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Estimation of the noncentrality matrix of a noncentral
Wishart distribution with unit scale matrix.
A matrix generalization of leung’s domination result

Heinz Neudeckér

Cesaro

Abstract

The main aim is to estimate the noncentrality matrix of a noncentral Wishart distribution. The method
used is Leung’s but generalized to a matrix loss function. Parallelly Leung’s scalar noncentral Wishart
identity is generalized to become a matrix identity. The concept of Lowner partial ordering of symmetric
matrices is used.
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1 Introduction

We considelS ~ W(n, I, M’M). Following Leung (1994) we recall that the habitual
unbiased estimator dfA’M is T := S — nly,. Under certain conditiong, = T +
a(trS)~* I, dominatesT for a suitable choice of, as was shown by Leung, who used
the loss function 5

A[MM)™LR] = tr{(M M) R= I}

He extended work by Perlman & Rasmussen (1975), Saxena & Al&82), Chow
(1987) and Leung & Muirhead (1987).
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In this article we propose to use raatrix loss function,viz L[(M'M)™,R] :=
{(MM)*R- Im}/ {(M'M)™* R =I5} and apply the concept ofdwner partial ordering
of symmetric matrices. We shall show that Leung’s resulttstids approximately, the
error term being of ordeo(n™t). For accomplishing this we need a matrix version of
Leung’s Identity for the noncentral Wishart distributidrhis will be presented first.

A matrix version of an ancillary lemma by Leungz his Lemma 3.1 will next be
established. The generalized domination result will theodv straightforwardly.

We shall employ an approximation d&(tr S)~1S, where E is the expectation
operator. A lemma on the matrix ifean VoF, wherep and F are scalar and matrix
functions ofS, will be proved in Appendix 1. In Appendix 2 we shall prove anlaa
on the scalar H&an trVF,AF;, whenF; andF, are matrix functions o6 andA is a
constant matrix.

2 A matrix version of Leung'’s identity for the noncentral Wis hart
distribution

We quote Leung’s Theorem 2.1, where without loss of gertgnat takeh = 1, h being
a scalar function o8 in Leung’s work:

EtrI'F = 2EtrVF + (n-m-DEUrSTF + E1tr = 'M'MS™'F, (1)

whereS ~ Wm(n, >, Z‘lM’M), E denotes the expectation with respect to this distribu-
tion, E; denotes the expectation with respect to the distributidp (n+m+ 1,
2,21 M'M), F = F(S) andn > m+ 1. The matricesS,X, F and V are square of
dimensionm, whereasM has dimensiom x m. It is assumed tha¥ has full column
rank. FurtheiVF is the matrix H&fian as denoted by Neudecker (20R0nspired by
Haff (1981), who did it for the central Wishart distribution, wead establish a matrix
version of (1).

Theorem 1
EF3'F, = 2EFVF, + 2(EF,VF) +
@)
+ (n—m-1)EF;SIF, + E;F 5 M’ MS1F,,

for F1 and F, satisfying the conditions of Lemma 5.

Proof. TakeF = F,e;€F1, with unit vectorsg ande;. We then use the identity:
trVEAF = tr (VFz) AF; +tr (VF’l) A’Fé,

with constantA. For a proof see Lemma 5.
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TakingA = ej€ we get

Etrz-'FoejeFy = 2Etr (VFo) ejeFy + 2Etr (VF;) e/ Fy+
+ (Nn—-m-DrES'FejeF1 + E; trz M’ MS™F,ee Fy

or equivalently

(EFlz‘le)ij = 2(EF1VFo); + 2(EF;VF'1)ji +
+(h-m- 1)(E|:15-1|:2)ij + (ElFlz-lM'Ms-le)ij .

O

Note: It was assumed that (1) holds for @i = Fye;eF;, which puts stronger
conditions on the input matrix than was necessary for (1)cByosingF; = I, and
taking traces we derive (1) from (2).

For discussion of the central Wishart case we refer tff H981).

3 A matrix version of Leung’s lemma 3.1

Lemma 2
E@trS)*(MM)Ts(MM)? < nE@rS)t(M'M)~2 -
—2(n—AE(trS)2(M'M)2 + E; (rS) "t (M"M) 1 -
—2E1 (trS)2(M'M) L,

where S ~ Wqy(n, Im, M"M) and MM is assumed to be nonsingular. The inequality
A < B, for symmetric A and B, stands for the Lowner ordering ntgathat B— A is
positive definite.

