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Abstract

Recently, new families of quaternary linear Reed-Muller codes RM have been intro-
duced. They satisfy that, under the Gray map, the corresponding Z,-linear codes have the
same parameters and properties (length, dimension, minimum distance, inclusion, and du-
ality relation) as the codes of the binary linear Reed-Muller family. The kernel of a binary
code C'is K(C) ={x € Z} : C+ x = C}. The dimension of the kernel is a structural
invariant for equivalent binary codes. In this work, the dimension of the kernel for these
new families of Z,-linear Reed-Muller codes is established. This result is sufficient to give
a full classification of these new families of Z,-linear Reed-Muller codes up to equivalence.

A quaternary linear Hadamard code C is a code over Z, that under the Gray map,
the corresponding Z,-linear code is a binary Hadamard code. It is well known that qua-
ternary linear Hadamard codes are included in the RM families of codes. The per-
mutation automorphism group of a quaternary linear code C of length n is defined as
PAut(C) = {o € S,, : 0(C) = C}. In this dissertation, the order of the permutation auto-
morphism group of all quaternary linear Hadamard codes is established. Moreover, these
groups are completely characterized by providing their generators and also by computing
the orbits of their action on C. Since the dual of a Hadamard code is an extended 1-perfect
code in the quaternary sense, the permutation automorphism group of the quaternary linear

extended 1-perfect codes is also established.

A la literatura recent hi podem trobar la introducci6 de noves families de codis de Reed-
Muller quaternaris lineals RM ;. Les imatges d'aquests nous codis a través del mapa de

Gray s6n codis binaris Z,-lineals que comparteixen els parametres i les propietats (longitud,

vil



dimensio, distancia minima, inclusid, i relacié de dualitat) amb la familia de codis de Reed-
Muller binaris lineals. El kernel d'un codi binari C' es defineix com K (C) = {x € Z}
C + 2 = C}. La dimensi6 del kernel és un invariant estructural per els codis binaris
equivalents. Part d'aquesta tesi consisteix en establir els valors de la dimensi6 del kernel
per aquestes noves families de codis de Reed-Muller Z,-lineals. Tot i que dos codis Z,-
lineals no equivalents poden compartir el mateix valor de la dimensié del kernel, en el cas
dels codis de Reed-Muller R M aquest resultat es suficient per donar-ne una classificaci6
completa.

Per altra banda, un codi quaternari lineal de Hadamard C, és un codi que un cop li
hem aplicat el mapa de Gray obtenim un codi binari de Hadamard. Es conegut que els
codis de Hadamard quaternaris formen part de les families de codis quaternaris de Reed-
Muller R M. Definim el grup de permutacions d' un codi quaternari lineal com PAut(C) =
{o € S, :0(C) =C}. Com aresultat d' aquesta tesi també s' estableix 1' ordre dels grups de
permutacions de les families de codis de Hadamard quaternaris. A més a més, aquests grups
sOn caracteritzats proporcionant la forma dels seus generadors i la forma de les orbites del
grup PAut(C) actuant sobre el codi C. Sabem que el codi dual, en el sentit quaternari, d'un
codi de Hadamard és un codi 1-perfecte estes. D'aquesta manera els resultats obtinguts
sobre el grup de permutacions es poden transportar a una familia de codis quaternaris 1-

perfectes estesos.

viil
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Chapter 1
Introduction

The best way to start reading a thesis is a good thought. So, let me say you “This wohk
is great”. As you have seen, it is not as good as it looks because there is an error. Very
quickly you replace “wohk” by “work” and the meaning becomes clear. You have used
some coding theory techniques to solve this situation by detecting and correcting an error,

but how did you do it? In your subconscious, three assumptions has been made:
1. You are looking for an English word.
2. You are looking for a four-letter word.
3. The most likely situation is that one letter is wrong instead of more than one.

Assumption 1 allowed us to detect the error. There are lots of four-letter words in English,
but assumption 3 is justifying the choose of word “work”, which is probably the only
English word we could make by changing one letter. In other situation, if we had received
the word “oork” we would have chosen lots of possible words by switching only one letter,
re. “work, pork, cork, ...”. So, we would have not corrected the error. Finally, if we had
received an English word, but not the sent one, we would not have caught the error. Say for
example “fork”.

The above situation is an example of a decoder algorithm in a digital communication
scheme. This is crucial in telecommunication, where data is sent over a noisy channel

where information might change before it is received. The aim of coding theory is to

1
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Error from noise

Source I l

Figure 1.1: Communication scheme

find codes which allow to encode and decode in an easy way, to detect and correct errors
produced in the channel, and to maximize the data transferred by unit per time.

In 1948, Claude Shannon started coding theory with the publication [Sha48]. For more
than 50 years, coding theory has grown up feeding on mathematics and engineering and has
became a pillar of the Information Society. There are applications to almost every area of
communication such as satellite and cellular telephone transmission, Internet connections,
compact disc recording, and data storage.

A digital communication scheme is formed by a source which sends information to
a receiver through a transmission channel. In this channel, there might exist some noise
which changes some bits of the sent information.

The encoder adds redundancy to the information generated by the source. When this
information is received, the decoder can use this redundancy to detect and correct the er-
rors added by the transmission channel. Recall the English code example. We corrected
“wohk” to “work” because words like “wojk , kohk, ...” has no sense in English. Thus, the
redundancy in the language is helpful for communication purposes. In other words, all the
possible words of a fixed length are not English words. Only a subset of these combinations
are part of the English code.

Historically, in coding theory, the binary alphabet is commonly used insted of the En-
glish one. Thus, codes are subsets of Z7, which is the space of binary words of length n.
We call them binary codes. Recalling assumption 1, we need an easy way to know which
words are part of the code and which are not. In English, there are the Oxford dictionaries.
In Z%, if you do not want to store an explicit list of codewords, you can use linear codes.

In other words, you can use the algebraic structure of the vector space. Thus, for any linear



code there is a generator matrix and a parity check matrix which makes easier the use of
the code than looking at a dictionary. Imagine that “operating” with a small set of words,

you could generate any English word.

On the other hand, it is known that there exist some binary nonlinear codes with good
properties. Indeed, there exist several binary nonlinear codes having twice as many code-
words as the best binary linear code with the same length and minimum distance. Among
these codes, there are the Preparata-like and Kerdock-like codes. Whenever a code is non-
linear, there are two invariants of the code that give information about how far is that code

to be linear: the rank and dimension of the kernel.

An important step in coding theory was achieved when it was proved that the nonlinear
codes mentioned above could be considered as quaternary linear codes under the Gray map
image [Nec89]. The term Z,-linear code is used to denote such a binary code with an alge-
braic structure over Z,, whereas the codes defined as subsets of Z, are called quaternary

linear codes.

One of the simplest and most important family of binary linear codes is the Reed-
Muller family of codes, denoted by RM. The importance of these codes lies in the fact
that they are relatively easy to encode and decode using majority-logic circuits. In general,
the Reed-Muller codes are not Z,-linear codes, but in 2007, a way to construct families of
quaternary linear codes denoted by RM such that, under the Gray map, the corresponding
Z-linear codes have exactly the same properties as the binary linear Reed-Muller codes
was presented [PRS07, PRS09]. In this dissertation, we will focus on these quaternary

linear Reed-Muller codes.

This dissertation is presented and organized as a compendium of publications. Because
of the space constraints of most of the publications, the contributions appended to this doc-
ument do not include many details nor a complete background on the topic they deal with.
It is for this reason that we found convenient to provide the appropriate background and
introduce some of the main definitions and techniques of coding theory in Chapter 2. In
that chapter you will find all the definitions about binary and quaternary codes as well as
the concepts of equivalence between codes. Chapter 3 gives an introduction to the RM
families of quaternary linear Reed-Muller codes. Chapter 4 reviews and summarizes the re-

sults of the publications making up this dissertation, shows the storyline that links them up,



4 CHAPTER 1. INTRODUCTION

and discusses their relevance. Finally, Chapter 5 concludes this dissertation and proposes
some future lines of research. A copy of all contributions comprising this compendium is

provided at the end of this document, ordered by publication date.



Chapter 2
Coding Theory

This chapter is a review of coding theory. There are definitions and results which will be
used on subsequent chapters and contributions. Section 2.1 starts by introducing some con-
cepts related to binary codes. For more information about classic coding theory see [MS77,
PHBO98]. In Section 2.2, there are the basics concepts about quaternary linear codes and
how they are connected with the concept of Z,-linear codes. A more extensive review can
be found in [HKC*94, Wan97]. Section 2.3 contains a review of the extended 1-perfect
codes and Hadamard codes which will be included in the families of quaternary linear
Reed-Muller codes RM. In Section 2.4, the concept of equivalence between codes is in-
troduced. This leads us to the definition of the permutation automorphism group of a code.
Finally, in Section 2.5, the concepts of rank and dimension of the kernel of a binary code

are introduced.

2.1 Binary codes

Let Z, be the ring of integers modulo two. Let Z7 be the set of all binary words of length
n. Any nonempty subset C' of Z7 is a binary code and a subgroup of Z} is called a binary
linear code or a Zs-linear code. The elements of a code are called codewords. Since Z, is
a finite field, the dimension of a binary linear code C, denoted by k, can be defined as the

dimension of the linear subspace C'in Z,.
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The Hamming distance dp(u,v) between two words u,v € Z} is the number of co-
ordinates in which v and v differ. The Hamming weight of a word u € Z%, denoted by
wp (u), is the number of nonzero coordinates of w. If C'is a binary code, then we assume
that 0 € C, where 0 is the all-zero codeword. In general, a bold number will be a codeword
where this number is repeated in all the coordinates. The minimum Hamming distance d of
C'is the minimum value of dy(u,v) for u,v € C satisfying u # v. The minimum Ham-

ming weight of C, denoted by wy(C), is the minimum value of wy (u) for u € C'\ {0}.

d—1

The error correcting capability is e = | “5=] and C'is an e-error correcting binary code.

The covering radius of a binary code C', denoted by p, is the maximum value of d(v, C)
over all words v € Z5. In terms of Hamming spheres, it is the smallest integer p such that

the spheres with that radius centered at the codewords of C' cover the whole space.

Let A; be the number of codewords of Hamming weight 7 in a binary code C, then
the set {Ay,..., A, } is called the weight distribution of C. The weight enumerator of
C' is defined as the polynomial We(X,Y) = " A, X™ “Y", which is an homogenous
polynomial of degree n in X and Y.

Consider the translate classes of a binary code C, C' +x = {u+xz : u € C'}, where the
word z € Z3. If C' is a binary linear code, then the translate classes are also called cosets.
Each word of Z} of weight less than or equal to e is on a different translate of C'. A binary
code C'is called distance invariant if the weight distribution of C' + v is the same for any
v € C. If C is distance invariant and 0 € C, then the minimum Hamming distance and the

minimum Hamming weight coincide.

The inner product for any two words u, v € Z7 is defined as:

n
(u,v) = Zuivi € Zo.
i=1

If (u,v) = 0, then u and v are called orthogonal. Let C be a binary code, we define the
orthogonal code of C, denoted by C*, as the set of codewords which are orthogonal to all

codewords of C":
Ct={zeZy:{r,u)=0VuecC}.

When C'is a linear code, then C'* is called the dual of the code C. If C C C* then C is
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called self-orthogonal code and, if C' = C* then C is called self-dual code. The following
relation between the weight enumerator of a code and its dual is called the MacWilliams
identity [MS77].

_ 1
Cl

In the literature [MS77], there are examples of binary nonlinear codes with better pa-

Wee(X,Y) We(X +Y, X —Y). (2.1)

rameters than any binary linear codes. This makes interesting the study of binary nonlinear
codes despite the lack of linear structure.

For example, the Preparata codes are an infinite family of codes, denoted by P(m) of
length 2™ with 22" =2m codewords and minimum distance 6 for all even m > 4. Moreover,
the Kerdock codes are another family of codes, denoted by K (m) of length 2™ with 2*™
codewords and minimum distance 2™~! — 2(m=2)/2_ Despite these two families contains
codes which are nonlinear they hold the MacWilliams transform (see Equation 2.1). This
fact suggests a kind of duality relation, which will be clarified in Section 2.2. The point
which makes interesting to study binary nonlinear codes is that sometimes we find great
nonlinear codes. For example, the codes P(m) and K (m) appear to contain at least twice

as many codewords as the best linear code with the same length and minimum distance.

2.2 Quaternary linear codes

Let Z,4 be the integers ring modulo 4. Let Z} be the set of all quaternary words of length
n. Any nonempty subset C of Z] is a quaternary code of length n and if C is a subgroup of
Zy then C is called a quaternary linear code.

In contrast to binary codes, the metric used with quaternary codes is not the Hamming
one, but the Lee metric. We define the Lee weights over the elements in Z, as: w,(0) = 0,
wr (1) = wr(3) = 1, wr(2) = 2. The Lee weight of a word u € Z} is the addition of the
weights of its coordinates, whereas the Lee distance dj,(u, v) between two words u, v € Z}
is defined as dr(u,v) = wy(u — v). The minimum Lee distance of a quaternary code C is
the minimum value of dy (u,v) for u,v € C satisfying u # v. The minimum Lee weight of

a quaternary code C, denoted by wy,(C), is the minimum value of wy,(u) for u € C \ {0}.
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The Gray map, ¢ : Z} — Z2" given by ¢((vy,...,v,)) = (p(v1), ..., (v,)), where
©(0) = (0,0), (1) = (0,1), (2) = (1,1), ¥(3) = (1,0), is an isometry which
transforms Lee distances over Z7 into Hamming distances over Z3". Therefore, the mini-
mum Lee weight of a quaternary code C coincides with the minimum Hamming weight of
C' = ¢(C). Thus, if ¢(C) is distance invariant we can say that C is distance invariant and if
0 € C then, the minimum Lee weight and the minimum Lee distance coincide.

Let C be a quaternary linear code. Since C is a subgroup of Z}, it is isomorphic to
an abelian structure ZJ x Z3. Therefore, C is of type 274° as a group, it has |C| = 2%
codewords and 27+° of these have order two. The binary image C' = ¢(C) of any quaternary
linear code C of length n and type 274 is called a Z-linear code of length 2n and type
2740,

Two quaternary linear codes C; and C, both of length n and type 274° are said to be
permutation equivalent, if one can be obtained from the other by permuting the coordinates.

The concept of equivalent codes is deeply discussed in Section 2.4.

Let C be a quaternary linear code. Although C is not a free module, every codeword is

uniquely expressible in the form

¥ 1
Z it + Z HiVj,
=1 =1

where \; € Zy for 1 < i <, u; € Zyfor1 < j < ¢ and u;, v; are codewords in Z} of
order two and four, respectively. The codewords u;, v; give us a generator matrix G of size
(v 4 &) x n for the code C. In [HKC194], it was shown that any quaternary linear code of
type 2749 is permutation equivalent to a quaternary linear code with a canonical generator

matrix of the form
2T 21, 0O
Gs=—""], (2.2)
S R I

where R, T are matrices over Zs of size § x vy and v X (n — v — §), respectively; and S is

a matrix over Z4 of size 6 x (n — vy — 9).
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Example 1 Let C be a quaternary linear code with generator matrix

000O0O0Z220
000O0O0O0OO0 2
G=120211121
000201171
00002131

The code C is permutation equivalent using the permutation (7,8) to a quaternary linear

code C' with the generator matrix G' in the canonical form showed in Matrix (2.2), where

00022200
G=120233110
20231001

Therefore, the code C is of type 4°21, so it has 4*2 = 32 codewords.

The following two lemmas were proved for quaternary words and quaternary linear
codes, respectively, in [HKC94]. Let u * v denote the component-wise product, for any

u,v € Zj.
Lemma 1 ((HKC"94, Wan97]) For all u,v € Z}, we have
¢(u+v) = d(u) + ¢(v) + ¢(2u * v).
Note that if u or v are words in Z} of order two, then ¢(u + v) = ¢(u) + ¢(v).

Lemma 2 ((HKC194, Wan97]) Ler C be a quaternary linear code. The Z4-linear code
C' = ¢(C) is a binary linear code if and only if 2u x v € C for all u,v € C.

Note that if G is a generator matrix of a quaternary linear code C and {u;}]_; and
{v; }?:o the rows of order two and order four in G, respectively, the Z,-linear code C' =

¢(C) is a binary linear code if and only if 2v; xv;, € C, forall j, k satisfying 1 < j < k < 6.
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The usual inner product for any two words u, v € Zj is defined as:
(u,v) = u-I,v",

where I, is the identity matrix of size n.
— Lo : _ logy 1 _om
Let Ky = 0 3 be a matrix over Z, and define K,, = ®j:1 K, for any n = 2™,

where @) denotes the Kronecker product of matrices. The Kronecker inner product for any

two words u, v € Z32" is defined as:
(U, V) g = u-K 0"

Given a quaternary linear code C of length n, the quaternary dual code of C, denoted
by C*, is defined as

Ct={ucZ: (uv)=0forallvecC}

Given a quaternary linear code C of length n = 2™, the quaternary Kronecker dual code of
C, denoted by CZ, is defined as

Cy={u€Z} : (u,v)g, =0forallv € C}.

Note that (u,v)g, = u-K,v" = (u,v-K,). Hence, both quaternary dual codes are
the same by changing some coordinates of sign. We will talk more carefully about code
equivalences in Section 2.4. For both inner products, the dual code is also a quaternary
linear code, that is a subgroup of Zj.

Given a quaternary linear code C of length n and type 274°, the quaternary dual code is
of length n and type 274"~7~% [HKC+94]. If the generator matrix G of C is in the canonical
form given by Matrix (2.2) then, the generator matrix Hg of the dual code C* can be

computed as follows:

0 21, 2R!
Hs = . (2.3)
L5 T' —(S+RT)
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Example 2 Since the generator matrix G' of C' in Example 1 is written in the canonical
form then, the generator matrix H' of C'* can be computed using Matrix (2.3). The gener-

ator matrix of C* is the matrix H applying the permutation (7,8) to H', where

H =

o O = O OO
o = O O OO
_ O O O OO
_— = O O O N
W = N O NN O

o O O O O
o O O = OO
S O N O NN

Therefore, the code C* is of type 4°2%, so it has 4°2 = 2048 codewords.

The weight enumerator polynomial of C* is related to the weight enumerator polyno-
mial of C by the MacWilliams identity [Del73] showed in Section 2.1. The corresponding
binary code ¢(C*) is denoted by C'; and called the Z4-dual code of C'. Notice that C' and
(') are not dual in the binary linear sense, but the weight enumerator polynomial of C'; is

the MacWilliams transform (see Equation 2.1) of the weight enumerator polynomial of C.

C quaternary dual C n
o] &
C CL

In recent years, quaternary linear codes have attracted the attention of the coding com-
munity as several notorious binary nonlinear codes like Kerdock codes and Preparata codes
were found to be binary images under the Gray map of a quaternary linear code [Nec89,
HKC"94]. This discovery opened the way for a broader study of quaternary codes, which
has constituted a rapidly growing area of coding theory. As we said in Section 2.1, Ker-
dock and Preparata codes holds the MacWilliams identity. That is because they are Z,-dual

codes.

This dissertation is focused on quaternary linear codes and Z,-linear codes. However,
it is interesting to mention that there is a generalization of these codes called Z,7Z,-additive
codes and Z,Z,-linear codes, respectively [RBH89, PR97b].
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A code C is ZyZ4-additive if the set of coordinates can be partitioned into two sub-
sets X and Y such that the punctured code of C by deleting the coordinates outside X
(respectively, Y') is a binary linear code (respectively, a quaternary linear code). Their
corresponding binary images, via the Gray map, are called Z,Z,-linear codes. The funda-
mental parameters as well as the standard forms for generator and parity-check matrices

and the duality concepts of these codes are studied in [BFCP*10].

2.3 Extended 1-perfect and Hadamard codes

Let C' be a binary code of length n. The code C' is said to be perfect if for some integer
r > 0, every x € Z4 is within distance r from exactly one codeword of C'. This definition is
equivalent to say that the covering radius of the code C coincides with the error correcting
capability e of the code C'. Thus, C' is said to be an e — per fect code.

In [ZL73, Tie73], it is shown that the only parameters for nontrivial binary perfect codes
are the 3-perfect Golay code of length 23 and the 1-perfect codes of length n = 2" — 1.
We will focus on the 1-perfect ones.

Binary 1-perfect codes have length n = 2™ — 1 and minimum distance 3. They have
2"~™ codewords. Binary linear 1-perfect codes are unique up to equivalence, they are the
well-known Hamming codes and they exist for any m > 2. On the other hand, there are
lots of binary nonlinear 1-perfect codes and they exist for any m > 4.

Given a binary 1-perfect code of length 2™ —1, when we add an even parity coordinate to
all codewords, we obtain a binary code of length n = 2™ with minimum distance 4. These
codes are called extended 1-perfect codes. It is known that there are quaternary linear codes
such that, under the Gray map, they became Z,4-linear extended 1-perfect codes. We call
them quaternary linear extended 1-perfect codes.

Given m > 1, a binary code with 2m+1 codewords, minimum distance 2™~ and length
n = 2™ is called a Hadamard code. In a Hadamard code, all the codewords, except the
all-one and all-zero codewords, have Hamming weight n/2, where n is the length of the
code.

The dual code of the extended Hamming code of length n = 2™ is the linear Hadamard

code. Moreover, the Z,-dual code of every Z,-linear extended 1-perfect code is a Z,-linear
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Hadamard code [KroO1]. There are quaternary linear codes such that, under the Gray map,
they become Z,-linear Hadamard codes. We call these codes quaternary linear Hadamard
codes. Moreover, the quaternary dual of a quaternary linear extended 1-perfect code is a

quaternary linear Hadamard code.

There is a recursive construction for the generator matrices of the quaternary linear
Hadamard codes. We can contruct one generator matrix s, for every m > 1 and 1 <

6 < |™H | in the following way:

Hig = (1> ;

H(S,m =

ifm>20—1,0 > 1;
0 2

Hs—1m—2 Hs—1m—2 Hs—im—2 Hs—1m-2)\ .
Hsm = 5—1,m—2 Tls—1,m-2 7l5—1m-2 7Ll5—1,m—2 ifm=25—1.0>2.
0 1 2 3
Example 3 For m = 5, we can construct the following three generator matrices for qua-
ternary linear Hadamard codes. Note that, every Hs, is the parity check matrix of the

quaternary linear extended 1-perfect code denoted by Es ..

His =

o O O O
S O O N
O O NN O
S O N N
S N O O
S N O N
O NN O
S NN N
N OO O
DO O N
N O N O
N O N N
NN O O
NN O N
N NN O
N NN N

Hops =

o oo =
S O = =
S Ol =
o Ol Ww =
S DO =
S N = =
O NN
S DWW =
N OO =
N O~
N O =
N O W =
N N =
NI NG =y —
N NN
N N W =

,_.
—_
—
—_
—_
—
—
—
—
—
—
—
—_
—

Hzs =

o O
o
o
(@)
—_ =
— DN
_ W
[\
(a]
w
w w
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2.4 Equivalent codes

In this section, we ask when two codes are “essentially the same”. We term this concept
“equivalence”. Usually, we are interested in properties of codes, such as the weight distri-
bution, which remains unchanged when passing from one code to another that is essentially

the same.

Two binary linear codes could be considered “the same” if they were isomorphic as
vector spaces. However, in that case the concept of weight is lost: codewords of one
weight may be sent to codewords of different weight by the isomorphism. Moreover, we
are interested in equivalences between codes which could be nonlinear or over other rings.
Clearly, any permutation of coordinates or translation by one word, which sends one code
to another one, preserves the weight of codewords, regardless of the field or even a ring.

This idea leads us to the definitions of code equivalences.

Let S,, be the symmetric group of permutations on the set {1,...,n}, where id € S,
is the identity permutation. Let R be a ring. The group operation in S, is the function
composition, denoted by o. The composition o, o o5 maps any element z to oy (02(x)). A
o € S, acts linearly on words of R" by permuting the coordinates, o((cy, o, ..., ¢y)) =
(Co1(1), Co-1(2)s - - - » Co—1(m))-

Two codes C'; C R"™ and Cy; C R™ are said to be equivalent if there is a word z € R"
and a coordinate permutation 7 such that Cy = {x + 7(c) : ¢ € Cy}. They are said to
be permutation equivalent if there is a permutation of coordinates which sends C to Cj.
The set of coordinate permutations that map a code C' to itself forms a group called the
permutation automorphism group of the code C' denoted by PAut(C'). Hence, if C' is a
code of length n, then PAut(C) is a subgroup of the symmetric group S,,.

When we are considering codes over a ring which is not Z,, equivalence could take
a more general form. Despite the permutation equivalence, there are more general maps
which preserve the Lee weight of codewords. These maps also include those which multi-
ply the coordinates of the codewords by units of the ring.

A monomial matrix is a square matrix with exactly one nonzero divisor entry in each
row and column. A monomial matrix M can be represented as a product of a diagonal

matrix D and a permutation matrix P. Hence, M = DP. Note that the entries in the
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diagonal of D should be units. Thus, in Z, means that the entries are 1 or 3.

Let C; and C; be two linear codes of the same length over the ring R. Let G; be the
generator matrix of C;. Then C; and Cy are monomially equivalent if there is a monomial
matrix M so that G; M is a generator matrix of C. Moreover, if two quaternary linear codes
C, and C, are monomially equivalent then, the corresponding Z-linear codes C; = ¢(C;)

and Cy = ¢(Cy) are permutation equivalent.

As it happens in the permutation equivalence case, now the set of monomial matrices
that map a code C to itself forms the group MAut(C) called the monomial automorphism
group of C. Since any permutation can be seen as a permutation matrix, in general, PAut(C)
is a subgroup of MAut(C).

Let C be a quaternary linear code. Let C' = ¢(C) be the binary image under the Gray
map, that is, the corresponding Z4-linear code. In this situation we can study three groups:
PAut(C), MAut(C) and PAut(C). As we said, PAut(C) C MAut(C). Finally, the study
of MAut(C) can help to determine a subgroup of PAut(C').

In the literature, we can find several studies of the permutation automorphism groups
of some known binary codes. The permutation automorphism group of the Z,7Z,-linear ex-
tended 1-perfect codes, which include the Z,-linear extended 1-perfect codes, was studied
in [Krol1]. Moreover, the permutation automorphism group of the span of the same codes
was studied in [PRO2]. In general, the permutation automorphism group of (nonlinear)
binary 1-perfect codes was studied before, obtaining some partial results [HPW09, Hed05,
ASHOS, FCPV11].

