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ABSTRACT

A newly developednumericalmodelis usedto simulatepropagatingcracksin a strainsofteningviscoplastic
medium. The modelallows thesimulationof displacementdiscontinuitiesindependentlyof a finite element
mesh.This is possibleusingthepartitionof unity concept,in which fractureis treatedasa coupledproblem,
with separatevariationalequationscorrespondingto thecontinuousanddiscontinuouspartsof the displace-
mentfield. Theequationsarecoupledthroughthedependenceof thestressfield on thestrainstate.Numerical
examplesshow thatallowing displacementdiscontinuitiesin a viscoplasticVon Misesmaterialcanleadto a
failuremodethatdiffersfrom acontinuum-onlymodel.
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INTRODUCTION

Two distinct stagescanbe identified in the failure of quasi-brittleandductile materials. The first stagein-
volvesthelocalisationof inelasticdeformationsinto narrow zones.Laterin theloadingprocess,macroscopic
displacementdiscontinuitiesacrosssurfacescan be identified. Dependingon the ductility of the material,
this occursat a point betweenthepeakloadandcompleteglobal failure. Computationally, failure is usually
simulatedusinga continuum(regularisedstrainsoftening)or a discontinuous(cohesive zone,LEFM) model.
Continuummodelsarewell suitedfor modellingthe inelasticdeformationsthatdevelopearly in the loading
process,but areunableto representthe free surfacesthat develop in a body prior to completefailure. Dis-
continuousmodelsarewell-suitedfor highly localisedfailure, but lessadeptat representingthe distributed
inelasticdeformationsnearthepeakloadin quasi-brittlematerialsandthesubstantialplasticflow thatoccurs
duringthefailureof ductilematerials.A modelis presentedwhich is ableto capturebothstagesof thefailure
process.Initial inelasticdeformationsarerepresentedin the continuumusinga regularisedstrainsoftening
model,andthe laterdevelopmentof discretesurfaceswithin a bodyis simulatedby insertinga displacement
discontinuity.
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Figure1: Body Ω crossedby asinglediscontinuityΓd.

To simulatestrainsofteningin thecontinuum,a regularisedcontinuummodelmustbeused.In this work, a
Perzynaviscoplasticmodelis used[1]. Whenthe inelasticdeformationat the tip of a discontinuityreaches
a critical level, the discontinuityis extended.A displacementdiscontinuityis addedto the underlyingfinite
elementinterpolationbasisusingthe partition of unity concept[2, 3]. Using the partition of unity concept,
a displacementdiscontinuitycan be modelledby addingextra degreesof freedomto existing nodes. The
displacementfield is decomposedinto a continuousanda discontinuouspart,with ‘regular’ nodaldegreesof
freedomrepresentingthecontinuouspartof thedisplacementfield and‘enhanced’nodaldegreesof freedom
representingthe discontinuouspart of the displacementfield. This methodhasbeenusedsuccessfullyfor
simulatingcracksin elasticbodies[4] andcohesivecracksunderbothstatic[5] andimpact[6] loading.

To elaboratethemodel,thekinematicsof a bodycrossedby a displacementdiscontinuityarefirst discussed.
Aspectsof introducinga displacementdiscontinuityin an inelasticcontinuumare thenconsideredand the
modelis demonstratedthroughseveralnumericalexamples.Thenumericalexampleshighlight the influence
of includinga displacementdiscontinuityon thefailuremodefor aVon Misesmaterial.

INCLUDING A DISPLACEMENT DISCONTINUITY

Theproposedformulationallowsadisplacementdiscontinuityto beaddedto afinite elementmodel,indepen-
dentlyof thespatialdiscretisation.Ratherthanexplicitly modellingadiscontinuitythroughthemeshstructure,
adisplacementjump is describedmathematicallyusingtheHeavisidefunction.

Discontinuousdisplacementfield

Thedisplacementfield u for a bodycrossedby multiple,non-intersectingdisplacementdiscontinuitiescanbe
describedby:

u
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�
x � t ���

k

∑
i � 1

	
Γd 
 i
�
x � ũi
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whereû andũi arecontinuousfunctions,
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 i is theHeavisidefunctioncentredat the ith discontinuityandk

is thenumberof discontinuities.A body, crossedby asinglediscontinuityis shown in figure1. TheHeaviside
jump is definedas
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in figure1. Themagnitudeof thedisplacementjump at the ith discontinuity � u � i is givenby ũi � x � Γd 
 i. Taking



thesymmetricgradientof equation(1), thestrainfield for thegeometricallylinearcaseis givenby:
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with δΓd � i theDirac-deltadistribution centredat the ith displacementdiscontinuityandn is thenormalvector
to thediscontinuity.

