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ABSTRACT: A continuum-discretemodel for failure in quasi-brittlematerialsis presented.The continuum
is regularisedthroughthe introductionof gradienttermsinto the constitutive model. At the transitionto dis-
cretefailure,theproblemfieldsareenhancedthroughtheuseof a discontinuousinterpolation.Thecontinuum
modelis ableto simulatemicro-cracking,while a traction-freediscontinuityrepresentsthemacrocrack. The
discretisationprocedureis describedin detail.

1 INTRODUCTION
When introducingstrainsofteninginto a continuum
materialdescription,it is essentialthatsomeform of
regularisationis introducedto maintain well-posed
governing equations.However, the performanceof
many regularisedcontinuummodelsdeterioratesas
inelastic deformationsdevelop (Geerset al. 1998;
PaminanddeBorst1999).Thisstemsfrom theinabil-
ity of standardfinite elementmodelsto representthe
discretematerialsurfaces(macroscopiccracks)that
develop.Whereadiscretesurfaceshoulddevelop,the
local strain approachesinfinity and interactionsstill
occuracrossazonewhereaphysicalstress-freecrack
shouldhavedevelop.

A commonregularisationtechniquesreliesonnon-
local interactions(Bažant et al. 1984). One such
model,which hasbeenshown to be truly non-local,
is the implicit gradientdamagemodel proposedby
Peerlingset al. (1996).In thework presentedhere,a
framework for the developmentof discrete,traction-
free cracks in the implicit gradientdamagemodel
is proposed.At a fully damagedmaterial point, a
discontinuity in the problem fields is introduced.
By introducingadiscontinuity, non-localinteractions
acrossthecrackcease.Discontinuitiesareintroduced
using the partition of unity concept (Melenk and
Babuška1996;DuarteandOden1996),whichallows
discontinuitiesin theproblemfieldsto crossarbitrar-
ily througha finite elementmesh(Moëset al. 1999).
The model is describedin its essenceand the finite
elementdiscretisationis presentedin detail.

2 ENHANCED FIELDS
The inclusion of a discontinuity in a body requires
the analysisand the characterisationof the problem

fields. In the gradient-enhanceddamagecontinuum
modelproposedby Peerlingset al. (1996),theprob-
lem involvesthe displacementfield u andthe scalar
non-localequivalentstrainfield e.

ThebodyΩ̄, depictedin Figure1, is boundedby Γ
and it is crossedby a discontinuitysurfaceΓd. Dis-
placements̄u areprescribedon Γu, while tractionst̄
areprescribedon Γt. The internaldiscontinuitysur-
faceΓd dividesthe body into two sub-domains,Ω

�
andΩ � (Ω � Ω

���
Ω � ). Theboundarysurfaceof the

body Ω̄ consistsof threemutually disjoint boundary
surfaces,Γu, Γt andΓd (Γ � Γu

�
Γt).

In the body Ω̄, the displacementfield can be de-
composedas

u � x � t ��� û � x � t �
	�� Γd
� x � ũ � x � t �
� (1)

where� Γd
� x � is theHeavisidefunctioncentredat the

discontinuitysurfaceΓd ( � Γd
� 1 if x � Ω

�
, � Γd

�
0 if x � Ω � ) andû andũ arecontinuousfunctionson
Ω̄. A similar decompositionholds for the non-local
equivalentstrainfield:

e � x � t ��� ê � x � t �
	�� Γd
� x � ẽ � x � t �
� (2)

where ê and ẽ are continuousfunctions on Ω̄. For
small displacements,the strain field is computedas
thesymmetricpartof thegradientof thedisplacement
field:

εεε � ∇∇∇sû 	�� Γd
∇∇∇sũ if x �� Γd � (3)
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Figure1: Body Ω̄ crossedby adiscontinuityΓd.

3 PROBLEM STATEMENT
The boundary value problem for the gradient-
enhancedcontinuumis expressedby two field equa-
tions, in terms of displacementsu and non-local
equivalent strains e, which are linked through the
stressfield (Peerlingset al. 1996). The equilibrium
equationsand boundaryconditionsfor the body Ω̄
withoutbodyforcescanbesummarisedby

∇∇∇ � � � σσσ � 0 in Ω (4)

σσσn � t̄ on Γt (5)

whereσσσ is theCauchystresstensor. Thestrongform
is completedby theessentialboundarycondition

u � ū on Γu � (6)

whereū is aprescribeddisplacement,andby thecon-
stitutive relationfor the isotropicdescriptionof con-
tinuumdamage

σσσ ��� 1 � ω � D:εεε in Ω (7)

in which ω is the isotropic damageparameter(0 �
ω � 1),whichis afunctionof thenon-localequivalent
strain e, D is the constitutive fourth order elasticity
tensorandεεε is thestraintensor.

