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LONG-TIME VALIDITY OF THE GAINLESS HOMOGENEOUS
BOLTZMANN EQUATION

KARSTEN MATTHIES AND FLORIAN THEIL

ABSTRACT. This paper introduces a new method to show the validity of a continuum
description for the deterministic dynamics of many interacting particles. Here the many
particle evolution is analyzed for a hard sphere flow with the addition that after a collision
the collided particles are removed from the system. We consider initial conditions, which
are Poisson distributed according a spatially homogeneous velocity density fo(v) that has
finite mass and variance (kinetic energy) and does not concentrate mass on lines. As-
suming finite energy and no concentration properties on fj, the homogeneous Boltzmann
equation without gain term is derived for arbitrary long times in the Boltzmann-Grad
scaling. A key element is a novel description of the many particle flow by a hierarchy
of trees which encode the possible collisions. The occurring trees are shown to have
favorable properties with a high probability, allowing to restrict the analysis to a finite
number of interacting particles, enabling us to extract a single-body distribution. A
counter-example is given for a concentrated initial density fo even to short-term validity.

The derivation of the continuum models of mathematical physics from atomistic descrip-
tions is a longstanding and fundamental problem, see problem six in [Hil00]. This ar-
ticle is the first of a series of papers ([MTO07al, [MTO07b], [MTO07c]) where we propose
and develop a new method that allows us to derive and justify effective continuum
limits as scaling limits of large interacting particle systems. In particular we can con-
front a fundamental challenge in statistical mechanics: The emergence of irreversible
macroscopic behavior generated by deterministic reversible Hamiltonian micro-evolution.
For earlier work, which was mostly restricted to short times or linear equations, see
[Gal70, Lan75, Spo78, BBS83, Spo91, CIP94] and references therein.

We consider the effective Hamiltonian evolution of n hard balls (u(i,t), v(i,t)) € T x R?,
i € {1...n} for d = 2,3 with diameter a. We are mostly interested in the effective
evolution generated by the kinetic limit where n tends to infinity, the initial values (u(i,t =
0),v(i,t = 0)) are iid random variables with law fy € PM(T? x R?) where T¢ denotes the
d-dimensional unit-torus. The diameter a of the particles is linked to n by the Boltzmann-
Grad relation

(1) lim na®™! = 1.

n—oo
If the particles interact with each other via a hard-core potential it is expected that for
every open set 2 C T¢ x R? at every time ¢ the number of particles in Q divided by
the total number of particles converges to [, dfi(u,v). The time-dependent probability

measure f solves the nonlinear Boltzmann equation

(2) Ohf+v-0uf =Qulf 1+ Q-f, fl,

where Q) is the gain-term, @)_ is the loss term and @) = @, 4+ @Q_ is the collision operator.
The collision kernels correspond to a situation of completely independent particles with
density f(u,v,t), which collide at position u with a probability depending on the velocities
v and v of the colliding particles. The colliding particles change their velocities from v
and v" to v, and v}, so there is a loss in the density at (u,v) and (u,v’) and a gain at
(u,v,) and (u,v),).
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The analysis of (2) is nontrivial and culminated in the celebrated paper by Lions and
DiPerna ([DL90]) where existence of renormalized solutions is rigorously established for
the first time. The mathematical challenges are a result of the subtle interplay between
the transport term v -0, f and the nonlinear gain-term Q. [f, f]. If either of the two terms
is not present the analysis of the Boltzmann equation simplifies considerably.

In this paper we will drop both terms and consider the conceptually simplest situation
where the motion of each particle moves with constant velocity until it interacts with
another particle. After the collision the collided particles are removed from the system.
The transport term can be dropped by considering spatially homogenous initial data.
Two of the remaining three scenarios will be treated in [MT07a] and [MTO07b]. The
analysis of the case where both the transport-term and the gain-term are present requires
the development of new compactness results for this type of many-body system.

First we will derive the mean-field theory for a single particle which consists of a ho-
mogeneous Boltzmann equation without gain-term. We prove rigorously that the weak-
* limit of the empirical densities indeed satisfies the mean-field theory, provided that
fo € M, (R?) has finite total mass and kinetic energy

(3) /d(1+\v])2df0(v) = Kini < o0
R
and does not concentrate mass on single velocity directions, i.e.

@) / dfo(v') = 0 for all v € RY, € 591,
p(v,v)

where p(v,v) = v+Rwv is a line. The proof constitutes the core of this article as it is based
on new ideas that have not appeared in the literature yet. Instead of extracting the single-
body density directly from the complicated n-body evolution we insert an intermediate
layer: trees which encode the collision history of the individual particles. Our trees solve
in the case of hard-ball dynamics in the Boltzmann-Grad limit many difficulties that
haunted previous attempts to answer the question how to extract single-body densities
from many-body evolution:

(1) It is not difficult to construct the limiting distribution P of the trees which is
obtained by ignoring correlations caused by rare events such as recollisions.

(2) We can extract the single-body density f; from the distribution of the trees in
a relatively simple way. This amounts to distinguishing between the observed
degrees of freedom (odof) and the background noise which drives the evolution of
the odof. R

(3) The convergence of the empirical distribution P to the limiting distribution P can
be derived on a set of good trees G. The formula for P is so simple that it is not
hard to construct a reasonably sharp upper bound P(G¢) = o(1) as a tends to
0. The combination of these two facts constitutes a rigorous justification of the
mean-field theory.

In particular the last point is of crucial importance if one attempts to extract the laws of
thermodynamics from deterministic systems with random initial conditions.

For this reason we will first study the tree-equivalent of the Boltzmann-equation: the
limiting distribution of trees which is obtained by ignoring correlations. We will show how
time plays the role of a parameter which resembles temperature in equilibrium statistical
mechanics (equation (20)). Furthermore, the extraction of the single-body distribution
will reveal the conceptual link between the Boltzmann equation and the distribution of

the trees (Proposition 13).
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The hard part of the analysis consists in step (3) where we have to bound the probability
of bad trees (Proposition 17).

In Section 3 we will discuss an example which shows that assumption (4) cannot be
dropped without losing the approximation property of the Boltzmann equation. We
demonstrate that for arbitrarily short but finite times the weak-* limit of the empirical
density is not consistent with the mean-field theory. In the last section, we collect some
proofs, which are not immediately needed in the understanding and the development
of the concepts of this article. An appendix with a list of frequently used notation is
included.

1. MAIN RESULT

For spatially homogeneous initial data the mean-field theory leads to Boltzmann equations
without transport and gain term

(5) f=Q-f 1l fimo = fo,

where Q_[f, fl(v) = — [oa df (V) Kglv — V'| f(v) is the loss term with k4 the volume of
d — 1 dimensional unit-ball, in particular ko = 2, k3 = 7.

We prove a somewhat weaker statement than the one stated in the introduction. The
number of particles n is a random number, the law of n is a Poisson-distribution with
intensity N = a'!~¢. This assumption entails that na?"! is a sequence of random numbers
such that lim, ,ona®! = 1 almost surely if a assumes only a countable set of values
which converges to 0 quickly enough. On the other hand, if the number of particles is
determined uniquely by a it is expected that the same result holds but the additional
knowledge introduces correlations which are not dealt with in this work.

On the atomistic level we consider n particles with initial values (ug(i), vo(i)) € T x R?,
1 =1...n, which evolve by Newtonian dynamics

u@ (i, t = 0) = up(i), vV (i, t = 0) = vo(i),
(6) W@ (i, 1) = v (i,t), 0@ (i, t) = 0.
For each t € [0,00), i € {1...n} there exists a unique scattering state 3 (t) € {0,1}
which satisfies the implicit relation
1 if dist(z;, zir, 5) > aB@ (@', s) for all s € [0,1), 7' # i,
0 else

with a modified distance function to ignore initial intersections

(8) dlSt((U, U)7 (’LL,, Ul)? S) = |u —u' + S(U - U/)‘ + CLX[Oﬂ}(‘u - ul‘)

Definition 1 (Poisson point processes). Let Q) be a measure space. The random variable
z € U Q2" forms a Poisson point process with density u € M, (Q) if

Q n
Prob(z € Q") = e_”(Q)(TR, law(z;) = p/pu(Q),

and z1, . .., z, are independent. The law of the Poisson point process is denoted by Probypy.

Theorem 2. (Justification of the gainless Boltzmann equation) Let fo € PM,(R?),d > 2
be a momentum density that satisfies (3, 4) and let for each N > 0 the random variable
(ug,v0) € U (T x RY)™ be a Poisson point process with intensity N(1pa @ fo). Let n
particles with initial values (uo(i),vo(i)) € T xRY, i = 1...n evolve by (6). If N depends
on a such that
Na™' =1
3
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then for each t € [0,00), € > 0, measurable A C T4 x R?

%# fie{l...n} | (W(i,t),0(i,t) € A and B (i, 1) = 1}

_/AdUdft(U) >5) =0,

where f:[0,00) — M, (R%) is the unique solution of (5).

(9) Lllli% Probyp,, (

The assumption that f]Rd dfo(v) = 1 is not necessary. We make it because it simplifies the
notation in the proof which can be found at the end of Section 2.
Stronger results can be obtained, if the rate at which a tends to 0 is controlled.

Corollary 3. Under the same assumptions as above there exists a subsequence of diam-
eters ay such that limy_ ., ar = 0 and

(10) N D0 BB — (Wi, 0), 06, 1) >

weak-* in M (T x RY) as k — oo.

It is not hard to obtain more explicit subsequences such as ap = k7 e.g. for p > 1 if
additional regularity assumptions for fy, are made. The proof of Corollary 3 is given after
the proof of the theorem.

Assumption (4) does not exclude the possibility that fy is concentrated on lower dimen-
sional subsets, for example the uniform distribution on the sphere S9! is admissible, i.e.
fo satisfies

(11) /gp(v) dfo(v) := m /sdl o(v) dH(v),

for all testfunctions ¢ € C.(T¢ x R?), where H? is the d-dimensional Hausdorff-measure.
The approach due to Lanford [Lan75] which uses the BBGKY-hierarchy to derive this
equation from the Hamiltonian evolution relies heavily on analytic properties in time and
high regularity of f.