Variational formulation

Theproposedmodelcanbeinterpretedasacoupledproblem,with oneequationdescribingthecontinuouspart
of thedisplacementfield, û, anda seconddescribingthediscontinuouspartof thedisplacementfield,

	
Γd

ũ.
Following a Galerkinprocedure,theweakgoverningequationscanbe formedby insertingthedisplacement
decompositionin equation(1) into thevirtual work equation.After somemanipulations,two weakgoverning
equationscanbeformedfor abodycrossedby a singlediscontinuity[5]:

Ω
∇∇∇sη̂̂η̂η :σσσ �

Γu

η̂̂η̂η � � � t̄ dΓ

Ω� ∇∇∇sη̃̃η̃η:σσσ �
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η̃̃η̃η � � � t̄ dΓ
(3)

where η̂̂η̂η and η̃̃η̃η are admissibledisplacementvariations,t is the traction acting at a discontinuityΓd and t̄
are tractionsactingon the externalboundaryΓu. The unboundedDirac-deltaterm hasbeeneliminatedby
changingthevolumeintegral containingthedistribution to asurfaceintegraloverΓd.

Finite elementimplementation

Theweakgoverningequationsin equation(3) aresolvedin a similar mannerto a coupledproblem.Different
setsof nodal degreesof freedomare usedto representthe continuousand the discontinuouspartsof the
displacementfield. In adiscretisedformat,thedisplacementfield is givenby:

u � Na
û

� 	 Γd
Nb

ũ

(4)

whereN is thestandardmatrix containingthe elementshapefunctionsandthe vectorsa andb relateto the
continuousanddiscontinuouspartsof the displacementfield, respectively. The discretisedweakgoverning
equationsareformedby insertingthediscretiseddisplacementfield in equation(4) andits gradientinto equa-
tion (3).

The extra b degreesof freedomareaddedonly to nodescloseto a discontinuity. If thesupportof a nodeis
crossedby a discontinuity, theb degreesof freedomareactivatedto describethediscontinuity. Theaddition
of extradegreesof freedomto nodeswhosesupportis notcrossedby adiscontinuityleadsto aglobalstiffness
matrix which is not positivedefinitesinceover thesupportof thenodetheHeavisidefunctionis equivalentto
aconstantfunction,which is includedin thespanof thestandardshapefunctions.

SIMULA TING THE CONTINUUM-DISCONTINUOUS TRANSITION

A displacementdiscontinuityis extendedwhenthe inelasticdeformationin thecontinuumat a discontinuity
tip reachesa critical level. For the Perzynaviscoplasticmodel,a discontinuityis extendedwhen the yield
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Figure 2: Three-pointbendingbeam.All dimensionsin millimetres(depth= 1mm).

strengthof the underlyingrate-independentmodel is exhausted.At this stage,the materialis consideredto
have lost all coherence.Therefore,no tractionscanbetransmittedacrossanopeningdiscontinuity. Sincethe
rate-dependentconstitutive model remainswell-posed,it is not possibleto draw on linear stability analysis
to determinea discontinuitypropagationdirection. Therefore,a discontinuityis assumedto extend in the
direction in which the effective stressis maximum. This is determinedby a spatialweighting procedure
arounda discontinuitytip [7, 8]. Usinganeffectivestressto determinethepropagationdirectionis dependent
on thechosenyield functionandmakestheprocedureequallyapplicableto bothmode-Iandmode-II failure
problems[8].

