0), we have that (o) = 1y for constant ¢y € R.

Finally, by (3.117), (E.35) and (E.34), we obtain constant potential
d(d—1) A

vw) = [T () - 2 oo
_ 2dd-1) A (3.133)

since coth®(x) — csch?(z) = 1.

Example 22 For arbitrary curvature k and 0 = 1, we take solution 5 in Table
15 with ¢o = —1 and by = k + 1 so that we have u(o) = (ap/o)e ""/2, P(o) =
0> +2/0*+ (k+1) and E = k for ag > 0. By (E.36) - (E.38) we obtain o(t) =

V2In(ag(t — t)) and

a(t) = = V2(t — to)/In(ag(t — to)) (3.134)
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fort>1/ag+ty € R. Then by (E.41) with ag = (d — 1)/k, the scalar field is

o(t) = ¥(o(t))

- \/@ <\/2 In*(ao(t — to)) + (k + 1) In(ao(t — to)) + 1

+1In[2In(ag(t —to))] — In[2(1 + k) In(ao(t — to)) + 4

T 44/210% (a0t — t0)) + (1 + k) In(ao(t — ) + 1

— (lj/_;) In [2\/5\/2 In*(ag(t —to)) + (1 + k) In(ao(t — to)) + 1
—(1+ k) —41n(ao(t — to))]) + Bo (3.135)

for By € R. Finally, by (5.117), (E.39) and (E.38), we obtain
d(d—1)
2K

(d—1) 1 2 dk
2r(t — to)? (d <1 "3 In(ao(t — tO))) "2 In(ao(t —to))

[2In2(ag(t — to)) + 1+ (k + 1) In(ag(t — to))] ) A

V(g(t) = { ((u)? + ku®) — ) é} oo(t) (3.136)

2 K

21n%(ao(t — t)) K

Foray =k =1 and ty = 0, the solver was run with u,u’ and o perturbed by
.001. The graphs of a(t) below show that the solution is unstable. The absolute
error grows up to four orders of magnitude over the graphed time interval. Since

E — P(0) is independent of k, the below graph is also applicable to k =0, —1.
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Figure 18. Instability of FRLW Example 22
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Example 23 For positive curvature k =1 and 0 = 1, we take solution 5 in Table
15 with co = 0 and ag = by = 1 so that we have u(c) = 1/o, P(o) =2/0? 4+ 1 and

E=1. By (E.42) - (E.44) with 1o = 1 we obtain o(t) = \/2(t — to) and

a(t) = = \/2(t — to) (3.137)

fort >ty € R. Then by (E.47) with oy = (d — 1)/k, we have

o) = 2 (VA + e - ] - VEm [VE+ Vo) ) +

for g(t) =2(t —to) +2 and By € R. Finally, by (3.117), (E.45) and (E.44), we get

V(o) = (dé;l) <2E:l—_t20))2 + ((f__tg) A (3.138)

K
For ty =0, the solver was run with u,u’ and o perturbed by .01. The graphs of

a(t) below show that the solution is unstable. The absolute error grows two orders

of magnitude over the graphed time interval.
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Figure 19. Instability of FRLW Example 23
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Example 24 For zero curvature k = 0 and 0 = 1, we take solution 5 in Table 15
with by = co = 0 and ag = 0 so that we have u(c) =1/, P(o) =2/0* and E = 0.

By (E.42) - (E.44) with ro = 1 we obtain o(t) = \/2(t — to) and

a(t) = = \/2(t — to) (3.139)

ot) = In [2(t — to)] + Fo

for By € R. Finally, by (3.117), (E.45) and (E.44), we obtain

V(o(t) = %—% (3.140)

Forty =0, the solver was run with u,u’ and o perturbed by .001. The graphs of

a(t) below show that the solution is unstable. The absolute error grows up to three

orders of magnitude over the graphed time interval.
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Figure 20. Instability of FRLW Example 24
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Example 25 We take solution 7 in Table 15 with co = k6? and by > 0 and ag > 0
so that we have u(c) = ag/o™, P(c) = by(bg+1)/0*+kb? and E = k6. By (E.5})

- (E.56) we obtain

Al/bo
oft) = — (t — to)L/(Fbo) (3.141)
0
and
1
. — A(t — )0/ (bo+1) 1142

)bo/(1+b0)

fort >ty e Rand A =4 % <(1+Z°)“0 . Then by (E.59) with ag = (d—1)/k,

the scalar field is

o(t) = Bo+ (d:) <\/b0(bo+1)+k92o—(t)2 (3.143)

—/bo(by + 1) log (Vbo(bo + 1)+ /bo(bo + 1) + k920(t)2>>

a(t)
for a(t) in (3.141). Also by (3.117), (E.56) and (E.57), we obtain potential

A B? ((d—1)by — 1) k(d —1)(1+ by)
V) = 2+ 2(t_t0)2< R T A2(t—t0)—2/(1+60>) (3.144)

2 def. (d—1)b
for B> = (1+bo)/0i'
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By takingd =3, A =1ty =0, 0 = ag(1 + by) and identifying by/(by + 1) here with
n in [13], we obtain example 4.4 of Ellis and Madsen for 0 < n < 1. Note that the
above form of ¢(t) is the integrated version of ¢(t) in [13]. Since ¢(t) in (3.143)
and has the property that

i 2 2(goA)2/b
S — 3)20 k02(apA)

TR _EXEflﬁﬁ_(t_toyﬂwa)’ (3.145)
we are in agreement with [13] for the above choice of 0. Also note that there is
a typo in equation (45) of [13], where one should multiply V by 1/4 to obtain the
correct V- with a two appearing in the denominator instead of the numerator. In
contrast to example 3 in this thesis, this example generalizes the Ellis and Madsen
example for nonzero curvature.

For ag = by = 1 and ty = 0, the solver was run with u,u’ and o perturbed by
.001. The graphs of a(t) below show that the solution is unstable. The absolute error

grows three orders of magnitude over the graphed time interval. Since E — P(o)

s independent of k, the below graph is applicable to all values of the curvature

k=1,0,—1.

8

Figure 21. Instability of FRLW Example 25

g =

time t
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3.2.2 A nonlinear Schrodinger example

Example 26 We consider equation (3.97) withp =p=0, M =k=60=1,n=4

and Di(c) = D > 0 a constant. For solution 3 in Table 15 with ag = %bo,
co=1—20% and by > 0 chosen such that co > 0, we have u(c) = agtanh(byo) and

P(o) =c¢y. By (E.22) - (E.24) we obtain o(t) = %Arcsmh (ewobolt=to)) and

1 ]_ _l_ 62aobo(t—t0)
t)= = 3.146
a( ) U(O'(t)) aoeaobo(t—to) ( )

forty € R. Then by (E.27) with ag = (d — 1) /K, we get

ot) = wio(t) = YL _b?%_ 2) Aresink (o C=0)) 4y (3.147)

for By € R. Finally, by (3.106) and (E.25) we obtain

Vo) = [T (@ ) - ) - put - oo,

2K K
Bd—1)
21%(1 + eanbo(t—to))Q

[((d=1)(1 ) + 87) et

b (d— 12 o) g gg) -

(3.148)

For ag = 1,bp = 1/2 and ty = 0, the solver was run with u,u’ and o perturbed
by .001. The graphs of a(t) below show that the solution is unstable. The absolute

error grows two orders of magnitude over the graphed time interval.
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Figure 22. Instability of FRLW Example 26
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3.3 In terms of an Alternate Schrodinger-Type Equation

Theorem 3.3.1 (Apply Corollary 2.3.1 with gt()tz, = d(gnJl) ((t))n]>

Suppose you are given a twice differentiable function a(t) > 0, a once differentiable
function ¢(t), and also functions D;(t), p'(t),p'(t), V(x) which satisfy the Finstein
equations (1), (ii) in (3.5) for some k,ny,...,ny, A € R,d € R\{0,1},x € R\{0}

and M € IN. Let g(o) denote the inverse of a function o(t) which satisfies
a(t) = —a(t)"/? (3.149)

for some 0 > 0 and where j is some index for which n; # 0. Then the functions

u(o) = a(g(o)) ™" (3.150)
Plo) = 2(;”'_“ 1)¢'(a)2 (3.151)

solve the Schrodinger-type equation

" —0%nirk 62 njnl/-fD (o)
u'(o ———Dj(0) — P(o)| u(o s
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= Thlo) (3.152)

for
(o) = ¢(g(0)) (3.153)
D,(0) = Di(g(0)), 1<i<M (3.154)

and
p(o) = p'(g()), plo) =1'(g9()). (3.155)

Conversely, suppose you are given a twice differentiable function u(o) > 0, and
also functions P(o),Di(0) for 1 < i < M, M € N and p(0),p(c) which solve
(3.152) for some constants > 0,k € R,k € R\{0},d € R\{0,1} and n; € R for
1 <i< M. In order to construct functions which solve (i), (i1), first find o(t), ¥ (o)

which solve the differential equations

o(t) = éu(a(t)) and Y'(0)? = nor P(o). (3.156)
Then the functions
a(t) = u(o(t)) Hm (3.157)
o(t) = ¥(a(t)) (3.158)
D;(t) =D;(o(t)),1 <i < M, (3.159)
p(t) =p(a(t), p'(t) =plo(t)) (3.160)
and
V(o(t))
dd—1)( 4  ,, k 1 5 o w= D A

satisfy the equations (i), (ii).

72



Proof. This proof will implement Corollary 2.3.1 with constants and functions as

indicated in the following table.

Table 3. Corollary 2.3.1 applied to FRLW, alternate

In Corollary | substitute In Corollary | substitute
0%n2k
= /- 1) F(0) |~ Di(0)
G(t) | 7 D) A | some n; # 0

Gi(t),1 <i<M,i#j | gr5Dit) Aigj | ni
G,(t) | k A2
Gu(t) | 5P (1) + /(1)) Apia | 0

Fi(0),1<i < Mi#j| 5rDi(o) Cigs | 1— 202

Fi(0) | —0°n,k/2 Gyl 1—4
277/’{/

Frya(o) ga(d_ﬁ) (p(o) +p(o)) Cyvs |1

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations () and (i7) from (3.5). Subtracting equations (ii) — (i),

we see that

n;

H(t) — WOE = —(di 0 o(t)? + ; dal();)(i) + () +p )] . (3.162)

This shows that a(t),o(t), Di(t),p'(t) and p'(t) satisfy the hypothesis of
Corollary 2.3.1, applied with constants ¢, N, A A;..., Ay and functions
G(t),G4(t)...,Gn(t) according to Table 3. Since o(t),u(o), P(o) and ¥ (o) defined
in (3.149), (3.150), (3.151) and (3.153) are equivalent to that in the forward im-
plication of Corollary 2.3.1, by this theorem and by definitions (3.154) and (3.155)
of D;(0) and p(0),p(0o), the Schrédinger-type equation (2.110) holds for constants
C4,...,Cy and functions Fi(o),. .., Fy(0) as indicated in Table 3. This proves the

forward implication.
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To prove the converse implication, we assume to be given functions which solve
the Schrodinger-type equation (3.152) and we begin by showing that (7) is satisfied.
By differentiating the definition (3.157) of a(t) and using the definition of o(¢) in

(3.156), we obtain

ift) = ~ulo(®) (o 1)o ()
_ —%u(a(t))_w”fu’(a(t)). (3.163)
Dividing by a(t), we have that
Ht) % _ —%u’(a(t)). (3.164)

Differentiating the definition (3.158) of ¢(¢) and using definition in (3.156) of o(¢),

we have

o(t) =v'(0(t)a(t) = 2/ (e()u(o(t). (3.165)
Using (3.164) and (3.165), and also the definitions (3.157), (3.159) and (3.160) of
a(t), Di(t) and p/(t),p'(t), the definition (3.161) of V o ¢ can be written as

V(e(t)) =

This shows that (i) holds (that is, the definition of V (¢(t)) was designed to be such
that (7) holds).

To conclude the proof we must also show that (iz) holds. In the converse direc-
tion the hypothesis of the converse of Corollary 2.3.1 holds, applied with constants
N,C4,...,Cy and functions E(o), Fi(0),. .., Fy(0) as indicated in Table 3. Since
o(t), (o), a(t) and ¢(t) defined in (3.156), (3.157) and (3.158) are consistent with
the converse implication of Corollary 2.3.1, applied with ¢ and A as in Table 3,
by this corollary and by definitions (3.159) and (3.160) of D;(t) and p/(t),p'(t)

the scale factor equation (2.109) holds for constants e, A, Ay, ..., Ay and functions
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G(t),G4(t),...,Gn(t) according to Table 3. That is, we have regained (3.162)
which shows that the subtraction of equations (ii)-(i) holds in the converse direc-
tion. Now solving (3.166) for p/(t) and substituting this into (3.162), we obtain (ii).

This proves the theorem. o

3.3.1 Reduction to linear Schrodinger: zero curvature

To compute some examples, we take k =0 and p' =p' = D; =0 for all i # j

and also n; = n, D; = D > 0 so that Theorem 3.3.1 shows that solving the Einstein

equations
gm(t) @7 (df ) Bé(t)uv(aﬁ(t)) + a('i)n] + (df 0 (3.167)
A+ ger L - et - viem) + U 0P|

is equivalent to solving the linear Schrodinger equation

(o) + {% - P@—)] u(o) =0

for any constant € > 0. The solutions of (7)", (73)"" and (3.168) are related by

- - an 102:2(d_1>
alt) = u(o(t))/™ 4 ¥(o) nK

for ¢(t) = ¢(o(t)) and

P(o) (3.168)

1 1

5(t) = garers = (0. (3.169)

Also in the converse direction, V is taken to be

= 2d(d - () iuz(qp')Q — Du? — A oo(t). (3.170)

Kkn26? 202 K

V(e(t))

We now refer to Appendix E for solutions of the linear Schrédinger equation

(3.168). We will map these solutions to exact solutions of Einstein’s equations.

Since F = _222(2?’;? < 0, we only consider entries in Table 15 for which £ < 0.
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2d(d—1)
n2k

Example 27 For 6 =1 and choice of constant D = , we take solution 4 in
Table 15 with co = —1 and by = 0 so that we have u(c) = ape™?, P(o) = 0 and

E =—1. By (E.28) - (E.30) with ro = 1 we obtain o(t) = In (ag(t — o)) and

1

a = — = = — g 2/n .
)= 2y = ¢ 1 (3.171)

for ty € R. Since P = 0 = ¢/(0), the scalar field is constant (o) = 1y € R.

Finally, by (3.170), (E.31) and (E.30), we obtain constant potential

V) - [244= 1) _2d(d2— D2 _ A0

n2k n?k K

A
= ——. 172
K (3:.172)

For ag = 1,n = 3 and ty = 0, the solver was run with u,u’ and o perturbed
by .001. The graphs of a(t) below show that the solution is unstable. The absolute
error grows at least two orders of magnitude over the graphed time interval. Since

u is independent of n, a(t) is unstable for all values of n.

Figure 23. Instability of FRLW Example 27

20
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Example 28 For § =1 and choice of constant D = 2‘%;1), we take solution 4 in

Table 15 with ¢co = —1 and ag, by > 0 so that we have u(o) = age™? —bye?, P(c) =0
and E = —1. By (E.32) - (E.34) we obtain o(t ( P tanh(y/agbo(t — to)))

and

a(t) = ! = L sinh?/™ a —

forty € R. Since P =0 =14/(0), the scalar field is constant

V(o) =9 € R (3.174)

Finally, by (3.170), (E.35) and (E.34), we obtain constant potential
2d(d—1)(v)*>  2d(d—1) , A

Vie(t)) = - - —u' = —loo(t)
_ —8d(d;2?“ob°_% (3.175)

since coth®(x) — csch?(z) = 1.

Example 29 Forf = 1 and choice of constant D = 2d(d—1)/n’k, we take solution
5 in Table 15 with co = —1 and by = 0 so that we have u(c) = (ao/g)e_02/2’

P(o) = 0*+2/0? and E = —1 for ag > 0. By (E.36) - (E.38) we obtain o(t) =

V2In(ag(t — t)) and

1
W= ey

= (VA ~ to)y/m{aolt - to))>2/n

= (2(t — to)* In(ao(t — o))" (3.176)
fort > to. Then by (E.41) with ag = 2(d — 1) /nk, we obtain scalar field
o(t) = v(o(t))
_ (dn;” <\/2 In2(ao(f — fo)) + 1+ In [2In(ao(t — to))]
—In {4+4\/21n2(a0(t—t0)) + 1D + Bo (3.177)
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for By € R. Finally, by (3.117), (E.89) and (E.38), we have that

Vo) = [ - e - i = 2 ooty

(-1
2nk(t — t9)2 In*(ag(t — to)) |
(—2In*(ag(t — ty)) — 1

+% ((2In(ao(t — to)) + 1)*> — 21n(ag(t — to)))) - %

(3.178)

For ag = 1,n = 3 and ty = 0, the solver was run with u,u’ and o perturbed
by .001. The graphs of a(t) below show that the solution is unstable. The absolute
error grows three orders of magnitude over the graphed time interval. Since u is

independent of n, a(t) is unstable for all values of n.

Figure 24. Instability of FRLW Example 29

14

Example 30 For C el % and 0 = 1, we take solution 6 in Table 15 with
co = 203 — C' so that we have u(c) = —ag cosh?(byo), P(o) = 2b2 tanh?(byo) + co =

202 tanh?(byo) 4+ 202 — C and E = —C. By (E.48) - (E.50) we obtain o(t) =
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;—OlArctanh (apbo(t — to)) and

1 1 2712 2 2
a(t) = e = (a_o (agby(t — to) 1)) (3.179)

forty € R. Then by (E.53) with oy = 2(d — 1) /nk, the scalar field is

o(t) = (a(t))

. (./4 { (T TG~ VBt 1)
\/ \/41)2 C Arctanh /45 — Caobo(t — to) )—l-ﬁo

V2b3ad(t — t9)2 + 262 — C
for By € R. Finally, by (3.117), (E.50) and (E.51), we have that

e

V(o(t) =

Kn? 2
az(d — 1) [(4d — n)2a2b3(t — tg)* — 2nb3 + C'(n — 2d)]
kn?(adbi(t —tg)? — 1)?

A
-
(3.180)

One can compare this to the solutions in [23] and in section 5 of [15].

3.3.2 A nonlinear Schrodinger example

Example 31 For D; =p=p =0 and D; =0 for all i, we take n; = 4,0 =1 and
positive curvature k = 1. We use solution 2 in Table 15 with ag = 1/b3 and by > 0
so that we have u(o) = %0082(1)00). Using the second potential for solution 2 in
the table, we have P(o) = 4b3tan?(byo) and Fy = —2. By (E.14)-(E.16) we have
o(t) = %Arctan <%(t - t0)> and

1 2 2
_ _ _ 181
a(t) MEDIRE b + (t —to) (3.181)
fort >ty € R. Then by (E.21) with ag = (d — 1)/2k, we obtain scalar field

o(t) = (d;}ﬁl) In <1 + 612 (t — t0)2) + 0o (3.182)
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for By € R. Finally, by (3.161), (E.16) and (E.17) we obtain

Vi) = | DG (G u) - gl -2 oot

_ (d-1) (dbg+2(d—1)(t—t0)2) A

2K (B2 + (t —t0)?)? K
(3.183)
Composing V (p(t)) with the inverse
6 (w) = by \/eVITTD =) _ 1 |y, (3.184)
for w > By, we obtain the potential
V(w) = Cre V@00 _ Ge-2y/ae/nw _ 2 (3.185)

K

for constants

O, = (d— 1)26\/2n/(d—1)ﬁo and Cy = wew%/(d—l)ﬁq (3.186)

kb3 2kb3
By taking d = 3,ty = 0, and identifying ag, x and [y here with by, K* and ¢y
respectively in the Ozer and Taha paper, we obtain the string-inspired solution I of
[26]. One can check that the conditions on the constants Cy,Cy in [26] (with d = 3)

agree with the example here since we have

s 2(d—1)°Cy _ [(d—=1) 2(d —1)Cy
by = =22 and [y = P In (m) . (3.187)

For by = 1 and ty = 0, the solver was run with u,u’ and o perturbed by .001.
The graphs of a(t) below show that the solution is unstable. The absolute error

grows by three orders of magnitude over the graphed time interval.
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Figure 25. Instability of FRLW Example 31
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CHAPTER 4

REFORMULATIONS OF A BIANCHI I MODEL

For the homogeneous, anisotropic Bianchi I metric
ds® = —dt* + X;(t)dx] + - - -+ X3 (t)da? (4.1)

in a d + 1-dimensional spacetime for d # 0,1, the nonzero Einstein equations

§9Gi; = —kg¥T;; + A are

0 1,
S mH Yk {5& Y Vogt p] +A (4.2)

i<k

S+ a)+ S mE, 2w F&—voqu} +A

I#1 1<k 2
1,k#£1
. 1.
S+ + S HH Yk [§¢2 ~Vog +p} +A
I#i zf;Z-

NE v H) + Y HE, ) _ . |:—Q‘S2—Vo¢—|—p} LA
1£d 1<k
1kAd

where H,(t) il a;/a; and i, 1, k € {1,...,d}.
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4.1 In terms of a Generalized EMP

Theorem 4.1.1 Suppose you are given twice differentiable  functions
Xi(t),...,Xq(t) > 0, a once differentiable function ¢(t), and also functions
p(t),p(t),V(x) which satisfy the Einstein equations (Iy), ..., (I4) in (4.2) for some

A eR,de N\{0,1},x € R\{0}. Denote
Rt (xi(t) - Xa(t))" (4.3)
for some v £ 0. If f(7) is the inverse of a function 7(t) which satisfies
#(t) = OR(t)" (4.4)

for some constants 6 > 0 and q # 0, then

V() = RUG)T  and Q) = A )’ (15
solve the generalized EMP equation
for
o(r) = 6(/(7) (4.7
of7) = p(7(7)). p(r) = plF(7)) (1.9
and where
p* pxix i (o) (19
is a constant for -
e L H, — Hy, 14 Kk,1, ke {1,...,d). (4.10)

Conversely, suppose you are given a twice differentiable function Y (1) > 0, a

continuous function Q(7), and also functions o(7), p(7) which solve (4.6) for some
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constants 6 > 0 and q, v,k € R\{0},k,D € R,d € N\{0, 1}. In order to construct

functions which solve (1y), ..., (14), first find T(t), p(T) which solve the differential

equations
d—1
7(t) = Y (7(t)) and o'(1)? = (qyd/ﬁ)Q(T)' (4.11)
Next find a function o(t) such that
) 1
and let
R(t) = Y (r (1)) at) ™ o), 1e{l,...,d) (4.13)
where ¢; are any constants for which both
d
ch =0 and chck = —6%% Dk, (4.14)
=1 1<k
Then the functions
X(t) = R(t)/vdem® (4.15)
o(t) = p(7(t)) (4.16)
p(t) = o(7(t)), p(t) = p(r(t)) (4.17)
and
d—1)6% D 62 , A
Vo) = |G (VP = o = SV — e - | or) (@)

satisfy the Finstein equations (Iy), ..., (1g).

Proof. This proof will implement Theorem 2.1.1 with constants and functions as

indicated in the following table.
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Table 4. Theorem 2.1.1 applied to Bianchi I

In Theorem | substitute In Theorem | substitute
a(t) | R(t) N |1
6010 e | vdr/(d—1)
Go(t) | constant — 2vdkD/(d — 1) Ao | 2/v
Gt | G251 + p(1) Ao
Ao(7) | constant —2qvdxkD/6?*(d — 1) By | (24 qv)/qv
M(r) | 3225 (o(7) + (7)) B |1

To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (1), ...,
d

Z(L) of Einstein’s equations, we obtain
i=1

(1;). Forming the linear combination d(ly) —

(4.19)

dZHlHk—ZZ o, + H})

1<k i=1 I

ZZM%d%meﬂ

Lk
where [,k € {1,...,d}. The second double sum on the left-hand side of (4.19)
contains the quantity (H;+ H?) (d—1)-times for any fixed I, and the third double
sum contains the quantity H;Hy (d — 2)-times for any fixed [, k pair with | < k
so that we have

dY  HH;—(d

d
SOSCEITE
<k =1

Collecting the first and third sums gives the equation

2y HH,—(d

i<k

Using the definition (4.3) of R(t), we define

I<k

— 1) S+ HE) = dr [+ (p+ )] (4.21)

I/(Xl---Xd)V_l<X1X2---Xd—|—---+X1X2---Xd) d

(X1 Xg)” :VZHl‘
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Differentiating Hr shows that
. d .
Hp=v) H, (4.23)
=1

therefore (4.21) can be written as

2y HH—(d—1) (%HRjLZHf) = dk [df + (p+p)}. (4.24)

I<k =1

Multiplying this by (d_—_”l) and rearranging, we find that

HR+(d—i1) <(d— 1);1&15 —2ZH1HR> = (;”_df) F+(p+p)]. (425)

<k

Using the definition (4.10) of the quantities 7, we have that

> mh=>_ (H} —2HH, + Hy). (4.26)

I<k I<k

The first and last terms on the right-hand side of (4.26) sum to

d—1 d d k-1
d (H+H) = SN H A Y H
<k =1 k=Il+1 k=2 =1
d—1 d
= > (d-DH}+> (k—1)H;
=1 k=2
d—1 d—1
= (d-1H}+)) (d—j)H + ) (j— V)H; +(d—1)H;
Jj=2 Jj=2
d
= (d—1)) H, (4.27)
j=1

therefore (4.26) becomes

Y on=(d—1)Y H—2) HH,. (4.28)

1<k I<k

Using this to rewrite (4.25), we obtain

Hp+ ﬁ anzk = (;V_d’;) [¢2 +(p —i—p)] : (4.29)

I<k
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Next we will confirm that D is a constant. Since the right-hand sides of Einstein
equations (I;) are the same for all i € {1,...,d}, by equating the left-hand sides of
any two equations (;) and (I;) for i # j, we get that

ST+ HY+ Y HHy =Y (H+ HY) + Y HH, (4.30)

1#1 i<k 1#£7 i<k
7 1t 73 Lhdj

where we recall that the sum indices [,k € {1,...,d}. For the first sum on each
side of (4.30), the left and the right-hand sides of (4.30) contain all the same terms,
except for the %" indexed term which appears on the left, and the i*" indexed term

which appears on the right. Therefore many terms cancel and we are left with

Hy+H?+ > HH,=H+H!+ >  HH, (4.31)
e 1t

For the second (double) sum on each side of (4.30), the left and right-hand sides of
(4.31) contain all the same terms, except for the terms where either [, k = j which
appear on the left, and the terms where either [,k = ¢ which appear on the right.