Let us recall some fundamental concepts of group theory applied to the permutation
automorphism group A = PAut(C) acting on the code C. On the one hand, the orbit
of a codeword v € C' under the action of A is the set A(u) = {o(u) : 0 € A}. Note
that, since A is the permutation automorphism group of C, A(u) C C. Moreover, two
codewords u, v € C are said to be A-equivalent if there exists a permutation o € A such
that o(u) = v. Since this is an equivalence relation, C'is partitioned into classes or orbits. If
there is only one orbit, it is said that the action is transitive. On the other hand, the stabilizer
of u € C'in A is the subgroup N* = {o € A : o(u) = u}. Finally, the orbit-stabilizer
theorem shows that |A| = |A(u)||N*| for all uw € A [Cam99].
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2.5 Rank and dimension of the kernel

In Section 2.4, we showed when two codes are “essentially the same” introducing the
concept of equivalence. Now, given two binary codes we want to answer whether they
are equivalent or not. We can solve this situation by doing an exhaustive search of all
permutations, but it is an NP-hard problem. Thus, we will use invariants of binary codes to
solve it.

We will use the rank and dimension of the kernel for binary codes. These two invariants
do not always give a full classification of codes, since two nonequivalent codes could have
the same rank and dimension of the kernel. In spite of that, they can help in classification,
since if two codes have different ranks or dimension of the kernel, they are nonequivalent.

We will focus on Z,-linear codes. Recall that Z,-linear code is a binary code which
is the Gray map image of a quaternary linear code. Let C be a quaternary linear code of
length n and type 274° and let C' = ¢(C) be the corresponding Z,-linear code of length 2.
The rank r¢ of a binary code C' is the dimension of the linear span of the codewords of C'.
We will talk about the rank of a quaternary linear code C or the rank of the corresponding
Zy-linear code C' = ¢(C) as the same value. Thus, ¢ = r¢. The rank of Z,-linear codes
was studied in [FCPVO08], where the authors showed that there exists a Z,-linear code C
with 7 = rank(C') for any possible value of r¢.

The following theorem shows the lower and the upper bounds for the rank of any qua-
ternary linear code. Moreover, it also proves that there always exists a quaternary linear

code for every possible value of the rank between these bounds.

Theorem 3 ([FCPV10, FCPVO08]) There exists a quaternary linear code C of length n
and type 274° with rank r¢ for any

)
re € {y+20,...,min(n + 0, v+ 20 + (2))}

Note that when ¢ = v + 24, the corresponding Z,-linear code by using the Gray map

is a binary linear code, and it corresponds to the lower bound of the rank.

The kernel of a binary code C'is K(C) = {x € Z} : C+x = C}. LetC be a

quaternary linear code and let C' = ¢(C) be the corresponding Z,4-linear code with kernel
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K (C) of dimension k¢. The kernel of C, denoted by K(C), is defined as the inverse Gray
map image of K (C'), thatis K(C) = ¢~ (K (C)). Furthermore, the dimension of the kernel
of C is defined as the dimension of the kernel of C' = ¢(C), and is denoted by k.

Lemma 4 ([FCPV10, FCPVO08]) Let C be a quaternary linear code. Then,
K(C)={u:ueCand2ux*v e C,Vv e C}.

Note that if G is a generator matrix of a quaternary linear code C, then v € K(C) if and
only if u € C and 2u x v € C for all v € G. Moreover, by Lemma 4, all codewords of order
two in C belong to /C(C). It is also clear that if the word 1 belongs to C, then it is also in
IC(C). Finally, note that /C(C) is a linear subcode of C [FCPV 10, FCPV08].

The following theorem shows the lower and the upper bounds for the dimension of the
kernel of any quaternary linear code. Furthermore, it also proves that there always exists a

quaternary linear code for every possible value of the dimension of the kernel.

Theorem 5 ((FCPVO08]) There exists a quaternary linear code C of length n and type 274°

with dimension of the kernel of C as k¢ for any

{vy+0,....,v+20—2,v+ 20} if s>2
keeq {(v+200-T21),...,vy+2(6-1),v+25} if s=1
{v + 26} if s=0,

where s =n — v — 0.

Note that when ke = ~ + 20, the corresponding Z,-linear code is a binary linear code,

and it corresponds to the upper bound for the dimension of the kernel.

In Section 2.3, we defined the Z,-linear Hadamard and Z,-linear extended 1-perfect
codes. In [KroO1], a full classification of such codes using these two invariants is given.
One of the most fundamentals parts of this dissertation is the classification of the Z,-linear
Reed-Muller codes presented in Chapter 3, which contain the Z,-linear Hadamard and Z,-

linear extended 1-perfect codes.



18 CHAPTER 2. CODING THEORY

The dimension of the kernel and the rank of Z,-linear Hadamard codes Hs,,, = ¢(Hs )
of type 274° and Zj-linear extended 1-perfect codes Ej,, = ¢(&5,,) of type 274 were
studied in [BPRO3, PRV04, Kro0O1]. Specifically,

20 if 6=1,2;
P ' ’ 2.4)
y+o+1 if 6> 3;
F4+o4+m if 6=1;
kgy,, =< +0+2 if §=2; (2.5)
F+0+1 if 9> 3;
+ 26 if 0=1,2;
TH(S m = fy d—1 . (2'6)
v+26+ (%) if §>3;
TEs,, =7+ 26 +6=2"""+6; 2.7)

except rpg, , = 11.

Recall that the codes Hs,,, and &, are quaternary duals. Thus, you can compute the

type of the dual code by using the equations ¥ = vy and § = 2™~ — v — §.

Example 4 For m = 5, we have § € {1,2,3}. See Example 3 for the generator matrices
of the three codes Hs,,. The same matrices are the parity check matrices of the three
dual codes E;,,. Now, we show the rank and dimension of kernel of their corresponding

Zy-linear codes:

k‘HL5 = THy; =
km,, = 6 | 7w,

kra,, = 4 |7y,

kg,;, = 20| rg, = 27
kg,s; = 16| 71E,, = 28
kg,s = 14| rg,, = 29

It is proved that H, 5 and H, 5 are equivalent codes. Then, for m = 5 there are only
two nonequivalent Z.4-linear Hadamard codes and three nonequivalent Z.4-linear extended

1-perfect codes.
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The point is that the Gray map images of Hi 5 and Hy 5 are two Zy-linear equivalent
codes but, the Gray map images of their dual codes &, 5 and &, 5 are nonequivalent. Ob-
serve that the quaternary dual operation is not preserving the nonequivalence of Z4-linear

codes.

The next two theorems generalizes these classification results. Note that Theorem 6

was proved using the dimension of the kernel and Theorem 7 was proved using the rank.

Theorem 6 ([Kro01]) For each § € {1,...,|(m — 1)/2]|} there exists a unique (up to
equivalence) 7Z,-linear Hadamard code C' of length 2™ > 16, such that the code of C'is of
type 2749 where v = m + 1 — 24.

Theorem 7 ([Kro01]) For each 6 € {1,...,|(m + 1)/2|} there exists a unique (up to
equivalence) Z4-linear extended 1-perfect code C of length 2™ > 16, such that the Z.4-dual
code of C'is of type 274° where v = m + 1 — 20.
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Chapter 3

Reed-Muller codes

In this chapter, the Reed-Muller codes will be explained. First of all, binary linear Reed-
Muller codes and their parameters and properties will be presented. Then, we will talk
about some families of quaternary linear Reed-Muller codes proposed in different papers
trying to generalize the binary linear Reed-Muller family of codes. Finally, we will present

the RM ; families of codes as a good generalization of the binary linear Reed-Muller codes.

3.1 Binary linear Reed-Muller codes

The usual binary linear Reed-Muller family of codes is one of the oldest interesting family
of codes. The first construction of such codes was presented by Muller in [Mul54]. Later,
the decoding algorithm was presented by Reed in [Ree54]. This family will be denoted by
RM. The codes in this family are easy to decode and their combinatorial properties are of
great interest to produce new optimal codes.

The binary linear rth-order Reed-Muller code RM (r,m) with 0 < r < mand m > 1
can be described by using the Plotkin construction as follows [MS77]:

RM(r,m) = {(ulu+v):u€ RM(r,m—1),v€ RM(r—1,m—1)},

where RM (0, m) is the repetition code {0, 1}, RM (m,m) is the universe code, and "|"

denotes concatenation. For m = 1, there are only two codes: the repetition code RM (0, 1)

21
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and the universe code RM (1,1). For every code RM (r,m), its generator matrix will be
denoted by G,.,,). The codes in the R M family have the parameters and properties quoted

in the following lemma.

Lemma 8 ((MS77]) A binary linear rth-order Reed-Muller code RM (r,m) with m > 1

and 0 < r < m has the following parameters and properties:
1. the length isn = 2™;

2. the minimum distance is d = 2™~ ";

3. the dimension is k = Z (m> ;
i

=0

4. the code RM (r — 1, m) is a subcode of RM (r,m) for 0 < r < m;

5. the code RM (r,m) is the dual code of RM (m — 1 —r,m) for 0 < r < m.

Example 5 For m = 2, there are three binary linear Reed-Muller codes and the generator

matrices Gy, are:

1111
1010 0104
G(o,2>:(1111); Gagy=10 101 [; Gegy= 0014
Cotd 0001

It is easy to check that these three codes satisfy all the parameters and properties quoted in

Lemma 8.

3.2 New Plotkin constructions

One way to construct the M family of codes is by using the Plotkin construction. In this
subsection, two generalizations of the Plotkin construction over quaternary linear codes

will be introduced.
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Definition 9 (Plotkin Construction) Let A and B be two quaternary linear codes of length
n, types 274494 and 2784% and minimum distances d 4 and dg, respectively. A new qua-
ternary linear code PC(A, B) is defined as

PC(A,B) ={(ulu+v):ueAveB}.
It is easy to see that if G4 and G are generator matrices of A and B, respectively, then
Ga Ga
Gpc =
0 Gg

is a generator matrix of the code PC(.A, B). Moreover, the code PC(.A, B) is of length 2n,
type 27475494495 and minimum distance d = min{2d 4, dz} [PRS07, PRS09].

the matrix

Definition 10 (BQ-Plotkin Construction) Let A, B, and C be three quaternary linear
codes of length n; types 214404 298498 and 27¢ 4% - and minimum distances d 4, dp, and
de, respectively. Let G4, Gg, and Ge be generator matrices of the codes A, B, and C, re-
spectively. A new code BQ(A, B,C) is defined as the quaternary linear code generated
by

Ga Ga Ga Ga
0 Gy 2G;z 3Gg
0 O QB GB
0 0 0 G¢

Gpg =

where Gy is the matrix obtained from Gg after switching twos by ones in their vz rows of
order two, and Gy is the matrix obtained from Gg after removing their g rows of order

two.

The code BQ(A, B,C) is of length 4n, type 274+1c404+75+205+%¢ and minimum dis-
tance d = min{4dy, 2dg, dc} [PRS07, PRS09].



24 CHAPTER 3. REED-MULLER CODES

3.3 Quaternary linear Reed-Muller codes

In [HKC™94], Hammons, Kumar, Calderbank, Sloane, and Solé showed that several fami-
lies of binary codes are Z,-linear. In particular, they proved that the binary linear rth-order
Reed-Muller code RM (r,m) is Z4-linear for r = 0,1,2, m — 1, m and is not Z-linear for
r =m — 2 (m > 5). In a subsequent work, Hou, Lahtonen, and Koponen [HLK98] proved
that RM (r,m) is not Z,-linear for 3 < r < m — 2 (m > 5).

In the recent literature [BFP05, BFCP08, HKC 94, PR97a, Sol07, Wan97], several
families of quaternary linear codes have been proposed and studied trying to generalize
the RM family. However, when the corresponding Z,-linear codes are taken, they do not
satisfy all the properties quoted in Lemma 8. Finally, in [PRS07, PRS09], new quaternary
linear Reed-Muller families, denoted by R.M, such that the corresponding Z,-linear codes

have the parameters and properties described in Lemma 8, were proposed.

Now, we will try to explain brie y the differences between all these quaternary Reed-
Muller families trying to generalize the binary linear Reed-Muller codes. In [HKC94],
a construction of codes, called OQRM and based on Z,-linear codes, such that after do-
ing modulo two we obtain the binary linear Reed-Muller codes is introduced. The code
QRM(1,m)is a quaternary linear Kerdock code and its orthogonal code QR M (m—2,m)
is a quaternary linear Preparata code. This result is generalized in [BFP05], where a class
QRM—(T,m) of quaternary codes is described, which includes QR M (r, m) codes, as well
as all the quaternary linear Kerdock and quaternary linear Preparata codes. In [BFPOS,
BFCPO08] such family of codes is studied, and their parameters and the dimension of the

kernel and rank are computed.

In [PR97a], a generalization of the Plotkin construction to construct a new family of
Reed-Muller codes called AR M is introduced. In [Sol07], a Plotkin construction to obtain
a sequence of quaternary linear Reed-Muller codes called LR.M families is used. In both
last quoted constructions, the images of the obtained codes under the Gray map are binary
codes with the same parameters as the binary linear Reed-Muller codes. However, they do

not satisfy the properties 4 and 5 quoted in Lemma 8.

It was a natural question to ask for the existence of families of quaternary linear codes

such that, under the Gray map, the corresponding Z,-linear codes have the same parameters
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and properties as the well-known family of binary linear Reed-Muller codes. In these new
families presented in [PRS07, PRS09], like in the usual RN (r,m) family, the code with
r = 1 has to be a Hadamard code and the code with r = m — 2 has to be an extended

1-perfect code.

Let s,7,m be three integers such that m > 2,0 < 7 < m,and 0 < s < |[2-1],
The generator matrix Gy, ,,,) of the quaternary linear rth-order Reed-Muller code of the
family s denoted by RM(r, m) can be constructed in a recursive way by using the Plotkin

construction given by Definition 9 as follows:
RM(r,m) = PC(RMg(r,m — 1), RM(r — 1,m — 1)),

where RM(r,m) with r < 0 is defined as the zero code, RM(0,m) is defined as the
repetition code with only the all-zero and all-two vectors, and RM(r, m) with r > m is
defined as the whole space ZT’l. Moreover, for m = 1, there is only one family with s = 0,
and in this family there are only the zero, repetition and universe codes for r < 0, 7 = 0

and r > 0, respectively. In this case, the generator matrix of RM(0, 1) is Goo,1) = ( 2 )
and the generator matrix of RM(1,1) is Go1,1) = ( 1 )

Example 6 For m = 2, the generator matrices of RMy(r,2), 0 < r < 2, are the follow-

ing:
0 2 10
0(0,2) 0(1,2) 11 0(2,2) 01

Note that when m is odd, the R M family with s = ’”T_l can not be generated by using
this construction. The first time that a new family is generated, we will use the BQ-Plotkin
construction instead of the Plotkin construction. In this case, for any m > 3 and odd, given
RMs_1(r,m—2), RM;_1(r—1,m—2) and RM_1(r —2,m—2), the RM;(r,m) code

can be constructed by using the BQ-Plotkin construction given by Definition 10 as follows:
RM(r,m) = BORM_1(r,m —2), RM;_1(r —1,m —2), RM,_1(r —2,m — 2)).

Example 7 For m = 3, there are two families. The R M family can be generated by using
the Plotkin construction. On the other hand, the new RM family has to be generated by
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Table 3.1: RM(r,m) codes: (,0)

m| "o 1 2 3 4 5 6
1 0 (1,0) | (0.1)
2 0 (1,0) | (1.1) | (0.2)
5 0 1,0) | D) | (1.3) | 0.4
1 (1,0) | (02) | (1.3) | (0.4)
A 0 1.0) | G.D) | G4 | (17 | (0.8
1 (1.0) | 12 | 1.5 | a7 | 0.8
0 (10) | @.1) | (65) | (4.11) | (1.15) | (0.16)
5 1 (1.0) | 22) | @7 | @212) | (1.15) | 0.16)
2 (1,0) | (03) | 2,7) | 0,13) | (1,15) | (0,16)
0 (1.0) | (5.1) | (10.,6) | (10,16) | (5.26) | (1.31) | (0.32)
6 1 (1,0) | 32) | 4,9 | 4,19 | (327 | (1,31) | (0,32)
2 (1,0) | (1,3) | 2,10) | (2,20) | (1,28) | (1,31) | (0,32)

using the BQ-Plotkin construction. The generator matrices of RM(r,3), 0 < r < 3, are
the following:

1111
91(073) = ( 2 2 2 2 ) ; g1(1,3) = )
012 3

1111 111 1
012 3 012 3
123) 00 11 133 001 1
000 2 000 1

Table 3.1 shows codes in the R M families for 1 < m < 6. Each code is represented
by (v, d), where 274° is the type of the code.

In [PRSO7, PRS09], it is proved that these new families of quaternary linear Reed-
Muller codes, denoted by RM;, satisfy that, under the Gray map, the corresponding

Z,-linear codes have the same parameters and properties (length, dimension, minimum
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distance, inclusion and duality relationship) as the well known RM family. Contrary to

the binary linear case, where there is only one RM family, in the quaternary case there

m+1
2

subindexes s from the set {0, ..., [ ]}.

are | ™| families for each value of m. These families will be distinguished by using

Lemma 11 ([PRS07, PRS09]) A quaternary linear Reed-Muller code RM(r, m), with
m>1L0<r<m,and0 <s < LmT_lJ has the following parameters and properties:

~

the binary length is N = 2™;

2. the minimum distance is d = 2™~ ";

3. the number of codewords is 2, where k = Z <m> ;
i

i=0
4. the code RM(r — 1,m) is a subcode of RMg(r,m) for 0 < r < m; The code
RM;(0,m) is the repetition code with only one nonzero codeword (the all-two vec-
tor). The code RM(m,m) is the whole space Z¥"~ and RM,(m — 1,m) is the

even code (i.e. the code with all the vectors of even weight);

5. the codes RM(1,m) and RMg(m — 2,m), after the Gray map, are Z,-linear

Hadamard and 7.4-linear extended perfect codes, respectively;

6. the code RM(r, m) is the dual code of RMs(m — 1 —r,m) for —1 < r < m.

All the contributions in this dissertation will be in the context of the RM, families of
Reed-Muller codes. Actually, different properties like the rank, the dimension of the kernel

and the automorphism groups will be studied for such codes.
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Chapter 4

Contributions

In this chapter, we summarize the results of the contributions making up this dissertation.

Chapters 2 and 3 have already given a background that relates the articles appended to this

document. However, we summarize it here, with the aim of justifying the thematic unity of

this compendium.

The aforesaid contributions are the publications listed below.

®

(i)

(111)

(iv)

Pernas, J.; Pujol, J.; Villanueva, M., Kernel Dimension for Some Families of Quater-
nary Reed-Muller Codes. (MMICS) Lecture Notes in Computer Science, vol. 5393.,
pp: 128-141. ISSN: 0302-9743. December 2008.

Pernas, J.; Pujol, J.; Villanueva, M., Rank for Some Families of Quaternary Reed-
Muller Codes. (18AAECC) Lecture Notes in Computer Science, vol. 5527., pp:
43-52. ISSN: 0302-9743. June 2009.

Pernas, J.; Pujol, J.; Villanueva, M., Classification for Some Families of Quaternary
Reed-Muller Codes. 1EEE Transactions on Information Theory, vol. 57, no. 9, pp.
6043-6051. September 2011.

Pernas, J.; Pujol, J.; Villanueva, M., On the Permutation Automorphism Group of
Quaternary Linear Hadamard Codes. 3rd International Castle Meeting on Coding
Theory and Applications, Servei de publicacions UAB, pp. 213-218. September
2011.

29



30 CHAPTER 4. CONTRIBUTIONS

(v) Pernas, J.; Pujol, J.; Villanueva, M., Characterization of the Automorphism Group o
Quaternary Linear Hadamard Codes. Accepted to Designs, Codes and Cryptography,
February 2012.

Contributions (%), (#¢) and (iv) are published in conference proceedings. Actually, con-
tributions (7) and (4i) correspond to conferences in the CORE ranking scored as a C' and
B, respectively. Contribution (i) is an article published in a journal with an impact factor
of 2.73(Q1) in the JCR(2010). Contribution (v) is also an article accepted in a journal with
an impact factor of 0.83(()2) in the JCR(2010).

4.1 Classification of Reed-Muller Codes

In Section 3.3, the RM families of quaternary linear Reed-Muller codes are described.
Remember that given m > 1 and r € {0, ..., m}, there is one code RM(r, m) for every
s €{0,...,[™1]}. By Lemma 11, we know the parameters of these | ! | codes. The
length is 2", the minimum distance is 2", and the number of codewords is 2k where k =
Yoo (T) Given r and m, all the codes share the same parameters for every s. Although
having the same parameters, the corresponding Z,-linear codes could be nonequivalent.

The aim of the publications (), (i¢) and (i) is to give a full classification of the R M
families of Reed-Muller codes. That is, to proof the nonequivalence of ¢(RM(r,m))
codes for every s € {0,...,[™]}. As it was done before with the Z,-linear Hadamard
codes and Z,-linear extended 1-perfect codes (see Section 2.5), the rank and dimension of
the kernel will help in giving this classification.

In Section 2.3, quaternary linear Hadamard codes and their construction are introduced.
These Hadamard codes are included in the R M families. Indeed, the codes RM (1, m)
are the quaternary linear Hadamard codes. As it is known, the quaternary dual code of a
quaternary linear Hadamard code is a quaternary linear extended 1-perfect code. Thus, the
codes RM(m — 2, m) are the quaternary linear extended 1-perfect codes.

In [KroO1], the rank of the codes ¢(RM(1,m)), where m > 4, is established. The
author proved that the rank of the RM(1, m) and RM; (1, m) are the same and they have

different value for the rest of cases s € {2,...,[™1]}. Hence, the author claimed that
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there were LmT_lj nonequivalent Z,-linear Hadamard codes. In the same article [KroO1],
the dimension of the kernel of the codes ¢(RM(m — 2, m)), where m > 4, is established

too. The dimension of the kernel is different for every s € {0,...,[™-]}. Thus, the

m—+1
2

Contributions (7), (¢i) and (i7i) were motivated by these results and with the aim to com-

plete the classification for the codes ¢(RM(r,m)) wherem > 4andr € {2,...,m—3}.

author claimed that there were | ™= | nonequivalent Z,-linear extended 1-perfect codes.

Contribution (7) represents the first study of the dimension of kernel of the R M(r, m)
codes. When s = 0, there are no order four codewords in the generator matrix except the
all-one codeword (see construction in Section 3.3). That fact makes easier to work with
the family of codes RM. Thus, in (i) we established the dimension of the kernel for the
RM, tamily of codes and we suggested that a generalization of the method used should
work for rest of the R M, families.

In Contribution (i7), we tried to compute the rank for all R M (r, m) families of codes.
Our hope was that working with the rank could be easier than working with the kernel.
However, it was even harder than the kernel, so we just established the rank for the codes
RM,(2,m) and RM(m — 3,m) with s € {2,...,[]}. After that, we realized that
we should go back to the computation of the dimension of the kernel.

Finally, in contribution (7i7) we gave the full classification of the corresponding Z,-
linear codes of the RM, families of Reed-Muller codes. To solve the problem, we es-
tablished the dimension of the kernel of every RM(r,m) code, where m > 1, r €
{0,...,m}, and s € {0,...,[™1]}. We realized that the method used in (i) was too
complicated to be generalized for s € {1,..., [™]}. Moreover, in [RR08] was proved
that RMo(r,m) = ZRM (r,m — 1). The ZRM (r,m — 1) codes were introduced
in [BFCPO8] as well as their dimension of the kernel. Since the case s = 0 was indirectly
solved then, we focused on the general case for s > 1 and finally we claimed Theorem 12,
which establishes the value of the dimension of the kernel for each code. Table 4.1 shows
the dimension of the kernel for all RM(r, m) codes with m < 6. Before claiming the
full classification given by Theorem 13, it was necessary to prove that the cases where the

dimension of the kernel are the same, the codes are equivalent.

Theorem 12 Forallm > 1,7 € {0,...,m}and s € {0, ..., | "]} the dimension of the
kernel of RM(r,m) of type 274% is
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Table 4.1: Type 274° and dimension of the kernel Es(rm) for all RM(r, m) codes with

m < 6, showing them in the form (7, 9) ks(rm)

CHAPTER 4. CONTRIBUTIONS

m| "1 o 1 2 3 4 5 6
1 0 @O 1| (01)2
2 0 (L,oO1 | 1,H3 0,2)4
3 0 (1,001 | 2,H4 (1,3)7 0,4)8
1 (1,001 | (0,2)4 (1,3)7 0,4)8
. 0 101 G5 | GH1l | ()15 | (0816
I a0l | a25| 1,58 | 4715 | 08)16
0 101 @16 ]| (6516 | &I11)20 | (1,15)31 | (0,16) 32
5 1 101|226 | @711 | 212016 | (1,15)31 | (0,16) 32
2 (L)1 | 03)4 | @711 | (0,13)14 | (1,15 31 | (0,16) 32
0 1O)1 | 5,1)7 | (10,6)22 | (10,16)32 | (5,26)37 | (1,31) 63 | (0,32) 64
6 1 LO)1 | 32)7 | (4915 | 41925 | 3,27)32 | (1,31)63 | (0,32) 64
2 L0)1 | (13)5 | (2,10)13 | (220023 | (1,28)30 | (1,31)63 | (0,32) 64
L ksom) =1 ksm—1,m) = 2™ — 1, kggmm) = 2.
2. If s =0,
v+ 26 for r=1
kO(r,m) -
Yy+o+m  for re{2,...,m—2}

3. Ifs=1kipmy =7+ 0 +2forre{l,2,...,m—2}.

4. Ifs > 2, kypmy = v+0+1forr € {1,2,...,m—2}, except koo 5y = v+0+2 = 11.

Theorem 13 For all m > 3 and r = 1, there are at least LmT_IJ nonequivalent binary

codes with the same parameters as the code RM (1, m).

Forallm > 4and 2 < r < m—2, there are at least LmT“J nonequivalent binary codes
with the same parameters as the code RM (r,m), except when m is odd, and r is even. In

this case, there are at least mT’l nonequivalent binary codes with the same parameters as
the code RM (r,m).
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4.2 Permutation automorphism groups

The vector spaces considered in coding theory usually have both metrical and algebraic
structures. From the point of view of the parameters of an error-correcting code, the metri-
cal one is the most important, while the algebraic properties give an advantage in construct-
ing codes, developing coding and decoding algorithms, and other applications. In this sec-
tion, we will talk about these algebraic properties of codes, the permutation automorphism
group of a quaternary linear code. Actually, in contributions (iv) and (v), we characterized
the permutation automorphism group of the R M (1, m) and RM(m — 2, m) codes.
Recall the definition of the permutation automorphism group of a quaternary linear

code given in Section 2.4:
PAut(C) ={o € S, : 0(C) =C},

where C is a quaternary linear code and 5,, the symmetric group on a set of n symbols.