As a motivation for our analysis, we give an example why the previous is restricted to
short times, even for the gainless case. Let us assume that fj is given by (11). Solutions f
of (5) which satisfy f;—o = fo can be written as f; = p(t) fo, where p satisfies the ordinary
differential equation

(12) p=—p pt=0)=1

The collision rate v(v) = [ kqlv — v'| dfo(v') is constant for v € S97, the support of fo,
since fy is invariant under rotations.
The solution of system (12) is given by

(13) plt) = —

G

As the geometric series Y o (—7t)* diverges if v|t| > 1 formula (13) shows that writing
f as a power series in t is restricted to small times. Although the solution is a perfectly
smooth and bounded function for ¢ € [0, 00) the approach is haunted by the singularity
at t = —%. In this particular example, an alternative could be restarting the procedure

at small positive time using suitable a-priori estimates.
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Never the less such an approach is not extendable to other cases. For this reason we
develop a different method to study the coarse-grained many-body dynamics. Further-
more, we will analyze effects due to concentration by a Taylor expansion in time of f; in
Section 3

2. PROOF OF THEOREM 2

2.1. The hierarchy of evolutions. Instead of expanding p into a power-series in ¢ and
matching coefficients in a first step, we replace the initial value problem (5) by an infinite
system using general initial distribution without concentrations

(14) fo = Q-[fi—1. fil,  fizor = fo-

Since ) is quadratic, for fixed k the integro-differential equation (14) is in fact linear and
non-autonomous. We can therefore work with the mathematically much more convenient
mild formulation. The differential equation completely decouples in v and the equation
for each v is a scalar linear nonautonomous ODE, which can be directly integrated to

(15) o = exp(— Jy L fs 1] ds) fo,

where L[f](v) = kq [df(v') v —v'|. We observe that dfy,(v) is absolutely continuous
with respect to dfy(v) due to the decoupling in v.

Lemma 4. Let fo € M2 then fi. converges in CJ([0,00), Mi4yy) to f for some p > 0
and f € C*([0,00), Mi41y) is the unique solution of (5).

By M, and M4 y)2 we mean the set of Radon measures with first and second moment,
C, denotes the continuous functions which grow not faster than e”*. The proof of Lemma 4
together with a precise definition of the function spaces can be found in Section 4.

Now we have to translate this idea into the context of deterministic many-body dynamics.
To limit the complexity of the notation we will from now on assume that everything except
the constants depends on a without displaying the dependency. For every realization of
the n-body evolution the random variable 3(i,t) € {0, 1}, which encodes the scattering
state of particle ¢ € {1...n} at time ¢ € [0, 00) satisfies the implicit relation (7). The
computation of # can be simplified by introducing a hierarchy of artificial evolutions
indexed by £k € N. We assume that the initial values of the particles at all levels are
identical. The particles at level £ = 1 are simply transported and do not interact with
anything. The particles at level £ > 1 interact only with the particles at level k£ — 1, but
not with each other. For each k € N and ¢ € {1...n} the scattering state (x(i,t) € {0, 1}
is defined in the following way

, 1 if dist(z;, z¢r,8) > afBe_1(7', s) for all s € [0,1),4" # 1,

0 else,
with dist as in (8).

Remark 5. While the determination of the collision-state 3(i,t) is a complicated problem,
the state Or(i,t) emerges via a very simple calculation from Bi_1(-,t).

Lemma 6. For all realizations of the processes of the initial conditions (ug, vy) € U2 (T4 x

R™ both By (i,t) and B(i,t) are well defined and

pointwise in v and uniformly in t.
Proof. See section 4. U



FIGURE 1. Initial positions and velocities of four particles. The bullets
indicate the positions where the particles are potentially scattered. The
shown configuration is not very likely and consequentially the collision trees
are quite complex. Note that not every subset of intersection points of
the arrows is a set of potential scattering position. For example, it is not
possible to add another bullet at the intersection point of the arrows A and
B as it is not possible to assign to each of the six intersections a scattering
time which is compatible with the order of the bullets on each ray.

2.2. The concept of trees. The translation of the n-body evolution into scattering
states [ is greatly facilitated by the concept of trees. In the collision tree with root (u,v)
we will collect information of collisions and potential collisions up to time ¢ for a particle
with initial data w,v.

As an example assume that n = 4 and consider the scenario in fig. 1 where the letters
A, B, C, D are the labels of the four particles, the empty circles are the initial positions and
the arrows are the initial velocities. Consequentially the arrow-tips indicate the positions
of the particles at time ¢t = 1. To determine whether a certain particle has been scattered
before time ¢ = 1 it suffices to analyze the associated collision tree which is constructed
as follows: The particle of interest is the root with initial data (u,v). The particles which
are potentially scattered by the root are added as leaves, i.e. a particle with initial data
(u',v") is added, if |u+sv— (v’ 4 sv")| < a for some s € [0,¢]. This procedure is recursively
applied to every leaf but we consider only potential scattering events which are upstream,
i.e. before the event which is responsible for adding the leaf. The four collision trees
associated to the scenario in fig. 1 are shown in fig. 2. The extraction of the collision
trees amounts to a significant reduction of the complexity of the problem. In general, the
number of potential scattering events (bullets) is proportional to N but thanks to the
Boltzmann-Grad-scaling (1) the number of nodes in the individual trees is a Poissonian
random number with an intensity which is asymptotically independent of N and grows
exponentially with ¢, see Lemma 12.

We convert now the example into a general concept.

Definition 7. Let N ={1,2,...}. The height of a node (or multi-index) | € N* is defined
by |l| := i, the child node of | € N* is | = (I1,...,l;_). Let F = UX,N' be the set of
multi-indices. We say that m C F is a tree skeleton with « roots (m € T), if

(1) #m < oo,

(2) mNN={1,...,a},

(3) Lem foralll € m\N,



T3 - O

i

A
i\ ’ \ / D\ \ / C\A/ B
A/ C
FiGURE 2. Collision trees of the four particles with initial positions and
collision structure given in fig. 1. At time ¢t = 1 particles C' and D have
been scattered, particles A and B have not. Note that the labels of the
particles which generate the potential scattering events are only included in
the picture in order to illustrate the translation of fig. 1 into collision trees.
The scattering state of the particle at the root is completely determined by
the tree structure, the labels of the tree nodes are irrelevant. For example,

the tree of particle B does not contain enough information to decide whether
particle A is scattered.

(4) L —1€m for alll € m such that | # (*,...,%,1),
where | —1 =1—(0,...,0,1). We say that a tree m has at most height k (m € T,%) if
m N NFFL =)
Let Y = {(u,v,s,v) € T¢ x RY x [0,00) x STt} be the space of initial values and collision
parameters. The set of collision trees is given by

7o) = {(m.0

m e T ¢:m — Y with the property s; € [s;_1, sj

and v, = é(ul-— w + si(vp—vy)) foralll € m\N},

where 5., «0) = 0. For each skeleton m € T we define the set
(19) E(m) = {(m,¢) € T(Y) | m = mf},
which contains all trees with skeleton m.

For example, {(1),(1,1),(1,2),(1,3),(1,1,1),(1,1,2)} € 73, but {(1),(2,1)} is not a tree
skeleton. The assumption s; € [s;_1, s7] implies that for all nontrivial permutations = €
Sum \ Id (S, is the set of permutations of n symbols) and all trees ® = (m,¢) € T'(Y)
the permuted tree ™ = (m, ¢™) with ¢] = ¢ is not a tree in the sense of Definition 7.
The values v for [ € {1,...,a} have no relevance. To circumvent this problem we fix a
point v* € (S471)2, define
TY)={2eT*Y)|y=v Vie mNN}.

and will in future denote 7°*(Y") by 7*(Y').

It is clear from the definition that for each tree m € 7 there exists a function r : m —
N U {0} which counts the number of direct successors, i.e.

m=#{ecm|l =1}
7



We will observe the particles 1, ..., « in the sense that we are interested in evaluating the
probability measure on 7(Y’) which is the joint distribution of the trees generated by «
root-particles. In our entire analysis o will be a small natural number, independent of N
or a.

Remark 8. Graph theoretical description of collisions in a hard-sphere gas can lead to
many different graphs, which are not necessarily trees. The advantage of our definition
18 that this graph will always be a tree. Particles might appear several times in a tree, as
mn fig. 2. This will not destroy the tree structure, as these are due to different collision
events. Multiple collisions, which are well-defined in our setting, can lead to identical
branches within the tree, but the definition T will discriminate between these and the
graph of collisions is still a tree. The only slight abuse of graph-theoretical language is
that elements in T* with o > 1 are still called trees and not “forests”.

The scattering state 3 : m — {0, 1} is determined uniquely by the skeleton, i.e. the labels
of the particles are immaterial, but the actual computation is not completely trivial. The
most important aspect of the computation of 3 is that the scattering information flows
from the leaves to the root, i.e. the scattering state of a node is completely determined
by the state of the nodes above, the nodes below are irrelevant.

We will construct now two families of probability measures P, PM € PM(T*(Y)). The
empirical distribution ]ADt,k is induced by the many-body dynamics and will be constructed
recursively in Section 2.4. The mean-field distribution P, is given by an explicit formula
(20). The link between P, and P, is provided by the set of good trees G(a) C T*(Y)

(Definition 15) which has the properties that restriction of P, on G(a)N7T*(Y) converges
to Py and P;;(G(a)) goes to 1 as a tends to 0 (Proposition 17).

This is the crucial step which eventually yields the justification of the mean-field theory.
In other words, the main task consists in analyzing the mean-field measure Ptk, the

empirical distribution B 1 enters only when we prove that P, is consistent with B k-

2.3. The mean-field distribution P, ;. We construct now the mean-field distribution
of trees P, € PM(7T*(Y)). Let Q C 7*(Y) and t € [0,00). The mean field probability
that the observed tree is in €2 is given by

(20) P =3 oy © S A)

meT,>

L@ = Y (@),

l€m>|l|:j

s
Y (P) :/ L{fo](v) ds" = s; L[ fo](v;) > 0 is the collision rate of particle [,
0

(21) A"™(¢) = H[M(Zz) ®4(si —t)] @ H [((Ul —vp) V) X[sl_l,s;](sl) dfo(vr) dy dsz} )

lem\N
p(u,v) =1ga(u) @ fo(v).
Remark 9. (1) Note that the positions u; are completely determined by (uy, v;)iemnn
and (vy, s, V)iem\n- Stnce we have assumed that (v))iemnn s fized, the value of
P, 1(2) is well-defined.
(2) It is noteworthy that the measures Py depend on time only via the parameter t.