Therefore many terms cancel and by adding H;H, to both sides we obtain

Hj+ H}+H; Y H =H+H}+HY H, (4.32)
1#j I#i
or equivalently
. 1
i + ;m’jHR =0 (4.33)

where we have used the expression (4.22) for Hp, the definition (4.10) of n;;, and
as usual dot denotes differentiation with respect to ¢. By Lemma A.1 with u =
1/v # 0 (which applies since R(t) is positive and differentiable), (4.33) shows that
the function f = n;; RY" = 1;; X1 Xy - - - Xy is constant for any pair i, j (for the pair
i =j, [ is clearly a constant function, namely zero). Therefore the definition (4.9)

of D is also constant, being proportional to a sum of squares of these constant
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functions. By the definitions (4.9) and (4.3) of the constant D and the function

R(t), we now rewrite (4.29) as

—vdk | .5 2D
E

HR - R2/v

+(p+p)]. (4.34)

This shows that R(t), #(t), p(t) and p(t) satisfy the hypothesis of Theorem 2.1.1,
applied with constants €,&, N, Ay, ..., Ay and functions a(t), Go(t),...,Gy(t) ac-
cording to Table 4. Since 7(t), Y (1), Q(7) and ¢(7) defined in (4.4), (4.5) and (4.7)
are equivalent to that in the forward implication of Theorem 2.1.1, by this theorem
and by definition (4.8) of o(7), p(7), the generalized EMP equation (2.2) holds for
constants By, ..., By and functions \o(7), ..., Ay(7) as indicated in Table 4. This
proves the forward implication.

Note that equation (4.34) with v = 1/d is the same as the FRLW analogue
equation (3.18) with M =1, ny = 2d, k = 0 and by identifying R(t) here with a(t)
in the FRLW model. One can compare this observation with J. Lidsey’s results on
the 3 + 1-dimensional Bianchi I model in [22].

To prove the converse implication, we assume to be given functions which solve
the generalized EMP equation (4.6) and we begin by showing that (/) is satisfied.
Differentiating the definition of R(t) in (4.13) and using the definition in (4.11) of

7(t), we have

1

Rt) = ¥y (r ()

q
= gY(T(t))l/qyl(T(t)). (4.35)
so that
def. R(t) 0,
Hg(t) = m = gY (7(t)). (4.36)
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Differentiating the definition (4.16) of ¢(¢) and using the definition (4.11) of 7(¢)
gives

o(t) = ¢ (r(t)7 (1) = 0/ (7(1))Y (7(1))- (4.37)
Using (4.36) and (4.37), and also the definitions (4.13) and (4.17) of R(t) and p(¢)

respectively, the definition (4.18) of V o ¢ can be written as

Vo¢:l((d_1)H2—Dﬁ)—1¢2—p—é. (4.38)

K\ 202d T RV 2 K
The quantity in parenthesis here is in fact equal to the left-hand-side of equation
(Ip). To see this, we differentiate the definition (4.15) of X;(t), divide the result by

X; and use the definition (4.36) of Hg to obtain

def. Xl iRl/ud—lReal + lel/ydeal 1

H -t vd = —H ) 439
! X RY/vdex vd B t o ( )
so that
1 1. . .
ZHlHk = Z (y2d2H}2%+ ﬁ(aljtak)HR—l—alak) . (440)
<k <k

The first term on the right-hand side of (4.40) does not depend on the indices [, k,

and is therefore equal to 5 H3 times the quantity

d k-1 d d— )
DB NED TSI W i
1<k k=2 I=1 k=2 =1

The second term on the right-hand side of (4.40) sums to zero since
d-1 d d k-1
Z(dl +dy) = o + Z g
1<k I=1 k=l+1 k=2 1=1
d-1 d
= (d— Doy +Z(k‘ — 1y
=1 k=2
d-1
= (d—1)én+ > (d—j+j— 1)+ (d—1)dqg
j=2

= (d—l)zdl

89



= (d—1o(t)) ¢
— 0 ) (4.42)

where on the last lines, we have used the definition (4.13) of a;(¢) and the condition
(4.14) on the constants ¢;. For the third term on the right-hand side of (4.40), we

use the definitions of ay(t), o (t), 7(t) and R(¢) in (4.13), (4.12) and (4.11) to write

o .2 GCx C1Ck _ . acg
oy, = ¢eRo” = oy G (Y o 1) = G i (4.43)

Therefore (4.40) becomes

o (d — 1) 2 CiCl
> HH, = Soag Hit sz e T (4.44)

Then by the condition (4.14) on the constants ¢;, (4.44) becomes

_(d-1)_, Dk
> HH, = g Mk = (4.45)

That is, the expression (4.38) for V' can now be written as

A

D
K

1 1.
=—> HH,—=¢"—p- 4.4
Voo - 1 Hy, 2¢ p (4.46)

1<k

showing that (/y) holds under the assumptions of the converse implication.

To conclude the proof we must also show that the equations (1), ..., (1) hold.
In the converse direction the hypothesis of the converse of Theorem 2.1.1 holds,
applied with constants N, By, ..., By and functions \o(7), ..., Ay(7) as indicated
in Table 4. Since 7(t), o(7), R(t) and ¢(t) defined in (4.11), (4.13) and (4.16)
are consistent with the converse implication of Theorem 2.1.1, applied with a(t), §
and ¢ as in Table 4, by this theorem and by the definition (4.17) of p(t), p(t)
the scale factor equation (2.1) holds for constants §,¢, Ay, ..., Ay and functions

Go(t),...,Gn(t) according to Table 4. That is, we have regained (4.34). Now
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solving (4.38) for p(t) and substituting this into (4.34), we obtain

: —vdk (d—1) A
Hp = 2 H? —~—|. 4.4
B d=1) ¢ VO¢+R2/V+p+ 202k KJ] (4.47)
Multiplying by ) and rearranging, we get that
H —— = —K |=¢p" — A 4.4
g Hrt s et e ==k 50" = Voo tp| + (4.48)

The left-hand side of this equation is in fact equal to the left-hand-side of (I;) for

any ¢ € {1,...,d}. To see this, first recall (4.39) and write

. 1 . 2
H’+Hl2:u_dHR ud ——Hh+ d + doleR+ozl, (4.49)
therefore for any fixed ¢
. ) 1 1 2
S (H+H) =) VdHR+ oy HR+al+—da1HR+al (4.50)

I#i [
Since the first two terms on the right-hand side of (4.50) do not depend on the

indices [, k, and also using the definitions (4.13) and (4.14) of y and the constants

¢ to write >0,y = 0= 3, & = —dy, (4.50) becomes

. d—1) . (d—1 2 L
S+ HE) = ( - Vi 4 (y2d2>H12%_ = Hpdi+ Y (d@+47).  (451)
1£i 1#i

By the definitions (4.13), (4.12) and (4.11) of «,(t), o(t), 7(t) and R(t), we see that

q(ORBYY = co(t)R(t)Y

. i 1/v

- R0

— G 1/v
gy Gy

= ﬁ is a constant. (4.52)

By Lemma A.1 with = 1/v # 0, equation (4.52) shows that
N
oy +—Hp=0 (453)
v
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for alll € {1,...,d}. Therefore in total, we have that (4.50) is

gy =) (A=), (2-4d) . P
;(HH—Hl)— d Hp + A Hy + o H}ggamtgal. (4.54)

To form the rest of the left-hand side of (I;), again use (4.39) to obtain

1 1. ) o
HlHk = 1/2—CZ2H12%+ I/_d(al +Ozk)HR+OqOék. (455)
Therefore for any fixed i, we have
1 2 1 . . . .

ZHlHk: Z V2—d2HR+V—d(Oé1+Oék)HR+OélOzk . (456)

LA LA
As we saw in (4.41), >, 1 = d(d;) therefore the first term on the right-side of
(4.56), which does not depend on the indices [, k, is equal to V21d2 H% times

21221—21:‘“612_1)—@—1):%. (4.57)
zf;ez 1<k I#£i

As we saw in (4.42), Y, (&y +éy) = 0 therefore the second term on the right-hand

side of (4.56) sums to - Hp times the quantity

D (d+dp) = > (dtcn) = (d+d)

llk:<7]zz 1<k I#£i
= =) & —(d- 1o
I#i
= (2-d)oy (4.58)

where we have used the definitions (4.13) and (4.14) of oy and the constants ¢; to

write ), 4G = —dy. Considering the third term on the right-hand side of (4.56),

92



we have that

g ooy = E dldk_cig a

l,llj;éz i<k 1#i
2
1<k I#i
= > dn+2) ac+»
1<k 1<k I#i
Lk
- -y
1<k I#i
o CICy, 2
o Z 02/qv R2/v o Z Cl (459>
I#i
where again we have used that »_,_; & = —d;, and on the last line we recall (4.43).

So by (4.57), (4.58) and (4.59), in total (4.56) becomes

(d-1)(d=2) ., ( cick
> HiHy = —— 50— Hj + C=d) s pr, - Z YT lgq (4.60)
<k 7

Summing (4.54) and (4.60), the left-hand side of any (I;) Einstein equation is

) d CiCp
> (Hi+ HP)+ Y HHy = Hp + 2d2 Z o (461)
e llljylzz

Then by the condition (4.14) on the constants ¢;, (4.62) becomes

: (d—1) d(d 1) Dk
;(Hl +HY)+ > HH, = Rt = H% + o (4.62)
‘ i

Therefore by (4.48) and (4.62), we obtain (I;) for all i € {1,...,d}. This proves

the theorem. o

4.1.1 Reduction to classical EMP: pure scalar field

To compute some exact solutions to Einstein’s equations for the Bianchi I met-

ric, we take p = p = 0 and choose parameter v = 1/¢ in Theorem 4.1.1. Therefore
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solving the Bianchi I Einstein equations

> HH O ,-;F(ﬁ +Vo¢]+A (4.63)

<k

(I) 1.
Z(Hl_'_Hl _'_ZHlHk : —K [§¢2—VO¢:|+A
e lll:;iz

for I, k,i € {1,...,d} is equivalent to solving the classical EMP equation

—2dkD
02(d —1)Y (7)3

Y1)+ Q(1)Y(r) = (4.64)

for constants 6, D > 0. The solutions of (1), (I1)',..., (Is)" and (4.64) are related
by
R#)=Y(r(t)"*  and (1)’ = Q(7) (4.65)

for ¢ # 0,0(t) = p(7(t)), R(t) def. (X1 () - - -Xd(t))l/q and
(1) = OR(1)" = Y ((1)) (4.66)

for any # > 0. Also the quantity

' Lxaxgx; (Z mz) (4.67)
I<k
is constant for
Mk de:f. Hl_Hka l#ka ke {177d} (468)

In the converse direction we have
X,(t) = R(t)V4ext) (4.69)
for ay(t) il ¢o(t) where o(t) satisfies
o(t) =1/7(t) (4.70)

and ¢; are any constants for which both

d
ch =0 and chck = —0*%" Dg. (4.71)

i<k

94



Also V is taken to be defined as

(d—1)62

V(o) = [

(V) = 55 — 5Y¢) = —| o7(1). (4.72)

We now refer to Appendix D for solutions of the classical EMP equation (3.24),
which we will map to a solution of the Bianchi I Einstein equations. By compar-
ing (4.66) and (D.5), we note to only consider solutions of (D.5) in Appendix D
corresponding to rg = 1. Also by comparing (4.70) to (D.6), we see to take sy = 1
in Appendix D. Of course when D = 0 in (4.67), m = 0 for all pairs [, k so that
Xi(t), Xa(t), ..., Xa(t) agree up to a constant multiple. In this case, if we take
R(t) = Xi(t) = -+ = Xy(t) il a(t) and ¢ = d we obtain the FRLW cosmology
with curvature £ = 0 and n = 2d, D = 0 so that we may refer to sections 3.1.1
and 3.2.2 for exact solutions to the Bianchi I Einstein equations if D = 0. Here

we consider solutions to the classical EMP (4.64) by referring to Table 14 with

__ —2drD
>\1 = m < O

Example 32 For 6 = 1 and choice of constant D = (d — 1)/2dk, we consider
solution 5 in Table 14 with dy = by = 0 and ¢ = 1. That is, we have solution
Y(7) = (ao + 27)? to the classical EMP Y"(7) + Q(T)Y(7) = —1/Y(7)3 for
Q(7) =0 and ay € R. By (D.27) - (D.29) we have 7(t) = 3 ((t — to)* — ao) and

R(t) =Y (r(1))"/* = (t — t)" (4.73)
for any q # 0 and ty € R. Also by (D.32) we have o(t) = In(t — to) so that

Xi(t) = R(t)eo)

(t _ to)l/decz 1H(t—t0)

(t — to)l/dte (4.74)
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for 1 < i <d and for constants cq, ..., cq that satisfy

d
3 3 (d—1)
2 ] 0 an CiCr. 2% ( 75)

by (4.14). Since Q(r) = 0 = /(1) the scalar field (t) 2 o((t)) = ¢ € R

is constant. Finally, by (4.72), (D.30) and (D.29), we obtain constant potential
V(6(t)) = —A/x.

One can verify by hand that X1(t), ..., Xq(t), p(t) and V(p(t)) in (4.74), (32)
and (6.79) satisfy the vacuum Bianchi I equations (1y)" and (I;)" for 1 <i < d and
for c; as in (4.75), with use of the identity in equation (4.59). This example is the
well-known Kasner solution ds?> = —dt> + S0 t*idx2, in which the constants p;
must satisfy the Kasner conditions Zle pi = Zle p? = 1. By setting p; = 1/d+c;,
we see that our conditions (4.75) are equivalent to the Kasner conditions since
S = S (1d ) = 1A e = 140 = 1 and S pf = S (1) =
(1/d) + X0 2 = (1/d) — 23, cier = (1/d) +2((d — 1)/2d) = 1.

Example 33 For 6§ = q =1 and choice of constant D = (d — 1)/2dk, we consider
solution 5 in Table 14 with dy = ag =0, by = 4 and ¢y = 1. That is, we have solution
Y (1) = (47(t)2 +27(t))'/? to the classical EMP YY" (1) 4+ Q(1)Y (1) = —1/Y (1) for

Q(1)=0. By (D.33) - (D.35) we have 7(t) = é (ez(t—to) 4+ e—2(t—to) _ 8) and
R(t) = Y(r(t) = %sinh(Q(t — 1)) (4.76)

for any tg € R. Also by (D.37) we have that

o(t) = —2Arccoth (e*"")) = 1In (tanh(t — t,)) (4.77)
so that
- I cio
Xi(t) = R(t)Yeo® = iz Snh(2(t to))/decio®
1
= ——sinh(2(t — to))Y4tanh® (t — t,) (4.78)

21/d
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for a(t) as in (4.77) and constants that satisfy

d
(d—1)
;:1 =20 an E CiCr 5

Since Q(1) = 0 = ¢/(7), the scalar field is constant ¢(t) 4 o(1(t)) = ¢o € R.

(4.79)

Finally, by (4.72), (D.36) and (D.35), we obtain constant potential V(¢(t)) =

2(6;1) — % One can compare this solution with the higher-dimensional solution of

Lorenz-Petzold in [24].

As an example for d = 3, one can take ¢c; = —%, ey =0 and c3 = % so that
1
Xi(t) = ——=sinh(2(t — o)) Ptanh V3t — ¢
1(2) 7 (2(t — o)) (t —to)
1
Xo(t) = ——=sinh(2(t —t))*?
A(t) = 75 sinh(2(t —to)
1
X5(t) = —=sinh(2(t — to))tanh/V3(t — to) (4.80)

\3/5
and potential V(¢(t)) = == — & solve the Bianchi I equations in 3 + 1 spacetime

dimensions. One can compare this solution to the Bali and Jain solution in [1].

4.2 In terms of a Schrodinger-Type Equation

To reformulate the FEinstein field equations (Ip),...,(I3) in terms of a
Schrodinger-type equation with one less non-linear term than the generalized EMP,
d
one can apply Corollary 2.3.1 to the difference d(1) _Z(Ii>’ Below is the resulting
i=1
statement.
Theorem 4.2.1 Suppose you are gwen twice differentiable  functions

Xi(t),..., Xa(t) > 0, a once differentiable function ¢(t), and also functions

p(t),p(t),V(x) which satisfy the FEinstein equations (ly),...,(I1g) for some
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A € R,d € N\{0,1},x € R\{0}. Let g(o) denote the inverse of a function o(t)

which satisfies

o0 = 5T ) (481)
for some 8> 0. Then the following functions
u(o) = [ﬁ} o g(0) (4.82)
Plo) = V(o) (159)
solve the Schrédinger-type equation
W(0) + [E = P(0)] ulo) = 92d’(‘0§"_("1)):(§)(")) (4.84)
for
¥(o) = ¢(g(0)) (4.85)
p(o) = plg(o)), plo) =plg(o)) (4.86)
and where
B = — )X1X2 . X2 szmk (4.87)
is a constant for
e L H, — Hil £ kL ke {1,...,d). (4.88)

Conversely, suppose you are given a twice differentiable function u(o) > 0, and
also functions P(c) and p(o),p(o) which solve (4.84) for some constants E <
0,0 >0,k € R\{0} and d € N\{0, 1}. In order to construct functions which solve

(Io), ..., (1g), first find o(t),1 (o) which solve the differential equations

o(t) = -u(o(t)) and Y'(0)? = P(o). (4.89)

Let

RM) =u(c(®)™  and  alt) L co@),ic{,....d (4.90)



where ¢; are any constants for which both

i a=0 and > ac = %. (4.91)
Then the functions _ <
X,(t) = R(t)/rdex® (4.92)
5(6) = v(o (1) (4.98)
plt) = 0(o(8)). plt) = p(o(1) (4.94)
and
Vo) = | DD (@) 4 ) — @ —p -2 ool (4.95)

satisfy the equations (Iy), ..., (14).

Proof. This proof will implement Corollary 2.3.1 with constants and functions as

indicated in the following table.

Table 5. Corollary 2.3.1 applied to Bianchi I

In Corollary | substitute In Corollary | substitute
a(t) | R(t) e | vdr/(d—1)
G(t) | constant vE /6> Al 2/v
Gi(t) | Z55(p(t) +p(1)) A |0
Fi(o) (ej_d'f) (p(o) +p(o)) |1

Much of this proof will rely on computations that are exactly the same as those
seen in the proof of Theorem 4.1.1 (the generalized EMP formulation of Bianchi
I). Therefore we will restate the relevant results here, but point the reader to the

details in the proof of Theorem 4.1.1.
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To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (1y),. .., (I;). Forming the linear combination d(Iy) —
d

Z(I’) of Einstein’s equations and simplifying, as was done in (4.19) - (4.29),
i=1

— 1 sz i, = Vd%) [aﬁz (p+ p)] (4.96)
where
Hp(t) % (4.97)
and
R(t) < (Xa(t) -+ Xa(t))” (4.98)

for any v # 0. Next we will confirm that E is constant. As was done in (4.30)-
(4.33), since the right-hand sides of Einstein’s equations (I;) are the same for all
i € {1,...,d}, by equating the left-hand sides of any two equations (/;) and (/)

for i # j, and after some rearranging we obtain

, 1
for n;; defined in (4.88). Therefore the definition (4.87) of E is constant, being
proportional to a sum of squares of these constant functions. By the definitions
(4.87) and (4.98) of the constant E and the function R(t), we now rewrite (4.96)

from above as
vE
G2 R2/v’

—vdr
(d—1)
This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Corollary 2.3.1,

Fp =

[+ (p+p)] + (4.100)

applied with constants ¢, N, A, A; ..., Ay and functions a(t), G(t), G1(t), ..., Gn(t)
according to Table 9. Since o(t),u(o), P(c) and ¢(o) defined in (4.81), (4.82),
(4.83) and (4.85) are equivalent to that in the forward implication of Corollary

2.3.1, applied with constants and functions according to Table 9, by this corollary
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and by definition (4.86) of p;(¢),p(o), the Schrédinger-type equation (2.110) holds
for constants C1,...,Cy and functions Fi(o),..., Fx(o) as indicated in Table 9.
This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the Schrodinger-type equation (4.84) and we begin by showing that (/o) is satisfied.
Differentiating the definition of R(t) in (4.90) and using the definition in (4.89) of

o(t), we obtain

R(t) = —vu(o(t))™ "' (a(t))a(t)
_ —gu(a(t))_”u'(a(t)) (4.101)
so that
Hp " % - —gu'(a(t)). (4.102)

Differentiating the definition (4.93) of ¢(t) and using the definition in (4.90) of o(¢),

we obtain
o(t) =¥ (o(t))o(t) = gV (0()ulo(?)). (4.103)

Using (4.102) and (4.103), and also the definitions (4.90) and (4.94) of R(t) and

p(t) respectively, the definition (4.95) of V o ¢ can be written as

Voo — 1<(d—1)Hz+(d—1>E)_%qu_p_%, (4.104)

k \ 202d TR 2dp2R2/v

The quantity in parenthesis here is in fact equal to the left-hand-side of equation

(Ip). To see this, first note that the definitions X;(¢) 4 R(t)Y7dex® in (4.92)

and H (t) et % in (4.102), and the condition ), ¢, = 0, are the same as those in

Theorem 4.1.1. Also by the definitions (4.90), (4.89) and (4.90) of ay(t),o(t) and

R(t), we obtain
CiCr. CiCp

dldk = Cled'2 = W(u o) 0')2 = W’ (4105)
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which is a slightly modified version of (4.43) from our computation in the proof of
Theorem 4.1.1. Therefore by the arguments in (4.40)-(4.44), and using (4.105) to

slightly modify the last term to apply here, we have that

C1Ck
> HH;, = Z R (4.106)

Then by the condition (4.91) on the constants ¢;, (4.106) becomes

d-1) , (@d—-1)F
> " HH, = H2 42—~ 4.1
o e =5 50 Hr T Sqg el (4.107)

That is, the expression (4.104) for V' can now be written as

Vo¢:%l<ZkHlHk—%q52—p—%, (4.108)

showing that (1) holds under the assumptions of the converse implication.
To conclude the proof we must also show that the equations (1), ..., (Iz) hold.
In the converse direction the hypothesis of the converse of Corollary 2.3.1 holds,
applied with constants N, C1,...,Cy and functions Fi(0),..., Fy(o) as indicated
in Table 9. Since o(t), ¥ (o), R(t) and ¢(t) defined in (4.89), (4.90) and (4.93)
are consistent with the converse implication of Corollary 2.3.1, applied with a(t)
and € as in Table 9, by this corollary and by the definition (4.94) of p(t), p(t)
the scale factor equation (2.109) holds for constants ¢, A, A;, ..., Ay and functions

G(t),Gy(t),...,Gn(t) according to Table 9. That is, we have regained (4.100).