Proof. TakeF; = (trS)*(M'M)t andF, = S(M’M)~1. By Theorem 1 (with

E(rS)* (M'M)tS(M'M)™ = 2E (tr S) 1 (M'M) " VS (M'M) ™ +
+2{E(M'M) SV (tr )L (M M) 2 +
+(N—m-1DE({trS) 1 (MM) 2+ E (trS) Y (M'M)™t =
=M+ 1E(trS)1(M'M)2 = 2E (trS) > (M’M)" 1 S(M’M) ! +
+(N-m-1E({trS) T (M'M) 2+ E; (trS) T (M'M) L =
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=nE(trS) t(M'M)2 - 2E (trS) 2 (M'M)"1S(M'M) 1 +
+E1 (trS)t(M'M) 2 ()
Further
E(trS)2(MM)1S(M'M)™t = 2E (tr S) 2 (M’'M) "t vS(M'M) ! +
+2{E(M'M)SV (tr S) 2 (M'M) Y + (n— m= DE (tr S)2 (M'M) 2 +

+E1 (trS)2(M'M) 72,

where we applied Theorem 1 (with = 1)) usingF; = (trS)?>(M’M)! andF, =
S(M’M)™L. Proceeding as before we get

E@trS)2(MM)1S(M'M)™ = (m+ 1E(trS)2 (M'M) 2 -
—4E (rS) 2} (M'M)1S(M'M) L + (n—=m-1)E (trS) > (M’M) 2 +
+E1 (trS)2(M’M)™t = nE(trS)=2 (M’M) 2 -
—4E (trS) 2 (M'M)1S(M'M) L + E; (trS)2 (M’M)~2.

We use the bwner orderingS < (tr S)l,m, which yields(M’M)™1S(M’M)™? <
(tr S) (M’M)~2. Hence we get

(N—DE(trS)2(M'M) 2+ E, (trS)2(M'M) L < E(trS)2(M'M) L sS(M'M) 2.
Insertion in {) finally yields

E(trS)*(M'M)1S(M’M)™! < nE(tr S)™* (M’M)~? — 2(n — 4)E (tr S) > (M’M) 2
—2E; (trS) 2 (M'M) L + Ey (tr S) "L (M M) L,

Notes:
1. Nonsingularity ofM’M is not trivial. A case of singularity i81” = ul’, where the
n means are proportional.

2. Leung assumeas> 4. There is no need for it.
3. Taking traces in Lemma 2 yields Leung’s Lemma 3.1.
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4 A matrix version of Leung’s domination result

We shall now prove the main result of this paper.

Theorem 3
EL[(M'M)™, T] > EL[(M'M)™*, T,]
for0 < a <4 (n- 4), where

LL(MM)™ L R] = (MM R= ) (MM R= 1)

T:=S-nlp, and T,:=T+a(trS) I

Proof.

LLM M) T = LM M) ™ Tl = {(MM) T = 1) (M) 2T = 1} -
—{mmytT, - |m}’ (MM T, = I} = 2na (trS) ™ (MM) 2 -
—22(trS) 2 (M'M)2 - (trS) *S(M'M)2 — a (tr S) "1 (M’M) 2 S+
+2a (tr Sy T (M'M) L.

Its expected value is

2naE (tr S)™1 (M'M) 2 — @2E (tr S) 2 (M'M) 2 — @E (tr S)"* S (M’M) 2 —
—E (trS) ™1 (M'M)™2S + 2¢E (trS)* (M'M)* >
> 20E (trS) T (M'M)Ts(M'M) L+
+4a(n— 4)E (tr S) 2 (M’M)~2 = 20E4 (tr S)™ (M'M) ! + 4aE; (tr S) 2 (MM) 1 -
—@?E (trS) 2 (M'M) 2 — aE (tr S) ' S(M’M) 2 — oE (tr S) 1 (M'M) 2 S+
+2¢E (trS)"* (M’M)~?
=22E (trS) P (M'M)1S(M'M) L + o [4(n—4) — ] E(trS) 2 (M'M) 2 +
+2a {E (tr )™ (M'M)™ = Eq (tr S) ™ (M'M) 7} +

+4aEq (trS) 2 (M'M) ™t — E (rS) ™1 S (M’M) 2 — ¢ E (tr S)™* (M’M) 2 S,
by Lemma 2.