The order of the group PAut(C) is an invariant of the code C. Thus, knowing this group
order could be used for classification purposes like the dimension of the kernel or the rank.
The permutation automorphism group gives a lot of information of the code. It can help to
establish metrical properties, like the weight distribution, or it can be useful in some other
practical goals like in the decoding algorithms.

In the literature, we can find several studies of the permutation automorphism groups
for some known binary codes. The permutation automorphism group of Z,Z,-linear ex-
tended 1-perfect codes, which include the Z,-linear extended 1-perfect codes, was stud-
ied in [Kroll]. Moreover, the permutation automorphism group of the span of the same
codes was studied in [PRO2]. In general, the permutation automorphism group of (non-
linear) binary 1-perfect codes has also been studied before, obtaining some partial results
[HPWO09, Hed05, ASHOS5, FCPV11]. Note that all these results are focused on the per-
mutation automorphism groups of binary codes. Our work is focused on the permutation
automorphism group of a quaternary linear code despite the code could be seen as a binary
code under the Gray map.

Initially, we had considered to study the permutation automorphism group of all the

families of quaternary linear Reed-Muller codes R M presented in Chapter 3. Quickly, we



34 CHAPTER 4. CONTRIBUTIONS

realized that it would be better to start with the RM (1, m) and RM(m — 2, m) codes.
Since the permutation automorphism group of the dual code is the same as the original
code, we studied both cases at once. Recall that RM,(1,m) are the quaternary linear
Hadamard codes and the R M (m — 2,m) are the quaternary linear extended 1-perfect
codes. Both codes are described in Section 2.3.

In order to study the permutation automorphism group of the R M (1, m), we have
computed them for some fixed s and m using an algorithm presented in [Feu09]. Contri-
bution (7v) is an extended abstract presented at the International Castle Meeting on Cod-
ing Theory and Applications in 2011. The main result was to establish the order of the
permutation automorphism groups for the Hadamard codes RM (1, m) and their duals
RM(m—2,m). In (iv), there is a sketch of the proof for the order of that group. Looking
for a characterization of the PAut(RM(1,m)) we obtained a classification of its code-
words by computing the orbits of their action on RM (1, m).

Finally, in contribution (v), the results about the order of the permutation automor-
phism group of the quaternary linear Hadamard codes are proved. Moreover, the groups
are completely characterized by giving a method to describe the generators of the group.
Theorem 14 and Corollary 15 give the order of these groups, and Table 4.2 shows some

examples.

Theorem 14 Let H,, be the quaternary linear Hadamard code of length n = 2™ 1,
where m > 1 and 0 < s < LmT*lj The order of the permutation automorphism group
P, = PAut(Hs ) is

(i) |Poal =1;
(i) |Pam] = |Pacymoa] - 4571+ (22572 — 25°2) ifm = 25+ 1, 5 > 1;

(iii) |Pyp| = |Pomot] - 277572 (2775 — 2541) ifm > 25 + 1, s > 0.

Corollary 15 Let H,,, be the quaternary linear Hadamard code of length n = 2™,
where m > 1and 0 < s < LmT_IJ Let &, = Hslm be its quaternary dual code, which is
a quaternary linear extended 1-perfect code. Then, PAut(H; ) = PAut(&;s ).
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Table 4.2: Order of P ,,, = PAut(Hs,,) for1 < m < 8.
112 3 4 5 6 7 8

0 112]2%.3]20.3.7]219.3.7.15

1 23 26 2103 215.3.71221.3.7-15

2 29.3 2113 220 .32 227.32 .7
3

218.3.7 2%5.3.7

4.3 MAGMA implementation

MAGMA is a software package designed to solve computationally hard problems in algebra,
number theory, geometry and combinatorics. Currently, it supports the basic facilities for
linear codes over integer residue rings and Galois rings (see [CB94]), including additional
functionality for the special case of codes over Z,4, or equivalently quaternary linear codes.

New functions that expand the current functionality for codes over Z, have been devel-
oped as a contribution of this dissertation. Since the MAGMA version 2.15 — 15, version
1.2 of this package is included by default and it is not necessary to be installed. However,
the latest version 1.4 can be downloaded from http://www.ccg.uab.cat as well as
its reference manual [PPV12b].

The functions included in the developed package expand the current functionality for
codes over Z, in MAGMA. Specifically, there are functions which give new constructions
for some families (RM, LRM) of codes over Z, and constructions to obtain new codes
over Z,4 from given codes over Z, (Chapter 3). Moreover, efficient functions for computing
the rank and dimension of the kernel of any code over Z, are also included, as well as
general functions to compute the coset leaders for a subcode in a code over Z,. Finally,
there are also functions to compute the permutation automorphism group for Hadamard

and extended 1-perfect codes over Z,, and their cardinal.
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Chapter 5

Conclusion

5.1 Summary

Coding theory was introduced in [Sha48] in order to provide reliability in communications.
The discipline was born with the aim to solve an engineering problem using an important
mathematical background. Sometimes it is difficult to know if you are doing coding theory
or pathological mathematics. The study of the apparently useless mathematical objects is
more than enough to make me happy. Moreover, when you ask for the “utility” concept in
the research context, it becomes fuzzy. I am sure that the study of the automorphism group
of some combinatorial objects will not change the world, but it has changed me. And I
think that it was the most important goal of the PhD.

This dissertation was developed as a compendium of publications. That means that
other people, who are experts in this area, found interesting the presented results. This
system is a good metric for “utility”. Maybe it is not the best since, a priori, lots of experts
can be wrong about what is interesting or not. However, the learning process has not
finished with the PhD and thus, all together we will improve this “utility” metric.

The results presented in this dissertation are all included in the scope of quaternary
linear Reed-Muller codes RM . We can separate them in three blocks.

First of all, we established the dimension of the kernel for every code RM(r, m),
where m > 1,r € {0,...,m} and s € {0,..., ™|}, included in the RM, families.
We also studied the rank of RM (2, m) and RM(m — 3, m) codes. Using the results of

37
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the dimension of the kernel, the corresponding Z,-linear codes to the RM families were
classified up to code equivalence. These results can be found in [PPV0S8, PPV09, PPV11a].

The second part is about the permutation automorphism group of quaternary linear
Hadamard codes and quaternary linear extended 1-perfect codes. These codes are included
in the RM families. They are the RM (1, m) and RM(m — 2, m) codes, respectively.
Actually, we established the order and the generators of their permutation automorphism
groups. We also studied the structure of such codes, since we classified their codewords
into orbits on the action of its permutation automorphism group. These contributions can
be found in [PPV11b, PPV12a].

Finally, we implemented a package, which is included by default in MAGMA software.
This package gives a collection of functions to work with quaternary linear codes. We
implemented functions to construct the RM, families as well as other quaternary linear
Reed-Muller families like LRM. Moreover, there are efficient functions to compute the
rank and the kernel of a quaternary code. You can also find functions to compute the
permutation automorphism group for quaternary Hadamard and extended 1-perfect codes,

and their cardinal.

5.2 Future Research

In this section, we point out some open problems that derive from this dissertation and
deserve further investigation.

First of all, it would be interesting to give a classification of the families of ZyZ,-
linear Reed-Muller codes introduced in [PRR09] by computing the rank or the dimension
of the kernel, just as it was done in this dissertation for the Z,-linear Reed-Muller codes.
Also related to these families of Z,Z,-linear Reed-Muller codes, it would be interesting to
develop a MAGMA package providing the tools to construct them.

Another open problem is to complete the permutation automorphism group of all codes
in the RM, families. It does not seem easy to solve. To establish the group for the
Hadamard case, we used the highly regular structure of the code. The same technique
could be very painful for the general case. Moreover, the studied permutation automor-

phism group could be extended to the monomial automorphism group. Remember that the
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PAut(C) is a subgroup of MAut(C). Finally, it could be interesting to study the relation
between the MAut(C) and PAut(4(C)).
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Kernel Dimension for Some Families of
Quaternary Reed-Muller Codes*

J. Pernas, J. Pujol, and M. Villanueva

Dept. of Information and Communications Engineering,
Universitat Autonoma de Barcelona, Spain
{jaume.pernas, jaume.pujol,merce.villanueva}@autonoma.edu

Abstract. Recently, new families of quaternary linear Reed-Muller
codes such that, after the Gray map, the corresponding Zs-linear codes
have the same parameters and properties as the codes in the usual binary
linear Reed-Muller family have been introduced. A structural invariant,
the kernel dimension, for binary codes can be used to classify these Z4-
linear codes. The kernel dimension for these Z4-linear codes is established
generalizing the known results about the kernel dimension for Z4-linear
Hadamard and Zj-linear extended 1-perfect codes.

Keywords: Kernel dimension, quaternary codes, Reed-Muller codes,
Z4-linear codes.

1 Introduction

Let Zs and Z4 be the ring of integers modulo 2 and modulo 4, respectively.
Let Z% be the set of all binary vectors of length n and let Z} be the set of
all quaternary vectors of length n. Any nonempty subset C' of Z7 is a binary
code and a subgroup of Z% is called a binary linear code or a Zs-linear code.
Equivalently, any nonempty subset C of Z} is a quaternary code and a subgroup
of Z} is called a quaternary linear code.

The Hamming distance dg(u,v) between two vectors u, v € Z% is the number
of coordinates in which u and v differ. The Hamming weight of a vector u € Z7%,
denoted by wg(u), is the number of nonzero coordinates of w. The minimum
Hamming distance of a binary code C' is the minimum value of dg(u,v) for
u,v € C satisfying u # v. The minimum Hamming weight of a binary code C,
denoted by wy,in (C), is the minimum value of wy (u), for u € C'\ {0}.

We define the Lee weights over the elements in Z4 as: wr(0) = 0, wr(1) =
wr(3) = 1, wr(2) = 2. The Lee weight of a vector u € Z}, denoted by wr,(u), is
the addition of the weights of its coordinates, whereas the Lee distance dr,(u,v)
between two vectors u,v € Zj} is dp(u,v) = wr(u — v). The minimum Lee
distance of a quaternary code C is the minimum value of d (u,v) for u,v € C
satisfying v # v. The minimum Lee weight of a quaternary code C, denoted by
Wmin(C), is the minimum value of wr, (0, u), for u € C \ {0}.

* This work was supported in part by the Spanish MEC and the European FEDER
under Grant MTM2006-03250.

J. Calmet, W. Geiselmann, J. Miiller-Quade (Eds.): Beth Festschrift, LNCS 5393, pp. 128-141, 2008.
© Springer-Verlag Berlin Heidelberg 2008
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The Gray map, ¢ : Z} — Z2" given by ¢(v1,...,v,) = (¢(v1),-..,0(vy))
where ()0(0) = (070)7 gp(l) = (071)7 90(2) = (lal)a 90(3) = (170)7 Is an isome-
try which transforms Lee distances defined in a quaternary code C over Z} to
Hamming distances defined in the corresponding binary code C' = ¢(C). There-
fore, wpin(C) = Wmin(C). Note that the binary length of the binary code C' is
N = 2n.

Let C be a quaternary linear code. Since C is a subgroup of Z}, it is isomorphic
to an abelian structure Zj x Z3. Therefore, C is of type 274° as a group, it has
|C| = 27729 codewords and 27 codewords of order two. Moreover, the binary
image C' = ¢(C) of any quaternary linear code C of length n and type 274° is
called a Z4-linear code of binary length N = 2n and type 2749,

Two binary codes C; and Cs of length n are said to be isomorphic if there is
a coordinate permutation 7w such that Cy = {m(c) : ¢ € C1}. They are said to
be equivalent if there is a vector a € Z5 and a coordinate permutation 7 such
that Cy = {a+7(c) : c € C1} [14]. Two quaternary linear codes C; and C2 both
of length n and type 274% are said to be monomially equivalent, if one can be
obtained from the other by permuting the coordinates and (if necessary) chang-
ing the signs of certain coordinates. They are said to be permutation equivalent
if they differ only by a permutation of coordinates [12]. Note that if two quater-
nary linear codes C; and C, are monomially equivalent, then the corresponding
Z4-linear codes C7 = ¢(Cy) and Cy = ¢(Cs) are isomorphic.

Two structural invariants for binary codes are the rank and dimension of the
kernel. The rank of a binary code C, denoted by r¢, is simply the dimension
of (C'), which is the linear span of the codewords of C. The kernel of a binary
code C, denoted by K(C), is the set of vectors that leave C' invariant under
translation, i.e. K(C) = {z € Zy : C+ x = C}. If C contains the all-zero
vector, then K (C) is a binary linear subcode of C. In general, C' can be written
as the union of cosets of K(C), and K(C) is the largest such linear code for
which this is true [1]. The dimension of the kernel of C' will be denoted by k¢

These two invariants do not give a full classification of binary codes, since
two nonequivalent binary codes could have the same rank and dimension of the
kernel. In spite of that, they can help in classification, since if two binary codes
have different ranks or dimensions of the kernel, they are nonequivalent.

In [10], Hammons et al. showed that several families of binary codes are Z4-
linear. In particular, they considered the binary linear Reed-Muller family of
codes, denoted by RM, and proved that the binary linear rth-order Reed-Muller
code RM (r,m) of length 2™ is Z4-linear for r = 0,1,2,m — 1, m and is not Zy-
linear for r = m — 2 (m > 5). In a subsequent work [11], Hou et al. proved that
RM (r,m) is not Zy-linear for 3 <r <m —2 (m > 5).

It is well-known that an easy way to built the binary linear Reed-Muller family
of codes RM is using the Plotkin construction [14]. In [16],[17], new quaternary
Plotkin constructions were introduced to build new families of quaternary linear
Reed-Muller codes, denoted by RM . The quaternary linear Reed-Muller codes
RM(r,m) of length 2™~ ! form > 1,0 <r <mand 0 < s < |™ 1], in

2
these new families satisfy that the corresponding Z,-linear codes have the same
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parameters and properties (length, dimension, minimum distance, inclusion and
duality relationship) as the binary linear codes in the well-known RM family.
Contrary to the binary linear case, where there is only one family, in the qua-
ternary case there are | ;" | families for each value of m. These families will be
distinguished using subindexes s from the set {0,..., " |}

2
The dimension of the kernel and rank have been studied for some fami-

lies of Zy-linear codes [2],[5],[6],[13],[15]. In the RM family, the RM (1, m) and
RM (m—2,m) binary codes are a linear Hadamard and extended 1-perfect code,
respectively. Recall that a Hadamard code of length n = 2™ is a binary code with
2n codewords and minimum Hamming distance n/2, and an extended 1-perfect
code of length n = 2™ is a binary code with 2"~ codewords and minimum
Hamming distance 4. Equivalently, in the RM families, the corresponding Z,-
linear code of any RM (1, m) and RMs(m—2,m) is a Hadamard and extended
1-perfect code, respectively [16],[17]. For the corresponding Z4-linear codes of
RM;(1,m) and RMgs(m — 2,m), the rank and kernel dimension were studied
and computed in [6],[13],[15]. Specifically,

Y+0+1 ifs>2
and kp=<~v+0+2 ifs=1, (1)

{7+5+1 if s > 2
kg = J
Y+o+m ifs=0.

v+ 26 ifs=0,1

where H = ¢(RM(1,m)) of type 274° and P = ¢(RM(m — 2,m)) of type
2749,

The aim of this paper is the study of the dimension of the kernel for the
quaternary linear Reed-Muller families of codes RM, generalizing the known
results about the kernel dimension for the RM (1, m) and RM(m—2, m) codes.
The paper is organized as follows. In Section 2, we recall some properties related
to quaternary linear codes and the kernel of these codes. Moreover, we describe
the construction of the RM families of codes. In Section 3, we establish the
dimension of the kernel for all codes in the RM family with s = 0. In Section 4,
we give the main results about the kernel dimension for all the RM families.
Finally, the conclusions are given in Section 5.

MAGMA is a software package designed to solve computationally hard prob-
lems in algebra, number theory, geometry and combinatorics. Currently it sup-
ports the basic facilities for linear codes over integer residue rings and Galois
rings (see [7]), including additional functionality for the special case of codes
over Zg4, or equivalently quaternary linear codes. New functions that expand the
current functionality for codes over Z, have been developed by the authors as a
new package. Specifically, these functions allow to construct the RM families
and some Plotkin constructions for quaternary linear codes. Moreover, efficient
functions for computing the rank and dimension of the kernel of any quaternary
linear code are included. A beta version of this new package and the manual
with the description of all functions can be downloaded from the web page
http://www.ccg.uab.cat.
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2 Preliminaries

2.1 Quaternary Linear Codes

Let C be a quaternary linear code of length n and type 274%. Although C is not
a free module, every codeword is uniquely expressible in the form

0% 1)
Z Ai; + Z V5
i—1 J=1

where \; € Zy for 1 <@ <, p; € Zy for 1 < j <4 and u;,v; are vectors in Zj
of order two and four, respectively. The vectors u;,v; give us a generator matrix
G of size (7 + d) x n for the code C. Moreover, G will also be used to denote the
set of all vectors u;, v;.

In [10], it was shown that any quaternary linear code of type 274° is permu-
tation equivalent to a quaternary linear code with a canonical generator matrix

of the form
221, 0
S R Is )’

where R, T are matrices over Zsy of size 6 X v and vy X (n — v — §), respectively;
and S is a matrix over Zy of size 6 x (n — v —9).

The concepts of duality for quaternary linear codes were also studied in [10],
where the inner product for any two vectors u,v € Z} is defined as

n
uU-v= g uv; € Ly.
i=1

Then, the dual code of C, denoted by C™, is defined in the standard way
Ct={veZ} : u-v=0foralucC

The corresponding binary code ¢(C+) is denoted by C| and called the Z4-dual
code of C. Moreover, the dual code C*, which is also a quaternary linear code,
is of type 274779,

The all-zero and all-one vector will be denoted by 0 and 1, respectively. It
will be clear by the context whether we refer to binary vectors or quaternary
vectors.

Let C be a quaternary linear code and let C' = ¢(C) be the corresponding
Zy4-linear code with kernel K (C'). The kernel of C, denoted by K(C), is defined as
the inverse Gray map image of K(C), that is K(C) = ¢~ (K (C)). Furthermore,
the dimension of the kernel of C is defined as the dimension of the kernel of
C = ¢(C), and also denoted by k.

Let u * v denote the component-wise product for any u,v € Z}.

Lemma 1 ([8],[9]). Let C be a quaternary linear code. Then,
K{C)={u : ueCand2uxv €C,Vv eC}.



132 J. Pernas, J. Pujol, and M. Villanueva

Note that if G is a generator matrix of a quaternary linear code C, then u € K(C)
if and only if v € C and 2ux v € C for all v € G. Moreover, by Lemma 1, all
codewords of order two in C belong to IC(C). It is also clear that if the vector 1
belongs to C, then it is also in IC(C). Finally, note that IC(C) is a linear subcode
of C [8],[9].

2.2 Quaternary Linear Reed-Muller Codes

Recall that a binary linear rth-order Reed-Muller code RM (r,m) with 0 < r <
m and m > 2 can be described using the Plotkin construction as follows [14]:

RM(r,m)={(ulu+v) : u€ RM(rrm—1),v € RM(r—1,m— 1)},

where RM (0, m) is the repetition code {0,1}, RM (m,m) is the universe code,
and “|” denotes concatenation. For m = 1, there are only two codes: the repe-
tition code RM (0,1) and the universe code RM(1,1). This RM family has the
parameters and properties quoted in the following proposition.

Proposition 2 ([14]). A binary linear rth-order Reed-Muller code RM (r,m)
with m > 1 and 0 < r < m has the following parameters and properties:

1. the length is n = 2™;
2. the minmimum Hamming distance is d =2""";

3. the dimension is k = E (m) s
7
i=0

4. the code RM (r — 1,m) is a subcode of RM (r,m) for 0 <r < m;
5. the code RM (r,m) is the dual code of RM(m —1—r,m) for 0 <r <m.

In the recent literature [2],[3],[10],[18],[19] several families of quaternary linear
codes have been proposed and studied trying to generalize the RM family. How-
ever, when the corresponding Zj4-linear codes are taken, they do not satisfy
all the properties quoted in Proposition 2. In [16],[17], new quaternary linear
Reed-Muller families, R Mg, such that the corresponding Z4-linear codes have
the parameters and properties described in Proposition 2, were proposed. The
following two Plotkin constructions are necessary to generate these new RM
families.

Definition 3 (Plotkin Construction). Let A and B be two quaternary linear
codes of length n, types 274494 and 278495 and minimum distances d a4 and
dg, respectively. A new quaternary linear code PC(A, B) is defined as

PC(A,B) ={(ulu+v) : ue Awve B}.

It is easy to see that if G 4 and Gp are generator matrices of A and B, respectively,

then the matrix
G — Ga Ga
0 Ogn

is a generator matrix of the code PC(A, B). Moreover, the code PC(A, B) is of
length 2n, type 274775494495 and minimum distance d = min{2d .4, dg} [16],[17].
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Definition 4 (BQ-Plotkin Construction). Let A, B, and C be three quater-
nary linear codes of length n; types 2YA4%4 278495 = qnd 27 49¢ - and minimum
distances d 4, dg, and d¢, respectively. Let G4, Gg, and Ge be generator matrices
of the codes A, B, and C, respectively. A new code BQ(A, B,C) is defined as the
quaternary linear code generated by

GA4G4 Ga Ga
oo | 0 920530,
P71 0 0 Gs Gs
0 0 0 Go

where Gy is the matriz obtained from Gg after switching twos by ones in their v
rows of order two, and Gg is the matrix obtained from Gg after removing their
v rows of order two.

The code BQ(A, B,C) is of length 4n, type 27AT7c494+75+205+%¢  and minimum
distance d = min{4d 4, 2dg,dc} [16],[17].

Now, the quaternary linear Reed-Muller codes RM(r,m) of length 2m~1,
form>1,0<r <m,and 0 < s < Lmz_lj, will be defined. For the recursive
construction it will be convenient to define them also for » < 0 and » > m. We
begin by considering the trivial cases. The code RM(r, m) with r < 0 is defined
as the zero code. The code RM(0,m) is defined as the repetition code with
only the all-zero and all-two vectors. The code RM(r,m) with r > m is defined
as the whole space ZZL_l. For m = 1, there is only one family with s = 0, and
in this family there are only the zero, repetition and universe codes for r < 0,
r =0 and r > 1, respectively. In this case, the generator matrix of RM(0,1) is
Go(0,1) = (2) and the generator matrix of RMo(1,1) is Go(1,1) = (1)

For any m > 2, given RM(r,m — 1) and RM(r — 1,m — 1) codes, where
0 < s < [™;?], the RM,(r,m) code can be constructed in a recursive way
using the Plotkin construction given by Definition 3 as follows:

RMg(r,m) = PC(RMs(r,m — 1), RMs(r —1,m —1)).

For example, for m = 2, the generator matrices of RMy(r,2), 0 < r < 2, are
the following;:

02 10
Goo,.2) = (22); 90“’2):(1 1>; Qo(2,2>=(01>-

Note that when m is odd, the RM, family with s = "™, 1 can not be generated

using the Plotkin construction. In this case, for any m > 3, m odd and s = ™ L

given RMg_q1(r,m —2), RMs_1(r —1,m —2) and RM,_1(r —2,m — 2), the
RM(r,m) code can be constructed using the BQ-Plotkin construction given
by Definition 4 as follows:

RMs(r,m) = BORMs_1(r,m—2), RMs_1(r—1,m—2), RMs_1(r—2,m—2)).

For example, for m = 3, there are two families. The RM family can be gen-
erated using the Plotkin construction. On the other hand, the RM; family has
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to be generated using the BQ-Plotkin construction. The generator matrices of
RM;(r,3), 0 <r <3, are the following:  Gy(o3) = (2222);

1111 1111

1111 0123 0123

91(173): <0123>; 91(2,3): 0011 |’ g1(3,3): 0011
0002 0001

Table 1 shows the type 274% of all these RM (7, m) codes for m < 7.
The following proposition summarizes the parameters and properties of these
RM families of codes.

Proposition 5 ([16],[17]). A quaternary linear Reed-Muller code RM(r,m),
withm>1,0<r<m, and 0 <s < nglj, has the following parameters and
properties:

1. the length is n = 2™ 1;
2. the minimum Lee distance is d = 2™~";

3. the number of codewords is 2%, where k = Z (m) ;
i
i=0
4. the code RMg(r —1,m) is a subcode of RMg(r,m) for 0 <r < m;
5. the codes RM4(1,m) and RMs(m—2,m), after the Gray map, are Z4-linear
Hadamard and Zs-linear extended perfect codes, respectively;
6. the code RM(r,m) is the dual code of RMg(m—1—r,m) for =1 <r <m.

In the next two sections, for all these codes RM(r, m) we will establish the
dimension of the kernel, which will be denoted by k() instead of kg aq, (r,m)-

3 Kernel Dimensions for the RM, Family with s =0

In this section, we will compute the dimension of the kernel for the quaternary
linear Reed-Muller codes in the RM family with s = 0. As we have shown in
Subsection 2.2, these codes can be constructed using the Plotkin construction.

Let C be a quaternary linear code. The code 2C is obtained from C by multi-
plying by two all codewords of C. Note that if G is a generator matrix of C, then
2@ is a generator matrix of 2C.

Lemma 6. Forallm > 1andr € {0,...,m—1},2RMy(r+1,m) C RMq(r,m).

Proof. We proceed by induction. For m = 1, there are the zero, repetition and
universe codes for r < 0, r = 0, and r > 0, respectively. The lemma is true for
these codes.

For m > 2, assume that the result is true. Let G, _1 -1, Gr m—1 and Gy 1, m—1
be generator matrices of RMg(r—1,m—1), RMgy(r,m—1) and RMo(r+1,m—
1), respectively. Using the Plotkin construction given by Definition 3 we obtain
two new codes RM(r,m) and RMg(r + 1, m) with generator matrices

_ g’r,m—l gr,m—l - ngrl,m—l ngrl,m—l
gr,m — ( 0 gr—l,m—l) agr—l—l,m — < 0 gr,m—l )
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respectively. Since 2RM(r +1,m — 1) C RM(r,m — 1), the submatrix
2(Gr+1,m—1 Gr41,m—1) generates a code contained in the code generated by the

submatrix (Gym—1 Grm—1). The same argument can be used for the submatri-
ces (0 Grm—1) and (0 G,_1,4m—1). Thus the code 2RM(r + 1, m) generated

by 2G, 11 m is contained in the code RM(r, m) generated by G, . O
Let W™~ be the set of order four vectors {w!™ !, ..., wm= 1} over Z2" " defined
as follows:

wi Tl =1 =1,
W= @ forie 2, m)

Note that, for i € {2,...,m — 1}, we have that (w]* *|w""?) = w/7".