Thedifferentialformatof thenon-localintegralav-
eragingof the local equivalentstrain εeq (Pijaudier-
Cabot and Bažant 1987) results in a modified
Helmholtzequation(Peerlingset al. 1996)for e:

e � c∇2e � εeq in Ω � (8)

where c is the gradientparameter, which, together
with thehomogeneousnaturalboundarycondition

∇∇∇e � n � 0 on Γ � (9)

completesthecoupledsystemof equations.

From the decompositionof the non-localequiva-
lentstraine andusingequation(9), theboundarycon-
ditionson thediscontinuitysurface(cf. Figure1) can
bewrittenas:

∇∇∇ê � ννν � 0 on Γ �d (10)

∇∇∇ � ê 	 ẽ ��� ννν � 0 on Γ
�
d � (11)

Sincethefunctionê isacontinuousfunction,ê
� � ê � ,

whereê
��� � indicatesthevalueof ê on Γ

��� �
d

. There-
fore, � ∇∇∇ê � ννν � ��� Γ !d ��� ∇∇∇ê � ννν �"��� Γ #d � 0 � (12)

From equation(12) and the above boundarycondi-
tionson Γ

�
d , it follows that∇∇∇ẽ � ννν � 0 on Γ

�
d . In sum-

mary, theboundaryconditionsfor e at thediscontinu-
ity surfacecanbewrittenas:

∇∇∇ê � ννν � 0 on Γ
��� �
d

(13)

∇∇∇ẽ � ννν � 0 on Γ
�
d � (14)

4 VARIATIONAL FORMULATION AND DIS-
CRETISATION

The governingsystemof coupledpartial differential
equationscan be cast in a weak form. To this end,
equation(4) is multiplied by a weight function wu,
which is decomposedconsideringthe displacement
decompositionin equation(1),andintegratedoverthe
domainΩ:$

Ω % ŵu 	&� Γd
w̃u ' � � �(� ∇∇∇ � � � σσσ � dΩ � 0 � (15)

Following standardproceduresand using the addi-
tional condition

ũ � 0 on Γu (16)

for the magnitudeof the displacementjump (Wells
andSluys2001), the above weakequilibrium equa-
tion leadsto two variationalstatements:$

Ω
∇∇∇sŵu:σσσ dΩ � $

Γt

ŵu � � � t̄ dΓ (17a)$
Ω ! ∇∇∇sw̃u:σσσ dΩ � $

Γ !t w̃u � � � t̄ dΓ � (17b)

In a similar fashion,equation(8) canbe recastin a
variationalform by multiplying it by a scalarweight



functionwe andby integratingover thedomainΩ:$
Ω % ŵe 	�� Γd

w̃e ' % ê 	�� Γd
ẽ ' dΩ

� c
$

Ω % ŵe 	�� Γd
w̃e ' ∇2 % ê 	�� Γd

ẽ ' dΩ

� $
Ω % ŵe 	�� Γd

w̃e ' εeq dΩ � (18)

Usingtheproductrule for theLaplacianof a discon-

tinuousscalarfield, the term ∇2 % � Γd
φ ' in thepre-

viousequationis equalto:

∇2 % � Γd
φ ' �)� Γd

∇2φ 	 φ∇∇∇δΓd
� � � ννν	 2δΓd

∇∇∇φ � � � ννν � (19)

Substitutionof the above relation into equation(18)
leadsto the term * Ω φ∇∇∇δΓd

� � � ννν dΩ which canbe ex-
pandedusingthe directionalderivative of a function
φ in the directionof a genericunit vectorv (Dvφ �
∇∇∇φ � � � v):$

Ω % ∇∇∇δΓd
� � � v ' φ dΩ � $

Ω
DvδΓd

φ dΩ

�+� $
Γd

Dvφ dΓ �+� $
Γd

∇∇∇φ � � � v dΓ � (20)

Equation(20) hasbeenderived using the following
relation for the Dirac-delta function δΓd

(Stakgold
1979): $

Ω % ∇∇∇δΓd
' φ dΩ �+� $

Γd

∇∇∇φ dΓ � (21)

UsingGauss’theoremandaftertheapplicationof the
boundaryconditions,the two variationalstatements
generatedfrom equation(18) canbe rewritten in the
final form:$

Ω
ŵeê dΩ 	 $

Ω ! ŵeẽ dΩ 	 c
$

Ω
∇∇∇ŵe � � �∇∇∇ê dΩ

	 c
$

Ω ! ∇∇∇ŵe � � �∇∇∇ẽ dΩ � $
Ω

ŵeεeq dΩ (22a)$
Ω ! w̃eê dΩ 	 $

Ω ! w̃eẽ dΩ 	 c
$

Ω ! ∇∇∇w̃e � � �∇∇∇ê dΩ

	 c
$

Ω ! ∇∇∇w̃e � � �∇∇∇ẽ dΩ � $
Ω ! w̃eεeq dΩ � (22b)