In other words, time plays the role of a parameter which propagates through the

tree and qualifies the local branching structure.
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(3) For some event 2 C T, (Y') the probability Py (S2) is independent of k' if k' > k.
Equivalently, P, (2N E(m)) = Py, (2N E(m)), if the height of m is strictly
smaller than min{ky, ka}.

We can simplify the measure P, by integrating over the collision parameters v, € S9!,

lem. Let Y = R% x [0,00) be the reduced set of collision data. For every Q C T(Y)
we find that when still denoting the collision data as ¢

(22) Pu() =) / AN™(¢) e~ i<k T (®)
meTe J NE(m)

with

)=[]lfo(w) @d(si =) @ [T [k lor — vil Xpsrrusg (30) dfolvr) dsy] -
=1

lem\N

The measures P, have the remarkable property that the expectation of certain random
variables can be computed efficiently.

Definition 10. A random variable v : T* — R is said to be recursive if there exists a
family of functions hy : R® — R, b € N, which are invariant under permutations of the b
components in R®, such that for all m € T the equation

w(m) =y, (z(mM), ... 2(m™))
holds, where
m% = {(1,13,...,1y) | | € m such that ly = j} € T
15 the j-th subtree of m.

In the same way one can define vector values recursive random variables x : 7% — R*.
Examples of recursive random variables which are relevant for our purposes are

2% (m) = #m (number of nodes),

27 (m) = B1(m) (scattering state of the root).

It is easy to see that if m € 7!

1
Fm) =14 a*(my),
j=1

27 (m) = H(l — 2°(m;)) with the convention H(l — 2%(my)) = 1,

j=1 j=1

hence the functions h; are given by

b
hf(xl,...,xb) =1 —|—ij,
j=1

b

hf(a:l,...,a:b) = H(l — ;)

J=1

which are clearly invariant under permutations of x1,. .., x;. Similar expressions are also
valid for m € T° with o > 1. The expectation of recursive random variables with respect

to the probability measure P;; can be computed with a simple recurrence relation.
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Lemma 11. Let a« = 1 and x be a recursive random variable with recurrence functions
hy. Then

(23)
dP; i (P) z(m)

:/dfo _Flz/ ds; /dPslk 1 (P )nd\v—vl\/ ds, /dP52k 1( Do) kglv — vy
0

r=

/ ds, /dpskl ) alv — vl By (z(m), .. . 2(me)

1 _ ¢ _
= / dfo(’l)) eirl Z F / d81 /dpsl,kl(cbl) /id"l) — ’U1’ / dSQ /dPSQJCl(@Q) K,d"U — 'UQ‘
: 0

/dsr /dpskl ) alo — vl ho(2(ma), ... 2(m,))

where T'y = kq [ dfo(v') v —2'].
An analogous formula holds if o > 1.

Proof. For each ® € T(Y) we define nonnegative Radon measures \; € M, (R? x [0, 00))
by

(24) Mi(v, 8) = fo(v) [or = vl Xsi_y,50(5)-

With this notation we find the following formula for the measure A\™.

A(@) = folvr) T M(en):

lem\N

Let now m € 7', The definition of P, yields

P, .(m) x(m) = e i<k Li(®) OU1 y ().
/g(m)dpt,k( ) x(m) / d fo( H 1i(d12) H dh(é) | z(m)

&(m) i=1 lem)\ (NUN2)
lo=1

We use now the assumption that z is recursive and find

/ dpt,k(m) x(m)
E(m)

b

:/dfo(v) €7F1H /g STy H dN(on) | M(z(mD), .. z(mW))),

i=1 |/ &(mi) lem;\N

where ng)(cb) = > 7(¢). A simple rearrangement yields that

lem,|l|=j,la=i

3 [y 1Pa@ a0 = [ atoy e > [lan Ao
L fr bttt



This demonstrates the first part of (23), to show the second part we observe that
{(s1,...,8) €[0,¢]" | s; # s; for i # j}

= U {(s15--.,80) €0, 8] | 821y < Sm(2) < -2 < S}

’R'EST

where S, denotes the symmetric group on r elements, such that the union is disjoint. As
the set, where s; = s; for some ¢ # j is of measure zero with respect to Lebesgue measure
ds; ...ds,, we obtain

/ g(sl,...,sr)dsl...dsrzz
(0,¢]"

ﬂ'ES'r

/ g(s1,...,8.)dsy...ds,
0<s7(1)<Srm(2)<---<Sy(r)<t

for any g € L'(]0,t]"). Now we define

(51, 8)) = /dpshkl(@l) kol — 1] ./dPshkl(ch) alv — v B(z(ma), - . 2(m)).

We now observe, that
(25) Py h1(®1) kalv —v1] ... Py, i1 (D)) Kalv — vy

=P, k-1(Prr)) Kalv — eyl - Pe, ) k1 (@) Kalv — V]

for all permutations 7 € S,. Next using (25) and the invariance h under permutations,

we obtain
/ / APy, j1(®1) gl — 0]
0<s1<82<...<8.<t

.. ./dpshkl(cbr) Kalv — vp|h(z(my), ... xz(m,))ds; .. .ds,

=/ /dPs,r(l),k—l((I)fr(l)) Ka|v — Vz(1)|
0<s7(1)<Sm(2)<---<Sz(r)<t

. /dPSW(T),k_l(QDW(T)) kalv — vp|h(@(mrq)), . .. 2(Mrg))) dsi ... ds,.

As there are r! different permutations in .S, we finally obtain

/ / APy, j1(®1) gl — 0]
0<s1<89<...<8p<t
.. ./dpsr,kl(q)r) Kalv — v | h(z(my),...x(m,))ds; ... ds,

1 _
—= / /dpshk_l(cbl) kalo — vl
T [O,t]T

. ./dpsr,k_l(q)r) Kalv — v h(z(my), ... x(m,))ds; ... ds,.

Summing over 7 and m completes the proof of (23). O

As an application of Lemma 11 we obtain an explicit bound on the expected number of
nodes in trees.

Lemma 12. For a tree m € T* the number of non-root nodes is given by R(m) =
Y rem Tt = #m — a. The expected value of R satisfies the estimate uniformly in k

(26) E(R) < Kin ZGXP(HdKiniti)>
=1
11



with Kini = [za dfo(v) (1+|v])? as in (3).

Proof. We will only give a proof of (26) in the case a = 1, the general case follows by
linearity of the expectation. Let F}j(v) = E(R | v; = v) be the conditional expectation
of R if we know that velocity of the root is v and that the tree is in 7;!. Clearly E(R) <
SUPgen Jpa Afo(v) Fir(v). The self-similarity relation (23) implies with z(m) = R(m) and

h}:(R(ml), o R(my)) =+ 30 R(m;) and v = L{fo](v1)t = Kat [ga dfo(v') o1 — V']
that

o] t
=e Z %/ dsy /dpsl,kl(ml) Kalv — o1
0

/ ds, /dpsr,kl(mr)/‘éd‘v—vr’ (r#—ZR(mJ)

0 i

:e”lz (T( :'1 Z/ dszﬂd/ dfo(v |U—U1 | Fi 1(1’%)))
—71+/ dSK/d/ dfo(v") |vr = V| Fy -1 (v'),

where we used the product structure of the integrals. We define now the norm || F; :=

SUp,cprd % and the integral operator Ay, by

(A F)0) = o [ AR) o= vIF(),
so that
(27) Fop=1ty+ /Ot ds ApFy jq.
We find the estimates

kil F
1A Pl < sup 2lEll / fo) [ —of| (1 + [/]) < K| F ],
v 1+ [o] Jra

and

[7]l: = sup raq dfo( Nl < kg [ dfo0) (1+ V) < K.
! ol y

Furthermore F;j(v) is monotone in k, as P, assigns the probability of trees of height
greater than k£ + 1 to trees of height k, reducing the number of expected nodes. Hence
equation (27) implies that

t
HFt7kH1 S /‘idK (t“—/ ds HFs,k’Hl) .
0

Gronwall’s inequality together with the previous estimate implies that
| Fypl|1 < erafmt,

where we used that Fy = 0. Since
Be(F) = [ o) Fualo) < [1Fil || dfoo) (14 Jol) < Kerstont
R R

this implies (26) for a = 1 and the proof of the lemma is finished. O
12



We now turn our attention to the determination of the scattering state of the particle at
the root of the tree. For a tree m € T the scattering state 5 : m — {0,1} is defined
recursively by 5, = Hl,eml—,:l(l — By). This definition rephrases the original definition of
the scattering state in (16), adapting it to the tree structure. It is more convenient in our
analysis than the ad-hoc definition, which required already some work to show existence,
see Lemma 6.

We define the single-particle density g;x(-) € M, (R?) via

/d%k@yzakw1:1mmvleA%
A

for all open A C R? The density g, is closely related to the root marginal of Py
and provides the link between the Boltzmann equation (5) and the mean-field theory
distribution of the trees P, ;. Due to the simplicity of the distribution P, it is possible
to characterize the root-marginal of P, explicitly.

Proposition 13. Leta € N, 0 : 72 — {0,1}, ACR?, ¢t € [0,00) and k € NU{0}. Then
the equation

Pipi1(vy € Aand By =0, foralll € {1...a})

(28) 11 / do [(1— o) (dfo(v) — A () + o1 dfun(v)]

holds, where fyy is the solution of system (15).

This formula shows that in particular g, = fir—1.

Proof. The proposition is proven using induction over k, the case k = 0 is just the defini-
tion.

