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ABSTRACT: A continuum-discretenodelfor failure in quasi-brittlematerialsis presented.The continuum
is regularisedthroughthe introductionof gradienttermsinto the constitutve model. At the transitionto dis-
cretefailure,the problemfields areenhancedhroughthe useof a discontinuousnterpolation. The continuum
modelis ableto simulatemicro-crackingwhile a traction-freediscontinuityrepresentshe macrocrack. The

discretisatiorprocedureds describedn detail.

1 INTRODUCTION

When introducingstrain softeninginto a continuum
materialdescription|t is essentiathatsomeform of
regularisationis introducedto maintain well-posed
governing equations.However, the performanceof
mary regularisedcontinuummodelsdeterioratesas
inelastic deformationsdevelop (Geerset al. 1998;
PaminanddeBorst1999).This stemdrom theinabil-
ity of standardinite elementmodelsto representhe
discretematerial suriaces(macroscopicracks)that
develop.Whereadiscretesurfaceshoulddevelop,the
local strain approachesnfinity and interactionsstill
occuracrossazonewhereaphysicalstress-freerack
shouldhave develop.

A commonregularisatiortechniqueselieson non-
local interactions(Bazant et al. 1984). One such
model,which hasbeenshavn to be truly non-local,
is the implicit gradientdamagemodel proposedby
Peerlingsetal. (1996).In the work presentedhere,a
framavork for the developmentof discrete traction-
free cracksin the implicit gradientdamagemodel
is proposed.At a fully damagedmaterial point, a
discontinuity in the problem fields is introduced.
By introducinga discontinuity non-localinteractions
acrosghecrackceaseDiscontinuitiesareintroduced
using the partition of unity concept(Melenk and
Baluska1996;DuarteandOden1996),which allows
discontinuitiesn the problemfieldsto crossarbitrar
ily througha finite elementmesh(Moésetal. 1999).
The modelis describedn its essencend the finite
elementdiscretisations presentedhn detail.

2 ENHANCEDFIELDS

The inclusion of a discontinuityin a body requires

the analysisand the characterisatiomf the problem

fields. In the gradient-enhancedamagecontinuum
modelproposedoy Peerlingset al. (1996),the prob-
lem involvesthe displacementield u andthe scalar
non-localequialentstrainfield e.

ThebodyQ, depictedn Figurel, is boundedoy I
andit is crossedby a discontinuitysurfacel ;. Dis-
placementsi are prescribedon Iy, while tractionst
are prescribedon I';. The internal discontinuity sur
facel , dividesthe body into two sub-domainsQ™*
andQ_ (Q = Q" uQ). Theboundarysurfaceof the
body Q consistsof threemutually disjoint boundary
surfaces] y, Myandl y (M =T Ul).

In the body Q, the displacementield can be de-
composeds

u(x,t) = a(x,t) +=%”rd(x)0(x,t), (1)

Where%d(x) is the Heavisidefunctioncentredatthe
discontinuitysurfacer (Jiﬂrd =1ifxe QT, %ﬂrd =

0if x € Q™) and andi arecontinuoudunctionson
Q. A similar decompositiorholds for the non-local
equialentstrainfield:

e(x,t) = é(x,t) + ffrd(x)é(x,t), (2)

where & and & are continuousfunctionson Q. For
small displacementsthe strainfield is computedas
thesymmetrigpartof thegradientof thedisplacement
field:

£= |:|50+,%ﬂrd|jsa if x ¢ Ty, (3)

where(+)® refersto the symmetricpartof (-).
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Figurel: Body Q crossedy adiscontinuityr ;.

