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ABSTRACT

A newly developednumericalmodelis usedto simulatepropagatingcracksin a strainsofteningviscoplastic
medium. The modelallows the simulationof displacementliscontinuitiesndependentlyof a finite element
mesh.Thisis possibleusingthe partition of unity conceptjn which fractureis treatedasa coupledproblem,
with separatevariationalequationscorrespondindo the continuousand discontinuougartsof the displace-
mentfield. Theequationsarecoupledthroughthe dependencef the stresdield onthe strainstate.Numerical
examplesshow thatallowing displacemendiscontinuitiesn a viscoplasticvVon Misesmaterialcanleadto a
failuremodethatdiffersfrom a continuum-onlymodel.
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INTRODUCTION

Two distinct stagescan be identified in the failure of quasi-brittleand ductile materials. The first stagein-
volvesthelocalisationof inelasticdeformationsnto narrav zones.Laterin theloadingprocessmacroscopic
displacementliscontinuitiesacrosssurfacescan be identified. Dependingon the ductility of the material,
this occursat a point betweenthe peakload andcompleteglobal failure. Computationallyfailure is usually
simulatedusinga continuum(regularisedstrainsoftening)or a discontinuougcohesve zone,LEFM) model.
Continuummodelsarewell suitedfor modellingthe inelasticdeformationghat develop earlyin the loading
processput are unableto representhe free surfacesthat develop in a body prior to completefailure. Dis-
continuousmodelsare well-suitedfor highly localisedfailure, but lessadeptat representinghe distributed
inelasticdeformationsearthe peakloadin quasi-brittlematerialsandthe substantiaplasticflow thatoccurs
duringthefailure of ductile materials.A modelis presenteavhichis ableto capturebothstagef thefailure
process.Initial inelasticdeformationsare representedh the continuumusinga regularisedstrain softening
model,andthe later developmentof discretesurfaceswithin a bodyis simulatedby insertinga displacement
discontinuity
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Figure 1. Body Q crossedy asinglediscontinuityl” .

To simulatestrainsofteningin the continuum,a regularisedcontinuummodelmustbe used. In this work, a
Perzynaviscoplasticmodelis used[1]. Whenthe inelasticdeformationat the tip of a discontinuityreaches
a critical level, the discontinuityis extended.A displacementliscontinuityis addedto the underlyingfinite
elementinterpolationbasisusing the partition of unity concept{2, 3]. Using the partition of unity concept,
a displacementiscontinuity can be modelledby addingextra degreesof freedomto existing nodes. The
displacementield is decomposethto a continuousanda discontinuougart, with ‘regular’ nodaldegreesof
freedomrepresentinghe continuouspart of the displacementield and‘enhanced’nodaldegreesof freedom
representinghe discontinuougpart of the displacementield. This methodhasbeenusedsuccessfullyfor
simulatingcracksin elasticbodies[4] andcohesve cracksunderbothstatic[5] andimpact[6] loading.

To elaboratehe model,the kinematicsof a body crossedy a displacementliscontinuityarefirst discussed.
Aspectsof introducinga displacementliscontinuityin an inelasticcontinuumare then consideredand the

modelis demonstratethroughseveral numericalexamples.The numericalexampleshighlight the influence
of includinga displacementliscontinuityon thefailure modefor a Von Misesmaterial.

INCLUDING A DISPLACEMENT DISCONTINUITY

The proposedormulationallows a displacementliscontinuityto beaddedo afinite elementmodel,indepen-
dentlyof thespatialdiscretisationRatherthanexplicitly modellingadiscontinuitythroughthemeshstructure,
adisplacemenjfump is describednathematicallyusingthe Heaviside function.

Discontinuousdisplacementfield

Thedisplacementield u for a body crossedy multiple, non-intersectinglisplacementliscontinuitiescanbe
describedy:
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wherel andd; arecontinuougunctions Jiﬂ is the Heaviside function centredat theith discontinuityandk

is thenumberof discontinuities A body, crossed)y asinglediscontinuityis shovn in figure 1. TheHeaviside
jumpis deﬁnedas%ﬂr (x)=1, xeQt andf%ﬂr (x) =0, x € Q~, wherethedomainsQ* andQ~ areshowvn

in figurel. The magnltudeof the dlsplacemeniump attheith discontinuity[u]; is givenby G; xely Taking



thesymmetricgradientof equation(1), the strainfield for the geometricallylinearcaseis givenby:
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with & ; the Dirac-deltadistribution centredat theith displacemendiscontinuityandn is the normalvector
to thediscontinuity

Variational formulation

Theproposednodelcanbeinterpretedasacoupledproblem,with oneequatiordescribinghecontinuougpart
of the displacementfield, G, anda seconddescribingthe discontinuougpart of the displacementield, %dﬁ.
Following a Galerkinprocedurethe weakgoverningequationsanbe formedby insertingthe displacement
decompositionn equation(1) into the virtual work equation.After somemanipulationstwo weakgoverning
equationsanbeformedfor a bodycrossedy a singlediscontinuity[5]:
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wheref) and ) are admissibledisplacemenvariations,t is the traction acting at a discontinuity " andt
aretractionsacting on the externalboundaryl"y. The unboundedirac-deltaterm hasbeeneliminatedby
changingthe volumeintegral containingthe distribution to a surfaceintegral overr ;.