Now solving (4.104) for p(t) and substituting this into (4.100), we obtain

- —vdk |1, (d—1)E (d—1) o, A
Hr = (d—-1) Q(b Voot 2d02cR2 VT 2u2dx H K| (4.109)
Multiplying by ) and rearranging, we see that
(d—1) . (d 1) (d-1)E 1.,
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The left-hand side of this equation is in fact equal to the left-hand-side of (I;)

for any i € {1,...,d}. To see this, again we use that the definitions X;(t) et
R(t)Y7de® in (4.92) and Hy(t) 4 % in (4.102), and the condition ), ¢, = 0,
are the same as those in Theorem 4.1.1. Also by the definitions (4.90) and (4.89)

of ay(t),o(t) and R(t), we see that

qORBYY = co(t)R(t)Y

] v
= Yufo(t)R(1)"
= % is a constant (4.111)
which shows that
1
ag + ;leR =0 (4.112)

holds here as it does in Theorem 4.1.1. Therefore by the arguments in (4.49)-(4.61),
and as above using (4.105) to slightly modify the last term of (4.61) to apply here,

we have that

. ) (d=1) did—-1)  , CiCx
§3m+ﬂn+§:mm_ gt = S H = Y e (4113)
I#i zfii I<k

Then by the condition (4.91) on the constants ¢;, (4.113) becomes

: 1 . d(d—1) (d—1)E

2 _ 2
E'(Hl+Hl)+ E H,H, = _ud(d_l)HR+ SYERT Hi, — E SdE R (4.114)
1#1 lll:;]tzi <k

Combining (4.110) and (4.114), we obtain (I;) for all i € {1,...,d}. This proves

the theorem.
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4.2.1 Reduction to linear Schrodinger: pure scalar field

To show some examples we take p = p = 0 so that Theorem shows that solving

the Bianchi I Einstein equations

" ]_ .
S ma Y x {5& +Vo¢} +A (4.115)
<k

. ) 1-
Z(H1+Hl2)+ZHlHk L — [§¢2—VO¢}+A
I#i ll]j?lz'

is equivalent to solving the linear Schrodinger equation
u"(0) + [E — P(o)]u(e) = 0. (4.116)

The solutions of (1y)”, (;)” in (4.115) and the solutions of (4.116) are related by

(d—1)
dk

R(t) = (X1(t) -+ Xa(t))" = u(o(t))™" and ¢/(0)* = P(o) (4.117)

for any v # 0 and where ¢(t) = 1 (o(t)) and

0= ! ook %u(a(t)), (4.118)

for 8 > 0. Also the constant F is

def. —92
E < mxix; X2 (Z nﬁ) (4.119)

I<k

for . = H,— Hy, I, k€{1,...,d}. In the converse direction
X(t) = R(t)/vdem® (4.120)
for oy(t) il ¢o(t) and where the constants ¢; satisfy

d
d—1)E
> a=0  and > ac = d-1E (4.121)
=1
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Also V is taken to be such that

V@@):(;%?«Mf+Eﬁ)——ﬂﬁWf———odw (4.122)

We now refer to Appendix E for solutions of the linear Schrodinger equation
(4.116). We will map them using the theorem to exact solutions of Einstein’s
equations. Of course when £ = 0 in (4.119), nu = 0 for all pairs [,k so that
Xi(t), Xao(t), ..., X4(t) agree up to a constant multiple. In this case, if we take
R(t) = Xi(t) = --- = Xq4(t) el a(t) and v = 1/d we obtain the FRLW cosmology
with curvature £ = 0,n = 2d and D = 0 so that we may refer to section 3.3.1
for exact solutions to the Bianchi I Einstein equations if £ = 0. Here we consider

solutions to the linear Schrodinger equation (4.116) by referring to Table 15 with
E <0.

Example 34 For § = 1 and choice of constant EE = —1, we take solution 4 in
Table 15 with co = —1, ag =1 and by = 0 so that we have u(c) = e~7, P(o) = 0.
By (E.28) - (E.30) with ro = 1 we obtain o(t) = In ((t —to)) and

R(t) = = (t—to)” (4.123)

Xi(t) = R(@t)Y"desio®) = (t — o)/ dte (4.124)

for constants that satisfy

d
(d—1)
= = — . 4.12
;Cl 0 and chck 57 ( 5)

<k

Since P = 0 = 9/(0), ¥(o) = 1o for constant 1y € R. Finally, by (4.122),
(E.31) and (E.30), we obtain constant potential V (¢(t)) = —A/k. This is alternate

derivation of the Kasner vacuum solution seen above in Fxample 32.
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Forv = 1/2 and ty = 0, the solver was run with u and v’ both perturbed by
.01. The graphs of R(t) below show that this solution is unstable, since the absolute

error grows up to two orders of magnitude over the graphed time interval.

Figure 26. Instability of Bianchi I Example 34

5

Example 35 For § = 1 and choice of constant E = —1, we take solution 4 in
Table 15 with co = —1 and ag,by > 0 so that we have u(c) = age™ 7 — bpe’ and

P(o) =0. By (E.32) - (E.3}) we obtain o(t) = 1n< wetanh (v agbo(t — to))> and

1
B0 = 60y ~ vagy)

forv#0 and ty € R so that

» smh”(2 aobo(t - to)) (4126)

Xi(t) = R(t)Yvdeco® (4.127)
—c;—1/d
= % Sinhl/d—l—ci(\/ aobo(t — to))COShl/d_ci(\/ aobo(t — to))
by

Since P =0 =/'(0), the scalar field is constant
(o) =y € R. (4.128)

106



Finally, by (4.122), (E.35) and (E.34), we obtain constant potential

Vie(t) = 2d~ Daoky A (4.129)

dr K
since coth®(x) — csch?(z) = 1.

As an example for d = 3, one can take ¢; = —%,02 =0, c3 = and ag =

=

bo =1 so that

Xi(t) = sinh®VB((t = t4))coshMTVIB((t — t,))

Xy(t) = sinh?((t —to))cosh'3((t — t))

Xs(t) = sinh0TYB((t — 10))coshM VI3 ((t — 1)) (4.130)
and the potential V(¢(t)) = == — 2L solve the Bianchi I equations in 3+ 1 spacetime

dimensions. One can also compare this solution with the Bali and Jain solution in

section 2 of [1].

Example 36 For 6§ = 1 and choice of constant E = —1, we take solution 5 in

Table 15 with ¢o = —1 and by = 0 so that we have u(c) = (ag/c)e 7" /% and

P(o) = 0®+2/0? forag > 0. By (E.36) - (E.38) we obtain o(t) = \/21In(ag(t — o))

and

R(t) = = (V2(t — to)vIn(aolt —t0) ) (4.131)
fort >ty so that

XZ(T,) _ R(t)l/ydecicr(t)
1/d
= (V2(t — to)VIn{aolt —£))) V2@l (4132)

for constants ¢; that satisfy

d

d—1
» a=0and chck:—( 5 ), (4.133)




By (E.41) with ag = (d — 1) /dk, we have scalar field

o) = P(a(t))
(d—
2dk

“In {4+4\/21n2(a0(t—t0)) 4 1D + Bo (4.134)

<\/2 W02 (ao(t — to)) + 1+ In [2In(ag(t — t0))

for By € R. Finally, by (4.122), (E.39) and (E.38), we obtain

Vo) = [ ) - gt = 2] ooty

_ (@—=1)@2n(ao(t —to)) —1) A
St~ t0P I (ag(t 1)) K (4.135)

For example when d = 3, we can take ¢, = — =0 and c3 = \f to obtain

X,(t) = <\/§(t—t0) n(ag(t — to)

1o
Xi(t) = (\/i(t—to) n(ag(t — to) ) V/2In(a(t=t0))
Vit —1) "
Xy(t) = (V2(t— to) /In{ao(t — o) )

21n ao(t to)) (4136)

o(t) = \/g <\/2 In*(ag(t —to)) + 1 + In[2In(ao(t — to))]
—In l4+4\/21n2(a0(t—t0)) + 1D + Bo (4.137)

and

_ (@l(aglt—to))—1) A
V(¢(t))_12/<;(t—t0)21n2(a0(t—t0)) - (4.138)

for By, to € R and ag > 0. Note that this is similar to the FRLW solution found

in Example 21 by setting n = 2d and by identifying a(t) in Example 21 with R(t)
here.

Forv=a9=1 and ty = 0, the solver was run with u and v’ both perturbed by
.01. The graphs of R(t) below show that this solution is unstable, since the absolute

error grows three orders of magnitude over the graphed time interval.
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Figure 27. Instability of Bianchi I Example 36
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CHAPTER 5

REFORMULATIONS OF A CONFORMAL BIANCHI I

MODEL

For a change of coordinates in comparison to chapter 4, we consider a Bianchi

I metric of the form

ds? = — (a1 (t)as(t) - - - aq(t))? dt? + a1 (t)?da® + a2(t)da? + - - - + a2(t)da?

in a d + 1—dimensional spacetime.

—kg“T;; + A, multiplied by [goo| = (a1as - - a4)? are

S

1£1

S H-> HH, =

I#i

> H - HH, =

1£d

where H;(t) et

Z HlHk (IZO) K
<k

ZHlHk ()

I<k

(1)

i<k

(1a)

I<k

K

K

K

9 A
%+(a1a2---ad)2 <Vo¢+p+z>

e

2
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+ (a1a2 .

ot (Voo pe?)

"'Cld)2 (Vogb—p—}—%)

(Voo )

(5.1)

The nonzero Einstein equations ¢“G;; =

(5.2)




5.1 In terms of a Generalized EMP

Theorem 5.1.1 Suppose you are given twice differentiable  functions
ai(t),...,aq(t) > 0, a once differentiable function ¢(t) and also functions
p(t),p(t),V(x) which satisfy the FEinstein equations (Iy),...,(I1;) for some

A eR,de N\{0,1},x € R\{0}. Denote
R(t) E (a(t)as(t) -~ ag(t)” (5.3)
for some v #£ 0. If f(7) is the inverse of a function 7(t) which satisfies
#(t) = OR(t)" v, (5.4)

for some constants 6 > 0 and q # 0, then

Y(r)=R(f(r)*  and Q1) = ¢'(7)? (5.5)

solve the generalized EMP equation

for
o(1) = ¢(f(7)) (5.7)
o(t) = p(f(7)), p(7) =p(f(7)) (5.8)
L (di 5 1<Z<Zk<dmuk - jéu?, (5.9)

where p; € R are such that a;(t) = w;etai(t) for some w; € R,i € {2,...,d}.
Conversely, suppose you given a twice differentiable function Y (1) > 0, a con-
tinuous function Q(T) and also functions o(7),p(T) which solve (5.6) for some

constants 0 > 0 and q,v,xk € R\{0},L € R,d € N\{0,1}. In order to construct
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functions which solve (1y), ..., (1), first find 7(t), p(T) which solve the differential

equations
7(t) = HY(T(t))(q”+1)/q” and (1) = (ZV_d’?Q(T) (5.10)
Next find constants p;,i € {2,...,d} which satisfy
and let
R(t) = Y (r(t))Y. (5.12)
Then the functions
ar(t) = R(t)V"(wy - - - waelr2 T Hralty=1/d (5.13)
a;(t) = wietia; () (5.14)
o(t) = o(7(1)) (5.15)
p(t) = o(7(t)), p(t) = p(7(t)) (5.16)
and
Vo) = |G (a7 + g ) — 5PV - S =g o) (a7

satisfy the Einstein equations (Io), ..., (Ig) for any w; > 0,2 <i <d.

Proof. This proof will implement Theorem 2.1.1 with constants and functions as

indicated in the following table.
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Table 6. Theorem 2.1.1 applied to conformal Bianchi I

In Theorem | substitute In Theorem | substitute
a(t) | R(t) N |1
| —1/v e | vdr/(d—1)
Go(t) | constant vL Ay | O
CA(1) | G5 (0(1) + p(1) A | 2w
Ao(7) | constant quvL/6? By | (24 qv)/qv
M) | 722 (o(r) + p(r) B |1

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations (Iy),...,(l4). Since the right-hand sides of Einstein
equations (I;) are the same for all i € {1,...,d}, we begin by equating the left-
hand side of (I;) with the left-hand side of any (I;) for j € {2,...,d} since it will
give us a simplifying relation among the scale factors a(t), ..., aq(t). Doing this,

we obtain

> H-> HH,=> H-> HH. (5.18)

1£1 1<k 1£j 1<k

All terms cancel except for the j* term from the first sum on the left-hand side,

and also the 1% term from the first sum on the right-hand side. This leaves
H; = H,, (5.19)
which holds for all j € {1,...,d}. Integrating, we obtain
H; = Hi + (5.20)

for p; € R,j € {1,...,d} (s = 0). Since in general 4 In(a;) = % = H;, (5.20) can

(3

be written

d d
pr In(a;) = pr In(ay) + p;. (5.21)
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Integrating again we get
In(a;) = In(ay) + p;t + ¢ (5.22)

for some ¢; € R,j € {1,...,d} (c; = 0). Exponentiating and letting w, e 0,
we have that

a;(t) = wjer'ay (t), (5.23)

where of course this holds trivially for 7 = 1 where w; = 1 and g1 = 0. By (5.20),
the left-hand side of (1) can be written as
Z H Hy, = Z(Hl + ) (Hy + ) = Z(Hf + ( + pr) Hy + pupe). (5.24)
1<k 1<k 1<k

The first term on the right-hand side of (5.24) does not depend on the indices [, k.

d(d—1)

By using our computation in (4.41), this term is equal to H{ times y_,_, 1 = 5

The second term on the right-hand side of (5.24) sums to H; times the quantity

d d
D (u+m) = Zuz+z 1k
=l+ k=
d

I<k =

d—1
= (d=1Dm +Z(d—j +7 = Dpj+(d—1)pa
=2
d
= (d-1)> p (5.25)
j=1
Therefore (5.24) becomes
d(d— 1)
H H, = - 1)H 2
sz 1Hy, 5 1ZMJ+KZkMsz (5.26)
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Next using the definition (5.3) of R(t), we further define

. R
HR - E
(al"'ad(t))y_l(al"'ad+"'+a1"'dd>
(al...ad)l/

<

d
= VZHj
j=1
d
= vy (Hi+p)
j=1

by (5.20). Therefore

d
1 1
Hy=—Hgr— - ; 2
1= 74 R d;ﬂj (5.28)
and
o= L0 (5.29)
Youd R '
so that (5.26) becomes
> HH, = (5.30)

<k

2
dd—1) (1 1 1 1 & d
5 (ﬁHR_gj;NJ) +(d—1) (ﬁHR—E;M ;MﬁFZMMk-

i<k

Collecting terms (the Hp terms sums to zero), we obtain

S HH, = (ZV—Z;)H}% _ (d2—d1) (Z w) +3° . (5.31)

i<k i<k

Also using that

(Z m) =23 qupr+ Y p (5.32)

i<k j=

the equation (5.31) becomes

d
d—1 1 d—1
> HH = ( )H§+Ezumk _ ! y )Zu;‘?. (5.33)
j=1

2v2d 2
I<k I<k
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Defining the quantity

Z K
i<k

= Z o, — Z p;  (since pg = 0), (5.34)

2<l<k<d

we see that (5.33) becomes

—-1 —1
> HH = )HR + (dgd )L (5.35)
<k

Similarly by (5.19), (5.29) and (5.35), the left-hand side of (I;) for 1 <i < d can

be written as

> H =Y HH, = (dy_dl)HR - (Z;;)H}% - (dQ_dl)L. (5.36)

That is, by (5.33), (5.36) and the definition (5.3) of R(t), equations (Iy) and (I;)

for 1 <7 < d can be written as

(d—1) (d—1) . (o)
212 dHR 2d L=

.\ \
LA =T (Vo¢+p+—)
2 K

(d—1) . (d—1)
vd Hr 2v2d

(d—1) @y
L pr—
2d "

., A
Hp — —%+RZ/”<VO¢—]9+E)

Forming the linear combination (1y)" — (1;)’, and multiplying by ﬁ,

. 1 —vdk
_ig2 _Vdk /v
Hp VH,% vL = @1 [¢2 + R¥"(p +p)] (5.37)

This shows that R(t), (t), p(t) and p(t) satisfy the hypothesis of Theorem 2.1.1,
applied with constants €,&, N, Ay, ..., Ay and functions a(t), Go(t),...,Gn(t) ac-
cording to Table 6. Since 7(t),Y (1), Q(7) and ¢(7) defined in (5.4), (5.5) and (5.7)
are equivalent to that in the forward implication of Theorem 2.1.1, by this theorem

and by definition (5.8) of o(7), p(7), the generalized EMP equation (2.2) holds for
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constants By, ..., By and functions \o(7), ..., Any(7) as indicated in Table 6. This
proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the generalized EMP equation (5.6) and we begin by showing that (1p) is satisfied.
Differentiating the definition of R(t) in (5.12) and using the definition in (5.10) of

7(t), we see that

Blt) = %Y(T(t))%_lY’(T(t))%(t) (5.38)
9
q

1

Y (r(1) Y (1 (1)) (5.39)

Dividing by R(t), we obtain

de_f'@:Q Ny (1
R = Oy, (5.40)

Differentiating the definition (5.15) of ¢(t) and using definition (5.10) of 7(¢) gives

Hp(t)

o(t) = ¢ (r(1)7(t) = 0/ (r(1)Y (7(1)) e+, (5.41)

Using (5.40) and (5.41), and also the definitions (5.12) and (5.16) of R(t) and p;(t)

respectively, the definition (5.17) of V o ¢ can be written as

V(=1 @d=1)) &
(S i+ 572)

K\ 2w2d 2d 2

1
- R2/v

A

Voo —— = (5.42)

The quantity in the inner parenthesis here is in fact equal to the left-hand-side of
equation (Iy). To see this, we differentiate the definitions in (5.13) and (5.14) of

a;(t), divide the results by a;(t), and use the definition (5.40) of Hg to obtain

def. (1 1 1
H = — = —Hp — — e 4
1 o vdlR d(ﬂ2+ + fta) (5.43)
and
BSOS = H (5.44)
a; ap
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for i € {1,...,d} by taking u %) 0. This confirms that the identities (5.19),
(5.20), (5.28) and (5.29) hold in the converse direction, so that the computations

(5.26)-(5.35) are also valid in the converse direction for L in (5.11). That is,

> HH, = )HR (d2_d1)L (5.45)
i<k

which shows that (5.42) can be written

! (Z mm) -t (5.46)

1

VO(b:W

so that (Ip) holds.

To conclude the proof we must also show that the equations (1), ..., (Iz) hold.
In the converse direction the hypothesis of the converse of Theorem 2.1.1 holds,
applied with constants N, By, ..., By and functions \g(7), ..., An(7) as indicated
in Table 6. Since 7(t),(7), R(t) and ¢(t) defined in (5.10), (5.12) and (5.15)
are consistent with the converse implication of Theorem 2.1.1, applied with a(t), d
and € as in Table 6, by this theorem and by the definition (5.16) of p(t), p(t)
the scale factor equation (2.1) holds for constants §,¢, Ay, ..., Ay and functions
Go(t),...,Gy(t) according to Table 6. That is, we have regained equation (5.37).
Now solving (5.42) for R?Vp(t) and substituting this into (5.37), we obtain

o’ + R¥v (—Vo¢+p— %)] . (5.47)

. 1 v —vdK
Hp— —H%——L=
B9 d—1)

2

1

Multiplying by (d ) and rearranging, we get that

@-1)p ([@d=1) 0 ([@-1) ¢2+szu(_v0¢+p_é)

L=—x

vd TR Tgu2q TR 2d

(5.48)

As noted above, the computations (5.26)-(5.35) still hold in the converse direction
so that by (5.36), we see that the left-hand side of (5.48) is in fact equal to the

left-hand side of (I;) for any ¢ € {1,...,d}. Since R = (a; - -aq)”, the right-hand

118



side of (5.48) agrees with the right-hand side of (I;) for all i € {1,...,d}. This

proves the theorem. o

5.1.1 Reduction to classical EMP: pure scalar field

To show some examples we take p = p = 0 and choose parameter v = 1/¢ in

Theorem 5.1.1 to find that solving the Bianchi I Einstein equations

/ 72 A
ZHlHk (Ii) K % + (alag---ad)2 (V0¢+ —) (549)
1<k x
. N )2 A
ZHl—ZHlHk(@H —¢—+(a1a2~-~ad)2(‘/o¢+—)
, 2 K
1#1 <k
for I, k,i € {1,...,d} is equivalent to solving the classical EMP equation
L
Y1)+ Q(1)Y (1) = Y () (5.50)

for constants 6, L > 0. The solutions of (1), (I1),...,({;) and (5.50) are related

R(t) = Y (r(t)"4 and ¢ (1) = Q(1) (5.51)

F(t) = OR(1)* = 0Y (1(1))?, (5.52)
for any € > 0. Also we define the constant
d
def. 2 9
L= — - :
@1 Do mu =Dk, (5.53)
2<l<k<d =2

where u; € R are such that a;(t) = ¢;e*ay(t) for some ¢; € R,i € {2,...,d}. In

the converse direction we also define

ar(t) = R(t)V Y wy - - - wgelr2ttralty=-1/d (5.54)
and take V to be
V(p(t)) = [(dQ;;) (92(5/')2 + %) — %(@')ZYz — % oT(t). (5.55)
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5.2 In terms of Schrodinger-Type Formulation

To reformulate the Bianchi I Einstein equations (ly),. .., (I;) in (5.2) in terms
of an equation with one less non-linear term than that which is provided by the
generalized EMP formulation, one can apply Corollary 2.3.1 to the difference d(I)—
i([i) (and similar to above, define V 0¢ in u—notation to be such that (1) holds).
]i3:ellow is the resulting statement.

Theorem 5.2.1 Suppose you are given twice differentiable  functions
ai(t),...,aq(t) > 0, a once differentiable function ¢(t), and also functions
p(t),p(t),V(x) which satisfy the FEinstein equations (Iy),...,(I1;) for some

A e R,d € N\{0,1},x € R\{0}. Denote

R(t) =" (ai(t) - - - aq(t))” (5.56)

u(o) = Rlo+ty) Y (5.57)

Plo) = V' (0)? (5.58)

solve the Schréodinger-type equation

(o) + [E — P(o)] u(o) = dﬂ((cfl’(fa;; zﬁ;’)) (5.59)
for
U(o) = ¢(o +to) (5.60)
p(c) = plo +t), p(o) =p(o +to). (5.61)
and where
B ﬁ ; [t — jzi;u? (5.62)
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for constants p; such that a;(t) = w;et*ay(t) for some w; > 0,5 € {1,...,d}.
Conversely, suppose you are given a twice differentiable function u(o) > 0, and
also functions P(o) and p(c),p(c) which solve (5.59) for some constants E <

0,k € R\{0} and d € N\{0,1}. Then we define 1(c) such that

V(0)? = P(0), (5.63)

and constants ;i € {2,...,d} which satisfy

d
Ezﬁ > e~ ; 2, (5.64)
and let

R(t) = u(t —tg)™". (5.65)

Then the functions
ar(t) = R(t)Y 4wy - - - wgeltztFra)ty=1/d (5.66)
al(t) = wie‘“tal (t) (567)
o(t) = ¥(t —to) (5.68)
p(t) = p(t —to), p(t) = p(t —to) (5.69)

and

(d—1)

V(p(t)) = Sdn

((u')?*+ Eu?) — %(zp’)%f - % —p| o (t—tp) (5.70)

satisfy the equations (1y), ..., (1a) for any w; > 0,2 < i <d.

Proof. This proof will implement Corollary 2.3.2 with constants and functions as

indicated in the following table.
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Table 7. Corollary 2.3.2 applied to conformal Bianchi I

In Corollary | substitute In Corollary | substitute
a(t) | R(t) N1
d | —1/v e | vde/(d—1)
G(t) | constant vE A0
Gi(t) | @55 (p(t) +p(t)) Ay | =2/v
Fi(o) | = (p(0) + p(0)) ¢ |1

Much of this proof will rely on computations that are exactly the same as those
seen in the proof of Theorem 5.1.1 (the generalized EMP formulation of conformally
Bianchi I). Therefore we will restate the relevant results here, but point the reader
to the details in the proof of Theorem 5.1.1.

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations (Iy),...,(l4). Since the right-hand sides of Einstein
equation (I;) are all the same for i € {1,...,d}, we begin by equating the left-hand
side of (I;) with the left-hand side of any (/;) for j € {2,...,d} since it will give
us a simplifying relation among the scale factors a;(t), ..., aq(t). Exactly this was

done in (5.18)-(5.23) so that again we obtain

and

a;(t) = wettay (t) (5.72)

forw; >0,pu; € R,je{1,...,d}, and py = 0,w; = 1. This allows us to follow the
arguments given in (5.24)-(5.36), so that the Einstein equations (/y) and (I;) for

1 << d can be written as

, 52 A
(1o) %+R2/V(Vo¢+p+z)

EF = kK

(d—1) »  (d-1)
2v2d Hy + 2d
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(d—1) (d—=1) o, (d—=1)_ wy
v Hr— e ———F =«

.\ A
Sy (vc¢—p+—)
2 K

where again R(t) it (ar(t) -+ -aq(t))” for v # 0 by (5.56),

def
R Zu] = E (by (5.62)) (5.73)
z<k
and
def. R
Hp = — 5.74
R R7 ( )
so that
H, = —HR — = Zu] (5.75)
: 1 .
Hy = —H. (5.76)
Again we form the linear combination (1) — (7;)’, multiply by (;i"li),
Fa— tmz - —0AF [+ B (p+p)] (5.77)
v (d—1)

This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Corollary 2.3.2, ap-
plied with constants €,e, N, A, A; ..., Ay and functions a(t), G(t), G1(t), ..., Gn(t)
according to Table 7. Since u(o), P(c) and ¢ (o) defined in (5.57)-(5.58) and (5.60)
are equivalent to that in the forward implication of Corollary 2.3.1, by this corollary
and by definition (5.61) of p(c), p(o), the Schrédinger-type equation (2.130) holds
for constants C1,...,Cy and functions Fi(o),..., Fx(o) as indicated in Table 7.
This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the Schrodinger-type equation (5.59) and we will show that equations (ly),. .., (1)
are satisfied. To show that (Iy) is satisfied, we differentiate the definition of R(t)

n (5.65) to obtain

R(t) = —vu(t —to) ™" 2/ (t —tg). (5.78)



Dividing by R(t), we have

def. R u’(t - to)
H = - = —-y)— .
S T (5:79)
Differentiating the definition (5.68) of ¢(t), we get that
o(t) = ¢'(t — to). (5.80)

Using (5.79) and (5.80), and also the definitions (5.65) and (5.69) of R(t) and p(¢)

respectively, the definition (5.70) of V o ¢ can be written as

1 1 /d=1),, (@-DE\ 1,] A
VOQS_R?/V{E( 2dH+T)_§¢]_Z_p' (5:81)

The quantity in parenthesis here is in fact equal to the left-hand-side of equation
(Ip). To see this, note that the definitions of a;(t), a;(t) in (5.66), (5.67) and also
Hp aet R/R are the same as those in Theorem 5.1.1. Therefore we may follow the

arguments given in (5.26)-(5.35) and (5.43)-(5.45) to see that the identity

—1 d—1
> HH, = >H2 +( o )k (5.82)
<k

still holds in the converse direction (since (7.85) in Theorem 5.1.1 and (5.11) here

show that L = F). This shows that (5.81) can be written

g+

i<k

1
R2/V

A

Vo= —p (5.83)

so that (Iy) holds under the assumptions of the converse implication.