By Proposition 5, since the corresponding Z4-linear code of any RM(1,m)
is a Hadamard code, 1 € RM(1,m) [13]. Moreover, for all » > 1, the vector
1 € RM;(r,m) by the inclusion property, and also belongs to the kernel of
RMs(r,m) by Lemma 1.

Lemma 7. Forallm >2 andr € {2,...,m}, W™ is a subset of RMg(r,m).

Proof. Tt is clear that w{*™!' = 1 € RMg(r,m) for r > 1 and 0 € RMo(r,m)
for r > 0. Hence, for m = 1, W° = {1} is a subset of RMy(1,1). For m > 2, the
subsequent RM(r, m) codes are obtained using the Plotkin construction given
by Definition 3 as follows:

RMo(r,m) = PC(RMo(r,m — 1), RMo(r — 1,m — 1)).

We proceed by induction on m. For m = 2, we have the set W' = {w{,wi}
and the lemma is true, since RMg(r,2) is the universe code for r > 2.

For m > 3, since 0 € RMg(r,m—1) and 1 € RMy(r—1,m—1) for r > 2, then
(0/041) = wy ! € RMo(r,m) for r > 2. In general, if z € RM(r,m—1), then
(z]x 4 0) = (z|z) € RMqo(r,m). Since w2 € RMo(r,m — 1), for r > 2 and
2 <i<m—1,itis clear that (w! ?|w""?) = wﬁ]l € RMy(r,m). Therefore,
w™ ™t € RMo(r,m) for r > 2 and 1 <i < m. O

(3

By Lemma 7, for all m > 2 and r» € {2,...,m}, there is a generator matrix

Go(r,m) = (g;) of the code RMg(r,m) of type 274°, such that W™~ ! is a

submatrix of Gs, where G, and Gs are the v and  generators of order two and
four, respectively. In Proposition 10, for all m > 4 and r € {2,...,m — 2}, we
will show that the kernel of RMg(r, m) is generated by the matrix

Gy
2Gs | . (2)
Wm—l
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Lemma 8. Let C; and Cy be two quaternary linear codes of length n with gen-
erator matrices Gy and G, respectively, such that Co C Cy. Let C = PC(C1,C2) of
length 2n. If x € C1 and y € Ca, then (z|x +y) € K(C) if and only if x € K(C1),
2y xu € Co, and 2z xv € Co, for all u € Gy and v € G,.

Proof. The codeword (z|x +y) € K(C) if and only if 2(z|z + y) * (u|u) € C and
2(z|z 4+ y) * (Olv) € C for all u,v in Gy, Ga, respectively. That means (22 * u|2z *
u+2yxu) €C,Vu € G, and (0]2x xv+2y*v) € C, Vv € Go. That is, z € K(Cy)
and 2y x u € Co, Yu € Gy, and 2z x v + 2y x v € Ca, Vv € Go. Note that since
Co C (Cq, the condition 2y x u € Co Yu € G; implies that 2y xv € Co Vv € Gs.
Therefore, 2x x v + 2y x v € Co Yv € Gy is simplified to 2z xv € Co Yv € Go. O

Note that if 2y*u € Cq for all u € Gy, then y € K(C3). Furthermore,  could not
belong to Co, but if = € Cy then z € K(Cs).

Proposition 9. For all m > 1 and r € {0,1,2,m — 1,m}, the corresponding
Zy-linear code of RMo(r,m) is a binary linear code.

Proof. For r = 0, r = m — 1 and r = m, the corresponding Z,-linear codes of
RMy(r,m) are the repetition, the even weight and the universe codes, respec-
tively, which are binary linear codes. For » = 1, the corresponding Z,4-linear code
of RMg(r, m) is the binary linear Hadamard code [16],[17].

Finally, for r = 2, the RM(2,m) code is constructed as PC(RMy(2,m —
1), RMy(l,m — 1)). We proceed by induction on m. For m = 2, the code
RMy(2,2) is the universe code. For m > 3, we can assume that ¢p(RMg (2, m —
1)) and ¢(RMo(1,m — 1)) are binary linear codes. The generator matrix of
RM(2,m) only have vectors of the form (z|z) and (0[y) for all x € Gy(2,m—1)»
Y € Go(1,m—1)- By Lemmas 6 and 8, since x € K(RMq(2,m — 1)) and the only
vector of order four in the generator matrix of RMgy(1,m — 1)) is 1, the vector
(z|x) € K(RMo(2,m)), VT € Go2,m—1).- By Lemmas 6, 8 and the same argu-
ment, the vector (0]y) € K(RM(2,m)), Yy € Go(1,m—1)- Thus all the vectors in
the generator matrix of RMg(2, m) belong to the kernel of RM(2, m). There-
fore, the corresponding Zg-linear code of RM(2,m) is a binary linear code. 0O

Let A and B be two matrices. If B is a submatrix of A, then we will use A\ B to
denote the matrix A without the rows of B. Recall that we will also use A and
B to denote the set of row vectors of A and B, respectively. Moreover, if B C A
then we will use A\ B to denote the set of row vectors in A which are not in B.

Proposition 10. Forallm > 4 andr € {2,...,m—2}, the kernel of RM(r, m)
Gy
of type 2749 is the quaternary linear code generated by 2G5 , where G, and
Wm—l
Gs are the y and 0 generators of order two and four of RMq(r, m), respectively.

Proof. For m = 4, there is only the code RM(2,4). By Proposition 9, the cor-
responding Z,-linear code of RM(2,m) is a binary linear code. Since W™ ™1 C
RMy(2,m) and 6 = m, the preposition is true for all the codes RM(2,m).
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For m = 5, the code RM(3,5) is the first one under the Gray map, the
binary code is nonlinear. In this case, we can compute its kernel and see that
Gy
can be generated by | 2Gs
W4
By Lemma 7, there is a generator matrix for any RMg(r,m) with r > 2,
which can be written as follows:

Gy
2Gs
gé \ Wm—l
Wm—l

For m > 5, assume that the lemma is true for m — 1. Let C; = RMg(r,m — 1)
and C; = RMo(r — 1,m — 1) of types 274% and 27 4%, respectively. Let C =
RMo(r,m) ="PC(Cy1,Cz) be the new code with a generator matrix of the form

G, G, \
2G5 2G5
gé \ Wmf2 g5 \ Wmf2
Wm—2 Wm—2

0 Gy

0 2Gs

0 gé/ \ Wm—2
0 Wm—2

The vectors of order two are always in the kernel. By Lemma 8, the vectors that
are not in the kernels of C; and Cy can not be in the kernel of C. This excludes
the row vectors in (G5 \W™™2 | Gs\W™ 2) and (0 | G5\ W™™2), and their linear
combinations with the kernel of C. Since W™=2 C K(C1) and W™ 2 C K(Cs),
the row vectors of the form (W™=2 | W™~2) are in K(C). For the vectors of
the form (0 | W™~2), we have two cases. By Lemmas 6 and 8, (0|1) € K(C).
On the other hand, the vectors w; € W™= 2, 2 < i < m — 1, have weight 23,
By Proposition 5, wpin(C) = wmin(C2) and 2w.in(C) = wmin(C1). For every
vector y in the space generated by W™~2\ 1, there is another vector of order
four, u € Gy, such that the weight of 2y % is less than w,,,(C). Thus y ¢ K(C).
Finally, (W™=2 | W™m™=2) U (0|1) = W™~ O

Note that the case r = 2 is included in both Propositions 9 and 10. That is, the
corresponding Zg4-linear code of any RM (2, m) is always a binary linear code
and RM(2,m) can be generated by a matrix of the form (2).

Corollary 11. For all m > 1 and 0 < r < m, the dimension of the kernel of
RMo(r,m) of type 274° is

(v +26 if re{0,1,m—1,m}
O(Tvm)_ fy+5—|—m Zf TG{Q,,m—Q}
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Proof. Straightforward from Propositions 9 and 10. O

Note that, the kernel, as a binary linear code, is generated by

¢(Gy)
?(2Gs) |,
p(W™1)

where all these vectors are linear independent over Z3".

4 Kernel Dimensions for the RM, Families

In this section, the general case when s > 0 is studied. We will establish the di-
mension of the kernel for any quaternary linear Reed-Muller code in these R M
families. This invariant, the kernel dimension, will help us to the classification
of these codes.

As we have shown in Subsection 2.2, these quaternary linear Reed-Muller
codes RM(r,m) can be obtained using the Plotkin construction, except when
m is odd and s = ") 1 In this case, they are obtained using the BQ-Plotkin
construction. Note that some of these codes could be constructed using any of
these two constructions.

Theorem 12. For allm >1,0<7r<m, and 0 < s < nglj, the dimension
of the kernel of RM(r,m) of type 274° is

1. ks(O,m) =1, ks(m—l,m) =2" -1, ks(m,m) = 2.
2. If s =0,
_Jr+20 if r=1
0rm) =\ v+ 6+m  if re{2,...,m—2}

S8 Ifs=1, kipm) =7 +6+2 forallr € {1,2,...,m —2}.
4. If s > 2, kgrmy =7+ 0+ 1 for all r € {1,2,...,m — 2}, except the case
k2(275) :’}/+(5+2: ]_1

Proof. Tt is straightforward to see that kyo.m) = 1, kg(m—1,m) = 2™ — 1, and
ks(m,m) = 2m’ because ¢(RMS(O7 m))) d)(’R’Ms(m - 17 m))7 and QS(RMs(m) ’)’I’L))
are the repetition, the even weight, and the universe codes, respectively.

The case s = 0 is proved in Corollary 11. The cases s = 1 and s > 2 can be
proved using similar arguments to that for the case s = 0. When s = 1 there are
only two generators of order four in the kernel of RM;(r,m), w{*~' = 1 and
w;“—l. When s > 2 there is only one generator of order four w’fl_l = 1 in the
kernel of RM(r, m), except for the code RM3(2,5). Since ¢p(RM3(2,5)) and
P(RM3(1,5)) are equivalent koo 5y = 11 =y + 0 + 2. O

Note that Theorem 12 includes the previous results about the kernel dimension
for Z4-linear Hadamard and Zj-linear extended 1-perfect codes [6],[13],[15] or
(1). Table 1 shows the type 274% and the dimension of the kernel of all these
RM(r,m) codes for m < 7.
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Table 1. Type 274% and kernel dimension Es(r,m) for all RM(r,m) codes with m <7,
showing them in the form (7, d) kq(rm)

ms\\TO 1 2 3 4 5 6 7

1 0 (1,0)01(0,1)2
2 0 (1,001(1,1)3 (0,2) 4
, 0 (LOL@E2)4 (13)7 (04)8
1 (1,001(02)4 (1,3)7 (0,4) 8
, 0 (LO)1(31)5 (34) 11 (L7)15 (0.8) 16
1 (1,001(1,2)5 (1,5)8 (1,7)15 (0,8) 16
0 (1,001(4,1)6 (6,5) 16 (4,11) 20 (1,15) 31 (0,16) 3
5 1 (1,001(2,2)6 (2,7) 11 (2,12) 16 (1,15) 31 (0,16) 32
2 (1,0)1(0,3) 4 (2,7) 11 (0,13) 14 (1,15) 31 (0,16) 32
0 (1,0)1(5,1) 7 (10,6) 22 (10,16) 32 (5,26) 37 (1,31) 63 (0,32) 64
6 1 (1,001(3,2)7 (49)15 (4,19) 25 (3,27) 32 (1,31) 63 (0,32) 64
2 (1,0) 1 (1,3) 5 (2,10) 13 (2,20) 23 (1,28) 30 (1,31) 63 (0,32) 64
0 (1,0) 1(6,1) 8 (15,7) 29 (20,22) 49 (15,42) 64 (6,57) 70 (1,63) 127 (0,64) 128
o1 (1,0) 1(42)8(7,11) 20 (8,28) 38 (7,46) 55 (4,58) 64 (1,63) 127 (0,64) 128
2 (1,0) 1(2,3) 6 (3,13) 17 (4,30) 35 (3,48) 52 (2,59) 62 (1,63) 127 (0,64) 128
3 (1,001 (0,4) 5 (3,13) 17 (0,32) 33 (3,48) 52 (0,60) 61 (1,63) 127 (0,64) 128

The next theorem proves that there are at least | ™, !

codes with the same parameters as the code RM (r,m).

| nonequivalent binary

Lemma 13. Given two codes RMg(r,m) and RMg(r,m) of type 274° and
2749 respectively, such that s < s', we have that v + 6 > ~' + &', except one

case: if m is odd, r even, s = "73, and s’ = ", then v+ =7+

Proof. When RM(r,m) and RMg (r,m) are obtained using the Plotkin con-
struction, it is easy to see that v+ & >~ + 4’

If m is odd and s’ = m2_1, the code RMg (r,m) is obtained using the BQ-
Plotkin construction. Without loss of generality, we can assume that s = s’ — 1
and RM(r,m) is obtained using the Plotkin construction. Using the recursive
definition of v = Ys(r,m)» 0 = ds(rm), 7V = Vs'(r,m)> a0d & = 8/ (. m), We have that
Vs(r,m) +5s(r7m) —Vs'(r,m) T 58'(7“,77’1,) = Vs’ —1(r—1,m—2)- Hence, if Vs’ —1(r—1,m—2) 7é
0 then Vs(r,m) + 5s(r,m) > Vs’ (r,m) + 55’(T,m)7 and if Vs —1(r—1,m—2) = 0 then
Ys(rym) T Os(rym) = Vs’ (r,m) T Os(r,m), Which is when r is even. O
Theorem 14. For all m >4 and r =1, there are at least nglj nonequivalent
binary codes with the same parameters as the code RM(1,m).

For all m > 4 and 2 < r < m — 2, there are at least [mgrlj nonequivalent
binary codes with the same parameters as the code RM (r,m), except when m
1s odd, and r is even. In this case, there are at least m2_1 nonequivalent binary
codes with the same parameters as the code RM (r,m).
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Proof. For r = 1, the result was proved in [13]. For 2 < r < m — 2, the proof is
consequence of Theorem 12 and Lemma 13. O

5 Conclusions

In a recent paper [17], new families of quaternary linear codes, the RM(r, m)
codes, are constructed in such a way that, after the Gray map, the Z4-linear
codes fulfill the same properties and fundamental characteristics as the binary
linear Reed-Muller codes. In this paper, a structural invariant for binary codes,
the kernel dimension, is used to classify these new families of codes. Using a
recursive construction, we give the generator matrices of the kernel and compute
the exact values of the kernel dimension for all the feasible values of s, r and m.
This invariant allows us to classify all the codes except when m is odd, m > 5,
and r is even. In a further research we will also compute the rank, another
structural invariant for binary codes, and give a complete classification of these
families of codes.
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Abstract. Recently, new families of quaternary linear Reed-Muller codes
such that, after the Gray map, the corresponding Zs-linear codes have
the same parameters and properties as the codes in the usual binary lin-
ear Reed-Muller family have been introduced. A structural invariant, the
rank, for binary codes is used to classify some of these Z4-linear codes. The
rank is established generalizing the known results about the rank for Z4-
linear Hadamard and Zg-linear extended 1-perfect codes.

Keywords: Rank, quaternary codes, Reed-Muller codes, Z4-linear codes.

1 Introduction

Let Z> and Z4 be the ring of integers modulo 2 and modulo 4, respectively. Let Z%
be the set of all binary vectors of length n and let Z} be the set of all quaternary
vectors of length n. Any nonempty subset C of Z% is a binary code and a
subgroup of Z3 is called a binary linear code or a Zs-linear code. Equivalently,
any nonempty subset C of Z} is a quaternary code and a subgroup of Z} is called
a quaternary linear code. Some authors also use the term “quaternary codes” to
refer to additive codes over GF'(4) [1], but note that these are not the codes we
are considering in this paper.

The Hamming distance dg(u,v) between two vectors u, v € Z% is the number
of coordinates in which u and v differ. The Hamming weight of a vector u € Z7%,
denoted by wg(u), is the number of nonzero coordinates of w. The minimum
Hamming distance of a binary code C' is the minimum value of dg(u,v) for
u,v € C satisfying u # v.

The Gray map, ¢ : Z} — 73" given by ¢(v1,...,v,) = (o(v1),...,0(vy))
where (0) = (0,0), ¢(1) = (0,1), p(2) = (1,1), ©(3) = (1,0), is an isometry
which transforms Lee distances over Z} into Hamming distances over Z3".

Let C be a quaternary linear code. Since C is a subgroup of Z}, it is isomorphic
to an abelian structure Zj x Z3. Therefore, C is of type 2747 as a group, it has
IC| = 27%2% codewords and 271° codewords of order two. The binary image

* This work was supported in part by the Spanish MEC and the European FEDER
under Grant MTM2006-03250.

M. Bras-Amorés and T. Hgholdt (Eds.): AAECC 2009, LNCS 5527, pp. 43-52, 2009.
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C = ¢(C) of any quaternary linear code C of length n and type 274 is called a
Z4-linear code of binary length N = 2n and type 274°.

Two binary codes C7 and (s of length n are said to be isomorphic if there is
a coordinate permutation m such that Cy = {m(c) : ¢ € Cy}. They are said to
be equivalent if there is a vector a € Z§ and a coordinate permutation 7 such
that Co = {a+7(c) : ¢ € C1} [11]. Two quaternary linear codes C; and Cy both
of length n and type 274° are said to be monomially equivalent, if one can be
obtained from the other by permuting the coordinates and (if necessary) chang-
ing the signs of certain coordinates. They are said to be permutation equivalent
if they differ only by a permutation of coordinates [9]. Note that if two quater-
nary linear codes C; and C, are monomially equivalent, then the corresponding
Zy-linear codes C; = ¢(Cy) and Cy = ¢(Cz) are isomorphic.

Two structural invariants for binary codes are the rank and dimension of the
kernel. The rank of a binary code C, denoted by r¢, is simply the dimension
of (C), which is the linear span of the codewords of C. The kernel of a binary
code C, denoted by K(C), is the set of vectors that leave C' invariant under
translation, i.e. K(C) = {z € Zy : C+ x = C}. If C contains the all-zero
vector, then K (C) is a binary linear subcode of C'. The dimension of the kernel
of C' will be denoted by k¢c. These two invariants do not give a full classification
of binary codes, since two nonisomorphic binary codes could have the same rank
and dimension of the kernel. In spite of that, they can help in classification,
since if two binary codes have different ranks or dimensions of the kernel, they
are nonisomorphic.

It is well-known that an easy way to built the binary linear Reed-Muller family
of codes, denoted by RM , is using the Plotkin construction [11]. In [14],[15], Pujol
et al. introduced new quaternary Plotkin constructions to build new families of
quaternary linear Reed-Muller codes, denoted by RM . The quaternary linear
Reed-Muller codes RM(r,m) of length 2~ for m > 1,0 < r < m and
0<s<[™) 1|, in these new families satisfy that the corresponding Zs-linear
codes have the same parameters and properties (length, dimension, minimum
distance, inclusion and duality relationship) as the binary linear codes in the well-
known RM family. In the binary case, there is only one family. In contrast, in the
quaternary case, for each m there are | ™ ! | families, which will be distinguished
using subindexes s from the set {0,...,[™; "]}

The dimension of the kernel and rank have been studied for some families of
Zy-linear codes [2], [4], [5], [10], [12]. In the RM family, the RM (1, m) and
RM(m — 2,m) binary codes are a linear Hadamard and extended 1-perfect
code, respectively. Recall that a Hadamard code of length n = 2™ is a binary
code with 2n codewords and minimum Hamming distance n/2, and an extended
1-perfect code of length n = 2™ is a binary code with 2"~ codewords and
minimum Hamming distance 4. Equivalently, in the RM families, the corre-
sponding Zg-linear code of any RM(1,m) and RMs(m — 2, m) is a Hadamard
and extended 1-perfect code, respectively [14],[15]. For the corresponding Z,-
linear codes of RM(1,m) and RMs(m — 2,m), the rank were studied and
computed in [5],[10].
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Specifically,
_{7+2(5 if s=0,1 and 1)

= 7+25—|—(5;1) if s > 2

rp =5 +26+6 =2m"1 4§ (except rp = 11, if m = 4 and s = 0), where
H = ¢(RM(1,m)) of type 274° and P = ¢(RM(m —2,m)) of type 274°.

The dimension of the kernel was computed for all RM(r,m) codes in [13].
The aim of this paper is the study of the rank for these codes, generalizing
the known results about the rank for the RM(r,m) codes with r € {0,1,m —
2,m — 1,m} [5],[10]. The paper is organized as follows. In Section 2, we recall
some properties related to quaternary linear codes and the rank of these codes.
Moreover, we describe the construction of the RM, families of codes. In Sec-
tion 3, we establish the rank for all codes in the R M families with s € {0, 1}.
Furthermore, we establish the rank for the RM(r, m) codes with r € {2, m—3}.
In Section 4, we show that the rank allows us to classify the RM(r,m) codes
with r € {2, m — 3}. Finally, the conclusions are given in Section 5.

2 Preliminaries

2.1 Quaternary Linear Codes

Let C be a quaternary linear code of length n and type 274°. Although C is not
a free module, every codeword is uniquely expressible in the form

0 g
Z Ait; + Z V5
i=1 j=1

where \; € Zy for 1 <@ <~, uj € Zy for 1 < j <4 and u;,v; are vectors in Zj
of order two and four, respectively. The vectors u;,v; give us a generator matrix
G of size (7 + 0) x n for the code C. In [8], it was shown that any quaternary
linear code of type 2749 is permutation equivalent to a quaternary linear code
with a canonical generator matrix of the form

2121, 0
( S R L;) ’ 2)
where R, T are matrices over Zsy of size 6 X v and vy X (n — v — §), respectively;
and S is a matrix over Zy of size § x (n —y — 4).

The concepts of duality for quaternary linear codes were also studied in [§],
where the inner product for any two vectors u,v € Z} is defined as u -v =
Z?:l w;v; € Z4. Then, the dual code of C, denoted by C*t, is defined in the
standard way C+ = {v € Z} : u-v = 0 for all u € C}. The corresponding binary
code ¢(Ct) is denoted by C'; and called the Z4-dual code of C' = ¢(C). Moreover,
the dual code C*, which is also a quaternary linear code, is of type 274"~ 79,

Let u x v denote the component-wise product for any u,v € Z}.

Lemma 1 ([6],[7]). Let C be a quaternary linear code of type 274° and let C =
&(C) be the corresponding Z4-linear code. Let G be a generator matrixz of C and let
{u;}]_, be the rows of order two and {v; };5:0 the rows of order four in G. Then,

(C) is generated by {p(w;)}_1, {o(v)), #(2v;) ;5:1 and {$(2v; * vg) h1<j<k<s-
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2.2 Quaternary Linear Reed-Muller Codes

Recall that a binary linear rth-order Reed-Muller code RM (r,m) with 0 < r <
m and m > 2 can be described using the Plotkin construction as follows [11]:

RM(r,m) ={(ulu+v) : u€ RM(r,m—1),ve€ RM(r—1,m—1)},

where RM (0, m) is the repetition code {0,1}, RM (m,m) is the universe code,
and ”|” denotes concatenation. For m = 1, there are only two codes: the repeti-
tion code RM(0,1) and the universe code RM (1,1). This RM family of codes

-

has length 2™, minimum distance 2™~" and dimension Z <77;) Moreover, the
i=0

code RM (r—1,m) is a subcode of RM (r, m) and the code RM (r,m) is the dual

code of RM(m —1—r,m) for 0 <r < m.

In the recent literature [2],[3],[8],[16],[17] several families of quaternary linear
codes have been proposed and studied trying to generalize the RM family. How-
ever, when the corresponding Z4-linear codes are taken, they do not satisfy all
the same properties as the RM family. In [14],[15], new quaternary linear Reed-
Muller families, RM, such that the corresponding Zj-linear codes have the
parameters and properties of RM family of codes, were proposed. The following
two constructions are necessary to generate these new RM families.

Definition 2 (Plotkin Construction). Let A and B be two quaternary linear
codes of length n, types 274494 and 278495 and minimum distances d 4 and
dg, respectively. A new quaternary linear code PC(A, B) is defined as

PC(A,B) ={(ulu+v) : ue Ave B}

It is easy to see that if G 4 and Gp are generator matrices of A and B, respectively,

then the matrix
G = Ga Ga
0 Ogn

is a generator matrix of the code PC(A, B). Moreover, the code PC(A, B) is of
length 2n, type 274775494495 and minimum distance d = min{2d 4, dg} [14],[15].

Definition 3 (BQ-Plotkin Construction). Let A, B, and C be three quater-
nary linear codes of length n; types 2VA4%4 278495 qnd 27¥¢49%¢ - and minimum
distances d 4, dg, and dc, respectively. Let G4, Gi, and Ge be generator matrices
of the codes A, B, and C, respectively. A new code BQ(A, B,C) is defined as the
quaternary linear code generated by

GA4G4 Ga Ga
G — 09%2%39;3
Pe= 1 0 0 G5 Gs
0 0 0 Go

where Gy is the matriz obtained from Gg after switching twos by ones in their vz

rows of order two, and Gg is the matriz obtained from Gg after removing their
v rows of order two.
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The code BQ(A, B,C) is of length 4n, type 27AT7c494+75+205+%¢  and minimum
distance d = min{4d 4, 2dg, dc} [14],[15].

Now, the quaternary linear Reed-Muller codes RM(r,m) of length 21
form>1,0<r <m,and 0 < s < Lmz_lj, will be defined. For the recursive
construction it will be convenient to define them also for » < 0 and r > m. We
begin by considering the trivial cases. The code RM(r, m) with r < 0 is defined
as the zero code. The code RM(0,m) is defined as the repetition code with
only the all-zero and all-two vectors. The code RM(r,m) with » > m is defined
as the whole space ZT_l. For m = 1, there is only one family with s = 0, and
in this family there are only the zero, repetition and universe codes for r < 0,
r =0 and r > 1, respectively. In this case, the generator matrix of RMg(0, 1) is
Go(0,1) = (2) and the generator matrix of RMo(1,1) is Go(1,1) = (1)

For any m > 2, given RMg(r,m — 1) and RM,(r — 1,m — 1) codes, where
0 < s < [™7?], the RM(r,m) code can be constructed in a recursive way
using the Plotkin construction given by Definition 2 as follows:

RMg(r,m) = PC(RMs(r,m — 1), RMs(r —1,m —1)).