In the induction step it is demonstrated that P, ;. satisfies formula (28) if P, ; does. Since
the collision parameters v are irrelevant we can integrate them out and work with the
simplified version (22) of the measure P, instead of (20). We define the set of scattering
states that are compatible with o,

(29) A(o) =< (m,0") | me T, 0" :m — {0,1} such that H (1—0,)=0, VI,

l'em,l'=l

with the standard convention H?Zl a; = 1 for empty products. The induction assumption
and equation (23) implies that

P yyi(vyeAand § =0 foralll =1,.

= 2 /UEAZG mN<enTZ dfo(wr) [ — oy / dS/UERde\Uz—Udeo( V') —dfsp-1(v'))

(m,o")EA(c l/Em

+Uz// ds/ dfsr-1( )ﬁd|vl—v\])
v'ERA

:/A [ 1dfo(w) I(o”,v,1)]

(m,o’')eA(o) I=1

13



where

I(o',v,1)

— ] {1_@ / ds [ k= @A) = dfusa ()

lrem,l'=

+ al’// ds / dfsk—1(0") Kalv, — v’\]
0 v/ €R4

= 1] {(1_0;/) (%— /O ! dsL[f&kl](vz)) + oy /O ) dSL[fs,kl](vl)}'

lrem,l’=l

Note that A(c) = [];., A(oy) if we identify single trees with a roots and « trees with
single roots. The algebraic identity >, s [;e; a(is, ) = [1je; 2oicr ali, j), where I and

a
J are finite sets and a : [ x J — R is a function, implies that > [] Ix(¢’,v,1) =
o'€A(0) I=1

a

IT > Ix(o',v,1). This yields that
I=10'€A(oy)

30)
Prp(weAand f=Vi=1...a)= H/ Adfo(U) [(1 = 00) Je(0,v) + o1Ji(1,v)],

A

with Ji(0,v) = 3 ic a0y Lk(0”, v, 1). Since by definition A(1) = {(1), (1, (0)), (1, (0,0)) ...},
this shows that

P e s j .
(31) Je(Lv) =) 6—, (7 — / ds’L[fs%l](q;)) — oI5 4 Ll a]),
=0 0
with v = sL[fo](v). Clearly [, dfo(v) Jp(0,v) + [, dfo(v) Ji(1,v) = [, dfo(v) and there-
fore
(32)

/UeA dfo(v) Ji(0,v) = /UGA dfo(v) (1 = Jp(1,0)) = /UEA dfo(v) (1 ek ds’L[fs/,k,ﬂ> '

Plugging the formulas (31) and (32) into equation (30) yields that
Pi(yyeAand fi=0Vi=1,...,a)

— ﬁ/ [(1 - O'l) dfo(v) <1 — e fotl dsL[fS,k_ﬂ) 10 dfo(v) o fgl dSL[fs,k_l}]
1—1 JvEA

QH/E (1= 01) (dfo(v) — dfy £(v)) + 07 dfi 1 (V)]

and formula (28) has been established. O

2.4. The empirical distribution f’tk We return now to the hierarchy of many body
evolutions described in Section 2.1. The initial values of the particles form a random set
w C T4 x R? and it is assumed that the law of w is the Poisson point process with density
Npu, where g = 1 ® fo € PM(T¢ x R?). Hence, the size n = #w is Poissonian random
variable with intensity N. As explained in Section 2.2, the family of probability measures
P, € PM(T(Y)) is the empirical distribution of the tree ® which is generated by the

many-body evolution and has a randomly chosen (tagged) particle as its root. This tree
14



is only well defined if n > 0, i.e. w is non-empty. For this reason we define P, ;(2) as the
conditional probability that the tree is contained in the set €2, given that n = #w > 0.
A particularly simple method of sampling from this conditional distribution consists in
drawing a realization of w according to the unconditioned Poisson point process, and an
independent random variable z € T? x R? with law p(2) = 1pa(u) ® fo(v) which is the
initial value of the tagged particle. It can be checked without difficulty that the joint
distribution of w and z is the previously defined conditional distribution.

The trees generated by this procedure are denoted by ®(t,k) = (m(t, k), ) € Tp(Y),
where m(t, k) € 7 is the skeleton and ¢ : m(t,k) — Y specifies the initial values, the
collision times and the impact parameters. The measures f’tk are the image measure of
Prob,,, induced by the many-particle flows so that for each 2 C 7(Y) we obtain

(33) P, 1(Q) := Probyy, ((m(t, k), ¢) € Q).

The tree measures ﬁk are derived from Proby,, but Prob,,, cannot be derived from pnk.
By construction, for fixed w the skeleton m is monotonously increasing in ¢ and &, and
for fixed [ € m the data ¢, does not depend on ¢ or k. This is equivalent to saying that
the j-marginal of P,y (trees of hight j < k) is given by P, i.e.

(34) P ((m(t, k) N (WZN), (8)ui<s) € Q) = Piy((mlt, §), (<)) € Q)

for all Q C T;(Y), k > j.
We will use formula (34) to construct an alternative characterization of f’tk which reflects
the iterative process that underlies the definition of m(t, k). Using this alternative char-
acterization one can easily establish total-variation bounds for P, — f’t,k. Since the time
t is arbitrary but fixed we will often write P, instead of pmk.
Let (m/,¢') € Tr_1(Y) and let By( - | (m/,¢')) € PM(T;(Y)) be the conditional distribu-
tion of ﬁk in the sense that

B (!, &) = Pk<(m(k;),¢) cQ|mNN =m/ NN forall j € {1...k—1}

and ¢, = ¢ for all | € m such that |I] < k;)

Formula (34), which characterizes the j-marginals of f’t,k, yields the following recurrence
relation for Py:

(35) Al) = /7 |, A2(@) B0 @)

Repeating this step £ — 1 times we obtain the following iterative representation of B

(36)

Bu(Q) = / 4P, () / APy (@y | D1) ... / By (D | Brs) B2 | Dpy),
T(Y) Ta2(Y) Tp—1(Y)

(37> Pl(Zl R Za) = HM(ZZ) c PM ((Td « Rd)a)

is the distribution of « initial values.
15



2.5. Convergence of Pk. to P,. Having constructed an iterative characterization of f’k
we will now show that it is very similar to the mean field measure P in a precise way.
The key is to identify the mechanisms by which the two probability distributions fail to
be equal. In this part of the paper we will work with the phase-space representation of
the trees: 2z = (uy,v;) € T x R4

Remark 14. There are only two reasons why P, fails to coincide with Py in the limit
a— 0:

(1) The cylinders which are covered by the paths of the particles might contain self-
intersections due to the periodic boundary conditions: v —v" € R(t,a) with

(38) R(t,a) = {veR!| min{|sv—¢&||s€0,8],€ € Z\ {0}} < a}.

(2) Nodes might have more than one child, i.e. the map z : m — T x R? might be
not injective.

The set R(t, a), which can easily seen to be nonempty, is relevant due to periodic boundary
conditions, which will lead to self-intersections of the cylinders. This happens, if v — v;
is sufficiently close to a velocity v*, where the components of v],..., v} are rationally
dependent, i.e. n-v* € Z with n € Z%, but only if |n| < t. The effect is not present in a
setting where (u,v) € R x R%.

The second effect is caused by the notorious recollisions. These dependencies disappear
as the diameter a tends to zero.

We stipulate now a strict order of the set of nodes m:

(39) I <U"if either [I] < |I'| or (|I| = [I'l and I <) or (I = 1" and I < I}y

This order is induced by the link between the collision time and the indices [ € m in
Definition 7.
Motivated by Remark 14 we define the set of “good” trees.

Definition 15. For each ag > 0 the set of “good” trees G(ag) C T(Y') consists of those
trees (m, @) € T(Y') with the property that for all 0 < a < ag and alll € m

(40) v — v € RT\ R(t, a) (all parent-child-pairs are non-resonant),
(41) 2 & Upa Cp (no node has more than one child),
V£l

where we associate to each node | € m the set of colliding initial values

Olz{z’erde

min |dist(z, 2/, s")| < a} ,
s'€[0,s]

and dist as in (8) ignores overlap in the initial data.

Note that G(ag) C T(Y) is a family of sets which decreases with ag. An elementary
calculation yields that for all v' € R\ (v; + R(t))

(42) NH" (G (T x {v'})) = Kalvi — V|1

The significance of G(ag) is given by the following results

(43) lim0 i%f Pu(G(ap)) =1,
apg—

(44) lim sup ‘Pk(sz) - Pk(Q)‘ — 0 for all Q C G(ap) if ao is fixed,
a— k

which are proven in Proposition 17. For the proof we need a more explicit characterization
of the distributions Py(- | ®x_1) and Py(-)
16



As an intermediate step we recall a formula which yields the probability of certain complex
events with respect to Poisson-point processes. Let A C U2 (T x R4)" be a symmetric
set, Le. z € AN (T? x RY)™ if and only if (zxa1),-- ., 2zm)) € AN (T x RY)™ for all
permutations 7w € S,,, where S,, is the symmetric group. We use the convention that
(T4 x R?)? is a single point. For each realization w C T? x R? of the point process we
chose an arbitrary enumeration of the elements of w such that w = {zy,...,2,}. We say
that w € A if (21,...,2,) € A; the choice of the enumeration is irrelevant since A is
symmetric. It can be checked that if w is a realization of the Poisson-point process with
intensity u € M, (T¢ x RY), then

45 Prob,,,(w € A) = e T / codp(zy),
(45) ool € 4) = Zn, o, W) ()

where the value of integral for n = 0 is 1 if (T? x R?)® C A and 0 else. By the definition of
Poisson-point processes each set C C T¢ x RY defines a projection denoted by C Nw. We
recall the following fundamental independence-principle of Poisson-point processes which
asserts that even if we have obtained a certain amount of information over a realization w
of a Poisson-point process it is still possible to use a suitably modified version of formula

(45).