To conclude the proof we must also show that the equations (), ..., (1) hold.
In the converse direction the hypothesis of the converse of Corollary 2.3.2 holds, ap-
plied with constants N, C1,...,Cy and functions Fi(0),..., Fx(o) as indicated in
Table 7. Since ¥(0), R(t) and ¢(t) defined in (5.63), (5.65) and (5.68) are con-

sistent with the converse implication of Corollary 2.3.2, applied with a(¢) and
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d,¢ as in Table 7, by this corollary and by the definition (5.69) of p(t),p(t) the
scale factor equation (2.125) holds for constants d,e, A, Ay, ..., Ay and functions
G(t),Gy(t),...,Gn(t) according to Table 7. That is, we have regained (5.77). Now

solving (5.81) for R*”p(t) and substituting this into (5.77), we obtain

: 1 o, v,  —vds |1, 2/ A
Hp 21/HR 2E_(d—1) {ng +R Vog+p |- (5.84)

Multiplying by % and rearranging, we get that

(d=1). (d—1)_, (d—1)
vd Hr 212d Hy 2d

1. A
E=k {—5& + RV (Vo¢—p+ E)} . (5.85)
As noted above, the computations (5.26)-(5.35) from Theorem 5.1.1 still hold in
this theorem, in the converse direction. Therefore the left-hand side of (5.85) is in
fact equal to the left-hand side of (I;) for any ¢ € {1,...,d}. Since R = (a; - - - aq)",
the right-hand side of (5.85) agrees with the right-hand side of (I;) for any i €

{1,...,d}. This proves the theorem. o

5.2.1 Reduction to linear Schrodinger: pure scalar field

By applying Theorem 5.2.1 with p = p = 0, we obtain a linear Schrodinger

equation. We now refer to Appendix E for solutions of the linear Schrodinger

equation.
Example 37 For v = v = 1 and choice of constant £ = —1, we take solution /
in Table 15 with co = —1, ag = 1 and by = 0 so that we have u(oc) = e~ 7 and
P(o) =0. By (5.65),
1
Rt) = —— — ¢l 5.86
(0= = (5.56)
so that
a(t) = R(t)l/de—(u2+---+ud)t/d
— 6(1_N2—"'—Hd)(t_t1)/d’ (5.87)

125



a;(t) = e"lay(t)

—  (lmpa——pa)/d+ps)(t—t1) (5.88)
for constants p; that satisfy
9 d
B= 1=y D= )15 (5.89)
1<k j=1
Since P =0 =14'(0), we get
Y(o) =ty (5.90)

for constant 1y € R. Finally, by (5.70), we obtain constant potential

(d _ 1) 2 2 A
Vo = =Y ) - Aoe )
A
S s 5.91
K ( )
For example when d = 3, we can take py = % and p3 = % to obtain the
vacuum solution
a(t) = p(1=V3)(t=t1)/3
as(t) = et/
ag(t) = 6(1+\/§)(t—t1)/3
o(t) = o
Vo (5.92)

Forty =0, the solver was run with u,u’ and o perturbed by .001. The graphs of
R(t) below show that the solution is unstable. The absolute error grows three orders

of magnitude over the graphed time interval.
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Figure 28. Instability of conformal Bianchi I Example 37

20

Example 38 For 9 =1, n =6, v =1 and choice of constant E = —1, we take
the negative of solution 4 in Table 15 with co = —1 and ag, by > 0 so that we have

u(o) = bpe” — ape”? and P(o) =0. By (5.65)

1 1
R(t) = u(t — to) - boe(t_to) _ aoe—(t_to) (593)
so that
al(t) = R(t)l/de—(uz+---+,ud)t/d
e~ (nat-tpa)t/d ol
T (Byelt—t0) — age—(t—t0)) /9’ (5.94)
a;(t) = eMay(t)
e~ (2t +pg)t/d+pit
B 5.95
(bpelt—to) — aoe—(t—to))l/d ( )
for constants ; that satisfy
2 d
b=-1= d—1) Dt = D (5.96)
<k j=1
Since P =0 = 1/(c), we have
(o) = vo (5.97)



for constant vy € R. Finally, by (5.70), we obtain constant potential

vow) = = | wyr—wy - 2o 1)

since cosh?(z) — sinh?(z) = 1.

For example when d = 3, we can take ag = by = 1, ps = % and jz = % to

obtain the solution

1/3
az(t) = —csch(t—to)) el/v3
o(t) = ¢o
4
Vo= ——A/k (5.99)

For ag = by = 1 and ty = 0, the solver was run with u,u’ and o perturbed by

.01. The graphs of R(t) below show that the solution is stable.
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Figure 29. Instability of conformal Bianchi I Example 38

4

35

3L

251

2L

scale factor a(t)

\\,,
15| \\;§\\
S
| =
05
00 0.1 0.2 . O.‘3 0.4 05
Example 39 For v = v = 1 and choice of constant E = —1, we take solution 5

in table 15 with ¢o = —1, ag = 1 and by = 0 so that we have u(c) = (1/0)e7"/?

and P(c) = 0?+2/0?. By (5.65)

1
R(t) = = (t — to)elt=10)*/? (5.100)

ot —tg)

so that

ai(t) = R(t)l/de_(ﬂ2+"'+ﬂd)t/d

= (t— to)1/d6(t—to)2/2d6—(u2+~~+ud)t/d’ (5.101)

a;(t) = e"lay(t)

= (t — to)/deltt0)*/2dg(—(pattpua)/dpi)t (5.102)

for constants p; that satisfy

E=-1= ﬁ > =Y 1 (5.103)

I<k j=1
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By (E.40) with ag = (d — 1) /dk, we have scalar field

8(6) = it o)
_ V-1 <m+\/§ln [ (t—to)

)‘l'ﬁo

2V dk 2v2\/(t —to)* +2+ 4
(5.104)
and finally by (5.70),
i) = [ (- ) - 2wt - 2ot - 1)
2dk 2 K 0
(d - 1) —(t—t())2 1 1 A
= 7 — - —. 5.105
2dr t—t)? (t—to)t) & (5.105)
For example when d = 3, we can take ty = 0, py = % and pz = % to obtain
the solution
a(t) = 1/317/6-/V/3
as(t) = /380
o(t) = L (t\/t2—|—2+\/§ln{ v D
V6K 2V2VHA + 2+ 4
1 /1 1 A
V(o) = —e " [=—=)—=—. 5.106
@0 = 5o (5-5) - (5.106)

Forty =0, the solver was run with u,u’ and o perturbed by .001. The graphs of
R(t) below show that the solution is unstable. The absolute error grows up to three

orders of magnitude in the small graphed time interval.
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Figure 30. Instability of conformal Bianchi I Example 39
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CHAPTER 6

REFORMULATIONS OF A BIANCHI V MODEL

For the inhomogeneous, anisotropic Bianchi V metric

d
ds® = —di® + X7 (t)da} + ) €1 X;(t)da] (6.1)
=2

in a d + 1—dimensional spacetime for d # 0,1 and 3 # 0, the nonzero Einstein’s

equations ¢“G,; = —kg“T;; + A are

ZHH—_T?@IO qu—i-‘/oqvap}—i—A (6.2)

. d—1)d-2)8 1.
Z(HI+HE)+ZHlHk—( ;g(% B w —m[iéz—Vo¢+p}+A
I#1 1<k

1,k#1

—1)(d-2)8 1,
S (H, + HY) ZH,Hk— ;(X2 )5 w —K|:§¢2—VO¢—|—p}—|—A
I#1 lllj; 1

. d—1)(d—2)3 u, 1.
Z(Hl+Hf)+ZHlHk—( Q(XQ E) —m[§¢2—Vo¢+p}+A
1#d 1<k 1

1k#d

where H,(t ) = al/al and 7,0,k € {1,...,d}. There is one more equation, the

off-diagonal entry Go; = —HT(]l + Agor which states

62Hl d—1)pH, "2 0. (6.3)
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6.1 In terms of a Generalized EMP

Theorem 6.1.1 Suppose you are given twice differentiable  functions
Xi(t),...,Xq(t) > 0, a once differentiable function ¢(t), and also functions
p(t), p(t), V(x) which satisfy the Finstein equations (Iy), ..., (14) in (6.2) and (1p)
in (6.3) for some A € R,d € N\{0,1},x € R\{0} and M € IN. Denote

R(t) & (Xa(t) - Xa(t)” (6.4)
for some v # 0. If f(7) is the inverse of a function T(t) which satisfies
7(t) = OR(t)? (6.5)

for some constants 6 > 0 and q # 0, then

qudk
V() = RUG)T and Q) = A ) (6.6)
solve the generalized EMP equation
—2qudkD qud3?

I . —
Vi) + Q)Y (1) = 02(d — )Y (1)@ra/av — g2e2ony (r)@Favd)/avd

M
quds (0i(T) + pi(7))

- ; P(d— 1Y (7) (67)

for some aq € R,
o(1) = o(f(1)) (6.8)
o(r) = p(f(7)), p(r) =p(f(7)) (6.9)

and where
ef. 1 o050 2 2

D %X1X2 - Xy (; 771k> (6.10)

s a constant for
e L H, — Hy, 14 k,1, ke {1,...,d). (6.11)
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Conversely, suppose you are given a twice differentiable function Y (1) > 0, a
continuous function Q(7), and also functions o(7), p(T) which solve (6.7) for some
constants > 0 and q,v,k € R\{0},k, D, a4, € R,d € N\{0,1}. In order to
construct functions which solve (1y), ..., (1), (Lo1), first find 7(t), o(T) which solve

the differential equations

7(t) = Y (7(t)) and (1) = (d— 1>Q(T). (6.12)
qudk
Next find a function o(t) such that
7(t) = L 6.13
a(t) = F() e (6.13)
and let
RO =YY"  and o) D o), 1el2,....d (6.14)
where ¢; are any constants for which both
d
Z aq=0 and Z ccn = —0%% Dk. (6.15)
=2 2<i<k<d
Then the functions
X,(t) = R(t)"e | a; € R (6.16)
Xi(t) = R(t)/"dex®  2<1<d (6.17)
o(t) = p(7(t)) (6.18)
p(t) = o(7(t)), p(t) =p(r(t)) (6.19)
and
_ (d_ 1>92 "2 D d(d - 1)52 ‘92 2/ N2 A
V((b(t)) - 2V2dfiq2 (Y ) Yg/ql, 2H€2a1 Y2/q1jd 2 Y (SO ) Q K © T(t)
(6.20)

satisfy the Finstein equations (Iy), ..., (Ig).

Proof. This proof will implement Theorem 2.1.1 with constants and functions as

indicated in the following table.
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Table 8. Theorem 2.1.1 applied to Bianchi V

In Theorem | substitute In Theorem | substitute
a(t) | R(t) N |1
010 e | vdr/(d—1)
Go(t) | constant — 2vdkD/(d — 1) Ag | 2/v
GA(D) | 25 (o(t) + (1) Ao
Gy (t) | constant —vd3?e2 Ay | 2/vd
Ao(7) | constant —2qudkD/6*(d — 1) By | (24 qv)/qv
M(7) | i (e(r) + p(7)) By |1
Ao(T) | constant —qud3?/6%e* By | (24 qud)/qud

To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (1y),. .., (I;). Forming the linear combination d(Iy) —

d
Z(I’) of Einstein’s equations, we have that
i=1
1)52 2
<k 1=1 l;éz i=1 i<k
l,k#1
(6.21)
since —d*(d—1)+d(d—1)(d—2) =d(d—1)(—d+d—2) = —2d(d — 1) and where

the summing indices I,k € {1,...,d}. The first double sum in (6.21) contains the
quantity % (d — 1)-times for any fixed [, and the second double sum contains the
quantity < X’Xk (d — 2)-times for any fixed [,k pair with [ < k. Therefore (6.21)

simplifies to

_ 2
dZHsz— M

I<k

—2))  HH; -

<k

= dr [q52+(p+p)} :

d
— 1)) (H+ H})
=1

(6.22)
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Collecting the first and third sums, we have

2 HH,—(d—1)) (H +H}) - M;(iljw = dk [q52 +(p —i—p)] . (6.23)

I<k =1

Using the definition (6.4) of R(t), we define

. I/(Xl"‘Xd)V_l(XlXQ"'Xd‘I—"'+X1X2"'Xd) d
HRdg{EI v :I/ZHl.
R (X1 Xg) -
(6.24)
Differentiating Hy gives
d
Hp=v) H. (6.25)
1=1
Therefore (6.23) can be written as
d
1. d(d —1)3? ‘
2N HH, —(d-1) | -H HE ) = S5 = dk |2 |- (626
sz 1Hy — ( )(V R‘l‘; l) X2 K |¢°+ (p+p)|. (6.26)

Multiplying by ﬁ and rearranging, we get

d
: v vd3?*  —vdk |-
Hp+——=|(d-1)) H'-2) HH = 2 :
R+(d_1) (( ); I ; l k>+ X2 (d—1) [cb +(p+p)}
(6.27)
By definition (6.11) of the quantities n;, we have

Zﬁfk = Z (H} —2HH, + HY) . (6.28)
1<k I<k

The first and last terms on the right-hand side of (6.28) sum to

d d
d (H+H) = S HA+Y > H

<k =1 k=l+1 k=2 =1
1



therefore (6.28) becomes

d
Yon=(d=1)> H =2 HH. (6.30)
=1

i<k i<k

Using this to rewrite (6.27) shows that

. A2 —vdk T
HR+(d7i1)l<Zk7h2k+ VX? = (dy_lf) [¢2+(p+p)}. (6.31)

Next we will confirm that D is a constant. Since the right-hand sides of Einstein
equations (I;) are the same for all i € {1,...,d}, by equating the left-hand sides of

any two equations (/;) and (I;) for i # j,

S+ H)+ Y HH, =Y (H+HE)+ Y HH, (6.32)

7 s 7 LA
where we recall that the sum indices [,k € {1,...,d}. For the first sum on each

side, the left and the right-hand sides of (6.32) contain all the same terms, except
for the ' indexed term which appears on the left, and the i** indexed term which

appears on the right. Therefore many terms cancel and we are left with

Hj+H} + Y HHy,=H+H}+ Y HH,. (6.33)
s L

For the second (double) sum on each side, the left and right-hand sides of (6.33)
contain all the same terms, except for the terms where either [, k = j which appear
on the left, and the terms where either [, k = ¢ which appear on the right. Therefore
many terms cancel and we are left with
Hy+H? +> H;H = H+ H?+ Y HH,. (6.34)
1] I£i

Adding —H; + H? = 0 to the left and —H? 4+ H? = 0 to the right, we obtain
. 1
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where we have used the expression (6.24) for Hg, the definition (6.11) of 7;;, and
as usual dot denotes differentiation with respect to t. By Lemma A.1 with p =
1/v # 0, which applies since R(t) is positive and differentiable, (6.35) shows that
the function f = n,; RY/" = 1;;X; Xy -+ X, is constant for any pair i, (for the
pair i = j, f is clearly a constant function, namely zero). Therefore the definition
(6.10) of D is also constant, being proportional to a sum of squares of these constant
functions. By the definitions (6.10) and (6.4) of the constant D and the function

R(t), we now rewrite (6.31) as

2D
R2/v

vdf®  —vdk

X2 T d=1 o+

Hp+

+(p+ p)] . (6.36)

d
Finally, we use the remaining Einstein equation (Iy;) and the relation Hg = v Z H,

=1
in (6.24) to obtain

Hp = vdH,. (6.37)

That is, 41In(R) = vd4In(X;) which implies In(R) 4+ ¢y = vdIn(X;) for some

’odt

integration constant ¢y € R so that
X, = e RYV (6.38)

for arbitrary constant oy = —co/vd € R. Therefore (6.36) becomes

oD (d— 1)
R2/v Kke2on R2/vd

. —vdk
Hp =
BT d-1)

»* + +(p+p)|. (6.39)

This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Theorem 2.1.1,
applied with constants €,&, N, Ay, ..., Ay and functions a(t), Go(t),...,Gn(t) ac-
cording to Table 4. Since 7(¢),Y (), Q(7) and ¢(7) defined in (6.5), (6.6) and (6.8)
are equivalent to that in the forward implication of Theorem 2.1.1, by this theorem

and by definition (6.9) of o(7), p(7), the generalized EMP equation (2.2) holds for
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constants By, ..., By and functions \o(7), ..., Any(7) as indicated in Table 4. This
proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the generalized EMP equation (6.7) and we begin by showing that (1p) is satisfied.
Differentiating the definition of R(t) in (6.14) and using the definition in (6.12) of

7(t) shows that

1

Rt) = vy (r(e)H)

q
= gY(T(t))l/qyl(T(t)). (6.40)
Dividing by R(t) gives
dey. R(t) 0,
Hg(t) = RO 5Y (7(t)). (6.41)

Differentiating the definition (6.18) of ¢(t) and using definition (6.12) of 7(t), we
get

o(t) = ¢ (T(1)7(t) = 8¢/ (T(1) Y (7 (2)). (6.42)
Using (6.41) and (6.42), and also the definitions (6.14) and (6.19) of R(t) and p(t)

respectively, the definition (6.20) of V o ¢ can be written as

K\ 202d O Rv 22 R2/vd
The quantity in parenthesis here is in fact equal to the left-hand-side of equation
(1p). To see this, we differentiate the definition (6.17) of X;(t), divide the result by
X; and use the definition (6.41) of Hg to obtain

y 1 pl/vd-1p,q < pl/vd o
def. X . VdR Re* 4+ R et 1 .
' - T = —Hr+a (6.44)

Therefore we have

1 1. ) .
Z HlHk = Z (1/2d2H}2% + ﬁ(al + Oék)HR + OélOék) . (645)

<k <k
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The first term on the right-hand side of (6.45) does not depend on the indices [, k,

and is therefore equal to 1/2—1d2H1[2z times the quantity

d
1=) (k—1)= ' j:d(d_l). (6.46)

d d
> (G+éy) = dw+d D &

I<k =1 k=l+1 k=2 1=1
1

I
=
|
=
+
(=

=
|

=
S
ol

=1 k=2
d—1
= (d—1)é+ > (d—j+j— 1)+ (d—1)dqg
j=2
d
= (d—1)) a

= (d-1) Z @y since o constant
1=2

d
= (d=1ot)) ¢
=0 ) (6.47)

where on the last lines, we have used the definition (6.14) of o, (t) for [ € {2,...,d}
and the condition (6.15) on the constants ¢;. For the third term on the right-hand
side of (6.45), we use the definitions of «y(t),o(t), 7(t) and R(t) in (6.14), (6.13)

and (6.12) to write

o .9 GCk CiC, _ ac
Qg = GCo = 72/qv o 92/qV(Y o7—)2/qu o G2/av R2/v (648)

for 1 € {2,...,d}. Therefore (6.45) becomes

(d — 1) 2 CiCp
> HH, = g i+ > e T (6.49)

I<k 2<i<k<
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since &y = 0. Then by the condition (6.15) on the constants ¢;, (6.49) becomes

_(d-1)_, Dk
> HiHy == —="Hp— o (6.50)

Using this and the definition (6.16) of X;(t) = e® R(t)*/*¢, the expression (6.43)

for V can now be written as
1 d(d —1)3? 1., A
Vo¢—;<ZH1Hk—27X12 —§¢ —P_Ea (6.51)

showing that (/y) holds under the assumptions of the converse implication.

To conclude the proof we must also show that the equations (), ..., (1) hold.
In the converse direction the hypothesis of the converse of Theorem 2.1.1 holds,
applied with constants N, By, ..., By and functions \o(7), ..., Ay(7) as indicated
in Table 4. Since 7(t), o(7), R(t) and ¢(t) defined in (6.12), (6.14) and (6.18)
are consistent with the converse implication of Theorem 2.1.1, applied with a(t), ¢
and ¢ as in Table 4, by this theorem and by the definition (6.19) of p(t), p(t)
the scale factor equation (2.1) holds for constants §,¢, Ag, ..., Ay and functions
Go(t),...,Gy(t) according to Table 4. That is, we have regained (6.36). Now

solving (6.43) for p(t) and substituting this into (6.36), we obtain

—vdkK

(d—1)

: 1.
Hp = §¢2—V0¢+ P+ -

R2/v  Qpe2on R2/vd 2w Tk
(6.52)

D dd-1)@ (@=1 A}

Multiplying by % and rearranging we get

d-1 ., (@d-1),, &D dd-1)8*  [1.,
vd Hr+ ov2d R Rl T gpzangrvd §¢ —Vogp+p|+A (6.53)

The left-hand side of this equation is in fact equal to the left-hand-side of (I;) for

any ¢ € {1,...,d}. To see this, first recall (6.44) and write

. 1 . 1 . 2 .
H1+Hl2: ﬁHR_‘_WH}%_‘_al_‘_ﬁalHR_‘_a%a (654)
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therefore for any fixed ¢

: 1. 1 2
S (H+HY) =) (—HR + ——Hp+ @+ —dHp+ a?) . (6.55)
e e vd v3d vd

The last term on the right-hand side sums to zero since

Yoap = D a(—di— > )

I#i 1£i ki, k£l

= —ai2a1—22alak

l#i <k
7 1,k#1

= Q@)D ) —2) i

k#i I#i i<k
7 7 1,k#1

= 0. (6.56)
Since the first two terms on the right-hand side of (6.55) do not depend on the
indices [, k, and also using the definitions (6.14) and (6.15) of a; and the constants

¢ to write Y, dp = 0=}, &y = —dy, (6.55) becomes

. d—1) . d—1 2 ) .
Z(Hl_'_le) = ( o )HR+ (I/2d2)H}22_ EHROQ—’_ZOQ' (657)

I#i I£i

By the definitions (6.14), (6.13) and (6.12) of «y(t),o(t), 7(t) and R(t),

SORO = arORO

Cl 1/1/
= R(t
() (*)

. a 1/v
= gy

is a constant (6.58)

q
H1/av
for i € {2,...,d}. By Lemma A.1 with u = 1/v # 0, which applies since R(t) is a
positive differentiable function, (6.58) shows that

Lo L
o+ —Hp=0 (659)
v
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for all I € {2,...,d}. Therefore in total, we have that (6.55) is

' oy (d=1) . (d=1) , (2-4d) :
;(HWHZ)— o Hr st Hy HR;OQ. (6.60)

To form the rest of the left-hand side of (I;), again use (6.44) to obtain

1 5 1 . ) .
H H, = V2—d2HR+ V—d(al —|-Ozk)HR—|-OélOzk, (6.61)
therefore for any fixed ¢
1 2 1 . . . .

ZHlHk: Z V2—d2HR+V—d(Oé1+Oék)HR+Oquk . (662)

L L
As we saw in (6.46), > ,_,1 = d(d;) therefore the first term on the right-side of
(6.62), which does not depend on the indices [, k, is equal to V21d2 H% times

Z1:Z1—Z1:d(d;1)—(d—1):(d_léﬁ. (6.63)
zf;ez 1<k I#i

As we saw in (6.47), Y, (& +cy) = 0 therefore the second term on the right-hand

side of (6.62) sums to = Hp times

D (d+dp) = > (dtcn) = (d+d)

zl/;’Zz 1<k I#£i
= =) & —(d- 1o
I#i
= 2-d) (6.64)

where again we have used the definitions (6.14) and (6.15) of a; and the constants

¢ to write ), i &; = —¢;. Considering the third term on the right-hand side of
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(6.62), we have that

CiC
- Z 62/qVR2/1/ (665)

2<I<k<d
where again we have used that }_,_; & = —d;, and on the last line we recall (6.48)

and also that «; is constant. So by (6.63), (6.64) and (6.65), in total (6.62) becomes

1)(d 2) 2 (2 — d) . CiCp
D HiHy =G Hp+ ~——dillp = Y o (6.66)
lllj;tkﬁz 2<I<k<d

By (6.60), (6.66) and the definition (6.38) of X;(¢) , the left-hand side of any (1;)

FEinstein equation is

Z(Hl +Hl2) + ZHlHk . (d_ 1)<d_ 2)62

. 2X7
i L
_(d=1) | dld-— i (d—1)(d—2)p
T d Hp + 2d2 Z 02/ R2/v ~  9e2on R2fvd
2<i<k<d
(6.67)

Then by the condition (6.15) on the constants ¢;, (6.67) becomes

Z(Hl + HP) + Z H Hj, — (d=1)d=2)5

l#i i<k 2X12
7i Lk
_d=1) . dd-1) Dr (d—1)(d-2)5
T d Hp + 2,242 HR R2/v 9201 R2/vd (6.68)

Therefore by (6.53) and (6.68), we obtain (I;) for all i € {1,...,d}. This proves

the theorem. o
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6.1.1 Reduction to classical EMP: pure scalar field

We take p = p = D = 0 and choose parameter ¢ = 1/dv in Theorem 6.1.1.
Then ¢; = 0 for all 2 < i < d and we take a; = 0 so that X;(t) = --- = Xy(¢) and

by the theorem solving the Bianchi V Einstein equations

. d—1)(d-2)3 @y [1-
Z(Hl+Hl2)+ZHlHk—( ;<X2 ) @ [§¢2—Vo¢}+/\
I#1 1<k 1

Lk
for I, k,i € {1,...,d} and

ﬁZHl d—1)5H, "2 0. (6.70)

is equivalent to solving the classical EMP equation

_52

Y'(1)+Q(r)Y (1) = m (6.71)

for constant 6 > 0. The solutions of (Iy)’, (1), ..., (Ily)" and (lyp;)" in (6.69) and

the solutions of (6.71) are related by

R(t) =Y (r(t)¥ and ¢'(1)% = (d; ”Q(T) (6.72)

for v 0, ¢(t) = (7(t)), R(t) = (X:1(t) - Xa(t))” and
7(t) = OR(t)Y" = 9y (7(t)) (6.73)
for any € > 0. In the converse direction
X,(t) = R(t)/" (6.74)
for 1 <[ < d and where V is taken to be

d(d — 1)0?