For example, for m = 2, the generator matrices of RMg(r,2), 0 < r < 2, are
the following;:

02 10
Goo,2) = (22); 90“’2):(1 1>; Qo(2,2>=(01>-

Note that when m is odd, the RM, family with s = ™! can not be generated

2
using the Plotkin construction. In this case, for any m > 3, m odd and s = ™ L

given RMg_1(r,m —2), RMs_1(r —1,m — 2) and RM_1(r — 2,m — 2), the
RM,(r,m) code can be constructed using the BQ-Plotkin construction given
by Definition 3 as follows:

RMs(r,m) = BOQRMs_1(r,m—2), RMs_1(r—1,m—2), RMs_1(r—2,m—2)).

For example, for m = 3, there are two families. The RM family can be gen-
erated using the Plotkin construction. On the other hand, the RM; family has
to be generated using the BQ-Plotkin construction. The generator matrices of
RMi(r,3), 0 <r < 3, are the following:  Gy(,3) = (2 222);

1111 1111

1111 0123 0123

G11,3) = <0123>; G1(2,3) = 0011 |’ G1(3,3) = 0011
0002 0001

Table 1 shows the type 2749 of all these RM(r,m) codes for m < 10.
The following proposition summarizes the parameters and properties of these
RM families of codes.

Proposition 4 ([14],[15]). A quaternary linear Reed-Muller code RM(r,m),
withm>1,0<r<m, and 0 < s < nglj, has the following parameters and
properties:
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1. the length is n = 2™~ 1;
2. the mintmum distance is d =2""";

the number of codewords is 2%, where k = Z (m) ;
i
i=0
the code RMg(r —1,m) is a subcode of RMg(r,m) for 0 <r < m;
the codes RM (1, m) and RMs(m—2,m), after the Gray map, are Z4-linear
Hadamard and Z4-linear extended perfect codes, respectively;
6. the code RMs(r,m) is the dual code of RMs(m—1—r,m) for =1 <r <m.

o

SRS

3 Rank for Some Infinite Families of RM(r, m) Codes

In this section, we will compute the rank for some infinite families of the qua-
ternary linear Reed-Muller codes RM(r,m). The rank of RM(r,m) will be
denoted by 7, n) instead of Tr At (r,m)-

First of all, we will recall the result that gives us which of the RM(r, m) codes
are binary liner codes after the Gray map. Note that if we have a quaternary
linear code of type 274% which is a binary linear code after the Gray map, we
can compute the rank as vy + 26 [6],[7].

Proposition 5 ([13]). For all m > 1, the corresponding Z4-linear code of the
RMs(r,m) code is a binary linear code if and only if

s=0andre€{0,1,2,m —1,m},
s=1andr€{0,1,m—1,m},
s>2andr e {0,m—1,m}.

Now, we will give an expression for the parameters v and ¢ of a quaternary linear
Reed-Muller code RM (r,m) of type 274°, depending on s, r and m.

Lemma 6. Let C be a quaternary linear Reed-Muller code RMg(r,m) of type
2749 Then, for s >0, m>2s+1 and 0 <r < m,

r

_LXSJ: m—2s—1)\ (s and 5_12 my v
B AN AN ~ 9 i) 2

1=0

The next proposition gives us an important result for these quaternary linear
Reed-Muller codes. In some cases, we obtain two codes with the same rank, but
different s. We will prove that these codes are equal. This proposition will be
used for the classification of some of the RM(r,m) codes in Section 4, and it
will also be used to calculate the rank of these codes as exceptions.

Proposition 7. Given two codes RMg(r,m) and RMs_1(r,m) of type 274°

m—1

and 27/45/, respectively, such that m > 3 is odd, r > 2 is even, and s = ", ",

then RM(r,m) = RMg_1(r,m).
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Proof. The generator matrix G,_i(ym) of RM,_1(r,m) is obtained using the
Plotkin construction from RM,_1(r—1,m —1) and RMs_1(r,m — 1). Further-
more, the generator matrices of RMs_i(r—1,m—1) and RM_1(r,m—1) can
be obtained using Plotkin construction again from codes with m — 2 value. So
we can write the generator matrix Gs_1(,,,) as follows:

gs—l(r,m—2) gs—l(r,m—Q) gs—l(r,m—Z) gs—l(r,m—2)

_ 0 gs—l(r—l,m—Z) 0 gs—l(r—l,m—Z)
gs—l(r,m) B 0 0 gs—l(r—l,m—Q) gs—l(r—l,m—2)
0 0 0 gs—l(r—2,m—2)

The generator matrix Gy, ) of RM(r,m) can be obtained using the BQ-
Plotkin construction given by Definition 3. Since r is even and m is odd, r — 1
and m — 2 are odd. In this case any RM_1(r — 1,m — 2) code, where s = ", !,
is of type 204%”  This result can be proved by induction on m and using the BQ-

Plotkin construction. Since G,_1(,—1,m—2) is of type 2045”, then g;_l(T_l m2) =

Gs—1(r—1,m—2) and QAS_l(T_Lm_Q) = Gs_1(r—1,m—2)- It is easy to find a linear
combination of rows that transforms the matrix G_1(,, ) into the matrix Gy, m)-

Now, we will give a recursive way to compute the rank for all Reed-Muller codes
in the RMy and RM; families. Note that the first binary nonlinear code is
RMq(3,5). Thus, for m < 5 the rank is vy + 24.

Proposition 8. Let C be a quaternary linear Reed-Muller code RM(r,m). The
rank of C for m > 5 is

. . . +{O if r€{0,1,2,m—1,m}
0(r,m) 0(r,m—1) 0(r—1,m—1) (;@nii) Zf re {3’ oM — 2}
Proposition 9. Let C be a quaternary linear Reed-Muller code RM;y(r,m). The
rank of C for m > 5 is

0 ifre{0,1,m—1,m}
T1(r,m) = T1(r,m—1) + T1(r—1,m-1) +qm—2 ifr=2
1
2(5075)  ifred{3,...,m—2}.

The next proposition gives the rank for all quaternary linear Reed-Muller codes
with r € {0,1,m — 3, m — 2,m — 1,m} and any s.

Proposition 10. Let RMg(r,m) be a quaternary linear Reed-Muller code of
type 274%. The rank of RM(r,m) can be computed as

(v + 26 if re{0,m—1,m}

v+ 26 if m=1ands € {0,1}
Ts(rm) = ’y+26+(651) if r=1and s> 2

2m=1l 1§ if r=m-—3and m>6

(2™t 44 if r=m—2 andm > 4.
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Finally, the next proposition gives a recursive way to compute the rank of all
quaternary linear Reed-Muller codes with r = 2 and any s.

Proposition 11. Let RM(2,m) be a quaternary linear Reed-Muller code of
type 274%. The rank of RM4(2,m) can be computed as

s+1
Ts(2,m) = Ts(2m—1) T Ts(1,m—1) + 25 + ( 5 ) (m—s—3),

m—1
2

When m is odd and s = m2_1, by Proposition 7, the codes RM (2, m) and

RMs_1(2,m) are equals. Thus, the rank is also the same. Note that, for s =0
and r = 2, we have a binary linear code and the rank is v + 24.

except when m is odd and s = , since the rank is Ty2.m) = Ts—1(2,m)-

4 Classification of Some Families of RM(r, m) Codes

In this section, we will show that this invariant, the rank, will allow us to clas-
sify these RM(r, m) codes in some cases depending on the parameter r. This
classification was given for r = 1 and r = m — 2 [5], [10]. Now, we will extend
this result for » = 2 and » = m — 3. We are close to generalize this result for all
0 < r < m, but it is not easy to obtain a general form to compute the rank for
all quaternary linear Reed-Muller codes RM (7, m).

Table 1 shows the type 274° and the rank of all these RM,(r,m) codes
for m < 10. In these examples, you can see that the rank is always different,
except for the codes quoted in Proposition 7. If two codes have different rank,
we can say that they are nonisomorphic. The next theorem proves that for a
given m > 4, and r € {2, m — 3}2, the RM(r,m) codes have different rank, so
they are nonisomorphic. In some cases, there is an exception, but we know by
Proposition 7 that the codes are equal.

Theorem 12. For allm > 4 and r € {2,m — 3}, there are at least LmQHJ noni-
somorphic binary codes with the same parameters as the code RM (r,m), except
when m is odd, and r is even. In this case, there are at least ™' nonisomorphic
binary codes with the same parameters as the code RM (r,m).

Proof. By Proposition 11, we know that ry2,m) = Ts2,m—1) + Ts(1,m—1) + 25 +
(Sgl) (m —s—3). If r = 1, the code is Hadamard and 74 ,,,—1) increases or
is equal to, depending on s. For m > 4 the expression 2s + (sgl)(m —s—3)
also increases, depending on s. We can suppose that 7,3 ,,—1) is crescent on s
for m = 4 and proceed by induction on m. Therefore, 743 ) is different for
every s, except when m is odd, where we have two codes with the same rank.
By Proposition 7, these two codes are equal.

By Proposition 10, we know that 7s(,,_3.,m) = 2! 4 4. In Proposition 6, we
can see a way to compute ~. Since r = m — 3, then the value of ~ is decreasing
on s. Thus, J is crescent and the rank is also crescent, depending on s. When
m is odd and r is even, we have again the case of two equal codes, solved in
Proposition 7.
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Table 1. Type 274° and rank Ts(rm) for all RM(r,m) codes with m < 10 and
r € {0,1,2,3}, showing them in the form (v,d) 7(rm)

mo 0 1 2 m — 3 m — 2 m — 1 m
1 0 (1,0) 1 (0,1) 2 (1,0) 1 (0,1) 2
2 0 (1,0) 1 (1,1) 3 (0,2) 4 (1,0) 1 (1,1) 3 (0,2) 4
3 0 (1,0) 1 (2,1) 4 (1,3) 7 (1,0) 1 (2,1) 4 (1,3) 7 (0,4) 8
1 (1,0) 1 (0,2) 4 (1,3) 7 (1,0) 1 (0,2) 4 (1,3) 7 (0,4) 8
4 0 (1,0) 1 (3,1) 5 (3,4) 11 (3,1) 5 (3,4) 11 (1,7) 15 (0,8) 16
1 (1,0) 1 (1,2) 5 (1,5) 13 (1,2) 5 (1,5) 13 (1,7) 15 (0,8) 16
0 (1,0) 1 (4,1) 6 (6,5) 16 (6,5) 16 (4,11) 27 (1,15) 31 (0,16) 32
5 1 (1,0) 1 (2,2) 6 (2,7) 21 (2,7) 21 (2,12) 28 (1,15) 31 (0,16) 32
2 (1,0) 1 (0,3) 7 (2,7) 21 (2,7) 21 (0,13) 29 (1,15) 31 (0,16) 32
0 (1,0) 1 (5,1) 7 (10,6) 22 ...) (10,16) 47 (5,26) 58 (1,31) 63 (0,32) 64
6 1 (1,0) 1 (3,2) 7 (4,9) 31 ...) (4,19) 51 (3,27) 59 (1,31) 63 (0,32) 64
2 (1,0) 1 (1,3) 8 (2,10) 35 ...) (2,20) 52 (1,28) 60 (1,31) 63 (0,32) 64
0 (1,0) 1 (6,1) 8 (15,7) 29 (...) (15,42) 106 (6,57) 121  (1,63) 127  (0,64) 128
- 1 (1,0) 1 (4,2) 8 (7,11) 43 (...) (7,46) 110 (4,58) 122  (1,63) 127  (0,64) 128
2 (1,0) 1 (2,3) 9 (3,13) 53  (...) (3,48) 112  (2,59) 123  (1,63) 127  (0,64) 128
3 (1,0) 1 (0,4) 11 (3,13) 53 ...) (3,48) 112 (0,60) 124 (1,63) 127 (0,64) 128
0 (1,0) 1 (7,1) 9 (21,8) 37 (...) (21, 99) 227 (7,120) 248 (1,127) 255 ( 0,128) 256
] 1 (1,0) 1 (5,2) 9 (11,13) 57 (...) (11,104) 232 (5,121) 249 (1,127) 255 ( 0,128) 256
2 (1,0) 1 (3,3) 10 (5,16) 75 (...) (5,107) 235 (3,122) 250 (1,127) 255 ( 0,128) 256
3 (1,0) 1 (1,4) 12 (3,17) 82 (...) (3,108) 236 (1,123) 251 (1,127) 255 ( 0,128) 256
0 (1,0) 1 (8,1) 10 (28,9) 46 (...) (28,219) 475 (8,247) 503 (1,255) 511 (0,256) 512
9 1 (1,0) 1 (6,2) 10 (16,15) 73 (...) (16,225) 481 (6,248) 504 (1,255) 511 (0,256) 512
2 (1,0) 1 (4,3) 11 (8,19) 101 (...) (8,229) 485 (4,249) 505 (1,255) 511 (0,256) 512
3 (1,0) 1 (2,4) 13 (4,21) 118 (...) (4,231) 487 (2,250) 506 (1,255) 511 (0,256) 512
3 (1,0) 1 (0,5) 16 (4,21) 118 (...) (4,231) 487 (0,251) 507 (1,255) 511 (0,256) 512
0 (1,0) 1 (7,1) 11 (36,10) 56 (...) (36,466) 978 (9,502) 1014 (1,511) 1023 (0,512) 1024
10 1 (1,0) 1 (5,2) 11 (22,17) 91 (...) (22,473) 985 (7,503) 1015 (1,511) 1023 (0,512) 1024
2 (1,0) 1 (3,3) 12 (12,22) 131 (...) (12,478) 990 (5,504) 1016 (1,511) 1023 (0,512) 1024
3 (1,0) 1 (1,4) 14 (6,25) 161 (...) ( 6,481) 993 (3,505) 1017 (1,511) 1023 (0,512) 1024
3 (1,0) 1 (1,5) 17 (4,26) 172 (...) ( 4,482) 994 (1,506) 1018 (1,511) 1023 (0,512) 1024

5 Conclusions

In a recent paper [15], new families of quaternary linear codes, the RM(r, m)
codes, are constructed in such a way that, after the Gray map, the Z4-linear
codes fulfill the same properties and fundamental characteristics as the binary
linear Reed-Muller codes. In this paper, a structural invariant for binary codes,
the rank, is used to classify some of these new families of codes. Specifically, we
classified the RM(r, m) codes with r € {2, m — 3}. The RM(r, m) codes with
r € {0,1,m —2,m — 1,m} were already classified using the rank [5],[10]. As a
future research, it would be interesting to compute the rank for the RM(r, m)
codes with r € {3,...,m —4} and s > 2, in order to see whether it is possible
to obtain a full classification of all these RM(r,m) codes using this invariant.

In this paper, we also proved that, when m is odd, m > 5, and r is even, there
are two codes with the same rank, because these two codes are equal. Moreover,
we also computed the rank for all codes in the RMy and RM; families.
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Classification of Some Families of
Quaternary Reed—Muller Codes

Jaume Pernas, Jaume Pujol, and Merce Villanueva

Abstract—Recently, new families of quaternary linear
Reed—Muller codes have been introduced. They satisfy that,
after the Gray map, the corresponding =, -linear codes have the
same parameters and properties as the codes of the binary linear
Reed-Muller family. A structural invariant, the dimension of
the kernel, for binary codes is used to classify completely these
~ a-linear codes. The dimension of the kernel for these - 4-linear
codes is established generalizing the known results about the
dimension of the kernel for - ,-linear Hadamard and _ 4-linear
extended 1-perfect codes.

Index Terms—_ ,-linear codes, kernel, quaternary codes,
Reed-Muller codes.

1. INTRODUCTION

ET £ and £, be the ring of integers modulo 2 and modulo

4, respectively. Let £5 be the set of all binary vectors of
length i» and let £7 be the set of all quaternary vectors of length
i». Any nonempty subset {” of £3 is a binary code and a subgroup
of £7 is called a binary linear code. Equivalently, any nonempty
subset t" of £ is a quaternary code and a subgroup of £7 is
called a quaternary linear code. The all-zero and all-one vector
will be denoted by 11 and L, respectively. Let ir ¢ i~ denote the
component-wise product for any ir, i = £5 orir, -~ . It will
be clear by the context whether we refer to binary or quaternary
vectors.

The Hamming distance ezl ir. "1 between two vectors ir, i~ ™~
&5 is the number of coordinates in which ir and i- differ. The
Hamming weight of a vector ir ~ £, denoted by w1 iv1, is the
number of nonzero coordinates of ir. The minimum Hamming
distance of a binary code (" is the minimum value of izl ir. i1
for i, - ~ {7 satisfying ir = . The minimum Hamming weight
of a binary code 1, denoted by ir4¢1{1, is the minimum value
of wgslirl for w = €7 % [Ml]. We define the Lee weights over
the elements in £, as: wp 1t = 1L wplll = wpti = 1,
ip |21 = 2 The Lee weight of a vector i+ ~ £, denoted by
wp | i1, is the addition of the weights of its coordinates, whereas
the Lee distance +iz it i1 between two vectors i, i ~ 7 is
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efplir. "1 = wylir — i"l. The minimum Lee distance of a qua-
ternary code (* is the minimum value of e 1ir. i-1 for i, i ~ (7
satisfying i+ == . The minimum Lee weight of a quaternary
code (', denoted by w171, is the minimum value of w1l

for it ~ ("% {1]. The Gray map, «- : £ — F3" given by
L relo= i it 11 where i = i,
Sl = el o= 11, 15 = 11, is an isom-

etry which transforms Lee distances over £7 into Hamming dis-
tances over ¥3". Therefore, the minimum Lee weight of a qua-
ternary code t* coincides with the minimum Hamming weight
of " = «.1i™I.

Let ™ be a quaternary linear code. Since 1" is a subgroup of
T, it is isomorphic to an abelian structure ¥, x T'. Therefore,
" is of type " " as a group, it has || =2 *** codewords and
> " codewords of order two. The binary image t~ = «.-1t"1 of
any quaternary linear code ¢” of length = and type ™ L” is called
a £ ,-linear code of length 2:» and type 2 L".

Two binary codes {7} and ("5 of length i» are said to be iso-
morphic if there is a coordinate permutation - such that {7 =
f=1r1 : « ~ 7]. They are said to be equivalent if there is
a vector i+ ~ £3 and a coordinate permutation = such that
% = fie « Z1e1 ¢~ 7] [2]. Two quaternary linear codes
" and "z both of length i» and type 2" L are said to be mono-
mially equivalent, if one can be obtained from the other by per-
muting the coordinates and (if necessary) changing the signs of
certain coordinates. They are said to be permutation equivalent
if they differ only by a permutation of coordinates [3]. Note that
if two quaternary linear codes ¢} and t are monomially equiv-
alent, then the corresponding £ ,-linear codes £} = «-1t" | and
"5 = «-1"2 | are isomorphic. Therefore, if «-1t") 1| and r-1¢"%2 | are
not isomorphic, then ", and {*z are not monomially equivalent.

Two structural invariants for binary codes are the rank and di-
mension of the kernel. The rank of a binary code (™ is simply
the dimension of {t"}, which is the linear span of the code-
words of (. The kernel of a binary code {~, denoted by f&'1{1,
is the set of vectors that leave ™~ invariant under translation, i.e.,
et = e Yo7 . o =("]. If £ contains the all-zero
vector, then #1171 is a binary linear subcode of . In general,
" can be written as the union of cosets of 171, and A1 1 is
the largest such linear code for which this is true [4]. These two
invariants do not give a full classification of binary codes, since
two nonisomorphic binary codes could have the same rank and
dimension of the kernel. In spite of that, they can help in clas-
sification, since if two binary codes have different ranks or di-
mensions of the kernel, they are nonisomorphic.

In [5], Hammons et al. showed that several families of
binary codes are ¥.-linear. In particular, they considered the
binary linear Reed—Muller family of codes, denoted by fr-1f,

0018-9448/$26.00 © 2011 IEEE
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and proved that the binary linear ith-order Reed—Muller code
frAF i w1 of length 2% is & ,-linear for - =11, 1, 2, v — 1, iar
and is not £ -linear for i* = i — 2 (1w 2+ 1. In a subsequent
work [6], Hou et al. proved that ff1f1 i~ w:r1 is not £,-linear for
FT e e — 20

It is well-known that an easy way to build the f1F family is
using the Plotkin construction [2]. In [7], [8], Pujol et al. intro-
duced new quaternary Plotkin constructions to build new fami-
lies of quaternary linear Reed—Muller codes, denoted by & _t1..
The quaternary linear Reed—Muller codes & %1, 1 i ir1 of length
@i=1 defined for war 3 1,10 <7 + <" wrand 1l < = < [":El_,
satisfy that the corresponding £ ,-linear codes have the same
parameters and properties (length, dimension, minimum dis-
tance, inclusion and duality relationship) as the binary linear
codes in the well-known (F1F family. In the binary case, there
is only one family. In contrast, in the quaternary case, for each
i+ there are |_2 L _ families, which will be distinguished using
subindexes ~ from the set {il.. ... | =% . The dimension of
£ R, e i will be denoted by . -\ -

The dimension of the kernel and rank have been studied for
some families of £ ,-linear codes [9]-[13]. In the {1 family,
the ffAf1 1. w1 and ffAF e — 2 wi1 1s a linear Hadamard and
extended 1-perfect code, respectively. Recall that a Hadamard
code of length = =" is a binary code with *i» codewords and
minimum Hamming distance 272, and an extended 1-perfect
code of length i» = 2'* is a binary code with 2"~"* codewords
and minimum Hamming distance 4. Equivalently, in the & _%1.
families, the corresponding ¥ ,-linear code of any & _wiI.11. isr1
and & V1.1 — 2 wirl is a Hadamard and extended 1-perfect
code, respectively [7], [8].

The dimension of the kernel and the rank of these codes were
studied and computed in [11]-[13]. Specifically

; _{n. s 1 ife
R A
AtuL
Tamad ifema
htiian, =47 nm2 ife=1 (D)
Foopmaqpp ife=u0

»

where the type of B.v1,.11. it and RVl livi — 2 i1 is 27 &
and " L, respectively.

The aim of this paper is to classify the quaternary linear
Reed-Muller codes &_‘%i.1i~ w1 for all i+ and w+. In order
to establish this classification, we will study the dimension
of the kernel for these codes, generalizing the known results
about the dimension of the kernel for the & _%I.11.nr1 and
R M1 v — 2 w1 codes. The paper is organized as follows. In
Section II, we recall some properties related to quaternary linear
codes and the kernel of these codes. Moreover, we describe the
construction of the .41, families of codes. In Section III, we
establish the kernel and its dimension for all codes in the K41,
family. In Section IV, we give the main results about the kernel
and its dimension for all codes in the &_%I. families, with
= = 11 In Section V, we show that we can use this invariant, the
dimension of the kernel, to classify completely the codes in the
K %1, families. Finally, the conclusions are given in Section VI.
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We would also like to mention that we have developed in
Magma several functions that expand the current functionality
for codes over £, [14], [15]. Specifically, these functions allow
to construct the new &_%1, families of codes and Plotkin con-
structions for quaternary linear codes. Moreover, there are also
efficient functions for computing the rank and dimension of the
kernel of any quaternary linear code. These functions are in-
cluded in Magma distribution, since version 2.15-15, but they
can also be downloaded from the web page http://ccsg.uab.cat.

II. PRELIMINARIES

A. Quaternary Linear Codes

Let t" be a quaternary linear code of length i and type 27 L*.
Although ¢* is not a free module, every codeword is uniquely
expressible in the form

-Z LT
—1

where A, ~ Tafor 1 <7 ¢ <7~ g, « E, for 1 + j <7 #and
if,, i*; are vectors in £Y of order two and four, respectively. The
vectors ir,, i°; give us a generator matrix (a of size [ « &I ¥ s
for the code t". The submatrices with only ir, and i-; vectors are
denoted by ta. and i, respectively. Moreover, La, (s. and La:
will also be used to denote the sets of its row vectors.

The concepts of duality for quaternary linear codes were also
studied in [S], where the inner product for any two vectors ir, i ™~
Foisdefined asiri- = irpivy + itz ¢ sttt T £4. Then, the
dual code of (", denoted by ("~ , is defined in the standard way
- = {ir ™ Y - - =g all ir ~ '] The corresponding
binary code «-1¢*- 1 is denoted by ¢, and called the £,-dual
code of {7 = i41"1. Moreover, the dual code (*-, which is also
a quaternary linear code, is of type 2 b=~ ~*,

Let(” be a quaternary linear code and let {™™ = «.-|t"1 be the cor-
responding £ ,-linear code with kernel #7117 1. The kernel of ¢’,
denoted by A'1t71, is defined as the inverse Gray map image of
R0, that is A1c = oY 76711, Furthermore, the dimen-
sion of A'1t"1 is defined as the dimension of fi'1 1. The fol-
lowing lemma gives another way to describe A1t 1.

*

S

a1

Lemma 1 ([16], [17]): Let t* be a quaternary linear code.
Then, A" = fir oo ™ ol 2 OUF O 0.

Note that if ta is a generator matrix of a quaternary linear code
¢, then ir ~ A't"1if and only if wr ~ (" and Zir s i — (" forall i ~
i». Moreover, all codewords of order two in t* belong to A'[t"1. It
is also clear that if L (%, then L ~ A’1L"1. Finally, we mention
that L1171 is a quaternary linear subcode of ¢ and its dimension
defined as above is ~ + 2~ — s, where #= ™~ L2 ... ~], and

"= L‘ LA « i 2)
P Lt
where f = {i..... w]andirp=i,, « -+ 1, If f =then

ir = 1. [16], [17].
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B. Quaternary Linear Reed—Muller Codes

Recall that a binary linear ith-order Reed—Muller code
AR w1, with e 27 2 and 1 <7 = =7 i, can be described
using the Plotkin construction as follows [2]:

AR e et = Jriefie « e T A e e — 10

e AR — 1o — 11

where fTAF1L i1 is the repetition code {MI. L], ffWF i il is
the universe code, and “|” denotes concatenation. For i = 1,
there are only two codes: the repetition code fiLFi1l 11 and the
universe code 11 1. 11. This ff1F family has the parameters
and properties quoted in the following proposition.

Proposition 2 ([2]): A binary linear ith-order Reed—Muller
code fFAF i wrl, with i 2+ 1 and U1 <7 i+ <7 iar, has the following
parameters and properties:

1) the length is ra = 2'%;

2) the minimum Hamming distance is of = = 7";

3) the dimensionis 3 [''];

4) the code frifi- = 1. w1 is a subcode of fFiFii~ w1 for
] B L T

5) the code fi1fii i1 is the dual code of ffASf1ir— 1 — i tirl
for il =7 i <7 i

In the recent literature [5], [9], [18]-[20] several families
of quaternary linear codes have been proposed and studied
trying to generalize the friF family. However, when the
corresponding ¥ ,-linear codes are taken, they do not satisfy
all the properties quoted in Proposition 2. In [7], [8], new
quaternary linear Reed—Muller families, & _%I., such that the
corresponding ¥ ,-linear codes have the parameters and proper-
ties described in Proposition 2, were proposed. The following
two Plotkin constructions are necessary to generate these new
R %1, families.