3 PROBLEM STATEMENT

The boundary value problem for the gradient-
enhanceaontinuumis expressedy two field equa-
tions, in terms of displacementsu and non-local
equialent strainse, which are linked through the
stressfield (Peerlingset al. 1996). The equilibrium
equationsand boundaryconditionsfor the body Q
without bodyforcescanbe summarisedby

0o=0 inQ (4)

=t onl (5)

wherea is the Cauchystresgensor The strongform
is completedoy theessentiaboundarycondition

u=u only, (6)
whereu is a prescribedlisplacementandby the con-
stitutive relationfor the isotropicdescriptionof con-
tinuumdamage
=(1-w)D:eg in Q (7)
in which w is the isotropic damageparameter(0 <
w < 1), whichis afunctionof thenon-localequialent
straine, D is the constitutve fourth order elasticity
tensorande is thestraintensor
Thedifferentialformatof thenon-localintegral av-
eragingof the local equivalentstrain geq (Pijaudier
Cabot and Bazant 1987) results in a modified
Helmholtzequation(Peerlingsetal. 1996)for e
e—clPe=¢gq INQ, (8)
where c is the gradientparameterwhich, together
with thehomogeneouraturalboundarycondition

Oe-n=0 onl, (9)

completeghe coupledsystemof equations.

From the decompositiorof the non-localequiva-
lentstraine andusingequation(9), theboundarycon-
ditionson the discontinuitysurface(cf. Figurel) can
bewritten as:

0é.v=0

only (10)

0(&+8&-v=0 only. (11)

Sincethefunctionéis acontinuoudunction,&t = &,
whereét/~ indicatesthe valueof & on F;F/—. There-

fore,
(12)

From equation(12) and the above boundarycondi-
tionsonT }, it followsthat(& v =0onTl}. In sum-
mary, the boundarwondltlonsfor eatthec?scontlnu-
ity surfacecanbewritten as:

0é-v=0 onl}/- (13)

O8-v=0 only. (14)
4 VARIATIONAL FORMULATION AND DIS-

CRETISATION

The governing systemof coupledpartial differential
equationscan be castin a weak form. To this end,
equation(4) is multiplied by a weight function wy,
which is decomposedonsideringthe displacement
decompositiomn equation(1), andintegratedoverthe
domainQ:

/Q (Wy+ 7 W) (0-0) d@=0.  (15)

Following standardproceduresand using the addi-
tional condition

=0 only (16)
for the magnitudeof the displacemenjump (Wells
and Sluys 2001), the above weak equilibrium equa-
tion leadsto two variationalstatements:

/ 05,0 dQ = Wutdl' (17a)

05,0 dQ = / Wtdr. (17b)
rt

Qt

In a similar fashion,equation(8) canbe recastin a
variationalform by multiplying it by a scalarweight



functionwe andby integratingoverthedomainQ:
/Q (We+ 41 ) (&+ 42 8) dO
A ~ 2( A ~
—C/Q (We+,%”rdwe) O <e+,%ﬂrde) dQ

_ /Q (we+;zﬂrdwe) £oqdQ. (18)

Usingthe productrule for the Laplacianof a discon-
tinuousscalarfield, the term 02 (ffrdgo) in the pre-
viousequationis equalto:

[0 (%ﬁy) = Do+ 05 -v

+ 25rdI:Iqo-v. (19)
Substitutionof the above relationinto equation(18)
leadsto the term [ ¢Udr -v dQ which canbe ex-

pandedusingthe directionalderiative of a function
@ in the direction of a genericunit vectorv (D¢ =
Oe-v):

/Q<EI6|-d-v>(de:/QDV5rd(de

=— [ Dyo dr:_/ Oe-vdlr. (20)
M M

Equation(20) hasbeenderived using the following
relation for the Dirac-deltafunction 5Fd (Stakgold

1979):
(21)

/Q(Elérd)qon:—/rdEIqodr.