We approximaté (ir S)™* S by

(N 1+ M"M) = 262 (0 Iy + 2M’ M) +
+2u3 (mn+ 2tr M'M) (N Iy + M’M),

with u~* :=tr (n I, + M’M), the remainder being of orde(n™™).
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Insertion yields

20E (trS) 1 (MM) 1 S(M'M) ™ — oE (trS) "t S(M'M) 2 -
—E (trS)™*(M’'M)2S = O + o(nY).

Hence to the order of approximation

EL{(M'M)™2, T] - EL[(M'M)}, T,] > @ [4(n—4) - a] E(trS)2(M'M) 2 +
+2 [E (tr S) ™ (M’ M)‘l—El(trS)‘ (M'M)| + 4aEy (trS)* (M'M) ™ > O

asE(trS) 1> E; (trS)™*
For the auxiliary inequality see Leung (1994, p. 112). O

Appendix 1: a lemma on the matrix Haffian ~ VgF

Lemma4

dg
VoF = ¢VF + —F,

wherey is a scalar function of the symmetric matrix variable X andd~ai matrix
function thereof. Further

dp Op .
75 : ax. (E.J +EJ.) where E =& €

Proof.

(VeF)i

a(pfk
Zdij (F) = Zdijwfjk %Z (1+6) — =
i j i
- (9Xi| ZZ ZZ —" fct

j#i

+

o
Z fix =@ (V)i + (ax) Fx. hence

j#i

Op
VoF = oVF + —F.
oF = gVF + o

Here fyx and F)j are thejk™ element ofF, F;_is thei® row of F andF ; is thek™
column ofF.
For more details see Neudecker (2600 O
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Appendix 2: a lemma on the scalar Haffian  tr VF,AF;

Lemmab
tr VFoAF; = tr (V) ARy +tr (VF)) A'FS,
where k, and F; are functions of the symmetric matrix variable X and A is astant

matrix.
Each F satisfies = Z ok Ck ordF = Z Pi(dX)Q, with constant ¢, P, and Q.

We consider three CI;.SGS. The first COImpI‘iSG}S=F<,0C and dR, = P(dX)Q’, the
second comprises,F= ¢C and dR = P(dX)Q’, the third comprises dfF= P(dX)Q’
and dR, = R(dX)T’. The fourth case with £= ¢1C; and F, = ¢,C, follows easily.
Without loss of generality the summation signs were dropped

Proof.
Case 1.We havedF; = (dg)C, hence by Lemma ¥F/ = g—§C’. Further

d (FzAFl) = (d F2) AFl + FzAd Fl

P(AX)Q' AF; + (dg)F,AC

which implies

9
VFAF; = 1P QAF; + 1(tr P)QAF; + a—inAc,

0
tr VF,AFL = 2tr PQ AR + 3(tr P tr Q’AF1+tra—§F2AC;

(VF2) AFy = IP"Q'AF, + 3(tr P)Q'AF,,
tr (VF2) ARy = 2tr PQ'AF, + 3(tr P) tr Q AFy;

(VFy) AR, = g—;iC’A’Fé,
9

INTE 6‘10
3 CAFy = tro  FoAC

tr(VFy) AF, = tr 2

This yields the result.

Case 2.We replaceF; by F;, Aby A" andF; by F/ in the first result. This leads to

tr VF,A'FS = tr (VF}) A'FY + tr (VF2) AF,.
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Using trVF’ = tr VF we get

tr VE AR = tr (VF’l) A’Fé +1r (VFz) AF,.

Case 3.NowdF; = P(dX)Q anddF, = R(dX)T’. Then

2VF, = PQ +(trP) Q'
2VF, = RT/ + (rR) T’
2VF, = QP +(trQ P

by the Theorem in Neudecker (208)0

Further
szAFl = (sz)AFl + FzAdFl,

= RAX)T’AF; + FAP(AX)Q,
which implies
2VF,AF; = RT'AF + PAF,Q'+
+(trR) T'AF1 + (tr F,AP)
= 2(VF2) AFL + PAF,Q + (tir F2AP) Q
and hence
2trVF,AFL = 21tr (VF) AR +tr [Q'P + (tr Q) P'1 A'F,

= 21r (VF,) AFy + 2tr (VF) ARy,

Note: For an introduction to the scalar Hi@an see Neudecker (2080
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