Lemma 16. Let the random set w C T4 x R? be distributed according to a Poisson point-
process with density p, C,C C T? x R and A C U2,(C \ C)" be symmetric. Then we
obtain the following formula for the conditional probability of the event A:

(46)  Probyy,, (wNCe€A|wnNC=0)=exp(—p(C\C)) Z ‘/
T JAncr
where ff = p® ... x®
Ho=p H
r terms
Proof. See section 4. O

To apply Lemma 16 we have to work with the phase space representation of trees. Owing
to the decomposition Q = Up,e7E(m)NQ we can assume that Q C E(m) for some m € 7.
Due to this simplification we can drop the sum in equation (46) since only one term is
nontrivial.
Note that for a general tree & = (m, ¢) € 7(Y') the number of nodes #m can be bigger
than the number of particles involved in the collisions, i.e. it is possible that the map
z :m — T? x R? is not injective and 2z = z for some pair [,I’ € m, | # I'. This
scenario corresponds to a bad tree where one node has two child nodes. For this reason
we restrict our attention to sets Q2 which are subsets of G(a). The excluded set has nonzero
probability, however we will show that the probability of 7(Y') \ G(a) tends with a to 0.
By construction for all trees in ) the map [ — z; is injective.
The order defined by (39) induces a representation of the events 2 C 7 (V') in phase-space
coordinates:

A(Q) C (T4 x RH#™,
In the same spirit one obtains a one-to-one correspondence between the the initial values
of particles associated with the tree-nodes at height k& and subsets of (T¢ x Rd)#m”Nk:

= (Zl)|l|:k € (Td X Rd)#mme.
We will also need the conditional events

44(@,@) = {2, € (T x RY#™ | (7, 0) € ],
17



where ® € 7, _1(Y) and (Z, ®) € 7(Y) is the tree obtained by attaching the leaves Z
to the topmost nodes of P.

Recall that the density of the Poisson-point process which generates the initial positions
of the particles is given by Ny where

Janre) = [ anw) [ du

for every testfunction p € C.(T¢ x R?).

Before applying Lemma 16 we have to specify the sets C and C. Fix ag > 0 and let
® € T(Y)NG(ap). We are interested in the distribution of those trees which coincide
with ® up to level k. Clearly, the initial positions of the particles at height k£ 4+ 1 are
contained in the set

Ci(®) = |J Ci¢) cT=xR,

lem NNk

with ® = (m, ¢). In order to apply formula (46) we have to identify the conditioning of
the distribution w N Cx(®). Define the collection of cylinders

Cr(®) = | J Ci(¢) c T* x RY

ll|<k

which contains those initial values that would affect the lower nodes. By construction the
information on the point process w that we have accumulated so far is given by wNCp,(®) =
{2 | |l] € k}. Furthermore, since ® € G(ag) we have that w N Cy(®) N Ci(®) = (). This
implies that for each Q C 7(Y) N G(ap) and & € T,(Y) N G(ap) that

P (] @) = Probypy (Ci(®) Nw € sym(Ax(Q, ®)) | Cu(®) N Cr(P) Nw = 0).

where sym(A) is the symmetrization of the set A, i.e. (21,...,2,) € sym(A) if there
exists a permutation 7 € S, such that (2:x1),..., 2z(n)) € A; in particular A C sym(A).
This is the crucial step where the complicated dependency on the past of the many-body
evolution is reduced to a simple conditional expectation of the Poisson point process.
Since A((Q2, @) ﬂ?k(qD) X ... X ka(<1>2 = () for each r we can use formula (46) and deduce

R

r terms
that
. 1
P (2 @) = e_Fk@)_, / dp’ (Zy11)
T Jsym(App1(Q,®))
where
(47) [k(®) = u(Cr(®))

and C(k) = Cu(®) \ Cp(®). Recall the convention that the value of the integral over
(T? x RY)% is 1.

Since each permutation of the labels [ € m destroys the tree structure we obtain that if
zr € A and z € A, then necessarily 7 is the identity transformation, i.e. z, = z. This
implies that if we replace in the above formula sym(A) by the non-symmetric set A we
have to drop the term %

(48) Penl@|) =0 [ ar(Z,)
Ak+1(Q,¢)

18



Plugging the expression (48) for the conditional expectation Pyy(- | ®) into equation (36)
yields that

A= [ an@zpet e [ )

(TdxR4) 2

N e—fk—l(‘l’k—ﬂzlmzk—l)) / d’urk(Zk)
Ap(Q,21-1(Z1.-Zk 1))

-y / At (2) e~ Sick B5(®0)

meTy

The intermediate step in the computation above relies on the additional assumption that
m € Tp\7—1. In general we have to be more careful concerning the domains of integration,
but the the final formula is unaffected.

We return now to the collision representation of the trees. This means that the variables
(21)iem are replaced by (ui,v1) X (8, v, U)iem\n if @ = 1 and analogously if o > 1. The
determinant of the derivative of this transformation is given by

det Doz(®) = [ (a* ‘(v (v — vl

lem\N

Thus changing coordinates in the integrals we obtain that for each m € 7

| e mabem g
A()

:/ APy (21 ... 2q) €~ i<k Lj(®) H (N dfo(vy) dvydsy X0, (s0) @ [(ve — vp) - v 4)
Q

lem\N

2 (4R s ) St T (o) oo 01— ) L)

lem\N
Q

Thus we have shown that for all Q C G(a)

(50) A =3 / e ek @) ().

and

(51) Py(©) = Py(Q) + ex(€),

where the error has the form

(52) ex(Q) = Z / dA\" () <67 S Di(@) e~ i<k Fj@’)) ‘
meT;, Y QNE(m)

Since T';(®) < I';(®) the difference ex(-) is a non-negative measure.
Now we are in a good position to prove that equations (43) and (44) hold.

Proposition 17 (Similarity of P, and P;). Let G(a) the set of good trees from Defini-
tion 15, and Q C G(ag). Then equations (43) and (44) hold.
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Proof. For technical reasons we decouple the dependency of G and P, on the scaling
parameter a. We will construct a family of sets of trees G(a) C G(a) with the following
two properties

(53) lim inf P, (G(ao)) ~1,
(54) al(}go lelin sup ‘Pk <Q N g(a0)> — P <Q N Q(a0)> ) =0

for all @ C T(Y). The idea is that the trees in the sets G(ag) have additional good
properties which are controlled by ao. It is quite clear that for our choice of G (ap) (see
(56)) equation (54) holds even for fixed ag but without the limit the proof becomes more
complicated.

We show first that (53) and (54) imply (44): Since P, and P, are probability measures
equation (53) implies that

(55) lim T sup | Py (7()\ Glao)) = P (T(V)\ G(ao) ) | = 0.

ap—0a—0

Let now Q C C;(ao) for some ag > 0 and fix € > 0. Then

lim lim sup ]Pk( ) — Pr(Q)| < lim lim sup ’Isk (Q N G(ao)) - By (Q N Q(@o))’

ag—0 a—0 k apg—0 a—0 k

+ lim lim sup P, (Q\ (a )) + Sllip Py, <Q \ G(QO))

ap—0 a—0 k

@ Jim lim sup P, <Q \ Q(a0)> + hm sup Py <Q \ Q(a0)>

ap—0a—0 ap—0
(55) N
<211mosupPk.< (Y)\g(a0)> )
ao—0

Equation (43) follows directly from (53) since G(a) C G(a).
Let €(a) and V' (a) be monotone functions of a such that lim,_.g £(a) = 0 and lim, o V' (a) =
+00. which will be determined later. We define the set

) Glao) = (N {0m0) €900

a<ap

min |v; — vj| > €(a) and |v| < V(a)
L,I’em
UL

vy vy =y

)Ze(a)}.

Due to the monontonicity of e(a) and V(a) the set G(a) is increasing with a.
Before proving (53) and (54) we will first estimate the size of the set R(¢,a) and demon-
strate that

and min min (1 —

lem V<Al loi—vg| oy =]

(57) lim (1+ |v]) dfo(v) =

=0 JR(t,a)
For each ¢ € Z¢\ {0} we define the cone
M(€,a) = {veR|(v-&)* = ([g]* — a®)|v]*}.

Let c(a) := sup{fM(&a) dfo(v) | € € Z%\ {0}} be an upper bound for the volume of this

cone. Assumption (4) implies that c¢(a) = o(1) as a — 0. For each v € R(t,a) such that

lv] <V there exists £(v) € Z¢\ {0} such that |£(v)] < Vit +a and v € M(£(v), a), ie.
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each velocity v € R(t,a) is an element of one of at most (2tV + 2a)? cones. Thus we
obtain, using (3),

[ aswhane < [ A DA+ [ ) dne)
R(t,a) R(t,a)n{|v'|<V}

{v >V}
< (14 V)(2tV + 2a)%c(a) + K/ V,

with Kipi = [pa dfo(v) (14]v])%. So choosing first V' large the second term is small. Then
choose a so that the first term is small, which completes the proof of the equation (57).
Proof of equation (53).

First we show that we can restrict ourselves to bounded trees. By Lemma 12, the expected
value of the number of nodes #m in a tree m is bounded by Kj,; exp(kqKinit). As #m is
a positive function, this implies immediately the estimate

(58) D Pu(E(m)) < Kiniexp(rgKinit).
#m—a>r

This estimate gives us control over the error which arises if we ignore all trees with more
than r nodes:

L= P(Em) = Y PEm)+ > PulE(m))

meT meT meT

#m—a<r #m—a>r
(59> < Z Pk(g(m)) + %e“di{i"it‘
meT
#m—a<r

In particular, if r > Linierafinit 4 o then

(60) Y Pu(E(m)) =1-4.

Recall the ordering of the tree nodes [ € m given by (39) and that [ denotes the child-node
of I € m\ N. Define for each [ € m and each ® € 7(Y) N E(m) the (possibly empty) sets

v—up vy =g

> ¢e(a) for all I < I,I' #1

lo—vg| oy vy

Gi(P,a) = ﬂ {(s, v,v) € [0,s7] x ST x R?

a<ap

and v — v; € R(t,a) and (u(s,v,v),v) & U Cpand v, —vp| > eVl < l},
V<l l#l
Bi(®,a) =[0, 51 x ST x BRI\ Gy(®, a),
Bi(ag,a) ={@ e T(Y)NE(m) | ¢ € Bi(P,a) and ¢y € Gy(P,a9) V' <1}.