Vio() = | S5 -

d(égylz?ﬁ _%y%) _% or(t)  (6.75)
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We now refer to Appendix D with A\; = —/3?/6? < 0 for solutions of the classical
EMP equation (6.71). Since by reducing to classical EMP we have taken D = 0 in
(6.10), ¢ = -++ = ¢4 = 0 and in this case we do not require o(¢) from Appendix
D. By comparing (6.73) and (D.5), we note to only consider solutions of (D.5) in

Appendix D corresponding to ro = 1.

Example 40 For 0 = 1 and choice of constants f = v = 1, we consider solution
5 in Table 14 with dy = by = 0 and ¢y = ag = 1. That is, we have solution Y (1) =
(14 27)Y2 to the classical EMP Y" (1) + Q(T)Y (1) = —=1/Y (7)? for Q(7) = 0. By

(D.27) - (D.29) we have T(t) = 5 ((t — t9)> — 1) and
R(t) =Y (r(t))" = (t — to)* (6.76)
forty € R so that

X;(t) = R(t)"/* = (t — to) (6.77)

o(t) = (7(t)) = o (6.78)

for constant o € R, and by (6.75), (D.30) and (D.29), we obtain constant potential

visn) = | A5 (0= g5) - 2| er0

2K K

_ _% (6.79)

Since Hy(t) = X;(t)/X,(t) = 1/(t —to) for all1 <1< d, Y HiHy =5, 1/(t—
to)? = d(d — 1)/2(t — t9)? so that Einstein equation (1) is satisfied. Also for any
fized i, S, (H + HP) + szi;zi HiHp =3, 0+[d(d—1)/2— (d—1)] /(t —to)* =
(d—1)(d—2)/2(t —to)? therefore the Einstein equations (I;)" for 1 < i < d are also

satisfied. Of course, this is a vacuum solution.
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Example 41 For 6 = 1 and choice of constants = v = 1, we consider solution
b in Table 14 with dy = a9 = 0, by = 4 and ¢y = 1. That is, we have solution
Y (1) = (47(t)2 +27(t))'/? to the classical EMP YY" (1) 4+ Q(1)Y (1) = —1/Y (1) for

Q(1) =0. By (D.33) - (D.35) we have 7(t) = 1 (e*!710) 4 ¢=2(=10) — 8) qnd

R(t) = Y(r(t))"

_ % () _ =200y
= %sinh@(t —t))? (6.80)
for any ty € R so that
X;(t) = R(t)V4 = %sinh(Z(t —t9)). (6.81)
Since Q(1) = 0= ¢'(7),
() " o(r(t)) = ¢ (6.82)

for constant ¢g € R and by (6.75), (D.36) and (D.35), we obtain constant potential

viom = |15 (0= g5) - 2| er0

K

~d(d-1) <16cosh2(2(t —t)) — 16) A

2K 4sinh?(2(t — to)) K
_ 2dd-1) A (6.83)

Since Hi(t) = Xi(t)/X,(t) = 2coth(t — to) for all 1 < 1 < d, Yo HiHy =
> iop dcoth*(t — ty) = 2d(d — 1)coth®(t — ty) so that the left side of the Einstein

equation (1y) is
2d(d — 1)coth?(t — ty) — 2d(d — 1)esch*(t — ty) = 2d(d — 1) (6.84)

by the identity coth?(x) — csch?*(x) = 1, and therefore (Iy) is satisfied by

the solution. Also for any fized 1, Zl#(Hl + H?) + Zl’;;,’z-HlH’f = (d —
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1) (—4esch®(t — to) + 4coth?(t — to)) + [d(d — 1)/2 — (d — 1)] 4coth?(t — ty) = 4(d —
1) +2(d — 1)(d — 2)coth®(t — to) therefore the left side of Einstein equations (I;)’

for1 <11 <d equal

4(d — 1) +2(d — 1)(d — 2)coth®(t — tg) — 2(d — 1)(d — 2)esch?(t — to)

= 4(d—1)+2(d — 1)(d — 2) = 2d(d — 1) (6.85)

so that (I;)" are also satisfied for 1 <1 < d.

6.2 In terms of a Schrodinger-Type Equation

If one would like to reformulate the Einstein field equations (1), .. ., ({z) in (6.2)
in terms of an equation with one less non-linear term than that which is provided
by the ger;eralized EMP formulation, one can apply Corollary 2.3.1 to the difference
d(Ip) — Z(IZ) (and similar to above, define V o ¢ in u—notation to be such that

i=1
(Ip) holds). Below is the resulting statement.

Theorem 6.2.1 Suppose you are given twice differentiable  functions
Xq(t),..., Xq(t) > 0, a once differentiable function ¢(t), and also functions
p(t),p(t),V(x) which satisfy the FEinstein equations (Iy),...,(I1;) for some
A, B e R,d e N\{0,1},x € R\{0}. Let g(o) denote the inverse of a function o(t)

which satisfies
1

0= 5w xa) (050

for some 6 > 0. Then the following functions
u(o) = {ﬁ] og(o) (6.87)
Plo) = oV (o) (6.55)



solve the Schréodinger-type equation

S 1 Pl FAR((@) +pl0)) 0

(©) + (B~ Plol)ulo) = = PGB 4 i (659

for some ay € R,
U(o) = d(g(0)) (6.90)
p(o) = plg(0)), p(o) =p(y(0)). (6.91)

and where
def. —0° 22

E < i )XX Xdkzkmk (6.92)

s a constant for
e " H — Hy 14k L ke {1,...d). (6.93)

Conversely, suppose you are given a twice differentiable function u(o) > 0, and
also functions P(o) and p;(0),p(o) which solve (6.89) for some constants E <
0,0 >0,k € R\{0},5,a € R and d € N\{0, 1}. In order to construct functions

which solve (1y), ..., (1), first find o(t), V(o) which solve the differential equations

1 —1
o(t) = éu(a(t)) and Y'(0)? = (ddm )P(a). (6.94)
Let
R(t) = u(o(t))™ at) ™ o)l e{l,....d} (6.95)
where ¢; are any constants for which both
d (d—1)E
d a=0 and > ac = —— (6.96)
=1 1<k
Then the functions
X,(t) = R(t)"e | a; € R (6.97)
X,(t) = R(t)/"dex®  2<1<d (6.98)
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¢(t) = (o(t)) (6.99)

p(t) = p(a(t)), p(t) =plo(t)) (6.100)
and
V((t))
d=1) o ([@d=-DE , dd-13 , Loy 2 A
~ | 202dr (W)™ + 2d0%k w 2Kke2a U/d_ﬁu () _p_E oo(t)
(6.101)

satisfy the equations (1y),. .., (1) in (6.2).

Proof. This proof will implement Corollary 2.3.1 with constants and functions as

indicated in the following table.

Table 9. Corollary 2.3.1 applied to Bianchi V

In Corollary | substitute In Corollary | substitute
a(t) | R(t) e | vdr/(d—1)
G(t) | constant vE /6> Al 2/v
Gult) | 2 (o(t) + p(0) Ao
Gs(t) | constant —vd3?e2™ Ay | 2/vd
Fi(o) | £ (0(0) + pl(0) a1
Fy(0) | constant §2df3%e2* Cy | 1—2/d

Much of this proof will rely on computations that are exactly the same as those
seen in the proof of Theorem 6.1.1 (the generalized EMP formulation of Bianchi
V). Therefore we will restate the relevant results here, but point the reader to the
details in the proof of Theorem 6.1.1.

To prove the forward implication, we assume to be given functions which solve

the Einstein field equations (Ip), ..., (I;) in (6.2). Forming the linear combination
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d
d(1p) _Z(Ii) of Einstein’s equations and simplifying, as was done in (6.21) - (6.31),

=1

Hp+ Tﬁ 1 szﬁfk + V;Z(? = (;V_d,;) [¢2 + (p +P)] . (6.102)
where
der. R(t) d
Hg(t) 2 o V;Hl (6.103)
and
RS (x,(t) - Xa(t) (6.104)

for any v # 0. Next we will confirm that E is constant. As was done in (6.32)-
(6.35), since the right-hand sides of Einstein’s equations (/;) are the same for all
i € {1,...,d}, by equating the left-hand sides of any two equations (/;) and ()

for i # j, and after some rearranging we obtain
. 1
Nij + ;ﬁz’jHR =0 (6.105)

for n;; defined in (6.93). Therefore the definition (6.92) of E is constant, being
proportional to a sum of squares of these constant functions. By the definitions
(6.92) and (6.104) of the constant £ and the function R(t), we now rewrite (6.102)

from above as

vdf®>  —vdk
X2 (d-1)

: E
62+ (0+9)] + o (6.106)

Hp +

d

Finally, we use the remaining Einstein equation (Ip;) and the relation Hg = v Z H,
1=1
in (6.103) to obtain

Hp = vdH, (6.107)

so that again we have

X, = e RY/vd (6.108)
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for a3 € R and (6.106) becomes

: —VvdK Ty vE vd3?
HR - (d— 1) |:¢ + (p+p):| + 92R2/1/ - €2a1R2/Vd. (6109)

This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Corollary 2.3.1,
applied with constants e, N, A, A ..., Ay and functions a(t), G(t), G1(t), ..., Gn(t)
according to Table 9. Since o(t),u(c), P(c) and ¥ (o) defined in (6.86), (6.87),
(6.88) and (6.90) are equivalent to that in the forward implication of Corollary
2.3.1, applied with constants and functions according to Table 9, by this corollary
and by definition (6.91) of p(c), p(o), the Schrédinger-type equation (2.110) holds
for constants C1,...,Cy and functions Fi(o),..., Fx(c) as indicated in Table 9.
This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the Schrodinger-type equation (6.89) and we begin by showing that (Ip) is satisfied.

Differentiating the definition of R(t) in (6.95) and using the definition in (6.94) of

a(t),

R(t) = —vu(o(t)™ " (o(t)s(t)
- —%u(a(t))_”u'(a(t)) (6.110)
Dividing by R(t),
Hp " % - —gu’(a(t)). (6.111)

Differentiating the definition (6.99) of ¢(¢) and using the definition in (6.95) of o (%),

o(t) = ¢/ (a(1)5(t) = 7' (a(1))u(a(1)). (6.112)

Using (6.111) and (6.112), and also the definitions (6.95) and (6.100) of R(¢) and

p(t) respectively, the definition (6.101) of V o ¢ can be written as

1 ((d— Dy, ([d=DE d(d-1)8

Veo=yTara Tnt garen ~ ger i

1., A
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The quantity in parenthesis here is in fact equal to the left-hand-side of equation

def.

0 0 see this, first note that the definitions X, t e\ 1n (0.
I)). T his, fi hat the defi X(t R(t)Ydex® in (6.98

and H(t) =4 gg in (6.111), and the condition ), ¢; = 0, are the same as those in
Theorem 4.1.1. Also by the definitions (6.95), (6.94) and (6.95) of ay(t),o(t) and
R(t), we obtain

2 _ CiC,

.. CiCy,
Q. = CICLO 92

02R(t )2/1/

— (woo)* =

(6.114)

which is a slightly modified version of (6.48) from our computation in the proof of
Theorem 4.1.1. Therefore by the arguments in (6.45)-(6.49), and using (6.114) to

slightly modify the last term to apply here,

CiCp
> HH, = 2d W=Dy, Zesz (6.115)

Then by the condition (6.96) on the constants ¢, (6.115) becomes

1) (d—1E
> HH = 7H + o (6.116)

Using this and the definition (6.97) of X;(t) = e** R(¢)"/*?, the expression (6.113)
for V' can now be written as

2 .
Voo=-— <ZHlHk Xl)ﬂ ) —%¢2—p—%, (6.117)

I<k

showing that (/y) holds under the assumptions of the converse implication.

To conclude the proof we must also show that the equations (1), ..., (1) hold.
In the converse direction the hypothesis of the converse of Corollary 2.3.1 holds,
applied with constants N, C1,...,Cy and functions Fi(o),..., Fy(o) as indicated
in Table 9. Since o(t), ¢ (o), R(t) and ¢(t) defined in (6.94), (6.95) and (6.99)
are consistent with the converse implication of Corollary 2.3.1, applied with a(t)
and ¢ as in Table 9, by this corollary and by the definition (6.100) of p(t), p(t)

the scale factor equation (2.109) holds for constants e, A, Ay, ..., Ay and functions
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G(t),Gy(t),...,Gn(t) according to Table 9. That is, we have regained (6.109).

Now solving (6.113) for p(t) and substituting this into (6.109), we obtain

HR a (d ) [ ¢ Ve ¢ 2d92 R2/V 2H€2Q1R2/Vd _'_p
(d—-1) A vE vd3?
2v2dk R 92R2/1/ B 620‘1R2/Vd' (6118)
Multiplying by (d 1 ) and rearranging,
(d-1); (d 1) ., (d=1E (d—1)(d—2)3
vd Hat v2d H 2d92R2/” 9e2a1 R2/vd
1.

==K {§¢2—Vo¢+p} +A. (6.119)

The left-hand side of this equation is in fact equal to the left-hand-side of (1;) for any
i €{1,...,d}. To see this, again we use that the definitions X;(t) ael: R(t)"/vdea(t)
in (6.98) and Hg(t) 4 g(t in (6.111), and the condition ), ¢; = 0, are the same

as those in Theorem 4.1.1. Also by the definitions (6.95) and (6.94) of «(t), o(t)

and R(t), we obtain

qORBYY = co(t)R(t)Y

C

= Zuo(t)R()"”
= % is a constant, (6.120)
which shows that
1
a; + ;leR =0 (6121)

holds here, as it does in Theorem 4.1.1. Therefore by the arguments in (6.54)-
(6.67), and as above using (6.114) to slightly modify the last term of (6.67) to
apply here,
: d—1) . d
S (H+HY)+ > HH, = ( )HR+ (

vd
I#1 1<k
1k#i

CiCp
- o (6122)
i<k
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Then by the condition (6.96) on the constants ¢; and the definition (6.97) of X (¢),

the left-hand side of any Einstein equation (/;),7 > 0 is

(d—1)(d-2)5

. ) B
Z(H1+Hl)+ > HH, 3
I#i 1<k
Lk
d-1), @d-1)_, (@-1E (d-1)(d-2)p
_ _ _ 12
vd Hr+ 2v2d Hig 2d0? R2/v 2e20n R2/vd (6.123)

Combining (6.119) and (6.123), we obtain (/;) for all ¢ € {1,...,d}. This proves

the theorem. o

6.3 In terms of an Alternate Schrodinger-Type Equation

Theorem 6.3.1 Suppose you are given twice differentiable  functions
Xq(t),..., Xq(t) > 0, a once differentiable function ¢(t), and also functions
p(t),p(t),V(x) which satisfy the Einstein equations (Iy), ..., (I4) in (6.2) for some
A, B € R,d e N\{0,1},x € R\{0}. Let g(o) denote the inverse of a function o(t)

which satisfies

. 1
o(t) = X0 Xa0) (6.124)
for some 6 > 0. Then the following functions
u(o) = [ﬁ} 5 g(0) (6.125)
P(o) = (dd%l)w’(af (6.126)
solve the Schréodinger-type equation
(o) + [E — P(o)]u(o) = dgp_("l));(;(“)) _ Vuif;l_d (6.127)
for some a1 € R,
¥(o) = ¢(g(0)) (6.128)



p(o) = p(g(0)), plo) =plg(o)). (6.129)

and where
E™ 92432 o, € R (6.130)
and
def. -V
(d—1) I<k
is a constant for
me S Hy — Hy, 1 # kL ke {1,...,d}. (6.132)

Conversely, suppose you are given a twice differentiable function u(o) > 0,
and also functions P(c) and p(o),p(o) fwhich solve (6.127) for some constants
E < 0,0 >0,k € R\{0},6,0 € R and d € N\{0,1}. In order to construct

functions which solve (Iy), ..., (14), first find o(t), (o) which solve the differential

equations
5(t) = %u(a(t)) and  W(0)? = (d;ﬁl)P(a). (6.133)
Let
R(t) = u(c(t))™ at) o), 1e{1,....d} (6.134)
where ¢; are any constants for which both
d . 2
;cl =0 and Z;clck = % (6.135)
Then the functions
X, (t) = R(t)Y"e™ | ay €R (6.136)
X(t) = R(t)V/"dex® 2 <1< d (6.137)
p(t) = (a(t)) (6.138)
p(t) = p(o(t)), p(t) =plo(t)) (6.139)
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V(o(1))
_[@-1),, (d—1)D d(d—1)3? /d 1 , A
| 202dk (w)” + 2dvk u - 2Ke2n ut Q—WU2(¢ foo- K o o(t)

(6.140)

satisfy the equations (Iy), ..., (Iy).

Proof. This proof will implement Corollary 2.3.1 with constants and functions as

indicated in the following table.

Table 10. Corollary 2.3.1 applied to Bianchi V, alternate

In Corollary | substitute In Corollary | substitute
a(t) | R(t) e | vdr/(d—1)
G(t) | constant — vdB%e—2 A | 2/vd
Gi(t) | %5 (p(t) +p(t)) A |0
Gs(t) | constant D Ay | 2/v
Fl(g) (ZQ_d’f)(p(U) +p(g)) Cy |1
Fy(o) | constant —6%D /v Cy|1—d

Much of this proof will rely on computations that are exactly the same as those
seen in the proof of Theorem 6.1.1 (the generalized EMP formulation of Bianchi
V). Therefore we will restate the relevant results here, but point the reader to the
details in the proof of Theorem 6.1.1.

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations (Ip), ..., (I;) in (6.2). Forming the linear combination

d

d(1y) _ZUZ') of Einstein’s equations and simplifying, as was done in (6.21) - (6.31),
i=1

: v vd3? _ —vdk T
HR+7(d_1)l<Zk7hzk+ X T @d=1) [¢2+(P+P)]- (6.141)
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where

def. R(t) _ d
Hg(t) & o u;Hl (6.142)
and
Rt (x,(t) - Xa(t) (6.143)

for any v # 0. Next we will confirm that D is constant. As was done in (6.32)-
(6.35), since the right-hand sides of Einstein’s equations (/;) are the same for all
i € {1,...,d}, by equating the left-hand sides of any two equations (I;) and (/)

for i # j, and after some rearranging we obtain
, 1
Nij + ;ninR =0 (6.144)

for n;; defined in (6.132). Therefore the definition (6.131) of D is constant, being
proportional to a sum of squares of these constant functions. By the definitions
(6.131) and (6.143) of the constant D and the function R(t), we now rewrite (6.141)

from above as
vd3?*  —vdk
X2 (d-1)

. . D
2
Hp+ 5+ (0 +p)| + (6.145)
d
Finally, we use the remaining Einstein equation (Ip;) and the relation Hg = v Z H,

=1
in (6.142) to obtain

HR = l/dHl (6146)
so that again we have
X, = e RV (6.147)
for a3 € R and (6.145) becomes
M
—vdKk | D vd3?
HR = (d _ 1) ¢ + Z(pl _I_pl) + Rz/y - €2Q1R2/Vd. (6]‘48)
i=1

This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Corollary 2.3.1,

applied with constants e, N, A, A; ..., Ay and functions a(t), G(t), G1(t), ..., Gn(t)
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according to Table 10. Since o(t),u(c), P(o) and (o) defined in (6.124), (6.125),
(6.126) and (6.128) are equivalent to that in the forward implication of Corollary
2.3.1, applied with constants and functions according to Table 10, by this corollary
and by definition (6.129) of p(c), p(o), the Schrodinger-type equation (2.110) holds
for constants C1,...,Cy and functions Fy(o),..., Fy(o) as indicated in Table 10.
This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the Schrodinger-type equation (6.127) and we begin by showing that (Ip) is satisfied.

Differentiating the definition of R(t) in (6.134) and using the definition in (6.133)

of o(t),
R(t) = —vu(o(t)™ "/ (o(t)o(t)
= —Zu(o(t) (o () (6.149)
Dividing by R(t), '
Hy % = 2o (1), (6.150)

Differentiating the definition (6.138) of ¢(¢) and using the definition in (6.134) of

a(t),

o(t) = ¢'(a(t))o(t) = %W(U(t))U(U(t))- (6.151)
Using (6.150) and (6.151), and also the definitions (6.134) and (6.139) of R(¢) and

pi(t) respectively, the definition (6.140) of V o ¢ can be written as

Vo¢:1<(d—1)H2+ (d-1)D d(d_1)ﬁ2) _%Q-g_p_% (6.152)

e\ 202d BT 2duR2/v 9201 R2/vd

The quantity in parenthesis here is in fact equal to the left-hand-side of equation

(Ip). To see this, first note that the definitions X;(t) 4 R(t)Yvdex® in (6.137)

and H (t) il % in (6.150), and the condition ), ¢, = 0, are the same as those
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in Theorem 4.1.1. Also by the definitions (6.134), (6.133) and (6.134) of «y(t), o(t)

and R(t), we obtain

CiCk

62

2 CICy,

FRAT (6.153)

dldk = clckd2 (u 0’)

which is a slightly modified version of (6.48) from our computation in the proof of
Theorem 4.1.1. Therefore by the arguments in (6.45)-(6.49), and using (6.153) to
slightly modify the last term to apply here,
CiCp
; HiHy = = HR Z AR (6.154)
<

Then by the condition (6.135) on the constants ¢;, (6.154) becomes

1) (d—1)D
> HH;, = H2 + SR (6.155)

Using this and the definition (6.136) of X;(t) = e** R(t)'/*?, the expression (6.152)
for V' can now be written as
Voo=1 (;Hlm 2X2)52> Ay N (RE'0
showing that (1) holds under the assumptions of the converse implication.
To conclude the proof we must also show that the equations (1), ..., (1) hold.
In the converse direction the hypothesis of the converse of Corollary 2.3.1 holds,
applied with constants N, C1,...,Cy and functions Fi(0),..., Fy(o) as indicated
in Table 10. Since o(t),1(c), R(t) and ¢(t) defined in (6.133), (6.134) and (6.138)
are consistent with the converse implication of Corollary 2.3.1, applied with a(t)
and € as in Table 10, by this corollary and by the definition (6.139) of p(t), p(t)
the scale factor equation (2.109) holds for constants e, A, Ay, ..., Ay and functions
G(t),Gy(t),...,Gn(t) according to Table 10. That is, we have regained (6.148).

Now solving (6.152) for p(t) and substituting this into (6.148), we obtain
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: —vdrk 1. (d—1)D  d(d—1)p?
Hp = i v —
B (d-1) 2q5 oot 2dvk RV 2ke? R2/vd
d-1) , A D vd3?
22dk Bk R2/v 201 R2/vd’ (6.157)
Multiplying by % and rearranging,
d-1), ,d=1) ., (@-1)D (d—1)(d—2)s
vd Hr+ 202d Hi 2dv R2/v 2¢201 R2/vd
1.
= —K {§¢2—Vo¢+p] + A. (6.158)

The left-hand side of this equation is in fact equal to the left-hand-side of (I;) for any
i€{l,...,d}. To see this, again we use that the definitions X;(¢) 4 R(t)Y/vdec®
in (6.137) and Hg(t) ael: % in (6.150), and the condition ), ¢; = 0, are the same
as those in Theorem 4.1.1. Also by the definitions (6.134) and (6.133) of ay(t), o(¢)

and R(t), we obtain

SORO = arORO

q

_ 5u(a(t))R(t)1/”
= % is a constant, (6-159)
which shows that
1
G + ;dzHR =0 (6.160)

holds here, as it does in Theorem 4.1.1. Using the arguments in (6.54)-(6.67) and

also using (6.153) to slightly modify one term in (6.67) to apply here, we obtain

. ) C(d=1) . (d—1) CiCx
S (H+HY)+ > HH, = S Hp o+ = Hiy — > e (6:161)
1#1 zf;’ii i<k
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Then by the condition (6.135) on the constants ¢; and the definition (6.136) of

X (t), the left-hand side of any Einstein equation (I;),7 > 0 is

(d—1)(d-2)5

g 2
Z(H1+Hl)+ZHlHk_ X
I#£1 1<k
1,k
~@-1) d=1)_, (@d-1)D (d-1)(d-2)p
= o Art g e = e s prd + (6:162)

Combining (6.158) and (6.162), we obtain (/;) for all i € {1,...,d}. This proves

the theorem.
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CHAPTER 7

REFORMULATIONS OF A CONFORMAL BIANCHI V

MODEL

We now consider a Bianchi V metric of the form

d5? = = (at) -+ 0a(®)" 4t + (as(t) - aa(t))da? + ad (1) o} +
o adT () e dad, (7.1)
which represents a change of coordinate systems in comparison with Chapter 4. In a

d+ 1—dimensional spacetime the nonzero Einstein equations ¢”G,; = —kg“T;;+ A,

multiplied by |goo| = (az - - - aq)? and ﬁv are

d
S HP+(d+1))  HHy —2d3*(az- - ag)*™!
=2 <k
0 4 2 A
& (dfl) %+(a2~-~ad)d(Vo¢+p+E) (7.2)
d
3 (QH, - Hf) —(d+ 1)) HiH, - 2(d - 2)6%az - ag)""
=2 <k
12
&) (d4—KJ1) —% + (a2-~-ad)d (Voqﬁ—ZH— %)
. d 20d .
—2H; - > H{+ EEEY S OH —(d+1)) " HH, —2(d—2)F(a - ag)*!
=2 =2 <k
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where H;(t) et Z—i and i,l,k € {2,...,d}.