Definition 3 (Plotkin Construction): Let .1 and [¥be two qua-
ternary linear codes of length is, types 2 -* £*-* and 2" = L **, and
minimum Lee distances +f i, and iz, respectively. A new quater-
nary linear code M™.I.-L. {71 is defined as

L IR A I T [V S T e O i

It is easy to see that if (s and tarz are generator matrices of

.1 and ¥, respectively, then the matrix

o f e G
A — " ':-;_PE

is a generator matrix of the code T(.-L. I*I. Moreover, the code
™ML B s of length 2te, type 27-** 7= - ** and minimum
Lee distance tf = wiiiaf 2 . efrz] [7], [8].

Definition 4 (BQ-Plotkin Construction): Let .-, {%, and (" be
three quaternary linear codes of length i types 2 -4 £, 27 |7
and 2™ ' ; and minimum Lee distances i i, tfez, and rf -, respec-
tively. Let 2, tarz, and ta- be generator matrices of the codes
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L, I%, and (7, respectively. A new code f+¢d .1 [¥. ¢"1 is defined
as the quaternary linear code generated by

tg Loy G Gag
= | 2 Wiy
T 1] 1 e L
aoa o o)

where Ly is the matrix obtained from Larz after switching twos by
ones in their ~ 1 rows of order two, and tarz is the matrix obtained
from tasz after removing their =z rows of order two.

The code [Ted.L [T.("1 is of type 270 7w pfn T T by
length Lis, and minimum Lee distance tf = wsiiiaf kel . Zelyz. o- |
(71, [8].

Now, the quaternary linear Reed—Muller codes & .%1, 1 i:71
of length i for pr o 1,00 € = = o and U .
|_2_ l_, will be defined. For the recursive construction, it will
be convenient to define them also for i~ -7 tland i+ =+ . The
code ¢ v, i1 with i =2 11is defined as the zero code. The
code K _W1,11L isi 1 is defined as the repetition code with only the
all-zero and all-two vectors. The code & _%I, 1~ i1 with i* o wir
is defined as the universe code, that is, the whole space J; -
For wi = 1, there is only one family with = = 11, and in this
family there are only the zero, repetition and universe codes for
i==2 1L, = =land i~ I+ 1, respectively. In this case, the generator
matrix of K Wtk 11is tay,,; = 121, and the generator matrix
of . bhuli~ 111is tay,-y =111, where i* i+ 1.

For any s o= 2, given K Vi 1~ nr—11and K V.1 — 1. i —
11 codes, where 11 <7 = =7 [% , the .%1.1i i1 code can be
constructed in a recursive way using the Plotkin construction
given by Definition 3, as follows:

BMaeran =T R ML e o — 1L R 00— owe— 100,

For example, for ixr = 2, the generator matrices of & . ‘vl i 21,
= - =7 2 are the following: tayuz =12 21;

- 11 - 11
tagra = T Dotz = a 1 0
—1

Note that when i is odd, the f_ %1, family with = = "‘2
can not be generated using the Plotkin construction. In this case,
for any i+ 3 7§ wrodd and = = "‘;1, given R W1,y v —
2L, RMo i — 1o —2rand RV _ 1 — 2 e — 21, the
R 41,1 w1 code can be constructed using the BQ-Plotkin con-
struction given by Definition 4 as follows:

RrL e urt = 00 B v e e — 20
RvL e — 1 ar— 21

BEML e —2 e — 211,

For example, for isr = i, there are two families. The & .V,
family can be generated using the Plotkin construction. On
the other hand, the &_%1, family has to be generated using
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TABLE I

TYPE 2" 4° AND DIMENSION OF THE KERNEL £ ,

FOR ALL RM (r,m) CODES WITH m <

7, SHOWING THEM IN THE FORM (v, §)k

o u I : 1 a 5 f ?
1 ik RV BT T
2 1k 1Lm 1, 1 1,2 4
: L TR P N S S T IEIE:
: | 1Lm 12 d 1L T 1y
4 o T st opan IR 1y In B
| 1L 1,21 & 115 1L.TF IS 1LEY Tt
[ 1l 11k (SN va Tl 20 AN LT 32
5 | 1Ll 1220k 12" 11 [ P el 1R 7] (0L TIs) 32
N 1l 1y 4 1Ir T LR ke 11 ey 37
TR T S LSS PRl [T TR RS TP PR S L PO B A TR T RN TS TR kW
4= | 1l [l EX YRR R LTI (AT an [ LAy d
J 1l 11ar > 2y La [ LV 0], 2y Atk Ay s LT (]
TR R R T T I B I B GO R M L R ST R RN - SN SR TR % TR N
. | 1l [T BT e | W [ e NI L] LR LY ek L, BN e 1A 127 -y |20
1 1Ll [T T O T L (=50 15 C Ry 52 L2 a2 1% 127 ) 125
i 1l g &0 5 10 1? ol 3% PR o FOLfL NS TR ) 1%

the BQ-Plotkin construction. The generator matrices of
RNl 5, 0 < <7 0, are the following:

L;“"__; = |.2 L N

. 11 1 1

Lapj1.5 = a1 o= gl
1 1 1 1

- I T LI R L

buzs =0 l:
[ Y Y B
1 1 1 1

- [ I I

Lapyss = 0ol l.
Y Y

The generator matrices ta,,,.,; Will be exactly the matrices
obtained following this construction process unless otherwise
stated. The following proposition summarizes the parameters
and properties of these & .%1, families of codes.

Proposition 5 ([7], [8]): A quaternary linear Reed—Muller
code R W, i worl, with i = 1,00 =7 ¢ =7 i, and 10 =7 = T
lT_l , has the following parameters and properties:
1) the length is is = il
2) the minimum Lee distance is ¢f = 27",
3) the number of codewords is ?E AL
4) the code &_VI.1~— 1. ;i1 is a subcode of}" Y1 il for
[ I L TS

5) the codes K_w1.11. it and K M 1wy — 2
Gray map, are ¥ ,-linear Hadamard and
1-perfect codes, respectively;

6) the code & _V1.1i~ isr1 is the dual code of B Vi 1iar — 1 —

-

i il for —1 <7+ <7 i

i1, after the
¥ .-linear extended

III. KERNEL FOR THE & _%1,l i izir1 CODES

The purpose of this section is to establish the dimension of
the kernel for all codes in the &_%I,, family. Moreover, we will
give a generator matrix of the kernel, from a generator matrix
of the code.

First of all, we will give an expression for the parameters ~
and  of a quaternary linear Reed—Muller code & ‘1,1~ wi1 of
type 2" L', depending on =, i~ and . Table I shows the type
2 1" of all these codes for wi <" T. In order to distinguish the ~
and # of the different & _%1.1i~ ixr1 codes, we will denote them
by ~.,-.; and .., , respectively. Moreover, the kernel of
any quaternary linear Reed—Muller code A'L . %1, L~ irl 1 will
be denoted by &', -, . For the following expressions, we will
consider that [}] = I, when v+ - |-

Lemma 6: Let (" be a quaternary linear Reed—Muller code
R i vl of type 2 . Then, for wsi 5 1,10 < = <7 wr, and
R

5 3 () [ IR 5{ (4 B

Proof: The code (" can be constructed using the Plotkin
and BQ-Plotkin constructions. By the results about the type of
these constructions given in Section II-B, and using induction on

|"'\-'| A

isr, for all i~ and =, we obtain ~ = EI_,, i jf;jl] i"]. Since
noe M= EI'_,, *]1 by Proposition 5, we obtain the expression
for & C

Proposition 7: For all o+ = 1 and i~ L., .. ir], the di-

mension of the kernel of R _\hal i~ tri1 of type 27 L is

A a e
Ty = o
e NI 1

Proof: In [21], it was proved that K. Vlalitwil =
KM T — 11 The 2R M1 — 11 codes, de-
fined for all wr » 1 and + — JIL.... ], were intro-
duced in [18]. Since -2 XK. 'vlflr-. i — 111 is a binary
linear code for i+  {iL 1. 1.wr] [18], in these
cases, the dimension of the kernel 1S Ly = =+ 2
On the other hand, for i+ «— {h.... i — 2], we know
that the dimension of A’y ..., is equal to the dimension of
AMLIR M mne — 10, which is T, 0774« wr [18],
[21]. By Lemma 6, and due to the fact that = = 11, we have
“Jand~= % i) —~ . Itis easy to check that

ifr e L1 2 e — 1]
ifere . r.-i-—E].

-0 —

i —
~=1

[
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noep= A0 L TN = T, 0T Therefore,
the equality I,y,.., =~ « # « wrholds. C

Lemma 8: Let ..l and % be two quaternary linear codes of
length = with generator matrices a4, and tarz, respectively, such
that I¥ — L Let¢® = Tuh. 1§ of length . If - ~ 1 and
a A% then 1|« g1~ AT if and only if o AT,
Pt I and 2 s fEfor all ir 7 e and i Lakg.

Proof: The codeword 1.-|.= « a1 « A'1t"1 if and only if
Aol ot s refier ot and 2 o g )i o forall i, i in
ta1, Larg, respectively. That means 1 2 ¢ ir| 2 i ir « 20 01— ( for
all it 7 oy, and 1|2 ¢ 4=+ 2y i 71 7 7 for all i+ tage. That is,
s hclrand P ee o fRforall er m ta, and P s P [
for all i r~ tarz. Note that since ¥ (Z .1, the condition 2y i i 7 [
for all ir = ta_ implies that 2y : i~ = [¥for all i~ r~ tarz. Therefore,
2ri o« 2y~ [Eforall i 7~ e is simplified to 2 i - T IR
for all i~ ~ Lara. C

Corollary 9: Let ..L and (% be two quaternary linear codes of
length s, such that [T C ..L Let ™ = ML {1 of length 2. If
| ot & A1, where o~ oland o~ £ then - = AL
and 5~ AU That is, A7 T AL B0 YA AR

Proof: Straightforward from Lemma 8. C

Let ¢* be a quaternary linear code. The code A" is obtained
from ¢* by multiplying by two all codewords of *. Note that if (s
is a generator matrix of %, then s is a generator matrix of &

Lemma 10: For all wr » 1 and = «~ JiL.... e — 1],
PRl o Lonrl K vl il
Proof: Let .1, I¥ and (" be three quaternary linear codes
such that 21 < [¥ and ™% < (" It is easy to see that
2rhL L C MUYIR L Since the codes B _walin 11 satisfy
this relationship for all i~ ~ £, and the codes & .l i~ i:r1 for
o 7+ 1 and i~ ~ £ can be obtained using the Plotkin construc-
tion, the result follows. C

Since A'I1L"1 is a linear subcode of (", now we will give a gen-
erator matrix of A’y ,.,; forall isr i Zand ™ {7 ... i — 2]
from tay .., . Note that for all #:v = 1 and = ~ {IL 1.2 & —
1], -l R Mlalin i1 is a binary linear code, s0 &'y ..., =
R Vi it and it is generated by Gay ..; -

Let define the set of vectors 11, = {1] and 1\, = {1 i1 :
o Moy L] for wi i+ 2 Clearly, the length of the
vectors in 11, is 2L and [11,,]| = & follows from |11,,| =
[1t.._1] + 1. Moreover, by construction 11, = tay,.; for all
o

Proposition 11: For all wr = hand - {5 ... i — 2], the
kernel of ®_Vial i el of type 27 L is a linear subcode of type

La- \I

- t"" generated by

-I'-"|||| ey — 25;9
.
Proof: By Lemma 1, ta. I 2a Z Ay, . In the next
paragraph, we will show that 11,, = A%, ... . Applying the
Gray map to all row vectors of Wl ..., , We obtain = « * + i

linear independent binary vectors. Therefore, by Proposition 7,
once we prove that 11, Z &'y ..., , we will have that A’y ...,
is generated by Wl ... -
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We said before that 11,; Z Lay,.,. < &%l ol for
all I 2 By Proposition 7, for all wnr = 2, N _Wl2 ol
is a binary linear code after the Gray map, so 1i,;, =
R M2 ot = A=, . For the same reason, we also
have that 11, — I Wi bl = &y, , forall i = 2 Assume
the result is true for wwr = Eand i~ = 2 By Lemma 8§, it
follows that i~ ~ Ay.—1 .., and v « A'y,.,. implies that
Lt~ Mgy o r - Thus, 10, Wb © Ay, forall
i* = 1. Again by Lemma 8, it follows that 1fl|L1 = &'y .y
if and only if 2K ‘il i iorl ©Z K VL= — 1. 1, which it holds
by Lemma 10. Therefore, 11, ,; = A’y ... forall i = 2 as
we wanted to show. C

IV. KERNEL FOR THE f&_%I1_1i izir1 CODES, = = 1l

In this section, we will establish the dimension of the kernel
for all the 2_%w1, 1 tsv1 codes with = - 11 At the same time, we
will give a generator matrix of the kernel, from a generator ma-
trix of the code. In order to do that, first we will prove some re-
sults concerning the constructions and properties of these codes.

Lemma 12: For all vr == %, 1 < = < |=“ZL and - ~
fue . b — 2], 2R M s 1w f; Rov e ol
Proof: Assume that 2K Vi1 « 1owurl 2 R WL il
Hence, 1" = 2K %11 - 1. 11 is a subcode of the subcode
of J_%1.1 w1 that contains all codewords of order two. After
the Gray map, .1" and ) are binary linear codes of dimension

e 1ae and 2 ¢ M-, respectively. Because of the
former is a subcode of the latter follows * .-, 1. = ™. -0
- - NOW, we are going to prove that ... 1 ... 7 ™, e
#..: » SO the initial assumption is false.

It is easy to check the trivial cases where & ..., =

e 4 e = Wforall ¢ 2 L and M1, =
s * e =27 forall i+ i — 2 Now, we proceed by
induction to prove the result for all = = 1 and i = 2= « 1 5 7§
For = = 1, nr = 2= - 1 = Zand  ~ L 1], it is clear that
el = eas ¢ e (see Table I). For any = 2 1 and
==« ] assume that & ... | . " .- + e forall
] | R pr— 2], and &1 = "agees el forall
(o 11 R i — 2]. By the result on the parameters ~ and

for the K. W1. . 1 i + 21 codes obtained using the BQ-Plotkin
construction, we have that

Tl a2 Iﬂ-.'\- vl 2
=Tt T ! lh'_«.||-_|-;
=l 2'“‘.-4!'—1.!-: II’L.'\-ll—E_I-;
= lh',.||-—j__|-; I'N'_-.|| a0 4 I'N',-.|| ' l'\'_-.||—j_ '
Moreover, SINCE ~ | -—1 1 * fje—1.: .. » WE have that
Fe L D e T e * fgea s and
T BT T DA T BRI % FETTRRNC I (o Pty g
R T S T S T

=& e L2 -

In fact, by the induction hypothesis, we have *_, ;.. .. 2 =
T T A TRV L it 11 RO isr] . Finally, we finish
the induction for any =~ I+ 1 and isr 2+ 2= « 1. Now, by the
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result on the parameters ~ and * for the codes obtained using
the Plotkin construction we have that

Catena Lt e L
= e Tare—Llos e 0 Mae— Lo
TRt e L =R L L
Again, by the induction hypothesis, it follows that
T T T ST NI SN TETPINTI 4 LE i 1] wr—1].C

Lemma 13 ([7], [8]): Let .1, I and (" be the quaternary
linear Reed—Muller codes K. %11 « 1. 01, K %11 il and
R %11 — 1. wr1, with generator matrices tay, tarz and iy, re-
spectively. Then, t* Z {¥ Z .1 and R ¥ C 1, where [T
and I¥ are the codes generated by tarz and tajs, respectively.

Lemma 14: Let .1, [T and (" be the quaternary linear
Reed—Muller codes & _MI.1i* Lo, R.%Liwrr and
R M1 — 1owi, with generator matrices tay, tarz and ta-,
respectively. Let =& L B O I ol o 7 F, n e 7
and = (", then |.r|.- « S A

_r;'ll.r 4 E_r_.'l . _r:.l_r . .'ir;'l 4 _r:. R
if and only if 2o ¢ r v oL, 2o’ ¢ ae o LT B e T AR 2 e o O,

Pt T I 2t C N e T I 20 7 (% and
2ot o« Byt (" forall i T Gy, i Galg, - tare and
i Lyl

Proof: The codeword ! = |.r|o + o'l « 24"« alr -
G’ oaoe o1 AL if and only if 2 s ee|ie|eefier o I3, 2
e |2 e o D2 s paafEler o Dand 24 pauufaer o

for all i ™ ta .y, i  tajg, i targand i~ ta-. That is, 2o ¢ ¢ ™
AR e T e T IR R e T O R L 2 O LF
L R N G ol A Vol S S P Sl (e P R L e

and 2o Py i w s P o 20 o forall i o ey,
i" ™ fajg i tagand i~ Ga-. Finally, we can simplify these
conditions using Lemma 13. C

Corollary 15: Let .1, [¥ and (" be the quaternary linear
Reed—Muller codes &.%I.1: i, KM nrr and
RV — 1owrl, respectively, Let I = figh, L 20 If
Lo|or s ale o« et oo o0 7 AN, where
A e N ol O A and . ~ (% then .- AL
o CAIE T AL A A C A fRand s o AT

Proof: If I..J'l.J' B _r;'ll.r . _r';l.r M A AR e W LR
then 21|« p'|o o 2o« gl < St e e s Luefereeier o D
for all ir v ta.. Thatis, 2 i ir oL 2 i ir o 7, 20t r 0 [F
a_nd 2. ¢ ir (" By Lemma 13, we know that ta-, L;;'.;, and
tarz are submatrices of ta . Thus, we can say that .- ~ A7),
o T AU, AU, and ¢ AT Since [+ is the code
generated by tarz and tarz is the matrix Laz after removing the
rows of order two, we can say that &1 £¥1 Z A'1L¥1. Moreover,
Bt e B C forall iy, son’ AL C

.".Illl-" . E_I'Jll g

E_r ,'I g

Proposition 16: For all wr » 7, 1 < = = |[“7L and

i~ ~ fiLur — 1.wi], the corresponding ¥ ,-linear codes of
R wrrand R 41p1 1. el are binary linear codes.

Proof: For i~ = 1, i* = wsr — 1 and i+ = w1, the corre-
sponding ¥ .-linear codes of X _4I.1i~ w:r1 are the repetition, the
even weight and the universe codes, respectively, which are bi-
nary linear codes. For i~ = 1, the corresponding £ ,-linear code
of K._%I;11. isr1 is the binary linear Hadamard code [7], [8]. CC

Note that for all i “ i and  ~ L1 — 1w,
el B %Iyl is a binary linear code, so A'y,... =
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R %1pti el and it is generated by fay,.... . Now, we will
show that &'y, ., , for all & * band =~ {2 .. .. nr— 2], is

generated by )
La-

.I'r"|1|.-_..; = l
..
where w = il .l
Proposition 17: For all ur = tand - {2... .. i — 2], the
kernel of X_V1y1i wrrl of type 2 L is a linear subcode of type
> =3 generated by My and e, = 0 &0
Proof: By (1), we know thatl.y,; ... =hjm_a. == -
& 2 Notethat i, ,, =~ « 2~ since &= For these two

cases, it is easy to check that the kernel is generated by .41y ..., -
Hence, the result is true for i:i = L, and we just need to prove
it for every v  Jand i = {2 i — 7). We proceed by
induction on w 2 . The known cases i+ ~ {1. i — 2] will be
used to complete each induction step.

Let +"}, ..., be the code generated by .41y, ..., . Assume that
Flieiel =A 1oy forallee f10000. i —’i]. By Lemma
8,since " &) iy = A ey sthen Lie|wr 7 ATy, for
all i 2 ... inr — 7§]. Moreover, it is clear that & = A7,,.,. .
Therefore, £y ... <A, forall e {2 ... nr— 4.

By Corollary 9, we have that )., < Ap.. ©
L T E M wir. Since L and
n are the unique vectors of order four in _Mwi1y,,.,,_; for
all .+ — {1..... i — 7], we have that L, w, 10|11, (0]
are the only vectors of order four in the generator matrix of
T‘l'.'l_:'“.._..i,l .|."‘1|..,1_..;,1 | for all {2 ..... i — -3]
Moreover, since ;... is a subcode of A’y ..., A1y
and K.V 1 il can be written as a union of cosets of

. f‘“.-,l_,.;,l -

Fliens [16], [17]. Actually, looking at their types, the code
T ei—1 - fe—1.0:—1 | is the union of four cosets
of ... with leaders given by the vectors 1, 1f]Li,
1)1, 1ML« w1 Now, we are going to see that the three
nonzero leaders are not in 4'y,,.,. , which will give us that
I'.‘-l"'."i = "II"-ll"."i .

By Lemma 8, 11| L1 « 47, ..., if and only if 2R M1yt isr —
1t < Rviptie— 1w — 11, which is not true by Lemma 12.

Hence, 1M|L1 & A7}, ... . For the other two leaders, we need
the vector v = b, .11 = R M wr — 11 of min-
imum weight 2 ="~!, By Lemma 1, (1|1 ~ A7}, if and

only if 2fljer1 ¢+ ~ R Mapim o for all =~ R Vgt o
By Plotkin construction, 1i-|i-1 ~ ®_Via 1 i:r1. Therefore, since

M 0)e1 s i ]i1is of weight 2 =" =! and R M1 ¢ 1 have min-
imum weight 2 =" (M]w1 7 A7y, -, . Likewise 10|L « w1 7
Miew - C

Finally, we will focus on the codes with = = 2. Note that for
all wir = 0, = & Pand » ~ L — L], el ROV 0l
is a binary linear code, so &',,.... = K.vI.1r il and it is

generated by s,,..... . Now, we will show that 4", ..., , for all
e Gy @and e 1L ir — 2], is generated by
fa-
.I""I_.\| sy — EL;.I-

L)

except &5,z 5 , Which is generated by _vIy,2 - .
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Proposition 18: For all wi = 0 2 <7 = <7 |_"‘2_1_ and
A P ir — 2], the kernel of ®_Wi.1i w1 of type 27 F is
a linear subcode of type 2" *“~! L generated by .%1.,,.... , and
L. = ~ « & . 1 There is an exception, the kernel of
R %1212 %1 is generated by My, ..., and iz, =~ 0 2=
11

Proof: By (1), we know that .., .. = kL, j_s.. =
~ .« & . | when = I+ 2 For these cases, it is easy to check
that the kernel is generated by _w1,,, .. and .M1,,,,_=,, with
= = 2 respectively. By Propositions 20 and 17, & V1212 1 =
RYip2wand fa2; =hp2: =~ « &+ 2 Therefore, the
result holds for iwr = %, = = 2 and i~ {1.2.7].

Now, we will proceed by induction on i = (i and 2 =7 = -
= L (when the codes can be constructed using the Plotkin con-
struction), and by induction on wi * T odd and = = ,__,_ L or
equivalently on = = ‘i and i = 2= - 1 (when the codes are
constructed using the BQ-Plotkin construction).

In the former, in order to begin the induction on i without
any exception, we will compute the kernel for i:r = (i, = = 2 and
i~ 2 5] It is easy to check that in these cases the proposition
is true (see Table I). Hence, we will proceed by induction on
i o Tforevery 2« = -2 “Fland - {1, inr — 2]. Since
all these cases can be constructed using the Plotkin construction,
using similar arguments as in the proof of Proposition 17, and
the induction hypothesis, the result is true for all these codes.

In the latter, in order to begin the induction on = without any
exception, we will compute the kernel for = = 7§, i = T and
i~ = 3. It is also easy to check that in this case the proposition is
true (see Table I). Moreover, by Proposition 20, I 41,12 il =
Ryl _pn2wrmand B Mo er— 5 ol = BV _jlor — 5 ol
for all = » *and »r = = + 1. Hence, the result is true for = = 3
and v = T. In the next paragraph, we will proceed by induction
on = » Lforevery wr = 2= « 1and  ~ {&.... i — k]
The known cases for i = {1. 2 i — & &sr — 2] will be used to
complete each induction step.

Let ¥,,.... be the code generated by .%I,,,..., . Since ta. I
e Z A ... byLemma 1, and L ~ A ..., it is clear
that & ... A .., forall e 5.0, i — E]. Moreover,
since !, ... isasubcodeof &, ..,.. ,thecode K %1 1" il can
be written as a union of cosets of ..., [16], [17]. Actually,
looking at their types, & _WI,1i i2i1 is the union of 2 ~! cosets
of . ... . The set of leaders is {E:ll A s A 1]},
where i, ~ ta with i, & L. Now, we are going to see that
the nonzero leaders are not in &', .., , which will give us that
e =M

Assume that 7, .. = = for all
O P i — E]. Thus, by Corollary 15 only the
subset of leaders {E'f_l A A 7 h1]], where
o= N[L2]T, 2 = (AL and iz = ajaja)L,
couldbein &A™, .,, forall i 15 .. .. nr — k]. Now, we will
see that i"y. ia- iz 7 A7, -, . By Lemma 14, if iy & A7, -0,
or iz ™ A .., then P — Rl _jir — 2w — 2,
Tir }?_"vl_x,lll i — l.wwr — 2. This is a not true, since
BRML e — L — ™ = 2R — Ly — 2
f_,'; RV, g1 — 2 i — 21, by Lemma 12. Again by Lemma
14, if = = A, ..., then Zr — R bl _j1i- — 2 pr —
2%~ RM._ 1 — 1.nr — 21 This is not true, since

"l"*-.-—ll =2
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Rvl e — 1 0r—210C R_'l.rl'_:_lll i— 1. wr — 21 by Lemma
13, and 2R, g1 — 1o — 2 f__f RML e — 2 e — 2
by Lemma 12. Using the same arguments, it is easy to see

that the other nonzero leaders are not in A°,,.,, . Hence
F s =& ., foralle e I3 nr— k. C

V. CLASSIFICATION OF THE & _%I, FAMILIES

In this section, we will show that this invariant, the dimension
of the kernel, will allow us to classify completely the codes in
the & %1, families for all i~ and i:+.

As we have shown in Section II-B, the quaternary linear
Reed—Muller codes & .wI.1i i1 can be obtained using the
Plotkin construction, except when i is odd and = = T_l In
this case, they are obtained using the BQ-Plotkin construction.
Note that some of these codes could be constructed using any
of these two constructions.