3)

Finite elementmplementation

Theweakgoverningequationsn equation(3) aresolvedin a similar mannerto a coupledproblem.Different
setsof nodal degreesof freedomare usedto representhe continuousand the discontinuousparts of the
displacementield. In adiscretisedormat,thedisplacementield is givenby:

u= I\’l\a +<}frd N~b (4)
u u

whereN is the standardmatrix containingthe elementshapefunctionsandthe vectorsa andb relateto the
continuousand discontinuougartsof the displacementield, respectiely. The discretisedveak governing
equationsaareformedby insertingthe discretiseddisplacementield in equation(4) andits gradientinto equa-
tion (3).

The extra b degreesof freedomareaddedonly to nodescloseto a discontinuity If the supportof a nodeis

crossedvy a discontinuity the b degreesof freedomareactivatedto describethe discontinuity The addition
of extradegreesof freedomto nodeswhosesupportis not crossedy adiscontinuityleadsto a globalstiffness
matrix which is not positive definitesinceover the supportof the nodethe Heaviside functionis equialentto

a constanfunction,whichis includedin the spanof the standardshapeunctions.

SIMULATING THE CONTINUUM-DISCONTINUOUS TRANSITION

A displacementliscontinuityis extendedwhenthe inelasticdeformationin the continuumat a discontinuity
tip reachesa critical level. For the Perzynaviscoplasticmodel, a discontinuityis extendedwhenthe yield



Figure 2: Three-pointbendingbeam.All dimensionsn millimetres(depth= 1mm).

strengthof the underlyingrate-independennodelis exhausted.At this stage the materialis consideredo
have lost all coherenceTherefore no tractionscanbe transmittedacrossan openingdiscontinuity Sincethe
rate-dependentonstitutve modelremainswell-posedi,it is not possibleto drav on linear stability analysis
to determinea discontinuity propagationdirection. Therefore,a discontinuityis assumedo extendin the
direction in which the effective stressis maximum. This is determinedby a spatialweighting procedure
arounda discontinuitytip [7, 8]. Usinganeffective stresg€o determinethe propagatiordirectionis dependent
on the choseryield functionandmakesthe procedureequallyapplicableto both mode-landmode-lifailure
problemgd8].

NUMERICAL EXAMPLES

To illustratethe combinedcontinuum-discontinuousiodel,a three-pointbendingtest(figure 2) is performed
for aVon Misesmaterial.A discontinuitypropagatefrom a0.5 mmlonginitial cutatthecentreof thebeamat
the bottomedge. The materialpropertiesareinitially takenas: Young’s moduluskE = 1 x 10> MPa, Poissons
ratio v = 0.2, yield stresso = 1 MPa, viscosityn = 2 s andthe hardeningnodulush = —200Nmm~2. The
beamis loadedvia aconstantiovnwardvelocity of 1 mms-1, appliedatthecentreof thebeamonthetopedge.
Theanalysesreperformedunderplanestrainconditionsandthe six-nodedriangleis usedasthe underlying
finite element.

To illustratethe objectvity of the modelwith respecto finite elementmeshstructure the beamis analysed
usingtwo differentmeshes.Thefirst is a structuredmeshcomposedf 4750elementsaandthe seconds an
unstructuredneshcomposedf 3631 elements. Figure 3 shavs the equialent plastic strain field and the
discontinuitypathfor the two meshesiearcompletefailure. The sizeandshapeof the plasticzonesarethe
sameandadiscontinuityhaspropagatedhroughthebeamtowardstheloadingpoint. To examinemoreclosely
thefailure mode,the evolution of the equivalentplasticstrainfield anddisplacementiscontinuityareshavn
in figure4. Thefailuremodeis clearlymode-ldominated A discontinuitypropagateshroughthe beam with
aplastichingeforming only atthelaststageof failure.

To highlighttheinfluenceof includinga displacemendliscontinuity thethree-poinbendingtestis re-analysed
with aninitial discontinuitywhich is not allowedto extend. The equivalentplasticstrainfield for this caseis
shown in figure 5. The failure modediffers fundamentallyfrom the caseof a propagatingliscontinuity The
beamhasfailed throughthe developmentof a plastic hinge, with the centreof the beamremainingelastic.
Thedifferencen responsés dueto the plasticincompressibilityconstrainfor the continuumplasticitymodel.
The introductionof a discontinuityimplies the completefailure of the materialandthereforeno volumetric
constraintcanexist, makingmode-lopeningpossible.

Thethree-pointbendingtestis againanalysedor a propagatingliscontinuity but now for anincreasedard-
eningmodulusof h = —20 Nmm™2, ten times greaterthanfor the previous example. The evolution of the
equialentplastic strainandthe displacementliscontinuityfor this caseare shown in figure 6. The failure
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Figure 5: Equivalentplasticstraincontourdor astationarydiscontinuityatu = 1 mmfor the Von Misesyield

surface.



= = A4

\ T 4 M
u=0.1mm u=0.2mm u=0.3mm u=0.4mm
u=0.5mm u=0.6mm u=0.7mm u=0.8mm

Figure 6: Evolution of equialentplastic strain contoursand discontinuityfor the three-pointbendingtest
underplanestrainconditionsfor a ductilebeam.The hardeningmodulush is equalto -20 Nmm—2.

a continuummodelthatobeys a Von Misesflow rule.
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