7.1 In terms of a Generalized EMP

Theorem 7.1.1 Suppose you are giwen twice differentiable  functions
as(t),...,aq(t) > 0, a once differentiable function ¢(t) and also functions
p(t), p(t), V(x) which satisfy the Einstein equations (Iy), ..., (14) in (7.2) for some

A e R,d e N\{0,1}, and k € R\{0}. Denote
R(t) < (ax(t)as(t) -~ aa(t))” (7.3)
for some v # 0. If f(7) is the inverse of a function T(t) which satisfies

#(t) = OR(t)" 2, (7.4)

for some constants 6 > 0 and q # 0, then

V() = RUG)T  and Q) = )’ (75

solve the generalized EMP equation

" _q(d=2)L  2qp*  2quk(o(7) +p(7))
Yin) + QY () = 20y () Y (O (d— DY (7) (7.6)
for

o(1) = o(f(7)) (7.7)
o(t) = p(f (7)), p(r) = p(f(7)) (7.8)
7t ; i 5 3Sl<zk§d Lt — ; 12, (7.9)
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where p; € R are such that a;(t) = w;eras(t) for some w; € R,i € {3,...,d}.
Conversely, suppose you given a twice differentiable function Y (1) > 0, a con-

tinuous function Q(1) and also functions o(7),p(T) which solve (7.6) for some

constants 0 > 0 and q,v,xk € R\{0},L € R,d € N\{0,1}. In order to construct

functions which solve (1y), ..., (14), first find T(t), p(T) which solve the differential

equations
7(t) = 0Y (7(t))Bav+d/2av and (1) = (Zq_z//?Q(T) (7.10)
Next find constants p;,i € {3,...,d} which satisfy
9 d
L= — 2 7.11
(d—2) 3<Z<Zk<d“l“k ;3 15 (7.11)
and let
R(t) = Y (r(t))Y. (7.12)
Then the functions
as(t) = R(t)l/V(d—l)(wg .. .wde(u3+~~+ud)t)—1/(d—1) (7.13)
al(t) = wie‘”tcm(t) (714)
o(t) = o(7(1)) (7.15)
p(t) = o(7(t)), p(t) = p(7(t)) (7.16)
and
d—1) (do* _, d—2)L  4dp? 0% A
visn) = | (St + s - Y ) — 5P 0= 2 o7

(7.17)

satisfy the Finstein equations (Io), ..., (Ig) for any w; > 0,2 <i < d.

Proof. This proof will implement Theorem 2.1.1 with constants and functions as

indicated in the following table.
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Table 11. Theorem 2.1.1 applied to conformal Bianchi V

In Theorem | substitute In Theorem | substitute
a(t) | R(t) N |2
d | —d/2v e | 2uk/(d—1)
Go(t) | constant v(d — 2)L/2 Ay | O
Gi(t) | 7255 (p(t) +p(1) Ay | —d/v
Ga(t) | constant —2v3 Ay | —(d—=1)/v
Ao(7) | constant qu(d — 2)L /26> By | (d+qv)/qu
Ai(7) QE(QC?ET) (o(T) + p(7)) By |1
Ao(7) | constant —2qv3%/6? By | (14 qv)/qu

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations (1y),..., (/) in (7.2). Since the right-hand sides of
Einstein equations (I;) are the same for all i € {2,...,d}, we begin by equating the
left-hand side of (1) with the left-hand side of any (I;) for j € {3,...,d}. After
dividing by 2, we obtain

H; = M. (7.18)

Integrating, we obtain
H; = Hy + (7.19)

for u; € R,j €{2,...,d} and where ps 0. Since in general 4 1In(q;) = Z—Z = H,,

(7.19) can be written

d d

7 In(a;) = pr In(ag) + ;. (7.20)
Integrating,

In(a;) = In(ag) + p;t + ¢ (7.21)
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for some ¢; € R,j € {2,...,d} and where ¢] . Exponentiating and letting

def.
w; —

e >0,
a;(t) = wjer'ay(t),

where of course this holds trivially for j = 2 where wy = 1 and us = 0.
d

Forming the linear combination d(Iy) — Z(IZ) of Einstein’s equations,

i=1

d
24y (Hf - Hl) +2d(d+ 1) HHy, — 4d6%(az - - ag)*!
=2 <k
d .
- (d4_/€1) [¢2 +(az---aa)(p +p)| -

Using the definition (7.3) of R(t), we define

therefore we have that

d

1 1
= o mnir m Dt

=2

and

. 1 .
Hy=——Hp.
2T oyd-1)""

By equation (7.19) we obtain

Z HH), = Z(Hz + ) (Hy + pux) = Z(H§ + (p + ) Hy + ppir,)

I<k <k <k
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forl,k € {2,...,d}. The first term on the right-hand side of (7.27) does not depend

on the indices [, k and therefore is equal to H3 times

d—2

d
1=) (k-2)= ' jzw. (7.28)

I
M)~
=

_|_
M)~
=

Z(Ml + fi)

<k =2 k=l+1 k=3 [=2
1

= ([d=2)> (7.29)

Therefore (7.27) becomes

(d-1)(d-2),
HH, =~— "~ 7 d 2 H. + 7.30
; 1 Hy, 5 22,% ;,Ul,uk (7.30)

By (7.25) and (7.26), we also have that

d—1)(d—2 1 R ’
ZHlHk _ )2( ) <u(d— 1)HR_ =1 ;w) (7.31)

+(d - 2) (7y(d1—1) R— Zu]>zuj+2umk.

I<k

Collecting terms (the Hp terms sums to zero),

S, = d 2)1)H2 2(:;—_21)) <Z j> +) g (7.32)

<k

Also we have that

<Z Mj) =2 Z M + Z 15 (7.33)

I<k
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for l,ke{2,..., d} therefore (7.32) becomes

ZHlHk )1) (dd—_21)> ZM (7.34)

gl )

Defining the quantity

I de:f.

Z 1
1<k

= Z o, — Z p;  (since pg = 0), (7.35)

3<l<k<d

we can now rewrite equation (7.34) to say that

KZkHlHk d 2>1)H§+ 2((‘;__21>)L. (7.36)

Similarly by (7.18), (7.19), (7.25), (7.26), (7.33) and (7.35), we have that

d
Sao= Y
=2

= ;HR (7.37)

and also
d d
D HP = ) (Hy+mw)
1=2 1=2 ) )
= (d—1)H; +2Hy Y m+ Y _p
1 1 d 2 9 1 d d d
= m(;HR—ZMg) +(d—1 (;HR_Z/J“j>ZMI+ZMl2
1 d 2 d
T R2d-1) R_ i—1) <ZUJ> +Z“l

7j=2 =2

1 2
a1y R T gy 2 et

1 , (d—2)
B 1/2(d—1)HR (d—1)

(7.38)
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d
That is, the linear combination d(Iy) — Z(L) of Einstein equations in (7.23) can

i=1
be written in terms of R and Hg by using (5.35), (7.37) and (7.38) so that we

obtain
a2, 2d . 5 4dk 7,
- o == o (d-1)/v _ 2 d/v
S M+ d(d = 2)L = =My — 445°R M_I)V<+R (p+p)] . (739)
Multiplying by —7,
: d o v(d—2) 2 p(d-1)/v _ —2UK [ d/v
Hp 2VHR 5 L+ 2vfB°R SRS [<z> +R (p—i—p)]. (7.40)

This shows that R(t),#(t), p(t) and p(t) satisfy the hypothesis of Theorem 2.1.1,
applied with constants €,&, N, Ay, ..., Ay and functions a(t), Go(t),...,Gn(t) ac-
cording to Table 11. Since 7(t),Y (7),Q(7) and ¢(7) defined in (7.4), (7.5) and
(7.7) are equivalent to that in the forward implication of Theorem 2.1.1, by this
theorem and by definition (7.8) of o(7), p(7), the generalized EMP equation (2.2)
holds for constants By, . .., By and functions A\o(7), ..., Ax(7) as indicated in Table
11. This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the generalized EMP equation (7.6) and we begin by showing that (1p) is satisfied.

Differentiating the definition of R(t) in (7.12) and using the definition in (7.10) of

7(),

R(t) = %Y(T(t))%_ly/(T(t))i'(t) (7.41)
- gyﬁ@»ﬁHW”hﬂ@u» (7.42)

Dividing by R(t),
Hi(t) < % - gwf(t»d/wmﬂt». (7.43)

Differentiating the definition (7.15) of ¢(t) and using definition (7.10) of 7(¢),
o(t) = ' (T(D)7(1) = 8/ (T(1)Y (r(8)) /. (7.44)
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Using (7.43) and (7.44), and also the definitions (7.12) and (7.16) of R(t) and p(t)

respectively, the definition (7.17) of V o ¢ can be written as

—1 —2 )2 A

4K 212

1

VOQS:Rd/V

The quantity in the inner parenthesis here is in fact equal to the left-hand-side of
equation (Iy). To see this, we differentiate the definitions in (7.13) and (7.14) of
a;(t), divide the results by a;(t), and use the definition (7.43) of Hg to obtain

def. Qs B 1

H —=———Hp— —— 7.46
and
a; a9
for i € {2,...,d} by taking us %l (). Therefore we obtain
H;,=H L 4 (7.48)

This confirms that the identities (7.18), (7.19), (7.25) and (7.26) hold in the converse
direction, so that the computations (7.27)-(7.38) are also valid in the converse
direction for L in (7.11). That is,

(d—2)

d 2)
KZkHlHk 1)HR 2 1)L (7.49)
and

which shows that the left-hand side of (1) is equal to

Z Hl2 + (d+ 1) Z HlHk — 2dﬁ2(a2 .. -ad)d_l

=2 <k

d (d—2)

=5, — H%: + L —2d3*RUE4-V/V (7.51)

(7.52)

171



therefore (7.102) can be written V o ¢ =

_ d (2
(d%l) <12:; Hf +(d+1) ) HiH, —2d52(a2"'ad)d_l> B %] -

I<k

1
R2/v

so that (Ip) holds.

To conclude the proof we must also show that the equations (1), ..., (Iz) hold.
In the converse direction the hypothesis of the converse of Theorem 2.1.1 holds,
applied with constants N, By, ..., By and functions \g(7), ..., An(7) as indicated
in Table 6. Since 7(t),(7), R(t) and ¢(t) defined in (7.10), (7.12) and (7.15)
are consistent with the converse implication of Theorem 2.1.1, applied with a(t), ¢
and € as in Table 11, by this theorem and by the definition (7.16) of p(t), p(t)
the scale factor equation (2.1) holds for constants §,¢, Ay, ..., Ay and functions
Go(t),...,Gn(t) according to Table 11. That is, we have regained equation (7.40).

Now solving (7.45) for R¥¥p(t) and substituting this into (7.40), we obtain

L L P i [«ﬁ_ S (A

2v 2 (d—1) 12 4K 212

d—2 A
+( 5 ) 2dﬁ2R<d-W”) + RYY (-v op+p— —)] : (7.54)
K
Collecting terms, multiplying the equation times %, and using that by definitions

(7.13) and (7.14) of ay, ..., aq we have that R = (as---aq)",

%HR - Q%H}% _u g - 2(d — 2)F*RD/Y
_ )2
_(dilﬁl) %+(a2...ad)d<_Vo¢+p—%)]. (755)

The left-hand side of this equation is in fact equal to the left-hand side of each of the

Einstein equations (/) and (7;) for i € {2,...,d}. To see this, we use (7.48)-(7.50)

to obtain
d
3 (2Hl - Hf) —(d+ 1) HHy —2(d - 2)5(az - ag)™
=2 <k
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2. d (d—2) .
=“Hp— —H*— L —2(d—2)3*RU4-D/v .
2ty oy - D g gy (7.50
and
d 2d d
d § 2 § : § 2 d—1
=2 =2 <k
_ 2. d 2 (d_ 2) 2 p(d-1)/v
= ZHp - oy — oL 2(d - PR (7.57)

for i € {2,...,d}. By (7.56) and (7.55) equation (/1) holds, and by (7.57) and

(7.55) equation (I;) holds for i € {2,...,d}. This proves the theorem. o

7.1.1 Reduction to generalized EMP with classical term

We take p = p = 0 and choose parameter ¢ = 1/2v in Theorem 7.1.1 to find

that solving the Bianchi V Einstein equations

d
S HP+(d+1)Y  HHp —2d3(az- - ag)*™
1=2 1<k
oy 4k | y A
2 z e v = )
(d—l) 2"—(&2 CLd) O¢+I<L (758)
d .
3 (QH, - Hf) —(d+ 1)) HiH, —2(d - 2)6%az - ag)""
1=2 1<k
my 4k | ¢ J A
= _r e 1% =
a—n |7 Hlaet(Veot D
d od
—2H; - Y H} + > H - (d+1)> HH,—2(d—2)8(ay- - ag)™
1=2 (d=1) 1=2 1<k
Ly Ak $> 4 A
- (d—l) 2+(a2 ad) VOQﬁ‘l‘KJ
is equivalent to solving the classical EMP equation
d—2)L 2
Y'(r) + QY (r) = — =2 b (7.50)

T 1Py ()2 2y (7)8
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for constants 0, L > 0 and [ € R. The solutions of (Iy)’, (11),...,(ls)" in (7.58)

and of (7.59) are related by

R(t) =Y (7(t)* and (1) = Q(T) (7.60)

7(t) = OR(t) V2 = gy (r(2))*, (7.61)

for any 6 > 0. Also the constant

d

def. 2

3<I<k<d =3

where p; € R are such that a;(t) = w;e”ay(t) for some ¢; € R,i € {3,...,d}. In

the converse direction

as(t) = REVID (g - o geliattpa)iy=1/(d-1) (7.63)
and
d—1 d—2)L 4dp? 6> A
V(p(t)) = [( 3 ) <4d92(yl)2+( Y2d) — Yf ) _ 5(@’)23/2 -= o 7(1)

(7.64)

Example 42 Ford=3,0 =0 =v =1 and L = —12, (7.59) becomes Y"(T) +
Q(T)Y (1) = =3/Y(7)" — 1/Y(7)3. We take the solution Y (1) = (47% — 1)Y/* in
equation (D.3) and refer to (D.61) - (D.63) to obtain solution 7(t) = Ztcoth(2(t —
to)) of the differential equation 7(t) = Y (7(t))* = 47(t)> — 1. Therefore by (D.63)

we have

R(t) = Y(r(t))*

= csch(2(t — 1)) (7.65)
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fort >ty, and

as(t) = R(t)Y2e V3 = \/esch(2(t — to))e V>

as(t) = = \Jesch(2(t — to))eV™ (7.66)

where we have taken uz = 2v/3 so that L = —12 = —p2. Since Q(7) = 0 = ¢'(1),

vem = |2 (0 ge-gs) - 5] v

= %sinh(Q(t — t9)) (cosh?(2(t — tg)) — sinh*(2(t — to)) — 1) — %
_ _%, (7.68)

That is, we obtain a vacuum solution.

7.1.2 Another Bianchi V metric

Although it is not included as a special case of the above metric (7.1), we will
additionally consider the metric ds? = —X(t)Y(t)dt2+X(t)Y(t)dx2+X(t)2eﬁxdy2+
Y (t)%ePd2? for X (t),Y (t) > 0 with the energy-momentum tensor 7T}; = T ) to be
that of a minimally coupled scalar field ¢ with a potential V' as in (1.5). This will
show how the methodology developed in this thesis can be applied to this additional
form of the Bianchi V metric. The Einstein equations ¢“G;; = —kg“T;; + A,

multiplied by 2|geo| = 2XY, in this case are

H} + H} +4HxHy — ;62 Y k[ axyvog|
2Hy + H% + 2Hy + HZ — %62 Wk :—dﬂ +2XYV o ¢:
Hy + 3Hy + 2H} — %62 2 [-d+2xvV o)
Hy + 3Hy + 2H% — %/62 L. :—gz}? +2XYV o gb:
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where as usual Hx(t) = X (t)/X(t) and Hy(t) = Y(t)/Y (t). Forming the linear

combination 3(1y)" — (I1)" — (I2)" — (I3)" and dividing by 6, we obtain
1 . . .
2HxHy — 552 — HX — Hy = qubz. (769)

Equating the left sides of (I1), (I2) we obtain 1)+ tnHg = 0 for n(t) 4 Hx(t) —
Hy(t), R(t) "2 (X(1)Y ()" for some v # 0, and Hg(t) = R(t)/R(t). By Lemma
A1 with g = 1/v # 0 this shows that nXY is a constant function. Setting
D = %n*X?Y? and writing (7.69) in terms of R, we obtain

D 3v
R g

. 1 .
Hp — EHI% + vKg? = (7.70)

Next we apply Theorem 2.1.1 with substitutions made according to the following

table.

Table 12. Theorem 2.1.1 applied to a third Bianchi V

In Theorem | substitute In Theorem | substitute
a(t) | R(t) N |2
0| —5 e | vk
Go | —D Ao | 2/v
Gy | —(*v/2 A |0
Xo | —¢D/¢? By | 3+ qv)/qv
A | —3%vq/26% By | (qv+1)/qu
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By Theorem 2.1.1 we obtain the generalized EMP equation

_ —qD CRZ
T Y (r)Brae/er  202Y (7)) av

Y'(7) + Q(1)Y (1) (7.71)

for Y(7) = R(f(7))9, ¢ # 0 and Q(7) = qur¢'(7)* where f(7) is the inverse of 7(¢)
satisfying 7(¢) = OR(t)+Y/2 and ¢(1) = ¢(f(7)). Conversely, given a solution
Y(1) > 0,Q(7) to (7.71) one solves for 7(t) and o(t) in the equations 7(t) =
OY (7(t))@vatD/2va and 5(t) = 1/7(t)?/@+D for some § > 0. Also in the converse
direction we define ¢(t) = ¢(7(t)), R(t) = Y (7(t))/9, X(t) = R(t)"/*e<® Y (t) =
R(t)"?¢=°® for a constant ¢ such that ¢ = D#?(1+2¢) /2y and the potential

Vo(0) = |+ (a0 - o — o) — V€ o701

2
Taking v = 1,¢ = 1/2,D = 6 and § = —2, (7.71) becomes Y"(7) + Q(7)Y (1) =

—=3/Y (1)"—=1/Y (7)3. We take solution Y (1) = (7% — 1)1/4 and use (D.66)-(D.67)
to obtain the solution 7(¢) = &cosh(2(t — #y) of the differential equation 7(t) =
0Y (7(t))?. We also solve for o(t) = 1/7(t) to obtain o(t) = 55 In(tanh(t — ty)).

Therefore by (D.67) we have

R(t) = Y(7(t))* = sinh(2(t — o)) (7.73)

for t > t,, and
X(£)? = R(t)e2V27(0) = sinh(2(t — to))tanhY? VO (t — ) (7.74)
Y(t)? = R(t)e 23970 — sinh(2(t — to))tanh ™3V (t — t). (7.75)

Since Q(7) =0, ¢(t) = ¢p is constant and by (7.72), (D.67) and (D.68),
V(e(t)) = 0. (7.76)

By identifying X (¢)?, Y (¢)? and X (¢)Y (t) here with A;(¢), As(¢) and Asz(t) in [19],

we obtain the Joseph vacuum solution with the constants k1 = ko = k3 = 1.
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7.2 In terms of a Schrodinger-Type Equation

To reformulate Einstein’s field equations (ly),. .., (Iz) in (7.2) in terms of an
equation with one less non-linear term than that which is provided by the general-

d
ized EMP formulation, one can apply Corollary 2.3.2 to the difference d(Iy) —Z(I i)

i=1

(and similar to above, define V o ¢ in u—notation to be such that (1) holds). Below

is the resulting statement.

Theorem 7.2.1 Suppose you are given twice differentiable  functions
as(t),...,aq(t) > 0, a once differentiable function ¢(t), and also functions
p(t),p(t),V(x) which satisfy the FEinstein equations (ly),...,(I1g) for some
A e R,d € N\{0,1},x € R\{0}. Denote

R(t) "< (as(t) - - aa(t))” (7.77)

for some v # 0, then the functions

u(o) = R(o+ty) ¥ (7.78)

Plo) = V' (0)? (7.79)

solve the Schrodinger-type equation

47 dr(p(o) + p(o))

u'(0) +E = Plo)]u(0) =~ = Dalo] (7.80)
for
Y(o) = ¢(o +to) (7.81)
p(o) = p(o +to), plo) = plo+1o). (7.82)
and where
£ d(d4— 2) <(d i 5 ; gt — jz:l@) (7.83)
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for constants p; such that a;(t) = w;etays(t) for some w; > 0,5 € {2,...,d}.
Conversely, suppose you are given a twice differentiable function u(o) > 0, and
also functions P(c) and p(o), p(o) which solve (7.80) for some constants E < 0,k €
R\{0} and d € IN\{0, 1}. In order to construct functions which solve (1y), ..., (1),
If ¥(o) is such that
V(o) = P(o), (7.84)

constants ;i € {3,...,d} satisfy

d
E:d(d4— 2) ((d E 5 S g — 2; ,@) : (7.85)

1<k =
and
R(t) = u(t — to)~2/4. (7.86)
Then the functions
as(t) = R(E)V/ED) (g -« ogeliat+ua)t)=1/@=1) (7.87)
a;(t) = wieay(t) (7.88)
o(t) = ¢(t —to) (7.89)
p(t) = p(t —to), p(t) = p(t — to) (7.90)
and
V(e(t))

_ [(d;’%l) <é(ul)2 + u2§ _ dﬂ2u2/d) — %(w’)%ﬂ —p— % o(t—ty) (7.91)

satisfy the equations (1y), ..., (1q) for any w; > 0,2 <i <d.

Proof. This proof will implement Corollary 2.3.2 with constants and functions as

indicated in the following table.
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Table 13. Corollary 2.3.2 applied to conformal Bianchi V

In Corollary | substitute In Corollary | substitute
a(t) | R(t) N |2
0| —d/2v e | 2uk/(d—1)
G(t) | constant 2vE/d A0
Gr(t) | 225 (p(t) + p(1)) Ay | —dyw
Go(t) | constant —2v3? Ay | =(d=1)/v
Fi(o) (Jlfﬁl)(p(a)‘l‘P(U)) Gy |1
Fy(o) | constant d3? Coy | (d—2)/d

Much of this proof will rely on computations that are exactly the same as those
seen in the proof of Theorem 7.1.1 (the generalized EMP formulation of conformally
Bianchi V). Therefore we will restate the relevant results here, but point the reader
to the details in the proof of Theorem 7.1.1.

To prove the forward implication, we assume to be given functions which solve
the Einstein field equations (Iy), ..., (/4). Since the right-hand sides of Einstein
equation (I;) are all the same for i € {1, ..., d}, we begin by equating the left-hand
side of (I2) with the left-hand side of any (/;) for j € {2,...,d} since it will give
us a simplifying relation among the scale factors as(t), ..., aq(t). Exactly this was

done in (7.18)-(7.22) so that again we obtain
and
Q5 (t) = wje“jtag(t) (793)

for w; > 0,4, € R,7 € {2,...,d}, and py = 0,wy = 1. Following the arguments
d

given in (7.23)-(7.40), we form the linear combination d(/y) — Z([’) and write
i=1
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everything in terms of R = (ay---aq)” as defined in (7.77) to obtain

: d o 2v 2 p(d-1)/v _ —2UK [ d/v
Hp 2VHR dE+2u6R SRSy ¢"+ R (p+p)| . (7.94)

Since

v S -y = M- Tp oy ) (99)

: d
1<k j=
and
def. R
Hp = — 7.96
R R7 ( )
we again have that
Hye — 1yt i | (7.97)
=D @-n &l '
) 1 .
Hy, = Hpg. .
T ud-1) " (7.98)

This shows that R(t), ¢(t), p(t) and p(t) satisfy the hypothesis of Corollary 2.3.2, ap-
plied with constants €,e, N, A, A; ..., Ay and functions a(t), G(t), G1(t),...,Gn(t)
according to Table 13. Since u(o), P(o) and ¢(c) defined in (7.78)-(7.79) and (7.81)
are equivalent to that in the forward implication of Corollary 2.3.1, by this corollary
and by definition (7.82) of p(¢), p(0), the Schrodinger-type equation (2.130) holds
for constants C1,...,Cy and functions Fi(o),..., Fy(o) as indicated in Table 13.
This proves the forward implication.