Finally, using a Bubnov-Galerkin approachand the
engineeringnotationfor σσσ andεεε andfollowing stan-
dardprocedures(Peerlingsetal.1996),thediscretised
boundaryvalueproblemcanbewrittenin matrixform
as:,
--. Kaa / t Kab / t Kap / t Kaq / t

Kba / t Kbb / t Kbp / t Kbq / t
Kpa / t Kpb / t Kpp Kpq

Kqa / t Kqb / t Kqp Kqq

0�112
,
-. ∆a

∆b
∆p
∆q

0 12
�
,
--. fext / a / t � dt

fext / b / t � dt
0
0

0 112 �
,
--. fint / a / t

fint / b / t
fint / p / t
fint / q / t

0 112 � (23)

where∆ ����� indicatesan incrementof �3��� , a andb are
regular and enhanceddisplacementdegreesof free-
dom, p and q are regular and enhancednon-local
equivalent strain degreesof freedom and with the
symmetriesKba � Kab, Kbp � Kbq � Kaq, Kqa �
Kqb � Kpb, Kqp � Kqq � Kpq, and

Kaa � $
Ω

BT
u � 1 � ω � DBu dΩ (24a)

Kab � $ Ω ! BT
u � 1 � ω � DBu dΩ (24b)

Kap �4� $
Ω

BT
u 5 ∂ω

∂κ 6 5 ∂κ
∂e 6 DεεεNe dΩ (24c)

Kaq �+� $
Ω ! BT

u 5 ∂ω
∂κ 6 5 ∂κ

∂e 6 DεεεNe dΩ (24d)

Kbb � $ Ω ! BT
u � 1 � ω � DBu dΩ (24e)

Kpa �+� $
Ω

NT
e 5 ∂εeq

∂εεε 6 T

Bu dΩ (24f)

Kpb �+� $ Ω ! NT
e 5 ∂εeq

∂εεε 6 T

Bu dΩ (24g)

Kpp � $
Ω 7 NT

e Ne 	 BT
e cBe 8 dΩ (24h)

Kpq � $
Ω ! 7 NT

e Ne 	 BT
e cBe 8 dΩ � (24i)

As in the standardgradient damageformulation,
the total stiffnessmatrix is not symmetric.In equa-
tions(24),N is amatrixcontainingtheusualfiniteele-
mentshapefunctions,B is amatrixcontainingspatial



derivativesof the shapefunctionsandκ is the max-
imum valueof the non-localequivalentstrain(Peer-
lingsetal. 1996).Thetermsin theRHSof thediscre-
tisedboundaryvalueproblemread:

fint / a � $ Ω
BT

u σσσ dΩ (25a)

fint / b � $ Ω ! BT
u σσσ dΩ (25b)

fint / p � $ Ω 7 NT
e Nep 	 BT

e cBep � NT
e εeq8 dΩ

	 $
Ω ! 7 NT

e Neq 	 BT
e cBeq 8 dΩ (25c)

fint / q � $ Ω ! 7 NT
e Nep 	 BT

e cBep � NT
e εeq8 dΩ

	 $
Ω ! 7 NT

e Neq 	 BT
e cBeq 8 dΩ � (25d)

The finite elementimplementationsfollows mainly
the one proposedin Peerlingset al. (1996) for the
gradient-enhancedmodel and the one in Wells and
Sluys(2001)andWells et al. (2002) for the discon-
tinuousmodelling.

A discontinuitycanbeintroducedwhentheaverage
valueof the damagein an elementreachesa critical
value.As a discontinuitypropagates,the activity of
thenon-localequivalentstrainis mobilisedat thedis-
continuity tip andceasesbehindit. Spuriousgrowth
of damagecan thus be prevented.The direction of
thediscontinuitycanbedeterminedby computingthe
directionof maximumaccumulationof thenon-local
equivalentstrain.

5 CONCLUSIONS
A discontinuousgradient-enhanceddamagemodel
for fracturehasbeenpresented.A gradient-enhanced
damagemodel is coupledto a discontinuousmodel
basedon thepartitionof unity concept.Thediscreti-
sationprocedurefor the combinedmodel has been
fully described.By introducinga discontinuityat a
fully damagedmaterialpoint,macroscopiccrackscan
berealisticallydescribed.Spuriousgrowth of damage
canthusbepreventedsincenon-localinteractionbe-
tweenthetwo sidesof thediscontinuityis avoided.
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