Note that Bi(ag,a) = B1(®,a). The set B; contains those trees which have node [ as the
first bad node. It is easy to see that G;(®,a) and B;(®,a) are monontone in a and that

~

E(m) = (g(a) N 5(m)> UiemBi(a, a), i.e. the set £(m) can be written as a disjoint union
of good trees and the sets BB; and we obtain that

P (G@) =3 (Pkw(m)) - ZPABz(ava”) '

meT lem
Another easy consequence is that

(61) > Pi(Bi(a,a)) < Pi(E(m)).

lem
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A simple computation shows that for any sequence ag = a1 > ... > a; = a the estimate
Py(Bi(a,a)) < Z Pi(By(ay—1, ar)),
r<i
where I’ — 1 is the predecessor of I, and thus

1—Pk< ) Z Z Py (Bi(ay—1,ay)) + 6

meT [em,l'<]
#m<r

holds. This inequality is far from being optimal but it suffices for our purposes. We will
show that for fixed a;y_; each term in the sum can be made small by choosing a; small

enough. This implies that lim, .o P <G (a)) = 0 since we can choose aj; first (or ag if

a > 1) depending on a; and so on until we reach a; which serves as an upper bound for
a.

We define now the functions hf%, ,:&(m) — [0,00) by

Py .a(®) = e "X By (00,0 (D),

where I'(®) = >, J dfo(v) [v—w|. Clearly, for fixed I € m, ag > 0 the number h", . (®)
is nonnegative, monotonously decreasing in a and bounded from above by the function

Gm : E(m) = [0,00) 1 gn(9) 1= €™ 2t I,
Note that g, € L'(A™), since g, > 0 and 1 = Pu(T(Y)) = 32, cq, Je(m) AN (@) g (P).
Thus, it suffices to show that
(62) i (Bu(®,0)) = N [ du [ doxmgware (o
a— Td Rd

for all ® € £(m) N By(ap,a). In order to prove estimate (62) we split B;(P,a) into five
sets, the first four are represented in collision coordinates, the last one is expressed in
phase-space coordinates.

By ={(v,7,v) € S“ x[0,5] x R | |[v — vy < ¢ for some I' < I},

Bo = {(1/ r,v) € ST x 0, s7] % R ’ ;‘Z:' . \Zﬁﬁ_Zﬁ:\ > 1 — ¢ for some ! < l},

By ={(v,m,v) € 87" x [0,5] x R? | v —v; € R(t,a) },
Bia={(v,7,v) € 87" x[0,5] xR [[v] > V(a) },

Bis =3 (wv)e |J G Cr| o] < V() and |g=h - i=h] <1 —c forall I <

UV<ll#l
We will show now that liH(l) A (B j(®,a)) =0 for each I € m, j € {1,...,5} and ¢ €
Byi(ag,a) if ag > 0 is fixed.

73 =1:
N(Bia) = / dfo(v / dl// dr [(v —vp) - V)4
lv—vy|<e Sd-1

U<l
V£

<> / dfo(v) v — vi|kasy.
l/<l U ’Ul/‘<5

Thanks to (4) the last expression goes to 0 as € tends to 0. Since ay appears
nowhere the convergence is uniform in ag.
22



7 =2: Let

V=] vy =g

M, = U {v e R? ‘
V<LUAT

>1—5}CRd.

lo—vg| oy vy

As € tends to 0 the set M. converges to v;+R | (vy —v;). We obtain that
U<l l'#£l

MBia) = [ dfufw) [lar [ avpew-wl<ef Afolo) o = s

Dominated convergence and assumption (4) imply that
(63) lim dfo(v) (1+ |v])kas; = 0,
a—0 Ma(a)

hence the last expression goes to 0 as € tends to 0. The convergence is uniform in

J=3:

sq
B =N [ dp) [Car [ vl o=l
vi+R(t) 0 Sd-1
§/ dfo(v) v — vj|kas; = / dfo(v) |v|Kkas;
v+R(t) R(t)

By equation (57) the last expression converges uniformly in ag to 0 as a tends to
0.
g =4

MB =N [ s A R

<[ dh)lo - ulsas
[v[>V (¢)

By assumption (3) the last expression converges uniformly in ag to 0 as € tends to
0.

j = 5: This is the only case where estimates are not uniform and depend on the
constant £(ag). We estimate /(B 5) as follows:

A (Bis) <ZN/ dfo(v) HE (C{(@) 1 Cu (B) 1 (T x {0})) .

To bound H* (C(®) N Cy(®) N (T x {v})) we define the number c(ag,a,v’) to
be the maximum volume contained within the intersection of two cylinders of
diameter a and axes v — v" and v — v” if v, v’ and v” are constrained in a certain
geometrical way:

u u” € T v, 0" € RY o' — | > e(ag)

c(ag,a,v') = sup{((u', u’ v, 0" 0" a)

o —o
o] " o

and |v|, |v"] < V(a) and

<1- E(GO)}>
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where

inf |u—u +s(v—2")<a
s€[0,¢]

and inf |u—u" +s(v—20")|} < a}).

s€[0,¢]

C(u, v v,0",0" a) = Hd({u e T?

With this notation we obtain that
A(By5) < #m N c(ag, a, vyp).

The cylinders can intersect at most (V¢+1)? times. The volume of each intersection
is bounded from above by (2a)?~!¢ where / is the maximal length of a line segment

which is parallel to v — v’ and is contained in the cylinder with axis parallel to
v —v'. A simple geometric consideration yields that ¢ = |512T"w|, where 1) is the
angle enclosed by the vectors v — v" and v — v'. The law of sines implies that
sin(v) = 2=l sin(y)y), where ¢y is the angle enclosed by v —v” and v/ —v". Since

[o—v'|

cos(1y) < 1 —¢ and |[v/ —v"| > € we obtain that |sin(¢)| > W%ag and thus the

V|

inequality

M(Bys) <#m N 2° ada(ao)’%QV(Vt +1)* = 2dra€(ao)’%2V(Vt +1)%
The right hand side converges to 0 as a — 0 if aq is kept fixed. The proof of
equation (53) is finished.

Proof of equation (54).

Fix ag and let Q C Q(ao). Like in the first part of the proof we first split off the contribution
of the trees with many nodes. For each r > 0 one obtains that

lim sup
a—0 k

P(Q) = P9

<tim [ sup 3 [A(QNE@m) — RN E@m))|

meT
#m<r

+ sup Z P, <§’;(a) N 5(m)> + sip Z Py (C;(a) N 5(m)>

meT meT
#H#m>r #m>r

We will show that lim, ¢ /; = 0 and limsup,_,o(lo+13) = o(1) as 0 tends to 0 (cf equation

(60)).
First we consider I;. Since there is only a finite number of tree skeletons with fewer than
r nodes it suffices to show that

lim sup | Bo(2 N E(m)) — Po(Q N 5(m))) —0
a—0 k

for each m € 7T such that #m < r. We have seen earlier (formula (51)) that P (2N
E(m)) = P(Q2NE(M)) +e(2N E(m)) where

0<e(@N&(m)) :/

dA™ () (ef S T3(@) _ oo Zj<krj<¢>> ‘
QNE(m)
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Since T';(®) > I';(®) (cf the remark after (52)) one obtains

(N Em)) < /

G(a)n&(m)
We will demonstrate that there is a number K (ag,a) > 0 such that lim, .o K(ag,a) = 0
and for all ® € £(m) N G(ap) and all j € N the estimate

AN (9) e Tk D) (R O-T0) _ 1),

A

(64) 0 < I;(®) - 1(0) < K(ag,a)
holds. Since fS(m) AN (@) e i<k Ti(®) < 1) this yields the bound
(65) 0<P(QNEm)) —P(QANE(M)) < K(ag, a)eX@),

Thus estimate (64) implies lim, o I; = 0. To prove (64) we recall that by definition
(equation (47))

(@) =N | dfo(e) " (G5(@) N (T* x {v'D)

>Ny /R o) H(C(@) N (T x (') e

|t|=j

=N dfo(v)HE (Cy(P T¢ x {v'})) — eq + e
Z/Rd\(UHrR(t)) R HHGEN T {h) et

ll=J

:Z/ dfo(v) kalvi —v] —e1 +e2 =T(P) — e + €2 + €3,
ll|=j R\ (v;+R(t))

where the error terms are defined as follows

=N [ AR R (@) \ C(@) 0 (T (1))
=N / Afo()) HE (CH(®) N (T x {o'}).

o= R

e3 = Z /R(t,a) dfo(v) ka|v].

|1]=j
We set K (ag,a) = —ej + e5 + e3 and recycle the estimates from the first part of the proof

in order to show that lim, .,ge; = 0 for j = 1,2,3. For all v/ € R? one obtains that
NHE(CyN (T x {v'})) < Kalv, — v'| irrespective whether o' € v + R(t, a) or not. Hence,

62+63§2/1d7"/ [v| dfo(v)
R(t)
and equation (57) yields that lim, o(e2 + e3) = 0.
It remains to estimate e;. Using the considerations in the case 7 = 5 in the first part of
the proof we find that

er < 2072 ae(ao)*%ZV(Vt + 1),
and in particular lim, o e; = 0. Thus we have shown that lim, o K (ag, a) = 0 and thereby
hmag,o Il = 0.
We finish the proof by showing that lims_q limg,_olim,o(I2 + I3) = 0. Equation (58)
yields

(66) I3 = sup Z P.(2NE(m)) < Kipi exp(kaKinit) 9.

meT
#m>r
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and in a similar way we obtain

lim lim [, = lim lim sup Z P (QN&(m)) < lim lim sup Z Pk.< ag) NE(m ))

ap—0 a—0 ap—0a—0 st ap—0a—0 st
#m>r #m>r
= lim lim sup Py(G(ap)) — lim lim mf P, <G(a0) N E(m))
ag—0 a—0 ag—0 a—0 —
#ngr
65) ) 5 (66)
=71~ ugf Z P, (g(ao) N E(m)) < 0 Ky exp(kqKinit).
meT
#m<r

Equation (53) yields that the last expression converges to 0 uniformly in ag as 0 tends to
0.