To prove the converse implication, we assume to be given functions which solve
the Schrédinger-type equation (7.80) and we will show that equations (1), ..., (1)
are satisfied. To show that (Ij) is satisfied, we differentiate the definition of R(t)

in (7.86) to obtain

. 2
R(t) = —%u(t — o)L (t — 1), (7.99)
Dividing by R(t),
def. R v/ (t — to)
Hy o VU T ) 1
TR d u(t—to) (7.100)



Differentiating the definition (7.89) of ¢(t)

B(t) = ' (t — o). (7.101)

Using (7.100) and (7.101), and also the definitions (7.86) and (7.90) of R(t) and
p(t) respectively, the definition (5.70) of V o ¢ can be written as

J— '2
1 [(d-1) ( d H2 4 2E 2dﬁ2R(d_1)/V) _ ¢_] —p— % (7.102)

Rd/v

Vog= A \ 22 d 2

The quantity in parenthesis here is in fact equal to the left-hand-side of equation
(Ip). To see this, note that the definitions of ay(t), a;(t) in (7.87), (7.88) and also

Hp ™ R/R are the same as those in Theorem 7.1.1. Therefore we may follow the

arguments given in (7.24)-(7.38) to see that the identities

—2) 2
e & e —— 1
> HH, = “HR P (7.103)
i<k
d
ZHl_lHR
1%
=2
and
d
1 4
H}= ———H)———F 104
21 = G- i (7.104)

hold in the converse direction (since (7.11) in Theorem 7.1.1 and (7.85) here show
that L = 4F/d(d — 2)). This shows that the left-hand side of (/) is equal to

Z Hl2 + (d+ 1) Z HlHk — 2dﬁ2(a2 .. -ad)d_l

=2 <k

E 2 (d-1)/v 1

and therefore (7.102) can be written as V o ¢ =

12

l<k

1
Rd/v
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which shows that (/y) holds in the converse direction.

To conclude the proof we must also show that the equations (1), ..., (1) hold.
In the converse direction the hypothesis of the converse of Corollary 2.3.2 holds,
applied with constants N, C1,...,Cy and functions Fi(o),..., Fy(o) as indicated
in Table 13. Since (o), R(t) and ¢(t) defined in (7.84), (7.86) and (7.89) are
consistent with the converse implication of Corollary 2.3.2, applied with a(t) and
d,¢ as in Table 13, by this corollary and by the definition (7.90) of p(t),p(t) the
scale factor equation (2.125) holds for constants d,e, A, Ay, ..., Ay and functions
G(t),Gy(t),...,Gn(t) according to Table 13. That is, we have regained (7.94).

Now solving (7.102) for R¥¥p(t) and substituting this into (7.94), we obtain

. d 2v —uk | ¢? A
Ho — _H2 - 2°F 2 2 p(d-1)/v — v d/v [ 0
1= gy e = B 2w R -1 |z " Veotr =1
d=1)(d , 2 2 p(d—1)/v
+ in 21/2HR+ dE 2dp3*R . (7.107)
Simplifying and multiplying by 2/v,
2 d o 2 2 p(d—1)/v
;HR — ﬁHR_ EE—Q(d— 2)3°R
@1 7+R —Voqﬁ—l—p—g . (7.108)

As noted above, the computations (7.30)-(7.38) from Theorem 7.1.1 still hold in
this theorem, in the converse direction. Therefore by (7.103)-(7.104) the left-hand

side of (17) is equal to

d
Z <2Hl — Hl2> — (d—|— 1) ZHlHk — 2(d — 2)ﬁ2(a2 N -ad)d_l

=2 i<k
2 . d 2
=“Hrp— —H%—~F—2(d—2)5*R\V/Y 1
JHr =5 3 He = 5 (d—2)3°R (7.109)
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and the left-hand side of (I;) is equal to

d d
. 2d .
—2H,—Y " H}+ > H—(d+1)Y  HH—2(d—2)3(az - - - ag)*™"
1=2 (d—1) 1=2 1<k
2. d o 2 2 p(d—1)/v
= “Hp— 55 Hy — 55— 2(d - 2)5°R (7.110)

fori € {2,...,d}. By (7.108), (7.109) and (7.110), (I;) hold in the converse direction

for i € {1,...,d}. This proves the theorem. o

184



APPENDIX A

A SHORT LEMMA

Lemma A.1 For any differentiable function f(t), any positive differentiable func-

tion R(t), and constant p € R,
f)R(t)* is a constant (A.1)

if and only if

F() + nf (D H(E) = 0 (A.2)

de

~

R

—

t)

where H(t) Ok

=

Proof. f(t)R(t)" is a constant function if and only if

= (FOR") =0, (A.3)

Or equivalently,
FRRE" + pf ()R R(E) =0, (A4)

Since R(t) is positive, (A.4) holds if and only if the same equation divided by R(t)"

holds. That is,

f@)+uf()H(t) = 0. (A.5)
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APPENDIX B

THE EINSTEIN TENSOR IN d + 1 DIMENSIONS

In this thesis we consider a number of different metrics on pseudo-Riemannian
spacetime manifolds of arbitrary dimension. For a fixed dimension, one can use
a computer program, like Mathematica or Maple, to compute the Einstein tensor
Gij ael Ri; — %Rgij in terms of the Ricci tensor R;; and the scalar curvature R.
However on a space of arbitrary dimension, the use of computer programs involves
a bit of guesswork (to the best of the author’s knowledge) since one must choose a
few fixed dimensions in which to compute G;;, then deduce a more general form for
G; for arbitrary dimension, and in all cases computing power will limit the ability
to check one’s formula for very high dimension.

We will show a by-hand method for computing G;; on a manifold of arbitrary
dimension, which is manageable to apply at least when the metric is diagonal with
coefficient functions that depend only on a few of the coordinate variables. As an

example, we will use the conformal Bianchi V metric
ds® = —(ag -+~ aq)%dt* + (ag - - - aq)dz? + ad'e* ™ das + - - -+ at e dad (B.1)

for a; = a;(t), 3 # 0, and 7,5 € {0,1,...,d}, as in Chapter 7.

We will compute the Ricci tensor in three pieces, each computed directly from
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Christoffel symbols of the second kind F”, by
1 2 3
Rij = Rz(j) + jo) - Rz(j) (B~2)
for
o &
(1) def k k
Rzy - Z (Fk] i Fz] k) ’ (B 3)
k=0
wes d d
(2) dej n Tm
Rzy - Z Z Pimrny (B 4)
m=0 n=0
and
s d d
(3) def. mn
Ry =) ) T, (B.5)
m=0 n=0

where ;7 denotes differentiation a - with respect to x;. Ffj are given in terms of the
metric components by

def. 1 s
Fk - Zg F 982] gms ‘l'g]s z) . (B6)
s=0

We will first form matrices of Christoffel symbols and their derivatives. Since

the metric (B.1) is diagonal, the sum in (B.6) reduces to

k. el 1

29 (i — Gijk + Giks) (B.7)

which is only nonzero if at least two of i, j, k are equal. Since the metric is sym-
metric, if £ = then

Fﬁj = F?k = %gkkgkk,j (B.8)
and if ¢+ = j then

1
FZ’ = §gkk(2gki,i — Giik)- (B.9)

We denote by [Fm the matrix with rows indexed by ¢, columns indexed by 7, and
k fixed, and we use (B.9) to compute the diagonal entries and (B.8) to compute

the nonzero non-diagonal entries of this matrix to obtain
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M=
=

1=2 .
1
. 2(az-aq)? T Z H,
_ 1=
) - 2
Ay
Aqg
ef. — ad71 e<PT .
forA,-d:f %, <1 <d,
d
oy
1=2
d
o o
5] = =
By
By
for B; %t —6“217162611 2<¢<d, and
¢ (az--aq) ’
0 0 e @Hk in £ column
0 0 e 3 in k™ column

d—1 . .
(2—)[-[ p in k" row [ in k" row

for each k € {2,...,d}.
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Taking derivatives of the Christoffel symbols in (B.10), (B.11) and (B.12) with

respect to xg =t (denoted by dot), we get

[F?j,O] — =2 =2

Cy

Cy
(B.13)
d
for ;L 4, = e ((d— 1)H,-2+Hi—dHZ-ZHl> 2<i<d,
=2
d .
S
=2
d .
DI
Chol = = (B.14)

D,

Dy
def. . —ﬁadileQle d .
for D; 2 By = Fp—— | (d—1)H;— > _H|,2<i<dandfor2<k<d,
1=2
0 o --- @Hkink‘thcolumn -+ 0
0 0 .- 0 e 0
[Ti0] = | | . (B.15)
5,0 .

@Hk in k" row 0

0 0
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Taking derivatives of the Christoffel symbols in (B.10), (B.11) and (B.12) with

respect to xq,

(T3] = By (B.16)

Eq
for B, " 04, = BNl e o g
7 89:1 ) (a2'“ad)d 9 9
0
0
[T5.] = jol (B.17)
Fy

?*162ﬁzl

,2 <1 <d, and also

(az-aq)

ot

ij,1

]=o. (B.18)

for each k € {2,...,d}.
To form the first sum in RS) we note that the metric, and therefore the Christof-

fel symbols, depend only on zy,x; and we use the matrices (B.13) and (B.17) to

d d d
obtain [Z Tf]k] = [Z F?j,O + Z ng,l] -
k=0 k=0 k=0
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(B.19)

Ja

d
ef. af.ii e4PT — — . — _
for J; L G4 Fy = S <(d o H2 4 Dy — AN H = 28%(as - ag)” 1)

(a2--aq)? 2
1=2
for 2 <i < d. To form the second sum in Rg), again since the Christoffel symbols
depend only on the variables xg, x1, all nonzero entries of the resulting matrix are

contained in the rows indexed by i = 0, 1. Therefore

_—
d
> Thio
k=0
_
d
d k
7.

[Zr’g%i] _ kz:% A (B.20)
k=0

—

0

—

0

d

For a fixed column j, ZFZN = ng,o +- 4 ij is the sum of the ¢ = 0 entry
k=0

of the j* column of (B.13), the i = 1 entry of the j* column of (B.14), the i = 2

entry of the j column of (B.15) with k& = 2, and so on until finally the i = d entry

of the j column of (B.15) with k = d. A similar methodology of summing entries
_—

d
of (B.16), (B.17) and (B.18) will give the column entries of the row vector Z FZM.

k=0
Therefore (B.20) becomes

191



dZHl

=2

d
gl
k=0

0

Subtracting (B.19) from (B.21), we obtain R =4 [Rfjl)] =

2
Hl>

d

S

=2

d
o= ZHl—(d—U(

=2

Ny

||M&
[\

—Jy

Next we define matrices

Yy = [‘Y(j)} del pm

mk ik

(B.21)

(B.22)

—Jy

(B.23)

indexed by 7 € {0,1,...,d}, which will help to compute the double sums Rg) and

RS’) in (B.4) and (B.5). For example, the matrix y(®) has rows that are equal to

the i = 0 rows of the matrices (B.10), (B.11) and (B.12) of Christoffel symbols, the

matrix y!) has rows that are equal to the i = 1 rows of the matrices (B.10), (B.11)
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and (B.12), etc. Therefore we obtain

d
S

=2

NI

Y(O) - (d—1)
5 >
d
1
0 2(az--ag)? T Z Hi
1=2
d
DSUT
and
0 0
0 0
v = .
(2;)Hj in the 5% row (3 in the j* row

for each 2 < j < d.
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Since T'}; = T'%, the double sum R( in (B.4) is

Jjis

d d d d
= > TR T =) Y T = Z Z Y0 A9 = T (y Dy )

m=0 n=0 m=0 n=0 m=0 n=0
(B.27)
That is, R? ael [R@} =
. d 2 L d
(d Il) (Z Hz) + (d—41) Zle ﬁ(d2—1) ZH’
=2 1=2 =2
d d 2
(d—1) ZH 50 id)d . (Z Hz) + 52(0[ - 1)
=2 =2
K,
K,
(B.28)
- —1 2ﬁ1‘1 (d 1 2 d—1 .
for K; = (d — 1) H;A; + 268, = 7 ( — 28%(ag - - - ag) ),2§z§d.

Again since T'}; = I'%;, the double sum R in (B.5) is

Jjir

d d d d d d d
R =33 s, = 33, = 3 S i = 3y Ty,

m=0 n=0 m=0 n=0 m=0 n=0 m=0
(B.29)

That is, the j column of the matrix R® % [R@] is equal to (Y(j))T -y or

)

equivalently v - v where v is the column vector

d
Tr y© d) H
W -
a1 Bld—1)
Y= Try® | = 0 (B.30)
Tr y@ 0
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and 7 denotes transposition. Therefore R®) =

d 2 d
2 Bd—1
1=2 =2
d d 2
ﬁ(d 1) Z S (Z Hz)
1=2 1=2 (B.31)
Ly
Lq
for
d
e (gd—1) &
a; e
: H;Y Hy—*(d—1)(ag---ag)™ '] .
(az---aq)? ( 2 lZ:; 1= Ad =1z ---aq)
(B.32)
By (B.22), (B.28) and (B.31), the coefficients of the Ricci tensor (B.2) are
[Rij] — RW + R® _ RpG) —
M
N
P, (B.33)
Fy
for
d d
def. d - (1= d2 )
M < 5ZHl > H (B.34)
=2 2<l<k<d 1=2
def 1 d
NE N H+5d-1 B.35
2(a2...ad)d—1z_: 1+ 0% ) ( )
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and

d—1 e2Bx1
PY i K —Li=21 ’ (—(d_1)Hi+62(d—1)(a2---ad)d_1),
(ag---aq)? 2
(B.36)
d 2 d
2 < i < d, and where we have used that (Z ) ZHZ + 2 Z H,H,.
2 1=2 2<i<k<d
d d d

&,,

The scalar curvature is defined as R ael Z ael Z le therefore for
0

our example,

d
~1 1 P,
R = M N ’
(CLQ . a’d)d + (a2 ad) + ZZ:; ag_1626501
1 d=1) K, O
e G SR SRR oY)
1=2 1=2 2<l<k<d

+4%d(d — 1) (ay - - -ad)d_l)

(B.37)

Finally, the nonzero coefficients of the Einstein tensor G;; = R;; — %Rgij are

(Z HP + (d+ 1))  HHy — 2d3*(ay ad)d_l) (B.38)

<k

(;M)::

Gy = 70

A(az—ag) 1"

(Z(Hﬁ —2H) + (d+1) Y HHy +2(d — 2)3*(az - - -ad)d_1>

=2 I<k

—(d—1)af 2071

and G =

4(az--aq)?

<2Hi + lz:; (Hﬁ — %H,) +(d+1))  HHy+2(d—2)3*(az - -ad)d—l)

I<k

for 2 <, 0,k <d.
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APPENDIX C

THE NON-POSITIVITY OF 3,_, cicx

For the Bianchi I and Bianchi V models considered in Chapters 4 and 6, we

make use of the quantity

Yy de:f. Z CiCk (Cl)

1<i<k<d
for arbitrary constants ¢q,...,cqs € R and d € IN such that
¢+ +ceg=0. (C.2)
We will show that y is non-positive for all values of ¢y, ..., cq, d.

By (C.2), we obtain

Z cc, + chcl

1<l<k<d-1
-1\ 2
= E CiC — E C]
1<l<k<d-1 =1
g ciCr — E cl -2 E CiCL.
1<l<k<d-1 1<i<k<d-1
_ 2 (C 3)
= & CiCr .
=1 1<I<k<d—1

so that by the following Lemma, y < 0.
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Lemma C.1 The sum

M
ZMN = Z +— chck (C.4)

1<l<k<M

s non-negative for all M, N € N and cy,...,cp € R.

Proof. We will prove this Lemma by induction on M. We begin with M = 1, for
which z; v = 2 >0forall ¢c; € R and for all N € N. For M = 2, we complete the

square to obtain

Co + N) + <T) Cy. (C5)
Therefore zo y > 0 for all N > 1. By induction on M, we assume that

M—
2
ZM_1N = Z c? + I Z ciep > 0 for all N, (C.6)
=1

1<i<k<M-1

and we consider zy; n. If N =1, then

ch +220le

1<l<k<M

It N=2,
Zpe = ch + chck (C.8)
1<I<k<M

Now, consider the quantity

¢ c c 2 e i

1 2 M—1 _ 1, 2
(GH5 4o o) =X g2 (5)+2 3 (5)(5)

=1 1= 1<I<k<M-— 1

(C.9)



One can double check that (C.9) contains the correct number of terms by noting
that
(M —2)(M —1)

2
=M+2M —2+ M?> —3M +2

(M—-1)+14+2(M—-1)+2

= M? (C.10)

The last term in (C.10) is due to the fact that the sum Z contains (M —
1<I<k<M-1

2)(M —1)/2 terms. One can see this by

M—1k—1
> 1 =221
I<i<k<M-1 k=2 =1
M—1
= (k—1)
k=2
M—2

Il
~.

= C.11
. ©11)
Simplifying (C.9) we obtain
C1 Co Cpv—1 2 = 02 = 1
— _ ] 2
<5+5++ 2 _I_CM) —ZZ—I—CM+CMZCZ+§ Z CiCr (012)
=1 =1 1<i<k<M-1
so that we may write (C.8) as
L G CM—1 2 3¢ 5 1
ZM2 = <§+§++ 9 —|—CM) +EZCZ+§ chck
I=1 1<i<k<M-1
M-1
o C1 (6)) Chn—1 2 3 2 2
= <§+§+"'+ 5 —|—CM) +1< Cl—|—§ ZCle .
=1 1<i<k<M—1
(C.13)

By the inductive assumption on M in (C.6), the second quantity in parenthesis

on the right-hand side of (C.13) is non-negative. Therefore z;;2 is non-negative.
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Finally, to rewrite

M
2
N = Z Cl2 + N Z CiCr (014)
=1

1<i<k<M

for general N we consider the quantity

(e S een)’ = X v 3 (5)2 3 (3)(5):

1<i<k<M-1
(C.15)

As in (C.10), one can double check that the right-hand side of (C.15) contains M?

terms. Simplifying (C.15) we obtain

_ M—
Ch—1 2_ 1 2 2 2 2
<N+N+ -+ N +CM> —mlél Cl—|—CM—|—NCM 1221 Cz—i-m E CiC,

1<i<k<M-1
(C.16)
so that we may write (C.14) as zy v =
M-1
c1 CM-—1 2 (N?—1) 1 1
<N+N+ N >+T 012+2 N—m chCk
I=1 1<i<k<M-1
M-1
A1 2 (N2 -1) ( , 2
_ ( L2 >+72 q+ chck -
NN N N =1 (N+1) 1<i<k<M-1
(C.17)

By the inductive assumption on M in (C.6), the second quantity in parenthesis on

the right-hand side of (C.17) is non-negative. This proves the Lemma.
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APPENDIX D

EXACT SOLUTIONS TO EMP EQUATIONS

Below in Table 14, we list some exact solutions of the generalized EMP equation

with one non-linear term

V() + QY () = (D.1)
for constants A\, By. In Table 14, ag, by, cg, dy, Qo € R are constants.
In special cases when the EMP reduces to a classical EMP equation
Y1)+ Q(r)Y (1) = %, (D.2)

for A € R, exact solutions to the classical EMP can be obtained by a superpo-

sition principle: if Y7(7) and Y3(7) are two linearly independent solutions of the

homogeneous equation Y (7) + Q(7)Y (7) = 0, then their Wronskian W (Y7, Ys) il

Y1 Y/
" " |5 constant and Y(7) = (AY2(r) + BY2(7) + 20Y1(7)Ya(r)) "/ is a solu-

tion to (D.2) where A, B, C' € R are constants that satisfy AB—C? = \/W (Y1, Y5)%
Some of the entries in Table 14 are obtained from this superposition principle.

We also record solution
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to the generalized EMP with two non-linear terms

)\1 - —1/92 + )\2 - —3/92

" o
Y1)+ Q(1)Y () = Y (7)B1=3 Y (7)B2=7 (D.4)
for () = 0 and constant 6 > 0.
Table 14. Exact Solutions of EMP
Y(r) | Q1) M B
1 cos(v/QoT) | Qo >0 0 n/a
2 sin(v/Qot) | Qo >0 0 n/a
3| (aocos?(v/Qot) + bosin?(v/QoT)
+2cc0s(v/QoT)sin(v QOT))1/2 Qo >0 Qolaoby — ¢f) 3
4 aoT M 0 n/a
5 (ag?® + byr2(1=%) + 2¢y7) 12 L(Zdo) (1 —2dg)*(apbp — ) | 3
6 T % A By
2.2 1 p2\1/2 | MiFadbl
7 (GOT + bO) (agTQ:I:b(2)>2 )\1 3

In order to map an exact solution Y (7) of a generalized or classical EMP equa-
tion to an exact solution of Einstein’s equations via the correspondences in this

thesis, one must first solve for 7(¢) in the differential equation
(1) = Y(7(1)" (D.5)

for some constant ry # 0 that is dependent on the cosmological model. For the

EMP reformulations of Bianchi I and Bianchi V one must then solve for o(¢) in

o(t) = - (D.6)

for some constant sy # 0. Also, in each cosmological model, in order to find the

scale factor ¢(t), one must first integrate some constant multiple of the square root
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of the function Q(7) (and then compose the result with 7(¢)). That is, to find ¢(t)

one must first compute
() = / VaoQ(r)dr (D.7)
for some constant «g. Therefore for each solution in Table 14, we now record some

solutions to (D.5), (D.6) and (D.7).

For Y (7) from line 1 in Table 14, equation (D.5) for ro =1 is

7(t) = cos (@7‘@)) (D.8)
which has solution
(1) = \/iQ_OArctan (tanh (VzQ_O(t - to))) (D.9)

for ty € R. One can check this by noting that

| 1 sech? (@(t B tO))
() = Y(r(t) = 1 + tanh? (@(f - t0>)

— sech (\/Qo(t . to)) . (D.10)
Also, we record that

Y'(7(t)) = —+/Qosin <2Arctan (tanh (‘/262_0(15 - m)))

—2/Qotanh (@(t - t0)>
1+ tanh? (@(t - to))

= —\/Qutanh (\/@(t - t0)> (D.11)
since sin(2Arctan(zx)) = 2cos(Arctan(x))sin(Arctan(z)) = 1_%;2.

For Y (7) from line 2 in Table 14, equation (D.5) for ro =1 is

#(t) = sin (\/@T(t)) (D.12)
which has solution
T(t) = \/Z_OArctcm (em(t_t‘))) (D.13)
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for tg € R. One can check this by noting that
2eVQo(t—to)
. . 1 - B
H1) = V() = gy = sech (VQolt —t0))

Also, we record that

Y'(r(t)) = /Qocos <2Arctan (€@(t_t0)>>
Vs (1 )

(1 + 62@@—%))

N (e—ma—to) _ e\/@@ﬂ‘«)))
(6—\/@(t—to) + e\/@(t—to))

= —\/@tanh (\/@(t — tO))

since cos(2Arctan(z)) = cos?(Arctan(z)) — sin?(Arctan(z)) = =%

For Q(7) = Qo > 0 from lines 1-3, (D.7) becomes

o(1) = / VapQodt = v/ Qo + o

for integration constant G, € R.

Composing (D.16) with 7(¢) in (D.9),

2

o(t) & (7 (1)) = 2y/agArctan (tanh (@(t - to))) + Bo.

Composing (D.16) with 7(¢) in (D.13),
o(t) = o(7(t)) = 2y/agArctan (e@(t_t‘))) + 5.
For Y(7) from line 4 in Table 14, equation (D.5) is
7(t) = (aor()™)"

which has solution

(1) = (1= rodo)a (1 — 1)) 0%
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for ty € R and ¢ # 1/dy. One can check this by noting that

rodo
7(t) =Y (7(t)) = ag’ ((1 — rodo)ag (t — tp)) oo . (D.21)
Also, we record that
Y'(7(t)) = doagr(t)®!
dp—1
= doao (1 — rodo)al’ (t — to))T=70% . (D.22)

For Y(7) from line 4 in Table 14, equation (D.5) for ro = 1/dy is
7(t) = 7(t) (D.23)

which has solution

7(t) = age’™™ (D.24)

for ag,ty € R. One can check this by noting that
7(t) = Y(r(t))o=V = ggelto. (D.25)
Also, we record that

Y'(r(t) = dyr(t)e!