Theorem 19: For all wsr = 1,11 < = < |_"‘;1_ and - ™~
fu . itr], the dimension of the kernel of & _%I.1i w1 of type
> s

D By =1 s gee =2 — 0., =2

2) If = =11,

; _{ﬂ. S for " =1
T Y e s e e for e {20 i — 2
D IMfe=10 e =~ Zforemer {120 —2].
4 M= 2h oy =2 o Lforer 1.2, wr— 2],
except hajaz == « & 2=11,
Proof: 1t is straightforward to see that I ,.. = 1,
Ftvec1 = 2 — 1, and I.,,,,. = 2", because

el VLD e, e B e — 1owrnn, and o BV el
are the repetition, the even weight, and the universe codes,
respectively. The cases = = 1l, = = | and = I+ 2 are proved in
Propositions 7, 17, and 18, respectively. C

Note that Theorem 19 includes the previous results about the
dimension of the kernel for ¥ .-linear Hadamard and ¥ .-linear
extended 1-perfect codes [11]-[13] or (1). Table I shows the type
@ I and the dimension of the kernel of all these K _%L.1i iarl
codes for wi =" T.

Proposition 20: For all & o 7, 1 =7 = = | =5t
G R e Tl

f1.. . ur— 2] we have ~, ...,
*.1-.a > €Xcept one case: if i is odd, -even and = = “ZL then
e and B VL el =

,and i- —

—

T lims MLm= T
RML e wrl.

Proof: First of all, note that ~,_|,..,.
Tl 4 .. When o 1000 i — 2], since in these
cases the codes are equal for any 1 <7 = =7 ["‘2_ 1_. Now, we
will proceed by induction on i+ = i Except when wi i+ 7§
odd and = = "‘2_1, the 7%, 1~ vl codes are obtained using
the Plotkin construction. In these cases it is easy to see that
L + 1. » by Definition 3.

On the other hand, when i+ * i odd and = = 2_ L the
E %L wr and K., 1wt codes are obtained using the

C e =

e T e
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BQ-Plotkin and Plotkin construction, respectively. Therefore,
the generator matrices can be constructed as

L L Y LSS TPHE T R TP P S

L | PR R PSP e i |

and

[ L RS TS PP T PUS P J gy I
By Definitions 3 and 4, we have that ~, _j ...« & _1 s
el ey = Talie—las -2 - By Lemma 6’
~ . _lwe_1..—2 = Uif and only if i~ is even. Hence, if i is even,
then ~, i * M ljmis = Teas * feas s Otherwise
Al ML e 4 fger; - Moreover, if i is
even, since ™, _j,._)..,_z = LI then the generator matrices sat-
isfy thatta! _ ||| .. = T P P R
In this case, it is easy to find a linear combination of rows that
transforms the matrix ¢, _),..,, into the matrix ta,, .., , and
then the codes are equals. C

Theorem 21: For all w+ = 7 and i~ = 1, there are at least
lT_l nonisomorphic binary codes with the same parameters
as the code frifi1. wil.

For all i 7+ Land 2 <7 = <7 i — 2, there are at least l%_
nonisomorphic binary codes with the same parameters as the
code IR~ i1, except when i is odd, and i+ is even. In this
case, there are at least ~+- L nonisomorphic binary codes with
the same parameters as the code fF.1F i wil.

Proof: For i = 1, the result was proved in [12]. For 2 =’
i <7 i — 2, the proof is consequence of Theorem 19 and Propo-
sition 20. C

VI. CONCLUSIONS

In arecent paper [8], new families of quaternary linear codes,
the J.%1.1i il codes, are constructed in such a way that, after
the Gray map, the £ ,-linear codes fulfill the same properties and
fundamental characteristics as the binary linear Reed—Muller
codes. In this paper, a structural invariant for binary codes, the
dimension of the kernel, is used to classify these new families
of quaternary linear Reed—Muller codes as well as their binary
images under the Gray map. Note that all these codes are com-
pletely classified from i+, i+ and the dimension of the kernel.
Using a recursive construction, we give the generator matrices
of the kernel and compute the exact values of the dimension of
the kernel for all the feasible values of ~, i*and . This invariant
allows us to classify all the codes except when i is odd, i == 7,
and i~ is even. In these cases, there are two codes with the same
dimension of the kernel, but in fact these two codes are equal.

As we already mentioned, there are other families of quater-
nary linear Reed—Muller codes, like the ones presented in [19],
denoted by £X. vt wrl. The codes in &R V11 il are con-
structed starting from all quaternary linear Hadamard and ex-
tended 1-perfect codes and using just the Plotkin construction.
Therefore, their corresponding £ ,-linear codes do not satisfy
the properties (4) and (5) quoted in Proposition 2. Moreover,
after computing the dimension of the kernel for the & _‘I.1 i i1
codes, they are not included in the £} 411 i i1 family. For ex-

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 57, NO. 9, SEPTEMBER 2011

ample, for i = Fand i = 7, the three &.%1,175 1 codes have
dimensions of the kernel {1L. 1ii. 1], and the two £F W13
codes have dimensions of the kernel {1t 21]. Note that each
code in £ Vi il is monomially equivalent to a code in
R V1.1 w1, and vice versa, for all nr 7 1 and 7~ L 1. o —
2 ur— 1. iir| . Finally, note that we could construct more quater-
nary linear Reed—Muller codes, using the same techniques as in
[19] and the & M\1.14= i1 codes not included in the £ vl i i
codes. These new codes, which will may not satisfy the prop-
erties (4) and (5) quoted in Proposition 2, will probably not be
equivalent neither to the KX _%wI.1i~ vl nor to the £ vt il
codes.

Another family of quaternary Reed—Muller codes are the
ones presented in [5], denoted by A% ‘11 i~ wsr1. The codes in
3% Y11= w1 can not be compared with the K _‘1.1i+ i1 codes,
as quaternary codes. Note that the minimum Lee distances of
the f_w1, 1 i1 codes are exactly the same as the minimum
Hamming distances of the f"1F codes, and for the (2R 411 w1
codes these distances are not known. On the other hand, after
the modulo 2 map for the L% “viii~ isr1 codes, and the Gray
map for the & V1,1 isr1 codes, we obtain binary codes with
the same parameters as the fi1F codes. The difference is that
the former are always linear, and the latter are nonlinear, for
example, for all i 2= Zand i~ 7., ... i — 2.
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Abstract. A quaternary linear Hadamard code C is a code over Z,4 such that, after the Gray
map, gives a binary Hadamard code. The permutation automorphism group of a quaternary
linear code C is defined as PAut(C) = {o € S,, : 0(C) = C}. In this paper, the order of the
permutation automorphism group of all quaternary linear Hadamard codes is established by
computing the orbits of the action of PAut(C) on C. Since the dual of a Hadamard code is
an extended 1-perfect code in the quaternary sense, their permutation automorphism group is
also computed.

Keywords: Quaternary linear codes, Hadamard codes, 1-perfect codes, permutation auto-
morphism group.

1 Introduction

Let Zs and Z, be the ring of integers modulo 2 and modulo 4, respectively. Let Z5 be the set
of all binary vectors of length n and let Z} be the set of all quaternary vectors of length n.
Any nonempty subset C' of Z% is a binary code and a subgroup of Z7 is called a binary linear
code. Equivalently, any nonempty subset C of Z} is a quaternary code and a subgroup of Z}
is called a quaternary linear code.

Let C be a quaternary linear code. Since C is a subgroup of Z}, it is isomorphic to an
abelian structure ZJ x Z3. Therefore, C is of type 274° as a group, it has |C| = 2720
codewords and 2717 codewords of order two. Let ¢ be the Gray map defined as ¢ : Z} —
zs", d)(vla ce ,Un) = (50(1)1)7 ) @(Un))’ where 90(0) = (070)’ (10(1> = (0’ 1)7 90(2) =
(1,1), ¢(3) = (1,0). The binary image C' = ¢(C) of any quaternary linear code C of length
n and type 2749 is called a Z4-linear code of length 2n and type 274,

Recently, new families of quaternary linear Reed-Muller codes such that, after the Gray
map, the corresponding Z4-linear codes have the same parameters and properties as the

* This work has been partially supported by the Spanish MICINN under Grants PCI2006-A7-0616 and
TIN2010-17358, and by the Catalan AGAUR under Grant 2009SGR1224.
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codes in the usual binary linear Reed-Muller family have been introduced [1,2]. Specifi-
cally, there are LmT“J such families, and these quaternary codes of length 2! are denoted
by RMg(r,m),m > 1,0 <r <mand0 < s < LmT_lj It is known that all Z,-linear
Hadamard and extended 1-perfect codes are included in these Reed-Muller families of codes
taking » = 1 and » = m — 2, respectively. The codes for these two values of r were classified
in [3] using the dimension of the kernel and the rank, respectively. Later, all codes from these
families were classified in [4] using the dimension of the kernel.
Let S,, be the symmetric group of permutations on the set {1,...,n}. Ao € S, acts
on words of Z} by permuting the coordinates, o ((c1,c2,...,¢n)) = (Co-1(1);Co-1(2) -5
Co—1(n))- The group operation in S, is the function composition, denoted by juxtaposition of
the permutations. The composition o102 maps any element x to o1 (o2 (x)). The permutation
automorphism group of a quaternary linear code C is defined as PAut(C) = {o € S, :
o(C) = C}, where o(C) = {o(c) : ¢ € C}. It is said that two quaternary linear codes C; and
Co of length n are permutational equivalent if there exists o € S,, such that C; = o(C2).
The automorphism group of a code is an invariant, so it can help in the classification
of some families of codes. Moreover, knowing the automorphism group can also be used in
decoding algorithms and to describe some other properties like the weight distribution. The
automorphism group of ZsZ4-linear 1-perfect codes, which include the Z,-linear 1-perfect
codes, has been studied in [5]. In general, the permutation automorphism group of (nonlinear)
binary 1-perfect codes has also been studied before, obtaining some partial results [6,7,8,9].
In this paper, we will study the permutation automorphism group of the quaternary linear
Hadamard codes, that is, PAut(RM;(1,m)) forany m > land 0 < s < LmT_lj For
shortness reasons we will denote this group by Ps ,,, = PAut(RM;(1,m)) < S,,, where
n = 2™~ the Hadamard code by Hs.m = RM(1,m); and its generator matrix by Gs .
The orbit of a codeword v € Hj ,, under the action of P ,, is denoted by the set
Ps (u) = {o(u) : 0 € Ps,,}. Note that, since Ps ,, is the permutation automorphism
group of Hs , Psm(u) C Hs.,m. Moreover, two codewords u,v € H, ,, are said to be
P, -equivalent if there exists a permutation o € P ,,, such that o(u) = v. Since this is
an equivalence relationship, H ,, is partitioned into classes or orbits. On the other hand, the
stabiliser of u € Hs y, in Ps ,, is denoted by the subgroup N, = {0 € P : 0(u) = u}.
Moreover, given a set {uq,...,u;}, the stabiliser of all this set of codewords is denoted by
Nyt = {0 € Py : o(u;) = u;, Vi € {1,...,t}}. Finally, the orbit-stabiliser theorem
shows that | Ps ;.| = | Py (u)||N¢,, | for all u € H, p, [10].

2 Quaternary linear Hadamard codes

Now, we give a recursive construction for the quaternary linear Hadamard codes H; ,,,, m >
land 0 < s < LmT_lJ For every admissible pair s and m, there is one Hadamard code of
length 2™~ 1 and type 2" 2571451 In [1,2], a general way to construct R M (r, m) codes
is described, but for this particular case where » = 1, the following recursive construction
can also be used:

Goa = (1);

Gsm = (93,611 gg,;1> ifm>2s+1,5>0; (1)
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. gs—l,m—Q gs—l,m—Q gs—l,m—2 gs—l,m—Z . _ .
gs,m_( O 1 2 3 1fm—25+1,821, (2)

where 0, 1, 2 and 3 means the repetition of symbol 0, 1, 2 and 3, respectively.
Using this construction, the vectors of order four remain in the upper part of the generator
matrix G ,, and the vectors of order two in the lower part. From now on, given a Hadamard

code Hy ,, of type 2749 we will denote by {v1,...,vs} the vectors of order four in Gj ,,
and {u1, ..., uy} the vectors of order two, conserving the order given by the construction of
Gs,m-

)

Lemma 1. The codewords of a quaternary linear Hadamard code H.s , of lengthn = 2™m~1,
wherem > 1and 0 < s < LmT_lj can be classified into three types:

(a) The four codewords 0, 1, 2 and 3.

(b) The codewords with only zeros and twos or only ones and threes. The number of zeros,
ones, twos or threes is always n/2 in each codeword.

(c) The codewords with all symbols 0, 1,2, 3. The number of zeros, ones, twos and threes is
always n /4 in each codeword.

Moreover, there are 4 codewords of type (a), 2™ *T1 — 4 of type (b), and 2™ +1 — 2m—5+1L of
type (c).

Proof. The code Hg 1 only contains the four codewords of type (a). The result can be proved
by induction on m separated in two cases: for m > 2s + 1 using the construction given by
matrix (1), and for m = 2s + 1 using the construction given by matrix (2). O

3 Permutation automorphism groups

In this section, we will give the order of the permutation automorphism group for the codes
Hsm, where m > 1l and 0 < s < LmT_lj In order to study these groups, we computed
them for some fixed s and m. We used a program presented in [11] which can compute
automorphism groups of quaternary linear codes.

Note that, Py ,,, = PAut(Ho,,) is isomorphic to the permutation automorphism group of
the binary linear Hadamard code of length 2~ !, which is the general affine group G A(m —
1,2) [12]. Therefore, |Py | = |GA(m —1,2)] = 2m~t(2m—t —1)(2m~1 —2)... (2™ ! -
2™m=2) which is equivalent to the expression given by Theorem 6 taking s = 0.

By construction using matrix (1), given a permutation of degree n = 2™~2 that fixes the
Hadamard code generated by the matrix G ,,,—1, it is possible to construct a permutation of
degree 2n that fixes the Hadamard code generated by G ., as it follows. Let 0 € .S, be a
permutation. We define the permutation (o|o) = 7070 € Sy, where 7 = (1,1 4+ n)(2,2 +
n)...(n,2n). Note that To7 is the same permutation as o but applied on the coordinates
{n +1,...,2n}. Then, it is easy to see that o and 7o are disjoint, and if 0 € P ,,_1
then (o|o) € Ps . Let P < S, be a subgroup of permutations. We define the subgroup
(P|P) = {(c|o) : 0 € P} < Ss,. By construction, P fixes the code #; ,,,—1 if and only if
(P|P) fixes the code Hs .

Proposition 2. The codewords of Hs.m of length n = 2™, where m > 1 odd and s =

mT_l, are partitioned into the next orbits under the action of P ,,:
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(i) four orbits of one element with the four codewords of type (a);
(ii) one orbit with the codewords of order two and type (b) with 2™~ ° — 2 elements; another
orbit with the codewords of order four and type (b) with 2™ ~° — 2 elements;
(iii) one orbit with the codewords of type (c) with 2™+ — 2m=s+1 elements.

Proof. The result can be proved by induction on m > 1 odd, and using Lemma 1. An impor-
tant fact is that, in this case, the code H ,, is of type 2045+1 5o there are not rows of order
two in the generator matrix G ,,. O

Corollary 3. Let s, be a quaternary linear Hadamard code of length n = 2™, where

m > 1 odd and s = mT_l The permutation automorphism group of the codewords of type
(c) is Ps .

Proposition 4. The codewords of Hs ,, of length n = 2m=1 ywhere m > 1land 0 < s <
Lm—Q

TJ’ are partitioned into the next orbits under the action of P p,:

(i) four orbits of one element with the four codewords of type (a);

(ii) one orbit with the codewords of type (b) and form u = Z?Zl Aivi, Ni € {0,2} with
25tL _ 2 elements; another orbit with the codewords of type (b) and form v + 1 with
2511 2 elements;

(iii) one orbit with the remaining codewords of order two and type (b) with 2m~% — 25+1
elements; another orbit with the remaining codewords of order four and type (b) with
om=s _ 925t olements;

(iv) one orbit with the codewords of type (c) with 2"+ — 2m=s+1 elements.

Proof. The result can be proved by induction on m > 2s 4+ 1, and using Lemma 1. In this
case, there are two orbits more because the codewords of type (b) are partitioned into four
orbits. That is consequence of the fact that the codewords {uy, ..., u,}in Gs ., are not linear
combinations of the codewords {v1, ..., vs} in G . O

Corollary 5. Let Hg ,, be a quaternary linear Hadamard code of length n = 2™, where

m>1land() < s < LmT_QJ The permutation automorphism group of the codewords of type
(c)is Ps .

Theorem 6. Let H, ., be a quaternary linear Hadamard code of length n = 2m=1 ywhere
m>1land 0 < s < LmT_lj The order of the permutation automorphism group Ps ,, =
PAut(Hs ) is:

- |Poq1|l =1,
- |Ps,m| - |Ps—1,m—2| : 4871 : (228+2 - 28+2), lfm = 2s + 1,'
- |Ps,m’ = ‘Ps,m—l‘ ' 2m—s—2 : (2m—s - 28+1), lfm > 2s+ 1.

Proof. The code H, 1 is of length 1, so the permutation automorphism group Py ; only con-
tains the identity permutation.

In general, first of all, note that the stabiliser N, ~“"""*"""* only contains the identity
permutation. This can be proved by induction on the rows of the generator matrix Gj ,,,. Thus,
we can compute the order of | P ,,, | using the orbit-stabiliser property recursively as follows:

| Ps.m| = ‘PS,m(u’y)HNsLt?rJ = ’Ps,m{u’y”|Nz%(uw—1)||N;%u%l| =
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= [P m (u)IN G (1) [N (g —2) [ - - - NG5 (05))]

s,m
Uy yeney U v(;( )| | u ,...,ul,v,;,...,vg( )” U ,...,ul,vg,...,v2|
Yol Y Y
|Ns,m Vs—1 N v2)||Ng 7 .

For m > 2s + 1, the chain of orbits for the codewords {u_1,...,u1,v5,...,v2} is
the same as for H; ,,—1, but having double number of codewords: (v|v) and (vjv + 2).
Then, we can rewrite the above expression as |Ps | = |Psm_1] - 277972 - | Py (u,)|.
The result follows since by Proposition 4 we know the size of the orbit that contains u., and
Y+o6—2=m—s—2.

For m = 2s + 1, we have a similar scenario, except that the chain of orbits contains four
times more codewords than for H,_1 ,,—1, since the code is also four times bigger. Moreover,
in this case v = 0, so the first orbit is P ,,(vs). Since the size of this orbit containing vy is
given by Proposition 2, the result follows. O

Corollary 7. Let H ,, be a quaternary linear Hadamard code of length n = 2m=1 where
m>1land (0 < s < LmT_lj The order of the permutation automorphism group P, =
PAut(Hs ) is:

- |Poa|l =1;

- |Psm| = H::1 23i<2i —1),ifm=2s+1ands > 1;
- |P3am| = |P8728+1| H?;25+2 21_1(21_25_1 — 1), lfm > 25+ 1.

Table 1. Order of Ps ., = PAut(Hs,m) for 1 < m < 9. Note that n = om—1

) M2l 3 4 5 6 7 8 9
0 [[1]2]2°-3]2°-3-7[21Y-3.7-15] ...
1 23 26 2103 2 .3.7[2%1.3.7.15] ...
2 29.3 214.3 220.32 [297.32.7[2%°.3%.7.15
3 218.3.7 [2®°.3.7] 2¥.3%.7
4 2%0.3.7-15

Given a quaternary linear code C of length n = 2™, the inner product for any two vectors
u,v € ZY is defined as: (u,v) = > u;v; € Zy, and the quaternary dual code of C,
denoted by C L, is defined in the standard way as:

Ct={ucZy : (uv)=0forallveC}.

Note that the quaternary dual of a Hadamard code H; ., is a quaternary linear extended
1-perfect code denoted by & ., = ”Hjjm. It is easy to prove that for any quaternary lin-
ear code C, we have that PAut(C) = PAut(C*). Therefore, in particular, PAut(H; ,,,) =
PAut(&s ).
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4

Conclusions

Several problems related to quaternary codes can be addressed by computing the automor-
phism group of these codes. In this paper, the order of the permutation automorphism grup of
all quaternary linear Hadamard codes and their duals (all quaternary linear extended 1-perfect
codes) is computed. To compute this order, the structure of the orbits of the codewords under
the action of this group is deeply studied. In a further work a complete description of these
permutation automorphism groups and their relations with the corresponding binary codes
will be established, as well as, a generalization of these results for all quaternary linear Reed
Muller codes RM(r,m),m >1,0<r <mand0 < s < LmT_lj [2].
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Abstract A quaternary linear Hadamard code C is a code over Z4 that
under the Gray map, gives a binary Hadamard code. The permutation au-
tomorphism group of a quaternary linear code C of length n is defined as
PAut(C) = {o € S, : o(C) = C}. In this paper, the order of the permutation
automorphism group of a family of quaternary linear Hadamard codes is es-
tablished. Moreover, these groups are completely characterized by computing
the orbits of the action of PAut(C) on C and by giving the generators of the
group. Since the dual of a Hadamard code is an extended 1-perfect code in
the quaternary sense, the permutation automorphism group of these codes is
also computed.

Keywords Quaternary linear codes, Hadamard codes, 1-perfect codes,
permutation automorphism group.

1 Introduction

Let Zs and Z4 be respectively the ring of integers modulo 2 and modulo 4.
Let Z% be the set of all binary words of length n and let Z} be the set of
all quaternary words of length n. Any nonempty subset C' of Z is a binary
code and a subgroup of Z% is called a binary linear code. Equivalently, any
nonempty subset C of Z} is a quaternary code and a subgroup of Z} is called
a quaternary linear code.
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Let C be a quaternary linear code. Since C is a subgroup of Z}, it is isomor-
phic to an abelian structure ZJ x 73. Therefore, C is of type 274° as a group:
it has |C| = 27729 codewords and 271 of these have order two. Let ¢ be the
Gray map defined as ¢ : Z§ — Z3", ¢(v1, ..., v,) = (¢(v1),...,0(vs)), where
©(0) = (0,0), o(1) = (0,1), ¢(2) = (1,1), »(3) = (1,0). The binary image
C = ¢(C) of any quaternary linear code C of length n and type 274 is called
a Zy-linear code of length 2n and type 274°.

Recently, new families of quaternary linear Reed-Muller codes such that,
under the Gray map, the corresponding Z4-linear codes have the same param-
eters and properties (length, dimension, minimum distance, inclusion and du-
ality relation) as those in the usual binary linear Reed-Muller family have been
introduced [2,3]. Specifically, there are [”F1] such families, and these qua-
ternary codes of length 2™ ~! are denoted by RMs(r,m), m>1,0<r<m
and 0 < s < LmT’lJ It is known that all Z4-linear Hadamard and extended 1-
perfect codes are included in these Reed-Muller families of codes taking r =1
and r = m—2, respectively. These codes for r = 1 and r = m—2 were classified
in [4] by using the dimension of the kernel and the rank, respectively. Later,
the corresponding Z4-linear codes for all RM(r, m) codes were classified in [5]
by using the dimension of the kernel.

Let S, be the symmetric group of permutations on the set {1,...,n},
and let id € S,, be the identity permutation. The group operation in .S,, is the
function composition, denoted by o. The composition 07 00 maps any element
x to o1(o2(z)). A o € S, acts linearly on words of Z} or Z} by permuting the
coordinates, o((c1,¢2,..-,¢n)) = (Co-1(1)s Co=1(2)5 -+ » Co—1(n))-

Two quaternary linear codes C; and Cy of length n are said to be mono-
mially equivalent, if one can be obtained from the other by permuting the
coordinates and (if necessary) changing the signs of certain coordinates. They
are said to be permutation equivalent if they differ only by a permutation of
coordinates. The permutation automorphism group of a quaternary linear code
C is defined as PAut(C) = {0 € S,, : 0(C) = C}, where o(C) = {o(c) : c € C}.

The permutation automorphism group of a code is an invariant, so it can
help in the classification of some families of codes. Moreover, the automor-
phism group can also be used in decoding algorithms and to describe some
other properties like the weight distribution. The permutation automorphism
group of ZsZ,-linear extended 1-perfect codes, which include the Z4-linear
extended 1-perfect codes, has been studied in [6,7]. The permutation auto-
morphism group of (nonlinear) binary 1-perfect codes has also been studied
before, obtaining some partial results [8-11].

In this paper, we will study the permutation automorphism group of a
family of quaternary linear Hadamard codes, that is, PAut(RM(1,m)) for
any m > 1land 0 < s < LmT_lJ For shortness reasons, we will denote this
group by Ps., = PAut(RM;(1,m)) < S, where n = 2™~!  the Hadamard
code by Hs m = RM;(1,m), and its generator matrix by Gs ..

Let us recall some fundamental concepts of group theory applied to the
group F; ., acting on H; ,,. The orbit of a codeword u € Hg,, under the
action of P ., is the set Ps,,(u) = {o(u) : 0 € P, ,,,}. Note that, since P,
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is the permutation automorphism group of Hs um, Psm(u) C Hs m. Moreover,
two codewords u,v € H,,, are said to be P ,,-equivalent if there exists a
permutation o € P; ,,, such that o(u) = v. Since this is an equivalence relation,
Hs,m is partitioned into classes or orbits. If there is only one orbit, it is said
that the action is transitive. The stabilizer of uw € Hs ,, in Ps , is the subgroup
N¢,, = {0 € Py, 2 0(u) = u}. Finally, the orbit-stabilizer theorem shows that
|Ps.m| = | Ps,m(u)||Ngp, | for all u € Hy o [12].

2 Quaternary linear Hadamard codes

In this section, we will give a recursive construction for the quaternary linear
Hadamard codes Hg pm, m > 1and 0 < s < LmT_lJ, and a classification of their
codewords.

For every admissible pair s and m, there is a quaternary linear Hadamard
code Hs , of length 2771 and type 2m~257145F1 In [2,3], a general method
to construct the RM(r,m) codes is described. However, when r = 1, in
order to construct the codes H p,, the following recursive construction of their
generator matrices G, ,, over the ring Z, can also be used:

go,l = (1) )

Gom = (gs’g_l gs”zn_1> ifm>2s+1,s5>0; (1)

o gsfl,m72 gsfl,mf2 gsfl,mf2 g5717m72 : _ .
gS,m—( 0 1 2 3 ifm=2s+1,s>1; (2

where 0, 1, 2 and 3 means the repetition of symbol 0, 1,2 and 3, respectively.