Using Gauss'theoremandafterthe applicationof the
boundaryconditions,the two variational statements
generatedrom equation(18) canbe rewritten in the
final form:

/weédQ+/ WeédQ+c/ OVie-08 dQ
Q Q-+ Q

Y / OWe-0& dQ = / WeteqdQ  (222)
Qt Q

/WeédQ+/ WeédQ+c/ (W-06 dO
Qt+ Qt+ Qt+

+c / OWe-08dQ = / WeteqdQ. (22b)
Qt Qt

Finally, using a Bubnos-Galerkin approachand the

engineeringhotationfor o and& andfollowing stan-
dardproceduregPeerlingstal. 1996),thediscretised
boundaryalueproblemcanbewrittenin matrixform

as:

K aat K abjt K ap;t K ag;t Aa
Koat Koot Kopt Kogt Ab
Kpat Kppr Kpp Kpg Ap
Kot Koot Kap  Keg Aq
fext,a,t+dt flnt,a,t
— fext,b,t+dt _ fint,b,t (23)
0 f|nt,p,t ’
0 f|nt,q,t

whereA(-) indicatesanincrementof (-), a andb are
regular and enhancedlisplacementiegreesof free-
dom, p and g are regular and enhancednon-local
equialent strain degreesof freedomand with the
symmetrieskK , = K, Ky = Ky = Kag, Kga =
Kgp =K pp Kap = Kqg = K pg, and

Kaa:/ Bl (1-w)DB,dQ  (24a)
Q

Kgp= Q+BJ(l-w)DBu dQ (24b)
Kap=— | B] ‘;—f % DeNedQ  (24c)
[dw]| [K]
_ T[0W| 9K
Kaq=—J BI o | | e DENedQ  (24d)
Kbb:/Q+ B! (1-w)DB,dQ  (24e)
-a - T
Kpa=— [ NI %‘ B dQ  (24f)
[Ogeq] |
_ T €q
Kpb__ o Neg _W_ B,dQ (249)
K pp = /Q (NINe+BJcBe) dQ  (24h)

qu:/Q+ (NINe+BIcBe) dO.  (24i)

As in the standardgradient damageformulation,
the total stiffnessmatrix is not symmetric.In equa-
tions(24),N is amatrixcontainingtheusualfinite ele-
mentshapdunctions,B is a matrix containingspatial



derwvativesof the shapefunctionsandk is the max-
imum value of the non-localequialentstrain (Peer
lingsetal. 1996).Thetermsin the RHS of thediscre-
tisedboundaryalueproblemread:

T
fint,a = [) BU g dQ

T
fint,b: /§2+ BUO' dQ

(25a)

(25Db)

fint,p = /Q (NgNep + BgCBep - N-eré‘eq) dQ

+ / (NINeq+BIcBeq) dQ (25¢)
Q+

fna= [ (NINep-+BIcBep — Nlzeq) 0

+ /Q X (NgNeq + BEcBeq) dQ. (25d)

The finite elementimplementationgollows mainly
the one proposedin Peerlingset al. (1996) for the
gradient-enhancethodel and the one in Wells and
Sluys (2001)and Wells et al. (2002) for the discon-
tinuousmodelling.

A discontinuitycanbeintroducedvhentheaverage
value of the damagean an elementreachesa critical
value.As a discontinuity propagatesthe actiity of
thenon-localequivalentstrainis mobilisedatthedis-
continuity tip and ceasedehindit. Spuriousgrowth
of damagecan thus be prevented.The direction of
thediscontinuitycanbedeterminedy computingthe
directionof maximumaccumulatiorof the non-local
equvalentstrain.

5 CONCLUSIONS
A discontinuousgradient-enhancedamagemodel

for fracturehasbeenpresentedA gradient-enhanced

damagemodelis coupledto a discontinuousmodel

basedon the partition of unity concept.The discreti-

sation procedurefor the combinedmodel has been
fully described By introducinga discontinuityat a

fully damageanaterialpoint, macroscopicrackscan

berealisticallydescribedSpuriousgrowth of damage
canthusbe preventedsincenon-localinteractionbe-

tweenthetwo sidesof thediscontinuityis avoided.
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