Thus we have demonstrated that (54) is satisfied and the proof of Proposition 17 is
complete. O

Proof of Theorem 2. We first demonstrate that the distribution of a single tagged particle
satisfies the Boltzmann equation. Let A C T¢ x R? and define Q(A) C 71(Y) by

QA)={® T (Y) | fi(m) =1and 2, € A}.
With this notation we obtain that for every ag > 0

lim lim P, ,(Q) — / dudfi(v)
a—0 k—oo A

Lemma 4
lim lim
a—0 k—oo0

Ptk(Q) — /Adu dft7k,1(/l})

Proposition 13
= lim lim
a—0 k—oo

Pl - Puu(®)

=lim lim
a—0 k—oo
(44) .
< lim lim P, x(7(Y) \ G(ao)) + (lllir(l) khrrolo P (T(Y)\ G(ap))

a—0 k—oo

Pr(2N0G(a0)) = Prr(2NGla0)) = Prr(2\ G(ao)) + Pir(\ g(ao))‘

Now using equation (44) again for Q := T(Y)NG(ag) and that P, and P, are probability
measures, we also obtain, that lim, .o P, x(7(Y) \ G(ao)) = Pix(7(Y) \ G(ag)). Now
proceeding

<2 ]Clirlélo P(T(Y)\ G(ao)),

we send now ag to 0, apply (43) and obtain that lim,,—olimg_o Pix(7 (V) \ G(ao)) =
hence lim, o limy 0o P i (Q) = [, dudfi(v).
Next we define the random variables

; (a) (a) 4 B
Xi(wz{l if (ul®(£), 0/ (1)) € A and Gi(t) = 1

0 else.

The previous con81derat10n implies that lim, .o (x;(t) f 4 dudfi(v). Define now the
random variable sy = + > """ | x;(t). The claim (9) follows if the variance Vy = ((sy —
(sn))?) converges to 0 as a tends to zero. The standard manipulation yields that
2ima0a(t) = (a)? 1
Vy < == + 73 D {0al) = Ca 0t = G )
i#]
If we apply the previous reasoning again in the case o = 2 we find that

lm (O (1) = Oa()) (G (1) = () = 0
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FiGUrE 3. Comparison between the empirical probability of colliding and
the mean-field prediction. The dashed line is the cubic parabola t — %t?’, the
signs '+’ mark the difference between the number of non-collided particles

at time ¢ divided by N and the mean-field prediction %th

uniformly in ¢ and j, and the proof of Theorem 2 is finished. U

Proof of Corollary 3. First we recall a well known principle in probability theory. Let
x, € R be a sequence of independent random numbers such that E(z,) = 0 and let V,, be
the variance of z,,. If 22021 V,, < 0o, then almost surely lim,,_, x,, = 0.

Indeed, for every ¢, N > 0 Chebyshev’s inequality yields the estimate

Pr0b<sup]xn] §5) > H (1—‘5/—;‘) 21—81—221/”.
n=N n=N

n>N

Consequentially lim, o Prob(sup,~y |z,| < €) = 1, i.e. for each realization and each
£ > 0 there exists almost surely a number N > 0 such that sup, y |7.| < €.

Let sy be the sum that was defined in the proof of Theorem 2 and Vi be the variance of
sy. Since lim, g Viy = 0 there exists a subsequence Vy_  such that 220:1 VN, < 0o. We
apply now the previous consideration to the sequence x,, = sy, . O

3. THE EFFECT OF CONCENTRATIONS

We illustrate now that the mean field theory does not capture the many-particle dynamics
if the initial distribution fy, exhibits strong concentrations. To simplify the long calcula-
tions at the end of the proof we assume that d = 2, but similar results are expected to
hold in the case d = 3.

Theorem 18. Let v € R? be nonresonant (a-v € Z for all o € Z%) such that |v| = 1 and
set fo=3(6(-—v) +6(-+v)). If Q(t) = limy—g limy—os P (51 = 1) denotes the empirical
probability that a tagged particle does not collide, then

(7 i (@0~ [ a70) =

where f; = l%rtfo is the unique solution of the Boltzmann equation (5) which satisfies the
wniatial condition fi—g = fo.

A numerical simulation (fig. 3) confirms the prediction (67).
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Proof. It can be assumed without loss of generality that the initial value of the tagged
particle is (0,v). We define the set

M, = {uer

min |2ty — u| < 7“}
s€[0,t]

which is basically a cylinder with radius r and centerline given by the particle-trajectory
without collisions and contains the initial positions of those particles that might collide
with the tagged particle before time t. The parameter r is a function of A such that
vol(M,) = 2atA.

In this setting the collision rate v is 1 and we find that the probability that the total
number of particles whose initial position is contained in M), equals k is given by e*M%.
Let pr(A, t) be the probability that the particle does not collide before time ¢ if there are
precisely k particles contained in M) and there are no particles outside. It is clear from
the definition that p; depends only weakly on ¢, we will not show the dependency on ¢ in
future.

We use the fact that in this system the speed of propagation of information is finite to

find explicit approximations for Q for short times.

Lemma 19. Letn e N and A =n + 1.

n

Q) — e B ()| = 0.

k=0

Proof. Let w = {ug(i), | i = 1...n} be the set of initial positions and P, = Prob(#(w N
M,) > n) be the probability that M, contains more than n particles. Clearly

(68) lim —

prd k! - s€[0,4] (TL + 1)' (TL + 1)'
where the inequality is due to Taylor’s theorem. 0

We will only be interested in the case n = 3, i.e. A =4.
Let Q1) == o5 + ; be the particle density predicted by the mean-field theory. We are seeking
mean-field probabilities pf(\) € [0, 1] such that
> k
(69) Q) =Y Grnit (V).

k=0

Replacing the exponential function in (69) by the power series one obtains that

(70) 5 OO i) = Sy~

Ordering the left hand side by powers of ¢ and equating coefficients yields the following
hierarchical set of equations for the probabilities py,

k l 1 k
Z 1k —1)! P = VYA
1=
We can use the equations above to determine p*! recursively and obtain that

k
Pt = (—1)'“];—2 -> (-1 (];) i



The recurrence relation can be solved explicitly and we obtain

k l

k! 1

71 o= — .

1=0
Equation (68) and (69) implies that if pj, does not agree with formula (71), then Q(t) #
Q(t) if ¢ is sufficiently small.
If A\ > (k+1)4"! the probability py can be computed explicitly. The reason is that the
diameter of the cylinder is so large that the collision probability is not influenced by the
initial configuration outside M.
We will show now that for all A > 4 the values of px()\), k =0, 1,2, 3 are given by py = 1,

pl:1—%,])2:1—§+%,p3:1—§+%—)\%+%Withad:% This implies that
lim L(t)_#t:%:l
t—0+ t3 6 9

and thus the claim.

Let £ € {0,1,2,3} be the number of particles contained in set M,. For the sake of
simplicity we say that the particles with velocity v are white and the particles with
velocity —v are black. One obtains 2* different color distributions, each of those cases has
the same probability of occurring.

We are now in a position to compute an explicit formula for the values of pi(A). We
have to consider several cases, depending on the direction and relative position of the
particles in the path of the tagged particle. Particles traveling in the same direction as
the tagged particle are denoted by w, particle in the other direction by b. The ordering
of the particles in the cylinder is given in the index.

Computation of py.
It is clear that py = 1 since there is no obstacle in M.

Computation of p;.

py =1,

pi=1-3

We obtain the overall probability p; = 5(p} +p}) =1 — 1.

Computation of p,.

py¥* =1 (No collision possible),

Pt = (1 — %)? (Probability of avoiding two independent black particles),

phY =1— % (Probability of avoiding one black particle, the position of the white particle
is irrelevant),

py® =1—2(1 — 2) (Probability of avoiding a black particle which might be removed by
a white particle before it comes to a collision.

Adding the probabilities yields that p, = +(py™ + p% + py® + p3*)

2 2

Computation of ps.

py“* =1 (No collision possible),

P = (1 — %)? (Probability of avoiding 3 independent black particles),

PR =1 — % (Probability of avoiding 1 black particle, the white particles are irrelevant),
Py =1— (1 — %) (Probability of avoiding one black particle which might be removed
by one white particle. The second white particle is irrelevant).

py*? =1—2(1— 2)? (Probability of avoiding one black particle which might be removed

by two independent white particles).
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P = (1 — 2)? (Probability of avoiding 2 independent black particles, the white particle

is irrelevant)

pit = (1 —3)(1— 2(1— 2)) (Probability of avoiding 2 independent black particles, the
second black partlcle rnlght be removed by a white particle).

PP =1—-5+3 -5 +8%

To demonstrate that the formula above indeed yields the correct value of p¥* we introduce
the coordinates perpendicular to v of the three particles u; € R, ¢ = 1,2, 3 and consider
four mutually exclusive scenarios. In three scenarios the probability of being scattered can
be computed analogously to the preceding cases. As these computations are independent
of a, we let a = 1 for notational convenience.