Using this construction, the rows of order four remain in the upper part
of the generator matrix Gs,, and the rows of order two in the lower part.
From now on, given a Hadamard code #;,, of type 274° we will denote
by {vi,...,vs} the rows of order four in Gs,, and {ui,...,uy} the rows of
order two, maintaining the order given by the construction of G ,,,. Note that
we always have that vy = (0,1,2,3,0,1,...,0,1,2,3), vs = (0,1,2,3) and
uy = (0,2).

Lemma 1 The codewords of the quaternary linear Hadamard code Hs  of
lengthn =2m"1 wherem > 1 and 0 < s < LmT*lj, can be classified into three
types.

(a) The four codewords 0, 1, 2 and 3.

(b) The codewords with only zeros and twos or only ones and threes. The
number of zeros, ones, twos and threes is in each codeword always n/2.

(c) The codewords with all symbols 0,1,2,3. The number of zeros, ones, twos
and threes is in each codeword always n/4.

Moreover, there are 4 codewords of type (a), 2™~ 5L — 4 of type (b), and
amtl _om=s+l of type (c).
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Proof The code H 1 only contains the four codewords of type (a). The result
for m > 2 can be proved by induction on m. Assume that for any 1 < m’ <m
and s > 0 the code #; . has its codewords classified into these three types.
On the one hand, if m > 2541, the code Hs p, is constructed using matrix (1).
In this case, Hsm = {(u,u), (u,u+2):u € Hym-1}. If uis of type (a), (b)
or (c), then (u,u) is of type (a), (b) or (c), respectively, and (u,u + 2) is of
type (b), (b) or (c), respectively. On the other hand, if m = 2s 4 1, the code
Hs,m is constructed using matrix (2). In this case, Hs m = {(v, v, u,u), (u,u+
Lu+2,u+3), (u,u+2,u,u+2), (w,u+3,u+2,u+1):u€ Hs1m2}
Using the above argument, it is also easy to see that these codewords are of
type (a), (b) or (c).

Finally, we will determine how many codewords of each type there are.
The four codewords of type (a) are in any code H; ,, by construction. The
codewords of order two are of type (b). Any codeword with only ones and
threes can be written as a codeword of order two plus 1. Therefore, since
there are 2719 = 2m=5 codewords of order two, we have 2" 5t1 — 4 of type
(b). The total number of codewords is 2*!, so the rest of codewords must be
of type (¢). O

3 Permutation automorphism groups

In this section, we will establish the order of the permutation automorphism
groups P; ,,, for the codes H; ,,. Moreover, we will completely describe these
groups by computing the orbits of the action of P; ,, on Hs,, and by giving
the generators of the group. In order to study these groups, we have computed
them for some fixed s and m using a computer program presented in [13].

It is easy to see that P ,, is isomorphic to the permutation automorphism
group of the binary linear Hadamard code of length 2!, which is the gen-
eral affine group GA(m — 1,2) [14]. Therefore, |Pom| = |GA(m — 1,2)| =
am=lgm=1 _1)(2m=1 —2)... (2™~ 1 — 2m=2) which is equivalent to the ex-
pression given by Theorem 1 or Corollary 2 taking s = 0. The results in this
section will focus on codes with s > 1.

Given two permutations o1 € S,, and o2 € S,,,, we define the permutation

(01|lo2) € Sn,+n,, where o1 acts on the coordinates {1,...,n;} and oy acts
on the coordinates {n; + 1,...,n1 + ns}. In the same way, we can introduce
the permutation (o1|oz|...|ok). It is easy to see that if ¢ € Ps,,—1 then

(o|lo) € Py, and if 0 € Ps_q ,,—2 then (o|o|olo) € Ps . Given a subgroup
of permutations P < S,,, we define the subgroup (P|P) = {(o]o) : 0 € P} <
San, and, in general the subgroup (P|P|...|P) = {(olo|...|0) : 0 € P}. We
also define the subgroups (id|P) = {(id|c) : ¢ € P}, and (id|P|P?|P3) =
{(id|o|0?|03) : 0 € P} when P is commutative.

Let A, and B, ,, be two subsets of permutations defined as:

Asm ={0 €8, : o(c) =c+w., w. €{0,1,2,3}, Ve € G; nn }, (3)

Bs,m = {U €Sy ¢ U(C) =Cc+ W, We € {Oa 2}a Ve e gsﬁ”}' (4)
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where n = 2™~ 1. These two subsets will play an important role for determining
the structure of P ,,.

Lemma 2 Let A, and By, be the subsets defined in (3) and (4), respec-
tively.

(i) The subsets Ag m and Bg m, are subgroups of Py, and By < Agm.
(ii) The subgroups Ag , and Bs ,, are commutative.
(11i) The subgroups Agm < Ps. and B < Ps ., are normal.

Proof Note that the words 0, 1,2 and 3 belong to any code Hs ,,,. Moreover,
any permutation of either A, ,, or Bs ,, fixes the code Hs m, 0 Agm C Psm
and Bs,, € Ps,,. It is easy to check that they are subgroups of P ,, and
Bs m < As . Furthermore, A, ,,, and B; ., are commutative. Clearly, for any
o1, 02 in Agm or Bs,y, we have that o1 0 02(c) = 02 0 01(¢) = ¢+ w, + W,
for all ¢ € Hs,m, since o1(c) = ¢ + w, and oz(c) = ¢+ w.,, where w, and
wl, € {0,1,2,3}, and the codewords 0,1,2 and 3 are invariant under any
permutation. Finally, the same technique can be used to proof the normality
of both subgroups. Let o0 € A, ,,. For all 7 € P;,, and ¢ € Hs ,,, we have
that oo o7 () = 7(o(77 () = T(77 () + wr-1(s)) = ¢+ wy—1(c), where
wy—1() €{0,1,2,3}. Thus, rooo7 ' € Ay . O

Lemma 3 The subgroup As ., has order n =2""1 and is generated by

(i) Ao = {id};
(“) As,m = <(As—1,m—2|As—1,m—2|As—1,m—2‘As—l,m—2)7 Ul>; me =25+ 1;
(Z’L’L) As,m = <(As,m71‘As,m71)70-2>; me >2s+1;

where oy = [[11(i,i+n/4,i+n/2,i+3n/4) and o5 = [[M2(,i+n/2).
Proof We will start by showing that the generators belong to A, ,,,. Form =1,
it is obvious. For m = 2s + 1, the code is constructed using Matrix (2), so we
consider the coordinates of any codeword as divided into four blocks of the
same size. It is clear that if 0 € A;_1 ,,—9, then (o|o|o|o) € Ag . Moreover,
since o7 just cycles the four blocks of any codeword, and o1(c) = ¢ + 3 for
¢=(0,1,2,3), we have that o1 € A, . For m > 2s+1, the code is constructed
using Matrix (1), so now we consider the coordinates as divided into two blocks.
Since o5 cycles the blocks of any codeword, the above argument can also be
used to prove this case.

Let X and Y be the groups X = (As—1 m—2|A4s—1,m—2As—1,m—2|As—1.m—2)
and Y = (As m—1|4s.m—1). Note that X N (o1) = {id}, since the permutations
in (o71) cycle blocks and the ones in X do not. For the same reason, Y N (03) =
{id}. Moreover, since A, ,, is commutative by Lemma 2, [(X, 01)| = | X||(o1)]
and |(Y,02)| = |Y|[{o2)|. Note that o is of order four and o3 of order two.
Then, by induction on m, it is easy to prove that the subgroups (X, 01) < A,
and (Y, 09) < As m are both of order 2m~1.

By induction on m, A, ., is transitive on the set of coordinates {1,2,...,n}:
for m = 1, the group is trivial; assuming that A, ,,s is transitive for all 1 <
m' < m, and using the fact that o; and o9 cycle the blocks. Finally, since the
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group As,, is commutative by Lemma 2, and transitive on {1,2,...,n}, the
stabilizer of every point is trivial. Therefore, the order of As,, is n = 2m~1.
O

Corollary 1 The subgroup Bs ,,, has order 2™~ and is generated by

(’L) BO71 = {Zd},
(’”) Bs,m - <(B571,m72|B571,m72|B571,m72|Bsfl,m72)v0%>; me = 25 + 17.
(11i) Bs.m = ((Bsm—1|Bs.m—1),02), if m > 2s+1;
where oy = [[11(i,i+n/4,i+n/2,i+3n/4) and o5 = [[2(,i+n/2).

7

Proof By Lemma 2, B, , < Ag . Also note that the permutations in A ,,, are
of order 1,2 or 4; and the ones in B; ,,, are of order either 1 or 2. Moreover, it is
not difficult to check that if o € A, ,,, and o is of order 1 or 2, then o € B, .
Thus | By | = 27257125 = 2m=s=1_

In order to describe some permutations of P ,,, we will need the appli-
cation fp(1) = H;’:l ((ty — D)b+1, (t2 — 1)b + ¢) defined for any transposition
7 = (t1,t2). For any permutation ¢ that can be expressed as a product of
disjoint transpositions, o = [ 7;, we define f;(c) = [] f»(:). Note that f,(o)
is a permutation similar to o, but moving blocks of coordinates of length b.
Moreover, if o € S, /5, then fy(0) € S,

Lemma 4 Let P, be the permutation automorphism group of the code Hs m,
of length n = 2™ 1 where m >3 and 1 < s < LWT_IJ Then, my,m9 € Py if
m=2s+1>05,m3,m4 € Pspy, if m>2s+1, and 75 € P, if m > 25 4 2,
where

(i) m1 = (id|os|o3|o3) € S, withos = (plp|...|p) € Snya andp = (1,2,3,4) €
S4,'
(”) T2 = (Qm72|qm72|qu2|Qm72) o qm € Sn with q3 = Zd7 qm = f2m*5(q5) €
S, and g5 = (2,5)(3,9)(4,13)(7, 10)(8, 14)(12, 15) € Sig;
(iii) w3 = (id|oy) € Sn with o4 = (P?[p?] ... |p*) € Spny2;
(iv) 74 =142 — 1,2 — 14 n/2) € Sy;
(v) w5 = [1M3G,i+n/2) € S,.
Proof

(i) By Lemma 3, since p € Ay 3, 03 € Ag_1 m—2. Thus, it is easy to see that
m1 fixes all the rows of G, ,,, except vq, and 71 (ve) = va + 3vs. Therefore,
T € Ps,m~

(7) It is easy to check that g5 € P»s5. Moreover, assuming that ¢n,_2 €
Ps_1 m—2, we have that (¢m—2|¢m—2|¢m—2|¢m-2) € Psm by induction.
The permutation g, moves blocks of coordinates of length 2™~5. Thus,
it is easy to see that g,, fixes all the rows of G ,,, except vs_1 and vs,
gm (vs) = vs—1, and ¢, (v5—1) = vs. Therefore, Ty € P; .

(iii) By Corollary 1, since p> € By 3, 04 € Bs m—1. Moreover, since m > 2s+1,
Gs,m is of the form given by (1). Applying the permutation 73 to the
rows of the form (w,w), we obtain either (w,w) or (w,w + 2), which are
codewords.
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(tv) Since m > 2s + 1, G, ,, is of the form given by (1). The permutation 7y
fixes all the rows of G ,,, except u, = (0, 2), since they are of the form
(w,w). Moreover, m4(uy) = uy + 2v2 + 2 is a codeword.

(v) Since m > 2s+2, G, , is of the form given by (1) and u,—; = (0, 2,0, 2).
The permutation 75 fixes all the rows of G ,,, except u, = (0, 2), since
they are of the form (w,w). Moreover, m5(u,) = u, + uy—1 + 2 is a
codeword.

O

The codewords of the quaternary linear Hadamard code Hs ,, are parti-
tioned into orbits under the action of its permutation automorphism group
Ps . The next Propositions 1 and 2 give us a description of these orbits in
terms of the codewords of type (a), (b) and (c) defined in Lemma 1.

Proposition 1 The codewords of Hsm of length n = 2™~ where m > 3
odd and s = ™=L are partitioned into the following orbits under the action of

2
Psm:

(i) four orbits of just one element, each containing one of the four codewords
of type (a);

(ii) one orbit with the codewords of order two and type (b) with 2™~*% — 2
elements; another orbit with the codewords of order four and type (b)
with 2™~ — 2 elements;

(iii) one orbit with the codewords of type (c) with 2™ — 2m=sF1 elements.

Proof Note that codewords of different types or orders can not be in the same
orbit, so there are at least 7 orbits by Lemma 1. Also note that, in this case,
since m = 2s + 1, the code Hsp, is of type 20451, Thus, there are not any
rows of order two in the generator matrix G ,,. That is, all codewords of type
(b) and order two are of the form 2v for some v of type (¢). Equivalently, all
codewords of type (b) and order four are of the form 2v+ 1 for some v of type
(¢). Therefore, since 20(v) = 0(2v) and 20(v) +1 = o(2v + 1) for any o € S,,
and any word v, it is enough to prove that all codewords of type (c) are in the
same orbit.

Now, we prove that there is only one orbit of type (c), by induction on
m > 3 odd. For m = 3, we can compute the group and see that the result is
true. Assume that there are exactly 7 orbits (with only one orbit of type (c))
for Hs—1 m—2. Note that Hs m = {(u,u,u,u), (v,u+ 1, u+2,u+3), (u,u+
2,u,u+2), (u,u+3,u+2,u+1):u€ Hs1m_2} Therefore, under the
action of (Ps_1 m—2|Ps—1,m-2|Ps—1.m—2/Ps—1,m—2) < Psm, all codewords of
Hs m are partitioned into 28 orbits, 16 of them of type (c). We will show that
the codewords in the 4 orbits coming from the orbit of type (c¢) in Hs_1 m—2 are
in the same orbit under the action of P ,,. Note that the second row v, in G
is in one of these 4 orbits of type (c). Moreover, using m; = (id|o1|0}|03) € Psm
as defined in Lemma 4, since o;(v2) = ve + 3, we have that 71, 77 and 73
move v among these 4 orbits. On the other hand, the 12 remaining orbits of
type (c) are of the form (u,u+ 1,u+ 2,u+3) or (u,u+ 3,u+ 2,u+ 1) with
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U € Hs—1,m—2 of type (a) or (b). Let x = (z1,x2, 3,24, ..., Ty,) be one of the
codewords in these 12 orbits. Using my € P ,, defined in Lemma 4, we have
that mo(x) = y, where y = (xl,x%H,sznH,x%nH,...). By construction,

{x1,$%+1,x%+17x%+1} = {0,1,2,3}, so y belongs to one of the previous 4
orbits.

It is straightforward to obtain the number of codewords in every orbit by
Lemma 1. O

Proposition 2 The codewords of Hs  of length n = 2™~1 where m > 3 and
1<s< L’”T*QJ, are partitioned into the following orbits under the action of
P -

(i) four orbits of just one element, each containing one of the four codewords
of type (a);

(i1) one orbit with the codewords of type (b) and form u = Zle AiVi, A €
{0,2} with 2571 — 2 elements; another orbit with the codewords of type
(b) and form u + 1 with 25! — 2 elements;

(iii) one orbit with the remaining codewords of order two and type (b) with
2m=s — 251 elements; another orbit with the remaining codewords of
order four and type (b) with 2m~% — 25F1 elements;

(iv) one orbit with the codewords of type (c) with 2mT1 —2m=s+1 clements.

Proof By Lemma 1, there are at least 7 orbits such that each one contains
codewords of the same type and order. We will prove the statement by in-
duction on m. Using also Proposition 1, we can assume that this is true for
Hsm—1 for all m > 2s+1. Note that Hs , = {(u,u), (v,u+2):u € Hsm-1}.

We start by proving point (iv). All codewords of type (c) in Hs m—1 are
in the same orbit under the action of P;,,_;. Thus, under the action of
(Ps,m—1|Ps,m-1) < Ps m, there are 2 orbits with codewords of type (c) in Hs m,
{(u,u) : v € Hgm—1 of type (c)} and {(u,u + 2) : u € Hgm—1 of type (c)}.
Using 73 = (id|o4) € P p, defined in Lemma 4, since o4(v2) = vy + 2, we have
that 73 (ve, v2) = (ve, v2 + 2). Therefore, all codewords of type (¢) in Hs. p, are
in the same orbit.

For points (i¢) and (ii7), we just need to prove that there are exactly 2
orbits with all codewords of order two and type (b). Since all codewords of
order two and form u = Ele Aivi, A € {0, 2}, are constructed from codewords
of type (c), clearly they belong to the same orbit. For the remaining codewords
of order two and type (b), we need to distinguish two cases.

If m = 2542, all codewords of order two and type (b) in Hs ym—1 are in one
orbit under the action of P ,,_1. Thus, under the action of (Ps—1|Ps,m—1);
there are 4 orbits with codewords of order two and type (b) in Hs ,: two of
the forms (2v,2v) and (2v,2v + 2), and two with the codewords (0,2) and
(2,0). The one with codewords of the form (2v,2v) gives the orbit of point
(7). Using w4 € P, as defined in Lemma 4, it is easy to see that all codewords
in the other 3 orbits are in the same orbit under the action of P ,,,. Note that
74(0,2) = (20/,20'4+2) and m4(2, 0) = (20", 20" +2) for some v/, v" € Hg 1.
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On the other hand, if m > 2s + 2, the orbits from points (i) and (4i%)
in Mg m—1 are not empty. Therefore, under the action of (Ps—1|Psm—1),
there are 6 orbits with codewords of order two and type (b) in Hs ,: four of
the forms (2v, 2v), (2v,2v + 2), (u,u) and (u, v+ 2), where 2v and u are from
orbits (i¢) and (#47), respectively; and two with the codewords (0, 2) and (2, 0).
The one with codewords of the form (2v, 2v) gives the orbit of point (ii). Now,
we will see that the codewords in the other 5 orbits are in the same orbit
under the action of P ,,. Using 75 € F; ,, as defined in Lemma 4, it is easy to
check that 75(0,2) = (2,0,0,2) and 75(2,0) = (0,2,2,0), which are of the
form (u,u + 2). We can also see that m5(2v,2v + 2) = (2v,2v) + (2,0,0,2) =
(2v,2v) + (2,0,2,0) + (0,0, 2,2), which is also of the form (u,u + 2). Taking
oo from Corollary 1, it is easy to see that (id|os) € (id|Bsm-1) < Psm and
(id|02)(0,2,0,2) = (0,2,2,0), which is again of the form (u,u + 2).

We will see that the previous 2 orbits can not be joined. Suppose that there
is 7 € Py, such that u(") = 7(u(?)), where u(*) is in the orbit of point (i)
and u(%") is in the orbit of point (744). Then, there is v*) of type (c) such that
u(® = 200 Since 7(v(®) must be of type (c), and u(¥") = 27(v(#)), we have
that u("%) is in the orbit of point (i7). This gives us a contradiction, so there
are exactly 2 orbits.

It is straightforward to count the number of codewords in every orbit by
Lemma 1. O

Theorem 1 Let H ,, be the quaternary linear Hadamard code of length n =
2m*1, where m > 1 and 0 < s < LmT_lj The order of the permutation auto-
morphism group Py, = PAut(Hs ) is

(i) |Poal =1;
(1) |Psm| = |Ps—1m—2| - 471 - (2272 —2572) if m =25+ 1, s > 1;
(i4) |Psm| = |Psm—1]-2m 7572 (2m7% —25F1) if m > 25+ 1, s > 0.

Proof The code Hg 1 is of length 1, so Py, = {id}.

For m > 2s + 1, the generator matrix G, ,, is given by (1), so Hsm =
{(u,u), (u,u+2):u € Hsm-1}. By the orbit-stabilizer theorem, |P;,,| =
| Ps i (1) || Nean|, where u, = (0,2). By Proposition 2 (iii), the size of the
orbit that contains w, is |Ps m,(uy)| = 2™7% — 2571 The permutations in the
stabilizer of u, must be of the form (¢1|s2), where 1, € P pp—1. If 1 = <2, we
have that (Ps m—1|Ps.m—1) < Nean. If 61 # 62, we also have that the permuta-
tions of the form (id|s06; ') belongs to N, because (s7 *|s; *) € Nim. Since
the codewords of H; ,,, are of the form (u,u) or (u,u+ 2), where u € Hg 1,
G 06 ! belongs to Bs,u_1. Thus, Netn = ((Psm—1|Psm—1), (id|Bsm—1))-
Since Bg m—1 < Psm—1 by Lemma 2, then (Ps p—1|Psm—1) and (id|Bsm—1)
commute. Moreover, it is clear that (Ps;,—1]Psm—1) N (id|Bsm—1) = {id}.
Therefore, |Noin| = [{((Ps.m-1|Ps.m-1), (id|Bs.m-1))| = | Ps.m—1||Bs,m—1|- The
result follows, since |Bs p,—1| = 2™7*72 by Corollary 1.

For m = 2s + 1, the generator matrix G, ., is given by (2), so Hsm =
{(u, uyuyw), (u,ut+1,u+2,u+3), (u,u+2,u,u+2), (u,u+3,u+2,u+1):u €
Hs—1,m—2}. By the orbit-stabilizer theorem, |Ps | = [Ps m(vs)|| NG5, [, where
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Table 1 Order of Ps,y = PAut(Hs,m) for 1 <m < 8.

1] 2 3 4 5 6 7 8

0 1[2]25-3720.3.7]219.3.7-15

1 23 26 210.3 215.3.7 1 221.3.7.15

2 29.3 2113 220 .32 227.32.7
3 218.3.7 2%5.3.7

vs = (0,1,2,3). By Proposition 1 (#ii), the size of the orbit that contains vy is
| Py m (vs)| = 225%2 —25+2, Using the same technique as in the case m > 2s+1,
we have that (Ps_1,m—2|Ps—1,m—2|Ps—1,m—2|Ps—1,m—2) < N5, and the rest of
permutations in N3, are of the form (id|si|s2|3), where ¢1,62,63 € Ps_1,m 2.
Since these permutations (id|s1]sz2|s3) applied to any codeword must main-
tain any of the four possible forms described before, ¢1,¢3 € Ag_1 m—2. More-
over, ¢1(s3(v)) = v for all v € Hs_1m—2. That is, ¢ 063 € N, 5 for all
v € Hs—1,m—2. It is not difficult to see that the intersection of all stabilizers

is {id}. Then, ¢3 = ¢; ' = ¢}. Equivalently, ¢, = §f2 = ¢2. Therefore, N3, =

<(P5717m72|Psfl,m72|Psfl,m72|Psfl,m72)7 (id|A3,1’m,2|A§71’m72‘A§71’m72)>.

Finally, using again the same arguments as in the case m > 2s + 1, [N/, | =
|Ps—1,m—2HAs—1,m—2| = |Ps—1,m—2|2m73 - |Ps—1,m—2|4571a by Lemma 2 and
Proposition 3. O

Corollary 2 Let Hs ., be the quaternary linear Hadamard code of length
n=2""1 where m > 1 and 0 < s < LmT*lj The order of the permuta-
tion automorphism group Py, = PAut(Hs ) is

(i) |Poal =1; o
(i) |Psm| = Hf:l 23120 — 1), ifm=2s+1, s > 1;
(ii1) |Ps,m| = |PS,2S+1| H;125+2 2l_1(2l_28_1 —1),ifm>2s+1,5>0.

Theorem 2 Let Hs ,,, be the quaternary linear Hadamard code of length n =
271 where m > 3 and 1 < s < LmT*” The permutation automorphism
group Py, = PAut(Hs,m) is generated by

(Z) P1,3 = <(274)a (la 2)(374)>7
(“) Ps,m = <(Ps—1,m—2|Ps—1,m—2|Ps—1,m—2‘Ps—l,m—2)7
(id|AS*1,m*2|A§71,m72‘A§71,m72)77T2>’ me =2s+ 1; 52 2;

(Z“) Ps,m = <(Ps,m71‘Ps,mfl)7 (id|Bs,m71)aﬂ—4>7 me =2s + 27 S Z 1;
(“}) Ps,m = <(Ps7m—1‘Ps,m—1)a (id|Bs7m—1)77T5>7 me > 25+ 2; sz 1;

where wo, T4, T5 are defined in Lemma 4.

Proof The same proof applies to all of the cases. By the proof of Theorem 1,
note that without the permutations o, 74 and 75, we obtain the stabilizer of
the row u, = (0,2) or v5 = (0,1,2,3). By Propositions 1 and 2, 7, 74 and
7y, are the permutations needed to obtain all of the orbits. O
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The next proposition gives another characterization of P ,, in terms of the
codewords of type (c).

Proposition 3 Let H, ,, be the quaternary linear Hadamard code of length
n=2""1 wherem >3 and 1 < s < LmT*lJ The permutation automorphism
group of the codewords of type (c) is Py .

Proof Let P, be the permutation automorphism group of the codewords of
type (c). Since s > 1, the row vy € G 1, and the set of codewords of type (c) is
not empty. It is clear that P ,,, C P .. In order to prove that P} ,, C P, we
take any 7 € P; .. We have that 7(v1) € Hs ;. Moreover, the rows v; € Gs
for all i € {2,...,0} are of type (c), thus 7(v;) € Hsm. As for the rows
uj € Gsm for all j € {1,...,7}, since uj + vy is a codeword of type (c), then

T(uj + v2) € Hgm. Therefore, 7(u;) = 7(u; + v2) — 7(v2) € Hspm. O

Given a quaternary linear code C of length n = 2™ the inner product
for any two words u,v € ZY is defined as: (u,v) = Y., u;v; € Zyg, and the
quaternary dual code of C, denoted by C*, is defined in the usual way as:

Ct={ueczZy : (u,v)=0forallvecC}

Corollary 3 Let Hs ., be the quaternary linear Hadamard code of length
n=2""1 wherem >1and 0 < s < LmT*lJ Let & = ”Hsl’m be its qua-
ternary dual code, which is a quaternary linear extended 1-perfect code. Then,
PAut(Hs,m) = PAut(&s ).

Proof We observe that for any quaternary linear code C, thus PAut(C) =
PAut(Ct).

4 Conclusions

Several problems related to quaternary codes can be addressed by computing
the automorphism group of these codes. In this paper, the order of the per-
mutation automorphism group PAut(Hs,.,) of a family of quaternary linear
Hadamard codes Hs ,, and their duals (quaternary linear extended 1-perfect
codes) is computed. The groups are completely characterized by providing
their generators and also by computing their action on Hs

Given any monomial matrix M (with nonzero entries 1 and 3), we can
obtain another code Hj,,, - M, which is monomially equivalent to Hs ,,. In
a further work, we will study the permutation automorphism groups of these
equivalent codes, as well as the monomial automorphism group MAut(#s.,,) of
Hs.m- Recall that the monomial automorphism group MAut(C) of C is the set
of all monomial matrices M such that CM = C. It would also be interesting to
generalize these results to all quaternary linear Reed Muller codes RM(r, m),
m>1,0<r<mand0<s< LmT*IJ 3]
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