NUMERICAL EXAMPLES

To illustratethecombinedcontinuum-discontinuousmodel,a three-pointbendingtest(figure2) is performed
for aVonMisesmaterial.A discontinuitypropagatesfrom a0� 5 mmlonginitial cutat thecentreof thebeamat
thebottomedge.Thematerialpropertiesareinitially takenas:Young’smodulusE � 1 � 102 MPa,Poisson’s
ratio ν � 0� 2, yield stressσ̄ � 1 MPa, viscosityη � 2 s andthehardeningmodulush ��� 200Nmm� 2. The
beamis loadedviaaconstantdownwardvelocityof 1 mms� 1, appliedatthecentreof thebeamonthetopedge.
Theanalysesareperformedunderplanestrainconditionsandthesix-nodedtriangleis usedastheunderlying
finite element.

To illustratethe objectivity of the modelwith respectto finite elementmeshstructure,the beamis analysed
usingtwo differentmeshes.The first is a structuredmeshcomposedof 4750elementsandthesecondis an
unstructuredmeshcomposedof 3631 elements. Figure 3 shows the equivalentplastic strain field and the
discontinuitypathfor the two meshesnearcompletefailure. Thesizeandshapeof theplasticzonesarethe
sameandadiscontinuityhaspropagatedthroughthebeamtowardstheloadingpoint. To examinemoreclosely
thefailuremode,theevolution of theequivalentplasticstrainfield anddisplacementdiscontinuityareshown
in figure4. Thefailuremodeis clearlymode-Idominated.A discontinuitypropagatesthroughthebeam,with
aplastichingeformingonly at thelaststageof failure.

To highlight theinfluenceof includingadisplacementdiscontinuity, thethree-pointbendingtestis re-analysed
with aninitial discontinuitywhich is not allowedto extend.Theequivalentplasticstrainfield for this caseis
shown in figure5. Thefailuremodediffers fundamentallyfrom thecaseof a propagatingdiscontinuity. The
beamhasfailed throughthe developmentof a plastichinge,with the centreof the beamremainingelastic.
Thedifferencein responseis dueto theplasticincompressibilityconstraintfor thecontinuumplasticitymodel.
The introductionof a discontinuityimplies the completefailure of the materialandthereforeno volumetric
constraintcanexist, makingmode-Iopeningpossible.

Thethree-pointbendingtestis againanalysedfor a propagatingdiscontinuity, but now for anincreasedhard-
eningmodulusof h ��� 20 Nmm� 2, ten timesgreaterthanfor the previous example. The evolution of the
equivalentplasticstrainandthe displacementdiscontinuityfor this caseareshown in figure 6. The failure
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Figure 3: Equivalentplasticstraincontoursanddiscontinuitypathfor three-pointbendingtestunderplane
strainconditionsatu ��� 0� 4 mm with (a) structuredand(b) unstructuredmeshes.

u � 0� 05 mm u � 0� 1 mm u � 0� 15 mm u � 0� 2 mm

u � 0� 25 mm u � 0� 3 mm u � 0� 35 mm u � 0� 4 mm

Figure 4: Evolution of equivalentplasticstraincontoursanddiscontinuityfor the three-pointbendingtest
underplanestrainconditions.

modefor this exampleis different than that for the morebrittle beamin figure 4. Ratherthanmode-I, the
failure modeof the ductile beamis mode-II.The discontinuityhasextendedover only a shortdistanceand
a plastichingehasformed. This exampleshows that whena discontinuityis introduced,for a Von Mises
materialthehardeningmodulusinfluencesthefailuremode.

CONCLUSIONS

Numericalexampleshave beenpresentedwhich show the influenceof includinga propagatingdisplacement
discontinuitywhensimulatingfailure in a Von Misesmaterial.Theinclusionof a displacementdiscontinuity
allows cleavageopeningmodeswhich arerestrainedby a continuum-onlymodelthroughthe plasticincom-
pressibilityconstraint.Theinclusionof a discontinuitymakesmode-Idominatedfailurepossiblewhenusing

Figure5: Equivalentplasticstraincontoursfor astationarydiscontinuityatu � 1 mmfor theVonMisesyield
surface.



u � 0� 1 mm u � 0� 2 mm u � 0� 3 mm u � 0� 4 mm

u � 0� 5 mm u � 0� 6 mm u � 0� 7 mm u � 0� 8 mm

Figure 6: Evolution of equivalentplasticstraincontoursanddiscontinuityfor the three-pointbendingtest
underplanestrainconditionsfor aductilebeam.Thehardeningmodulush is equalto -20 Nmm� 2.

acontinuummodelthatobeysaVonMisesflow rule.
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