Prob(Jus| > 1 and |ug| > 1) = (1 — §)?,

Prob(|uz| > 3 and |us] <1 and |u; —ug| < 1) = (1 - _)F7
Prob(|us| <1 and |up —u| < 1and |ug] > 1) = 5(1— %),

To compute the probability of being scattered in the remaining case where |us| € [1, 3],
lug| <1, Jug — us] <1 and |u; — us| > 1 we have to do an explicit integration.

usz+1
]2 / dU3 / du1 / dUQ (1 — X[_L_,_l](ul — Ug))
h u3+1 -1
+ / dU3 / du1 / dUQ (1 — X[,LJA] (U1 — Ug))
-1 uz—1 -3

The number I3 is defined by a similar formula. A simple but lengthy calculation yields
that I, = %. The details of this calculation are irrelevant, but for the purpose of checking
that this number is indeed correct the detailed calculations are included below. We obtain
that

P === +0 =g +wl-3)+30-3)+5

Altogether this yields

D3 :é(péuww +p§uwb + pg)bw + pgww + péubb + pgwb + pgbw + pgbb)
R R e
and therefore oy = 128’ 8 — %
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We calcu}ate novx(f) the Valug of I.
IQ = ffl dU3 fu371 du1 fl dUQ Sl — X[_l,l](ul — UQ)Z
1
+ fjl dU3 0u3-|—1 du1 f13 dUQ (1 — X[—l,l] (u1 — 'LLQ))
1 0 -1
+ ffl dus fug*l duy ffg dus (1 — X[-1,1] (w1 — uz))
+ f_ll dus 0u3+1 duy f:; dus El — X[=1,1 (w1 — u2))j

~~
=1

1 1

1 -1

g

=8

+ fjl dus 0u3+1 duy f13 dus (1 — xjo1,1(ur — us))

+ fjl dus f’u(,)gfl duy f:gl dug (1 = (-1, (u1 — u2))
= 8+ [ dus [;°" duy [ dus+ [T dug [ dug [T duy

) >

— f_ll dus 0u3+1 duy f13 dug X117 (U1 — ug) — f_ll dus folfuB duy f13 dug x[1,1(u1 — uz)
= 16 — f_ll dus 0u3+1 duy leul duy — f_ll dus folfw duy leul dusy
= 16— f_ll dus f0u3+1 duy uy — f_ll dus fol_u3 Uy
= 16 — fil duss(us + 1) — fjl dus 3 (us — 1)?
— 16— g + D — Eflu — DI = 16— 8.

uz=—1 "

4. PROOFS OF AUXILIARY RESULTS

This section contains the proofs of Lemmas 4, 6 and 16. These lemmas are not concerned
with multi-scale aspects.

We first explain the notation used in Lemma 4. Let w € C(R?), w > 0 be a weight. For
a Radon-measure f we define

o= sup / 6@)w(v) df (v)].

PEBCO(RY),||¢]|<1

Then M, = {f € (BC°(R%)))*| || follw < oo} is a Banach space of measures with norm
||.]|lo- To control convergence we introduce weighted spaces in time for X-valued functions,
for some Banach space X

C([0,00), X) := {u € C°([0,00), X)| sup (exp(—pt)|u(t)|[x < oo}) with norm

te[0,00)
[ull, == sup (exp(—pt)[lu(t)]x)-.

te[0,00)

Proof of Lemma 4. First, we note that || fy x||(14s))2 is decreasing in ¢ as 0 < L[ f; x—1](v) <
00. Next we estimate exp(—pt)|| frr+1 — fer 14 for 0 <t < oo, with p chosen later. Let
¢ € BC°(RY) with ||¢|| < 1, then consider

[ 8000+ oD @) - dfia(e)

v (= [ Ll as) —exp (= [ L0105 )

< [ o)1+ el dfe) expl—pt) [ ILL0) = Eascal(e)] ).
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Because of the negativity of L, we obtain a Lipschitz constant of 1 for exp(-) and we have

/gf) (1+ |v|)dfo(v)kg (exp pt// |dfsk(v) —dfsp-1(v ')||v—v'|ds)

/ 6(0)(1+ [v]) dfo(v)ra( / exp(— p<t—s>>[exp< p5) o = Fuk i
+ exp(=ps)[oll for = Fur-ill]ds)
<204 [ o)+ ) Afo(o) sup (exp(=ps)lfo = furcalln) | esplop(t =) ds

0<s<o0
1
< 2/’idHf0H(1+|v|)2;(1 —exp(—pt)) || frr() = frr—1()ll,-

Thus for p > 2kq|| fol|14e))2 the sequence (fi)ren converges in C’O([O oo) M) by Ba-

nach’s fixed point theorem and the limit solves f; = exp(— fo v)ds) fo. Hence f
is differentiable and solves (5) for ¢ € [0, 00). Uniqueness of the solutlon of the integral
equation also follows by the Banach fixed point theorem. On the other hand all solutions
of (5) in C''([0, T], M4y) have to satisfy the integrated form too, showing uniqueness of
the solutions of (5). d

Proof of Lemma 6. We first show, that the implicit relation 3(7,¢) in Theorem 2 is well-
defined. For each particle it indicates whether it has undergone a collision: [((i,t) jumps
from 1 to 0 at the time of the collision. As the particles are removed after a collision, a
collision can only occur when

dist(z;, 2, 8) = a for some 7 # i'.

This also takes multiple collisions into account, which lead to an undefined situation in
hard-sphere collision dynamics, but as particles are removed here after a collision, the
scattering state can be defined.

The distance dist(z;, 27, ) is a continuous piece-wise affine function in s, except possibly a
unique point, if there is an initial intersection, but then dist(z;, z;, s) > a near this jump.
There are only finitely many different pieces in a finite interval [0, t], because v (i) —v(i’) is
finite and only a finite number of coverings of the torus T¢ can be visited in a finite time.
Hence for every particle 7, there are at most n — 1 possible collision times, i.e. the first
time 7(¢,47") > 0 at which dist(z;, zi7, s) = a for each #’. The at most n(n — 1)/2 possible
times for collision of the particles © = 1,...,n can be well-ordered. So by inductively
checking at all possible collision times 7(i,4), there exists a well-defined collision time for
each particle 4, at which it collides with an unscattered particle (3(i,.) has a well-defined
jump); or the partlcle remains unscattered itself for [0, 00) (3(i) is constant), which shows
the existence of 5(i,t).

To prove convergence of fi(i,t) to (i, k) as k tends to oo we define [; = {1...n} and
70 = 0. For each j > 1let 7; > 7,1 and C}, I; 11 C I; be recursively defined by

min{dist(z;, zv,7;) |1 # i € C;} = a for each i € C}
dist(z;, zir, s) > a for all 4,i" € I;, s € [1j_1,7;),
L =1;\C,.
It can be checked that ((i,s) = 1 if there exists j € N such that i € I; and s € [0, 7;].

For all other choices of i and s we have that 3(i,s) = 0. Clearly 3(i, ) is constant within

the intervals (7;_1, 7;]. We will show using induction that for each j € {1,2,...} and each
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k=g
(72) Br(i,s) = p(i,s)if s<tjorielh \ I

The claim is clear for j = 1. Assume now that the claim has been established up to j and
let £ > 5+ 1. We will show that

(73) Br(i,s) = p(i,s) if s <Tjpporie 1\ 4

By the induction assumption (73) holds for s € [0,7;] or @ € I; \ I; and we can assume

from now that s > 7;.
Case 1. Let i € I1 \ I;44
We have to show that

(74) Br(i,s) = B(i, s) for all k > j + 1.

Since s > 7; we have that §(i,s) = 0. By (72) equation (74) holds if i € I; \ I;, hence
we can assume that ¢ € C;. In this case there exists ' € C; such that dist(z;, zir, ;) = a.
The induction assumption (72) implies that 5 (i, 7,-1) = 1 and consequentially

dist(z;, 2, 75) = aBy—1(7', 75),

this implies that G (i, s) = 0.
Case 2: Let ¢ € I;4; and s € (74, 7j41). We have to show that

(75) Bi(i,s) = B(i,s) =1 for all k > j + 1.

Case 2a. Let s’ € (1;_1,7;) and ¢’ be such that §;_,(¢', s’) = 1. The induction assumption
implies that y_1(7',s") = B(i', s') and therefore ¢ € I;. Since ¢ € I;; and 7' € I; it is not
possible that dist(z;, zir, 7;) = a.

Case 2b. Let ¢’ be such that G;_1(i’,s’) = 0. In this case we find that

dist(z;, 2y, S/) > aﬁkfl(i’, 3/) =0.

Cases 2a and 2b together imply that G (i, s) = 1.
Since the number of particles is finite there exists a number K such that 7; = 400 for all

j > K, hence equation (18) is a consequence of (72).
0J

Proof of Lemma 16. To simplify the notation we define c=¢C \ C. The assumption
A CUX,(C\C) implies

Probppp(CﬂweA\C_ﬂw:@):Probppp<éﬂw€A\(§ﬂw:@).

After a simple rearrangement of the last expression above one obtains

Probyy, (CNw e A|CNw=10)
=Probppp <éﬂw €eAandCNw= @) Pl“Obpplp (éﬂw =

=Probpp, <é Nw e A)

since the sets C and C are disjoint. The last expression is an unconditional probability with
respect to the Poisson-point process which can be evaluated explicitly using Definition 1:

Prob,, <é Nw € A) = i Prob,, (é NweAN CT)

:;6M(é)w x (u(C))~ /cr du” (2)xa(2) = e #©) Z%/AOCT 4 ()
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This proves formula (46). O

APPENDIX A. NOTATION

Symbol Meaning

a diameter of the balls

n number of particles

N a'~? intensity

(u,v) phase space variables in T¢ x R?

fo initial distribution, element of PM (R?)

Probpp, probability of the Poisson-point process of the initial data of (6)

Ir approximated solution of (2) as defined in (15)

H d-dimensional Hausdorff measure

M, (T? x RY) | non-negative measures on T¢ x R?

M, (R?) measures with weight function w

B (i, t) scattering state (= 1 unscattered, = 0 scattered) of particle ¢ at time ¢

ﬁ,(f) (i,t) scattering state when restricting to tree of height &

T C U2, N set, of tree skeltons

m € 7 tree (skeleton)

#m € NU {0} size of m

l € m a node in a tree

l the child of node [

1] height of a node (=1 if [ € NY)

(ug, v, 5,1) | € T x R? x [0,00) x S?°! data on node [ with u;, v; initial data
v, collision parameter and s; collision time

T(Y) trees with collision data

E(m) C T(Y) trees with skeleton m

O = (m, ) € T(Y) tree (with collision data)

P,y mean field probability, defined in (20)

P,y distribution of root, defined in (37)

d\, simplified mean field distribution at node [, defined in (24)

P, empirical distribution, defined in (33)

R(t,a) C R9 resonant initial velocities

G(a) C T(Y) good trees (Def. 15)

Glap) C G(ag) good trees with additional desirable properties

o collision rate of particle | (mean-field)

'(y) joint collision rate of particle of height j (mean-field), (21)

I'(5) joint collision rate of particle of height j (empiric), (47)

C colliding initial values of particle at node [, defined in definition 15

(k) = Usemens Ci C T x B

CA(k’) = U\l\<kz C, C T¢ x R?

C(k) = C(k)\ C(k)
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