= dyaldo~teldo—Dit=to), (D.26)

For Y (7) from line 5 in Table 14 with by = dy = 0, equation (D.5) for ro =1 is

7(t) = (ap + 2COT(t))1/2 (D.27)
which has solution
1
T(t) = = (co(t — to)2 — @) (D.28)
2 Co

for ¢g > 0 and ¢y € R. One can check this by noting that
7(t) =Y (7(t)) = ot — to). (D.29)
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Also, we record that

c
) = G
1

- (D.30)

for t > tg and ¢y > 0. Equation (D.6) for sp = 1 then becomes
o) = —— (D.31)

co(t — to)
Integrating, we obtain

o(t) = C—loln(co(t —ty)). (D.32)

For Y (7) from line 5 in Table 14 with by > 0 and dy = 0, equation (D.5) for

ro = 1is
7(t) = (ag + bo7(t)? + 2¢o7 (1)) /> (D.33)
which has solution
1
()= (b eVBolt=to) _ gy o=Vholt—to) _ 4\/%%) (D.34)

0

for tg € R and A = agby — 2. One can check this by noting that

1 A
(1) =Y (r(t)) = 1eWHo) + b—oe—mt—m). (D.35)

Also, we record that

boT(t) + Co
Y(r(t)

—
<b eVbol(t=to) _ g)e=Vbo(t— to))
- Vi

boeVbo(i=to) 4 4)e=Vholi—to)) ”

Y'(r(t)) =

(D.36)
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For so =1, (D.6) shows that
Vo (t—to)
ot) = (b_)?) / 6bo o) Ot
(1 — Sge2violt=to))
Vbo 1
A bo ,,2 du

(1 iy ) u=eVb0(t—t0)

—4\ b [ b
— - <Q) Arccoth ( TL\U)

= —2 Arccoth( bo e\/%(t_to))

u:e\/%(tfto)

NSy — 4\

for A < 0.

(D.37)

For Y (7) from line 5 in Table 14 with ay = by = 0 and ¢q = 1/2, the equation

7(t) = 0Y (7(t)) is

7(t) = 0+/7(t)
which has solution
92
(t) = %t — to)?

fort >ty € R and # > 0. One can check this by calculating

7(t) =0Y(7(t)) = 5(1& —tp).

Also, we record that
1 1

Y'(r(t)) = WO

For Q(7) from lines 4-5 in Table 14, (D.7) becomes

(1) = / v ozod07(—1 — dO)dT = v apdo(1 — do) In(7) + By

for 7 > 0, 0 < dy <1 and integration constant Gy € R.
Composing (D.42) with 7(¢) in (D.20),

Oé()do(l — do)
(1 — ’r’odo)

def.

= ¢(r(t) =

¢(t) I [((1 = rodo)(t — t0))] + fo
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for rog < dop and t > t,.

Composing (D.42) with 7(¢) in (D.39),
6(t) " p(r(t)) = 2/aodo(1 = do) In(t — to) + i (D.44)

for ¢ > t;.

For Y (7) from line 6 in Table 14, we solve for 7(¢) in the equation
7(t) = 0Y (7(t)) = 07(t) (D.45)

which has solution

T(t) = ageltt—to) (D.46)

for ag,tp € R and 6 > 0. For Q(7) from line 6 in Table 14, (D.7) becomes

Vaok 2vaph
/ G = T By (D-47)
for By € R. Composing (D.47) with 7(¢) in (D.46),
ef. 24/
o(t) ael o(r(t)) = QAL (512 f(=B)(t=t0)/2 4 3 (D.48)

————ay
(1-B) "

For Y(7) from line 7 in Table 14 with the plus sign and ag, by > 0, equation
(D.5) for g = 11is

#t) = (a2r(t)? +12) " (D.49)
which has solution
7(t) = Z—O sinh(ag(t — to)) (D.50)
0

for ty € R. One can check this by computing
7(t) = Y (7(t)) = by cosh(ag(t — to)). (D.51)

Also, we record that

Y'(7(t)) = ag tanh(ag(t — to)). (D.52)
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For Q(7) from line 7 in Table 14 with the plus sign, (D.7) becomes

dr Oé(]()\l - agb%) Qo
o(7) = y/ag( A\ — a2b?) / . = o~ Arctan b—OT + Gy

(D.53)

for 7 > —by/ay and assuming ag, by, (\; —a2b?) > 0 and 3y € R. Composing (D.53)
with 7(¢) in (D.50),

Oé()()\l — a%bg)

Arctan (sinh(ag(t — to))) + Bo- (D.54)
CLQbQ

For Y (7) from line 7 in Table 14 with the minus sign and ag, by > 0, equation

(D.5) for rg =11is

#(t) = (a2r(t)> — 03)"* (D.55)
which has solution
b
() = a—(; cosh(ag(t — to)) (D.56)

for ty € R. One can check this by computing
7(t) = Y (7(t)) = bo sinh(ag(t — to)). (D.57)

Also, we record that

Y'(7(t)) = ag coth(ag(t — to)) (D.58)

for t > to.-

For Q(7) from line 7 in Table 14 with the minus sign, (D.7) becomes

d A 2p2
o(1) = \/ag(A\ + a%bg)/ 5 2T s = — Q0(A1 + a5 O)Arctanh (ET) + By

aobo 0
(D.59)

for 7 > by/ag and assuming ag, by, (A1 + a2b3) > 0 and By € R. Composing (D.59)
with 7(¢) in (D.56),

Oéo()\l + agbg)
apbo

Arctanh (cosh(ag(t —t9))) + Bo.  (D.60)

209



For Y(7) in (D.3) with 6 = 1, equation (D.5) for rqg =4 is

which has solution
() = _71coth(2(t )
for tg € R. One can check this by noting that
F(t) = Y(7(t)* = esch®(2(t — ty))

by the identity coth?(x) — 1 = csch?(z). Also, we record that

27(t)
(47(t)2 — 1)3/4
—coth(2(t — ty))
csch3/2(2(t — tg))

Y'(7(t))

= —cosh(2(t — to))\/sinh(2(t — o))

for t > to.-

For Y (7) in (D.3), we solve for 7(¢) in the equation
#(t) = 0Y (r(1))? = 0 (4r(t)* — 1)"/°
which has solution
T(t) = gcosh@(t —tp))
for ty € R. One can check this by noting that
F(t) = 0Y (7(t))* = Osinh(2(t — 1))

by the identity cosh?(x) — 1 = sinh?(x). Also, we record that
27(t)
( (t)2 )3/4
cosh(2(t — t))
Osinh3/2(2(t — ty))
coth(2(t — to))
0+/sinh(2(t — to))

Y'(7(t)) =

for ¢ > t;.
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APPENDIX E

EXACT SOLUTIONS TO NLS EQUATIONS

In the table below, we list some exact solutions of the NLS

u'(0) + [E = P(o)]u(o) =

Fy

u(o)e

(E.1)

for constants E, F;, (. Note that in Table 15, ag, by, co, dy € R are constants, and

any one solution u(o) may solve (E.1) for a few distinct sets of P(o), E, Fy, C.

Table 15. Exact Solutions of NLS

u(o) | P(o) E F 4

1 apo? + boo + ¢y | (2a0 + do)/(ago? + boo + o) | 0 —dy 0
2 ag cos*(byo) | 2b3tan?(byo) 203 0 n/a

4bttan?(byo) 0 —2b2ay | 0
3 agtanh(byo) | co co+ 263 | 203 /a3 | —3
4 | age=V=7 — pyeV=7 | ) co <0 0 n/a
5 (ag/0)e? /2 | 2o®+2/0? + by co + bo n/a
6 —ag cosh?(byo) | 2b% tanh(byo)? + o co— 203 | 0 n/a
7 ap/ o™ W + ¢ o 0 n/a
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In order to map an exact solution u(o) of a non-linear (or linear) Schrédinger-
type equation to an exact solution of Einstein’s equations via the correspondences

in this thesis, one may first need to solve for o(t) in the differential equation
a(t) = -u(o(t)) (E.2)

for > 0. Also the scalar field ¢(t) is obtained by integrating a constant multiple
of the square root of P(o) (and then composing the result with o(t) or o(f,(7(t)))

). That is, to find ¢(t) one must first compute

Y(o) :/\/aoP(a)da (E.3)

for some constant ag. Therefore for each solution in Table 15, we now record some
solutions to (E.2) and (E.3).

For u(c) from line 1 in Table 15 with ap = 0, equation (E.2) with § = 1 is
o(t) = boo(t) + co (E.4)

which has solution

£) = eholt—to) _ <0 E5
(t) = e - (£5)

for by # 0 and ¢ty € R. One can check this by computing that
a(t) = u(o(t)) = bye =10, (E.6)

Also, we note that
u'(a(t)) = bo. (E.7)
For u(o) from line 1 in Table 15, equation (E.2) with 6 =1 is

o(t) = ago(t)® + boo(t) + co (E.8)

which has solution

o(t)

<\/ﬁ tan {\/;—A(t - to)} — bo) (E.9)

1
_2a0
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for tp € R, ap > 0 and discriminant A = b2 — 4agcy < 0. One can check this by

computing that

o(t) =u(o(t)) = sec? [ 5 (t — to)] . (E.10)

Also, we record that

u'(o(t)) = V=A tan lm(t - to)] : (E.11)

For P(o) from line 1 in Table 15 with ay > 0, (E.3) becomes
(7)) 2@0 + do
= d
w(g) / \/CL(]O'2 + boO' + ¢ 7

b b
2<a+—0+\/ —l——oa—i—C—O)
2ay Qo Qo

for A = b2 — 4agco < 0 and integration constant 3, € R.
0 g

= @(2% + do) In
Qo

Composing (E.12) with (E.9),

o) L o) = /22240 + dy) In {aio (m tan{\/;—A(t—to)]

Qo

+VCZK&M[V[:E(t—t@})}%—@y (E.13)

For u(o) from line 2 in Table 15, equation (E.2) is

(1) = % cos?(boo(t)) (E.14)
which has solution
o(t) = blArcmn <b°9“° (t — to)) (E.15)
0

for tg € R. One can check this by noting that

1 . aOH
T2+ adb3(t—to)?

(E.16)
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For the record, we also

u'(o(t))

since sin(2Arctan(x)) = 2cos(Arctan(x))sin(Arctan(z)) =

compute

= —agbp sin(2byo(t))

= —agpbysin <2Arctcm <b(1%(t — to)))

—2b2a(t — to)0

62 + adb3(t — to)?

2x
1+x2°

For P(o) from line 2 in Table 15, (E.3) becomes

(o) =

\/070/ 203 tan?(boo)do
\/070/\/560 tan(byo)do
V2aq In [sec(byo)] + Bo

for by, o > 0 and integration constant 3, € R.

Composing (E.18) with

ot) =

(E.15),

¥(o(t))
V2aq In [sec (Arctan(byao(t — to)))] + Bo

V200 In {\/bga%(t —t0)? + 1] + 5o

= ﬁ/@ln
2

b2a?
{%(t —t0)* + 1} + Bo.

since sec(Arctan(x)) = 1/cos(Arctan(z)) = 1 + x2

For P(0) = 4b3 tan?(byo) for solution 2 in the table, (E.3) becomes

P(o) = \/CTOQbO/tan(boa)da = —2y/ag In(cos(byo)) + Fo

for 0 < byo < w/2 and [y € R.

Composing (E.20) with

o) =

(E.15),

i (con (rctan (22— )

vaa (

b2a?2
1+ %(t — t0)2)
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For u(o) from line 3 in Table 15, equation (E.2) with 6 =1 is
a(t) = ag tanh(byo(t)) (E.22)

which has solution

1
o(t) = b—oArcsmh (e“ObO(t_tO)) (E.23)

for tg € R. One can check this by computing that

a(] ea()bo (t—t())

. o _ . aobo (t—to) o
5(t) = u(o(t)) = agtanh (Arcsinh (e "0))) = NiEweT=nk (E.24)
Also, we will use that
u'(o(t)) = agbysech?®(byo(t))
. CL(]bO
~ cosh?(Arcsinh (ewbo(i=to)))
. aobo
o 1 + 62a0b0(t—t0)
= ao—boe_aob()(t_t‘))sech(aobo(t —tg)) (E.25)

2

since cosh?(Arcsinh(z)) = 1 + 2.

For P(o) = ¢y from line 3 in Table 15, (E.3) becomes

vio) = [ Vs = o + b (E.26)

for integration constant 3y € R.

Composing (E.26) with (E.23),

o(t) = (o (t)) = Y ‘;‘000 Arcsinh (e®®=)) 4 3. (E.27)
0

For u(o) from line 4 in Table 15 with by = 0, equation (E.2) with 6 =1 is

a(t) = ageV—e0® (E.28)

215



which has solution

o(t) = ——In (v =coao(t — to)) (E.29)

for ag > 0 and ¢y € R. One can check this by noting that

5(t) = u(o(t)) = m (F.30)

Also, we record that

uW(o(t)) = —agy/—coe™V00®
-1

= Tt (E.31)
For u(o) from line 4 in Table 15, equation (E.2) for § =1 is
5(t) = age™ V=07 — pyev=0® (E.32)
which has solution
o(t) = iCO In (@tanh(%(t _ to))) (F.33)
for ag, by > 0 and ¢y € R. One can check this by computing that
5 (t) = u(o(t)) = 23/ aghy csch(2v/—agboco(t — to)). (E.34)
We also record that
u(o(t) = —v/—co (aoe_\/_ic“"(t) + boe\/j:‘)"(t))
= —V/=coaoby (coth(v/Zasboco(t — to)) + tanh(v/=agboco(t — to)))
= —2v/—coapby coth(2+/—agboco(t — tp)) (E.35)
since coth(x) + tanh(x) = 2coth(2x).
For u(o) from line 5 in Table 15, equation (E.2) with 6 =1 is
(1) = —0_cea(t)?/2 (E.36)



which has solution

o(t) = \/;—02 In(—coao(t —to))

for ¢y < 0 and ¢ty € R. One can check this by computing that

5(t) = u(o(t)) = !

We also record that

do(t) = ape @ <CO—#)

_ G{%;(L+mm_%;@—m»)‘

For P(c) from line 5 in Table 15, (E.3) becomes

P(o) = \/oz_o/\/c%asz%—i-boda

V=2¢o(t — to)\/In(—coao(t — ty))

(E.37)

(E.38)

(E.39)

_ Vo <\/cga4 + 24 byo? + V21In[o?] — V21In {2\/5\/0304 + byo? + 2

2

bo

b
+boo”® +4] + —1In {2\/&)04 +byo? +24+ 2+ 20002]) + 5o (E.40)
Co

200

for o > 0 and integration constant 3, € R.

Composing (E.40) with (E.37),

o(t) = ¥(o(t) =

- X <\/2 In%(—coao(t — to)) + iln(—can(t — o)) +1

2 —Cp

—Co —Co

+1In [i In(—coap(t — to))} —1In {2—[)0 In(—cpap(t —ty)) + 4

b
+ 4\/2 1n2(—60a0(t — to)) + —2 hl(—CQCLQ(t — to)) +1
—Co

+ bo In [2\/5\/2 In?(—coao(t — to)) + b0 In(—coap(t —to)) + 1

002\/5

20 g —cpalt - to))D + Bo

Co
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for cg < 0 and t > —1/coag + to.

For u(c) from line 5 in Table 15 with ¢y = 0, equation (E.2) with § =1 is

which has solution
O'(t) = \/ 2a0(t — to)

for ag > 0 and ¢ >ty € R. One can check this by computing that

o(t) =u(o(t)) = —m.
We also record that
W) =
B —1
—2(t—to)

For P(c) from line 5 in Table 15 with ¢y = 0, (E.3) becomes

V(o) = @/,/%Moda

_ ﬁo(m+@n{

ﬂ+\/boa2+2]> o

for integration constant g, € R.
Composing (E.46) with (E.43) for ¢y = 0,
(t) = Pla(t))
1
— V@ (V0 + 5 n Rt — )] - VBl [VE+ V/50)] ) +
for g(t) = 2apby(t — to) + 2.
For u(o) from line 6 in Table 15, equation (E.2) with 6 =1 is

o(t) = —ag cosh?(byo(t))

218

(E.42)

(E.43)

(E.44)

(E.45)

(E.46)

(E.47)

(E.48)



which has solution

o(t) = %Arctanh(boao(t — ) (E.49)

for ty € R. One can check this by noting that

Qo

7(t) = 1)) = . E.50
o18) = u(o(0) = (8:50)
For the record, we also compute
u'(o(t)) = —agbysinh(2byo(t))
= —CL(]bO sinh(QArctanh(ban(t — to)))
203a2(t — to)
= E.51
ARt~ to — 1 (2
since sinh(2Arctanh(xz)) = 2cosh(Arctanh(x))sinh(Arctanh(z)) = 2.
For P(o) from line 6 in Table 15, (E.3) becomes
P(o) = \/070/ \/ng tanh®(byo) + codo
= —/20In [2 (\/51)0 tanh(byo) + \/co + 2b2 tanh2(boa)>}
Vo Vo + 2b3tanh(byo)
+>—1/co + 203 Arctanh - E.52
bo ’ ¢ Vo + 2b¢tanh?(byo) fo (E:52)
for ¢y > —2b2 and integration constant 3y € R.
Composing (E.52) with (E.49),
o) =¥ (o(t)) =
—V 20(0 In |:2 (\/CO + 2b§a%(t — t0)2 — ﬂbgao(t - to)):|
Vo 5 (co + 203)b3a3(t — to)?
- 2bg Arctanh . (E.
b co + 203 Arctan oo 20002 (t —10)? + fo.  (E.B3)
For u(c) from line 7 in Table 15, equation (E.2) is
. ag
t) = E.54
o1t) = g (B:54)
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which has solution

ao 1/(1+bo)
dw:<ﬂ%§Lﬁ—%0 (E.55)

for # > 0 and t; € R. One can check this by computing

145 —bo/(1+bo)
M (t — to)) )

dﬂ=%¢ﬁ»=%< : (F.56)

Also, we will use that
—byt

Vo) = T =)

For P(c) from line 7, (E.3) is
bo) = f/f“ Bt D) | e do
= 50_'_\/0‘7(](\/()0 bo+1)+000'2
N e PO

(E.57)

g

for by > 0 and By € R. Composing (E.58) with (E.55),

6(t) = B+ vas (Vbolbo + 1) + 0o ()’
T log <¢bo<bo T+ Vool + 1) + cOo—<t>2>> (E.59)

a(t)

for o(t) in (E.55).
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APPENDIX F

EXTRA CONSERVATION EQUATION

As noted in section 1.2, the correspondences in this thesis do not rely on Ti(jz)

in (1.7) satisfying the conservation equation (1.12). For each theorem in Chapters
3-7, we now record the EMP or NLS analogue of (1.12) for [ = 0. For an arbitrary
diagonal metric g;; one can compute, using the definition of the Christoffel symbols
n (1.2), that the equation

div(T®)—g = 0 (F.1)

for Ti(jz) in (1.7) takes the form

P+ (% ; 9”92‘2‘) (p+p)=0 (F.2)

where dot denotes differentiation with respect to xy = t.

For the FRLW metric (3.1), the conservation equation (F.2) is
p+dH(p+p) =0 (F.3)
for H(t) = a(t)/a(t).
Composing (F.3) with f(7) from the EMP Theorem 3.1.1 and multiplying by

f'(r) , we obtain p(f(7))f'(7) + dH(f(7)) [ (T)(p(f (7)) + p(f(7))) = 0. That is,
by the relation (3.20) and the definition (3.12) of 7(¢), we obtain the analogue

conservation equation

d
o+ 5HY(Q+ p)=0 (F.4)
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in the EMP variables, for Hy (1) " Y'(7)/Y (1), Y(r) = a(f(7))? (¢ # 0) and
o(1) = p(f (7)), p(r) = p(f(7)).

Composing (F.3) with g(o) from the NLS Theorem 3.2.1 and multiplying by
g'(0), we obtain p(g(a))g'(0) + dH(g(0))g'(o)(p(9(0)) + p(g9(0))) = 0. That is,
by the relation (3.109) and the definition (3.101) of o(t), we obtain the analogue

conservation equation
o' —dH,(p+p) =0 (F.5)
in the NLS variables, for H,(0) "2 w/(0)/u(0), u(c) = 1/a(g(c)) and p(o) =
p(9(a)),p(o) = p(g(a)).
Composing (F.3) with g(o) from the alternate NLS Theorem 3.3.1 and mul-
tiplying by ¢'(9) we obtain p(g(0))g'(0) + dH(g(o))g'(c)(p(9(7)) + p(g(0))) = 0.
That is, by the relation (3.164) and the definition (3.156) of o(t), we obtain the

analogue equation

2d

J

in the alternate NLS variables for H,(o) =4 u'(0)/u(o), u(e) = 1/a(g(o))m/?

(n; #0) and p(0) = p(g(a)), p(o) = p(g(o)).

For the Bianchi I metric (4.1), the conservation equation (F.2) is
o1
p+ - Hr(p+p)=0 (F.7)

for Hg(t) = R(t)/R(t) and R(t) = (X1(t) - -- Xq(t))".
Composing (F.7) with f(7) from the EMP Theorem 4.1.1 and multiplying by

f'(7) we obtain p(f())f'(r) + L Hr(f (7)) f'(7)(p(f (7)) + p(f(7))) = 0. That is, by
the relation (4.36) and the definition (4.11) of 7(¢) we obtain

1
o + V_qHY(Q +p)=0 (F.8)
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in the EMP variables for Hy (7) et Y'(1)/Y(7), Y(1) = R(f(7))? (¢ # 0) and
o(t) = p(f (7)), p(r) = p(f(7)).
Composing (F.7) with g(¢) from the NLS Theorem 4.2.1, multiplying by ¢'(o)

and using (4.102) and (4.89) we obtain

o' —Huy(p+p)=0 (F.9)

for Hy(0) < /() Julo), u(0) = 1/R(g(0))"* (v #0) and p(0) = p(g(0)), p(0) =

p(g()).

For the conformal version (5.1) of the Bianchi I metric, the conservation equa-
tion (F.2) is
p’+%HR(p+p) =0 (F.10)
for Hp(t) = R(t)/R(t) and R(t) = (a1(t) - - - aq(t))".
Composing (F.10) with f(7) from Theorem 5.1.1 and using (5.10), (5.40) we

get the analogue conservation equation
, 1
o+ Hv(e+p)=0 (F.11)

in the EMP variables for Hy (1) el Y'(1)/Y (1), Y(1) = R(f(7))? (¢ # 0) and
o(r) = p(f(7)), p(r) = p(f(7)).

Composing (F.10) with g(o) “l' & + to from Theorem 5.2.1 we obtain plo +

to) + LHp(o + to)(p(o + to) + p(o + t9)) = 0. By (5.79), we obtain

o' = Hu,(p+p)=0 (F.12)

for the conservation equation in NLS variables for the Bianchi I metric (5.1), where

Hu(0) L/ (0) Julo), u(o) = 1/R(0+t0)"* and p(0) = p(o+1o), p(a) = p(o +to).

For the Bianchi V metric (6.1), the conservation equation (F.2) is
o1
pt - Hr(p+p) =0 (F.13)
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for Hp(t) = R(t)/R(t) and R(t) = (X1 (t) - -- X4(t))".

Composing (F.13) with f(7) from the EMP Theorem 6.1.1 and multiplying by
f'(7) we obtain p(f (7)) f'(7) + L Hr(f (7)) f'(7)(p(f (7)) +p(f(7))) = 0. That is, by
the relation (6.41) and the definition (6.12) of 7(¢) we obtain

1
o+ Hr(etp)=0 (F.14)

in the EMP variables for Hy () "2 Y'(r)/Y (), Y(r) = R(f(7))? (¢ # 0) and
o(t) = p(f (7)), p(1) = p(f(7)).
Composing (F.13) with g(o) from the NLS Theorem 6.2.1, multiplying by ¢'(o)

and using (6.111) and (6.94) we obtain
o' —Hu(p+p) =0 (F.15)

for H,(0) (o) /u(0), u(o) = 1/R(g(0))"/” (v # 0) and p(o) = p(g(0)), (o) =
p(g(0).

Composing (F.13) with g(o) from the alternate Bianchi V NLS Theorem
6.3.1 and multiplying by ¢'(0) we obtain 5(g(0))g'(c) + LHr(g(e))g'(0) (p(g(e)) +
p(g(c))) = 0. That is, by the relation (6.150) and the definition (6.133) of (), we

obtain the analogue equation
p'— Hy(p+p)=0 (F.16)

in for Hy(0) 2 w(0)/ulo), ulc) = 1/R(g(e)* (v # 0) and p(s) =
p(9(0)),p(o) = p(g(0)).

For the conformal version (7.1) of the Bianchi V metric, the conservation equa-
tion (F.2) is

o d
pt o5 Hrlp+p) =0 (F.17)

for Hp(t) = R(t)/R(t) and R(t) = (as(t) - - - ag(t))".
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Composing (F.17) with f(7) from Theorem 7.1.1 and using (7.10), (7.43) we

get the analogue conservation equation

d
/
+—Hy(o+p) = .
0 2qv Y(Q P) 0 (F 18)

in the EMP variables for Hy () "2 Y'(r)/Y (), Y(r) = R(f(7))? (¢ # 0) and

o(r) = p(f(7)), p(r) =p(f(7)).
Composing (F.17) with g(o) “l' 5 +t, from Theorem 7.2.1 we obtain plo +

to) + o Hp(o + to)(p(o + to) + p(o + to)) = 0. By (7.100), we obtain
p'—H,(p+p) =0 (F.19)

for the conservation equation in NLS variables for the Bianchi V metric in (5.1) for

H,(0) < w/(0) Julo), u(o) = 1/ R(0+10)?/" and p(a) = p(o+to), p(0) = pla-+tp).
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